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1. INTRODUCTION 

This study examines the mechanism by which shaped-charge liners, when 

manufactured by the shear-forming process, produce jets which have the tendency to spin. 

In particular, both residual shear stress relief and anisotropic shear coupling are examined 

to determine what influence, if any, is had upon the shaped-charge collapse and 

subsequent jet formation procesóos. 

Where possible, analytical models are derived which reveal quantitative information on 

the phenomenon of shear-formed liner collapse. For problems which are not analytically 

tractable, finite element computations are employed, using a specially modified version of 

the Lagrangian DEFEL code (discussed in Section 4.3). The modifications to DEFEL were 

developed as part of the current research and include a unique implementation of the Hill 

yield function/Prandtl-Reuss flow rule formulation for anisotropic materials. This and other 

code development efforts are detailed in Appendices A and B. A list of symbols used 

throughout this document is provided near the end of this document. 

Some experimental tests have been performed during the course of this research. 

Though experimentation is not the focus of the research, the experimental data generated 

by the author as well as that drawn from other references are used to support the research 

in several ways: to show past efforts in the area of the current research, to show 

qualitative support for a proposed idea, and to provide input data to analytical models and 

computational simulations. 

1.1 The Conical Shaped Charge. 

Several authors123 have written good introductions on the history and process of 

shaped-charge collapse, which may be consulted for more detail. As such, only a brief 

summary is provided below for the reader’s convenience. 

Walters1 points out that the earliest reference to a hollowed charge dates to von 

Foerster in 1883. This hollowed charge principle became known in the U.S. as the Munroe 

effect, after Charles Munroe, who rediscovered the effect in 1888 for the U.S. Navy. The 

Munroe effect is the principle on which the modern shaped charge is based, in which the 

hollowed cavity is lined with a thin layer of inert material (called the liner). Upon 
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detonation, the focusing effect of the explosive collapses the liiici into a fast traveling jet, 

which constitutes an effective penetrator. 

In the modern axisymmetric shaped charge, the hollowed out portion of the charge 

generally assumes a regular geometric shape whose axis of symmetry coincides with that 

of the charge (two common examples for cavity shape are conical and hemispherical). 

This hollowed out cavity Is then lined with a thin layer of inert material. Metals are 

typically employed, with copper being the most common choice for the liner material. 

When the explosive is detonated along the liner’s axis of symmetry, at the end of the 

charge opposite the liner, the detonation wave, as It passes over the liner, accelerates the 

liner forward and towards Its axis of symmetry at a speed of several kilometers per second. 

Because the force of the detonation Is very large, the strength of the liner material 

Influences the liner collapse relatively little. Thus, the collapsing liner material behaves like 

a fluid. The velocity flow field established by the collapsing liner depends on many factors, 

Including the original shape of the liner, but will be described below for the collapse of a 

typical point initiated conically lined shaped charge. 

Liner elements adjacent to the liner apex are the first to strike the axis of symmetry, 

since they are the first accelerated by the detonation shock wave. In accordance with 

momentum and energy principles, a small fraction of the liner element from the inside 

surface of the liner, upon striking the axis, peels off and jets forward along the axis of 

symmetry. The velocity of the jet can be quite large, approaching ten kilometers per 

second. When viewed from the forward moving stagnation point of the collapsing liner, th s 

jetting phenomenon Is not unlike the situation of squirting a hose at an angle with respect 

to the pavement: a small portion of the water jets back along the pavement in the 

direction of the Incoming stream. As subsequent liner elements, progressing from liner 

apex to base, successively strike the axis of symmetry, a similar splitting of the liner occurs 

for each element. The result is a continuous stream of jetting material along the axis of 

symmetry for the duration of the liner collapse. This jet constitutes an effective penetrating 

element, capable of penetrating through rock, steel, or other materials in its path. The 

slow moving portion of the collapsed liner which does not jet forward in this coordinate 

system is called the slug. Though the slug constitutes the bulk of the original liner mass 

(approximately 80 percent), its relatively slow speed (less than a kilometer per second) 

prevents It from being an effective penetrator against rock and steel. A time sequenced 
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set of photographs are shown in Figure 1, which depict the progression of conical liner 

collapse, as well as jet and slug formation. 

One final issue which will be addressed regarding the formation of shaped-charge jets 

concerns the velocity distribution along the jet. For the case of the conical cavity shaped 

charge presently under discussion, there is less explosive accelerating liner elements near 

the base of the conical liner compared with those at the apex. As such, the collapse and 

subsequent jetting velocities of these elements is smaller than those from those liner 

elements previously jetted from the liner apex. The practical consequence of this velocity 

gradient is that the shaped-charge jet stretches in time, under its own inertia. The 

stretching process continues until such time that the jet can undergo no further axial stretch 

and breaks up into a sequence of discrete jet particles. 

1.2 Shear Forming for Spin Compensation. 

During the IQSO's, most military shaped-charge projectiles were fired from rifled barrels, 

which caused the projectiles to spin. A spinning projectile is necessary to provide 

aerodynamic stability. However the spinning, which enhances the ability to get a projectile 

to its intended target, adversely affects the functioning of shaped-charge projectiles. When 

detonated, the spinning shaped-charge projectile naturally produces a spinning jet. It was 

discovered that the penetration capability of a spinning jet degraded with increasing 

amounts of rotation. Means were sought to compensate for the spin of the projectile in 

such a way as to produce a non-rotational jet from a spinning charge. 

Several means were devised which would produce a spinning jet from a non-rotational 

charge, though the mechanisms behind this behavior were not well understood. Three 

such techniques involved modification of the shaped charge liner and included fluting, shear 

forming, and electroforming. These techniques are described in greater detail in 

subsequent sections of this chapter. When the sense of this built-in spin was employed 

opposite the natural spin of barrel rifling, the penetration characteristics of the resultant jet 

could be brought back to a level approaching that of a non-rotational jet. This technique of 

negating the effect of projectile spin is called spin compensation. 

One of the techniques mentioned above for providing spin compensation to conically 

lined shaped charges involves manufactu.mg the liner with the shear-forming process. The 

3 
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Figure 1. Time sequence of shaped charge collapse, with flash times 
inidcated in microseconds after detonation at apex. 
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origina! theories contended that this shear-forming process introduced spin compensation 

through one or more of severail means. One popular notion asserted that residual stress 

locked in the liner at manufacturing time was relieved during liner collapse to produce 

compensating characteristics in the jet. Another notion held that metallurgical anisotropies 

were introduced into the liner at the time of manufacture and that these anisotropies 

manifested themselves during collapse in the form of spin compensation. 

The best analyses done at the time on the nature of shear-formed spin compensation 

were semi-empirical, in that knowledge on the behavior of single crystals was used to infer 

the macroscopic spin compensation properties of shear-formed liners. Because global 

quantities like angular momentum were not rigorously conserved in the early analyses, 

speculation on the compensation mechanisms of shear-formed liners remained generally 

uncertain. 

It is the purpose of the present study to investigate the nature of the shear-formed 

liner collapse process from a macro-mechanical perspective; that is to say, a continuum 

mechanics viewpoint will be adopted to study the various mechanisms purported to effect 

spin compensation. Metallurgical and/or micro-mechanical phenomena are studied only 

insofar as they provide insight and/or data to be used in the continuum (macro-mechanical) 

model. The ultimate goal of this research is to ascertain which of the two mechanisms, 

residual stress or mechanical anisotropy, dominates the spin compensation process in 

shear-formed liners. 

1.3 Spin Compensation. 

The notion of shaped-charge spin compensation arose in the 1950’s when it was 

observed that the penetrating ability of a given shaped charge decreased when the charge 

was subjected to a spin prior to detonation. A spinning round is employed to provide 

aerodynamic stability. Several methods were discovered which could compensate for this 

penetration degradation, and are discussed in the following sections of this document. 

Figure 2 depicts the scaled penetration of two 57 mm liners versus the scaled spin rates of 

the charge.4 The liner manufactured with the drawing process, does not exhibit 

compensation properties, and has a maximum penetration when no rotation is present. 

Penetration values dropped off as the charge was spun in either direction. 
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Figure 2. Scaled penetration of two charges versus soin rate.4 
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On the other hand, the liner manufactured to exhibit spin compensation has the peak 

of its penetration versus spin rate curve at a non-zero value of charge spin. As shown in 

Figure 2, the shape of the compensated curve takes the same general shape as the 

uncompensated curve, except that it is shifted and may possess a slightly lower peak 

value of penetration. The value of spin compensation is defined as the charge spin rate at 

which penetration is maximized. Different liner designs are able to compensate for different 

magnitudes of spin. For ordnance situations, the optimal design to choose for a given 

application would have as a compensation value the negative of the designed projectile 

spin rate. 

Unfortunately though, there are practical limits on the spin magnitudes for which 

compensation is viable. The upper limit on the compensation magnitude is not only 

dependent on the compensation technique (e.g., shear forming, fluting, etc.) but also on the 

liner size. Zernow5 points out that the scaling law for geometrically similar charges dictates 

that the quantity (QD) be constant, where n is the charge spin rate and D is the charge 

diameter. However, the validity of such a relation hinges on the spin compensation 

mechanism scaling geometrically too. For some methods of spin compensation, like liner 

fluting, it seems quite plausible that the compensation mechanism scales geometrically. On 

the other hand, shear-formed and electroformed liners, which also exhibit spin 

compensation behavior, seem less likely to scale geometrically, since the compensation 

mechanisms are more closely related to the metallurgical grain structure within the liner, 

where geometric scaling does not necessarily hold. 

Various data are presented in Table 1, which represent a reasonably comprehensive 

compilation of compensating liner data.4'6-’8 Upon examination of the scaling parameter QD, 

one observes a fair amount of scatter in the data, particularly amongst the fluted liners. 

This scatter is not unexpected since the data also indicates that the liners in question are 

not precise geometric scales, as witnessed by the variable diameter to wall thickness 

ratios. Nonetheless, the data of Table 1 give an indication of expected spin compensation 

magnitudes. For shear formed liners, which are the topic of the current research, an 

average value of scaled compensation frequency (£2D) is found to be 2,850 mm rps. This 

value will be important during subsequent analyses, since it may be used to compute the 

expected compensation frequency of a typical shear formed liner of arbitrary diameter. 
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TABLE 1. Shaped Charge Liner Spin Compensation Data from the Literature. 

Liner Liner 
Type Diameter 

D (mm) 

Liner Diameter to 

Thickness Thickness Ratio 
t (mm) D/t 

Spin 
Compensation 

Í2 (rps) 
n D Ref. 

(mm rps) 

Fluted: 

41 

41 

41 1.22 33.9 

41 

59* 1.75 33.7 

72 2.66 27.1 

89 2.66 33.5 

89 

89 

96 3.56 27.0 

96 3.56 27.0 

180 

250 

185 

150 

140 

95 

50 

30-45 

50 

65 

65 

7380 4 

10250 4 

7585 10 

6150 9 

8260 11 

6840 16 

4450 12 

2670-4005 6 

4450 4 

6240 14 

6240 16 

Shear Formed: 

74 

89 

89 

89 

89 

2.66 33.5 

25-35 1850-2590 18 

30-45 2670-4005 7 

30-45 2670-4005 15 

30 2670 13 

26 2314 4 

Electroformed: 

89 2.41 

89 

89 

36.9 30 2670 17 

45 4005 8 

45 4005 15 

*liner diameter not explicitly mentioned, but inferred from following data: 

-projectile diameter = 75 mm, 

-projectile dia. exceeds charge dia. by 16 mm in both 57 mm and 105 mm charges, and 

-59 mm liner dia. makes the liner a geometric scale of 57 mm and 105 mm charges. 
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1.3.1 Shear Forming. 

As mentioned above, the shear forming of shaped-charge liners provides a means to 

compensate for charge spin. Shear forming is commonly known by several other names 

which include rotary extrusion, spin forming, shear spinning, and flow turning. The shear¬ 

forming process, for shaped-charge liner manufacture, has been employed for nearly 30 

years.1,18 20 Essentially, the process is employed to produce axisymmetric forms by pressing 

a rotating tool against a rotating workpiece (originally in the shape of a flat disk), so that 

the workpiece deforms and assumes the shape of the mandrel (Figure 3). For 

compensating shaped-charge liners, the mandrel is conical in shape. The shape of the 

mandrel governs the profile of the inner surface of the deformed workpiece, and the path 

of the tool determines the outer profile of the deformed workpiece, the final thickness of the 

workpiece being determined by the preset spacing between the final tool path and the 

mandrel. 

1.3.2 Fluting. 

Another means to compensate for charge spin, which was mentioned above, is a 

technique known as liner fluting. Historically the most popular means of providing spin 

compensation, fluting a liner involves the introduction of surface contours to the liner known 

as flutes. A fluted liner still retains the basic shape of the liner (e.g., conical), but has 

periodic, controlled variations in the inner and/or outer surface of the liner. A cross section 

of a typical fluted liner is shown in Figure 4, where the surface variations known as flutes 

are clearly seen. 

Spin compensation by fluted liners was studied extensively by Eichelberger and Pugh4 

in the 1950’s. By appropriate design of flutes, they deduced that rotation could be induced 

in shaped-charge jets. However, the magnitude and even directional sense of 

compensation varied with flute design in a way which was not well understood. Recently, 

Weickert and Chou221 have employed finite element techniques to model the collapse of 

fluted liners, in which they conclude that liner and explosive are counter-rotating. 

Lagrangian mesh distortion forced computation to be halted prematurely, so that 

determination of the angular momentum partition between jet and slug was impossible. 
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Figure 3. The shear-forming process for shaped-charge liners. 
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Figure 4. Cross sectional view of a typical fluted liner- 
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1.3.3 Electroforminq. 

The final technique, which was mentioned above, used to compensate liners for charge 

spin involves electroformation. Electroformed liners are manufactured by way of the 

electrodeposition process. With this process, a rotating mandrel, whose shape corresponds 

to the inner surface of the desired liner, is immersed in electrolytic fluid containing ions of 

the liner material. When current is passed to the mandrel, by way of the working fluid, 

ions of the liner material in the solution are deposited on the mandrel. When the 

deposited thickness of liner material is sufficient, the process is complete and the 

electrodeposited liner may be machined to final tolerances. Presumably because of the 

rotation of the manarei, electroformed liners exhibit spin compensation behavior. The 

mechanism is surmised to be metallurgical in nature, which manifests itself in the form of 

anisotropy. Though little, if any, theoretical work has been done on the compensation 

mechanisms of electroformed liners, Simon and Zernow815 have experimentally 

demonstrated the ability of electroformed liners to compensate to a degree similar to shear 

formed liners. 

Though the present research concerns itself with shear-formed liners, much of the 

work, as it pertains to the mechanism of anisotropy, are relevant to the topic of spin 

compensation in electroformed liners as well. 

2. THE EFFECT OF CHARGE ROTATION UPON SHAPED-CHARGE JET 

FORMATION 

Interest in spin compensation was aroused when it was found that shaped charges 

experience a degradation in penetration as a direct result of spinning the charge. Since 

many shaped charges for military application were found in projectiles which were fired 

from rifled barrels, considerable resources were allocated by the military during the 1950's 

to study the issue of spinning jets and spin compensation. 

When a projectile is fired from a rifled barrel, it acquires a spin rate which is 

dependent on both the muzzle velocity and the amount of rifling. Typical projectile spin 

rates fall in the 35 to 250 revolutions per second (rps) range. Were a shaped-charge jet 

subjected to such modest rotation rates, penetration degradation would not be a problem. 

However, the liner collapse process takes liner material from a radius on the order of 
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magnitude of the projectile diameter, and concentrates it along a jet, whose diameter may 

approach as little as 1 percent of the projectile diameter. Under these conditions, the jet 

will attempt to acquire a very large rate of rotation (tens of thousands of rps), in 

accordance with principles governing the conservation of angular momentum. 

Unfortunately, the stresses that build up in a jet particle, as a result of excessive 

rotation rates, can exceed the yield strength of the material. Under these circumstances, 

the jet particle may split into two or more fragments (bifurcate or polyfurcate), each 

expanding radially from the axis of symmetry. It is this radial fragmentation of the jet 

which results in the degraded penetration. 

2.1 Analysis. 

In order to evaluate the conditions required for jet bifurcation, one must evaluate the 

stress acting on a rotating jet particle. The angular velocity of the jet particle must, 

however, be ascertained first. To this end, both the Ballistic Research Laboratory (BRL)22 

and Dyna East Corporation23 have studied the influence of spin upon the collapse of, and 

stress state within, a cylindrical ring (meant to simulate a collapsing liner element). In the 

BRL study, the thickness of the ring was ignored, which precluded the ring from ever 

collapsing fully to the axis. In the Dyna East study, the thickness of the ring was retained, 

but was assumed thin enough so that the radial component of stress was identically zero. 

In the current analysis, neither of these limiting assumptions apply. The only assumption 

currently made is the assumption of an infinitesimal void within a forming jet element. This 

assumption was not necessary for the solution of the problem, but instead offers a worst 

case scenerio as to the stress state within the jet, since the infinitesimal void is found to 

introduce a stress concentration factor of two. 

Figure 5 depicts the relationship between the moments of inertia for material initially in 

the liner, which eventually becomes a jet segment. Since the angular momentum is 

conserved during liner collapse, and the initial angular velocity of the charge is Q, then the 

angular velocity of the jet segment (œ) is given by 

13 



Figure 5. Moment of inertia relationship between a liner 
element and its resulting iet segment. 
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where: 

fj - jet radius of element in question, and 

R - radius of liner element that produces jet segment of radius r,, 

The theory of elasticity allows for the calculation of the stress distribution in the rotating jet 

(modeled in the worst case as a plane stress rotating disk). Knowledge of the elastic 

stress state within the rotating particle permits one to analyze the post-elastic behavior of 

the particle, when yielding is reached. If elastic incompressibility is assumed, as well as an 

infinitesimally small void at the center of the jet (this stress concentration factor is not an 

unreasonable assumption from a topologica' point of view), then Timoshenko24 shows that 

the maximum stress differential occurs at the void. The Tresca yield condition implies that 

yielding (and thus fracture, if a perfectly plastic liner is assumed) will occur when this 

maximum hoop stress (oe), given by 

' 2 
- 0(1) 
8 

(2-2) 

exceeds the yield strength of the jet. In equation (2-2), the term p represents the density 

of the liner material. This failure criterion (2-2) may be related to the original liner spin 

rate with the use of equation (2-1), and is given as 

2.2 Comparison with Experiment. 

Results of the Dyna East DESC code, were used to model the collapse of a BRI. 81 

mm charge, which is a 42 degree, copper lined, conical shaped charge. Values of (œ/Q), 

jet radius, and jet velocity have been computed along the jet at the typical jet breakup time 

of 125 ps. Breakup, as it is used here, does not denote the radial bifurcation which results 

from excessive rotation. Rather, it refers to the normal axial partition of the jet into a 

discrete fragment train, which arises because of the velocity gradient present in the jet. 
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At the jet breakup time of 125 n.s, the maximum ratio of jet rotation rate to charge spin 

rate is on the order of 1,000. Zernow and Simon” were able to rotate an 89 mm copper 

liner to 15 rps uetore bifurcation occurred. If the 81 mm charge under consideration were 

rotated at 15 rps. then the jet should be rotating as high as 15,000 rps at breakup time. 

One complete rotation of a jet segment rotating at 15,000 rps takes place over the span of 

67 ^s. Thus, one might expect the jet to make two complete revolutions between 

formation and breakup time at 125 ns. Figure 6 portrays the projected angular velocity 

distribution along the jet, as a function of the jet’s axial velocity. Because of the fact that 

the jet radius varies along the jet prior to axial breakup, tne shape of the maximum hoop 

stress curve, plotted in Figure 7 as a function of jet velocity, is slightly different than that of 

angular velocity. Thus, if the failure stress of the jet were low enough, Figure 7 would 

indicate that the central portion of the jet would be expected to bifurcate from excessive 

rotation, since the stress state in this region is the highest. The fact that Figure 7 

indicates that the jet should begin bifurcation in the middle of the jet agrees qualitatively 

with Figure 8, which portrays three views of an 89 mm liner spun at a rate of 30 rps.” 

3. RESIDUAL STRESS 

Residual stress relief in shaped-charge liners has been analyzed to determine the 

magnitude of jet rotation which may be imparted to a jet. In particular, it is desired to 

determine the liklihood that these stresses are large enough to produce the spin 

compensation which is experimentally evident from shear-formed liners. There exist an 

infinite number of residual stress systems which are feasible, though few are likely to 

produce spin compensation. In this analysis, a pure shear system will be studied, which 

seems most likely to produce spin compensation. 

To imagine such a system, consider two press fitted thin-walled cones which, after 

being subjected to equal and opposite circumferential traction distributions at their interface, 

are welded together, thereby locking the stress distribution in place. Such a system is 

shown in Figure 9. where the surface traction per unit area, after welding, becomes the 

residual shear stress distribution tr,e at the interface. If the quantity 5 represents the 

normal wall thickness of the inner cone, and the cone taper is small enough where the 

cone surface norma! r’ can be approximated by the radial vector r, then the equilibrium 

relation for a slice from the inner cone (the free body diagram of which is depicted in 

Figure 10) is approximated to the first order by 
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Figure 9. Residual stress system under consideration, formed bv welding 
together two flush cones after applying opposite and equal 
traction distribution along weld interface. 
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Figure 10. Free body diagram of a residuallv stressed liner slice. 
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(3-1) 
dz 5 

Thus, specification of a distribution will yield a xz0 distribution immediately. If xz0 

does not fluctuate wildly in z, then an order of magnitude analysis reveals that 

X re 
(3-2) 

where L is the length of the cone. Thus, if the cone assumes the dimensions of a typical 

shaped-charge liner, where 5«L, it is obvious that xre«xz9 so that xz0 will be the limiting 

stress when yield conditions are taken into consideration. Thus, an approximation to the 

von Mises yield condition is 

k = (¾2 (3-3) 

where k is yield strength in simple shear. 

In trying to evaluate the nature of spin compensation that might occur as a result of 

residual stresses, one must consider how the residual stresses might release themselves 

upon liner collapse. For purposes of illustration, the weld line of our two cone system will 

be taken to be the split line of the shaped-charge liner (i.e., that imaginary contour in the 

liner that separates material which will become jet from that which will become slug). Two 

possibilities exist, both of which consider stress relief following the removal of the welded 

interface of the two cone system: 

Mode 1 : after the liner element reaches the axis of symmetry and splitting occurs 

(i.e., the jet/slug interface disappears), xr0 can no longer resist torque and dxz0/dz 

accelerates the forming jet circumferentially; or 

Mode 2: as the liner element undergoes the initial shock of detonation, a spallation 

occurs on the inner skin of the liner, thus forcing the xr0 distribution to zero and allowing 
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dt20/dz to circumferentially accelerate the liner during the collapse process. This mode of 

stress relief is depicted in Figure 11. 

It will be shown that mode 2 has the potential to accelerate the liner to a greater 

degree, because the stresses accelerating the inner skins of the liner occur at a much 

larger radius than in mode 1, thus implying a larger accelerating torque. For both modes, 

the governing relationship is 

(3-4) 

where T is the accelerating torque and I is the moment of inertia of the circumferential liner 

element. 

3.1 Residual Stress Mode 1: Circumferential Acceleration after Jetting. 

During the stress relief that occurs after jetting, it will be assumed that the jet 

segment’s radius (and therefore its moment of inertia) does not change significantly. 

Though this assumption is not strictly true, the quantitative evaluation which follows this 

analysis computes the moment of inertia based on the smallest jet radius (that which 

occurs at jet breakup), which will in fact tend to yield the largest values of jet rotation rate 

(the liberal estimate). Equation (3-4) thus reduces to 

O) 
1 

T 
(3-5) 

Furthermore, if the accelerating torque is assumed to be linearly decaying during the 

duration of stress relief At, from a value of T0 to 0, then the jet’s final angular velocity may 

be expressed as 

o) = IlA1 . (3-6 
2 I 

Upon jet formation, the liner segment originally of length Az has stretched during liner 

collapse and jet formation to length AÇ. The unbalanced stress across this jet element 

however, is still dx20/dz Az. If one assumes that this unbalanced stress acts uniformly over 
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Figure 11. Mode 2 stress relief, which occurs after liner shock, and prior to iet formation. 
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the whole jet cross section, of radius r, then the accelerating moment on the jet segment 

of length AÇ is given by 

2jt 3 dtze 

3 rj "dz 
Az (3-7) 

The moment of inertia of the jet segment under consideration is simply 

I = 1 p AÇ jc r4 
2 1 

(3-8) 

Thus, one may employ equations (3-5)-(3-8) to determine the angular velocity of the jet 

particle: 

2 (dxze/dz)At Az 
to = - -- — 

3 p r, AÇ 
(3-9) 

By applying the principle of mass continuity, the jet radius appearing in equation 

(3-9), may be ascertained in terms of the liner segment's initial radius R, liner thickness 5, 

the liner half angle a, the linar and jet segment lengths dz and d£, and the liner segment 

mass fraction (f) which eventually forms into jet. The expression for ^ is 

2 RfS Az 

cos a AÇ 

(1/2) 
(3-10) 

Equations (3-9) and (3-10) may be combined to express the jet angular velocity (to) of the 

formed jet segment as a result of mode 1 residual stress relief: 

0) 
V2 (dxz0 /dz)At 

~3 p 

COS a Az (1/2) 

r f ô AÇ ; 
(3-11) 

It is unlikely that residual stress relief would occur for a long period of time following jet 

formation. However, a liberal assumption will be made in which stress relief occurs 

between the time of jet formation and the time of jet breakup. If we thus apply equation 
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(3-11) to the case of a BRL 81 mm charge (like the one analyzed in Section 2.2), a 

quantitative estimate may be obtained of the rotation rate likely to occur from mode 1, 

residual stress relief. Recall that spinning the BRL 81 mm charge at 15 rps would likely 

produce rotation rates as high is 15,000 rps at jet breakup time. 

Figure 12 shows an idealized tz0 distribution which satisfies the boundary condition 

Tze(L)=0, while attempting to maximize the effects of residual stress relief. The magnitude 

of the slope of the stress distribution in the region of the liner which forms the bulk of the 

jet (.4 < z/L < .9) is (2k/L), where k is the yield strength of the material in simple shear. 

Other measured (or calculated) parameters for the BRL 81 mm shaped-charge liner are: 

duration of stress relief 

density 

radius of typical liner element 

shear strength of copper 

length of liner 

thickness of liner 

mass fraction into jet 

liner half angle 

breakup jet length/liner length 

: At = 125 (is 

: p = 8.9 g/cc 

: R = 35 mm 

: k = 1.7 kbar 

: L = 130 mm 

:5 = 1.5 mm 

: f = .2 

: a = 21 degrees 

: AÇ/Az = 6.5 

Substitution of these parameters into equation (3-11) give an angular velocity of 2,023 rad/s 

or 322 rps. This number is much smaller than the 15,000 rps which would be produced by 

the 81 mm liner rotated at 15 rps. In fact, the magnitude of spin for which this residually 

stressed liner element may compensate may be computed, using equation (2-1). The 

result is less than 1 rps. As a result of these computations, one is forced to conclude that 

mode 1 residual stress relief is not the primary mechanism which contributes to spin 

compensation in shaped charges. 

3.2 Residual Stress Mode 2: Circumferential Acceleration after Liner Shock. 

Recall, during this mode of stress relief, that the shear stress component tr0 

disappears following shock acceleration of the liner. Such a condition would be 

conceivable if, for instance, the liner spalled after being shocked. For this mode of stress 

relief, it is assumed that acceleration occurs in a very small time frame after liner shock, 
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Figure 12. Idealized xl0distribution assumed for residual stress analysis. 
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during which time the radius (and hence moment of inertia) of the liner element changes 

negligibly. Thus, equation (3-4) again reduces to equations (3-5), (3-6). 

Note that the difference from mode 1 is the radius at which acceleration occurs (jet 

radius for mode 1, and liner radius for mode 2). If R is the initial radius of the liner 

element corresponding to a liner segment of axial length dz, then using the nomenclature 

of the previous section, the accelerating torque on the liner is given by 

T0 = 

dx ze 

dz 
Az 

2k RÔÏ 

cos a J 
(3-12) 

The first term of equation (3-12) represents the unbalanced stress acting on the liner 

element. The next term is the area over which it acts, and the final term is the moment 

arm for the unbalanced stress. The moment of inertia of the liner segment is simply 

2rt p R3 6 Az 

cos a 
(3-13) 

Thus, the angular velocity of the liner element (see equation (3-6), which is also valid for 

mode 2 stress relief), while still located at radius R, is given by 

Q 
(dT20/dz) At 

2 p R 
(3-14) 

This angular velocity expressed in (3-14) is the angular velocity which a liner element 

possesses prior to collapse. It is, in essence, the angular spin rate for which the liner 

element is able to compensate. This liner element, even in the absence of additional 

accelerating torques, will continue to accelerate circumferentially as its radius decreases 

during the subsequent jet formation process, in accordance with equation (2-1). The 

resulting jet element acquires an angular velocity of (substituting equation (3-10) for ^) 

(dxz0/dz) At cos a AÇ 
a) = - — 

2 p f 6 Az 
(3-15) 
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Making the same assumption about the xze distribution as for mode 1 stress relief, and 

using the typical values of parameters for the BRL 81 mm shaped charge: 

duration of stress relief 

density 

radius of typical liner element 

shear strength of copper 

length of liner 

thickness of liner 

mass fraction into jet 

liner half angle 

breakup jet length/liner length 

: At = 10 ps 

: p = 8.9 g/cc 

: R = 35 mm 

: k =1.7 kbar 

: L = 130 mm 

:6 =1.5 mm 

: f = .2 

: a = 21 degrees 

: AÇ/Az = 6.5 

equations (3-15) and (3-14) give a jet rotation rate of 4,727 rps, which equates to a charge 

compensation capacity of 6.6 rps. This value, though larger than that expected from mode 

1 acceleration, is still much smaller than that experimentally observed from shear-formed 

liners. 

It can be seen that the data used for mode 2 stress relief differs from that of mode 1 

in one fashion: duration of stress relief is only 10 ps as compared to 125 ps. This 

difference arises because of the fact that compensation must occur during collapse, and 

not after jet formation. The duration of collapse seen by a liner element, from the onset of 

shock until jet formation, for the 81 mm charge being studied, is less than 15 ps for the 

typical jet element. An assumption of the current analysis is that the jet radius does not 

change appreciably during the duration of circumferential acceleration. In this sense, the 

current analysis overestimates the compensation ability of mode 2 stress relief, because the 

accelerated liner element is permitted to conserve angular momentum from its initial radius 

R, in equation (3-15). In fact, at the conclusion of the 10 ps acceleration, the radius of the 

liner element would be significantly smaller than its initial radius. As a result, conservation 

of angular momentum, taken from the smaller radius following acceleration, would result in 

less compensation ability. 
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3.3 Residual Stress: Summary. 

Analyses were performed to determine the ability of a residually stressed liner to 

circumferentially accelerate a shaped-charge liner to produce a rotating jet. The analyses 

provided consider a pure shear stress state in equilibrium in which one of the shear 

components is disturbed by the collapse of the liner. For a mode 1 collapse, the shear 

stress disturbance does not occur until the jet forms at the collapse axis. For mode 2 

collapse, the stress disturbance occurs when the liner is explosively shocked. 

Mode 2 collapse provides for a jet with a rotational velocity approximately one order of 

magnitude larger than mode 1 collapse, with rotational jet velocities, at breakup, on the 

order of 5,000 rps. However, such rotational jet velocities, when related back to spin 

compensation frequencies, are only about 6 rps, and are much lower than the 

experimentally observed values of 30-45 rps. 

Despite all the liberal assumptions taken in an attempt to make spin compensation via 

residual stress relief more feasible, the analyses for both modes of stress relief indicate 

that residual stress, if present, can not alone account for the values of spin compensation 

observed in shear-formed liners. 

4. ANISOTROPY 

Early on in the study of shear-formed liners, anisotropy was proposed as a possible 

mechanism causing spin compensation. The early attempts at understanding the shear- 

formed compensation phenomenon were generally performed by metallurgists, who used 

simple x-ray diffraction as a means of measuring the degree of anisotropy in the liner. 

Poulter’s26 technique involved aiming an x-ray beam at a liner element, in such a way that 

the beam was coplanar with the liner axis of symmetry. The angle formed between the 

beam and the liner was fixed, and the intensity of the diffracted beam was measured (at a 

particular reflection angle) as the liner was rotated, so that diffraction measurements were 

acquired around the complete circumference of the liner. Variations in the reflected 

intensity were indicative of anisotropy, and qualitative parallels were drawn between this 

measured anisotropy and subsequent jet performance. 
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Though Poulter’s technique may have helped to enhance understanding of the spin 

compensation process, it failed to draw any quantitative conclusions regarding the spin 

compensation frequency. Possibly for this reason, Simon and Martin’8 approached the 

problem differently. Their technique involved scribing a radial line on the liner blank (the 

disk-shaped piece of metal prior to shear forming) and measuring the angle which this 

scribe mark rotated circumferentially during the shear-forming process. This deformation 

angle is a crude measure of the shear strain introduced into the liner during the forming 

process. They then correlated empirically the deformation angle to the spin compensation 

frequency of the liners under consideration. 

Later attempts aimed at correlating anisotropy to spin compensation were performed by 

Gainer, Glass, and Moss’920 who used an x-ray diffraction technique. Their study was 

much more comprehensive than earlier studies, in that x-ray diffraction intensities were 

measured for a variety of incidence angles, thereby introducing metallographic pole figures 

to the study of spin compensation. Pole figure data were correlated back to crystal 

orientation within the liner. X-ray diffraction data were gathered for various locations 

beneath the liner surface, which were exposed via chemical etching. Finally, data derived 

on crystal orientation were empirically correlated to the spin compensation frequencies of 

the liners under consideration. 

Metallographic pole figure analysis continues to be used, by Witt, Feng, and Lee,2731 to 

gauge anisotropy in shaped-charge liners. The emphasis in these more recent studies 

tends to be on determining properties of metal formability, rather than the nature of spin 

compensation. In fact, since the shear-forming process is today being used to manufacture 

liners which are not intended to compensate, pole figure analysis is used in conjunction 

with heat treatment as a means to verify the removal of metallurgical anisotropies from the 

liner. These recent studies are indicative of a more general trend in the shaped-charge 

community to emphasize the importance of metallurgy on the performance of jets.32 35 

One common thread in each previous effort is the semi-empirical nature of the 

analysis. It is not hard to understand why this is the case, when one considers the multi¬ 

disciplinary nature required for the solution of this complex problem. A full treatment of the 

problem requires three discrete steps: 
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1. an understanding of the metallurgy within the shear-formed liner (e.g., properties 

like grain size, dislocation density, crystallographic orientation, etc.); 

2. the ability to transform these metallurgical properties of the liner material, 

determined in step one, into macroscopic continuum anisotropic mechanical properties (e.g., 

Young’s moduli, yield strengths, etc.); and finally, 

3. a continuum mechanical analysis of shaped-charge jet formation, employing the 

anisotropic mechanical properties obtained in step two. 

The successful conclusion of step three will result in the determination of the spin 

compensation properties of the liner at hand. Previous efforts'92027 31 have been aimed at 

understanding the metallurgy of the liner, in accordance with step one. Step two is not 

unique to the problem of shaped-charge collapse, but is a field of study in its own right, 

having been given the name quantitative texture analysis. Though of longstanding concern 

to scientists, the interpretation of preferred crystal orientation has only recently reached a 

level of understanding to where quantitative methods have been employable.36 Modeling of 

shaped-charge jet formation is an area which has been studied extensively for isotropic 

liners. To the author’s knowledge however, no previous work has been done in modeling 

the collapse of anisotropic liners. As such, it is step three which is the focus of the current 

research. 

4.1 Determination of Anisotropic Mechanical Properties. 

In order to model the spin compensation capacity of an anisotropic liner, the material 

properties must be available. In the previous section, a three step technique was proposed 

by which the complete characterization of shear-formed liner compensation could be 

accomplished. It was also pointed out that the third step, the continuum mechanical 

modeling of anisotropic liner collapse, was to be the focus of the current reseaxh. The 

first two steps, though beyond the scope of the current research, are discusseo within the 

following section of this report. In particular, the actual techniques for accomplishing 

material characterization from metallurgical considerations are discussed. 

For the current research, material characterization is still important. In the absence of 

metallurgical tests, however, tensile testing of specimens was performed on rotary forged 
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copper, whose anisotropic characteristics are believed similar to those of shear-formed 

copper. These tests and their rationale, will be addressed in Section 4.1.2 of this report. 

4.1.1 Metallurgical Determination of Properties. 

The determination of mechanical properties from the knowledge of crystallographic 

orientation is in the domain of quantitative texture analysis. The first phase of the 

determination requires the acquisition of the metallographic pole figure for the material in 

question. A po'e figure is an empirical measure of crystal plane orientation density 

expressed in a graphical format by way of a stereographic projection, an example of which 

is shown in Figure 13.37 For each type of crystal, (e.g., face centered cubic) there are 

several principal crystal planes (e.g., 111, 220) whose orientation density may be 

measured. The orientation density of each crystal plane is characterized by a separate 

pole figure, the set of which characterize the texture of the specimen. 

Pole figure acquisition is an experimental procedure by which x-rays are diffracted from 

a specimen surface at a variety of incidence angles, with the various reflections being 

measured. A practical problem which arises in the acquisition of pole figures is one of 

grazing angles of x-ray incidence. In particular, the already small size of the specimen 

appears minute at grazing incidence angles, which thus prohibits the acquisition of the 

reflections at such angles. However, methods have been developed to fill in the gaps of 

these incomplete pole figures, by making use of the fact that pole points which fall onto the 

missing range of one pole figure will have a pole in the available range of another pole 

figure. 

With a complete pole figure set in hand, the next step in material characterization 

involves the determination of the orientation distribution function (ODF) of the material.36 

The ODF specifies the volume fraction of crystals aligned in any arbitrary direction. 

Because there are a set of orientations which will reflect to the same pole location, the 

pole figure intensity at a given location represents an integral of the ODF over these 

orientations. Thus, were one given the ODF initially, determination of the pole figures 

would be a straightforward task. However, the reverse is not true. As such, various 

methods (e.g., the harmonic method, the vector method, and the WIMV method, named for 

its authors Williams, Imhof, Matthies, and Vinel) have been developed for extracting the 

ODF from the pole figure set. 
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Figure 13. (110) pole figure of recrvstallized low-carbon steel.37 

T.D. 
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Once the ODF is determined, the final step is to determine the macroscopic yield 

parameters. Codes presently exist38 which convert the ODF into such a set of anisotropic 

yield parameters compatible with continuum yield conditions like that of Hill.39 To 

accomplish this, these codes couple knowledge of the single crystal behavior of a material 

with the determined ODF. 

4.1.2 Experimental determination of properties. 

In hopes of acquiring material data on which to base the subsequent liner collapse 

analysis, tensile tests were performed. Because shear-formed shaped-charge liners are 

conical in shape and hollow, it is impossible to acquire straight tensile tabs from the liner in 

the various orientations necessary to characterize the degree of mechanical anisotropy. 

This being the case, an alternative metalworking process was required which employed a 

shearing action similar to shear forming and at the same time could produce a flat 

workpiece from which surrogate tensile tab specimens could be cut. Because of its 

similarity to the shear-forming process, rotary forging was chosen as the alternative process 

to study the effects of metalworking on mechanical anisotropy. The tests were merely 

designed to reveal information on the magnitude of mechanical plastic anisotropy which 

might be introduced into a copper liner as a result of the shear-forming process. Though 

elastic anisotropy was considered a viable compensation mechanism early on in the study, 

it was recognized that the elastic properties of copper were not going to acquire a 

significant degree of anisotropy from the shear-forming or rotary forging process. As such, 

and based on the recommendations of Franz,40 it was decided not to expend resources 

acquiring elastic data. 

Various types of the rotary forging (also known as orbital forging) process are depicted 

in Figure 14, and have been described in some detail in the literature41. The process 

consists of two forging dies whose axes of symmetry are not quite parallel, but which 

intersect the axis of the workpiece. Through rotational and/or orbital motion of the dies, 

the axisymmetric workpiece is forged. The advantage of the rotary forge lies in the fact 

that only a fraction (typically 20 percent) of the workpiece is in contact with the dies at any 

instant, so that a fraction of the forging tonnage is required for a given workpiece. 

A series of tests were done on specimens cut from rotary forged copper disks in order 

to characterize the plastic anisotropic mechanical properties of rotary forged copper. Disks 
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Figure 14. Types of rotary forges: (a) Type 1a is only one die is driven and one follows. 
Type 1b if both dies are driven; (b) Type 2. and (c) Type 3. 
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were rotary forged by Dyna East Corporation with various percent reductions in such a way 

as to give nominally identical final disk thicknesses. Dog-bone tensile tabs were then cut 

from the disks by Dyna East to produce radial, tangential, and skew specimens as depicted 

in Figure 15. The specimens were then delivered for mechanical testing. 

4.1.3 Tensile test results. 

The size of the tensile tabs (1” total) was limited by the size of the rotary forged disks 

(~3.5" diameter) which, in turn, was limited by the maximum force of the forge (50 tons). 

Unfortunately, the size of the tabs was such that an extensiometer could not be fit to the 

available gauge length of the tabs (.25‘ ). As such, an accurate measure of dynamic strain 

is not available from the data. Nonetheless, grip displacement has been used in place of 

the extensiometer to provide a measure of strain, albeit less accurate than an 

extensiometer. The hysteresis of the equipment is such that strain sensitive measurements 

such as the Young’s modulus are grossly inaccurate, though general stress strain behavior 

may be ascertained from the data. Fortunately, the measurement of maximum engineering 

tensile stress, which for the cold worked copper in question is roughly equal to the yield 

strength, is not affected by the use of grip displacement as a basis for strain measurement. 

Occasional slippage between grip and specimen was noted, but redundant testing provided 

the means to remove anomalies from the data. 

In addition to the several samples which were cut directly from unworked bar stock, 

specimens were cut from rotary forged workpieces which had undergone 50, 70, 80, and 

90 percent reductions. Tensile strength noticeably increased with increasing amounts of 

workpiece reduction (from 37 ksi [2.55 kbar] for the unworked copper to 56 ksi [3.86 kbar] 

for copper reduced by 90 percent), as seen in Figure 16. Engineering fracture strain 

decreased from approximately .42 for unworked material to .25 for all values of reduction 

tested, the fracture strain seemingly insensitive to the amount of cold work (the strains are 

based on the original gauge length of the specimen, with localized necking effects being 

ignored). 

Variation of strength with planar specimen orientation only became significant with 

reductions above 80 percent. For specimens undergoing 90 percent reduction, yield 

strength in the radial and tangential directions was 95.8 percent of that in the skew 

direction. These results are in agreement with work of Baldwin,42 which indicates that the 
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Figure 15. Details of rotary forged dog bone specimens used for tensile testing. 
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Figure 16. Yield strength versus percent workpiece reduction, 
for three orientations of tensile specimen. 
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percentage of grain alignment in copper (grain alignment being responsible for mechanical 

anisotropy) only becomes significant for reductions in excess of 80 percent. It should be 

pointed out that Baldwin’s measurements were taken after the reduced specimens were 

annealed, whereas no annealing was performed in the present tests, since shear-formed 

shaped-charge liners are generally not annealed after forming. Annealing of severely 

reduced specimens has the unique effect of producing a large percentage of cubically 

aligned grains in the structure of copper, which produces a characteristic strength versus 

orientation relation which is shown in Figure 17.42 In spite of the fact that annealing was 

not done on the present specimens, a strength dependence was noted with specimen 

orientation which qualitatively agrees with Baldwin's data. 

In particular, tangential and radial strengths were roughly equal, while strengths of 

specimens in the skew direction (45 degrees with respect to the circumferential "rolling" 

direction) are greater than strengths in the radial and tangential directions. However, the 

observed strength in the skew direction is only 4.6 percent greater than radial and 

tangential strengths (which were roughly equal), while the copper strip data of Figure 17 

indicates an 8.5 percent increase in tensile strength. Discrepencies may be attributed to 

several factors. The data in Figure 17 is for annealed electrolytic copper specimens, in 

contrast to the oxygen free, high conductivity non-annealed specimens used in the present 

study. Consider also the fact that only one small region of the gauge section of a skew 

oriented specimen used in the present study (Figure 15) is oriented at 45 degrees with 

respect to the tangential. The effect of this second factor is exaggerated because of the 

relatively large size of the specimen with respect to the workpiece coupled with the fact 

that change of strength with orientation (indicated by Figure 17) is large in the vicinity of 

the 45 degree skew direction. Additionally, Baldwin42 points out that actual strength values 

reported by various authors do not coincide, though the general shape of the strength- 

orientation curves follow the same pattern. 

In addition to studying the variations in properties that occur in the plane of the rotary 

forged specimen, it is desired to see whether these planar properties are different from 

those normal to the plane of the rotary forged workpiece. To do this, width (w) and 

thickness (t) measurements were taken at various locations along the gauge length of the 

broken tensile tabs. A fit was made to the measurements to determine the so called "r- 

value”, which is a constant, defined as 
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Figure 17. Characteristic strenath/elonoation versus orientation 
graph for rolled copper sheet.42 ~ 
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r = £* / e, = In (w/w0) / In (t/to) (4-1) 

By manipulating equation (4-1) into the form 

ln(w) = r ln(t) + B . (4-2) 

where B •-= ln(w0) - r ln(t0), the logarithms of the measured thickness and width values were 

used in a least squares fit to determine values of r and B. The initial specimen thickness 

t,,. which varied slightly from specimen to specimen, could then be verified through the fit 

constant B. A plot showing typical measured data and the fit thickness profile is given in 

Figure 18. 

Present results for copper indicate that it is the thickness strain which consistently 

exceeds the width strain. The scatter in the data is large, but nonetheless trends may be 

gathered from the the mean and standard deviations of the r-values for the three 

orientations of specimens (see Table 2). In particular, the tangentially oriented specimens 

have the smallest width to thickness strain ratio, while the radially oriented specimens have 

the greatest. It is important to note that even though radial and tangential specimens have 

virtually equal yield strengths, the different r-values in these two orientations assures that 

radial and tangential properties are not uniform. 

4.1.4 Tensile test analysis. 

It is desired to characterize the plastic anisotropic material parameters for the rotary 

forged copper tested. A successful characterization would be used to model shear-formed 

liner collapse with the DEFEL finite element code43 which has been suitably modified for 

anisotropic use44 (see Appendix A). Assuming the material to be perfectly plastic, there are 

six independent parameters which must be determined in order to characterize the plastic 

behavior of an orthotropic material. Two of the material parameters (normal strengths in 

the radial and tangential directions) were directly measured during the experiments. The 

"in plane" shear strength and "through thickness" normal strength may also be inferred from 

the given tests. Unfortunately, the "through thickness" shear strengths may not be deduced 

from the tests performed. As such, the tests are merely used to acquire information on the 

magnitude of anisotropy present as a result of rotary forging. 
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Figure 18. Measured values of specimen width and thickness, along 
with curve fit, for typical rotary forged tensile tab. 
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TABLE 2. Width to Thickness Strain Ratio (r) and Standard Deviation (o) for Various 
Specimen Orientations after a 90 Percent Reduction via Rotary Forging. 

Specimen Width to Thickness 
Orientation Test # Strain Ratio (r) 

Radial: 1 
2 
3 

4 

0.62 

0.64 

0.55 

0.71 

Avg. +/- 1 o 0.63 +/- .057 

Tangential: 1 
2 
3 

4 

0.51 

0.55 

0.52 

0.55 

Avg. +/- 1 o 0.53 +/- .018 

Skew: 1 
2 
3 

4 

0.65 

0.53 

0.64 

0.54 

Avg. +/- 1 o 0.59 +/- .055 
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It has been shown that the radial and tangential directions, though exhibiting ioentical 

yield strengths, show different r-values. It can thus be concluded that the laboratory frame 

does not identically coincide with the preferred material coordinate system. Nonetheless, it 

is precisely this laboratory frame which will be assumed to be the preferred material frame 

of reference. Given that there is not enough data to determine the preferred frame of 

reference, there are several advantages provided by assuming the laboratory frame to 

coincide with the preferred material frame: 

a. experimentally measured properties are already in the assumed material frame of 

reference, so no transformations are necessary; 

b. the number of unknown material parameters is reduced; and 

c. the difference between normal yield strengths in an orthogonal frame of reference 

is greatest for the preferred material frame of reference. Thus, the difference in the 

measured values of normal yield strengths will be less than or equal to the difference in 

the actual values in the preferred material frame of reference, thereby providing a 

conservative estimate as to the magnitude of the actual anisotropy. 

The primary drawback of making the assumption on the material coordinate system is 

that the actual orientation of the preferred material frame remains unknown. This 

deficiency is addressed in subsequent shaped-charge collapse analyses by means of a 

parametric study, in which the orientation of the material frame is varied with respect to 

that of the laboratory frame. 

Figure 19 depicts the n-plane of a perfectly plastic anisotropic material in its material 

coordinate system and under the condition of no shear stress. Recall that the n plane is 

the geometric plane which is normal to the hydrostatic vector in the Cartesian 0,,02.03 

stress space. The k plane thus represents states of deviatoric stress. The projections of 

the three stress axes onto the n plane form convergent rays with each axis forming 120 

degree angles with the other two stress axes. The isotropic Tresca and von Mises yield 

criterion project respectively as a hexagon and a circle in the n plane, while the anisotropic 

yield criterion of Hill projects as an ellipse. 

45 



y 

(THICKNESS) 

Figure 19. rc-olane of a perfectly plastic anisotropic material under conditions of no shear 

stress. Point P denotes stress state from uniaial stress in one direction, e’’ 
denotes plastic strain vector after yield. 
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Unlike the isotropic yield surface in which the yield strength is independent of 

coordinate rotation, the yield strengths of an anisotropic material mav in fart, vary with 

coordinate direction. It is desired though, to retain the coordinate reference of the 

material's preferred orientation. As a result, the introduction of shear stress, in accordance 

with Hill’s yield criterion, will make the yield ellipse shrink in size, though it will retain the 

same shape and orientation. In accordance with the observed behavior of the rotary 

forged copper, the yield strengths in directions 1 and 2 have been made identical. The 

parameter to be determined next will be yield strength in the thickness direction (i.e., 

material direction 3). 

For a specimen in simple tension along the radial material axis (direction 1), the re¬ 

plane stress behavior will follow axis 1, until such time that yield is reached at point P as 

shown in Figure 19. At this time, the stress state will remain at point P on the yield 

ellipse, so as to enforce the stress free conditions along material axes 2 and 3 (if material 

directions 2 and 3 are stress free, then deviatoric stresses in directions 2 and 3 are equal; 

this can only be satisfied by having the deviatoric stress state aligned with the 1 axis). 

However, the plastic flow rule dictates that the increment of plastic strain be normal to 

the yield surface. The plastic strain increment èP is displayed in Figure 19 normal to the 

yield surface at point P. Projecting the plastic strain vector along the 2 and 3 material 

axes, it can be seen that the 2 and 3 components of plastic strain are not identical. It is 

desired to determine the value of normal yield strength in material direction 3 (the thickness 

direction) so that the ratio of thickness plastic strain to the plastic strain in the tangential 

direction matches the empirically determined value for rotary forged copper. The 

assumption that the radial, tangential, and thickness directions coincide exactly with the 

material directions coupled with the observation that yield strengths in directions 1 and 2 

are equal implies that r-values for both radial and tangential specimens should be equal. 

Observations in Table 2 show the values to be close but not equal (.63 versus .53). Since 

the assumptions employed on the frame of reference orientation would have them equal, 

an average value of .58 is used in the determination of yield strength for material direction 

number 3. 

Consider the rc-plane of the anisotropic copper depicted in Figure 19. By introducing a 

Cartesian x-y frame to coincide with the major axes of the yield ellipse, the calculation will 

be greatly simplified. If the strengths along directions 1 and 2 are equal, then the minor 
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axis of the yield ellipse will coincide with the 3 direction. For the ellipse shown with major 

and minor axes lengths of 2a and 2b respectively, the equation governing the yield surface 

in the x-y coordinate system is 

= 1 (4-3) 

The outward normal to the yield surface at any point (x,y) on the yield surface is given by 

9 A 9 A 
b¿x i + a¿y j 

(b4x2 + aV)1/2 
(4-4) 

For the point P which lies on the yield surface along the 1 axis, the ratio x:y is V3:1, and 

the outward normal is 

A 

n 
(V3)b2 i + a2 j 

(3b4 + a4)1* 
(4-5) 

and thus the plastic strain is given by 

(V3)b2 Î + a2 j 

(3b4 + a4)1/2 
I êp I (4-6) 

To determine the 2 and 3 components of plastic strain (i.e., the width and thickness 

strains in the radially oriented specimen), one merely takes the dot product of the plastic 

strain with the unit direction vectors for directions 2 and 3. This gives the following results: 

-3b2 + a2 

2(3b4 + a4)1/2 
e2P = 

ëp (4-7) 

e3P = 

- a 

.4 . „4\1/2 
I ëp I (4-8) 

(3b + a4) 
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The ratio of width to thickness strain was previously given the symbol r, and from 

equations (4-7) and (4-8), its value can be shown to be 

(4-9) 

In a similar fashion, the major to minor axis ratio may be expressed as 

a 

b 

3 ) 1/2 
(4-10) 

2r + 1 , 

Finally, after one determines that the ratio 1,/a from the geometry of the yield ellipse to be 

2b/(3b2+a2)1/2 and that b/l3 is unity, one may deduce the desired yield strength ratio: 

For the experimentally determined r-value of 0.58, a ratio (¥,/¥3) of 1.13 is determined. 

It is interesting to note that the experimentally observed variation in r-values (ranging from 

0.53 to 0.63) corresponds to a variation in the yield strength ratio (Y/Yj) of only 1.110 to 

1.145. This small variation in yield strength ratio seems within the bounds of experimental 

variability, so that it is not clear whether significance should be applied to the observed 

variation in plastic strain ratio. 

It has just been demonstrated that normal strengths in the material coordinates may be 

determined, if one knows the thickness to width plastic strain ratios in the material 

coordinates. It is now necessary to determine the material parameters which characterize 

the shear strength of the material. Unfortunately, not all of the three remaining parameters 

may be determined from the data obtained in the simple tension tests that were performed. 

However, the shear strength parameter for the radial-tangential plane can be evaluated. 

The term may be evaluated using the tensile data from the skew oriented tensile 

specimens. By transforming the skew coordinate frame test data into the assumed material 

coordinates (the radial-tangential frame), the simple tension test becomes one in which the 
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radial and tangential normal stresses (avo2) as well as the radial-tangential shear stress 

(o12) are all equal to half of the applied tensile stress value of the skew frame (YsktJ. 

Inserting these stress values into Hill’s yield function 

F(oy-az)2 + G(oz-ox)2 + H(ox-oy)2 + 

2Lxyz2 + 2Mtzx2 + 2Ntxy2 (4-12) 

gives the result: 

(H+G)Y,2 
2 (4-13) 

Knowing by definition that (F+G) = 1/Y32, (H+G) = 1/Y,2 and N = 1/2Y122, the equation may 

be solved for Y,^^ in terms of known ratios. The result is: 

(4-14) 

Using the (previously discussed) experimentally observed values for (Y,/Yskew) of .958 (see 

Figure 16) and (Y^Yj) of 1.13, the parameter ratio (Y,/Y,2) is determined to be 1.55. For 

isotropic materials obeying the von Mises yield criterion, this ratio would be 1.73. 

4.1.5 Tensile test conclusions. 

Rotary forging exhibits many similarities to rolling. Test results support this assertion, 

which indicate that for specimens reduced 90 percent in thickness via rotary forging, 

significant mechanical anisotropy is observed. The anisotropy is similar in character and 

order of magnitude to that observed in rolling, if one takes the rotary forged tangential 

direction as the direction of rolling. 

The data which have been gathered from the tests performed may now be made 

available for use in computer simulations involving anisotropic copper. A similarity between 
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the rotary forging and shear-forming processes exists to the extent that both processes 

undergo a shearing mode of deformation. However, the type and degree of deformation in 

the two processes is significantly different. Also, the strain rates at which the tensile tests 

were performed differs vastly from the actual conditions of explosively loaded liner collapse. 

Nonetheless, it is hoped that the use of anisotropy of the magnitudes experimentally 

observed, in the computational simulation of shear-formed liner collapse, will yield relevant 

results. 

4.2 Analytical Studies. 

In a fashion similar to that used in the residual stress analysis, it is useful to develop 

closed form analytical models to examine the behavior of collapsing anisotropic liner 

elements. The results of such a study would indicate the magnitude of anisotropic shear 

coupling necessary to produce jet rotation of a magnitude large enough to produce spin 

compensation (shear coupling is the phenomenon which exists in anisotropic materials 

which makes it possible to produce shear strains from the application of normal! stress). 

After such necessary shear coupling ratios have been determined, the laws of elasticity and 

plasticity may be exercised to see if, in fact, such coupling ratios are obtainable from the 

deformation of anisotropic materials of given anisotropy characteristics. 

4.2.1 Elastic vs. plastic anisotropy. 

At the onset of this study, both elastic and plastic anisotropy were being considered as 

viable mechanisms to produce compensation. However, it was eventually concluded that of 

the two, plastic anisotropy was a more likely cause of jet rotation, and the formulation of 

elastic models of spin compensation was thus suspended. There were two reasons for 

arriving at the conclusion regarding elastic anisotropy. 

First of all, the elastic properties of copper are not going to acquire a significant degree 

of anisotropy from the shear-forming or rotary forging process.40 Of more importance 

however, is the fact that for problems of proportional loading (by which the early stages of 

liner collapse may be approximated), elastic properties become insignificant soon after yield 

is reached, and the stress behavior of the material becomes totally governed by the plastic 

flow rule. To understand the significance of this, consider the rc planes of a material with 

an isotropic yield surface, as shown in Figure 20. If the elastic behavior of the material is 
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Figure 20. Tt-olane of a material, strained to prior to yield. Anisotropic stress sate s* 

differs from the isotropic stress state s'. 
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isotropic, the deviator stress state (Sj1) follows the direction of strain (Cj). The elastic stress 

state of an anisotropic material will not follow the strain direction, but instead a different 

direction (schematically shown as s^ in Figure 20). 

Under steady state conditions of proportional strain loading (which describes the early 

stages of liner collapse very well), the stress quickly reaches a state on the yield surface 

where the yield surface normal is proportional to the strain loading vector. This process is 

depicted in Figure 21. The steady state stress condition is independent of the elastic 

properties of the material, even if the yield surface is anisotropic. Thus, even if a large 

amount of elastic anisotropy were present in the material, its effect on liner collapse would 

be essentially limited to a veiy short duration (fractions of a microsecond) following the 

onset of plastic deformation. 

4.2.2 Collapsing anisotropic liner element. 

In order to achieve spin compensation, the circumferential velocity imparted to a 

collapsing liner element from anisotropy (V0) must be able to exactly counter the velocity 

due to compensating spin (Í2R). For this analysis, the concept of shear velocity is 

introduced. Consider a disk extracted from the original liner by slicing perpendicular to the 

axis of symmetry. The reference frame for the analysis is acquired by taking an r d0 

wedge shaped section of the disk, as shown in Figure 22, using a primed 1-2-3 Cartesian 

system. 

Shear velocity in the current context is the circumferential velocity imparted to the liner 

as a direct result of coupled shear strain. Figure 23 depicts such a shear velocity 

distribution of a collapsing liner element, as viewed in the r-0 plane. Though the forces on 

the element result from either normal stress components or radial inertia (-a 8m), the shear 

strain responsible for the shear velocity arises from the anisotropic nature of the material. 

Because the jet is formed from the inner surface of the collapsing liner, the shear velocity 

concept results in jet/slug counter-rotation. 

A direct result of the flow rule associated with anisotropic materials following Hill’s yield 

criterion is that the strain increment tensor over an infinitesimal period of time is 

proportional to the stress state of the material. This result is also valid for isotropic 

materials obeying von Mises yield condition/Prandtl Reuss flow rule. Where anisotropic 
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Figure 21. Tc-olane of a material, strained to er following yield. Anisotropic stress state 

rapidly approaches the isotropic stress state Sj1. 
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Figure 22. Primed 1-2-3 laboratory coordinate system used for shear velocity analysis. 
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Figure 23. Schematic illustration of shear velocity concept, 
with resultant counter-rotation of jet and slug. 
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materials differ from isotropic ones is that the shear strain increments for anisotropic 

materials may, in fact, be proportional to the normal stress state. This coupling of normal 

stress to shear strain is known as shear coupling. If the yield condition does not evolve 

under material deformation, and if the loading history is proportional, then the ratio of any 

two strain components (and thus their rates) will be constant throughout the duration of 

proportional plastic deformation. 

Because of shear velocity, the circumferential velocity of the inner skin of the liner 

element (V0) is given by 

Ÿ12 8 
V0 = = e12-S , (4-15) 

where 8 is the liner thickness, y12’ and e12’ are respectively the engineering and tensorial 

shear strains, in the laboratory frame of reference. Because the early stages of liner 

collapse may be approximated by the conditions of proportional loading, the shear velocity 

(V0) may be related to hoop strain rate (de/Zdt) by way of the shear/normal coupling ratio 

(e^Ve/) as follows: 

V 
0 

*12 ^ 
f 

< E, y e/8 (4-16) 

The hoop strain rate, governed by the collapse of the liner, is independent of the 

anisotropy, and is expressible in terms of the radial coordinate (r) and its time derivative. 

The initial value of hoop strain rate, at the onset of collapse (when r=R), is given as 

(dR/dt) 
ë,’ = -— (4-17) 

Equations (4-16) and (4-17) may be used when setting the shear velocity (V0) equal to the 

compensation velocity (iiR), and an expression for the coupling ratio necessary to produce 

compensation results, and is given by 

£12' _ « R2 

e/ 8 (dR/dt) 
(4-18) 
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The values of radial collapse velocity dR/dt vary for each element throughout the liner, and 

were acquired from Baker’s MJCON code45 for a collapsing BRL 81 mm liner. Thus, the 

necessary values to compute the shear coupling vary from liner apex to base as: 

Liner Apex to Liner Base 

5=2 mm to 

R = 17.8 mm to 

dR/dt = 2,156 m/s to 

2 mm, 

32.4 mm, and 

1,528 m/s. 

In Section 1.3, it was shown, based upon existing shear formed liner data, that the 

expected value of scaled compensation frequency (QD) was 2,850 mm rps. For the 81 

mm charge currently under consideration, this equates to an expected compensation 

frequency of 35 rps (220 rad/sec). For such a spin rate, then the necessary couplin - ratio 

(e Ve,’) varies from .016 near the liner apex to .076 near the base of the liner. When 

mass averaged over the liner, the necessary coupling ratio of approximately .05 is 

computed. Thus, if the shear to hoop strain ratio coupling is found to take on values 

exceeding .05 under loading conditions of liner collapse, then compensation by way of 

plastic anisotropy is indeed feasible. 

4.2.3 Shear coupling. 

In the previous section, it was shown that shear coupling of 1’-2’ shear strain to 

normal strain in direction 1 ' (hoop strain) may introduce shear velocity in a collapsing liner 

to the extent where spin compensation is feasible. That feasability hinged upon the 

coupling ratio being of magnitude .05 or greater. It is therefore of interest to examine the 

coupling ratio analytically to see how its behavior is influenced by the various material 

parameters. The material parameters in question include both the magnitudes of 

anisotropy in the preferred reference frame of the material, and the orientation of that frame 

with respect to the laboratory coordinate system. Because plastic strain increments are 

proportional to the plastic potential gradient (the partial derivative of the yield potential 

function with respect to each component of the stress state), analysis of the coupling ratio 

necessarily requires derivation of the plastic potential gradient. 
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As such, equations are derived for the plastic potential gradient of an orthotropic 

material in a non-preferred reference frcme, but restrict the difference between laboratory 

and preferred material frames to a single rotation about one of the laboratory axes. 

Because the previous analysis depends on shear coupling in the 1'-2’ plane, it will be 

assumed that the preferred set of material axes (denoted in this section as the 1-2-3 

coordinate system) will be formed by a rotation of the laboratory coordinate system 

counter-clockwise by an angle r about the 3' axis. The resulting plastic flow rule exhibits 

several interesting properties: it is conveniently expressed as the sum of the material’s 

preferred frame plastic potential gradient and deviatio t terms. Also, the deviation terms 

combine in a recurring fashion so that, even with seven input quantities (six material 

parameters and an orientation), there appear only four indepondent terms which comprise 

the deviation plastic potential gradient. 

If the plastic potential is a scalar function of stress, then the components of the plastic 

strain increment are proportional to the gradient of the potential (i.e., the yield surface 

normal): 

dX 
3f 

da 
(4-19) 

where: 

f is the plastic potential function, which defines the yield surface in terms of the stress 

state o¡, 

dX is the non-negative proportionally constant, and 

d£|P is the (plastic) strain increment, with tensorial shear strain components 

(i.e., e12 = 1/2 y12). 

In the material's preferred reference frame, the gradient of the plastic potential is 

expressed for an anisotropic material, using the notations of Hill by taking the partial 

derivative of the yield function (4-12) with respect to each of the stress components. 
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(4-20) df 

âOj 
A(°i 

Because the yield function (4-12) is expressed in terms of a convenient (albeit non- 

tensorial) six dimensional contracted "stress vector" space, it must be realized that terms 

like o12 in reality represent the sum of two equal valued shear stresses (the 12 and 21 

stresses). As such, the partial derivatives with respect to shear stresses are one half of 

that computed strictly on the basis of equation (4-12). Using relations (4-19) and (4-20), 

one can conclude 

de¡p = dX Ajj Gj (4-21) 

If one wishes to express this form of the flow rule in terms of a laboratory reference 

(denoted with the use of primes), one must make use of transformation relations for 

converting stress and strain from one reference frame to another: 

E, * M 

in order to acquire 

K = A (V1 \| T,) o/ . (4-23) 

Therefore, the laboratory frame version of the plastic potential gradient (A(j’) matrix is 

(V Aylij). 

It is convenient to express the laboratory frame plastic potential gradient (T^ATo’) as 

the sum of the preferred frame plastic potential gradient (Ao’) and a deviation term (Ao’): 

A¡j = Tjk Aw T,j = (A¡j + A¡j) , (4-24) 
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so that the flow rule becomes: 

def = dX (A’jj + Ay) Oj’ , (4-25) 

Under the proposed transformation to the material's preferred coordinate system 

(rotation by an angle r about the 3’ axis), the transformation matrix is readily expressed as 

Tü 

m2 n2 0 0 

n2 m2 0 C 

0 0 10 

0 0 0 m 

0 0 0 n 

-mn mn 0 0 

0 2mn > 

0 -2mn 

0 0 

-n 0 

m 0 

0 (m2-n2), 

where m and n are cos F and sin F, respectively. 

(4-26) 

The matrix expansion depicted by equation (4-24) is straight forward, but lengthy. It 

was performed to determine the deviation matrix Ay, which is shown in Table 3. Notice 

that even though Ay is composed of the six material constants and one orientation 

parameter, the terms combine in a way such that only four parameters are needed 

(0,,02,03 and H- 

Under the hypothetical loading conditions of o’j=<a 0 0 0 0 0>, equation (4-25) may be 

applied to determine the ratio of 1’2 (i.e., r0) shear strain to 1’ (i.e., 0) normal strain. The 

relationship is 

e12’ mn^n^m2] 

(G+H) + n2[2Q1m2+(Q1 -02)n2] 
(4-27) 

To see how this relationship varies with preferred material frame orientation, one must 

insert values for the anisotropy magnitudes. The material constants acquired from the 

rotary forged tensile test, in the assumed preferred material frame of reference, were 

Vi = <3.86 3.86 3.41 2.49 ?? ??> kbar. 
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For this analysis, a transversely isotropic material will be adopted for the sake of simplicity, 

with isotropy being preserved in the 2-3 plane. The normal strength components from the 

tensile tests will be used with axis permutation to give: 

Yj = <3.41 3.86 3.86 ?? ?? ??> kbar. 

Because 2-3 transverse isotropy is assumed, the strength Y4 is determinable on the basis 

of symmetry. Hill39 expressed the transversely isotropic constraint in his yield function 

(4-12) as L = 2F + G which, when employed with the values at hand, gives Y4 = 2.34 

kbar. The remaining constants, Y5 and Y6, must be equal under transversely isotropic 

considerations. For lack of other data, their value was chosen to preserve the following 

ratio: Y,/Y4 = Y2/Y5. The implications of this choice will be discussed below. Thus, the 

values of anisotropy in the preferred material frame, which are proposed for subsequent 

study, are 

Yj = <3.41 3.86 3.86 2.34 2.65 2.65> kbar. 

If one uses these values of strength for the material, then Hill’s constants are readily 

determinable as 

<F G H L M N> = <.024 .043 .043 .0913 .0712 .0712> kbar'2. 

These values may be employed in equation (4-27) to give shear coupling ratios. The 

coupling ratios are tabulated in Table 4, as a function of material frame orientation F. 

Coupling ratios in excess of .23 are observed, for F equal to 30 degrees. Recall that the 

analytical study of the collapsing anisotropic liner element indicate that coupling ratios of 

.05 are sufficient to spin compensate a shaped-charge liner. 

A parametric study was done to reveal how shear coupling is influenced by the choice 

of shear strength, Ye. Results indicate, regardless of Y6, that the shear coupling ratio 

(maximized wrt F) always exceeds the .05 value necessary for spin compensation. If, for 

example, the experimentally measured shear strength value of 2.49 kbar had been 

assumed for Y6, a F maximized coupling ratio of .19 results, which still exceeds the .05 

required for spin compensation. The parametric study has revealed, through variation in 

the 12 shear strength (Y6), that the coupling ratio (maximized wrt F) reaches an absolute 
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TABLE 4. Shear to Normal Coupling Ratios for Material with Yield Characteristics 

Y. = <3.41 3.86 3.86 2.34 2.65 2.65> kbar 

r 
(degrees) 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

(Ei2/£i ) 

.0000 

.1136 

.2025 

.2308 

.1609 

.0107 

-.1183 

-.1492 

-.0948 

.0000 
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minimum when Y6 ¡s chosen at 2.CS kbar. Under this condition, the resulting coupling ratio 

of .063 still exceeds the amount necessary for spin compensation. The choice of Y6 equal 

to 2.65 kbar is thus reasonable, since the conclusions regarding the ability of anisotropy to 

produce spin compensation are unaffected by its variation. 

It can be shown, if the A'^ evaluation of (4-24) is carried out for rotations of r about 

the 1’ axis (instead of the 3’ axis), that there is no shear coupling of 1’2' (rO) shear strain 

to any normal stresses. The implication of this fact is that the 1’ (0) direction can not be a 

preferred material direction if shaped-charge spin compensation is to result. 

4.3 Computational Studies. 

In order to complement the analytical results showing the effect of anisotropic shear 

coupling on shaped-charge spin compensation, a computational modeling effort was put 

forth. The DEFEL43 (Dyna East Finite Element Lagrangian) code was chosen as the 

modeling tool. As its name implies, DEFEL is a two dimensional explicit integration, 

Lagrangian, finite element code, which was designed to model explosive and/or isotropic 

material behavior. Its two dimensional nature permits modeling of plane strain, plane 

stress, or axisymmetric systems. 

In order to make DEFEL usable in the present context of anisotropic material 

modeling, substantial modifications were necessary to DEFEL’s constitutive model. An 

innovative formulation was developed for adding both elastic and plastic anisotropy 

modeling to DEFEL,44 and are discussed in Appendix A. This formulation, limited to the 

study of plane stress and strain problems, was employed to study the behavior of 

collapsing thin walled copper cylinders. This work, described in a Section 4.3.1, closely 

parallels the analytical work on collapsing anisotropic cylinders from Sections 4.2.2 and 

4.2.3. 

It was desired, if possible, to computationally model the collapse of an anisotropic 

shaped-charge liner. Unlike Weickert's problem of modeling fluted liner collapse,2 where 

the problem is truly three dimensional, the collapse of an anisotropic liner is a generalized 

axisymmetric (d/d0 = 0) problem. As such, there is no theoretical reason why it can not be 

modeled by an two dimensional axisymmetric code like DEFEL. However, a practical 

limitation exists in that DEFEL does not keep track of three dimensional element rotation (it 
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only tracks rotation in tha r-z plana). For the modeling of an anisotropic material, in which 

the properties in the laboratory frame are very dependent on the orientation of the 

material’s preferred coordinate system with respect to the lab frame, a means to track 

rotation out of the r-z plane was required. Such a means was developed, and is described 

in Appendix B. 

Following validation of the axisymmetric code version, the collapse of a BRL 81 mm 

shaped-charge liner was modeled. The results, presented in detail in a subsequent 

section, confirm the analytical results which indicate that spin compensation via mechanical 

anisotropy is highly feasible. 

4.3.1 Plane stress collapse of anisotropic cylinders. 

Though the simulations represent the plane stress collapse of circular cylinders, the 

size of the cylinder and the collapse velocity were chosen to approximate a slice of a 

typical shear-formed shaped-charge liner. The cylinder geometry used in the simulation is 

shown in Figure 24. The initial collapse velocity (V) was set to 2 km/sec. The material 

characteristics in the preferred coordinate system are the same as those employed in 

previous analyses, namely 

Yj = <3.41 3.86 3.86 2.34 2.65 2.65> kbar. 

The anisotropy angle in the r-8 plane (V) was systematically varied from 0 to 90 degrees in 

increments of 10 degrees. Additionally, the case of F equal to 45 degrees was also 

examined. 

Using the periodic boundary condition formulation described by Weickert2, the 

simulation of the circular cylinder was possible by considering only a single row of 

computational elements, aligned in the radial direction. 

In all the simulations, the anisotropy manifested itself by causing the inner and outer 

surfaces of the cylinder to counter-rotate. A typical (F = 10 degree) distorted geometry plot 

is shown in Figure 25. The figure depicts the collapsing cylinder at 11.2 microseconds. 

Naturally, the original cylinder is still a cylinder, albeit thicker and of smaller radius. 

However, the line of elements, originally aligned with the radial axis, have distorted in the 
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Figure 24. Cylinder geometry used to study collapse of anisotropic 
cylinders, under conditions of plane stress and strain. 

67 



0
0 

z
o

- 

CM 

Figure 25. Distorted cylinder geometry plot of plane stress cylinder at 
11.2 us. Inner surface of cylinder has rotated 24 degrees. 
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0 direction. As shown on the figure, the inner surface of the cylinder has circumferentially 

rotated approximately 24 degrees during the collapse. The cylinder has not collapsed 

totally onto the axis as of 11.2 microseconds, but computational element distortion caused 

the computational time step to become prohibitively small, forcing further computation to be 

abandoned. 

A suitable means was sought to represent the data acquired during the simulations. 

One technique which provides good insight into the situation involves taking progressively 

larger slices from the inside of the cylinder, and observing the cumulative momentum 

characteristics of tne particular slice. The technique is depicted in Figure 26. The 

advantage of displaying data in momentum averaged form through the slice is that the 

comparison to shaped-charge jet data becomes relevant, since the net spin of a jet is 

exactly this momentum averaged rotation rate from the inside skin of the liner, since it is 

the inner liner skin which forms the jet. 

The net spin was determined as a function of slice size, for all cases of the parametric 

study. As described in Figure 26, the spin is a momentum averaged rotation rate through 

a given thickness of the cylinder, exp essed in terms of the mass fraction of the cylinder 

slice. The plot of the net cylinder spin versus the mass fraction of the slice is depicted for 

a typical case (F = 10 degrees) in Figure 27. This figure shows the inner surface of the 

liner to be rotating at a very high angular velocity (200,000 rps). However, as the slice 

size increases, the net angular velocity quickly drops off. When the inner 25 percent of 

the liner mass is considered, the net angular velocity is 30,000 rps. Naturally, when the 

full cylinder is considered (mass fraction of 100 percent), the net cylinder spin is identically 

0 rps, since angular momentum of the system is conserved. 

A notable trend is observed in the data. Namely, the sense of spin changes as the 

principal frame of anisotropy varies between the F = 50 and 60 degree cases. Recall that 

for the analytical study (Section 4.2.3) whose results are depicted in Table 4, the shear 

coupling also reverses sign between 50 and 60 degrees. In both the analysis of Section 

4.2.3 and the current simulations, hoop stress provides the only force on the collapsing 

body. It is thus encouraging to note that both analysis and numerical computation agree 

on this point. It should be mentioned that the shear coupling, and thus the angle at which 

shear coupling changes sign, are dependent upon the stress/strain loading conditions. 
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Figure 26. Net angular velocity of liner slice (cd^ mav be acquired 
as a function of cumulative mass fraction (m/M). 
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Figure 27. Net angular velocity of liner slice versus percentage of cumulative mass (m/M). 
for an aniosotropic plane stress cylinder, r = 10 degrees. 
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Thus, different boundary conditions will produce a different transition angle at which shear 

coupling reverses sign. 

To this end, a series of plane strain (infinitely 'ong) hollow cylinder collapses were 

modeled, with various anisotropy angles F. The effect of modeling in plane strain, as it 

applies to the current study, is that an axial stress is applied to the collapsing cylinders. 

The transition angle of shear coupling reversal was found to be 45 degrees. This 45 

degree plane strain transition angle may be verified on a theoretical basis, since the 

principal direction of strain for a plane strain collapsing cylinder is along a direction 45 

degrees from the radial. Thus, with the orientation of principal strain coinciding with the 

material’s preferred coordinates, there is no tendency to produce shear strain coupling. 

Returning to the plane stress cylinder collapse simulations of interest, one may 

consider the inner 25 percent of the cylinder mass, and plot the net spin versus anisotropy 

angle F. This has been done in Figure 28. As previously mentioned, the direction of liner 

spin changes at an orientation between 50 degrees and 60 degrees for these plane stress 

simulations. The 25 percent choice for mass fraction in Figure 28 is chosen to simulate 

the mass fraction of a shaped-charge jet, though the qualitative dependence of spin on 

anisotropy direction is demonstrable with any rr.ass fraction. 

Finally, it should be pointed out that computations for cylinder spin were carried out on 

data gathered 11.2 ps after the onset of cylinder collapse. It would be desirable to know 

the data at total collapse; i.e., when the hollow cylinder reduces to a solid one. The 

distorted nature of the computational elements preclude this, but an estimate may be 

obtained by ignoring material strength, and letting the cylinder collapse under its own 

inertia. By conserving angular momentum, the limiting spin value may be obtained for 

various mass fractions of the cylinder. Figure 29 portrays this limiting value of spin, which 

incidentally has been plotted adjacent to the curve calculated at 11.2 tis. Because the 

cylinder’s proximity to the axis of symmetry at 11.2 ns, the increases in spin rate are not 

very large except near the inner skin of the liner. For instance, at the 25 percent mass 

fraction location, the net spin increases from 30,000 rps to approximately 38,000 rps. The 

increase is significant, but not excessive. 
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Figure 28. Net spin of inner 25 percent of liner slice, as a function of anisotropy 
orientation angle r. for folane stress simulations at 11.2 us. 
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Figure 29. Limiting value and value at 11.2 us of net angular velocity as a 
function of percentage cumulative mass (m/M), for anisotropic 
plane stress cylinder, r = 10 degrees. 
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4.3.2 Axisvmmetric code validation. 

The axisymmetric formulation was validated by means of collapsing cylinder 

simulations. For these simulations, the radial collapse of an axially thin, hollow cylinder 

(i.e., a washer) was modeled. Various anisotropies were introduced to the cylinder in an 

idealized fashion, so that simulation results could be checked with qualitative predictions, 

based on analysis of the plastic potential function. 

In one simulation, a preferred material axis coincided with the 0 direction, with the 

other two preferred directions being offset 25 degrees in the r-z plane. Though asymmetric 

distortion occurred in the r-z plane, no tendency existed for the collapsing cylinder to 

experience motion in the 0 direction, in accordance with the plastic potential analysis of 

Section 4.2.3. 

Another simulation had a preferred material axis coinciding with the z direction, and the 

remaining two material axes offset in the r-0 olane. As predicted by the cylinder collapse 

and shear coupling analyses of Sections 4.2.2 and 4.2.3, shear velocity was experienced in 

the r-0 plane, the inside of the cylinder rotating in one direction, the outside in the other 

direction. 

The final validation simulation had a preferred material direction coincide with the 

cylinder’s radial axis, the other two offset in the z-0 plane. The results of this cylinder 

collapse had the top and bottom of the cylinder (the +z and -z sides) rotating in opposite 

directions. The motion of the cylinder is antisymmetric about a plane z = constant located 

at the midplane of the cylinder. Again, such simulation behavior is in accordance with 

anticipated results. 

4.3.3 Axisvmmetric collapse of an anisotropic liner. 

The explosively actuated collapse of a BRL 81 mm shaped-charge liner was modeled 

with the DEFEL code modified for axisymmetric anisotropic behavior. The initial geometry 

grid of the charge is shown in Figure 30. Material characteristics in the preferred direction 

are identical to those employed in previous analyses, namely 

Yj = <3.41 3.86 3.86 2.34 2.65 2.65> kbar. 
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Figure 30. Initial arid geometry of the axisvmmetric simulation 
involving the collapse of an anisotropic BRL 3.2 liner. 
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The anisotropy angle in the r-0 plane (0 was chosen so that the 1 axis is located 5 

dn jrees from the 0 direction. This choice of r produces r-0 shear coupling of .058, which 

approximates the .05 value analytically computed as necessary to produce the expected 

value of 35 rps spin compensation in the BRL 81 mm shaped-charge liner. The deformed 

geometry at 45 microseconds is displayed in Figure 31, along with a plot of angular 

velocity versus jet position. This figure clearly shows evidence of a rotational jet. The 

angular velocity plot in Figure 31 was generated by dividing the simulation into discrete 

axial zones, and taking the ratio of the angular momentum to the moment of inertia for 

each of the various zones. The discrete angular velocity points, corresponding to the 

center of each zone, were then connected via a smooth curve. 

To get a better idea of the distribution of angular velocity within the jet, the outline of 

the distorted geometry at 45 ios is plotted with several angular velocity contours in Figure 

32. The aspect ratio of the r-z axis system has been altered, to give a clearer picture of 

the internal angular velocity contours. The figure shows that the angular velocity through a 

given jet cross section is generally uniform. 

Similar contours are plotted for the same jet at an earlier stage of jet formation (25 *is) 

in Figure 33. Though the rotational velocities are of a similar magnitude near the jet core, 

the surface of the thicker jet is rotating at a reduced magnitude. This trend is in 

accordance with predictions, since a jet radius which decreases in time will cause the 

angular velocity to correspondingly increase. 

To demonstrate that it is the decreasing jet radius, and not anisotropy effects which 

accelerate the jet following the onset of jet formation, angular momentum contours are 

plotted for the same two formation times (25 and 45 ^s) in Figures 34 and 35. It is seen 

in these figures that the same contours occur at essentially the same physical location in 

the jet at these two times; thus, the angular momentum of material points in the jet is not 

changing with time. It can therefore be concluded that anisotropy introduces angular 

momentum to the liner prior to jet formation. When one examines the non-collapsed liner 

portion of Figure 34, it is seen that the same angular momentum contour which is found in 

the fully formed jet exists in the liner early on in the collapse process, prior to jet 

formation. Such behavior is in fuli agreement with the shear velocity model proposed in 

Section 4.2.2 of this report. To further illustrate this point, the angular momentum of 

several points on the liner is shown in Figure 36, with the locations of these points on the 
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Figure 31. Deformed grid geometry of anisotropic iet. with a plot of 
iet angular velocity versus iet location, both at 45 us. 
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Figure 32. Angular velocity contour plot of anisotropic iet at 45 us. 
Unity aspect ratio has not been preserved. 
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Figure 33. Angular velocity contour plot of anisotropic iet at 25 us. 
Unity aspect ratio has not been preserved. 
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Figure 34. Angular momentum per unit mass fln2/s) contour plot of anisotropic 
let at 25 us. Unit aspect ratio has not been preserved. 
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Figure 35. Angular momentum per unit mass (in2/s) contour plot of anisotropic 
jet at 45 us. Unity aspect ratio has not been preserved. 
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Figure 36. Time history graph of anciular momentum for several 
points on the anisotropic BRL 3.2 Hnpr 
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original liner depicted in Figure 37. For points on the inside liner surface (those which end 

up in the jet), momentum is acquired quite early in the collapse process, and changes little 

thereafter. 

In order to determine the spin compensation frequency of the anisotropic BRL 81 mm 

liner under study, other numerical simulations were performed in which initial charge spin 

was placed on the liner (in a direction opposite the observed anisotropy induced spin). By 

observing the angular velocity characteristics of the resultant jets, it was determined that 

the spin compensation frequency for the charge under study is indeed the expected value 

of 35 rps. A plot of the jet spin versus axial particle velocity is shown in Figure 38 for 

both the unspun anisotropic charge originally simulated and the same charge rotated 35 

rps. It is seen that at the spin compensation frequency, the angular velocity of the jet is 

nearly negligible. 

It was shown earlier from analytical considerations, if the 0 direction is a preferred 

material direction (so called r-z anisotropy, since the anisotropy angle F lies in the r-z 

plane), that induced jet rotation was not possible. However, it was shown, if the radial r 

direction was a preferred material direction, that induced 0 motion was possible. As such, 

a final axisymmetric simulation was performed of the collapsing liner with z-0 anisotropy. 

The results indicate small, random, material rotations in and out of the r-z plane, but more 

than an order of magnitude below the results of r-0 anisotropy discussed earlier. Though 

there is indeed variation of properties in the r-0 plane with the case of z-0 anisotropy, a 

transformation of the strengths into the laboratory r-z-0 coordinate system reveals that 

strength extrema in the r-0 plane coincide exactly with r and 0 coordinate directions. 

Under these conditions, there is no tendency for r-0 shear coupling, and thus any coupling 

must be z-0 coupling. Apparently, the stresses tending to produce out of plane rotations 

from z-0 coupling are not mutually constructive as in the case of r-0 anisotropy, and 

compensation therefore does not result. 

5. CONCLUSIONS AND RECOMMENDATIONS 

This report has addressed several mechanisms by which rotation might be induced in 

a jet of a stationary shaped charge which employs a shear-formed liner. In particular, two 

modes of residual stress relief have been examined, along with elastic and plastic 

mechanical anisotropy. Results indicate that plastic anisotropy is the only mechanism 
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Figure 37. Initial outline of simulation geometry, depicting material points 
whose angular momentums have been traced in time. 
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Figure 38. Jet spin versus axial jet velocity for unspun charge and charge 
spun at 35 rps opposite direction of spin compensation. 
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studied which is capable of producing jet rotation rates of the magnitude observed 

experimentally in shear-formed shaped-charge liners. In support of the report, several 

advances were made in related areas. 

A computational anisotropic formulation was developed44 which offers significant 

benefits over previous anisotropic formulations, in terms of computational accuracy. The 

computational formulation, being the first treatment of anisotropy from a deviator 

stress/strain perspective, provides an enhanced understanding of the mechanics of 

anisotropic deformation. 

In a related effort, a means was developed to track the rotation of computational 

elements out of the r-z plane. The formulation is instrumental in performing anisotropic 

computational simulations in axisymmetry mode. 

The analytical model developed to predict the spin compensation resulting from plastic 

anisotropy was compared to computational results of anisotropic liner collapse. The 2-D 

anisotropic plane stress and axisymmetric computational results match the analytical 

predictions in both magnitude and character, thereby supporting the validity of the analytical 

model of anisotropic spin compensation. 

The plastic potential gradient of an anisotropic material was derived for a specific non¬ 

preferred coordinate system, resulting from a single coordinate rotation. The resulting 

plastic flow rule has been expressed in terms of the preferred coordinate system potential 

gradient augmented by a deviation potential gradient. Though the potential is not derived 

for arbitrary (three parameter) rotations from the preferred coordinate system, it nonetheless 

provides a useful tool for examining the effect cf coordinate system rotations on shear 

coupling ratios. 

Future examination of the report topic would be quite valuable from the perspective of 

material characterization. As it was, anisotropic material parameters for shear-formed liners 

were extrapolated from incomplete rotary forged tensile data. In the long term, the 

acquisition of macroscopic mechanical properties (e.g., yield strengths) of liner material from 

metallurgical considerations, though beyond the scope of the current research, would 

provide the vital link which might allow one to choose the metal forming process necessary 

to produce a liner of the proper anisotropic characteristics. Through this means, one 

87 



should be able predict the spin compensation ability of the shaped-charge liner in advance 

of manufacture. In the near term, the development of better methods to acquire the 

necessary macroscopic mechanical properties of liner material would permit one to predict 

spin compensation behavior of a liner without actually conducting a costly experimental 

shaped-charge testing program. 
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APPENDIX A: 

DEVIATORIC CONSTITUTIVE RELATION 

FOR ANISOTROPIC MATERIALS 

The information presented in this appendix is a summary of that found in reference 44. 

It is presented here to assist the reader in understanding the computational techniques 

developed for use in the current research. 

A.1 Introduction. 

It is desired to improve upon the ability to describe the behavior of anisotropic media 

subjected to large pressures, as is the case for hypervelocity impact. It is believed that 

expressing the anisotropic constitutive relationship in a form that makes use of the 

deviatoric stress and strain tensors provides for a better description of anisotropic materials 

whose compressibility is permitted to vary with volumetric strain. The deviatoric stress 

technique is used routinely in many impact codes for describing isotropic behavior4648, and 

is described in many books on elasticity and plasticity.24,49 Anisotropic schemes have also 

been developed for various impact codes5*51 which calculate a deviatoric stress. However, 

the deviatoric stress is expressed in terms of a total strain and the bulk modulus. In a true 

deviatoric formulation, deviatoric stress is expressed only in terms of deviatoric strain, and 

compressibility affects only the equation of state, not the deviatoric stress/strain relation. 

An anisotropic formulation is proposed which satisfies the condition of reducing to 

Hooke’s Law/Prandtl Reuss Flow Rule when employing the constraint of constant 

compressibility and isotropy, but which conveniently allows for anisotropy and variable 

compressibility. Additionally, the formulation is amenable for inclusion into existing impact 

codes which presently use the deviatoric stress technique for isotropic materials. The 

scheme also provides an improved technique for calculating hydrostatic pressure which is 

less prone to error than existing techniques. Finally, it is hoped that the formulation 

provides an ennanced physical interpretation on the behavior of anisotropic materials which 

might otherwise be lacking. 
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A.2 Background. 

The constitutive relationship for any elastic material may be represented in contracted 

form as 

o, = C, e, (A-1) 

where a, and Ej represent the six independent stress and strain components, and is the 

modulus matrix. The contracted form of the constitutive relation is used for the sake of 

simplicity, but the tensorial components of the contracted form are defined as follows: 

°i = (°11 °22 °33 °23 °13 °12) 

Ei = (E11 ^22 ^33 ^23 ei3 ei2) 

In general, may be a function of o, e, e, etc. However, it is somewhat unwieldy as 

such, and is sometimes considered to be constructed of constants, which produces the 

familiar Hooke’s Law. One reason why the deficiency of Hooke’s Law becomes apparent 

experimentally under large pressures is that the bulk modulus of the material is quite 

different from the material’s low stress value. 

For isotropic materials, this problem has been computationally circumvented by the 

introduction of the deviatoric stress and strain tensors. These tensors differ from the 

absolute stress/strain tensors in that the normal components of stress and strain are 

decremented by the average of the normal stresses and strains respectively. In this way, 

the deviatoric quantities represent deviation from a hydrostatic condition, while the 

relationship existing between the average stress (negative of pressure) and average strain 

(volumetric dilatation) is an equation of state. Since experimental evidence reveals that the 

compressibility of many materials changes under large pressures, the deviatoric formulation 

suggests that while the simplicity of Hooke’s Law (constant coefficients) might possibly be 

retained for computation of the deviatoric stresses and strains, a more accurate scalar 

equation of state should simultaneously be employed to account for non-linear 

compressibility effects. 
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A.3 Elastic Deviatoric Anisotropy. 

While the mathematics of the constant coefficient constitutive relationship for 

anisotropic materials is well understood, the casting of these rules into a deviatoric format 

is not nearly as straightforward as it is for isotropic materials. Difficulties arise because of 

two primary differences in the behavior of anisotropic materials with respect to that of 

isotropic materials: 

a. under hydrostatic pressure, strain is not uniform in all three directions of the 

material coordinates, and 

b. except under restrictive modulus conditions, deviatoric strain will produce volumetric 

dilatation (i.e., two different stress states with the same pressure will produce different 

dilatations in the material). 

Decomposition of the stress and strain tensors into their hydrostatic and deviatoric 

components yields: 

Si = Oj - Oj (A-2) 

Sj = Ej - ëj (A-3) 

where õj are all equal to the components of hydrostatic stress (õ = (o¡ + o2 + o3)/3) for 

normal stress components and equal to zero for the shear stress components. The term é¡ 

represents the normal strains due to hydrostatic stress. One may acquire upon substitution 

into equation (A-1): 

(s, +0,) = G* (Bj + i, ) (A-4) 

where barred quantities represent conditions resulting from a hydrostatic pressure, s, and e, 

are the deviatoric stresses and strains respectively, and is the modulus matrix. Unlike 

the isotropic materials in which a hydrostatic pressure produces a uniform dilatation in all 

three coordinate directions, hydrostatic strain for an anisotropic material is non-uniform. 

Therefore, if one defines the deviatoric components of stress and strain to be the total 

stress/strain components decremented by an amount which would resu.t from a hydrostatic 
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stress state, one can conclude (per condition "a" above) that there is a unique hydrostatic 

strain component associated with all three directions in the material coordinates (the 

coordinate system which produces no shear coupling). Equation (A-4) may be decoupled 

to give a hydrostatic equation 

°¡ = c¡ñ (A-5> 

and a deviatoric relationship void of hydrostatic terms: 

s¡ = Cy Gj (A-6) 

For the sake of clear visualization, the formulation will be described for transverse isotropy, 

though extension to orthotropy is straightforward“. Figure A-1 depicts material elements 

from an anisotropic body whose material (preferred) coordinate systems differ from the 

laboratory frame of reference. The preferred coordinate system is the reference frame in 

which the constitutive relation reduces to its most simple form. Figure A-2 shows 

properties of the preferred transversely isotropic material frame. Mechanical properties are 

invariant with respect to reference frame rotations that are confined to the plane of isotropy. 

As such, a certain symmetry of mechanical properties exist in transversely isotropic 

materials which are absent in orthotropic materials. The proposed model will be described 

in the material (preferred) coordinate system. Solutions of problems in which the laboratory 

frame and the material frame do not coincide pose no problem if one first transforms stress 

and strain to the material frame. 

Under the influence of a purely hydrostatic stress state (and assuming the moduli to 

be constant), there will be a constant ratio between the anisotropic (longitudinal) strain ë, 

and the transversely isotropic planar strain ig . Defining the ratio in terms of material 

compliances Sjj (where Sy = (Cy)'1): 

^ _ Ei + 2S12 

S22 + S12 + S23 

it is seen that this parameter (Kc) reduces to a value of unity for isotropy, where S,, 

equal S22. and S12 will equal S23. 

(A-7) 

will 
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▲ 

Figure A-1. Schematic depiction of general anisotropic body, where principal material 
directions are not generally aligned with laboratory axes. 
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^13 = ' G13 = G13/,E3= E3',Y3 = Y3/,Y13 =''"o' 

When Q = 90°, \\ follows that 

V E3'VY3 
= Y 

13 

Figure A-2. Transversely isotropic material properties are derivable from orthotropjc 
properties, when plane of material symmetry is assumed. 
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Using the definition that deviatoric stress is that part of the stress tensor which 

deviates from the hydrostatic stress condition, one can conclude that the deviatoric stress 

has no hydrostatic component 

Sj + s2 + s3 = 0 (A-8) 

One may substitute the deviatoric constitutive relation, equation (A-6), to acquire 

K«, e¡ + e2 + e3 = 0 (A-9) 

where K0 physically represents the ratio of longitudinal and transverse stress under 

conditions of uniform strain (e, = e2 = e3), and is given by 

K_ = 
C,, + 2C12 

C22 + C,2 + C23 
(A-10) 

As a result, the sum of the three normal deviatoric strain increments is not generally 

zero, but rather equals a deviatoric dilatation (ë). The significance of this term is that a 

state of stress whose average normal value is zero can produce volumetric change on an 

element with respect to that element’s stress free volume. 

If one wishes to convert a given elastic strain state (c¡) into the elastic deviators (ei), 

elastic deviatoric dilatation (ë), and the hydrostatic strain components (ëj), the following nine 

equations given below may be used for a transversely isotropic material (whose plane of 

isotropy is the 2-3 plane): 

e, = e, - ë, (A-3a) 

e2 = £2 - £2 (A-3b) 

e3 = e3 - £2 (A-3c) 

e4 = e4 (A-3d) 
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e5 = e5 

e6 ~ e6 

ë - e + e, + e, (Dilatation of Deviatoric Strain) 
1 I fc W 

ë = K £2 (Non-uniform hydrostatic strain) 

K e. + e2 + e3 = 0 (Assures that deviatoric stress has 
no hydrostatic component) 

Finally, the use of the deviatoric constitutive relation, equation (A-6) hinged upon the 

satisfaction of equation (A-5). Inverting equation (A-5) into compliance form and summing 

the three equations for normal strain yields upon reduction: 

õ = K (e, + e2 + e3 - ë) (A-12) 

where K is a true material property which will be called the effective bulk modulus of the 

material (it equals the reciprocal of the sum of the nine normal compliance matrix 

components), and (e1 + £2 + £3) is the total volumetric dilatation of the material element. 

This effective modulus, unlike the bulk modulus, is independent of deviatoric stress in 

anisotropic materials. The bulk modulus reduces to the effective bulk modulus only when 

the deviatoric dilatation e equals zero. This condition occurs under either of the following 

conditions: the material is isotropic, or the loading is purely hydrostatic. 

It was mentioned previously that the empirical relation between dilatation and pressure 

is not a linear one. One advantage of the deviatoric formulation lies in the ability to 

arbitrarily make the hydrostatic relation non-linear while retaining the linear simplicity of 

Hooke's Law for the deviatoric portion of the constitutive relation. Though this ad hoc 

procedure does not theoretically follow as an extension to Hooke’s Law, it does permit the 

code user to more flexibly model the empirical behavior of the material. 

(A-3e) 

(A-3f) 

(A-11) 

(A-7) 

(A-9) 
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There are also codes employing the incremental strain approacn wncr use a 

formulation employing deviatoric stress, though the formulation can not be termed 

deviatoric. The form of the relation used by the HELP code00 is 

(A-13) 

where K is identified as the bulk modulus which presumably can be made dependent on 

dilatation (and therefore hydrostatic stress). In this way, the formulation may also provide 

the flexibility of a truly deviatoric formulation. However, equation (A-13) is not truly a 

deviatoric relation, since the deviatoric stress increment is not related to deviatoric strain 

increment, but rather is expressed in terms of the total strain increment. The system of 

equations presently proposed, equations (A-6) and (A-12), are thus more attractive in a 

theoretical sense. Similarly, it has already been pointed out that the bulk modulus (as 

opposed to the effective bulk modulus derived in equation (A-12)) is functionally dependent 

on deviatoric stress, and in this sense equation (A-13) will exhibit flawed behavior if the 

deviatoric variation in bulk modulus is not modeled. Finally, the flexibility afforded in 

equation (A-13) by allowing the bulk modulus to vary with hydrostatic stress has the 

disturbing effect that the resulting sum of the normal stress deviators is not generally zero. 

If this interpretation of the HELP“ is correct, the use of the term stress deviators to 

describe the left hand side of equation (A-13) is not even justified. 

EPIC51 use a form similar to equation (A-13) except that K is defined in such a way as 

to force the sum of the normal stress deviators to zero. This ad hoc procedure will 

coincidentally mimic the behavior of equation (A-6), though the formulation is in error during 

the subsequent hydrostatic stress calculation by not accounting for the deviatorically 

induced dilatation (ë). 

Additional advantages afforded by the proposed formulation when using a code which 

employs an incremental strain approach, may be seen by comparing the proposed 

algorithm specifics with that of the prior formulation used in HELP“. The proposed 

formulation takes strain increments, and decomposes them into hydrostatic and deviatoric 

components. Equation (A-6) is used in an incremental way to update deviatoric stress. If 
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the hydrostatic strain increments are summed and remembered, equation (A-12) may be 

used to evaluate the hydrostatic stress value directly. If the hydrostatic stress is a function 

of volumetric dilatation only, then errors introduced into the calculation of hydrostatic stress 

are machine precision dependent, but not algorithm dependent. That is to say, errors in 

the calculation of hydrostatic pressure are insensitive to the size of the hydrostatic strain 

increment. 

On the other hand, an incremental stress formulation like that proposed for HELP50 

experiences errors which are dependent on hydrostatic strain increment size (which is 

proportional to the calculation timestep size), if variable compressibility is employed. For 

example, use of equation (A-13) as described for materials with variable compressibility 

requires that some sort of average compressibility be calculaie-1 for the time increment in 

question. As shown in Figure A-3, the average bulk modulus depends not only on the 

total element dilatation, but also on the size of the strain increment (since dilatation 

changes with strain increment). Therefore, the accuracy of such a scheme is limited by 

the integration step size regardless of machine precision. Presumably, this problem can be 

avoided if one replaces the modulus dilatation product at the end of equation (A-13) with a 

ÄÖ term, where the Aõ term is directly obtainable knowing the previous and present 

cycles’ average stress. 

However, many non-linear equations of state that are routinely employed in impact 

codes like HELP50 show a dependence of hydrostatic pressure on internal energy. Under 

such conditions, this dependence of pressure on energy must effectively be reflected in 

equation (A-13) for consistency to be maintained. However, since internal energy is 

affected by the work done by the internal stresses (which include deviatoric stresses), a 

coupling of internal energy, pressure, and deviatoric stresses exists. No simple means 

exists to solve this set of equations simultaneously, and a lengthy iterative process 

becomes necessary. No mention of such coupling and/or iteration was made50. Thus, it 

can be seen that equation (A-13) suffers many drawbacks which make its use less 

desirable than the proposed method given by equations (A-6) and (A-12) in which the 

deviatoric relations are free of hydrostatic terms. 
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Figure A-3. Error in computation of hydrostatic pressure is 
introduced if tangent modulus is employed. 
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In summary, the steps proposed for deducing elastic anisotropic deviators in equations 

(A-6) and (A-12) follow closely those for isotropic materials in the following ways: 

a. deviatoric stress is expressible totally in terms of deviatoric strain, and 

b. pressure is expressible totally in terms of dilatations. 

The differences from the isotropic formulation are: 

a. the matrix relating deviatoric stress to deviatoric strain is not diagonal in the 

anisotropic case, and 

b. the total volumetric dilatation must be modified by the deviatorically induced 

dilatation when calculating the pressure. 

A.4 Plastic Deviatoric Anistropy. 

The anisotropic equivalent tr ' ; Prandtl-Reuss flow rule of plasticity can be similarly 

cast into a deviatoric form. Stress behavior of yielding material is governed primarily by 

the nature of the yield surface, which defines the allowable stress states of the material 

and subsequent plastic flow properties. In general, only a portion of a post-elastic strain 

increment (Aej1) contributes to changing the stress. That portion is designated the elastic 

strain increment (ACj). The remaining portion of the strain increment is designated the 

plastic strain increment (Aef). This decomposition of the strain increment is governed by 

two rules: 

a. an infinitesimal plastic strain increment vector must be normal to the yield surface 

at the stress state under consideration, and 

b. a stress increment vector tending to go outside of the yield surface can at most 

move tangentially to the yield surface at the stress state under consideration. 

Because of the linearity of the equations governing the conversion from absolute 

elastic strain (Ej) to deviatoric elastic strain (e,, ë, èj), one is assured that by decomposing 
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the elastic strain increment into any two arbitrary divisions, the sum of the two converted 

strain divisions equals the conversion of the strain division sum. This rule becomes handy 

for impact code implementation if the two strain divisions are taken as the total strain 

increment and the negative of the plastic strain increment (the sum of which add up to the 

elastic strain increment). In this way, the stress changes may be calculated on the 

assumption that the total stress increment is elastic. If it can then be determined that yield 

has been violated, a fictitious stress may be calculated from the plastic strain increment, 

and subtracted from the stress state which is in violation of yield to give the true stress 

state. 

To see how this is employed in actuality, consider the deviatoric constitutive relation, 

equation (A-6), in which the deviatoric stress increment is calculated via the product of the 

modulus and elastic deviatoric strain increment. The linearity of the deviatoric conversion 

equations implies, for plastic deformation, that: 

As, = Cjj (Ae/ - A0jp) (A-14) 

The deviatoric total strain increment (Ae^) is calculated with the deviatoric conversion 

equations, based on the total strain increment. The plastic deviatoric strain increment 

(Aejp) can be decomposed into its total plastic (Aejp) and hydrostatic plastic (Aep) 

components, respectively. 

The total plastic strain component is necessarily normal to the yield surface, and is 

given by: 
df 

Ae,p = AX — 
1 do, 

(A-15) 

where f is the equation governing the yield surface, and AX is a proportionality constant for 

the yield surface normal (âf/âOj), which has been evaluated at the stress state in question. 

If one assumes an anisotropic yield condition like Hill’s39 in which the yield criterion is 

independent of the hydrostatic pressure, then the yield surface normal may be evaluated 

with the use of the deviatoric stresses (e.g., âfÆSj). 
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Similarly, the hydrostatic plastic component represents the three components of plastic 

deviatoric dilatation, and can be explicitly calculated knowing the elcstic and plastic material 

constants and the same proportionality constant AX required above. 

As a side note, the usage "plastic dilatation" would seem to imply that plastic 

incompressibility does not hold. This is, however, not the case. Recall that equations 

(A-3), (A-7), (A-9), and (A-11) were proven valid only for elastic deformations. The concept 

of plastic strain was introduced to represent the difference between the elastic and total 

strain components. This term "plastic dilatation" in fact represents a portion of the total 

dilatation to be subtracted off to yield the proper value of elastic deviatoric dilatation. The 

plastic incompressibility relation: 

Ae,*’ + Ae2p + Ae3p = 0 (A-16) 

is still assumed to hold throughout all calculations derived here. Thus, expressing the plastic 

deviatoric dilatation term as 

(A-17) 

the deviatoric constitutive relation may be expressed, using equations (A-14), (A-15), and 

(A-17) as 

ASj C, deip ï 

dX 
AX (A-18) 

Notice that the only term in this relationship which differs from the isotropic case is the last 

term involving (def/dX). This term is zero for the isotropic case because of the fact that 

there is no dilatation as a result of deviatoric stress. Similarly, this term can not generally 

be zero for the anisotropic case because equation (A-18) is a deviatoric stress relationship. 

The term (dëf/dX) is precisely the magnitude required to force the deviator stress to remain 

in the 7t plane (i.e., have no hydrostatic components). 

The quantity AX may be evaluated by taking the scalar product of equation (A-18) with 

(df/âs,). Because As, is tangential to the yield surface and (df^s,) is the yield surface 
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normal, the scalar product is zero. Similarly the term (d£jP/dX) is of a form identical to that 

resulting from the purely hydrostatic stress state described in equation (A-7). Thus, the 

quantity C^dë^/dA.) is parallel with the hydrostat vector. If one assumes an anisotropic yield 

condition like Hill’s39 in which the yield criterion is independent of the hydrostatic 

pressure, the scalar product of C^dë^/dX) and (âf/âs,) is also zero. Thus the value tor AX 

may be calculated as: -,, % 
AX *_l_ (A-19) 

af r at 
— S — 
asj aSj 

This expression for AX is of a form identical to that obtained for the isotropic case, and can 

be used in equation (A-18) to calculate the elastic deviatoric stress increment. 

Because of the curvature of the yield surface and the fact that AX was calculated for 

the stress state existing at the beginning of the time cycle, the updated stress state 

resulting from equation (A-18) may in fact still lie slightly outside the yield surface. What is 

done at this point in both the existing models and the proposed one is to scale back all the 

stress components uniformly until the yield surface is exactly reached. Though this 

technique introduces some error on its own, it is believed that the error is not too great 

since the components of the increment of stress scale back are nearly normal to the yield 

surface in many cases. Also, ways have been devised by Vavrick and Johnson51 to 

decrease the magnitude of this error. Their techniques employ subdivision of the time 

cycle. However, some anisotropic formulations use a deviatoric stress formulation in which 

elastic deviatoric stresses are defined in the following way50 

As = ( C, AEj - 3K (Ae, + Ae-, + Ae3) , i=1,2,3 /A.13x 
1 AEj .¡=4,5.6 

and additional error is introduced as a result. This occurs because the formulation in 

equation (A-13) does not guarantee that the sum of the deviatoric stresses will equal zero 

for an anisotropic material, and in fact they will generally not do so. As a result, any scale 

back of the stresses employed to meet the yield criterion will include a hydrostatic 
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component. Such hydrostatic scale back violates basic rules of yield surface normality in a 

fundamental way. Furthermore, techniques proposed by Vavrick and Johnson which 

decrease the error resulting from stress scale-back will not decrease the amount of 

hydrostatic stress error introduced into the calculation as the result of using a formulation 

like that of equation (A-13). 

A.5 Summary. 

An anisotropic formulation has been proposed which satisfies the condition of reducing 

to Hooke’s Law/Prandtl Reuss Flow Rule when employing the constraint of constant 

compressibility and isotropy, but which conveniently allows for anisotropic material 

properties and variable compressibility. 

The deviatoric stress technique which has been used routinely in the isotropic impact 

codes for describing isotropic behavior has been effectively combined with the anisotropic 

constitutive relations to produce a truly deviatoric anisotropic constitutive relation. In this 

deviatoric formulation, deviatoric stress is expressed only in terms of deviatoric strain, and 

compressibility does not influence the deviatoric relation. 

Existing formulations suffer from drawbacks which have been eliminated in the present 

formulation. Some of the drawbacks of previous formulations may be enumerated as 

follows: 

a. working with absolute stress and strain offers no simple way to perform calculations 

involving variable compressibility, 

b. calculating hydrostatic pressure increments (instead of complete hydrostatic 

pressure) can introduce error associated with obtaining and averaging the tangent bulk 

modulus over a strain increment (this problem compounded by the fact that Hugoniot data 

is usually gathered in the form pressure versus dilatation, the slope of which is the tangent 

bulk modulus), and 

c. use of a "deviatoric" stress which includes a hydrostatic component will produce 

error in the pressure calculation if stresses are scaled back to satisfy the yield condition. 
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Additionally, the formulation can be simply coded into existing impact codes which 

presently use the deviatoric stress technique for isotropic materials. Finally, it is hoped that 

the formulation provides an enhanced physical interpretation on the behavior of anisotropic 

materials. 
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APPENDIX B: 

ANISOTROPY DIRECTION TRACKING FOR 

AXISYMMETRIC SIMULATIONS 

In order to model anisotropy for axisymmetric code simulations, one must have the 

ability to accurately track element motion in the 6 direction. In particular, one must 

ascertain the orientation of anisotropy in the r-z plane, as well as the angle formed 

between the principal direction of anisotropy and the r-z plane. 

One of the first problems to be considered is the shape of a computational element 

which has experienced motion in the 6 direction. The data available are the r, z, and 6 

coordinates for the three nodes at the vertices of the element. A logical choice for an 

interpolation function for the 0 position throughout the element, which is consistent with the 

r and z interpolations is 

0 = ar + ßz + Y . (B-1) 

where a, ß, and y are constants chosen in such a way that 0, evaluated at each of the 

nodal vertices, matches that node's coordinate. One of the favorable results of choosing 

an interpolation function like equation (B-1) is that the element, when plotted in a Cartesian 

r, z, 0 space (Figure B-1) is still flat. However, interpolation function (B-1) suffers 

drawbacks. In particular, the surface of the element in cylindrical r-z-0 space is curved in 

such a way that the angle (<|>) formed between the element surface at a point and the r-z 

plane through that point varies for the different points in the element. Figure B-2 depicts 

this behavior schematically where, for simplicity of illustration, projection into the r-0 plane 

has been performed. As such, the term <t>r has been employed to represent the angle ¢) as 

projected into the r-0 plane. 

On the other hand, the curved element proposed is much more desirable than say, a 

flat element in cylindrical r-z-0 space. Only when one admits the possibility of having a 

curved element can one consider the more realistic situation of having a deformed element 

curve around the axis of symmetry. As was noted however, in Figure B-2, the angle (¢) 

formed between the deformed element and the r-z plane varies slightly at different points in 
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Figure B-1. Interpolation for 8 within a computational element 
is flat in Cartesian r-z-6 space. 
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0= dr + /3z + 7 

— = a = constant 
dr 

d#, d^2 66 
d^"dr2'dr 

Figure B-2. Schematic depiction of how interpolation function for 9 causes the angle 

between r-z plane and computational element (d>r) to vary throughout element, 

as viewed down the z axis in cylindrical r-z-9 space. 
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the element. A reasonable average for this angle may be obtained by evaluating the angle 

at the centroid of the element. 

The actual situation of anisotropy modeling is further complicated by two issues: 

a. there exists a particular line in the r-z plane, which represents the projection of the 

principal direction of anisotropy onto the r-z plane; and 

b. at time zero, when an element’s geometry is undeformed, there may exist a 

non-zero angle between the principal direction of anisotropy and the r-z plane. 

The orientation of principal direction, as projected into the r-z plane (item 1 above), can be 

easily tracked by integrating the element's r-z rotation rate. This rotation rate is readily 

available from standard axisymmetric hydrocode computations. It was shown in Figure B-1 

how a deformed element remains flat in the Cartesian r-z-0 space. For the anisotropic 

problem at hand, one must be able to determine the angle (¢) formed between this 

deformed element and the r-z plane, along a particular direction. In Figure B-3, this 

direction is shown as a vector dl which forms an angle 6 with respect to the r axis, and lies 

in the r-z plane. To determine d0/dl, one employs directional derivatives 30/3r and de/dz so 

that 

d0 30 dr 30 3z 

dT ~ F 3T + 3z 3T 
(B-2) 

Recalling equation (B-1), and substituting into equation (B-2), it is seen that d0/dl may be 

expressed as 

d0 
— = a cos 8 + ß sin § , (B-3) 
dl 

The parameters a and ß are easily determinable from vector analysis. If the quantity 

V12xV13 takes on the value 

AAA 

V12 X V13 = a i + b j + c k , (B-4) 
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Figure B-3. Computational element viewed in Cartesian r-z-9 space, showing all quantities 
needed to compute de/dl. and hence the angle between the r-z plane and 
deformed element in cylindrical r-z-8 space (¢1 
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then it can be shown that a = -a/c and ß = -b/c. Thus, the angle (¢)) formed between the 

element and the r-z plane along the direction dl is given by 

de 
tan 0 = r — . (B-5) 

dl 

This result is similar to that derived in Figure B-2, except that it accounts for arbitrary 

directions of anisotropy, and does not assume that dl is aligned with the radial axis. 

The final point to be considered is the situation where the principal direction of 

anisotropy does not lie in the plane of the element (item 2 above). Even if the element 

does not experience deformation in the 0 direction, it is clear that the out of plane angle ¢) 

may vary with r and z distortion. In particular, an element in the r-z plane stretched 

infinitely large will have ¢) approach zero, while an element being compressed to 

infinetesimal proportions will have <)> approach kI2. The way that this situation may be 

addressed computationally is to (within an element) augment the nodes 0 coordinates by a 

ficticious amount only for the purposes of computing <(>. This ficticious augmentation will be 

computed in such a fashion as to guarantee that the initial value $ takes on is the desired 

initial value for ¢. In the absence of this augmentation, the initial value for $ would 

otherwise be zero identically. These agumentation values are computed once at the 

commencement of computation for each element, and are used throughout the numerical 

computation. 

It has thus been shown that the necessity of tracking anisotropy orientation in 

axisymmetric elements may be accomplished in a straight forward manner. The tracking is 

done on two parameters. First, the projection of anisotropy direction on the r-z plane is 

tracked via r-z element rotation. Secondly, the angle (¢) formed between the principal 

direction of anisotropy and the r-z plane is tracked. The employment of this type of 

anisotropy tracking permits the effective modeling of anisotropic materials in axisymmetric 

codes in such a way as to permit anisotropy induced accelerations in the 0 direction of the 

cylindrical coordinate system. 
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LIST OF SYMBOLS 

( )' a primed variable is a quantity whose value Is taken In an arbitrary laboratory 

reference frame. The same quantities, when unprimed, are those taken in the 

"material coordinate frame", unless otherwise noted. 

( )‘ a superscript t denotes that a variable (e.g., strain) represents a total quantity, 

which is composed of an elastic part and a plastic part. 

( )p a superscript p denotes that a variable (e.g., strain) represents a plastic quantity. 

(■) a dotted quantity represent time differentiation. 

A( ) a upper case delta before a quantity signifies that the quantity is an increment. 

5{ ) a lower case delta before a quantity signifies that the quantity is an increment. 

Ay the matrix which, when multiplied by the contracted stress vector, produces the 

yield surface normal in the material reference frame. 

Ajj' the matrix which, when multiplied by the contracted stress vector, produces the 

yield surface normal in the laboratory reference frame. 

Ay the difference between Ay and Ay. 

a major axis half-length of anisotropic yield ellipse, or alternately linear 

acceleration. 

a liner half angle, or alternately an interpolation constant. 

b minor axis half-length of anisotropic yield ellipse. 

ß an interpolation constant. 
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Cy modulus matrix (6x6) which relates stress increments dOj to elastic strain 

increments dCj. 

D shaped charge diameter. 

Ô thickness of cone or liner element, or alternately the angle formed between the r 

axis and the projection of a principal material direction onto the r-z plane. 

5m mass of a liner element or jet segment. 

Ej Young’s modulus in direction i. 

Oj deviatoric elastic strain components (6 independent). In this report, the term 

"deviatoric" will imply a deviation from the strain state resulting from a condition 

of hydrostatic pressure. For anisotropic materials, strain is not uniform under 

conditions of hydrostatic pressure (i.e. the three principal components of strain 

are not identical). As a result, the normal deviatoric strain components are NOT 

simply the difference between the total strain component and the average of the 

normal strain components. 

ë deviatoric dilatation (0^62+63). Though dilatation is only a function of pressure 

for isotropic materials, dilatation may vary in an anisotropic material just by 

varying the deviatoric stress (without changing the pressure). Thus, this 

dilatation associated with the deviatoric stress is is referred to as deviatoric 

dilatation. 

Ej elastic strain components in contracted notation; indices 1 to 3 are normal 

components, whereas 4 to 6 are the shear components 23, 13, and 12 

respectively. 

strain state resulting from hydrostatic pressure. For an isotropic material, the 

three normal "hydrostatic" strains would be equal. This is not the case for 

anisotropic material. 
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E, normal strain in the thickness direction of a rotary forged tensile specimen. 

ew normal strain across the width of a rotary forged tensile specimen. 

F coefficient of Hill’s yield criterion. 

f the plastic potential (i.e., yield function) or alternately, the fraction of liner 

element mass which ends up in a jet segment. 

âf/âOj the vector normal to the yield surface given by the function f. 

0f/dSj is equivalent to êWâOj for a yield criterion like the Von Mises or Hill, where 

yielding is not a function of hydrostatic pressure. 

¢) the angle formed betweei. a distorted computational element and the r-z plane. 

<|>r the angle formed between a distorted computational element and the r-z plane, 

as seen viewing down the z axis. 

G coefficient of Hill's yield criterion. 

Gjj Shear modulus in i-j plane. 

r the CCW angle of rotation about one of the laboratory axes, from the laboratory 

coordinate system to the preferred material coordinate system. 

Y an interpolation constant. 

Yjj component of engineering shear strain, equal to twice the tensorial component 

eï 

H coefficient of Hill’s yield criterion. 
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polar moment of inertia. 

a parameter which represents the ratio of longitudinal to transverse strain (in the 

material reference frame) under conditions of hydrostatic pressure (o, = a2 = o3). 

a parameter which represents the ratio of longitudinal to transverse stress (in the 

material reference frame) under conditions of uniform strain (e, = e2 = £3)- 

strength of a material in simple shear. 

coefficient of Hill’s yield criterion, or alternately the length of a shaped charge 

cone. 

length of anistropic yield ellipse along the 1 direction, 

length of anistropic yield ellipse along the 2 direction, 

length of anistropic yield ellipse along the 3 direction. 

the vector in the direction of the projection of a principal material axis onto the 

r-z plane. 

a proportionality constant between the yield surface normal vector, and the total 

plastic strain increment vector, which are parallel. 

coefficient of Hill’s yield criterion, or alternately the mass of a cylinder slice. 

fractional mass of a cylinder slice, or alternately the cosine of an angle in 

question. 

coefficient of Hill’s yield criterion. 

the sine of an angle in question. 



outward normal vector to the anisotropic yield ellipse. 

Vij Poisson's ratio in i-j plane. 

0( ) Signifies the order of magnitude of the quantity in parentheses. 

P angular momentum. 

Q, a term comprised of K "s yield constants, equal to N-2H-G. 

Q2 a term comprised of Hill’s yield constants, equal to N-2H-F. 

Q3 a term comprised of Hill's yield constants, equal to M-L. 

R Initial radius of a liner element. 

r radial coordinate in cylindrical r-z-6 space, or alternately the so called "r-value” of 

anisotropic material. 

Tj radius of jet segment. 

p density. 

Si deviatoric elastic stress components (6 independent). In this report, the term 

"deviatoric" will imply a deviation from the stress state resulting from a condition 

of hydrostatic pressure. 

o standard deviation. 

o¡ stress components in contracted notation; indices 1 to 3 are normal components, 

whereas 4 to 6 are the shear components 23, 13, and 12 respectively. 
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“ average stress, by definition equal to the negative of the hydrostatic pressure. 

o9 normal hoop stress component. 

T torque. 

ly The transformation matrix which converts stress and strain from one coordinate 

system to another. 

T0 initial value of torque. 

t time, or alternately tensile specimen thickness. 

t0 original tensile specimen thickness. 

xre shear stress component in the r-0 plane. 

xze shear stress component in the z-6 plane. 

Vj axial jet particle velocity. 

V0 initial circumferential velocity component of a liner element. 

Vy the vector connecting node i of a computional element to node j of the same 

element, where i, j, and k may take on the values 1, 2, and 3. 

w tensile specimen width. 

w0 original tensile specimen width. 

Q shaped charge spin rate. 

98 



fi 
angular velocity of liner element at initial radius R (prior to collapse), as a result 

of residual stress relief mode 2. 

to angular velocity of a jet particle, or of the collapsing liner element which forms 

the jet particle. 

“net momentum averaged angular velocity through a certain percentage of a 

collapsing anisotropic cylinder slice. 

lOg angular velocity of the slug, which results from shaped-charge liner collapse. 

AÇ length of a jet segment, originating from a liner element of length Az. 

Y, 23 normal flow stress in material directions 1, 2, and 3, respectively. For an 

elastic-perfectly plastic material, it equals the yield strength. 

Y456 shear flow stress in the 23, 13, and 12 planes, respectively. For an 

elastic-perfectly plastic material, it equals the yield strength. 

Yskew normal flow stress for rotary forged tensile tab oriented 45 degrees from both 

the circumferential and radial directions. 

0 circumferential coordinate in cylindrical r-z-0 space. 

z axial coordinate in cylindrical r-z-0 space. 

Az axial length of a liner element. 
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