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shown that as the regularization parameter goes to zero, the global attractor for the regu- . )

larized system converges to the global attractor for the conventional Navier-Stokes system.
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1 Introduction

Two of the profound open problems in the theory of three dimensional viscous flow are
the unique solvability theorem for all time and the existence theorem for the global attrac-
tor. We have shown in our earlier studies [10, 9, 11, 13] that certain regularizations of the
Navier-Stokes equations are uniquely solvable (up to dimension six) and can be character-
ized by compact global attractors. A natural question then is to investigate the possibility
of establishing such results for the conventional Navier-Stokes equations by a limit process.
In this paper we will accomplish this for the two dimensional case. We prove in particular
that the compact global attractor A, for the regularized system converges to the compact
global attractor A of the conventional system as € — 0.

The outline of the paper is as follows. In §2 we present the relevant mathematical frame-
work for the paper. In §3 we establish several uniform estimates for the generalized solutions
of the regularized system. These estimates hold independent of the size of the regulariza-
tion parameter and remain valid when this parameter goes to zero. In §4 we show that the
solution of the regularized system converges to the solution of the conventional system as
the regularization parameter goes to zero. The next two sections deal with convergence of
attractors. In §5 we establish the convergence of the simple case of time periodic solutions.
Then in §6 we prove the central result of this paper establishing the upper semicontinuity of
the compact global attractor A, at e = 0.

The question of the convergence of A, to A is thus completely answered for the two di-
mensional case. Our future investigations will be concerned with the corresponding problem
for the three dimensional case. We have already reported partial results in this direction in
[10, 9] where it was shown that the generalized solutions of the three dimensional regular-

ized system converges to the solution of the conventional system under certain conditions.

The methods validated in this paper certainly give us guidelines to elaborate the three di- ——

mensional case. We remark here that the use of the artificial viscosity method to establish
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known example of such a result is the viscosity solution method for the Hamilton-Jacobi

equations [2].

2 Notations and Preliminaries

We regularize the Navier-Stokes system by adding a fourth order artificial viscosity term
(Laplacian square) to the conventional system. In this paper we will restrict ourselves to
periodic boundary conditions. A thorough study of the regularized system with this and
other types of boundary conditions was carried out in [10, 9, 11].

Let us consider the velocity field v = (u;,u,) and pressure field p with space periodic

condition in R? such that for Q = (0, L) x (0, L), we have

%';—+5A2u—uAu+(u-V)u+Vp=f, in 2 x (0, 00), (1)
V.ou=0, in 2 x (0,00), (2)
u(z + Le; t) = u(z,t) 1=1,2, VvV te(0,00), (3)
p(z + Le;, t) = p(=,t) 1=1,2, V te(0,00), (4)
u(z,0) = uo(z), in Q. (5)

Here v > 0 is the coefficient of the kinematic viscosity of the fluid and € > 0 is the artificial
dissipation parameter. f and ug are prescribed vectorfields. Notice that the conventional
Navier-Stokes equations correspond to the value of the regularized parameter € = 0.

We denote by H™(Q2), the Sobolev space of L-periodic generalized functions (condition
(3)) which have up to order m square integrable distributional derivatives. These spaces are
endowed with the inner product

(w,9)m = 3 (D%u,D%v)raq)
| |<m
and the norm

lullm = ( 30 1D% wl|Zam)*".

lox|<m




Suppose we expand u € H™(f) by the Fourier series

u(z) — E Ckeziwk-z /L’
keZz?

then the Sobolev space u € H™(Q) can be characterized by

Hm(Q) = {ul Cp = C_p, z lklZmlel2 < 00}

kez?

We denote by H™(Q) the subspace of H™(Q) with zero average:

H™() = {u € H™Q); /n u(z)dz = 0}.

For m = 0, we have H(Q) = L*(Q).

We introduce the following solenoidal subspaces which are important to our analysis:
H={ue€ Lz(Q), divu =0, u - n|r, = ~u - n|r,,, 1 =1,2}
f/ = {u € HI(Q), divu =0, 'Youll‘i = ’70“‘1‘.‘4-:) 1=1, 2}

V={ue Hz(Q)’ dive =0, You|r;, = 'YO"II‘.‘M: Y|, = —71“|F.'+z: i=1,2}.

Here the faces of 2 are numbered as
I;=00Nn{z;=0} and T, ,=00Nn{z;=L},1=1,2.

Here v, 11 are the trace operators and n is the unit outward normal on 9Q.

The space H is endowed with the inner product (u,v)r2q) and norm [u| = (u,u)}l/f(n)

(or || - |lo)- It can be shown that the norm induced by HY(Q) and the norm IVullz2ay

are equivalent in V. Similarly, in V the norm induced by H 3(Q) is equivalent to the norm

Aulraay. We then denote [[u]| = ||Aullzyq) = (v, u /2 a5 norm 1n V derived from the
(n) (1) v

inner product

(u,v)y = (Au,Av).

Let V', V' denote the dual spaces of V and V respectively.




The Stokes operator A; can be characterized explicitly using Fourier series. We write the

Stokes problem,

—Au+Vg=g, in{,
V-u =0, in Q.

as

Aiu =g, with D(A)={ueH Aiu € H}.

We have in fact,

u € D(A,)=HQ)NH=V. (6)

Similarly, we can solve by Fourier series the following linear problem which is fundamental

to our analysis:

A’y +Vp=§f, inQ,
(7)

V.v =0, in §2.
The linear operator A (which we call the dissipation operator) is characterized by Av = f. It
can be shown that the self adjoint operator 4 € L(D(A); H)NL(V; V') is closed with D(A)
dense in V C H. Moreover, we can define positive as well as negative powers A*,a € R

with domain D(A%). Let us denote by X, the space,
Xo = D(A**) = {u € H*(Q), divu = 0}.
In fact the norm induced by H*(R) is equivalent to the norm [A*/4u| in X,. This means
Billullia < [A%u| £ Bo||uflsay Vu € D(A%), Va€R. (8)
We can deduce from a theorem due to Lions [7] that D(A/?) = V. Thus,
D(A;) = V = D(AY?). (9)

By Rellich’s Lemma [1] A~! as a mapping in H is compact. Hence the spectrum of
operator A is discrete with finite multiplicities and can be written explicitly using Fourier

series as
16%x4
L4

Ak = lkl‘, k = (kl, kg)




The self adjoint operator A possesses an orthonormal set of eigenfunctions {w ;}2; complete
in H,

Aw;=djw;, w; € D(A4), Vj.
The above results can be applied to the Stokes operator A; as well. The eigenvalues of A4;

are
4x?
Bk = 'L—;'lklz, k = (ky, ka).

The corresponding orthonormal set of eigenfunctions {w;}32, is complete in H and
Aywj=Ajw;j, w; € D(4,), V.

Remark: For the space periodic case considered in this paper, the Stokes operator 4 is
in fact equal to A/2. However since for other types of boundary conditions they are different
we prefer to give them distinct notations.

Let us now define the trilinear form ¥(-,-,-) associated with the inertia terms:

2
bu,v,w)= 3 /nu,-D,-v,w,-da, D=2

It can be easily-shown that

b(“:”)"’)=—b("7"’;”)) Vu,o,w €V

and St

b(u,v,v) =0, Vu,veV

In the case of periodic boundary conditions, we have in addition [15, Lemma 3.1]
bu,u,Au)=0, VueDA4). (10)

Using the discrete Holder inequality and Sobolev embedding theorem we can show that
b(-,-,-) is trilinear continuous on H™ (Q) x Hm™+1(Q) x H™(Q), m; > 0 [15]:

|6(x, 8, )| < collw[lmy [| | ma+1lw [lmas




my +my+ m3 > 1.

The following well known estimate will be used later,
b, v, w)| < elu2|Vu 2|02V 2 V], V.u,o,weV(orV), (11)

where ¢; is a positive constant.
The continuity property of the trilinear form enables us to define (using Riesz represen-
tation theorem) a bilinear continuous operator B from H™ () x H™+1(Q) into (H™(Q))".

In particular, for u,v,w € V, B(u,v) € V' will be defined by

< B(u,v),w >vixy=b(u,v,w), VweV.
Similarly, we define B(u,») € V' by

< B(u,v),w > p=b(u,v,w), VweV.

Using the operators defined above we can write the regularized system (1)-(5) in the

evolution form:

du, -

. —;— + eAu+vAju,+ Blugue) = f, t>0,

t (12)
u¢(0) = ug-

The existence and uniqueness theorems for initial value problem (12) can be found in [10, 9].

The main result in this work is: SN

Theorem 2.1

(i) Let £ € L3(0,T; V') and uo € H be given. Then there ezists a unique weak solution of
(12) which satisfies u. € C([0,T]; H)N L*(0,T;V), VT > 0.

(ii) Let £ GE’(.O, T, H) and ug e' V be given. Then there ezists a unique strong solution of
 (12) which satisfies u. € C([0,T}; V)N L*(0,T; D(A)), VT > 0.




Let us denote by W,(t) the nonlinear semigroup associated with the solution of the regularized
system (12). This means W(t,0; ue0) = u(t) for all ¢ > 0.

Notice that the conventional Navier-Stokes system can be written in the evolution form:

‘Z—u+uA1u+B(u,u)=fa t>0’
t (13)
u(O) = UgQ-

The following unique solvability theorem for the system (13) is well known.

Theorem 2.2

(i) Let f € L*(0,T; V’) and up € H be given. Then there ezists a unique weak solution of
(18) which satisfies w € C([0,T); H) N L*(0, T V), VT > 0 (Lions and Prodi [8]).

(ii) Let f € L*(0,T; H) and uo € V be given. Then there ezists a unique strong solution of
(18) which satisfies v € C([0,T]; V)N L*0,T; D(A,)), VT > 0 (Kiselev and Ladyzhenskaya
[5])-

0

We will denote by W(t) : uo — u(t) the nonlinear semigroup associated with the solution
of Navier-Stokes equations.
Let us introduce the following result [10, 9] which is needed for the convergence of u. as

the regularized parameter € — 0.

Proposition 2.1 Let {u,} be a sequence of vectorfields that converge weakly in L*(0, T; V),
weak-Star in L°(0,T; H) and strongly in L*(0,T; H). Then, the following limits are obtained
for any vector function w in Y = {w € C(0,T; V);w' € L3(0,T; H)}

(@ Jim [ Contt) wie)dt = [ (u(0) ()
T T
(5) Jlim /o (Vur(t), Vo (£))dt = /0 (Vu(t), Vo (£))dt,

@ Jim [ Buslt)un(®) w ()t = [ du(®), ult) ()t




3 Uniform Estimates for the Solutions

In this section we will establish various estimates uniform in € for the solution of reg-
ularized Navier-Stokes equations. These bounds will be used to establish the limit of these

solutions to the conventional Navier-Stokes equations.

Lemma 3.1 Let f € L*(0,T; H), then the weak solution u(t) of the reqularized Navier-

Stokes equations satisfy
(1) sup |""c(t)l2 S dly
tef0,T]

T
(i) /0 Vu(t)[2dt < d,
where dy,d, are both independent of €.

Proof: By taking the inner product of (12) with u(t), we obtain the energy equality:
d 2 2
Elu;] + 2€||ucll® + 2v|Vul® = 2(F,u.).

Here we have used the fact that b(ue, ue,ue) = 0. By applying Young’s inequality and the
Poincaré Lemma [Vu|? > p;|ucl?, we get

d 2

e+ 2elucl? + 017w, < L (19
where p1 = 4w2/L? is the smallest eigenvalue of the Stokes operator A;. If we drop the
positive term associated with €, we obtain

g

d 2 2
—_ e <

Hence, by integrating the above inequality from 0 to ¢, we get
1 rt
JudOF < Juol?e + = [|5(s) e~ as,
0
with a = vp,. That is,

sup |u (t)]® < d.
te[0,T)




T
with  dy = di(ueo, £,0,T) = |ueol + / I£(s)|?ds.
0
If we drop the term 2¢||u||? in (14) and integrate from 0 to T,
T 1 T
TP +v [ [Vudtdt < uel + = [ 17t (15)
0 aJo

This implies
[Vt < Sl + < [ Is Pt

That is

T

[ VuPdt<dy,  dy = 4

0 v

Notice that d; and d; do not depend on e.
()}
Corollary 3.1 Let f € H be independent of time then,
DO < e + 31—, po= L] ve>0,

o [T 1 |£ 2T
2 < = 2
) [ Vuddt < S(Jual” + = =),

Proof: By integrating (14) from 0 to t with f € H, we obtain result (i) with po = |f|/c.

Result (ii) is a direct consequence of (15).

Lemma 3.2 Let f € L*(0,T; H), then the strong solution u(t) of the reqularized Navier-

Stokes equations satisfy
(i) sup |Vu ()] < ds,
te[o,T]
T
(i) [ 1Arudt)dt < di,
0

where di, dy are both independent of e.




Proof: We consider the strong solutions and take the inner product of (12) with Au,

obtaining

dit|Vu,|2 + 26| A¥%u |? + 2v|Aju f? = 2(F, Aru.).
Here we have used the fact that b(u., u., A1u,) = 0 and
(Aue, Aju,) = (AV4A¥ 4y, AV 24,)
— (A3/4u¢, AS/QUC)

— |A3/4"'cl2

since D(A;) = D(A'/?) and both A, A, are self adjoint. By applying Young’s inequality, we

get
d 2
—|Vu? + 2¢|[A 4w * + v|Ajuf? < lﬂ
dt v

We can drop the positive term 2¢ |A%4u |?

d 2 2 £
\VJ vV < .

ZIVud? + vl Ve [ < =

Integrating the above inequality from 0 to ¢, we get

¢t
Vudd) < [Vulet 4 = [ |(s)? e ds,
vV Jo

where a = vp,. This gives

sup |Vu(t)]* < ds.
t€[0,T]

1 (T
with  d3 =d3(ueo, £,1,T) = |[Vuel* + ;/c; |£(s)l*ds.
We can drop the term 2¢ |A¥*u.|? in (16) and integrate from 0 to T to get
T . 1 (T
Vud D) +v [ 1Arudide < [Vuol + - [ 15t

This implies

T 1 1 (T,

[ 1At < o 1Vuol + = [ 1572
0 v v Jo

That is
T d
/ |Aru(t)Pdt < dy,  dy= =2
4]

14

Notice that d3 and d4 do not depend on e.

10

(16)

and use the inequality |4 u¢|? > py|Vu|? to get

(17)

(18)




From this proof we can easily deduce the following results.

Corollary 3.2 Let f € H be independent of time then the strong solution u(t) satisfies:

2
DIVaddF < [VulOPe+ (1 —e=), =11 vi5,

T 1 T
(ii)/o |Aju|?dt < ;( |Vueol? + 'ﬂu—), T > 0.

| 4 Limit to the Navier-Stokes Equations

In this section we will establish the convergence of the strong solution of the regularized

Navier-Stokes equations as € — 0. In [10, 9], a similar convergence result for the weak solution
was established under certain conditions. In this section we will prove the convergence

without any assumption on the bound for the solutions.

Theorem 4.1 Let u.(t) be the strong solution given by Theorem 2.1. Then as e — 0,

the solution u, converges to a unique limit which is the strong solution of the Navier-Stokes

equations.

Proof: We need three forms of convergence for appropriate subsequences. Namely,

(i) ue, — u in L*(0,T;V) weakly;
(ii) ue, —u in L>(0,T; H) weak-star; (19)
(iil) ue, — u in L*(0,T;H) strongly,

as e — 0.
It follows from Lemma 3.2 that u,, € L3(0,T;D(4;)) N L*(0,T; V) with bounds in-
dependent of €;,. This easily implies (i) and (ii). (In fact, better convergence results are

obtained.) The strong convergenre :csult (iii) can be established as follows:

11




Let {u,} and {uq} be two sequences of strong solutions of (12) corresponding to the
same initial data with € = % and ¢ = -}-, respectively. (i.e. e, — 0 as k,l — 00.) We

denote by u(t) = u,,(t) —u¢(t) so that u(0) = 0. By subtracting the equation (12) for u,,
from that for u.,, we get

u, + exAu,, — €Au, + vAju+ Blug,,ue,) — B(u,,ueg) =0 (20)

Taking the inner product of (20) with u., we get

(ul,ue) + e (Aue,,ue) — g (Aug,ue) + v(A1ue, ue) + b(ue,, ue, ue) — b(ue, ve,u) =0.
By using the fact that (Au,v) = (A;u,A;v) and the properties of the trilinear form b
established earlier, we obtain

1d, , )
Ea—tl‘ucl + €k (Aluch,Alue) — € (Aluq,Aluc) + V|V‘u€| — b(uc, uc,ueh) = 0

+ VIVu¢|2 < € |(A1uq,A1uc)| + & |(Arug, Arue)| + ]b(u;,u;,uq)L (21)

The trilinear term can be estimated using (11) as,

Ib(“e)“nuq)l < 151 Iucl ‘V"W' |V"'€h|

v 2 C% 2 2
< §|V“€| + E'“J |V“ehl .

Substituting the above result into (21), we obtain

d c
E’“c'z + "|‘7‘“¢|2 < 2¢ lAl'"'c;.l |A1“¢| + 2¢ IAI"Q‘ lAlucI + 71|“¢|2 |V“¢h|2'

We drop the positive term v|Vu.|? and integrate this equation from 0 to ¢, and noting that
u(0) = 0, we get

t t
() <2 /0 |Arue,| [Aruedr + 26 /0 | Avug| |[Arucldr

2 ot
+°_1/ uef? [V, [Pdr.
vV JoO

(22)

12




From Lemma 3.2, we have u,, € L?(0,T; D(A,)) with bound independent of ;. Hence by

applying the Schwartz inequality we have

t 4 t
e [l [Aruddr < e ([ 1A Pary2( [ |Aru far)?

< & (3'%d,).

Similarly we have

t
e, / |Arug| |Arudr < e (317dy).
0

Since from Lemma 3.2 u, € L*(0,T; V) with bound independent of ¢,

t ¢
[ et 1Vualdr < d [ judar.

Combining all of the above results into inequality (22) we get,

2

d t
[ dOF < 2-3%di(en + &) + T2 [ fu(r)Pdr. (23)

Notice that here ¢;,d; and d4 are all independent of . Now, if we denote y(t) = [ |ue(7)[?dT

then (23) becomes

d 24
= <23y + &) + 2y(1)

¥(0)=0.

From this we can deduce that,
2
y(t) < 3%y (e + e;)j—s [exp (fluﬁ ) - 1] , telo,T).
4

Hence,

T

/ lue(T)]?dT — 0, as e, — 0.
0

That is

|ue, — wellz2ommy — 0, as e, & — 0.
This means {u,, } is a Cauchy sequence in L?(0, T'; H) and there exists a limit » in L?(0, T; H)
such that

”“Ch - u"L’(O.T;H) —» 0 ase — 0.

13




This completes the proof of the strong convergence result (iii) of (19).
Let us now establish the limit of the equation (12) as ex — 0. Let us take a test element
¢ such that
¢ € C(0,T;V) and ¢'e L*0,T;H).

Taking the inner product with (12), we get
(u:,,’ ¢) + €k (A"'CH ¢) + V(A1u€m¢) + b(utu Uey, ¢) = (f1¢)’

Integrating with respect to t and then integrating by parts we get,
T !
(4a(T), #(T)) = (2 (0), #(0)) = [ (e, ")t

T T
+e,,/0 (Alu,,,,A1¢)dt+u/0 (Vue,, Ve )dt

+ [ buawae)it = [ (1, 8)dt (24)

Let us choose ¥ = ¢ € D(0,T;V). Using the convergence Proposition 2.1 we can take

the equation (24) to the limit as ¢, — 0,
[ )it +v [ (Vu Vo)t + [ bu,u pyit= [ (s,%)dt
o b 0 b 0 ? ) o ? .
Here the term

T
Gk/o (Aluq,Au/:)dt — 0,

as €, — 0 since

T
Aju,,, A1¢ )dt < const. independent of ¢.
o 7 ]

Since w € L2(0,T; D(A,))NL*(0, T; V), we can conclude that u is indeed the strong solution

for the conventional Navier-Stokes equations.

O

From Lemma 3.1, we can deduce that the weak solutions u,, € L*(0,T; V)N L*(0, T; H)

are bounded independent of €. Hence the convergence results (i) and (ii) are satisfied by

14




the weak solutions. However, such convergences are not sufficient to conclude the strong
convergence in L?(0,T; H). Therefore, Theorem 4.1 is not valid for weak solutions. We can
nevertheless establish a convergence theorem for the weak solutions provided they satisfy a

certain bound. The following theorem is proved in [10, 9]:

Theorem 4.2 Let u. be the weak solution of problem (12) given by Theorem 2.1 with f €
L*(0,T; H). Moreover, u, € L=(0,T; L3*5(Q)) uniformly in € (6 > 0} and v > ¢, where ¢
15 a positive constant. Then, for € — 0, u. approaches a unique limit u which is the weak

solution of the Navier-Stokes equations.

5 Convergence of T-time Periodic Solution

In this section we will show that the T-time periodic solution of the regularized Navier-
Stokes equations converges in the limit to a T'-time periodic solution of Navier-Stokes equa-
tions. Existence theorems for T-time periodic solutions to the regularized Navier-Stokes
equations were established in (10, 9]. For similar existence theorems for conventional Navier-

Stokes equations see [12, 17, 14]. Let us first give a definition for the time periodic solution.

Definition 5.1 Let f(t) € L} _(—o0o,+00; H) and be periodic with period T. Then u(t)
18 said to be a T-time periodic solution of regularized Navier-Stokes equations if it satisfies

u (t) € L®(—o0,+00; H) N L}, (—00,+00; V), T-periodic in time and
[T 0, 9°(0) + e(Budt), Av (1) + (VD) V5 (1)

+budt)udd)w (@}t = [ (1@ vt Ve ey (25)

—00

with ¥ = {¢ € Co(—00,+00;V) and v’ € L*(—o0,+00; H)}.

Here Co(—o00,+00; V') denotes the set of continuous V-valued functions that vanish outside

a compact time interval.

15




In [10, 9], it has been proven that a necessary and sufficient condition for a T-periodic
solution to be a weak solution in (—oo,+00) is that it must be a weak solution in the
interval [0,T]. The regularity of periodic solutions can be obtained by noting that 3¢, €
(—00,+00) such that u.(z,t;) € V. We use this as the initial value and study the regularity
in [t;, c0) by standard methods [15]. Repeating this in each interval we deduce the regularity
of the periodic solution in the entire interval (—oo,+00) as u(t) € L*®(—o00,+00;V) N
L},.(—oo, +00; D(A)). Let us now state the main theorem:

Theorem 5.1 Let f(t) € L} (—oc,+oo;H) be given and u.(t) € L®(—o0,+00;V) N
L}, .(—o0,+00; D(A)) be the T-time periodic solution of the regularized Navier-Stokes equa-
tions. Then ase — 0, u(t) converges to a limit u € L*°(~o00, +00; V)’WL?OC(—oo, +00; D(4;))

which is a T-time periodic solution of the Navier-Stokes equations

Proof: Since u(t) is a T-periodic solution which satisfies (25), for any k € Z we can choose
a test function ¥ (t) = ¥ ,(t) so that it vanishes outside the compact interval (kT (k+ 1)T).
Thus,

(k+1)T
L), 95(0) + (B ), A% o(8)) + o(Tu(t), Tolt)
(k+1)T
Fout)w D vodt= [T (£, wot)dt, Vhez,
with u (t) € L=(kT,(k+ 1)T; V)N L*(kT,(k + 1)T; D(A)). In particular if we let k = 0, we
obtain the strong solution in the sub-interval (0, T).

Let {u,,} be a sequence of such solutions with €, = 1/k. Then,
L0 (8),940) + €6 (B (8), A o(8)) + 1T (8), Tlt)
+H(ua(th ualdhso O = [ (2(0) wolt)ds,
V v,€C(0,T;V) g€ L*0,T; H).

From Lemma 3.2, we have the strong solution u., € L*(0, T; D(4,)) N L=(0,T; V) with

bounds uniform in €. Thus, by applying the convergence Proposition 2.1 we obtain
T
[ =), 95(0) + v(Tu(®), V(1)
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+8(u(®) w(®) wolN}dt = [ (7(2),%o()et,
V %,€C(0,T;V) o€ L*0,T; H).
Here

T
Ek‘/(; (Au,,, Ay y)dt — 0

as € — 0.

Now, by periodicity of the strong solution we get

(k+1)T
L (), wit) + ¥(Vu(t), Vo)

(k+1)T
+ b (t), u(t) puONMt = [ (), et (26)

for each sub-interval (kT, (k + 1)T). Here we denote ¥ ,(t) = v o(t — kT).
The above result implies that u(t) € L= (kT, (k + 1)T; V) N L*(kT,(k + 1)T; D(A,)) is a
strong solution in each sub-interval. Hence, by choosing a suitable v () and summing over

k, we get (25) with € = 0. This completes the proof.

6 Upper Semicontinuity of Attractors

In this section we will show that the compact global attractor A, associated with the
semigroup W,(¢,-) converges to the compact global attractor A associated with the conven-
tional Navier-Stokes system. We prove this result by establishing the upper semicontinuity
of A, at ¢ = 0. In this section f € H and is independent of time.

We begin by showing that W,(¢,-) admits a compact attractor A, in H for each ¢ > 0.
According to Ladyzhenskaya [6], the formal definition of a global attractor is as follows: A
set A, C H is called the global attractor for the semigroup W,(t,-) if

(i) A, is bounded in H;

(ii) A, is an invariant set, W,(¢,0;A.)=A,, Vi€ R;

(iii) A is a compact set that attracts the bounded sets of H.
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For a study on the global attractor to the Navier-Stokes equations the reader is refered to
Constantin, Foias and Temam [3] and Temam [16].

It follows from Corollary 3.1 that for f € H we have
ue(t) < lud0)e™ + p5[1 —e™], >0, (27)

where a = vy, and po = |f|/a. Note that both a and p, are independent of e. Hence, for
any ball Bg, = {u(0) € H; |u.(0)|] < Ro}, there is a ball B, in H centered at origin with

radius 7o > pg (Ro > 7o) such that

1. R} —pg
W.(t,0; Br,) C B,,, fort> to(Bpg,) = ;ln g
0~ Po

The ball B,, is said to be exponentially absorbing and invariant under the action of the
map W(¢,0;-).

Recalling the inequality (14), we have

d 2 2 2 lf!z
E[u,l + 2€[[uel[* + v[Vu f < — (28)
Integrating from ¢ to t + 1, we obtain for ug € Bp,
t+1 |'f|2
/‘ Vu.[dr < P2+ 30} v 1(BR). (29)
Now, we recall the inequality (17),
If 2

—'lv“el + v |Vu f* < —

We drop the positive terms vu;|Vu.|? and integrate with respect to 7 from s to ¢t + 1 to
obtain

Ifl2

IVudt+ 1) < [Vus)? + Zt+1—s).

We then integrate the above inequality with respect to s from ¢ to ¢ + 1 to get

ude+ )P < [ [Gugo)rds + LE
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It follows from (29) that

Va ) < L (r2 4 E2 L P _ o
u(t) < - Tt T+ 5 =R}, Vt>ty(Bg,)+1.

This means for u, € Bg, and any 7 > t,(Bg,) + 1, we have u (1) € Bg, = {u(7) €

V; |Vu ()| < R,}. That is,
We(7,0; Br,) C Br,, forT > to(Bg,)+1. (30)
From Corollary 3.2, it is easy to show
Vu ) < [Vue(r)Pe™" 4 p3 (1 - et), Vi > 7> to(Br)+1,

where a = vp; and p? = |f|*/va. Again, both a and p; are independent of . Hence, for
any ball Bpg,, there exists a ball B,, in V centered at origin with radius ry > p; (R; > 1)
such that

R} -

1
We(t) 75 BR;) C B,-‘, for t Z tl(BRo) = to(BRo) + 1 + ;ln 7‘2 pz . (31)
1~ F1

The ball B,, is said to be exponentially absorbing and invariant under the action of the
map W(t,7;-). Combining results in (30) and (31) and applying the semigroup property

gives us

We(t,0; Br,) = We(t,7; W(7,0; Br,)), 7 2 to(Bro)+1

= W(t,7; Br,) C B,,, Vt2>t(Bg,)

That is, ball B,, of radius r; in V will absorb any bounded set Bg, in H. Since the
embedding of V in H is compact, we deduce that W(t,0;-) maps a bounded set in H into
a compact set in H. In addition, the operators W,(¢,0;-) are uniformly compact for
t > t1(Bgr,). That is,

U W.(t,0; Bg,)

t>h
is relatively compact in H. Due to a theorem from Temam [16, Theorem 1.1}, there exists a

compact attractor A, which attracts every bounded sets in H. A, is the global attractor for
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operators W,(¢,0;-) and it is also the w-limit set of the absorbing set B,, (i.e. A = w(B,,)).
This means if we denote W,(t,0; B,,) = B,,(t) then

Ac=)d (U B,l(t)) .

>0 t>r

Note that the global attractor A, must be contained in the absorbing balls in H and V:
A.C B,,NB,,.

Notice that all the above bounds are independent of €. In particular, for € = 0, we obtain
existence of the compact attractor A for the conventional Navier-Stokes equations. We now

prove the following theorem:

Theorem 6.1 For € > 0, W, admits a compact attractor A, which attracts bounded sets of
H and is contained in the absorbing balls B, N B,,, where ro and r, are independent of €.

Moreover, dg(A.,,A) — 0 as e — 0.

Proof: We need the following result [4, Lemma 2.1]:

Let X be a Banach space and T'(t), t > 0, a semigroup on X. Let Tx(t) be an approximate
semigroup (depending on a parameter h > 0) to the semigroup T'(t). For § > 0, let N(B, §)
denote the §-neighborhood of a bounded set B € X which is the union of open balls of radius
& centered on B.

Proposition 6.1 Let B € X be a bounded set and Uy, U, be two open sets such thal
N(B,do) C Uo, N(B,d1) C U, for some do,dy > 0. If

(i) B attracts Uo under T(t) and

(ii) Tw(t) approzimates T(t) on U,y uniformly on compact sets of [to, 00), with to > 0,

then for any § > 0, there are hg > 0 and 7o > to such that, for 0 < h < ho, fort > 7o,

Th(t) (Uo N Uy ) C N(B, 6).
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We will now prove the semicontinuity property for the global attractor A.. This can

be proven by showing the hypotheses of above proposition are satisfied by W(t,0;-) and

W(t,0;-) for € small enough. Clearly, it is sufficient to show that the §-neighborhood of

attractor A is an absorbing set and that W.(¢,0; ) approximates W (t,0;-) on Bg, = {u(0) €

V; |[Vue(0)| < Rz} uniformly on compact sets of [0,00). Let us prove this in two steps:

First step:

Let N(A, ) be the 6-neighborhood of the attractor A. Since A is a global attractor, for

any bounded set Br, = {u(0) € H; [u(0)| < Ro} C H

dy(W(t,0; Bg,),A) — 0 ast — oo.

Here dg(A, B) is the semidistance of two subsets A, B of H:
du(A, B) = sup inf d(z,y).
zcA VEB
Thus, there exists § > 0 and t > t5 such that

dg(W(t,0; BRO),A) < for t > 5.

8| O

This implies
W(t,0; Br,) C N(A,6), fort2>ts.

This shows that N(A, §) is an absorbing set.

Second step:

We want to show W.(¢,0; ) approximates W(t,0;-) on Bg, uniformly on compact sets of

[0,00). By subtracting (13) from (12), we obtain for w = u.—u

w'+ €Auc+ vAjw + Blue,ue) — B(u,u) =0.

Taking the inner product with w, we get

N —
&.'g..

t
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|w]? + €(Aue,w) + v|Vw|? = b(w, w,u,).

(32)




Since D(AY?) = V = D(A,), the second term of left hand side of equation (32) can be

written as

€(Aue,w) =e€(Au.,u.)— €(Au,,u)
= €|Au |? — (A ?u,, AY?u)

= €|AY?u ? — (A u,, Aju).

This leads to

1d

) dt|w|2 + 6|Al/2u¢|2 + v|Vw |2 = e(Al/zug, Aju) + b(w,w,u,).

By applying Young’s inequality, we have

€(AV?u,, Au) < €|AV?u,||Au|
€ €
< 511‘11/2“e|2 + §|A1"|2-
The trilinear term can be estimated as

,b(“”w:“c)l < c1,w|1/2|Vw Illzlw ll/zlvw |1/2|Vu€|
<alw||Vw||Vu

< IVl + Do [T
-2 2v o
By combining all of the above estimates in (32), we get
d, 1/2. |2 2 2 ci 2 2
E—t|w| +e|AY’u )? + v|Vw |* < €|Aju| +;—|w| [Vw|*.

We can drop the positive terms €|A?u,|? and v|Vw|? to obtain the following differential
inequality

d, 3, G 2 2

alwl <elAul|*+ -V—|w| [Vu|* (33)

Using Corollary 3.2 we get,
Va (O < [Vu0)e + pi(1 - ).
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This implies that any ball Bg, = {u(0) € V; |Vu(0)| < R,} in V with radius R; > p1 will
satisfy
We(t,0; Bgr,) C Bp,, fort>0.

This means if u(0) € Br,, then W,(t,0;u(0)) is defined and belongs to Bg, for t > 0. The

ball Bpg, is therefore invariant under the map W,(t,0; -). That is , we have
que(t)l S Rz, t 2 O, for ue(O) € BRQ. (34)
Let u(0) € Bg, then it follows from (33) that

2 2
afLe >0 (35)
v

d

Zi—t-lwl2 <elAul® +

From the standard Gronwall Lemma, (35) gives
gc2 R2
2 2 1 41y
w(®F < lw(0) exp ( EE df)
¢ 2 R?
+e/ |A;u(s)]? exp (/ 1 By d'r) ds
2
= e/ |A1u(s)|? exp [-—-E—(———)] ds,

where w (0) = u(0) — w(0) = 0.

Let us now consider ¢ € [0,T] such that 0 < s <t < T. This gives

c R? t
lw(t)? < € exp (—l—u—zT) _/0 | A1u(s)|*ds.

By applying (ii) of Corollary 3.2 (with € = 0), we obtain

2 € i R} 2, [FIPT
Jw(®)* < — exp (—V T) <R2+ ——), telo,T).
This means for u.(0) € Bp,, then
lWG(t’O’ ui(o)) - W(t,O, uC(O))IiI S g(ey v, R27 f:T))

with

R} |f*T c R3
g(e,u,R,,f,T):e(Tz+ o | exp | — 27
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and

lu% g(e) v, R2)f7T) =0.

Hence W,(t) approximates W(t) on Bg, uniformly on [0, T]. According to the Propo-

sition 6.1, then for any § > 0, there are ¢, > 0 and 7o > 0 such that
W.(#)(Bg, N Br,) C N(A,6), for0<e<e, t> 7
Since the attractor A, is contained in Bg, N Bg,, we have
W(t)(Ae) C N(A,8), for0 < e< e, t> T
Since A, is an invariant set, we deduce that
A, CN(AE), forO0<e<e, t> .
Since § is arbitrary, we obtain the upper semicontinuity of A, at e = 0:

du(A,A) — 0, ase—0.
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