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SECTION 1
INTRODUCTION AND SUMMARY
1.1 BACKGROUND.

In the early 1980s the Defense Nuclear Agency began to investigate the long
wavelength infrared backgrounds expected to result from high-altitude nuclear
detonations. The gamut of activities included theoretical efforts, laporatory
measurements of spectra and fluorescence efficiency, predictive computer codes,
and research toward an upper atmospheric uranium-reiease simulation. In October
1982, H. C. Fitz, Jr. [Chief, Atmospheric Effects Division (RAAE)] established a 31x-
member working group [Uranium (Oxides) LWIR Review Committee, chaired by | L
Kofsky of PhotoMetrics] to formally review all the technical aspects of that LW!R
program. One major function of that committee was to consider the effectiveness
of field measurements of the LWIR from uranium oxides produced by controlled
releases of uranium vapor from rockets in the thermosphere Reports of the
commitiee reviews were provided in detailed memoranda by the chairperson to the
RAAE program manager. An excellent overview of the committee's activities and
the then-current status of the uranium oxides radiation program was prepared by
Kofsky [Ref. 40; Section 2 & Appendix]. More recently, a report [Ref. 60] by
Visidyne, Inc. personnel describes efforts directed principally to the design of an
experiment for the release of uranium vapor in the upper atmosphere in sufficient
quantity to permit an evaluation of the impact of high-altitude nuclear weapon
debris emissions on advanced space systems.

1.2 SUMMARY.

In addition to the formal meetings of the Uranium (Oxide) LWIR Review
Committee, the writer's more extended support of the committee was the
preparation of numerous informal working memoranda on relatively narrow-in-
scope technical issues which had been raised. Those selected topics involved
aspects of neutral-neutral and ion-neutral atomic and molecular collisions for U-
release conditions, i.e., velocity-dependent momentum-transfer cross-sections.
stopping power and range versus energy, scattering angles, diffusion coerficients,
and reaction rate coefficients. This information would ultimately be used to make
improved estimates of the geometrical extent of the LWIR radiating region for U-
release conditions. Those memoranda have been extensively reorganized and
synthesized into the body of this report.

In Section 2 we consider the topic Which 15 DasiC 1o the other sections, 1 e,
momentum-transfer cross-sections. Initially our general approach was (a) to
consider some general formulas for atom-atom and ion-atom coilisions, (b) to




apply and extend those formulas to [(0,07)+(0,N2,02)]-coiN1s10ns, since there 15
more known about such collisions than those for uranium species, and (C) to
consider procedures for uranium-species collisions

More specifically, for atom-atom collisions at low velocities, we obtain
velocity-dependent momentum-transfer cross-sections frem the work of
Hirshfelder, Bird, and Spatz [Ref. 31] by fitting the Lennard-Jones (12,6)-potental
to the ground-state potential of the molecule corresponding to the colliding atoms.
This cross section is then extended to lower relative velocities by using the
asymptotic results of Monchick and Mason [Ref. 59] and of Kihara, Taylor, and
Hirshfelder [Ref. 38] for an attractive (r-6)-potential. Thus, there are procedures
available for computing momentum-transfer cross-sections for (0+0)- and (U+0)-
collisions based on the (r-6)-potential.

The situation is more complicated for atom-molecule collisicns. Our
approach, for lack of a recognized simple alternative, is to consider collision-
integrals, which are momentum-transfer cross-sections averaged over fhe
relative velocity distributions in a Maxwellian gas at temperature 7. We appeal
to collision-integral results in the literature for [0+(0,N2,02)]-collisions. from
which we infer an approximate scaling factor to relate [0+(N2,02)}-collisions to
(0+0)-collisions. That same scaling factor is then applied to (U+O)-collisions to
get cross sections for {U+(N2,02)]-collisions.

For ion-atom collisions, at sufficiently low velocities where (at least for
some collision pairs) the polarization force dominates, the maementum-transfer
cross-section is based on the polarization potential (r=4). Thus, a procedure,
which seems to be on a relatively firm basis, is available for computing
momentum-transfer cross-sections for (O*+0)-collisions .

However, for (U*+0)-collisions, we deduce evidence that the
polarization potential appears to be inappropriate, owing to its smallness
relative to the (i~6)-potential at the "orbiting radius.” Perhaps the polarization
potential should be replaced, in principie, by the (12,6,4)-potential or, in practice,
by the (12,6)-potential (fitted to a ground-state UC* potential). As for atom-atom
collisions, such a cross section can be extended to iower relative velocities by
using the mentioned asymptotic results.

To proceed with [U*+(0O,N2,02)]-collisions, in the middle of our U-release
studies, we radically shifted our approach by detouring to study Ba* collisions
with atmospheric species, hoping for useful insights. (ndeed, that study,
documented In Appendices A, B, C, and D, revealed the rollowing very important
facts (better appreciated after reading Appendix C) which were basic to tnhe
writer's subsequent U-release studies.




a The expertmental mobility of Ba* in N2 (at room conditions) agrees well
with the theoretical value based on the polarization (r-4)-potential.

b. The (r-%)-contribution dominates the (r-4)-contribution in the (12,6,4)-
potential for (Ba*+0)-collisions (analogous to the situation for [(U,u*)+0j-
collisions).

C. An effective value of the parameter (/5¢,)*> — which appears in the
asymptotic, low-energy momentum-transfer cross-section based on the
(r-6)-potential - 15 postulated to be determined by requiring the equality
of mobilities (at STP conditions) based on an effective (r-6)-potential and
on the (r-4)-potential. (At non-STP conditions, the two mobilities will
differ.)

d. Values of the ambipolar diffusion Coefficient [J, g -s.po | COMPUted from

an effective (r-6)-potential are — for ionospheric 10n temperatures ranging
from 1133 K to 750 K - about 79% to 85% of the ambipolar diffusion
coefficient [Q,, ,,o.,m] based on the polarization potential. An overall

comparison of 4 gy ()., With (sometimes ambiguous or uncertain)

experimental values {4, ., | derived from 12 Ba-releases is about the same

as for A e pot, SO that a strong preference cannot be established on this
basis.

Not having the experimental mobility of U* in N2 (or any gas), we
qualitatively extrapolate from (Ba*+Np)-collisions to [U*++(O,N2,02)]-collisions
and postulate that (a) the mobilities of U* in atmospheric species at STP
conditions can be predicted by using the (r-4)-potential and (b) the effective
values of the collision parameter (/5¢,)> can be determined by requiring equality
of the mobilities (at STP conditions) based on an effective (r-6)-potential and on
the (r-4)-potential. These postulates allow us to use all the general formulas
developed in the Appendices for Ba* (and Ba) collisions and apply them to U* (ang

U) collisions. Those applications are documented in the remaining portions of
Section 2.

In Section 3 the overall goal is to obtain simple range-energy relations for
low-energy uranium species traversing the ambient atmosphere. Such relations
are obtained by integrating an appropriate stopping-power formula involving mean
values of the momentum-transfer cross-sections developed in Section 2.

To obtain a stopping-power formula for a single particle traversing a
Maxwellian gas, we adapt ideas from Banks {Ref. 6] who was interested in the
related problem of elastic collisions and energy transfer between gases which
have separate Maxwellian velocity distributions. Banks [Ref 6] shows that the



exact equation, gerived by Deslogue [Ref. 17], for the energy transfer rate petween
gases of arbitrary temperature and particie mass, can be separated into three
fundamental factors, each of which depends on a different aspect of the collision
process and gas composition, i.e., (1) aratio of particle masses, (2) the difference
in the gas thermal energies, and (3) a nonequilibrium coilision frequency for
energy transfer which entails a mean nonequilibrium momentum-transfer cross-
section.

Banks [Ref 6] acknowledges that his decomposition of Deslogue’'s formula
[Ref. 17] is not rigorous since he did not use the proper averaging techniques of
kinetic theory needed to arrive at an exact expression. Whatever shortcoming that
fact imposes probably is not very important relative to (a) our additionai
approximations and (b) the uncertainty in the basic cross sections used in our
applications. To provide insights concerning the numerous approximaticns
required to obtain simple analytical expressions, we first sketch Banks'
development in general terms, followed by more details with equations and our
adapted formulas, as given in Section 3.

in Section 4 we present (a) formulas (developed in Appendices A and D) for
the ordinary and ambipolar diffusion coefficients, based on both the polarization
potential and the effective (r-6)-potential discussed in Section 2 and (b)
evaluation of the diffusion coefficients at four altitudes [200(25)275 km} in a
quiet MSIS-83 atmosphere.

In Section 5 we compare some of our momentum-transfer cross-secrions
developed in Section 2 with cross sections for certain uranium-oxide reactions,
specially atom-transfer reactions. (This writer expects momentum-transfer
cross-sections should exceed atom-transfer cross-sections.) As a by-product of
these considerations, rate coefficients are derived for selected uranium oxide
reacticns for which velocity-dependent cross-sections are either known or
assumed, based on extrapolations and/or averaged values of measurements.

As previously mentioned, the work presented in Appendices A, B, C, and D
was developed during the auxiltary study of Ba* coliisions. Early in that study the
writer found that the (ordinary) ion diffusion coefficient was written differently
by various authors. Thus, a first step was to reconcile those different
expressions, as is done in Appendix A. We aiso specialize the formulas for several
parameters ((a) the mean momentum-~transfer cross-section, (b) the collision
time, (¢) the mobility, and (d) the diffusion coefficient] for three interaction
potentials [(a) polarization (r=4), (b) (r-6), and (¢) (hybrid) effective (r=6)]. These
formulas are written explicitly for a binary gas, except that for the diffusion
coefficient which is valid for a multicomponent gas.




In Appendix B we elaborate on ion-neutral collisions in a multicomponent
gas by (a) commenting on literature formuias for collision time, (D) presenting
explicit formulas based on both the polarization potential and effective (r=6)-
potential, valid in a multicomponent gas, for mobility, collision time, and
diffusion coefficient, and (c) comparing the Ba* coilision times computed from
various formulas for a number of altitudes in a selected atmosphere.

In Appendix C we discuss Ba and Ba* collisions with atmospheric species.

(It is these considerations which influenced our treatment of uranium collisions )

For (Ba*+0)-collisions, we have two simple methods for estimating momentum-

transfer cross-sections. The first, based on a polarization-potential interaction,

would probably be the natural choice. However, estimates indicate that the r-¢

term is much more important than the r~4 term. Thus, we are led to seek a

compromise between these two conflicting approaches. Several observations

obtain:

(a)  The experimental mobility of Ba* in N2 [Powell and Brata, unpublished [Ref.
58]] can be predicted to within about four percent by use of the polarization
potential, as shown in detail.

(b) A similar situation is postulated to hold for (Ba*+0)-collisions.

(c)  There are reservations about the applicability of the polarization potential
at the higher velocities. .

(d)  There is concern about the (r-6)-potential giving a larger momentum-
transfer cross-section for (Ba+O)-collisions than that given by the
polarization potential for (Ba*+0)-collisions at (room) thermal enerqies.

In view of these considerations we suggest a compromise by introducing what we

will call an effective (r-6)-potential, determined by requiring an equality of

mobilities (at STP conditions) based on (a) an effective (r-8)-potential and on {b)

the polarization potential. This requirement is equivalent to an equality of mean

momentum-transfer cross-sections (at STP conditions) based on the same two
potentials, since the mobility is (inversely) proportional to the mean momentum-
transfer cross-section. The effective (r-6)-potential is also applied to

[Bat+(N2,02)]-collisions.

In Appendix D we introduce the ambipolar diffusion coefficient,
D,= 0,0+ 7,/7,) (where [ is the ordinary diffusion coefficient, and 7, and /; are
the electron and fon temperatures), and present limited comparisons of (a)
theoretical results for the coefficient of ambipolar diffusion of Ba* along the
direction of the geomagnetic field, 4 (taken to be equal to J,), with (b)
experimental results for some barium release experiments. The motivation is to
see whether such experiments can provide a basis for preferring either the
polarization potential or the effective (r-6)-potential in computing the ambipoiar
diffusion coefficient. Such comparisons have many uncertainties, including thcse




for selection of a model (neutral-particle) atmosphere and the assignment of the
ratio of the electron- and 1on-temperatures. An overail Comparison of J ¢ (-6, per

With 4§ o (derived from 12 Ba-releases) is about the same as for 4, pol oot , 50

that a strong preference cannot be established on this basis, unless one should
have reasons (unknown to the writer) to select or exclude certain experimentatl
data.

In Appendix E we present the relative speed for a monoenergetic beam
traversing a Maxwellian gas, based on two approximate formulas and the exact
formula; one of the approximate expressions is used in Section 3. Appendix F
presents the differential and integral Maxwellian energy distributions




SECTION 2
MOMENTUM-TRANSFER CROSS-SECTIONS

A very useful and convenient survey of momentum-transfer cross-sections
is given by Stoeckly, Stagat, and Kilb [Ref. 65], but values directly applicable to U-
release species and conditions are not given. Hence, our approach will be (a) to
present some general formulas for atom-atom and ion-atom collisions, (b) Lo apply
and extend those formulas to [(0,0*)+(0,N2,02)]-collisions, and (¢) to consiger
procedures for uranium-species collisions.

2.1 ATOM-ATOM AND ION-ATOM COLLISIONS: GENERAL.
2.1.1 Atom-Atom Collisions.

2.1.1.1 Lennard-Jones (12.6)-Potential. For the Lennard-Jones (12,6)-
potential, which is written in alternative forms,

wosaZ] (ol 2] e

O=r,/2"=08909/, , (lc)

Hirschfelder, Bird, and Spatz [Ref. 31] tabulate the reduced momentum-transfer
cross-section S(«) (in units of &0?) for the reduced-energy range Ol s & < 100
(from which selected values will be presented later). Here, g is the depth of the
potential at its minimum, 7, is the radius at which the minimum energy (- g, )
occurs, and 2 is the radius at which the potential is zero. The cross section z2*
is interpreted as that for rigid spherical particles of collision diameter /. Hence,
for such spheres, S"(x) would be unity. The reduced energy 4 is defined as

En=5ug (201)
Ean(@V)=5.188x107 4(A4) F2eec 2b2)

where # is the reduced mass for the colliding particles,

N moaa 3
Y/ I ' ((A) (3a)




A +A,°

H(A) = M, =166x10%g, (3b,c)

and ¢ is the relative velocity. Torelate g to & we write

2{ o /12 2
g:[ ﬂ } =1388x 1o°[ (4)] ‘ (da,b)

The momentum-transfer cross-section ¢(g), based on the Lennard-Jones (12.6)-
potential, is
o(g)=n D* SV). (5)

2.1.1.2 Asymptotic Extension to Low Energies. To extend these cross

sections to lower velocities, we use asymptotic values derived by Moncnick and
Mason {Ref. 59] who state that the reduced cross-section (in units of #2°),

59 52[1-% + ”A] j' (I-cos* ) bdb, (6)
takes the asymptotic form
-1 n
~(A) 1 l+(=1) na A -
5 az{x A | | Ta g AL (7)
at low enerqgy for which the potential becomes, in general,
¢<r)=:|d|[§]". (8)

in Eq. (7), A*(n) is a pure number whose value depends only on the power 7 of the
potential and on whether the potential is repulsive (subscript +) or attractive
(subscript -). Refzrence 59 gives the values of 4*X») in its Table I, taken from
Kihara, Taylor, and Hirschfelder [Ref 38].

For the Lennard-Jones (12,6)-potential, at low energy we have

0
o)) =-4¢, [g] . (9)
Thus,
n=6, d=4c, {(103,b)

and we need A" (6), given in Table | of Ref. 59 as
AM(6)=0 4342 (11




Thuys, from £Qs. (7), (3), (10), and (11), we have

73
S=3117x10Y =2 | (12a)
) 72 :

By combining Egs. (5), (1¢), and (12a) (cf Appendix A3 12), we have

roeien)” e ein)’
”(ﬂ’lv-sméf(%) = (W] (120.0)
s ecery \°
= |2 (12d)
( HCA) Giysac ) ’
£=9204x10™, C=7.773x10* (1261
" =36.08 (12q)

2.1.2 lon-Atom Collisions.

2.1.2.1 Polarization Potential. At sufficiently low velocities where the
polarization force between an ion and neutral dominates, the velocity-dependent
momentum-transfer cross-section for sinalv-~harged ions [Ref. 7, Pt A,
p 218}1s

a,=221xlae’/ pg*1?=259x10"° @/ g g, (133.0)

where @ is the polarizability of the neutral particle (with @ in units of i0-24
cm3), e is the electronic charge, and z and ¢ are as defined in Section 2 i 1

This cross section is only a little larger than that for "orbiting collisions”
(Ref S5, p. 72],

-~ A}
C .

Goantla2nlae’/ gV =2Rac?/ Fo ) (1
5,10 cm)=8635[a'/ (A iz, (i

[ IR ]

|
i

For an 1impact parameter equal to 4,, the ion spirals into a circular orbit of radius

=42 (13d)

From Ref 55, p. 72: "Orbits for which £ < 6, pass through the origin if no repuisive
core is present, whereas those orbits for which & 2 4, come no closer than

r=b,/N2 "




2.1.2.2 (12.6.4)-Potential, The (12,6,4)-potential [cf. Ref. 65) 15

12 6 4
¢(r)=£2&’[(l+y)(f7”’J -4;/(%) —3(l—y)[%)] (14at)
12[7 + 7+ 7] (14a2)
2 12 [ 43 </

where the dimensionless parameter y is a measure of the relative contributions
of the & and 74 terms. For y =1 we recover the Lennard-Jones (12,6)-potential
given by Eq. (1) and for y =0 we have the (12,4)-potential. To determine y, as

was done in Ref. 65, we require the 73 term to match the polarization potential,

ca ,
or )iDOIm'zation= '? ) «14b)
whereupon
L fCa
¥ 3,74
=1-4.806——2 (14c)

£, ()’
with 7, in units of 10-8 cm.

we will be interested in the momentum-transfer cross-sections
corresponding to the full (12,6,4)-potential. Such cross sections (in units of
x72 ) have been computed for y-values of 0, 0.25, and 0.50 by Mason and Schamp
[Ref S1, Table 2; Ref 52; Ref 56, Table I-3]). Similar cross sections (1n units of
#0%) have been computed for the (12,6)-potential — which implies y =1 for the
(12,6,4)-potential - by Hirschfelder et al. [Ref. 31]. The calculations (Ref 31] for
y =1 were for a different set of «-values than were those by Ref. 51, hence, the
first step in using these results was to interpolate Ref. 31 results to obtain
results for the same set of &s as inRef. S1. Next, for later use, we interpolated
between the resuits for y=0.5 and y =1 to obtain results for y=0.75. Finally,
we interpolated again to obtain results at y-values of interest for (0*+0)- and
(U*+0)-collisions, i.e., at respective y-values of 0.6869 and 0.960. The results

from Ref. 51 and Ref. 31 (the latter multiplied by (2!/6)-2) and the interpclated
results are given in Table 1.




Table 1. Reduced momentum-transfer cross-sections for (12,6,4)-potential
(in units of #732).

olnr,
tan" & K y=0  _025 _050 068960 Q75 Q96Q¢ _ y=
0.0 27072
0.1 4322b
0.2 35530
028 020271355018 49188 43068 395¢  3.84C 3.57¢ 352¢
0.4 26730
0.4 042279337198 34328 31374 293¢ 287 264 260¢
0.6 2.30Q0
063 068414228928 27308 25068 239¢  233¢ 222 219¢
0.8 2.002b
078 08422982394 23338 22588 215¢ 2126  20I¢ 1 96¢
09 1 988b
0.95 1.958b
1.0 1.906b

0.83 1.02068 19742 19508 19268 191C 1gifc 1.89¢ 1.89¢C

a Ref. 56, Table I-3. d For 0*+0; see Fig. S.
b Ref. 31, Table VIII, multiplied by (21/6)-2 = 0.79370. ¢ For U*+0; seeFig 9
C Interpolated.

2.2 [(0,0)+(0,N,,0,)]-COLLISIONS.
2.2.1 (0+0)-Collisions.

Values of S™x) for the range 0.1< & < 2 [HB-48) are reproduced In Table 2
To relate these data with results in Ref. 65, we apply the data to (0+0)-collisions.
The potential energy parameters [Ref. 65, p. 40] are

£,=522¢eV, r,=122x10%°cm, (15a,b)
50 that with use of Eq. (1¢) we have
0=109x10%cm. (15¢)

From Eg. (4) the relative velocity ¢ is related to & by
g=U21x10%%"2. (16)




The momentum~-transfer cross-section ¢(g), Eq. (5), is given in units of 10-16

cm2 in Table 2 and plotted in Fig. 1. These values for (0+0)-collisions agree well

with those plotted in Fig. 4-3 of Ref. 65.

Table 2. Velocity-dependent momentum-transfer cross-sections
from Ref. 31 for Lennard-Jones (12,6)-potential and
application to (0+0)- and (U+0)-collisions.

0+0 U+Q

. ISP g.cm/sec a® g,cm/sec o?
0.1 5.445 3.54E+05 20.2 316 E+05 459
0.2 4.476 S5.01 E+0S 16.6 447 E+05 378
0.4 3.368 7.09 E+05 125 6.32 E+05 284
06 2.909 8.68 E+05 10.8 7. 74 E+05 246
0.8 2.523 1.00 E+06 936 893E+0S 213
09 2.505 1.06 £E+06 930 947E+05 211
095 2467 1.09 E+06 9.16 973E+05 20.8
1.0 2.401 1.12 E+06 891 999 E+05 203
1.2 2.1007 1.23 E+06 7.80 1.09 E+06 17.7
1.4 18714 133 E+06 695 1.18E+06 158
1.6 1.6974 1.42 E+06 6.30 1.26 E+06 1473
1.8 1.5656 1.50 E+06 5.81 1.34E+06 132
2.0 1.4801 1.59 E+06 5.49 1.41 E+06 125

Fig. 1 Fig. 6

3 Reduced cross-sections [SM(&], in units of & 22, from Ref. 31, Table Viii
Potential parameters are given by Eq. (13) for (0+0) and by Eq. (22) for

U+0).

b Cross sections are in units of 10-'6 cm2.

To extend these cross sections to lower velocities, we use Egs. (S) and (12)
to give us

0(0+0)] gy oo = 100x107" g2 cr?

=464x107"° g 2% cm?

(17a)
(17b)

‘)—Dot

For ¢=354x10°cm/sec, Eq. (17) gives 20x107'® cm?, in excellent agreement with
the lowest-energy value in Table 2. We will adopt Eq. (17) as the appropriate
relative-velocity momentum-transfer cross-section for (O+0)-collisions for the

12




relative velocity range less than about 5x10° cm/sec, shown as the dashed line
(s3x10° cm/sec) in Fig. |
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Figure 1. Velocity-dependent momentum-transfer cross-sections for (O+0i-
collisions, based on Lennard-Jones (12,6)-potential and asymptotic
(r-6)-potential.

2.2.2 [0+(N,,0,)]-Collisions.

To eventually obtain cross sections for [U+(N,,0,)1-collisions, we will
appeal to collision-integral results for [0+(ON,,0,)]-collisions, from which we
infer an approximate scaling factor to relate [0+(N,,0,)]-collisions to (0+0)-
collisions. That same scaling factor will then be applied to (U+O)-collisions

We would prefer to see momentum-transfer cross-sections for
[0+(O,N,,0,)]-collisions, but what we find to be available (without an exhaustive
search) are co//ision integrals, i.e., momentum-transfer cross-sections averaged
over the relative velocity distribution in a Maxwellian gas at temperature 7 Such
a cross section (or collision integral for diffusion) is defined by Eq. (A8C) In
Appendix A. Yun and Mason [Ref. 69] have computed and tabulated such integrais

13




(called {(Z"") in their notation and expressed in units of 107'® cm? but without 2

necessary factor of #to make them a conventional cross section) for the various
species in dissociating air for the temperature range 1000 ¢ 7(K) ¢ 15C0C. (it
appears, notwithstanding an otherwise description, that Ref. 69 accounts for &
large number of excited states in computing averages for atom-atom collisions,
whereas we have limited our considerations to ground-state interactions ) We
will regard these collision integrals as pseudo velocity-dependent momentum-
transfer cross-sections by expressing them as a function of the average relative
velocity between the two members of each of the three pairs of particles of
interest, i.e., 0+0, 0+N,, and 0+0,. In such a gas the average relative velocity [Ea.

(A8D)] is
g7 1’ r 1
g,-,;[ I=l.45x10‘[ ] , (18)

”/‘/k /‘(A/k)
where the reduced mass number u(4,,) is 8, 10.18, and 10.67 for the three stated
pairs. Values of g, are given in Cols. 2, 3, and 4 of Table 3. Collision integrals

presented as a function of temperature in Ref. 69 (Tables {11, VII, and V1) are qiven
here (but multiplied by &) in Cols. S, 6, and 7 of Table 3 as a function of the
temperature and in Fig. 2 as a function of the average relative velocity.

10-14 - .
N |
B Pseudo Momentum-Transfer Cross-Sections
t c Inferred from Collision Integrals, Plotted at
3 Mean Relative Velocity for a Given Temperature
| é )
S
F ® « 0+0
[ a
E .. s+ 0+02
|_ P [ ) ‘ L 0 + N2
3 E . * . e L]
f ° » .. f ’ .n“ * 1-25(0 + O)
[ ] - s ¢ .’.
§ ‘. . ..’.“‘"0
LEPE * a%.s
2 <@>, km/sec Ttaeg, Tte
10‘15 - .’- e, e

10
Figure 2. Pseudo momentum-transfer cross-sections versus mean relative
velocity <g>=[847 /& 4]*?, inferred from temperature-dependent

collision integrais [Ref. 69] for [0+(ON,,0,)]-collisions at gas
temperatures in the range 100057 (K)<15000
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Table 3. Pseudo momentum-transfer cross-sections versus mean relative
velocity, inferred from collision integrals [Ref 69] for [0+(ON,,0,)1-
collisions for gas temperatures in the range 1009 < 7(K) < 15000

7 Jix km/ seC ("), 107" cm?

1000 K 0+0 O+N, 0+0, 0+0 O+N, 0+0,
1.0 1.62 1.44 1.40 194 27.9 236
15 1.99 1.76 1.72 17.7 251 216
20 2.29 2.03 1.99 16.6 232 2032
2. 256 227 2.22 156 217 1973
3.0 281 2.49 2.43 14.9 20.6 12s
35 303 2.69 263 14.3 19.7 178
40 324 2.87 2.81 138 189 173
45 3.44 3.05 2.98 13.3 18.2 16.8
5.0 362 3.21 314 12.9 176 16 4
55 3.80 3.37 3.29 126 17.1 16.0
6.0 3.97 352 3.44 12.3 16.6 19.6
6.5 413 3.66 358 12.0 16.2 153
7.0 429 3.80 371 11.7 158 150
75 444 394 384 115 154 148
8.0 459 406 397 11.2 151 145
85 473 419 4.09 11.0 14.8 143
9.0 486 431 421 10.8 145 141
95 S.00 4.43 433 10.6 142 139
10.0 S.13 454 444 105 139 13.7
11.0 5.38 477 466 10.2 135 133
120 5.62 498 486 9.89 13.0 13.0
130 5.84 5.18 5.06 964 12.7 127
14.0 6.07 5.38 5.25 9.41 12.3 12.4
15.0 6.28 5.57 5.44 921 12.0 22
(1) (2) (3) (4) (3) (6) (7

o ——— = - — - ———— - —p - - - - —— - T . . - —— . —— - ———— A - —— = —— - — ———




It is of interest to relate the (0+0)-values in Fig. 2 to the asymptotic vaiues
given by Eq. (17). Firstly, inFig. 2 the slope is closely -2/3 at the higher
velocities, as in £q. (17), but it decreases at the lower velocities. Secondly,
substitution of Eq. (17) into Eq. (A8¢) yields

X0+0)=2.74x107"%(7 /1000y"* . (19)
At 1000 K, Ea. (19) gives a value larger than the 1000-K value for (0+O)-collisions
in Table 3 by the ratio 2.74/1.94 = 1.41 (a ratio which would be about 1.21 if the
slope in Fig. 2 did not decrease). The lack of complete consistency between Eq.
(17) and Fig. 2 may be due partly to the pseudo nature of the cross sections in
Table 3 and Fig. 2 and partly to the aforementioned inclusion in Ref. 69 of excited
states with their concomitant variety of potential curves.

We emphasize that we are less concerned with the absolute values in Fig. 2
than the values for (0+N2)- and (0+02)-collisions relative to those for (O+0)-
collisions. We see that, viewed very simply, S/4 is a factor by which we can
convert from (0+0)-cross-sections to approximate mean values for (O+N2)- and
(0+02)-collisions.

2.2.3 (0*+0)-Collisions.

Since we will later describe some reservations about applying the
polarization potential for UQ;-collisions with atmospheric species, we will
consider, first, (0*+0)-collisions for which we feel there is a relatively firm
basis.

We now apply Eq. (14) for the (12,6,4)-potential. For O, @=0.73 (cf. Tabie
A-1); for 0%, 7 =1164x10® cm and & = 6.663 eV [Ref. 34, p. 504]. Thus, from Ea.
(14c) we find
y(0’+0)=06896. (20)

In Fig. 3a we plot -@(r) from Eq. (14a) and in Fig. 3b, the ratio (/) of the 74

term to the sum of the /3 and % terms:
7
R = A (21)

In Fig. 4 we piot 4, from Eq. (13c), 7, from Eq. (13d), and the center-of-mass energy
£ from Eq. (2b). Figures 3 and 4 enabie one to consider the relative magnitudes of
the 73 and /g terms, for various velocities, as given in Table 4 We see that for
velocities below 3 km/sec, the 73 term is at least half of the total of the two
attractive terms even at the orbit-radius 7, = 00/\/_2-. For such velocities, use of the
74 term alone would probably be satisfactory in computing the momentum-
transfer cross-section, shown in Fig. S as the solid line computed from Eq. (13d),
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Figure 3a. Radial dependence of the (12,6,4)-potential for (O*+0)-collisions.
| -~
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for [(O+)+0]-Collisions
s
r, angstroms
.,1 . . . . N — 4

Figure 3b. Radial dependence of the ratio of the (r=4)-term to the sum of the
(r=4)- and (r-6)-terms in the (12,6,4)-potential for (0*+0)-collisions
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Figure 4. Relative velocity dependence of the "orbiting impact parameter” 4,,
“orbiting radius” 7;, and center-of-mass energy £ for (0*+0)-
collisions.

Table 4. Comparison of the /3 and % terms in the (12,6,4)-potential
for (O*+0)-collisions.

g 10 cm b Ea(21)
Kkm/sec b £,/ N2 eV Rb) R, /N2)
03 883 625  374E-03 =096 0.91
1 484 342  415E-02 085 0.74
3 2.79 198  3.74E-0 0.66 0.50
S 2.16 1.53 1.04E+00 054 037
(0" +0) g1 p0r =8.14%107'° g7 =814x10"° g o (13a1,02)

The cross sections corresponding to the reduced cross-sections in Table | (for the
column corresponding to Eq. (20)) are plotted as the circled points in F1g. S for the
relative velocity range 5.7 < g(km/sec) ¢ 12.86. The dashed line in Fig. 5
extrapolates these values to about 3 km/sec where the line intercepts the cross
section [EQ. (13d)] for the pure polarization potential.
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Figure 5. Velocity-dependent momentum-transfer cross-sections for

(0*+0)- ..l sions, based on (12,6,4)-potential, its extrapolation,
and ao'arzation potential.

2.3 [(U,U*,U0*)+(0,N2,02)]-COLLISIONS.

2.3.7 Introduction.

In midcourse of our U-release studies, we paused to study Ba* collisions

with atmospheric species, hoping that useful insights would be obtained. That
study, documented in Appendices A, B, C, and D, revealed the following important

facts:
a.

D.

The experimental mobility of Ba* in N2 (at room conditions) agrees well
with the theoretical value based on the polarization (r-4)-potential

The (r-6)-contribution dominates the (r-4)-contribution in the (12,6,4)-
potential for (Ba*+0)-collisions (analogous to the situation for [(U,U*)+0]-
collisions, as will be shown later).

An effective value of the parameter (75¢,)"* — which appears in the
asymptotic, low-energy momentum-transfer cross-section based on the
(r-6)-potential - is postulated to be determined by requiring the equality
of mobilities (at STP conditions) based on an effective (r-6)-potential and
on the (r-4)-potential. (At non-STP conditions, the two mobilities will
differ.)




a Values of the ambipolar diffusion coemment[ L Ef (r%)-pot ] computed from

an effective (r-6)-potential are — for i0nOSpheric 10n temperatures ranqing
from 1135 K to 750 K - about 79% to 85% of the ambipolar diffusion

COBTTICIENt (& .o ot | DASEA ON the polarization potential An overall

comparison of J ey (r-6)_pe With (SOMetimes ambiguous or uncertainy

experimental values |4, o | derived from 12 Ba-releases is about the sare
as for A, pol pot SO that a strong preference cannot be established on this
basis

It would be desirable to have an experimental mobility for U* in Nz tor anw
gas). Not having that infermation, we will make the qualitative extrapolaticn
from (Ba*+No)-collisions to [U*+(0,N2,02)]-collisions and assume that the
mobilities of U* in atmospheric species at STP conditions can be predicted by usé
of the (r-4)-potential We will also assume that effective values of the parameter
(7S£, can be determined by requiring equality of the mobilities (at STP
conditions) based on an effective (r-5)-potential and on the (r-4)-potential. These
assumptions allow us to use all the general formulas we developed in the
Appendixes for Ba* collisions, and we will refer to them when convenient. For
completeness, we will also include the work performed prior to our consideration
of Ba* collisions. Table S collates numerous parameters needed in the subsequent
discussion

Table S. Parameters for UOS" collisions with neutral atmospheric

species.
HA L) l@; / p( 4, N7
& @ =UU o' Uo; =0V Wo-
0 079 1499 1505 15.10 0230 0229
N2 1.76 25.05 25.22 25.37 0.265 0.264
02 159 28.21 2842 2861 0.237 0236
(@) L u(4, 1" @, p4 )1

K r=UU uo* /=UU uo* U3
0 0.360 0.360 344 345 345
N2 0.453 0452 6.64 6.66 663
02 0414 0413 670 672 6 7<
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2.3.2 [U+(O,N2,02)]-Collisions.

2321 (U+0)-Collisions. To obtain the momentum=-transfer cross-section for
(U+O)-collisions based on the (r-6)-potential, we adopt values of the potential
parameters available at the beginning of this study, i.e., those given by Michels
[Ref. 57, p. 185]).

£,%7.76¢eV, lp%,=184%10° cm (22a,0)
0=089097, =164x10"° cm. (22¢)

Torelate the relative velocity to &, we use Eq. (3b) to get
#(A)=1499, (23a)

which, with Egs. (22) and (4b), gives

g=9987x10° &2 (23b)
The momentum-transfer cross-section from Eq. (5), based on the Lennard-Jones
(12,6)-potential,

o(g)=844x107'° 5%, (24)

is given in units of 10™'® cm? in Table 2 and plotted in Fig. 6.

To obtain cross sections at velocities below about 3x10° cm/sec, we use kg
(12a), with Egs. (22a), (22¢), and (23), to get

TUt Oy oy =21 1X107 g2 29791075 g28 ot (25ap)

For ¢=3.16x10°cm/sec, Eq. (25) gives 455x107'® cm?, in excellent agreement with
the lowest-energy value in Table 2. We will adopt Eq. (25) as the appropriate
relative-velocity momentum-transfer cross-section for (U+0)-collisions, based on
the (r=6)-potential, for the relative velocity range less than about Sx10° cm/sec.
as shown as the dashed line (< 3x10° cm/sec) in Fig. 6,

To obtain the cross section for the effective (r-6)-potential, we use Eq.
(A20) and the parameters in Table S to get

TWUt Oy oty o= 138X107" g2 26.41x107"5 222 cm? . (26a,0)

Equation (26) is also plotted in Fig. 6.
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Figure 6. Velocity-dependent momentum-transfer cross-sections for (U+0)-
collisions, based on Lennard-Jones (12,6)-potential, asymptotic |
(r-6)-potential, and effective (r-6)-potential.

2.3.22 [U+(N,,0,)]-Collisions. For an interaction we will label =(r-6)-
potential (even though it is straining the concept), we appeal to results for
[0+(0,N2,02)]-collisions and apply the approximate scaling factor inferred in
Section 2.2.2 to relate [0+(N2,02)]-collisions to (0+0)-collisions, i.e, 5/4 By
applying this factor to Eq. (25) we have

1U+ (N, O], -ty por = 3 TU+O) gt (27al)
=264x10™" g% cm? (27a2)
=124x10™"M g2 cm?. (27a3)

For the effective (r-6)-potential, we use Eq. (A20) aﬁd’ parameters in Table S to
get

TN gy by = 174107 g2 e (2701)
=8.08x107"® g3, e’ (27b2)
U+ 0|y y-por = 159X10°" g2 cm? (27¢1)
=7.38x10"° g3, o’ (27¢2)
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2.3.3 [U*+(0O,N2,02)]-Collisions.

2.3.3.1 W+0)-Collisions. For (U*+0Q)-collisions characterized by the
(12,6,4)-potential given in Eq. (14a), we use the UO* parameters [Ref 57, p 166]

£ =8.15eV, 7, =1843x107 cm (282.0)
and find from £q. (14¢) that
y{U'+0)=0.960. (28¢)

We interpret the closeness of ¥ to 1 as a strong hint that the polarization
potential by 1tself is unsatisfactory for (U*+0)-collisions in the veloCity range of
current interest.

InFig. 7a we plot —-@&() from Eq. (14a), evaluated for the parameters given
in Eqg. (28), and in Fig. 7b, the ratio (# /) given by Eq. (21). InFig. 8 we plot &, from
Ea. (13c), 7 from Eq. (13a), and the center-of-mass energy £ from Eq. (2b). In
Table 6 we collate the comparison of the 75 and 7% terms for (U*+0)-collisions.
The smaliness of the /4 term relative to the total of the two attractive terms,
even at the lowest velocity of interest here (0.3 km/sec), seems to be another
strong hint that the polarization potential by itself is unsatisfactory for (U*+0)-
collisions. InFig. 9 the momentum-transfer cross-section for the polarization
potential is shown as the short-dash line, computed from Eqg. (13b) and

(U +0)| 0= 5.96x 1070 g7 cm? (29a)
=5.96x107"° gnseec CIZ. (2Qb)

Table 6. Comparison of the 73 and 7% terms in the (12,6,4)-potentiai
for (U*+0)-collisions.

g 107 cm oy Eq(21)
km/sec % b,/N?2 oV R(L) R, IN?2)
0.3 7.55 5.34 7.00 E-03 0.35 0.2i
I 414 2.93 7.78 £-02 0.14 0.073
5 1.85 1.31 1.94 £+00 0.031 0016

Again, we are Interested in using the full (12,6,4)-potential to obtain the
momentum-transfer cross-section. (Owing to the closeness of p(U*+0) to unity
per Eq. (28), we expect little difference from using just the (12,6)-potential.) The
interpolated values of the reduced cross-section are given in Table | for y=0.960
and the actual cross-sections are given in Table 7 and plotted in Fig. 9 as the
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Figure 7a. Radial dependence of the (12,6,4)-potential for (U*+0)-collisions.
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Figure 7b. Radial dependence of the ratio of the (r~4)-term to the sum of the
(r=9)- and (r-6)-terms in the (12,6,4)-potential for (U*+0)-collisions
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Figure 9. Velocity-dependent momentum-transfer cross-sections for (U*+0)~
collisions, based on (12,6,4)-potential, Lennard-Jones (12,6)-
potential, asymptotic (r-6)-potential, effective (r-6)-potential, and
polarization potential.
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solid-square points. The velocities in Table 7 are computed from Eq. (4b), with &
given by Eq. (28a) and #(A) = 1499 from Table 5, giving

gkm/sec)=10.24k . (30)

Table 7. Momentum-transfer cross-sections based on the (12,6,4)-
potential with y=0.960 for (U*+0)-collisions.

. g,km/sec o /(xrh) g,10™"% cm?
0.20271 461 357 3.80
0.42279 6.66 2.64 282
0.68414 8.47 222 2.37
0.84229 9.40 201 2.14
1.0296 10.39 1.89 202
Table | Ea. (30) Table 1 Col.3 & Eq. (28b)

Fig. 9

For completeness we also use the (12,6)-potential to cbtain the momentum-
transfer cross-section for (U*+0)-collisions. The reduced energies and cross
sections (in units of #2%) from Ref. 31, with the velocity from Eq. (30), are given
in Table 8; the actual cross-sections are plotted as the open-circle points in Fig 9.

Table 8. Momentum-transfer cross-sections based on the (12,6)-
potential for (U*+0)-collisions.

X g,km/sec o/(x0» 0,10 cm?
0.1 3.24 5.445 46!
0.2 458 4476 3.79
04 6.48 3.368 2.85
06 7.93 2.909 2.46
0.8 9.16 2.523 2.14
0.9 9.71 2.505 2.12
0.95 9.98 2.467 2.09
1.0 10.24 2.401 203
Table 1 Eq. (30) Table 1 Col. 3 &
Eq. (1¢) Eqgs. (1¢), (28Db)
Fig. 9
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The long-dash line in Fig. 9 is computed from the asymptotic expression in
Eq. (12¢), with parameters from Eq. (28a,b), giving

O +0)| ey por = 215107 g2 =998x107 g22 cm’  (31a0)

We will adopt Eq. (31) as the relative-velocity momentum-transfer cross-section
for (U*+0)-collisions, based on the (r-6)-potential, for the velocity range less

than about 5x10° cm/sec. Note that this expression hardly differs from Eq. (25)
for (U+0)-collisions; the uncertainty in the calculation does not warrant
distinguishing the two formulas.

To obtain the cross section for the effective (r-6)-potential, we use
Eq. (A20) and the parameters in Table 5 to get

U +0)gg oty o= 138107 g2 2641107 23 cm?. (32a,0)

Equation (32), which is the same as Eq. (26) for (U+Q)-collisions, is also plotted as
the dotted line in Fig. 9.

2.3.3.2 [U"+(N,,0.)]-Collisions. By using Eq. (13b) for the polarization
potential and the polarizabilities and reduced mass numbers from Table S, we have

U +N,)| ot = 6:86x 1070 g7 = 6.86x107'% b e CMP (33a1,a2)
(U +0,) popot=614x107"° ¢! = 6.14x107° g1, CP. (33b1,62)

For the (r-6)-potential in Eq. (27a) we used a factor of 5/4 for a larger
target size. Similarly, we apply a factor of 5/4 to Eq. (31) and thereby suggest the
expression

olU+(N,, Oz)ll-(r-‘).pot.=':z olU+ O)’(r*)-pot, (342)
=269x10™" g% cm? (34p)
=125x10™" g23. cm?. (34c)

Note that this expression hardly differs from Eq. (27a) for [U+(N2,02)]-collisions,
the uncertainty in the calculation does not warrant distinguishing the two
formuias.
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To obtain the cross sections for the effective (r=6)-potential, we use
Eq. (A20) and the parameters in Table 5 to get

U +N gy (rtropon =1 74%107 g2 =8.08x107'° 22, cm? (3521 ,22)

(U +0,]gp tppor. = 159%107" g% =7.38x107"° @22, cm? (35b1,02)
These two expressions are the same as Eq. (27b) for [U+(N2,02)]-collisions.

2333 Formuyla for Polarization ive (r*)-potential. The
following expression, with the parameters in Table 5, combines all the formulas
for [U*+(O,N2,02)]-collisions based on the polarization and effective (r-6)-
potentials:

. a2
o,k(g)|,=2.59x1o-°[ﬂ—(“fv1*’7} —lg[l.06x10"‘/z(/4,,,)92]° cm? (36al)
.2
=2.59x10"5[ % } ! [o,noe;z(A,.,,)gzw,ec]" (36a2)
/I(Aik) m/sec
=384x10" (@)% [uA4,) T, B=1/6 (36b1)
=178x10"" (@)% [ 4(4,,) Grveec P, B=1/6 (36b2)

B= 0, polarization potential
“11/6, effective (r®)-potential

Equation (36b1) is the same as Eq. (A20a2).
2.3.4 [UO*+(0,N2,02)]-Collisions.

For [UO*+(O,N2,02)]-collisions, we are unaware of any simplified procedure
we might use to estimate the cross sections. We are inclined to discount possible
use of the polarization potential — despite our presenting formulas based on it -
for qualitative reasons similar to those to which we appealed in discounting it for
(U*+0)-collisions, even though we cannot provide numerical estimates.

For the polarization potential, we have from Eq. (13b) and parameters in

Table 5, formulas for UO* collisions which are virtually the same as those for
U+ collisions owing to little difference in the reduced mass numbers:
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(U0 +0)| o0 = TU+ O) ot (37a)

=E£q.(29)
U0+ N o0t * U NN o0t (370)
=Eq.(33a)
FU0"+0,) 100t * FU+0) porp0r (37¢)
=Eq.(33b)

For the (r-6)-potential, to account for the larger size of UO* compared with
U*, we will make the ad hoc assumption that the cross sections for [U*+(0.N2,02)}-
collisions should be multiplied by 5/4 to obtain the cross sections for
[UO*+(0,N2,02)]-collisions:

U0 +0)| by por * 30U+ Oty (38a)
=2xEq.(31
olUO™+ (N, 0))]| ey por. = 30TV (N, 0,)]| 4y (380)
= 2xEq(34)

For the effective (r-6)-potential, we use Eq. (A19) for the parameter (7 ¢ )"
- since it depends only on the target species — with Egs. (12¢) and (12e) The
results for the [UO*+(0,N2,02)]-collisions will differ from those for
[U*+(0,N2,02)}-collisions only by a very slightly different reduced mass number,
certainly too little to matter. Hence, we write

(U0 +0)gy (-par= TU+Ot (-)-pot (39a)
=£q.(32)
U0 + Ny (mtypor. = TU+ Nt st (39b)
=Eq.(352)
U(UO,*.Oz*E",ﬁ"‘)-DOl = J(U*‘*Ozj Eft (r")-pot. (39(:)
= Eq (35b)
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2.3.5 Summary Form for [(U,U*,U0*)+(0,N2,02)]-Collisions.

For later use it is convenient to write the summary formula

0,4(9) = " [01/ Gumisec) ™ CIP
g=1km/sec

_|172, polarization potential
p_{l/')’, (r®)»- and eff.(r°}pot.

with the coefficients %" given in Table 9.

(40)

Table 9. Summary-equation parameters for [(U,U*,U0*)+(0,N2,02)]-

collisions.
0,P ~-15 2
ow 1077 cm
)« /=y /= /=UQ" _Potential _ D
0 5.96 5.96 pol. 1/2
9.79 9.98 12.5 r-6 1/3
6.41 6.41 6.41 eff . (r-6)  1/3
N2 6.86 6.86 pol. 1/2
12.4 125 15.6 = r-6 1/3
8.08 8.08 8.08 eff (r-6) 1/3
02 6.14 6.14 pol. 1/2
12.4 12.5 15.6 ~r-6 173
7.38 7.38 7.38 eff. (r-6)  1/3

30




SECTION 3

STOPPING POWER, MEAN MOMENTUM-TRANSFER CROSS-SECTIONS,
AND RANGE-ENERGY RELATIONS

3.1 INTRODUCTION.

The goal of this Section is to obtain simple range-energy refations for low-
energy uranium species traversing the ambient atmosphere. Such relations are
obtained by integrating an appropriate stopping-power formula involving mean
values of the momentum-transfer cross-sections developed in Section 2.

To obtain a stopping-power formula for a single particle traversing a
Maxwellian gas, we will adapt ideas from Banks [Ref. 6} who was interested in the
related problem of elastic collisions and energy transfer between gases which
have separate Maxwellian velocity distributions. Banks [Ref. 6] shows that the
exact equation, derived by Deslogue [Ref. 17] and presented below as Eq. (41), for
the energy transfer rate between gases of arbitrary temperature and particie
mass, can be separated into three fundamental factors, each of which depends on a
different aspect of the collision process and gas composition, i.e., (1) aratio of
particle masses, (2) the difference in the gas thermal energies, and (3) a
nonequilibrium collision frequency for energy transfer which entails a mean
nonequilibrium momentum-transfer cross-section.

Banks [Ref. 6] acknowledges that his decomposition of Deslogue's formula
[Ref. 17] is not rigorous since he did not use the proper averaging techniques of
kinetic theory needed to arrive at an exact expression. Whatever shortcoming that
fact imposes probably is not very important relative to (a) our additional
approximations and (b) the uncertainty in the basic cross sections used 1n our
applications. To provide insights concerning the numerous approximations
required to obtain simple analytical expressions, we will first sketch Banks'
development in general terms, followed by more details with equations and our
adapted formulas.

3.2 ENERGY EXCHANGE BETWEEN MAXWELLIAN GASES.
3.2.1 Desloge’'s Exact Formula.

Desloge's [Ref. 17] resuit for the average rate of change of the total kinetic
energy of one gas is
dy (m my) (7~ T>) it
—1-_4 - 1
o zmn,,(,m/,72)2(2)”)3,2(”72 VAL _[0 Fopexp-kg)dg  (412)
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where
U=[4mir, &

(41b)
-1
k:[ziruziﬁ] (41¢)
mo
9 g)=2x fa(g,a) (1-cos#)sing dé (41d)

and
U/ -gas total kinetic energy
n-particle number density
m-particle mass
7 -Maxwellian temperature
K -Boltzmann's constant
g-relative velocity between particles

g,Xg)-velocity-dependent momentum-transfer cross-section
v-particle velocity in laboratory system

¢V -velocity-space volume element
#-center-of-mass scattering angle
o(g,8)-differential scattering cross-section
/ -velocity distribution function.

3.2.2 Banks' Heuristic Formula.

Banks’ development is based initially on a simple model of energy transfer
for a single particle moving in a gas (exactly our case of interest!), but that
particle soon becomes a member of a Maxwellian gas interacting with the original
gas. By defining an appropriate collision frequency for energy transfer and a
momentum-transfer cross-section, Banks derives a general functional form for
the energy exchange rate between two gases. By comparing that form with Eq.
(41a), Banks obtains specific equations for the collision frequency and momentum-
transfer cross-section which are applicable to the problem of energy transfer.

The average loss of kinetic energy per collision, 4e, of a singie particle of
mass m and kinetic energy & traveling through a gas composed of particles of
mass /7% and average energy & is, as shown (for isotropic scattering in the center-
of -rnass system) by Huxley and Crompton [Ref. 35],

d6=- 2 (e F) (42)
(m,+m, 7

To describe the rate at which the single particle loses energy, Banks
introduces the concept of the single-particle collision frequency, given by
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Vie=%9q,, (43)
with », the ambient gas number density. To obtain the average rate at which the
single particle loses energy, Banks combines Egs. (42) and (43):

a5 __2mm - )
YT (/72+/772)2(£' E)I,. (44)

Next, instead of a single particle, Banks considers a large number of particles
forming a Maxwellian gas mixed with the original gas, and approximates the total
average energy exchange rate by the expression

dh__2mm = o=

7 —(/73+f'72)2n'(€' &), (45)
with .

U=n3mWn =AE, (46)

where & is now an average energy which corresponds to the Maxwellian
distribution of single particles permitted to become the mixed gas. Similarly, #,
is now an average collision frequency which, unlike Eq. (43), must be suitably
defined to account for the many different relative velocities between the various
gas particles.

Banks states that Eq. (43), while not rigorous, provides a functional form
which can be used to decompose Eq. (41) into three factors: (1) a ratio of masses,
(2) a difference in average particle energies, and (3) an energy-transfer collision
frequency. Only the third factor involves the interparticle forces.

Banks argues that, in order that the correct form may be synthesized by
comparing Egs. (412a) and (45), the functional form of the average collision
frequency must be

Va2, 0, (47)
which allows for an arbitrary numerical factor in the final result for v, . The
quantity g is the average relative velocity between the particles of the two
Maxwellian gases,

7=[[rali-aldndy, (48a)
v2 2
=[8—k] [—7‘+—71I, (48b)
x| |m m,

whtle @, is the average momentum-transfer cross-section appropriate for thermal
nonequilibrium,
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Qp= K’j' 7’ a9 exp(-kgHdg (49)

with A" given by Eq. (41c). By comparing Egs. (41a), (45), (47), and (49), Banks
recognizes the average momentum-transfer collision frequency,

Ma=43m730,, (50a)
with g given by Eq. (48b), and @, by Eq. (49), as the generalization to conditions of
different Maxwellian velocity distributions of two gases. {n a later reference
[Ref. 7, Pt. A, pp. 190, 191], Banks observes that this collision frequency is in the
center-of-mass system and related to that in the laboratory system by

Vuz =lm 1 my+ mlv,, . (50D)
Finally, as the goal of his derivation, Banks expresses Eq. (41a) in terms of his
decomposition factors as

A _ 3, A7

3z =37 (m,+ m, P
or, alternatively, as given in Ref. 7,Pt. A, p. 191, as

4y m _ ,
SA=-34 RIS (51b)

AT (512)

3.3 PARTICLE TRAVERSING A MAXWELLIAN GAS.
3.3.1 Energy Loss Rate.
For our applications, we want to retain the identity of a single particle

traversing the ambient Maxwellian gas. Our equation corresponding to £q. (42) will
be written as

&, (E)=4,, (& -£,) (42%)
where the ambient energy per particle and temperature are related by
E.-é'mmng,(/7;=%/‘7,,t/,f (42a%)

and the mean fractional loss in laboratory energy is
2/, 2HAD

y 472h*)
= % /‘7)2 A4, (42b%)
with the reduced mass number
A A

H(A )= ——r A+ A (42¢*)
Our expresstons corresponding to Eqs. (43) and (44) are

Vie =% 9 9pra (43%)
and

& E G, (44%)
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For our use we will replace v,, in Eq. (44%) by v,,with a functional form
corresponding to Banks' expression, £q. (50), for the mean collision frequency,
Ve = 3% Gra Qo s (502%)
ok =Pl 1 PR+ MNP, (500%)
but we will associate a fictitious temperature 7,"* with the incident particle by
the expression

E=Limyt=3k7" (52)
S0 that our mean relative velocity corresponding to Eq. (48b) is
e = AN (480 1%)
AR EVarA
8 v2 ) o2
=55 VALIA (48b2%)
2£, 2£, o
(2] eeaT (a3

in Appendix E we show that, for our applications, Eq. (48b*) for the mean relative
velocity compares very well with an expression based on the exact relative
velocity distribution for a particle traversing a Maxwellian gas.

Our mean momentum-transfer ¢cross-section corresponding to £q. (49) 15

O = K[, 8 Qi) expi-K g dg (49%
with the parameter A" corresponding to Eq. (41¢) now given by
247
212 ix
K= [ Ve /‘7/,]. (41c1%)
. ! (41¢2%)

T2WER)
Thus, our expression corresponding to Banks' Eq. (51a), except that it pertains to a
single incident particle instead of an entire gas, is

LT AL (51a%)

with the auxiliary Eqs. (50a%), (48b*), (49%), and (41¢*).

3.3.2 Mean Momentum-Transfer Cross-Sections.

Before introducing the stopping power, we specialize Eq. (49%) to the
momentum-transfer cross-sections in Section 2 for [(U, U*, UO*) + (0, N2, 02)}-
collisions. Use of 0,,(g), given by Eq. (40), for ¢p,.(¢) 1n Eq. (49%), gives

Qi =" LUO°PP &P, (53)
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]

where o, is defined in terms of Euler’s integral for the gamma function {Ref. 1,

p. 255],
Jp=j'0 X3P 0T x (S4a)
=I3-p) (54b)
| r®8/3)=1(2x5)/31 r(2/3)=15046, p=1/3 (540)
I'5/2)=[0x3)/ 21 r1/2)=13293, p=1/2
and from Egs. (41c*) and (42a%),
a0 x| 3T[ 100 T (552)
RN N
3P £ 7P
=2 ! )
H _5&%] (55b)
with
£ =11,00% (56a)
=518x107° A4 , eV (56b)
Eu=E, (M IM)=E,(A 1A (57)

3.3.3 Stopping Power.

To obtain a stopping-power formula we divide d£,/d¢ by the incident
(1aboratory) velocity ¥} to obtain the energy transfer per unit path length (the

stopping power) and sum the stopping-power terms for the several species in the

ambient atmosphere:
D XY X AL A (58)

Use of Egs. (48b2%), (54), and (56b) in Eq. (58) gives

4 gl Y % &, (5 [+ a-",;’[ £ Jp (59a)
dR, PV T ClE b
or, with use of Egs. (42%), (52), (48b3*), and (57),
3—2 2t P B T a6 £, (59)
with
J&p=[nko&pr' (59¢)

and where the numerical factor is
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8 172 2 l-p
Fﬁ[g} H ’ (59d1)

10579  p=1/3
B 2
{0.99997 p=1/2. (39d2)
We now make two related approximations in the factor
FE, £ 036+ 6,7 (59€)

appearing in the stopping-power expression in £g. (59b). First, owing to (1) the
weak dependence (for p = 1/3) (there is no dependence for p = 1/2) of the stooping
power on the factor A(£,, £,,) and (2) our desire to get a relatively simple range-

energy formula, we will eliminate the dependence on A, in the factor by using an
average value of A, A, with plausible but nonunique weighting factors, defined as

A= 87T 4, (25T 4, (60)
with

(4*T'=F 4,4 (28] 61)
Then, from Eq. (57), we can write

Ex=£,(41A) (62)
and our stopping-power formula as

d£, -
d_/f’,_ =-F, (£ PL4P] £17?

(63)

Before assessing the consequence of using the first approximation
expressed in Egs. (60) and (62) for p = 1/3, we introduce some necessary
parameters for current and later use. Table 10 contains selected properties
(provided by I. L. Kofsky) at four altitudes in a MSIS-83 atmosphere [Ref 291 for
low-latitude (33 deg), low solar 10.7-cm flux {(78), and magnetically-quiet
conditions (Ap = 3). Table 11 provides mass parameters for [(U, U*, UO*) + (O, N2,
02)j-collisions. Table 12 provides the rms thermal velocities of U, U*, and UO* for
the temperatures in Table 10. For the collision pairs in Table 11, stopping-power
and range-energy parameters are given in Tables 13aand 13b for the polarization
potential, in Tables 14a, 14b, and 14c for the (r-6)-potential, and in Tables 15a
and 15b for the effective (r-6)-potential, corresponding to the momentum-
transfer cross-sections summarized in Table 9.
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Table 10. Selected properties for a quiet MSIS-83 atmosphere [Ref 29].

cm™
h,km T,K  £,eV [0] (N} (0,)
200 7526 00973 230E+09  236E+09  1.22E+08
225 7787 0.1007  123E+09  833E+08  3.74E+07
250 7927 01025 682E+08  3.09E+08  1.20E+07
275 8003 0.1035 3.89E+08  1.18E+08  400E+06
cm-3
/1, km n(total) f0] fIN,] fl0,]
200 478 E+09 0.481 0.494 0.025
225 2.10 E+09 0.586 0.397 0017
250 1.00 E+09 0.680 0.308 0.012
275 S.11E+08 0.761 0.231 0.008

Table 11. Mass parameters for [(U,U",U0") +(O,N,,0,)]-collisions.

/' k /4 /t(Alk) d,k
u, u* 238
0 16 1499 0.118
N2 28 23.05 0.188
02 32 28.21 0.209
uo* 254
0 16 15.05 0.111
N2 28 25.22 0.179
02 32 28.42 0.199

Table 12. Root-mean-square thermal velocities of U, U*, and UO* n

the Table-10 atmosphere.

V, o, KM/ SEC
/ A =200 h =225 A =250 h =275
U, u* 0.2809 0.2858 0.2883 0.2897
uo* 02719 0.2766 02791 0.2804
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Table 13a. Stopping-power and range-energy parameters for
polarization potential in [U* +(ON,,0,)]-collisions.

200 km 225 km
e 44 (43P A’ A LASPT
/ £ 10° cm 10°° cm™ 10° cm 10°° cm”
U+ 0 0.730 1.62 1.36 0.87
N2 0618 3.04 1.75 1.07
02 13.3 0.16 435 0.05
[Aio,P]—l = 482 [Aio,Plcl = ]99
AP= 207km A= S.03km
= 127 = 122
250 km 275 km
Z&,P A)‘k [’Z&P l 'z&p Al‘k [lz&?]-l
/ K 10° cm 10" cm” 10° cm 10”" cm”
U+ 0 2.46 480 431 2.74
N2 472 3.98 12.4 152
02 136 Q15 407 Q.05
(4°°T'= 893 4°°r'= 431
A= 11.2km A= 232km
= 120 £= 119

e s o o S T S S e R YN A e e
ittt 1ttt ittt - -t 5t

- = - = = = -
SRS SRS so o= ====

Table 13b. Stopping-power and range-energy parameters for
polarization potential in [UO* +(O,N,,0,)]-coltisions.

200 km 225 km

A° 4, [T A3 4 (42T

/ Ve 10° cm 10°% cm” 10° cm 10°% cm”
uo+ 0 0.730 1.52 1.36 0.82
N2 0618 2.90 1.75 1.02
02 13.3 0.15 435 0.05
4>T'= 457 (4°°T'= 189

A= 219km A= 529km
= 135 = 131

- ———— — —_— —— —— — - —— - — . ——— " ——
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Table 13b. Stopping-power and range-energy parameters. (Cont'd)

250 km 275 km
AP g AT A%P A4 [A2°T
/ £ 10°¢cm 107 cm” 10°cm 107 cm”
Uo* 0 2.46 451 431 2.58
N2 472 3.79 12.4 1.44
02 136 0.15 407 0.05
[4°°T'= 845 4°°r'= 407
A= 118km A= 246 km
£= 128 = 127

T e i et o o T T S S S S e N e e A T e S B A b S G = R S A S
EE LI+ 2 2 2ttt Lt P+t 3+ 2+ 2+ F T £ 3 L 5 £ T 5 -

Table 14a. Stopping-power and range-energy parameters for
(r-6)- potential in [U+(O,N,,0,)}-collisions.

200 km 225 km
y g 84 147 g 46 AT
/ K 10° cm 10°° cm 10° cm 10°° cm”
U 0 0.444 2.66 0.830 1.42
N2 0.342 5.50 0.968 1.94
02 6.61 032 21.6 0.10
(4°T'= 848 [4°PT'= 346
L= 1.18km AL%= 289km
AlA= 976 AlA = 103
250 km 275 km
Ak 44 43°T Ak 46 (227
/ K 10° cm 107" cm 10° cm 107" cm™
U 0 1.50 7.87 263 4.49
N2 261 7.20 6.83 275
02 67.2 0.31 202 0.10
[4>°T'= 1538 (4>°T'= 734
A£%= 650km AL%= 136km
AlA = 108 AlA.= 115




Table 14b. Stopping-power and range-energy parameters for
(r-6)- potential in [U" +(O)N,,0,)]-collisions.

200 km 225 km
Ak 44 [ASPT y 44237
J Kk 10° cm 10" em™ 10° cm 10" cm™
U+ 0 0.436 2.71 0.815 1.45
N2 0.339 5.55 0.960 1.96
02 6.56 032 21.4 0.10
(4°P1'= 858 (4°PT'= 351
A = 1.17 km A= 285km
AlA = 977 AlA = 103
250 km 275 km
AP A4 AT AsP 44 AT
/ £ 10°cm 107 cm” 10° cm 107 cm”!
U+ 0 1.47 8.03 258 457
N2 259 726 6.78 277
09 66.7 0.31 200 0.10
[4>PT'= 1560 (4°PT'= 744
AP = 6.41 km A= 13.4km
AlA,= 109 AlA,= 115

A D S o i T S S A S D e o A e A D AR ST A A S T et T D T T T e S S T e D D S e e e S S o
T+ttt ittt 1ttt 1ttt ittt - r -ttt - 2

Table 14c. Stopping-power and range-energy parameters for
(r-6)- potential in [UO* +(O,N,,0,)]-collisions.

200 km 225 km

AP Bk [Z&qu P bk [’eﬁéprl

j k_ 1 em  _10°cm” 10°cm 10 cm”
Uo+ 0 0.348 3.19 0.650 1.71
N2 0.272 6.58 0.770 232
02 5.25 038 17.1 012
[Alo,P]-l = ]O ] 5 [Aio,P]-I = 4 ]5

A= 0.985km A£P= 241 km
AlA = 104 AlA,= 110

————— . —— " ————— ————~— ————— " ———— ——— - ——— T ————— ——— - ———
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Table 14c. Stopping-power and range-energy parameters. (Cont'd)

250 km 275 km
’Zioli P Aik [,z&.P]—-l 'zicl'('P Aik [1&,9]-1
J K 10° cm 107 cm 10° cm 10" cm”
uo+ 0 1.17 9.49 2.06 5.39
N2 207 8.65 5.43 3.30
02 53.4 0.37 160 0.12
[4>°T'= 1851 [4>°T'= 88l
A= 540km AL = 11.4km
AlA = 116 AlA = 123

P T T T T N O Y L P T T P I T T S L T T T
i3t 1 33+t 12 2 A St 2 - Pt - - - 2 2 - P 1 - - 2

Table 15a. Stopping-power and range-energy parameters for
effective (r=6)- potential in [(U,U")+(O,N,,0,)]-collisions.

200 km 225 km
AP 4 (AT i 44 (ST
/ K 10° cm 10 cm™! 10> cm 10° cm”!
u, U+ 0 0.678 1.74 1.27 0.93
N 0.524 3.59 1.49 1.26
02 1.1 019 36.2 0.06
(4°P1'= 552 [4°FT'= 225
AP = 1.81 km A= 444xm
AilA = 977 AlA = 103
250 km 275 km
AF 4, (4371 A 44 [A3FT
J & 10° cm 10”" cm” 10° cm 10" cm”
U, U* 0 2.29 S.15 401 294
N2 401 469 105 1.79
02 13 018 339 006
(4°°T'= 1002 4>°T'= 479
LP=  998km AP = 209km
AlA,= 109 AlA = 115
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Table 15b. Stopping-power and range-energy parameters for
effective (r-6)- potential in {UO*+(0,N2,02)]-collisions.

200 km 225 km
Zi(:a'p Aik ['zi‘:('P ! 'i'ok'p Aik [’zl‘:('p B
/ & 10° cm 10 cm! 10° cm 107 cm”
uo+ 0 0.678 1.64 1.27 0.88
No 0524 3.42 1.49 1.20
07 111 0.18 36.2 0.05
[4°°F'= 524 (4°°T'= 213
AP = 1.91 km AL%=  469km
AlA = 104 AlA= 110
250 km 275 km
Ak 4,15 AF 4, 1ASFT
/ £ 10° cm 10”7 em 10° cm 107" cm™
uo+ 0 2.29 485 401 227
N2 401 4.46 105 1.70
02 13 0.18 339 006
[4°P1'= 949 [4°°T'= 453
A= 105km A= 221 km
AlA = 116 A A, = 123

To proceed now with the assessment of the first approximation, we use the
information in Table 15a to evaluate the following two expressions for {(U, U*) +
(0, N2, 02)]-collisions, based on the effective (r-6)-potential, at 250-km altitude

in the atmosphere given in Table 10.

(exact)Z 4k [m;"[' [e+A4/7A4,1"°=1599x107° (64a)
(@pprox e+ 4,/ 4,1 3, 4,45 '21588x10" (6:4b)

with the reduced energy
(64c)

enf /£,

For £=5, the error 1s only 0.69%, which is certainly acceptable.
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The second approximation is to replace the slowly-varying factor #(£,,£,,)
by a constant factor, F(£,,£,,), where the average energy £, is defined somewhat
arbitrarily as

£ =LIE9+£0) (65a)
with

£ =starting energy (65b)

£ =finishing energy . (65¢)

In support of the second approximation, note that the variation of the factor
F(£,,E,,) is less than about 10 percent over the energy range of principal interest,

as seen in Table 16 where we use a nominal value of 10 for the ratio 4/ 4,.

Table 16. I1lustration of a slowly-varying factor in the
stopping-power formula for p = 1/3.

£= | 3 S 10
14107
5| = 1 0.973 0.950 0.905

With this second approximation, our stopping-power formula in Eq. (63)
becomes

Tee-G ot eV/km (662)
with
A>° _
Cein= —— (66b1)
Fo LEPPLE + E4)
p,P E-V?
= A Lo —  kmev"? (66b2)
FleePle+A /4):°
E=£,/F, (66¢1)
=1(g,+€) (66¢2)
£=£°/F, (66d1)
=518x107 A4,/ £,(eV) (66d2)
£ = [Vkm/sec). (66e)

Values of ¢° are given in Tables 13a and 13b.
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3.3.4 Range-Energy Relation.

If we integrate Eq. (66a) from start (s) to finish (f) (and remember that #
is the distance traversed, not the residual range), we have

“ g |
Ry =Ceip J:;n [—E/?a] dé, (673)
R, =C:,i,p g(é‘f,:’) km (67b)

with the reduced energy given by Eq. (64c) and the coefficient (,;, Dy
Cop=b Gy KM, (67¢)

collated in Table 17 for U, U*, and UO* at the altitudes and atmosphere in
Table 10.

The integral in Eq. (67) may be expressed and evaluated [Ref. 13, p. 63,
No. 92] as

/2
“€ fot
8le,, g’)gf,,ﬁ de (67d1)
=7+7, (67d2)
L=2[£7-8"7 (67d3)
2162+
G'm—:_—:}”»fl_;:}’?—l fore,>1. (67d4)

If one ignored the ambient energy in the denominator of the integrand, the
integrand would be £™2 and only the term 7 would obtain. But with retention of
the ambient energy in the denominator, we have a logarithmically-divergent
integral for £ =1. This means, of course, that our formulation of the energy-10ss
process is inappropriate for obtaining a range-energy relation if one insists on
slowing the particle all the way to ambient energy. We shall not so insist! we
recognize that nature knows how to thermalize an energetic particle. we expect
that as the particle slows to the point where it is a viable candidate for inclusion
as a member of the thermal distribution, one should probably be concerned with
some sort of a random walk or diffusion problem (for which projected-motion
questions could be investigated) instead of a (linear) range-energy problem But
investigating that aspect of the problem is beyond the scope of the current
considerations.
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Table 17. Range-energy coefficients (,;, for U, U*, and UO* at several
altitudes in a quiet MSIS-83 atmosphere.

Cerp KM

Potential / p=200 _h=225 _p=250 _p=275
Polariz. u* 0.581 .44 3.23 6.73
uo+* 0.596 146 230 6.90
(U, uo’) 0.589 1.45 3.27 6.82
(r-6) u, u* 0.315 0.776 1.74 363
uo+ 0.255 0.625 .40 2.95
Eff.(~-6) U, U* 0.482 1.19 2.68 558
uo+ 0492 122 273 271
(Uu',uo')  0.487 1.21 271 5.65

—— = - . - —— T W D R P D . S D W - —— A - - - -

Notes:

1. For the polarization potential, the difference between the U* and UO*
parameters here (and in Tables 13a and 13b) is due to slightly different
reduced masses, maintenance of which is not justified since it was
ignored in the summary cross-section parameters in Table 9 1n Section 2

2. To obtain numerical values for the (r-6)- and effective (r-6)-potentials,
we have evaluated the weakly energy-dependent factor involving £ [Eq.
(66¢2)] by using a value of 0.57 km/sec (the rms velocity for a 3100-K U
source) for V; in Eq. (66e) for & and a value of 1.0 for & in Eq. (66C2).
Some applications may require re-setting these values.

3. For the (r-6)-potential,

(a) the formal distinction between U and U* parameters in Tables 14a
and 14b is ignored here by using only the U parameters from Table
14a, and

(b) the difference between the UO* and U* resuits 1s due aimost
entirely to the ad hoc factor of 5/4 introduced in Eq. (38) and only
slightly to the reduced-mass difference.

4. For the effective (r=6)-potential, the difference between the (U, U*) and
UO* parameters here (and in Tables 15a and 15b) is due to siightly
different reduced masses, maintenance of which is not justified since it
was ignored in the summary cross-section parameters in Table 9 in
Section 2.




To gain some insight Into the behavior of the integral In EqQ. (67d1), we have
recorded in Table 18 the results of evaluating the terms 7, 7, the sum 7+7,, and
the ratio (7+7,)/7, for starting reduced-energies & of 3,5, and 10. For some
applications where a very simple expression for the integral is desired — and one
can accept the corresponding approximation — one may choose to use only the term
7. with & =1 In this regard it is of interest to note from Table 18 that

He, =7+ D), =2]. (68)
The significance of & equalling 2 (i.e,, that it corresponds approximately to the
89th percentile of the integral Maxwellian energy distribution) can be seen from
Table 19 which provides a selected set of fractional values of the integral
Maxwellian energy distribution, £(g,), with energies not exceeding &, as derived
from Appendix F giving equations and graphs for the differential and integral
distripbution functions. Table 19 may also aid one in determining where the cutoff
might be set for the integral in Eq. (67).

Table 18. Comparison of approximate reduced range-energy integrais.

£&=3 &= £&=10

it7y i+7y il
& Ao n hn A A Lo, b A h Wh A
1.0 1.46 2.47 432
U137 242 379 277 237 277 515 217 423 308 731 173
12 127 1.77 305 239 228 213 441 193 413 243 657 159
1.3 118 141 259 219 219 1.76 396 180 404 207 6.12 15
14 110 1.16 226 206 211 132 362 172 396 182 578 146
15 101 098 199 196 202 133 335 166 388 164 551 1.4z
16 093 083 176 189 194 1.18 313 161 379 149 529 139
1.7 086 071 157 183 186 1.06 293 157 372 137 509 137
1.8 078 061 139 178 179 096 275 154 364 127 491 135
1.9 071 052 123 174 172 088 259 151 357 118 475 133

20 064 045 108 170 164 080 244 149 350 1.11 460 132
21 057 038 095 167 157 073 231 147 343 104 447 130
22 0350 032 082 164 151 067 218 145 336 098 434 129
23 043 027 070 162 144 062 206 143 329 093 422 128
24 037 022 058 160 137 057 195 142 323 088 411 127

25 030 0.17 048 158 131 053 184 140 316 084 400 126

26 024 013 Ot37 156 125 049 174 1:39 3.10 080 390 1.26
27 018 010 027 154 1.19 045 164 138 304 076 380 125

47




Table 18. Comparison of approximate reduced range-energy integrals. (Cont'd)

£=3 £=5 £&=10
h+7, h+7, h+7,

& N K b+ h L My W K h M+ 4

28 012 006 018 153 1.13 042 154 137 298 072 370 1.24
29 006 003 009 151 107 038 145 136 292 069 36! 124
30 000 000 0.00 1.01 035 136 135 286 066 352 123
3.2 089 030 119 134 275 061 335 122
3.4 078 025 104 132 264 056 320 1.2i
3.6 0.68 021 089 131 253 032 305 120
3.8 057 0.17 074 130 243 048 290 120
40 0.47 0.14 061 128 232 044 277 119
45 023 006 029 127 208 037 245 118
5.0 0.00 000 0.00 1.85 031 21€e 1.17
55 163 026 189 116
6.0 1.43 021 164 115
6.5 123 017 140 114
7.0 1.03 014 1.17 114
7.5 085 011 096 103
8.0 067 008 075 103
8.5 049 006 0535 112
9.0 032 004 036 112
9.3 0.16 002 0.18 1.11
10.0 0.00 0.00 0.00

Table 19. Integral fraction of Maxwellian energy distribution.

& Flg) & Flg) &  Flg) & Flg)
1.0 0608 1.5 0.788 20 0.888 25 0942
1.1 0652 '6 0813 2.1 0902 26 00950
1.2 0692 1.7 0.835 22 0914 27 0956
1.3 0728 1.8 0855 23 0925 28 0962
1.4 0759 19 0873 24 0934 29 0966
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3.3.5 Energy-Time Relation.

From the basic relationship between energy-10ss rate and stopping power,

Eq. (58), we can write
dfé

——Ey
U= E R (692)

fﬂ, d,
“\2£, d£/dR, (69p)

By using Eq. (66a) for the stopping power, we have

dt=- :E—df? (69¢)
- [02(‘1% (694d)
with the scale time
Pafmm sec (69e1)
=C, WM, 1 (2E,) (69¢2)
AR AN (69€3)

—_— 172
Values of{ 7 } , the rms thermal velocity of U, U*, and UO+, are given in

Table 12 for the temperatures and altitudes in Table 10. Values of the scale time
£°, corresponding to the conditions in Table 17, are given in Table 20,

Table 20. Scale time ¢° for U, U*, and UO* in energy-time and range-time
relations at several altitudes in a quiet MSIS-83 atmosphere.

2°,sec

Potential / £=200 _p=225 _Hh=250 _p=275
Polariz. U+ 2.07 5.04 11.2 23.2
uo+ 219 528 11.8 246
(U, uo’) 213 5.16 15 239
(r-6) u, u* 1.12 272 6.04 125
uo+ 0.938 2.26 5.02 105
Eff.(r6) U, U 1.72 416 9.30 19.3
uo* 181 441 9.78 20.4
(uut,uoy 177 429 954 19.9

49




Integrating Eq. (69d), we have

d . _ 40 :Eﬁ
BN L] B (70b)
& -1
or
6 —1=(g,-exp(=L,/£). (71)

Equation (71), which is exact relative to the simplified stopping power expressed
by Eq. (66a), has been used to provide in Table 21, for several values of the
reduced starting energy (&), values of the reduced finishing energy (&) as a
function of the reduced time (4/¢£°). The fact that infinite time is required for ¢

to be reduced to 1.0 corresponds to the divergent integrand in Eq. (67d1).

[f one ignored the ambient energy in the denominator of the integrand of Eq.
(70a), the integrand would be £7' and the integral would be

l = m[&], £ > (722)
&
or

E =€, 0Xp(=L, /%), £ 21 (72b)

Equation (72b) has been used to provide in Table 22, for several values of the
reduced starting energy (¢, ), values of the reduced finishing energy (& > 1) as a
function of the reduced time (4 /¢£°).

3.3.6 Range-Time Relation.
Three range-time relations will be presented.

First, to obtain range-time information, one can use the energy-time
relation given by Eq. (71) with the range-energy relation, Eqg. (67), with a
reasonable value for the cutoff. To gain further insight into the behavior of the
integral in Eq. (67d1) when it is used for range-time relations instead of range-
energy relations, we have recorded in Table 23 the results of evaluating the terms
%, 7, the sum 7+7,, and the ratio (/+7,)/7, as a function of the reduced time

(¢/¢°), for starting reduced-energies ¢ of 3, 5, and 10. (In this impiementation,
the result of evaluating & from Eq. (71) was used in Egs. (67d3) and (67d4).)

S0
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Table 21. Reduced finishing energy versus reduced time for
several values of reduced starting energy, per Eq. (71).

&r
L/¢E° £=3 £5=5 &=10
0.0 3.00 5.00 1000
0.1 2.81 462 g.14
0.2 2.64 427 8.37
03 2.48 396 7.67
04 2.34 368 703
05 221 3.42 6.46
06 2.10 3.20 5.94
0.7 1.99 299 5 47
0.8 1.90 2.80 5.04
0.9 © 31 2.63 466
1.0 1.74 2.47 431
1.1 1.67 2.33 4.00
1.2 1.60 2.20 3.71
1.3 1.55 2.09 3.45
1.4 .49 1 99 322
1.5 1.45 1.89 301
1.6 1.40 1.81 2.82
1.7 1.37 1.73 264
1.8 1.33 1.66 2.49
19 1.30 1 60 235
2.0 1.27 154 222
2.1 1.24 1.49 2.10
2.2 1.22 1.44 2.00
2.3 1.20 1.40 1.90
2.4 118 1.36 182
25 1.16 1.33 1.74
26 1.15 1.30 167
2.7 113 1.27 1 60
2.8 1.12 1.24 155
29 R 1.22 1.50
30 1.10 1.20 1.45
0o 1.00 1.00 1 00
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Table 22. Reduced finishing energy versus reduced time for
several values of reduced starting energy, per Eq. (72b).

L/ £=3 £ =5 &=10
0.0 3.00 S.00 10.00
0.1 271 452 3.05
0.2 2.46 4.09 8.19
0.3 222 3.70 7.41
0.4 201 3.35 6.70
0.5 1.82 3.03 6.07
06 165 2.74 5.49
07 1 49 2.48 497
0.8 1.35 2.25 4.49
0.9 1.22 2.03 407
1.0 1.10 1.84 368
R 1.00 1.66 3.33
1.2 1.51 3.01
1.3 1.36 2.73
1.4 123 247
1.5 1.12 2.23
1.6 1.01 2.02
17 1.83
1.8 165
1.9 1.50
20 1.35
2.1 1.22
2.2 L1
2.3 1.00
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Table 23: Comparison of approximate reduced range-time integrals.

Es=3 =9 £=10
7 i+l I02f, i0has,
© L L R+T, L o R h+h, 7 ho B h+h, A
0.0 000 0.00 000 0.00 0.00 0.00 0.00 0.00 0.00
01 000 006 017 153 017 005 022 126 028 003 03} 112
02 022 012 034 155 034 009 043 128 054 007 06! 112
0.3 031 018 050 158 049 0.14 063 129 079 010 089 113
04 040 025 065 161 063 0.19 083 130 102 014 115 |14
0S5 049 031 080 164 077 025 102 132 124 018 14z 114
06 057 038 095 167 0980 030 120 134 145 022 167 1iS
07 064 045 109 1.70 1.02 036 137 135 165 026 161 116
08 071 052 123 174 113 042 154 137 183 030 214 117
09 077 060 137 177 123 048 171 136 20! 035 236 1.17
10 083 067 150 1.81 133 054 187 141 217 040 257 118
1.1 088 075 163 185 142 061 202 143 233 044 277 119
12 093 083 176 189 150 067 217 145 247 050 297 120
13 098 091 188 193 158 074 232 147 261 055 316 121
1.4 102 099 201 197 165 08! 246 149 274 060 334 122
15 106 107 213 201 1.72 088 260 151 286 066 352 123
16 109 115 225 205 1.78 096 274 154 297 072 369 124
1.7 113 124 237 210 184 103 287 15 307 078 385 125
18 116 132 248 214 189 1.1l 300 158 317 084 40! 12
19 118 141 260 219 184 119 313 161 326 09! 417 128
20 121 150 271 224 199 127 325 164 335 097 432 129
21 123 159 282 229 223 135 338 166 342 104 446 130
22 125 168 293 134 207 143 350 169 350 1.11 461 132
23 127 177 304 239 210 151 362 172 357 118 475 133
24 129 186 315 244 214 160 374 175 363 125 488 135
25 1.31 195 326 250 217 168 385 178 369 133 502 136
26 1.32 205 337 255 219 1.77 397 181 374 141 515 {38
27 133 214 347 260 222 186 408 184 379 148 528 1.39
28 135 223 358 266 224 195 419 187 384 156 540 14|
29 136 233 369 272 226 204 430 190 388 165 552 142
30 137 242 379 277 228 213 441 193 392 173 565 144
o 146 247 432
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In those special cases where the ambient energy may be ignored in obtaining
an approximate range-energy relation, such as is given by only term 7/ in Eq
(67d2), two approximate range-time expressions can be obtained. Use of Eq (71)
for & gives the first of these two approximate expressions,

R =20, ,|&%-l1+(g-Nexp(-¢ /°)]7?]. (73)
Equation (73) has a hybrid character because Eq. (71) for &, as noted above, is an
exact expression relative to the stopping power expressed by Eq. (663) and

includes the effect of the ambient energy.

The second of these two approximate expressions is obtained by use of £q
(72b) for &,

R =2C,,, &*[1-exp(-t /2], (74a)
provided

& 2 expl, /). (74b)
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SECTION 4
DIFFUSION COEFFICIENTS
41 ORDINARY DIFFUSION COEFFICIENT

In Appendix A, motivated in part by subsequent applications to Bareleages:
in Appendix D, we develop ordinary diffusion coefficients (/) based on the
interaction potentials discussed in Section 2 for momentum-transfer Cross-
sections. Here, we present those formulas for application to uranium 0x1de ng
Equation (A32), hased on the polarization potential and etfective (r-8)-potentizl
1S

5| _321x1¢° fm)‘* 7 ken?
" Mo T ) X rlpA el sec
&

[O, polarization potential
" e, effective (r~%-potential

values of the collision parameters (involving the reduced mass and
polarizabilities) are given in Table 5 in Section 2. Values of the atmaspheric
parameters are given in Table 10 in Section 3 for four altitudes in a guiet MSis-27

atmosphere There is little difference between the reduced masses of U, U7 and
UQ; for collisions with atmospheric species Hence, we wiil evaluate Eq (75

specifically for UO*, but apply the results to U*, UO*, and UQZ, as recorded in Tabie
-
24

Table 24 U, UO", and UO; diffusion coefficients at several
altitudes In a quiet MSIS-83 atmosphere

A 0,, km?/sec Gy, km?/sec
km__Polariz _Eff.(¢)  1+7./7, Polariz. _Eff.i%
200 0.09%9 0.083 25 0.25 Qi
225 025 021 25 062 OS2
250 0.57 048 25 1.4 12
275 12 10 25 30 25

S5




42 AMBIPOLAR DIFFUSION COEFFICIENT.

The formula normally applied as the coefficient for ambipolar diffusion
along the geomagnetic field (£3) is that given for the ambipolar diffusion
coefficient by Eq. (D4b) in Appendix D,

Gi=0[\+7,/ 7], (76)

where Z} is the ordinary diffusion coefficient in Eq. (75) and 7, and 7; respectively
are the electron and ion temperatures in the atmosphere. Such temperatures, not
easily predicted for a given model atmosphere, are discussed in Appendix D with
respect to applications to Ba releases. Here, we shall simply adopt a nominal
value of 1.5 for the ratio 7,/ 7;. Values of the ambipolar diffusion coefficient are
given in Table 24 for four altitudes in a quiet MS15-83 atmosphere.
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SECTION S

COMPARISONS OF MOMENTUM-TRANSFER CROSS-SECTIONS
WITH SELECTED URANIUM OXIDE REACTION CROSS-SECTIONS;
RATE COEFFICIENTS FOR SELECTED URANIUM OXIDE REACTIONS

5.1 INTRODUCTION.

It is interesting to compare some of our momentum-transfer Cross-sections
developed in Section 2 with cross sections for certain reactions, specially atom-
transfer reactions. (The writer expects momentum-transfer cross-sections
should not be less than atom-transfer cross-sections.) Also, as an auxiliary
product of these considerations, rate coefficients are derived for selected
uranium oxide reactions for which velocity-dependent cross-sections are either
known or assumed, based on extrapolations and/or averaged values of
measurements.

Before considering specific reactions, we develop a needed relation between
a power-law reaction cross-section in the form

g
an'i the corresponding rate coefficient, #. We start with the general relation
be ween the rate coefficient and velocity-dependent cross-section for a
Mawellian distribution of velocities, given as, e.g., by Light, Ross, and Shuler [Ref.
42, Eq. (30)),

I P LT
k=[2}m/_] 411[0 g"‘a(g)exp[—2“_]dg, (78)

a(g)=a°(g°)[£2J (77)

By using Eq. (77) and letting & be the mean value of the relative vetocity
distribution, ie,

_ [8xr1®
%:g:[l_ﬂr, (79a)
w - get
=0, ) 3G, (79b)

with G, proportional to Euler's integral for the gamma function [Ref. 1, p. 255],
Go=|a/ 2" F(2-1172) (79¢)

[ -]
r2-n/ 2)=‘|'0 X"y (794)
tabulated in Table 25 for several values of n.
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]

Table 25. Values of the parameter &, relating rate coefficient and
power-law reaction cross-section.

n/2 n/2

n r2-n/2) [4/ ] Go=[4/2) " Ir(2-n/2)
0 r(2) = 1.00000 1.0000 1.0000

1/2 r(7/4) = 091906 1.0622 0.9763
] r3/2) = 088623 1.1284 1.000

3/2 r(5/4) = 0.90640 1.1986 1.086

5.2 U+0,» U0+ 0.
5.2.1 Results of Armentrout and Beauchamp [Ref. 4].

The cross section measured by Armentrout and Beauchamp [Ref 4] for the
reaction

U'+0, - U0"+0 (80)
1s well represented by the expression
-16
@?WL , 024 <60 53436V
olU0,,0000% ) = o 6 (81a)
2""0_"5?" , 343 sfys18eV
™

The exponents of the energy dependence in Eg. (81a) are given in Ref. 4, but the
coefficients are inferred by the writer from reading the small graphs inRef 4. To
express the lower-energy portion of the cross section in terms of the relative
velocity, we first write

_166x10% u(4,,)g?

_ -11
o = —eqo = 46x107g (81b1)
=0146 &2 euc (81b2)
so that substitution of £q. (81b2) in Eq. (81a1) gives
-1S
o[U*(0,,00U0" ] = % CM?, 128 S Gimyoec < 4.84 (81c)

The cross section in Eq. (81¢) is shown in Fig. 10 as the solid line and extrapolated
to lower velocities as the short-dash line.

Armentrout and Beauchamp [Ref. 4] also quote a rate coefficient at 300 K for
Reaction (80),
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Figure 10. Comparison of momentum-transfer cross-sections, based on various
interaction potentials, for (U'+0,)-collisions with the cross sections
for the atom-exchange reaction U'+0, - U0"+0.

cm®
molecule sec’

£(U"(0,,00U0"]=56x107"° (82)

obtained by extrapolating their data to lower velocities and averaging over a
Maxwellian distribution. We now show the essential consistency between Eq. (82)
and our formalism. First, we rewrite Eq. (81¢) in the form of Eq. (77), i.e,,

4 V2

a[u*(o,,owo*]=1.18x|o-“[-‘1‘7—4’ﬂ] , (83a)

crvsec

50 that

0, =118x107"" cm?, g, =4.74x10* cm/sec, n=1/2 . (83b,¢,0)
Then, from Eq. (79b), we have

‘. o cn’
KIU(0,,00U0" 1= 54410710 0 (83e)

in essential agreement with the value quoted by Ref. 4, Eq. (82). The 2.9%
difference 1s probably due to our error in reading the small graph in Ref. 4
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5.2.2 Results of Johnsen and Biondi [Ref. 371.

Johnsen and Biondi [Ref. 37] measured the rate coefficient for Reaction (80)
at a temperature of 300 K and report

k[U*(0,,00U0* | = 8.5[" }xl 07"
+4

cm’

molecule sec’
we now infer the constant a,(g,) [cf. Eq. (77)] implied by the rate coefficient in Eq.

(84). If we assume the exponent n is the same as in the measurements reported by
Ref. 4, namely, n = 1/2, then from Eq. (79b) we have

(84)

04D = 6?7%’5 (852)

7 =[§;77r - 4.74x10" cm/sec = 0.474 km/ sec (85b)
8.5{" }xl 010

o) = T T Td AT (85¢)

0,(F) = 1.84[:8;2}“ 0 em?. (850)

InFig. 10, the cross-section value in Eq. (85d) is plotted at the relative velocity in
Eq. (85b) and labeled as Ref. 37. The central point of this inferred cross-section
value is larger than the extrapolated cross-section of Ref. 4 by a factor of =1 6

5.2.3 Momentum-Transfer Cross-Sections for U'+0Q,.
From Eg. (40) and Table 9 in Section 2 (or equivalently, Eqs. (33b2), (34c),

and (35b2)), we have three momentum-transfer cross-sections for the collision
pair U'+Q,,

(U +0,) poipor=6.14x107° gl . cm? (86a)
olU + 0,y o= 125% 107 g3 covt? (86b)
U +0, gy osypor = 7.38X107'% @23 e, (86C)

These cross sections are plotted and respectively labeled in Fig. 10 as "Pel. pot.”,
"=(r=6)-pot.”, and "Eff. (r~6)-pot.” The slope of the cross-section based on the
polarization potential certainly disagrees with that measured by Ref. 4; the siope
of the other two momentum-transfer cross-sections disagrees less strongly. At
about 0.47 km/sec, Eq. (86b) is certainly consistent with the value inferred from
the Ref. 37 measurement of rate coefficient; Eq. (86c¢) disagrees only mildly with
the extrapolation of the Ref. 4 data.
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5.2.4 Comments on Literature Rate Coefficients.

The following comments are peripheral to the main thrust of this section,
but are relevant to the aspect of rate coefficient for Reaction (80). Gilmore's
suggested rate coefficient [Ref. 24], 7x10-10 cm3/(molecule sec), for Reaction
(80) is the average of the value determined (by extrapolation) in Ref. 4 and the Ref.
37 value. Since an energy-dependent cross-section was assumed in the Ref. 4
extrapolation, we suggest that a temperature dependence should appear in such an
averaged rate coefficient. To express the Ref. 4 results in a temperature-
dependent rate-coefficient form, we first use Eq. (81b) to write

2.56x10°"?
5=

o - = (87a)
[ Temssec |

50 that we have the product

0(F) FT)=256x10"2[ (TN (87b)
or, with Eq. (79a),
o) 77 =256x10-2[ 84T (87¢)
] ”/I
7. "2]
- -o| _/ -
=558x10 [30()] : (87d)
Substitution of Eq. (87d), and the value of 4, from Table 25, in Eqg. (79b) gives

300} molecule sec’ (87¢)

Thus, the temperature-dependent factor is [7/ 300, Hence, we suggest
modifying the Ref. 24 rate coefficient to become

v 3
kU (0,,00U0" 1= 5.44x107'° [ 4 ] cm

#[U*(0,,00U0* 1= 7x107'° [ 4 r e (88)
’ 300 molecule sec¢’

The essence of the above comment on temperature dependence also applies
to the rate coefficient for Reaction (80) given in Table | of Ref. S, where the
extrapolation-based value from Ref. 4 is given, i.e., 5.6 x10-10. we suggest that,
in generalizing that value, one should write

o w7 T cm’
4[U*(0,,00U0" ] = 7x10 [300]/ Ty (89)

61




5.3 U0*+0, - U0;+0.
5.3.1 Results of Armentrout and Beauchamp [Ref. 4].

The cross section measured by Armentrout and Beauchamp [Ref. 4] for the
reaction

UC*+0, - U0+ 0 (90)
is well represented by the expression
0.6 ass
40x10-1° [E_] , 042 £44<6.07eV
o[U0(0,,00U0;] = o (91a)
74107 [iT 6,075 £y s 228V
£

The exponents of the energy dependence in Eq. (91a) are given in Ref. 4, but the
coefficients are inferred by the writer from reading the small graphs in Ref 4. To
express the lower-energy portion of the cross section in terms of the relative
velocity, we first write

166102 (4, )¢

_ -1
bn=—S1exio = 47x10 fra (92a)
=0147 Frsee (92b)
so that substitution of Eq. (92b) inEq. (S1al) gives
-15
1000, 0003 1= 387X10 2 175 ¢ g $6.42]  (91D)
km/sec

The cross section in Eq. (91b) is shown in Fig. 11 as the solid line and extrapolated
to lower velocities as the short-dash line.

To develop the rate coefficient at temperature 7 corresponding to the
(downward extrapolated, where necessary) cross section in Eq. (31b), we first
rewrite Eq. (91b) in the form of Eq. (77), i.e,

2.74x10° [ (1) 1"
+ + = ( 3
o[U0*(0,,00U03) Tl [gwm] 93a)
S0 that
274x107° -
a°_[_g'(731—ﬁ—' go—g(f), n=1\1 (93b,c,d)
Then, from Eq. (79b), we have
-9
£1U0*(0,,00U03 1 = %—w— 776, (93e)

FO
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Figure 1. Comparison of momentum-transfer cross-sections, based on various

interaction potentials, for (U0*+0Q,)-collisions with the cross
sections ior the atom-exchange reaction U0*+0, — U0;+O0.

k1U0*(0,,00U03 )= 274x10™° [F(1T° 6, (93f)
847 T°%
=274x10‘°[—I 1011 (93q)
Ly
_ o[ 7T am
=9.44x10 [300]O moleculesec < (oM

5.3.2 Results of Fite and Lo [Ref. 19].

Fite and Lo [Ref. 19] measured the rate coefficient for Reaction (90) at
thermal energies and reported

3

£[UO™(0,,00U0 } = (203 £0.44)x 10" ——"

—_— 4
moleculesec’ (94)

The term “thermal energies” is not further defined. This rate coefficient 1s
typicatly quoted and used as being implicitly temperature independent [e.g., Ref. 3,
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p. 48, Ref. 5, Table I; Ref. 24]. Such usage implies an assumed ¢~ -dependence for

the cross section, which is certainly close to that found by Ref. 4 at higher
energies.

Similar to our treatment of the Ref. 37 rate coefficient in Eq. (84), we infer
the constant g, [cf. Eq. (77)] implied by the rate coefficient in Eq. (94) If we
assume the exponent n 1s the same as in the measurements reported by Ref 4,
namely, n = 1.1 (although use of n = 1.0 would not make a significant difference),
then from £q. (79b), for 7= 300 K, we have

_ &k _(203:044)x10° 42
0= 56 = 2 73x10° X101 ] =(4.241092)x10™Mem?.f  (95)

In Fig. 11 this cross section is plotted at a relative velocity of 0.473 km/sec and
labeled as Ref. 19, The central point of this inferred cross-section is larger than
the extrapolated cross-section of Ref. 4 by a factor of =2.2.

Before leaving the rate coefficient reported in Ref. 19, it is worth noting
that £q. (10) in Ref. 19 used to evaluate & for Reaction (90) is proportional to the
ratio of two rate coefficients, each of which is corrected upward by the factor
2.39 reported by Halle, Lo, and Fite [Ref. 27]). Thus, the rate coefficient given by
Eq. (94) is unaffected by the correction factor from Ref. 27.

5.3.3 Momentum-Transfer Cross-Sections for UO*+0,.
From EQ. (40) and Table 9 in Section 2 (or equivalently, Egs. (37¢, (38b), and

(39¢)), we have three momentum-transfer cross-sections for the coilision pair
Uo*+0,,

o(U0* +0, ) poppor *614x107° g1 e CTP (96a)
(U0 + 0] e =156X107* g2 cm? (96b)
(U0 +0, X gy sy por = 7.38x107'% g223 e, (96¢)

These cross sections are piotted and respectively labeled in Fig. 11 as "Pol. pot.”,
“x(r-6)-pot.”, and “Eff. (r~6)-pot.” The slope of the polarization-potential based
cross-section closely agrees with that measured by Ref. 4; the slope of the other
two momentum-transfer cross-sections disagrees more strongly. At about 0.47
km/sec, Eq. (96b) lies between the value inferred from the Ref. 19 measurement of
rate coeffictent and the extrapolation of the Ref. 4 data.
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5.4 U+0, »UQj+e.
5.4.1 Results of Fite, Lo, and Irving [Ref. 20} and of Halle, Lo, and Fite [Ref 27]

The effective cross-section for the associative-ionization reaction
U+0, -UO3+e (87)
measured by Fite, Lo, and Irving [Ref. 20] is

o[ U©0,,)U0; 1" = (16810.27)x10™"7 cm? (98a)

at areiative velocity, e.q., of 6.30 x104 cm/sec [Ref. 2C). Fite et ai. [Ref 20] also
explain that the "true” cross-section — instead of the "effective” cross-section
given above — is smaller by the factor 1/1.42 under the experimentally-based
assumption that the cross section is independent of velocity [but the velocity
range is not given]. Thus,

o{K0,,e)U05 1™ = (1.42) ' x o[ \KO,,e)U05 1"
=(11810.19)x107'"7 cm?. (98b)

This correction factor apparently takes account of the finite thermal velocities of
the 07 targets, as explained in detail in Ref. 20, Appendix A.

These cross sections were revised upward by Halle, Lo, and Fite [Ref 27]
who state the revised effective cross-section is
o[ K0,,eU03 I .o = (4.01£055)x 107 cm?, (99a)
larger by a factor of 2.39 than the value determined in Ref. 20. Correspondingly,
we have
a{U0,,e)U05 I o = (1.42)" x o{U(0,,e)U0; Fat e
o[ 0,,e)U05 %, = (2.83+£0.39)x107"" cm? | (996)

The rate coefficient corresponaing to Eq. (99b), from Eq. (79b) and for n = 0,

{w]‘”

x|
Ty |

2 3
=l.34x|0"2{ 4 ]V cm (100)

=282x107"

300 moleculesec

This rate coefficient differs from that in Table | o Ref S in that we have (a) used

oo o INStead of Ohmwes and (b) explicitly written the temperature dependence.
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5.42 Results of Young, Denmer, Cohen, Pobo, and Wexler [Ref. 68]

Reaction (97) was measured by Young et al. [Ref. 68] who report resuits
which can be expressed as

0.63

m/sec

9
o[ X0,,e)U0%]=158x107" CM?, 125 Gmaee <65 (101)
2

Young et al. [Ref. 68] state that
"... extrapolation of the deconvoluted UQ; cross section to
vr ~ 6.3 x10% cm/sec (Erel = 0.058 eV) with the use of the functional
form derived in Sec. {1l [our Eq. (101)] leads to a value of 1.58 x10-17
cm2, which is to be compared with the "Q-true” of 1.19 x10-17 cm2
reported by the authors of Ref. 20 at the same average relative
velocity in their Maxwellian beam-gas experiment.”

“While this level of agreement is encouraging, it is to be emphasized
that the conditions of the present experiment were not optimized for
the measurement of absolute cross sections, ... ."

-16
10 : r—— —
[ ]
| True Cross-Sections for 1
U+Q2 => (UQ2+)+e 4
L i J
o |
3 ~ 4
(2] i |
=\ \\ ’
2 E N N |
[ I S 4
. :
[ 2] 1
b 24 .
ot i
s —o—— Ref. 20 1
r <
——— Rer 68 !
——— Ref.27 1
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"0“8 " M " " " " PR - — PR N 1
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A |

Figure 12. Cross sections for the associative ionization reaction U+0, - UQ%+e.
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In F1g. 12 we show the results from Young et al. [Ref. 68], from Fite et a
[Ref. 20], and from Halle et al. [Ref. 27). It is unfortunate that the work of Young et
al. [Ref. 68] was done before Halle et al. [Ref. 27] reported the upward correction
factor to their earlier work in Ref. 20 to which Ref. 68 refers. How would Young et
al. have regarded the comparison of their results with that in Ref. 277 To this
writer, the level of agreement is certainly far less encouraging than eartier

5.4.3 Momentum-Transfer Cross-Sections for U+0,,.

For completeness we present momentum-transfer cross-sections for the
collision pair U+0,, but we do not expect such cross sections should be comparabie
to the cross-section for Reaction (97). From Eq. (40) and Table 9 in Section 2 (or
equivalently, Egs. (27a3) and (27¢2)), we have two momentum-transfer cross-
sections for the colliston pair U+0,,

O1U+0,)|. typor =124 X107 Gmraee CIYP (102a)
U+ 0|y oty por. = 7-38X107'° ge2re, e, (102b)

These two momentum-transfer cross-sections are several orders-of-magnitude
larger than the cross section for Reaction (97). If we consider a value of 0.63
km/sec for the relative velocity, then the average reaction cross-section -
derived from (1) the extrapolated value (1.58 x10~17 ¢cmZ2) from Ref. 68 and (2) the
value (true, revised: (1.68/1.42) x10"17 x 2.39 = 2.83 x10~17 cm2) from Ref. 27 -
i50.5(1.58 + 2.83) x10-17 = 2.21 x10~1/ cm2, smaller than the two momentum-
transfer cross-sections by respective factors of 763 and 434.

5.5 U+0, »U0+0.
S.5.1 Results of Fite, Lo, and Irving [Ref. 20] and of Haile, Lo, and Fite [Ref. 27]
It appears that the reaction of U+0,, at low energy, has two principal

branches, one described by Reaction (97) for associative ionization and the other
with neutral products — with a much smaller cross-section — by

U+0, -U0+0 (103)
The total effective cross-section for the U+0, reaction is [Ref. 20]
IO, YR, =(1781045)x107"° cm? . (104)

By subtracting the associative ionization cross-section from the total cross-
section, we get that for the neutrai products,

a0, U = {0, X)YEl, - ol K0,,e)U05 1 g (105a)
=(178+0.45)x10™"° - (4.01+0.55)x10™"" (105b)
=(174+0.45)x107"° cm?. (105¢)
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For the "true” cross-section, we have

o[ U0, 0U0™ = (142" x a[X0,,0u0]*" (106a)
[ 0,,00U01"™ = (122+£0.32)x107"° cm? . (106b)

The rate coefficient corresponding to Eqg. (106b), from Eq. (79b) and for
n=0,is
#{U@Q,,00U0 ™ = o{U0,,0U0 ™ F(7) 6,

2
=1.22><1o"5féﬁ X1
|7z
(7 17 cm’
_ ~11
K[U(Oz,O)UO]‘“"—S.79xlO _300} e Jlesec (107)

This rate coefficient differs from that in Table | of Ref. S prihcipany in that we
have (a) used o™ instead of ¢*" and (b) explicitly written the temperature
dependence. Augmentation of '™ by the factor 1.42 to give 4 results in

£ =822x10", somewhat smaller than the 9x10°'" in Table | of Ref. S, for an
unknoOwn reason.

5.5.2 Momentum-Transfer Cross-Sections for U+0,.

The two momentum-transfer cross-sections given by Egs. (102a) and (102b)
are approximateiy an order-of-riagnitude larger than the cross section for
Reaction (103). At arelative velocity of 0.63 km/sec, the reaction cross-section

is smaller than the two momentum-transfer cross-sections by respective factors
of 14and 8.2.

5.6 U+0-UQ+e.
5.6.1 Results of Fite, Lo, and Irving [Ref. 20] and of Halle, Lo, and Fite [Ref. 27].

The effective cross-section measured by Fite et al. [Ref. 20, pp. 1236, 1239]
for the associative ionization reaction

U+O - U0 +e (108)
is
&= o{U0,e)U0* I = (97120)x &; (109a)
=(16340.43)x10™"® cm? (109b)
where
@& = o{UX0,,80U05 )" = (168+0.27)x107"" cm? | (110)
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Similarly, by using the stated [Ref. 20, pp. 1240, 1248] ratio of true cross-
sections (@/@,) and reducing the effective cross-section @& Dy the factor 1 42 to
obtain the true cross-section &, we have

QG = o[10,e)U0" '™ = %‘2 @, (111a)
=(121£0.30)x 107" cm? (111b)

where
%=(lo3i20) (111¢)
@ =a{U0,,eU05 ™" = (118£0.19)x1077 cm?. (1114d)

To obtain the revised effective Cross-section Gy, We Write

Girev = 0{U(0,0U0" Jogf, = (97£20)X & 4y (112a)
=(3.89+0.96)x10™"® cm? (112b)

where the revised effective cross-section & ., from Ref. 27 is
O3 rev =l KQ,,)UOL T, = (4.01£0.55)x107 e (112¢)

Similarly, to obtain the revised true cross-section @y, we write

Brev = olUO, U0 [ = L g, (113a)
2
B rev =(2.902£0.69)x10™" cm? (113b)
where
Oy, rev = 710, U050 = (2822 039)x107 7 cm? | (113¢)

Fite et al. [Ref. 20, Appendix A, p. 1247] presume that the same veloCity
independence of cross section that applies to associative ionization for the U+0,
reaction also applies to associative ionization for the U+0 reaction. However,
those authors do not state the velocity range for which this presumption may be
valid.

The rate coefficient corresponding to £q. (113b), from EqQ. (79b) and for

n=0,is
#[U(0,e)U0" it = o[ U0,e)U0* ke 7(7) 6,

V2
=290x10™" [%} x|
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300 moleculesec (114)

v2 3
/«[U(o,e)uo*m=1.89xlo-'°[ A ] cm

This rate coefficient differs from that in Table | of Ref. S in that we have (a) used
o instead of gree and (b) explicitly written the temperature dependence

5.6.2 Momentum-Transfer Cross-Sections for U+0.

From Eg. (40) and Table S in Section 2 (or equivalently, Egs. (25b) and
(26b)), we have two momentum-transfer cross-sections for the collision pair
U+0,

(Ut O) sy o= 979X 107'° gZ3 e’ (115a)

(Ut O) gy sy por = B-41% 107 o, cm? (115b)
These two momentum-transfer cross-sections are about a half order-of-
magnitude larger than the cross section for Reaction (97). If we consider a
somewhat arbitrary value of 0.6 km/sec for the relative velocity, then the
reaction cross-section o{X0,e)U0* I given by Eq. (113b) is smaller than the two

momentum-transfer cross-sections by respective factors of 4.8 and 3.1. These
factors become unity at respective relative velocities of 48 and 3.1 km/sec.

5.7 SUMMARY OF CROSS SECTIONS AND RATE COEFFICIENTS FOR SELECTED
URANIUM OXIDE REACTIONS.

In Table 26 we have collated suggested cross-sections and rate coefficients
for the more important uranium oxide reactions, for which the following notes
obtain.

Notes for Table 26: Suggested Cross Sections & Rate Coefiicients
for Selected [(UO,)™ +(0,0,)]-Reactions

a. "True” cross-section [Ref. 20]; revised [Ref. 27], Eq. (113b). Reaction rate
coefficient is given in two-temperature form in Table 26 as well as one-
temperature form; cf. Eq. (114). See Section 5.6 for details.

b. See Fig. 13. Velocity dependence [Ref. 4]; coefficient is determined by
average value at g = 474 x104 cm/sec of (1) extrapolated value (1.18 x
10-14 cm2) from Ref. 4 (cf. Eq. (81b) and Fig. 10) and (2) value (1.84 x10-14
cm2; cf. Eq. (85d)) inferred from Ref 37 rate coefficient by assuming g~ 1/2
velocity dependence from Ref. 4. See Section 5.2 for details.
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Notes for Table 26: Suggested Cross Sections & Rate Coefficients
for Selected [(UO,)™ +(0,0,)]-Reactions. (Cont'd)

C. See Fig. 14. Velocity dependence [Ref. 4]; coefficient is determined by
average value at g = 473 x104 cm/sec of (1) extrapolated vaiue (1.97 x
10-14 cm2) from Ref. 4 (cf. Eq. (91b) and Fig. 11) and (2) value (4.24 x10- 14
cm?2; cf. Eq. (95)) inferred from Ref. 19 rate coefficient by assuming g~
velocity dependence from Ref. 4. See Section 5.3 for details.

d. See Fig. 15. Velocity dependence (Ref. 68]; coefficient is determined by
average value at g = 6.3 x104 cm/sec of (1) extrapolated value (1.58 x10-17
cm?2) from Ref. 68 (cf. Eq (101) and Fig. 12) and (2) value (true, revised:
(1.68/1.42) x10-17x 239 =283 x 10~17 cm2; cf. Eq. (99b)) from Ref. 27.
See Section 5.4 for details.

e.  Subtract a[WUQ,,e)U0; fe,, [Ref. 27] from the total cross-section
a0, X)Y]ie [Ref. 20). See Section 5.5 for details.
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Figure 13. Comparison of our suggested velocity-dependent cross-section with
experimental data for the reaction U* +0, -UC" +0.
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APPENDIX A

RELATION BETWEEN DIFFERENT EXPRESSIONS FOR THE
DIFFUSION COEFFICIENT AND MOBILITY

A.1 THE PROBLEM.
In the (weakly-ionized) plasma physics literature one sees the (ordinary)

ion diffusion coefficient £ and ton mobility & (sometimes written as #, which
here is reserved for reduced mass) written as

e &
$=m=ﬁ (A23)

D=—1 (A1b)
m
er ép

$=E=k—r (A2b)

by, e.g., Refs. 49, 46, and 64.

On the other hand, elsewhere, for both binary and muiticomponent gases, one
sees the diffusion coefficient written differently than Egs.(A1a) and (A1b)

Binary Gas. In abinary gas consisting of particles with masses /2, and /7%
and with concentrations 7; and 7, the diffusion coefficient [Ref. 7, Pt. B, p. 39, Eq.
(15.27); equivalent to Dalgarno's Eq. (S), p. 644 in Ref. 8] is

53z (87 )"
* 32001k(”i+nk) e

(A3)
where &p,, 1S an average diffusion (or momentum-transfer) cross-section given by

Opie =4 j'o X0, Ne*dx (Ada)
with




2
x=ﬁ2_%af" (A4b)
oy =M M,/ (m, +m,), (A4c)

and g being the relative speed of the two types of particles.

Multicomponent Gas. Dalgarno [Ref. 8, p. 649, referencing Hirshfelder et al.
(1954)] states that when the concentration of one of the components 1s very smal]
compared with those of the others, the simplified formula for the diffusion
coefficient of the rare component (J;) is given by

o' =200k, (AS)
K

where 7, is the fractional concentration of the 4th particles. (Note: J,, must be

evaluated for 7, equal to /... This fact is more readily recognized from sources
other than Dalgarno, such as Refs. 18 and 66.)

We now reconcile these different expressions for the diffusion coefficient.

A2 RECONCILIATION.

First, we assume there is no question about relating the collision time 7 to
the collision frequency v by

r=1/v (AB)

(cf.Ref. 7,p. 186, Eq. 9.14)). Next, we assume we are interested in an average
collision frequency, ¥, ., corresponding to an average momentum-transfer cross-

section, obtained by averaging over a Maxwellian distribution of velocities. (we
assume only one temperature obtains, for <~ Yicity - the argument is extendabie
to the two-temperature case.) This ¥, i1s 1~ {>= the effective collision frequency

in the laboratory, retated to the collision frequency v, in the center-of-mass
system {Ref. 7, p. 190, Eq. (3.40)] by
m, -

7, =k . A7
Vllk ”7,""/)7‘, V[kl ( )

where ¥, is given [Ref. 7, p. 189 (Egs. (9.33), (9.34), (9.35), & (9.36)), with a
reference to Ref. 6] by
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Vik =3 Gk%pr 4 (A8a)

with
V2
—,k = 8:?7. (A8b)
‘/‘I‘k
and
[ e g rc?
Opix = = fo T 05 G0)e d g« (A8C)
;2= 2KT (A8d)
/‘ik

Thus, by collating expressions, we find the diffusion coefficient as given by Eq.
(Ala) for a binary gas becomes

pKL o KT (AQa)
my m/'ylik
KT mrm 1 (ASD)
M M Py
&7 1 (A9C)
/l/'k Vik
kT 3
= ———— (A9Q)
Hie 3M0Giklpix
2
_3 AT | A | (AGe)
"4 KM \BKT | Oy
v2
3x 84«7
= —]— (ASf)
32 1Qpy4 [”/‘rk ]

which is the same expression we have for Jy in Eq. (A3) if 7 << 7,.

Thus, by this correspondence the proper expression for the z in Zgs. (A1b)
and (A2b) for a binary gas 1Is

L I B/}
z-y=>7m-ﬁo,, (A10a)
3 m, Ly v
'y (L
r'Z/:,‘,,n,Op,.,,[skf) : (A10b)
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A.3 PARAMETERS SPECIALIZED FOR THREE POTENTIALS.

we now want to specialize the expressions for &p, z, X, and £ for the
polarization, (r-6), and (hybrid) effective (r-6) potentials.

A3.1 @p, The Mean Momentum-Transfer Cross-Section.

A3.1.1 Polarization Potential. For a polarization-potential interaction, the
velocity-dependent momentum-transfer cross-section for singly-charged ions is
(Ref. 7, Pt. A, p. 218]

Oone =2.2'7(a, &/ 4, 2" (Al1a)
=259x10°[a, / g4, 212, (A11b)

where a, is the polarizability of the neutral target particle, a; is in units of
10-24 cm3, g, is the reduced mass of the ion and neutral, #(A4;,) is in atomic mass

units, ¢ is the electronic charge, and g, is the relative speed of the fon and
neutral. By using Eq. (Adb), we find that Eq. (A11a) becomes

Ooie=221x(@e? 24TV Idx, (A12)

s0 that Eq. (Ad4a) becomes

221r(a,2)”
pix = 5 [2/(”7) ro/2) (A13a)
where [Ref. 1, p. 255]
rin= j'o X (Al4a)
ré6/2=x3)/24r0/2)=13293. (A14b)
Thus,
2212756/2) (a,e2\?
Opiklpotpot. = 5 (2;7] . (A13b)
=133x10™"% (ay /2. (A13¢)
A3.12 (r‘6)-EQ;gn§jal, The asymptotic low-energy momentum-transfer
cross-section for the r-6 potential,
#r) = =26, /), (A15)

obtained by combining Egs. (5), (1¢), and (12) in Section 2, is

A-4




o(g,)= 20?5 (k) (A163)
s v3
=C(£ﬁ2%@] (A16b)
Hix Tix
rée(eV) B
=C|incet ¥’ (A16C)
bmwﬁ]
€ =0.4342x(3x160x107'%) x4 (A16d)
=9204x10™ (Al16e)
C=7773x10*. (A16f)
By using Eq. (A4b), we find Eq. (A16b} becomes
c(ree)?
Opik =;v—3(%] (Al6g)
S0 that Eq. (A4a) becomes
cres3) e\’
where [Ref. 1, p. 255]
I(8/3)=[(2x5)/(3%) I(2/3)=15046. (A18)
Thus
e\
Qork|iety-por = 6.92x10™ (—ﬁ—;) (A17b)
A3.1.3 Effective (r'6)-PQLgQ§ial, As discussed in detail with respect to

(Ba* +N,)-collisions in Appendix C, we want to introduce an effective (r=6)-
potential determined by requiring the equalities of mobilities (at STP conditions)
based on (a) an effective (r-6)-potential and on (b) the polarization potential. This
requirement is equivaient to an equality of mean momentum-transfer cross-
secttons (at STP conditions) based on the same two potentials, since the mobility
is (inversely) proportional to the mean momentum-transfer cross-section. To
determine this effective (r-6)-potential, we equate the right-hand members of
Eas. (A13c) and (A17b), set 7 to 273.15 K (= 7p), and solve for the parameter

(/;:[o)V?»:
€, ety 01 -por, = 4.94X107"8 (@2, (A19)

Note that determining the parameter (~8.)" in this manner results in its having

no dependence on any property of the incident ion / However, the velocity-
dependent momentum-transfer cross-section still has a reduced mass factor. Use
of Eq. (A19) in (A16D,c) gives




AN

U(QM )|EffA(rF.)-w!. = C.E". W (A20a ] )
(@)
=y e A
CE". [ﬂ(A/k)g/zk]w (A20a2)
with
Cen =4.55x107"° (A20a3)
Cin =384x107" . (A20a4)
Use of Eq. (A19) in (A17D) gives
Qoitlen ey por, = 5-25X1 07 @ 12 (7). (A20D)
A.3.1.4 Polarization Potential and Effective (F's)-PQIQQI]al From Eqgs (A20)
and (A13¢) we have
7. 2.}
Opi |E".(l"“).poL = (7—;‘1;) ODl'klpol pot (A21a)
T =273.15K. (A21b)
Hence, from Egs. (A21) and (A13¢), we have
e 2
a3l 7 a,
0,,,-45,,_(,..,_‘,ot =133x10 ‘3(7;) (—7&) ‘ (A22)
we can combine Eqs. (A13c) and (A22) by writing
, W2
Qprels =133 xlO"’(-rL)’(gri) cm? (A23a)
sTP
0, polarizationpotential
B= h/ 6, effective (~*)-potential. (A23b)
A3.2 z, The Colliston Time.
Substituting Eas. (A17b) and (A23) into (A10b) gives
190x 107 A ([m)""
fikl(l-‘)-pot T AR B\T (A24)
388x10° A (gm)’
zZ, = (A253)
b Ne A\ T
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0, polarizationpotential

B= [/6, effective (%) -potential. (A250)
A33 &, The Mobllity.
A3.3.1 Polarization Potential. From Egs. (A2), (A9f), and (A13b), we have
ﬁt}klmm— »95,5,1"|‘,,,u,‘,L (A262)
STP 13.8 cm/ sec ,
H ot = (44, a2 volt/cm A26D)
N, =2.69x10" cm™ (A26C)

Equation (A26D) is equivalent to that given by Dalgarno [Ref. 8, p. 652 or Ref. 16],

g _ 359  cm/sec
T [ual?  volt/cm

where @ is in atomic units (agd) instead of 10-24 cm3 as for our @', the reduced

mass u(A/J is in units of the proton mass, and K" is referred to a constant gas
density of 2.69 x1019 cm-3.

(A27)

A332 -potential. From Egs. (A2), (ASN), and (A17b), we have
Z | lse xs“’ (A232)
k‘(r")-pot 7' '(r")-pot a
st _ 682x10"°  cm/sec
x* I(r“)-pot. - [/I(Ak)]vz (/:ga)]ﬂ VOIt/Cm . (A28b)
A3.3.3 Polarization Potential and Effective (" ®-Potential. From Egs. (A2),
(A9f), and (A23) we have
Zielo -—L[f; T . (A29a)
& "%/iwlvoloot"‘striwlsﬁ.&-‘)-pot. (A29D)
0, polarization potential
B'[1/6, effective (~—°)-potential. (A29¢)
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A.3.3.4 Collation of Ba' Th ' obilit] TP Conditions. The
parameters for Ba* theoretical mobitity (and diffusion coefficient, presented
below) are collated in Table 27. For values of a, see, e.q, Ref. 7, Pt. A, p. 219,
These parameters are used in Eq. (A26b) to obtain the Ba* theoretical mobilities in
Table 28. As discussed in Appendix C, the theoretical value for the Ba* mobility in
N2 is larger than the experimental value by only about four percent.

Table 27. Parameters for Ba* theoretical mobility and
diffusion coefficient in atmospheric species.

/=83a"
& @ H#(A,) [w(A) a1?
0 0.79 14.33 3.36
N2 1.76 23.26 6.40
02 1.59 25.95 6.42

Table 28. Ba* mobilities in atmospheric species at STP conditions.
(Based on Eq. (A26Db) and properties in Table 27.)

K A (Ba*, ), [(cm/sec)/(volt/cm)]
Species £ (either polarization or effective (r‘6)-QQL§nLialz

0 410
N2 2.16
02 2.15

A3.4 0, The Diffusion Coefficient.

From Egs. (AS) and (A2) we have

o' =Y1 04 (A30a)
k
=%§ﬁ2k‘,r,, x (A30D)
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A341 (r‘6)-Pojential. From Egs. (A28) and (A30b) we have

158 [m)"" 7 cm? |
. =28 1
Oleran =, ( 7] LA R sec A
K
A.3.42 Polarization Potential and Efrective (r®)-Potential. From Egs. (A29)
and (A26b) we hav?2
3.21x10° (rsw)” 7 cm?
DOls= e\ 7 ) SEEADEGT s (A32a)
k
0, polarization potential
B‘{l/@, effective (~°)-potential. (A32D)
A3.43 rking F for Ba' ffi The parameters

necessary to apply £q. (A32) to Ba* are collated in Table 27 and applied to Eq.
(A32) to obtain Eq. (A33). Results of evaluating Eq. (A33) for a range of altitudes
are given in Table 34,

3.21x10° (75 T 7
05*'*"7;—{ 7 J 3367 +6.40%, +6.427,, (A33)







APPEND!X B
ION-NEUTRAL COLLISIONS IN MULTICOMPONENT GAS
B.1 COMMENTARY ON SELECTED LITERATURE FORMULAS FOR COLLISION TIME
Linson & Workman [Ref. 49, Eq. (2a)] state that

"... the ion-neutral collision time, 7z, is

r=45x10°/N, , sec (B1)
where A/ is the atmospheric neutral density incm=3 ... A typical

ionospheric temperature of 1000 K has been taken for the barium ions.
The value of r was obtained from the temperature-corrected
measurement of the mobility

p=er/ /7 (B2)
of barium ions in nitrogen by Aitchel/ and Ridler [Ref. S8] and
reprinted by Brown [Ref. 12).*

We believe there are two shortcomings in Eq. (B1), due to improperly (a)
correcting for the ionospheric temperature of about 1000 K and (b) treating
mobtlities in a multicomponent gas. (This latter statement is equivalent to
objecting to treating O2 (which doesn't matter) and O (which does matter) as if
they were N2.)

The LW-70 authors apparently became aware of the first shortcoming
because a later paper by Linson and Baron [Ref. 45] states that the ion-neutral
collision time is

7,=9x10°/ ¥, . (B3)

An improved but still slightly incorrect formula, related to Eq. (B3), is
presented by Linson & Baxter [Ref. 46, p. 58] and reproduced here:

"An expression for the collision time, r= 1/v, can be obtained from
measurements of the mobility of barium jons in nitrogen gas [Ref. 58]

resulting in

r=86x10%/7, sec (4.54) (B3al)
where 7, is an effective neutral concentration in particles/ms3,

Tl = My + Mg, +0.8 7. (4.55) (B3a2)

In deriving Eq. (4.54) it has been assumed that the collision cross
section varies inversely as the square root of the temperature and
that the collision cross section for oxygen molecules and atoms is the




same as it is for nitrogen molecules. The fact that the lighter oxygen
atoms are less efficient in stopping a heavier barium ion is expressed
by the appropriate Langevin factor,

(14 Mo/ M, ) 214 Mg/ 15T 2 50,8
where /M, and /% are the masses of the nitrogen molecule and oxygen
atom respectively.”

The proper way to obtain the collision time in a multicomponent neutral gas
mixture can be done in at least a couple of (equivalent) ways. In Section B.2 we
compute it in terms of mobilities; here, we show another quite direct way, by
summing the collision frequencies for the ion in the various neutral gases.

Summation of the collision frequencies, under the assumption of the
polarization-potential interaction, has been used frequently, including a recent
paper by Lathuillere, Wickwar, and Kofman [Ref. 41], from which we reproduce the
relevant portion. (In the Ref. 41 Eq. (4) we have corrected the typographical error
in an exponent, changing it from 10-11 to 10-9)

“Neutral density and collision frequency are connected by

172
17,-,,=259x10‘°n,,( 2 ) (1
yAURZ),

[ Banks and Kockarts [Ref. 711, where 7, is the collision frequency

for momentum transfer between ion species / and neutral species 7,
measured in the center of mass frame; 7, is the number density of
neutral species », ux(/,7) is the ion-neutral reduced mass (in atomic
mass units), and a, is the neutral gas atomic polarizability (in units
of 10-24 cm3).

"The ton-neutral colliston frequency, v,,, used in the calculation of
the incoherent scatter spectrum is the momentum transfer collision
frequency measured in the laboratory frame:

Vin = /7’-’;’7 v, (2)
where 77, and 77, are the ion and neutrail particle masses (in atomic
mass units), respectively. Combining (1) and (2) and summing over
the three principal neutral species in the £ region, we obtain

Va=KN (3)
for each ion species, where A in the total neutral density,

K =259x107° 1/ mX1.76" u(/ N, %(N,)

#1592 4(7,0,)2%(0,)+0.79" u(/,0Y2%(0)) (4)
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and %(n) represents the percentage of neutral species » in the neutral
gas.”

To obtain explicit numbers, we write

r,=1/v,
- 550 W T8 Ml 59, 10,0+ {6797 (0]

137. ]
= 5Sox10° ngfo-g [6.40(N,]+6.42(0,1+3.36 O]

_ 829x10°
~IN,14[0,1+0.525[0]

for polarization potential (B3

which we believe to be the proper version of £gs. (4.54) and (4.55) in Ref. 46 (our
Egs. (B3al) and (B3a2)).

B.2 FORMULAS FOR MOBILITY, COLLISION TIME, AND DIFFUSION COEFFICIENT IN A
MULTICOMPONENT GAS.

Dalgarno [Ref. 8, p. 659] notes, from the theory of Chapman and Cowling [Ref.
14], that the mobility & (a symbol used here in preference to z as in Eq. (B2),

since we reserve g for reduced mass) of an ion in a multicomponent gas is given

by
=Y & (B4)
&

(known as Blanc's 1aw), where /7, is the fraction of the Ath particles (/x =73/ M)
and A, 1s the mobility of the ion in the 4th gas. In using Eq. (B4) it {s important
that & be evaluated for the total number density. (See the related comment with
respect to Eq. (AS).)

Thus, to compute an effective fon-neutral collision time (z) for an ion in a
multicomponent gas, one should use

_L g€ I
ris—3 -mg,ka; . (B5)

we now specialize Eg. (BS) for two different interaction potentials,
polarization and effective r-6. By using Eq. (A29) we get




mn [l |
- en,o,[ 7 ] AL (o2
0, polarization potential
= )
b {1/6, effective (°)-potential. (860

For Bat, Eq. (B6) becomes

= 3.83x10°[7p T ! 87)
P e |7} (R7410)+(4, /216)+(f, /215)

where we have used values for K P (Ba* ) from Table 27.

The effective ion-neutral diffusion coefficient is also properly defined by
[Ref. 7, P1. B, p. 164]

D =— , (B8)

B.3 COMPARISONS OF Ba* COLLISION TIME.

The CIRA-65 Model~6 1800-hr [Ref. 15] atmosphere is of special interest In
Appendix D for comparisons being made there. Selected properties of that
atmosphere for the 140- to 300-km altitude range are given in Table 31 and have
been used in evaluating the Ba* collision time according to several formulas
presented here, with results in Table 29. At 200-km altitude, e.g., our procedure,
per Eq. (B7), gives 1.18 sec and 0.935 sec respectively for the polarization
potential and effective (r-6)-potential, whereas treating the 0 and 02 as N2 in Eq,
(B7) - in the spirit of the Ref. 45 equation - gives 0.954 sec and 0.752 sec,
respectively; our collision times are longer by a factor of 1.24. Again at 200-km
altitude, in comparison with Ref. 45 (our £q. (B3)), our values differ by respective
factors of 1.13 and 0.899; in comparison with Ref. 46 (our Eg. (B3a)), by factors of
1.09 and 0.866.
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Table 29. Ba* collision times in CIRA-65 Model-6 1800-hr atmosphere
per several formulas. (See Table 31 for atmospheric
properties.)

Altitude Collision Time z, se¢
km Pol Pot__ Eff. (r9)-pot. LB-71 LB-77
140 1.03 E-01 887 E-02 1.00 E-0O1 1.00 E-01
160 2.96 E-01 2.44E-0} 278 E-01 2.82 E-01
180 6.38 E-01 S.12E-01 S.79 E-01 5.92E-01
185 7.47 E-01 5.96 E-01 6.72 E-01 6.92 E-0!
200 1.18 E+00 9.35E-01 1.04 E+0Q 1.08 £+00
220 2.01 E+00 1.57 E+Q0 1.70 E+00 1.80 E+0Q
240 3.23E+00 2.50 E+00 2.64E+00 2.82 E+00
260 496 E+00 3.83E+00 3.92 E+00 424 E+00
280 7.39 E+00 5.67 E+00 5.66 E+00 6.18 E+Q0
300 1.07 E+0O1 8.22 E+00 7.97 £+00 8.80 E+00
Eq. (B7) Eq. (B7) Eq. (B3) Eq. (B3a)
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APPENDIX C
Ba AND Ba* COLLISIONS WiTH ATMOSPHERIC SPECIES
C.1 (Ba+0)-COLLISIONS: MOMENTUM-TRANSFER CROSS-SECTION.

For such collisions we are aware of only one (simple) approach for
estimating the momentum-transfer cross-section, that described for atom-atom

collisions in Section 2.1.1. For relative speeds ¢ below a few times 103 cm/sec,
the asymptotic form of the momentum-transfer cross-section based on the r-6

potential is given by Eq. (A16cC), where 7;, is the radius at which the minimum
energy (-&,) occurs in the Lennard-Jones (12,6)-potential. For (Ba+0)-collisions
we adopt the potential parameters from Huber and Herzberg (Ref. 34, p. 72}

£,%5.79¢eV (C1a)
I %1y =19397 A (C1b)

and the reduced mass number from Table 27. Then, from EqQ. (A16¢) we have

o(Ba+ O ey =216x107" g2 cm? (C2a)
=100x107" g3 cm?, (C2b)

Equation (C2) is plotted as the long-dash line in Fig. 16. (Equation (C2) is very
close to what we found for (U+0)-collisions, based on the (r-6)-potential, in
Section 2.3.2: 2.11 x 10-11 g=2/3)) It will be explained later that our final
suggestion for the momentum-transfer cross-section for (Ba+0)-collisions is not
Eq (C2) but Eq. (C4).

C.2 (Ba*+0)-COLL!SIONS: MOMENTUM-TRANSFER CROSS-SECTION.

For such collisions we are aware of, and consider, two (simple) approaches
for estimating the momentum-transfer cross-section. Unaware of a strong basis
for choosing between them, we will offer a compromise, which will lead us to
modify our formula for (Ba+0)-collisions.

C.2.1 Polarization Potential.

For a polarization-potential interaction, the momentum-transfer cross-
section is given by Eq. (A11D), which, with parameters from Table 27, gives
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Figure 16. Velocity-dependent momentum-transfer cross-sections for (Ba+0)-
collisions, based on (r=6)- and effective (r-6)-potentiais and for
(Ba*+0)- collisions, based on polarization and effective (r-6)-
potentials.

(B2’ +0)|, por =6.08x107'° g' cm? (C3a)
=6.08x10"° gl .. CIP. (C3b)

Equation (C3) is piotted as the short-dash line in Fig. 16.
C.2.2 (r-6)-Potential.

In Section 2 we indicated a basis for reservations about the applicability of
the polarization potential for U0 -collisions, especially for the higher velocities
(¢ S km/sec) being considered by LANL personnel early in these studies. We have a
similar reservation with respect to Ba* collisions. The parameter yin the
(12,6,4)-potential [cf. Section 2.1.2.2] is a measure of the relative strength of the
r-6 and r-4 energies. For y =1, the (12,6)-potentia! obtains; for y=0, the
(12,4)-potential obtains.

Not aware of potential paramaters being available for BaO*, we tentatively
assume they can be approximated by those for BaO, given by Egs. (C13a) and (C1b)
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in that case, y would be equal to 0.954, close to the value (0.960) we found for
UO* [Section 2.2.2.3] Such a value for y suggests the importance of the r=6 term
compared with the r=4term. If one ignored the r=4term completely, and also
adopted the BaO potential parameters for BaO*, then Eq. (C2) would be an
approximate expression for the momentum-transfer cross-section for (Ba*+0)-
collisions based on a "quasi-realistic” potential. (Note that Eq. (C2) is extremely

closg to what we found for (U*+0)-collisions in Section 2.1.2.3, 2.15 x10-!! x
g-2/ )

C.2.3 ACompromise (?). AnEffective (r-6)-Potential.

Note that:

(@) The experimental mobility of Ba* in N2 [Powell and Brata, unpublished [Ref
58]; see Section C.3.2] can be predicted to within about four percent by use
of the polarization potential (see Section C.3).

(b) A similar situation may hold for (Ba*+0)-collisions.

(c)  There are reservations about the applicability of the polarization potential
at the higher velocities.

(d)  There fs concern about Eq. (C2) giving a larger cross-section for (Ba+0)-
collistons than that given by Eq. (C3) for (Ba*+0)-collisions at (room)
thermal energies.

In view of these considerations, we use £q. (A19) in Eq. (A16¢), with
parameters evaluated from Table 27, to get our final expression for the
momentum-transfer cross-section for [(Ba,Ba*),0]-collisions,

0((Ba,Ba")+0] g .ty ooy =140%10™"" g2* cm? (C4a)
=6.50x107"% 22 cm?. (C4b)

Equation (C4) is plotted as the dotted line in Fig. 16.
C.3 (Ba*+N2)~COLLISIONS: MOBILITY.
C.3.1 introduction.

We are unaware of any potential parameters for (Ba*+N2)-collisions.
However, there 1S a mobility measurement which we will compare with a
theoretical value based on the polarization-potential interaction. Owing to
reservations about the applicability of the polarization-potential interaction at
the higher velocities - if we extrapolate to N2 our considerations of (Ba*+0)-
collisions — we will use the theoretical mobility based on the polarization
potential (essentially equivalent to the experimental mobility) to set the
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parameter (72 £,)”*in the asymptotic low-energy cross-section based on the (r=6)
potential.

C.3.2 Experimental Mobility.

The mobility in nitrogen of various ions has been reported by, e.g., Brata
[Ref. 11] and by Mitchell and Ridler [Ref. 58]. A graph of mobility versus ion mass
number (erroneously attributed to Ref. 11) is shown in Fig. 10.17 of Hasted
[Ref. 28); basically the same graph (but slightly edited), shown in Fig. 3.20 of
Brown [Ref. 12] (and also in Fig. 7m-87 of Grey [Ref. 26]) and correctly attributed
to Ref. 58, is reproduced here as Fig. 1 7. A similar graph does appear in Fiq. 4 of
Ref. 11, but Ba* does not appear in it. The only comment about Ba* made n Ref 58
is reproduced below:

" .. those [mobilities of various ions in nitrogen) previously
examined [by Tyndall, Powell, and Brata] ... including Ba* at 2.23
obtained by Powell and Brata previously unpublished ...

j ol ] i
l |
'Y ! i !
l i : : !
a0 1U I ! ! i i
: | ;
gs-s %
B | j i
33 I - ! ? ‘
N N T
R Ne© \J\gilnr i ! .
2 M i
T = |
20 1 ( ! ing

20 -0 60 80 o 120 140 180 80 £00 220
Mass OF ION

Fig. 3.20. Mobility in nitrogen of various ions as a
function of mass at 1 atmosphere pressure.

J.H. Mitchell and K. E. W, Ridler, Proc. Roy. Soc.
(London) Al46, 911 (1934),

Figure 17. Reduced mobility in N2 of various ions as a function
of their mass number (from Brown [Ref. 12, p. 62]).

C-4




The temperature 1s not stated in Refs, 28, 12, 26, or 58; Ref 11 variously
refers to 20 °C, 17 °C, and NTP. Wwe will assume the temperature to be room
temperature, taken as 7= 293 K.

From Egs. (A2D), (ASf), and (A13) — or from Eq. (29a) — we see that, for the
polarization-potential interaction, the mobility is inversely proportional tc the
number density of the gas, or equivalently proportional to the ratio of the
temperature to the pressure. Hence, to adjust the experimental value of Ba*
mobility to STP conditions, we write

AP Ba' Ny = H,, (B2, Ny) S 2o

Texp Pstr
-223203
=208 (cm/sec)/(volt/cm) (CS)
C.3.3 Theoretical Mobility.
C.3.3.1 Polarization Potential. From Eq. (A26b) and Table 27 we have
ZF Ba,N, Y ot por. = 2.16 (CTV/SEC)/ (VOIt/C), (C6)

as given in Table 28. That the value in Eq. (C6) differs from that in Eg. (C3) by less
than four percent is, perhaps, remarkable. The essential agreement could probably
Justify regarding the mobility of Ba* in N2 (for the temperature in the experiment)
as being properly based on the polarization-potential interaction.

C.3.3.2 Effective (r'e)-nggnLial. We now determine an effective value of the
parameter (5 £,)”such that

A B2 N, Yty gt = B2, Ny o (C7)

(From a practical viewpoint it matters little whether we use the theoretical value
based on the polarization-potential interaction or the experimental value. we
choose the theoretical value to simplify some subsequent formulas.) Thus, from
Eq. (A19), we have

8 €, | e sy sy = 4-94X10°'° (176)2

=655x107"® cm? eV¥? (C8)
and from Egs. (A28b) and (C8),
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. __ 682x107°
ET B NoYen 100 = G507 2 GBS TG

=216(cm/sec)/(volt/cm). (C9)

C.4 (Ba*+02)-COLLISIONS: MOBILITY.

We follow the procedure used for (Ba*+0)-collisions but limit our
considerations to mgbility. Thus, from Eq. (A19) we have

3 £,%% | 60 0 oty = 4:94%107 (159)
=623x10"% cm? eV"? (C10)

and from Eqgs. (28b) and (C10) we have

. _ 6.82x10"®
A" (Ba :Oz)len.(r")—pot T (25952 x6.23x107'®

=215(cm/sec)/(volt/cm). (C11)
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APPENDIX D

AMBIPOLAR DIFFUSION COEFFICIENT — A LIMITED COMPARISON OF
EXPERIMENTAL AND THEORETICAL RESULTS FOR SOME BARIUM RELEASES

D.1 THEORETICAL.

The ambipolar diffusion coefficient is usually defined (cf., e.g., Dalgarno
[Ref. 8, p. 660}; McDaniel [Ref. 55, p. 513); Fu[Ref. 21]) as

0 - 0/ ‘%+09 x/
T A+ A,
where the ion and electron mobilities &; and X, are both positive numbers.

(DD

With use of the (Einstein) expressions relating mobility and diffusion
coefficient (cf. Eq. (A23)),

O;=(7,/e) A (D2a)

D,=T,/0)&,, (D2b)
Eq. (D) becomes

p, =22 +7) (D3)

COT+0,T
Equation (D3) is the form in which the ambipolar diffusion coefficient appears,
e.g., in Holway [Ref. 33, Eq. (18)].

If one combines Egs. (D1) and (D2) and then assumes &, >> & due to the
electron’s small mass and its concomitant larger contribution to the conductivity,

one has
D0+7./7)
=l _ !
D= THTE (D4a)
=0, (+7,/T)), (D4b)

where Eq. (D4b) is (or essentially is) the form for the ambipolar diffusion
coefficient presented in some atmospheric physics texts, e.g., Banks and Kockarts
[Ref. 7, Pt. B, p. 164], Ratcliffe [Ref. 63, p. 108}, and Bauer [Ref. 9, p. 97].

D.2 MODEL ATMOSPHERE PROPERTIES.

D.2.1 Neutral Particles.

Later we will need selected neutral-particle densities for two model
atmospheres presented in Tables 30 and 31.
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The CIRA-1965 Model-6 1800-hr [Ref. 15] atmosphere (cf. Table 31) appears
to be the model atmuosphere used by at least some members (see, e.g., Ref. 46, p.
23) of the SECEDE community as being appropriate for the solar-flux conditions

during the second half of January 1971 when the SECEDE-II events occurred.

Table 30. Selected properties for CIRA-65, Model-5, 0600-hr.

cm’

A, km 7, K [0] IN,] (0,)
160 823 425 E+09 483 E+09 S.45E+08
200 852 3.33E+09 3.32E+09 345 E+08
210 877 263 E+09 2. 19 E+Q9 223 E+08
220 898 2.11 E+09 1.51 E+09 1.46 E+08

cm=3

A, km nltctal) f0] fN,] flo,]
180 862 £+09 0.442 0.502 0.056
200 6.99 £+09 0.476 0.475 0.049
210 S.04 E+09 0.522 0.434 0.044
220 3.77 E+09 0.560 0.401 0.039

Table 31. Selected properties for CIRA-65, Modei-6, (E£00-hr.
qn-S

A, km 7, K (0] IN,] (0,]
140 662 1.98 E+10 6.05E+10 9.48 E+09
150 779 1.36 E<10 3.49€+10 S.16 £+09
160 878 9.36 E+09 202 E+10 2.81 E+09
180 1029 S.49 E+09 8.92 E+09 113 E+09
185 1058 493 £+09 754 E+09 C 39 E+08
200 1135 359 E+09 455 E+09 S.33E+08
220 1210 249 E+09 252 E+09 2.74E+08
240 1264 1.79 E+09 1.47 £+09 1.49 E+08
250 1286 i 5S4E+09 1. 14E+0Q 1.12E+08
260 1304 1.33 E+09 8.85 E+08 8.37 E+(Q7
280 1333 9.96 E+08 5.46 E+08 484 E+0Q7
300 1355 7.58 E+08 343 E+08 285 E+07
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Table 31. Selected properties for CIRA-65, Model-6, 1800-hr. (Cont'd)

cm=3
A, km n(total) flo] fIN,] fl0,)
140 898 E+10 0.220 0.674 0.106
150 S.37E+10 0.253 0.650 0.096
160 3.23E+10 0.289 0.624 0.087
180 156 E+10 0.353 0.574 0.073
185 1.34E+10 0.368 0.562 0.070
200 867 E+09 0.413 0.525 0.062
220 5.28 £+09 0.471 0.477 0.052
240 3.41 E+09 0.526 0.430 0.044
250 2.79 E+09 0.552 0.408 0.040
260 2.29 £+09 0.578 0.386 0.036
280 1.59 E+09 0.626 0.343 0.031
300 .13 E+09 0.672 0.303 0.025

D.2.2 Electron- to fon-Temperature Ratio.

Linson et al., guided by results in Wand [Ref. 67], have used the following
prescription for the ratio of electron temperature to ion temperature:

h-130

7. I.O+—€O—O.6, 130 < Akm) <210
77| . =210 (05)
" h6- ‘90 0.4, 210<Akm)<300.

Equation (DS) appears to be an approximate fit to the ratio 7./7, (for a period
spanning an evening twilight) appearing in Fig. 3¢ of Ref. 67, reproduced here as
Fig. 18.

Figure 32 in Bauer [Ref. 9], showing 7, and 7, for different solar-cycle
conditions, is reproduced here as Fig. 19; the time of day is not specified, but it is
presumably daytime (noon?). We have collated in Table 32 values of 7, and 7, (and
the ratio 7,/7;) at 200-km altitude read from Fig. 19.
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Table 32. Temperatures at 200-km altitude per Bauer [Ref. 9, Fig. 32]

A(Solar Max) B(ntermediate)  C(Solar Min, Mag. Act.)

. 1125 1450 1950
7, 700 775 875
T.IT, 161 1.87 2.23

Electron density (ng), cm™3

10° 10° 10° 10°
T T LINR N S S 8 S 'I L S N ARARAI
1730-1838AST 10 Aug 66 1903-20I11 AST
o Te/Ti }from ion component
« T
500 o Te/Ti }from plasma line program 4
\,  c e

450

400

350

300

Height , km

250

200

150

'llLll i _— [AL YU SO -

10 14 18 (o] SO0 1000 10 14 18 0] 500 1000
/T FK Te/ T %K
Fig. 3e.

Figure 18. Electron and ion temperatures versus altitude for 1730-1838
AST, 10 August 1966 (from Wand [Ref. 67)).
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Fig. 32. Electron and ion temperatures in the terrestrial ionosphere for different
conditions. Also shown are the corresponding electron density profiles. Curves A
reflect a high peak electron density (e.g., solar maximumy) and high atomic oxygen
concentration at the lower boundary; curves C reflects a low peak electron density
(e. 8 solar minimum) and an atomic oxygen concentration reduced by 50 %, while
curves B reflects and intermediate condition. Similarly, curves C are also represent-
ative of a situation occurring during magnetic storms. (After Herman and Chandra)

Figure 19. Electron and ion temperatures versus altitude
for different sotar-fiux conditions (from
Bauer [Ref. 9]).

The smoothed solar flux at 10.7-cm wavelength is shown, for the period
from 1958 to 1968, in Fig. 6 of Jacchia [Ref. 36], reproduced here as Fig. 20. The
general trend of the same flux (4o7) is shown in Fig. | of Hedin et al. [Ref. 30],
reproduced here as Fig. 21. From Figs. 20 and 21, one would judge A7 =110 at the
date (10 Aug 66) corresponding to the data in Fig. 18. (It would be of interest to
compare this value with the daily values for August 1966, but those data are not
readily availaple. Solar data for an approximate period including 1966 through
September 1970 are not in the J. Geophys. Res. but were published in “Solar-
Geophysical Data,” U. S. Dept. of Commerce, Boulder, Colorado, 80302. Data for
October 1970 are in J. Geophys. Res. 76, 1097 (1 Feb 71), with subsequent data
following regularly.)

Solar flux data for January 1971 are given in Table 33. The average for the
last half of January 1971,

] r=31Jen 71

Y Aea=1733, (D6)

E /=16 Jen?1




is somewhat higher than the average for the month, 162.6, and considerably higher
than the value (*152) shown as the “general trend of Ao, inFig. 1 of Ref. 30 (our
Fig. 21).

N %
200 x10 22

! : e
SOLAR FLUX 7\. !

(smoothed) !
0.t AT 10.7-cm WAVELENGTH\ | - g (l
100 : + \

T ———
|

all

i
|
(o] L1 1l I S U 9 ! 1 : i 1

1958 1959 1960 1961 1962 1963 1964 1965 1966 1967 1968

Figure 20. Mean 10.7-cm solar flux index for the period 1958-1968 (from
Jacchia [Ref. 36)).
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Fig. 1. MSIS model data coverage in altitude and year-day of vear coordinates. Also shown, as the dashed line, is the gen-
eral trend in the F\,, index during this period.

Figure 21.  Mean 10.7-cm solar flux index for the period 1966-1975 (from
Hedin et al. [Ref. 30)).

Generally speaking, the data in Fig. 18 are for a relatively low value of Fror;

at higher values of A, one would probably expect lower values of the ratio 7./7, ,
based on the trend from Fig. 18 (and Table 32).
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Table 33. Observed solar flux at 2800 MHz during January 1971 [Ref 43]

Day Fio7 Day Froz Day Fro7
! 135.0 1 154.1 21 1846
2 139.4 12 1556 22 186 4
3 139.3 13 153.2 23 188.8
4 145.0 14 159.2 24 1827
S 1S1.1 15 158.9 25 174.0
& 1S1.9 16 161.6 26 170.2
7 1553 17 160.4 27 1719
8 1542 18 165.6 28 1713
9 158.1 19 1713 29 165 7

10 157.3 20 174.8 30 168.0

31 175.2

D.3 COMPARISONS.
D.3.1 Kivel [Ref. 39].

For Dogwood (A = 191 km [Ref. 62]), the neutral cloud grows with a
diffusion coefficient £ = 0.1 km2/sec. The ambipolar diffusion coefficient for the
ion cloud along the Earth's magnetic field is 4 = 0.2 km2/sec.

Comments. The value 0.2 km2/sec for £, is larger than the 0 136 km</sec

and 0.11 km2/sec also reported for Jogwood respectively by Lumenelio et ai [Ref.
50] and by Boquist et al. [Ref. 10] in following Sections D.3.2 and D 3.3,

To make predictions to compare with the quoted Dogwooa (and Aop/e)
ambipolar diffusion coefficients, we need an atmosphere. For convenience and
simplicity, we use Figs. 20 and 21 to read respectively £y, =145 and F,, =142 [in
units of 10-22 W/(m2 cyc/sec)] for May 1968. (Aop/e occurred on 2 May 62;
Dogwood, 13 May 68.) These values of £, lead us to use Model-S (for which
Fro7=150) 1n CIRA-1965 [Ref 1S]. For 0600 hrs, we have atmospheric data in
Table 30; results for diffusion coefficients are given in Table 34 The ordinary
diffusion coefficient 0, for Ba* was evaluated from Eq. (A33), the ambipolar
diffusion coefficient 4, from Eq. (D4b), and 7,/ 7; from Eq. (DS). The value 0.12=
km2/sec for the effective (r-6)-potential at 191-km altitude in Table 34 does not
agree well with the value 0.2 km</sec quoted by Kivel, but does agree weli with
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rhe values 0 136 and O 11 quoted respectively by Lumenello et al and bv Bouuist ef
al. (Sections D.3.2and D.3.3)

-
/

Table 34 Ba* diffusion coefficients for CIRA-65, Model-S, G600~hr

r D km?/sec & K2/ sec
km Pol. EFE.(r™®  1+7./7, pol Eff (r™® LB-71 ==
190 584E-02 486E-02 245 0143 0119 114 AR AL
191 2.46 0.149 0.124 0.11a O1ze
104 2.48 0.167 0139 N1z OLAG
196 2.49 0.181 0.150 0143 0l
200 843E-02 698E-02 252 0212 0176 0167 YR
201 253 0221 0183 0174 {0184
204 255 0250 0.267 0195 G207
205 2.56 0.260 0216 0203 0216
207 258 0.283 0.234 0219 noz7
210 1.23E-0Q1 1.01 E-0O1 2.60 0.320 0.264 0.246 (1263
215 258 0375 0.309 0286 0 306
220 1.72 E-01 1.41 E-0O1 2.56 0.440 0.361 0332 Q35T
(1) (2) (3 (4) (S) (6) {7 o

Eq. (A33)  Eq (A33) EqQ.(DS) Col.2 Col. 2 Eq. (D7 Eqin7

X X (D8a) (B3a)

Col.d Col 4 (D) (DS

)] I ] il

(D4ab) (D4b) (D102aY  (Diuk

D.3.2 Lumenello, Davis, and Freedman [Ref. S0).

Measured diffusion coefficients of the ion cloud parallel to the fieiq were
0.238 kmZ2/sec for Agp/e (A = 196 km) and 0.136 km2/sec for Dogwood (185 km,
or 191 km per Table | in Rer. 62).

Comments. For Aop/e, the interpolated value 0.150 km2/sec for the

effective (r-6)-potential at 196 km in Table 34 does not agree well with the value
0.238 km2/sec quoted by Lumenello et al. [Ref. SO]
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For Dogwooa, the value 0.136 km2/sec quoted by Lumenello et al [Ref 50]
is (3) smaller than the 0.2 km2/sec reported by Kivel (Section D.3.1), (b) larger
than the 0.11 km2/sec reported by Boguist et al. (Section D.3.3), and (¢) shghtly
larger than the 0.124 km2/sec computed for the effective (r-6)~potential at 191-
km altitude in Table 34

Although the report by Lumenello et al. [Ref. SO] is an EG&G report, it is not
referenced in the later EG&G report by Boquist et al. [Ref. 10].

D.3.3 Boquist, Overbye, Kiesling, and Eves [Ref. 10].

These authors report a value of 0.11 km2/sec for 4, for both Aop/e and
Jogwood, each occurring during morning twilight.

comments. For Dogwood, the value 0.11 km2/sec is (a) less than the 0.2
km2/sec reported by Kivel (Section D.3 1), (b) less than the 0 136 km2/sec
reported by Lumenelio et al. (Section D.3.2), and (¢) less than the computed values
(Table 34) for 4, of 0.124 km2/sec and 0.149 km</sec respectively for the
effective (r-6)-potential and polarization potential.

For App/e, the value 0.11 km2/sec is (a) less than the value 0.238 km</sec
reported by Lumenello et al. (Section D.3.2) and (b) the computed values (Table
34) for 4, of 0.150 km2/sec and 0.181 km2/sec respectively for the effective
(r-6)-potential and polarization potential.

D.3.4 Fu, Marram, Ponder, and Breedlove [Ref. 22].
The data in Table 35 have been collated from Tables 1, 2, and 8 of Ref. 22

Comments. Why is & (77¢mouse) so smali? Why is G (77¢mouse) <
G (Sapsucker), since /N( Sapsucker) < h( Titmouse) 7

Why 1s B (//bérry) so small? Why is By (Muibérry) < G (kumaguat), since
hCkumaquat) < h(/ulberry) ?

D.3.5 Linson and Baron [Ref. 45).
This short paper includes the statements:
“... Beyond 20 sec, the ion cloud expands by ambipolar diffusion

parallel to the magnetic field. An ambipolar diffusion coefficient of
D = 0.1 km2/sec at 185-km altitude is consistent with an ion-neutral
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Table 35. BIRDSEED and PRE-SECEDE data from Fu et al [Ref. 22]

Altitude Time Oy

Fioa Date Name Km uT Kl /36
BIRDSEED
=152 26May 70 Sapsuckerd  204:3 0552:25 0.3
=152 6 June 70 7itmoyset 2105 0555:25 02

\
AR

PRE-SECEDE
=145 5 35ep 69 Aumaquare 194 0.26
=145 6 5ep 69 Limet 2015 029
=145 135ep 69  Mulberrve 195.8 013

3 As read by the writer from the "general trend £;" inF1g. | of
Ref 30 (see our Fig. 21).

b The results for these events are the primary purpose of Ref. 22.

C The results for these events are included in Ref. 22 for comparison
purposes.

collision time of

7, =9x10° ;!
where A, 1s the neutral density in cm-3, with an electron-plus-ion
temperature of 2300 *K."

"Excellent agreement between the radar data and theoretical
expressions is obtained for the first 10 minutes, indicating that the
value for 4, (0.1 km2/sec) is appropriate at early times for these two
[ Soruce and O/ive) releases.”

Comments. The quoted value, 0.1 km2/sec at 185-km altitude, appears to be
in contradiction with a later value, 0.15 km2/sec at 185-km altitude, quoted by
Linson [Ref. 44, p. S].

It is desirable to understand why 185-km altitude is selected for a quoted
G, when explicit results are given (on the next page of Ref. 45) for Spruce and
O/ive (at altitudes of 187.3 and 193.4km, per Ref. 62, Table 1, p. 3). Could it be
that the text should have referred to O//ve Prt (at 185 km) instead of O//ve?




We should like to verify the 0.1 km2/sec by using formulas likely to have
been used by Ref. 45. Thus, by combining Egs. (A1) and (D4b) we have

_KUAT) _K(TeT)

L= Y 7 7, (D7)
from the Ref. 45 text,

r,=9x10°/ A, (D83)

7i+7,=2300 K, (D8b)
and for 185-km altitude in Table 31,

N,=134x10° cm™. (D8¢)
Hence,

0,=0.093 km?/sec, (D9)

which is only seven percent smaller than the quoted 0.1 km2/sec.

If, instead of using Eq. (D8b) for the temperatures, we use for 7; the neutrai
gas temperature of 1054 K at 185-km aititude in Table 31 and Eq. (DS) giving a
value of 1.41 for the ratio 7./7, , we then obtain 4, =0.104x10'° km?/sec

In Section B.1 we disagree with the use of Eq. (B3) (=Eq.(D83)) for the
colhision time — though the disagreement is more in principle than in practice,
specially with consideration of the improved formula in Ref. 46. The proper
formula is given by Eq. (B7) (or by Eq. (B3b), explicitly for the polarization
potential), with (interpolated) results from Table 31 giving 7, =0.747and 7, = 0 59€
respectively for collisions based on the polarization and effective (r-6)-
potentials. Evaluation of Eq. (D8a) (=Eq.(B3)) with use of Eq. (D8¢) gives
7, =067 sec, a value intermediate to what we would propose by factors of 090 and
1.13 for the polarization and effective (r-6)-potentials.

Use of the ordinary diffusion coefficient in Table 36 for 185 km and use of
Eq. (DS) for the temperature ratio give values for 4, of 0.12 and 0.092 km2/sec
respectively for the polarization and effective (r-6)-potentials.

0.3.6 Linson [Ref. 44].

This paper [p. 5] states :
" .. appropriate ambipolar diffusion coefficient 4,=0.04,0.15,and0.7
for the three altitudes [150, 185, and 250 km]."

Comments. It is not clear whether these are theoretical or experimental
values.




Instead of 0.15 kmZ/sec as quoted here for 185 km, Ref. 45 quotes 0. i
km2/sec.

Our computed values are given in Columns S and 6 of Table 36. As a set, the
better agreement with the Ref. 44 values is for those obtained with the
polarization potential.

In Table 36 we also record the values of 4, computed from Eqs. (D7) and
(D8a) (... Eq. (B3)], i.e., the Ref. 45 prescription, and with 7, /7, given by Eq. (DS).
a,=5.45x105i[!+§}, km?/ sec. (D10a)
Mol 7
Similarly, we record in Table 36 the values of 4, computed from Eqs (D7)
and (B3a), i.e., the Ref. 46 prescription, and with 7./ 7, given by Eq. (DS):
A 7
=5.20x10° L l+2 2 , 1
Oy=520x10 [N2]+[02]+0.8[O][ +7,-]' km*/sec (D10b)
We see that the results from Eq. (D10b) agree slightly better with the Ref. 44
values than do those from Eq. (D10a).

D.3.7 Summary Table and Comments.
A summary of all the comparisons is provided in Table 37.

In the Linson-Baron [Ref. 45] and Linson-Baxter [Ref. 46] formulas for the
coefficient for ambipolar diffusion along the magnetic field,
k07, ‘

&--577[|+7;:|f’", (]])
the expression for the fon-neutral collision time z,, given by £q. (B3) [Ref 45] and
Eq. (B3a) [Ref. 46] - which is nominally based on the experimental mobility of Ba*
in N2 - improperly accounts for O and O2 if a polarization-potential interaction is
assumed. Correction of this relatively small error by properly accounting for the
polarizabilities of O2 (which actually does not matter) and O (which does matter)
does not significantly change the overall comparison between theoretical values of

the ambipolar diffusion coefficient (4, . . | based on the polarization potential
and (sometimes ambiguous or uncertain) experimental values (4, ,,, | derived from
12 Ba-releases. Values of the ambipolar diffusion coefficient [0,,‘ - (,4,_90‘,]

computed from an effective (r-6)-potential — which are about 79% to 85% of
A, poi o fOr fonospheric ion temperatures ranging from 1135K to 750K - are

(accidentally) very nearly the same as those obtained with the Ref. 46 formuia for
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Table 36. Ba* diffusion coefficients for CIRA-65, Model-6, 1800-hr,

P O, km?/sec G, km?/sec
Km Pol, _EfE@® 7/ 7 pol  Eff(™® Ref. 44 Ref. 45 Ref. 46
140 413E-03 356E-03 208 0.009 0.007 00068 0008
IS0 828E-03 695E-03 2.15 0.018 0.015 004 0.017 0017
160 158E-02 1.30E-02 223 0.035 0.029 0.033 0033
180 397E-02 3.19E-02 238 0.095 0.076 0.085 0.088
185 480E-02 383E-02 241 0.116 0.092 0.1S 0.104 0107
200 8.17E-02 644E-02 253 0207 0.163 0.180 0188
220 1.48E-01 1.16E-01 2.56 0.379 0.296 0.3t9 0337
240 248E-01 192E-0! 2.47 0612 0474 0469 0532
250 313E-0! 242E-01 2.42 0.757 0.585 0.7 0607 0652
260 394E-01 3.03E-01 2.38 0937 0722 0.728 0794
280 S98E-01 459E-01 2.29 .37 1.05 105 114
300 883E-01 6.76 E-01 2.20 1.94 1.49 1.44 159
(1) (2) (3) (4) (3) (6) (7) (8) (3)
Eq. (A33) Eq (A33) EQ.(DS) Col.2 Col.3 Eq. (D7)Eq (TT
X X (D8a) (Bla)
Col.4 Col. 4 (0S) (DS
U ! U {
(D4b) (D4b) (D10a) D10V

one of the model atmospheres used. An overall comparison of 4, . (r-6)-pot. WD

D), exp. 1S aDOUL the same as for 4 pa por, S0 that a strong preference cannot be

established on this basis, unless one should have reasons (unknown to the writer)
to select or exclude certain experimental data.

It would be desirable to determine whether or not there exists a definitive

set of experimental values for all the Ba-releases, including the six evening
twilight Ba-releases for Project STRESS (Amne, early December 1976; Betty,
Carolyn, Dianne, £ster, and Fern in l1ate February and March 1977 [Ref. 47
(substantially in Ref. 48)]. Reference S3, while providing an overview of Project
STRESS, gives no information regarding early-time ambipolar diffusion
coefficients, since the interest was in late-time striations. A similar comment
applies to Project PLACES {Ref. 54,
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APPENDIX E
RELATIVE SPEED FOR MONOENERGETIC BEAM IN A MAXWELLIAN GAS
E.1 APPROXIMATE FORMULAS.

In developing the energy loss rate for a particle traversing a Maxwellian gas
(Section 3.3.1), we were not initially aware of a literature formula for the mean
relative speed between a monoenergetic beam and the particles of a traversed
Maxwellian gas. We expediently started with the formula for the relative speed
for the particles of two separate Maxwellian speed distributions [Ref &, Ref 7, Pt.
A, p. 189]) and adapted it to the current need by assuming that the beam speed (/)

was the rms speed corresponding to the fictitious temperature assigned to the
beam ( 7,'), i.e,

Tt =1r1,02. (E-1)

Note that the relative speed for two Maxwellian gases (cf. Eq. (48b) in
Section 3.2.2) is just the square root of the sum of the squares of the mean speeds
for the two individual gases. Thus, as the temperature of one gas approaches zero,
the relative speed tends toward the mean speed of the second gas. Owing to this

fact, we now express the relative speed of the beam traversing the Maxwellian gas
(Jay ) In units of the mean speed of the Maxwellian gas (k) and generalize the

relation of ¥, to 7,'*, i.e.,

Tog IV, wliva, 217, (E-2a)
2, - (8/3x) ror V,=rmsspeedcorrespondingto 7,”°f (E=2D)

I for ¥, =>meanspeedcorrespondingto 7, '
R=V,17,. (E-2¢)

£.2 EXACT FORMULA.

Fite et al. [Ref. 20, Appendix A.C] have derived the formula for the
distribution of relative speed (v.) for a monoenergetic particle of speed w passing
through a Maxwellian gas,

sinh(2v, Aw)
—_— .,
gw

2ﬂ3/2 )
v, w)dv, = expl- A2 +wA)) (E-3a)

”U?
where
v.>0
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and A, the inverse square of the most probable speed, is
B=1,12kT, (E-3b)

The mean relative speed would, of course, be defined as
A =_[OV, rv.,w)dv, (E-4)

A formuia for the mean reiative speed is presented in Ref. 20, without
intermediate steps. However, one of the terms in the formula contains the error
function with the obviously incorrect (dimensional) argument [ 4“2 -w], whereas
elsewhere in the formula the (dimensionless) product x = 8“3 appears. Thus, one
would expect that the argument of the error function should probably be «, a
surmise consistent with the equations in Appendix B of Ref. 20 and with formula
3.562.5 on p. 365 of Ref. 25:

2 2
! Nei 22Qp+y) 7 y y
j; xeexp(-Bx )smh(yx)dx=[ Jexp{ } Erf[zﬁ"2J+4ﬁ?'

8ﬂ5/2 4'5
(E-3)
Hence, one can write
172
Doy =V, =m[;’—x(1+2%)Erf(x)+exp(-,v2)} , (E-6)
If one introduces the mean speed of the gas (i),

7| 2% (E-7)

e,
then

En /ywz=% (E-8)
and

rpy2=0/2 (E-8b)
with _

R=wlV,. (E-8¢)
Thus,

- 7”7 2

i Vg =05| 5 (1+24°)Erf (r)+exp(-x%) |. (E-9)




(t 1S readily shown, by using the series expansiun of Erf(x) given as Formula
7.1.6 inRef. 1, that

1 2

Lerfix .

yE == (E-10)
Hence, _

oo Vg =501 (E-11)

£.3 COMPARISON OF APPROXIMATE AND EXACT RESULTS.

Hence, the exact and both of the approximate formulas give the same resuit
at very low beam-speeds (2 — 0). At very high beam-speeds, the exact formula
for Zay/V, gives A; the general approximate expression, Eq. (E-2a), gives a,*#,

0 that the first approximate formula [Eq. (E-2b1)] gives the slightly smaller value
172

of (8/34) "R (=092 A and the second approximate formula [Eq. (E-2b2)} gives
A . Results from evaluating the exact and two approximate formuias for 7 =
0(0.1)3(1)10 are given in Tabie 38. For low beam-speeds (R < 1) the first
approximate-formula results are in excellent agreement with the exact results,
but the second approximate-formula results provide a better overall fit to the
exact results.
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Table 38. Comparison of two approximate methods with the exact method of
computing relative speed for monoenergetic beam in (ambient)
Maxwellian gas.

Relative speed, g, /¥ Relative speed, 7, /1
Approximate Eaq. Exact Eq Approximate Eq. Exact Eq

£ (E-201) (E-2p2) _ (E-9) A (E-2b1) (E-202) _ (E-9)
0.0  1.0000 1.0000 1.0000 19 20160 2.1471 2.1066

0.1 1.0042 1.0050 1.0042 20 20965 2.2361 2.1963
0.2 1.0168 1.0198 1.0168 2.1 21779 2.3259 2.2870
0.3 1.0375 1.0440 10378 22 22602 2.4166 2.3785
0.4  1.0657 1.0770 1.0666 23 23431 2.5080 2.4707
05 1.1010 1.1180 1.1029 24 24268 26,07 2.5636
0.6 1.1426 1.1662 1.1462 25 25110 26926 26571
0.7 1.1899 1.2207 1.1961 26 25938 2.7857 27510
0.8 1.2423 1.2806 12518 27 26810 2.8792 2.8454
0.9 1.2991 1.3454 13129 28 27667 29732 2.9402
1.0 1.3597 1.4142 1.3787 29 28528 3.0676 3.0354
1 1.4238 1.4866 1.4487 30 29393 3.1623 31300
1.2 1.4907 1.5620 15224 40 38185 4.1231 403982
1.3 1 5603 1.6401 153993 350 47139 5.0990 50785
1.4 1.6321 1.7205 16789 6.0 36176 6.0828 €.0634
1.5 1.7058 1.8028 1.7609 70  6.5263 7.0711 7.0561
1.6 1.7813 1.8868 18449 80  7.4381 8.0623 8.049!
1.7 1.8583 1.9723 18307 9.0 83519 9.0554 9.0436
1.8 1.9365 2.0591 20180 100 92673 10.0499 10.0393

. —— - . ——— -t —— - ———— T —— T T ——— " —— — ———————— i ———— " . = ——

Relative speed i1s in units of the ambient mean speed. R is the ratio of beam
speed to ambient mean speed.




APPENDIX F

MAXWELLIAN ENERGY DISTRIBUTION

The (dimensionless) Maxwellian differential energy distribution function
7€) is

_» )¢ 3
f(:)-2J;exp(f), ¢s 7 (F1a,1b)

The integral distribution £(£) is
F(;)=[ff(;')d;' -7 + Erf[{¢] (F2)
where Erf(x) is the error function,

2
Erf(x)=—| exp(-£)d¢.
sher

(F3)
Figure 22 shows the differential and integral distribution functions.
0.5 T T T T T : 1.0
E > 409
0t - | Jos
[ «——— Maxwellian Differential ]
§ & Integral Energy ; 0.7
03¢ Distributions {os
| F dos
0.2 o4
]
o3
o1} 402
€ 0!
o’o' ......... | P | PP S S U U U U TR W S S UN YO SRS U W S VI SO U S S S Syt v, Oo
0 1 2 3 4 S

Figure 22. Differential [ /(g)] and integral [ ()| Maxwellian energy
distributions.
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