¥ NP T1ig g
Uil Ll wklkd
« SECURITY CLASSIFICATION OF THIS PAGE (Whan Date I’nlrred)

‘ REPORT DOCUMEMTATION PAGE 1 AD"A214 709

L%

3. HEPONT NUMEBER /‘L.s—'?( T
APOSR - TR. 8 O~ JEEEME. |
A. TITLE (rnd Subtitle) 5. TYFE OF HEPORT & PEMOD COVEREL

. . Final Technical Report
ESTIMATION OF PARAMETERS IN THE THREL-PARAMETER (Feb., 1, 1978-April 20, 1979)
LATENT TRAIT MODE '

6. PERFORMING UHG. REPORT NUMHER

1. AUTHOR(3) 8. CONTRACT OR GHANT Nunuéi.m
Hariharan Swaminathan and Janice A. Gifford F49620-78-C-~0039
9. FURFOFRMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM FELEMENT, PROJECT, T£SK

. . AREA & WORK UNIT NHUMBEFS
Laboratory of.Psychometric and Evaluative Research

School of Education/University of Massachusetts
Amherst, MA 01003

11, CONTROLLING OFFICE MAME AND ADORESS 12. REPORT DATE
Department of the Air Force : ' March 1979°
Ailr Force Office of Scientific Research 13. HUMBER OF PAGES
Bolling Air Force Base, DC 20332 : 27 pages

14, MONITORING AGENCY HAME & AUDRESS(!! dillerent from Controlling Oflice) 15. SECURITY CLASS. (of this re-orr)

Unclassified

15a., DECL ASSIFICATION/DOWNGRADING
SCHEOULE

6. DISTHISHUTION STATEMENT (of this Report)

DISTRIBUTION STATEMENT A

Approved for public release;
Distribution Unlbnited

_DTIC_

@™ ELECTE}
' 10V29 1989

- =g

i
!

17. DISTRIBUTION ST.— ‘I AENT (of r* s abstract entered In Block 20, If different {rom Roport)

8. SUPPLEMENTARY .. TES e e tian

A paper presented at an AERA-NCME svmposium entitled "Explorations of Latent
Trait Models as a Means of Solving Practical Measurcment Problems," San
Francisco, April 1979. '

19. KEY WORDS (Continue on reverse side Il nocessary and identlfy by Llock number)
e,

> leeouords? [obent Hrach Meovel (S g
\\CMJ‘L Watheivatreal wedelo ! éb’ jjg*ﬁf “(2 Jests
. Gphtude etk (ated

.

q\\‘.

~

-?%!STRACT {Contlnue on reverso alde il no’hll{ry and ldentily by black numbee)

© ~ Two methods for estimation o{\gurametors of the thrce-paramcter logistic
model, the Urry method and the maximun likelihood procedure, were studied with
raspect to several 1ssues using artifiedal data. Comparisons were made as to
the accuracy of cstimation and its relatdquship to the number of items and
examinees, the effeet of the distributions™Ql ability on the resulting estimates
of ltcms and abllity parameters, and the stadbdstical propertics such as bdias

and consistency of the raosulting catimates. |

DD oty 1473 Melasei fied

89 11 27 080

TR R PSSR AR i r—E P A Lo 2 80 b o iyt A bl a4 13

rros e

7’

.

Y .
\



/‘.S'y
N LR B Rl 4

Estimation of Parameters in the Three-Parameter
Latent Trait Modell»2.,3

Hariharan Swarminathan and Jenice A. Gifford
University of Mazsachusetts, Amnerst

ABSTRACT

Two methods for estimation of parameters of the three-parameter
logistic model, the Urry method and the maximum likelihood procedure,
were studied with respeét to several issues using artificial data.
Comparisons were made as to the accuracy of estimation and its rela-
tionship to the number of items and examinees, the effect of tle
distributions of ability on the resulting estimates of items and
ability parameters, and the statistical properties such as bias and

consistency of the resulting estimates.

‘The project was perforocd purcsuant to a centract from the United
States Air Force Office of Scientific Research. However, the opinions
expressed here do not necessarily reflect their position or policy, and
no official endorsement by the Air Force should be iafcrred.
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Asherst, MA: School of Education, University of Massachusetts, 1979.

3a paper presented at an AERA-NCME symposium entitled "Explorations
of Latent Trait Models as a Means of Solving Practical Measurement
Problenms,'" San Francisco, April 1979.




Estimation of Parameters in the Three-Parameter
Latent Trait Model

Hariharan Swarinatnan
Janice A. Gifford
University of Massachusetts, Amnerst
The successful application of latent trait theory to practical

measurement problems hinges upon the availability of procedures for

the estimation of the parameters. Hence, investigationsof the adequacy

of th
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¢ pivcedres for estimating parameters in latent trait
models are necessary and, indeed, play a crucial role when assessing
the usefulness of latent trait theory.

While the problem of estimatiug parameters in the one-parameter
latent trait model appears to be solved, some degree of controversy
seems to surround the estimation of parameters in the two- and three-
parameter models (Wright, 1977; Andersen, 1973). Lord (1975) has
empirically evaluated the maximum likelihood procedure for estimating
the parameters in the threec-parameter model and has provided answers to
some of the questions that arise with respect to estimation of parametcrs.
Jensema (1976) has compared the efficiency of a heuristic procedure sug-

gested by Urry (1974) for estimating the parameters in the three-parameter

model with the maximum likelihood procedure. Despite these efforts, littler

is known regarding the properties of the estimators in the three-parameter 65
O
J

model and the effect on the estimates of violating the underlying assump-

tions, especially with respect to the revised heuristic procedure as

suggested by Urry (1976). Liztridbutton/
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The purpose of this study is to investigate the efficiency of the
maximum likelihood procedure and the Urry method (Urry, 1976) for esti-
mating parameters in the three-parameter model, to study the properties
of the estimators, and to provide some guidelines regarding the condi-
tions under which they should be employed. 1In particular, the issues
investigated are: (1) the "accuracy" of the two estimation procedures,
(2) the relationship between the number of items, examinees and the
accuracy of estimation, (3) the effect of the distribution of ability on
the estimates of item and ability parameters, and, (4) the statistical

properties, such as bias and consistrncy of the estimacors.

Design of the Study

In order to investigate the issues menticned above, Aartificial

data were gencrated according to the threce-parameter logistic model
(1] Pij(e) = cy + (1-cy) {1 + exp[-1.7 ai(ﬁj—bi)]}

using the DATGEN program of Hambleton and Rovinelli (1973). Data were
gencrated to simulate various testing situations by varying the test
length, the number of examinees, and the ability ¢ st~ bution of the
examinces. Test lengths were fixed at 10 items, 15 iiems, 20 items, and
80 {tems. Since the accuracy of the maximum likelihood estimation with
large numbers of items has been sufficiently documented bv Lord (1975),
cext~ with small numbers of items, 10, 15, and 20, were chosen ¢o that
the accuracy of the estimation procedurz 22n be ascertained for short

tests. This is particularly important if latent trait theory is to be

applied to crifeiivi-icici cuced utueustwenc. GSluailarly, tie sizes of
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examinee population wvere set at 50, 200, and 1000, in order to study
the effect of small sample size on the accuracy of estimation.

In the Urry estimation procedure, the relationships that exist
for item discrimination and item difficulty between the latent trait
theory parameters and the classical item parameters, are exploited
(Urry, 1976, Lord & Novick, 1968, pp. 376-378). These relationships
are derived under the assumption that the ability is normally disrri-
buted and that the itew characteristic curve is the normal ogive. 1In
order to study how the departures from the assumption of normally dis-
tributed abilities affect the Urry procedure, three ability distributions
were considered: the normal, the uniform, and a negatively skewed dis-
tributicn. The normal and the uniform distrihutions were generated with
mean zero and variance unity (the uniform distribution was generated on
the Interval {-1.73, 1.73] to ensure unit variance). A Beta distribution
with parameters 5 and 1.5 was generated to simulate a negatively skewed
distribution, and then rescaled so that the mean was zero and the vari-
ance unity. The distributions were standardized so as to remove the
effect of scaling on the estimates of the parameters.

The three factors, test length (4 levels), examinee population
size (3 levels), and ability distribution (3 levels) were completely
crossed to simulate 36 testing situations. Tect data arising from these
situations were subjected to the Urry estimation procedure using the
computer progams ANCILLES (developed at the U.S. Civil Service Commissica)
and the maximum likelihood estimation procedure using the computer pro-

gtaw LOGIST (Wood, Wingersky & Lord, 1976).
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Lord (1975) has emphasized the fact that simulated c¢sta should,
in some way, resemble real data. Otherwise results obtained through
simulation studies will not generalize to real situations. Given this,
an attempt was made to generate test data as realistically as possible.
In order to accomplish this, item difficulty parameters,b;, were sampled
from auniformdistributiondefined on the interval [-2.0, 2.0], and item

discrimination parameters, a.:

i, were sampled from a uniform distribution

on the interval [.6, 2.0]. Since data were generated to simulate itenm

responsesto muitiple choice items with four choices, ¢ the pseudo-chance

i
level parameters,were set at .25. It should be noted, however, that this
does not ensure close approximation of the generated data to real data.
Combinations of item difficulty and discrimination that may not occur in
constructed tests may occur with simulated tests and, hence, affect the
estimation procedures, limiting the generalizability of the findings in
simulated studies to real situations. On the other hand, since the pur-
pose of this study is to compare two estimation procedures, and to study

the statistical properties of estimators, the possible lack of corres-

pondence between simulated and real data may not be a serious problem.

Results

Accuracy of Estimation

Comparisons between the Urry procedure and the maximum likelihood
procedure across various test lengths, examinee population sizes, and
ability distributions are indicated in Tables 1, 2, and 3. The statistics
reporied are: (i) the mean, u, of the population item parameters for each

population size, (11) the mean, X, of the estimated item parameters, and,
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(iii) the correlation, p, between the true parameters and their esti-
mates. These statistics are reported for both the estimates obtained
by cmploying the Urry procedure and the maximum-likelihood procedure.

A comparison of the mean of the genecrated item parameters, u,
and the mean of the estimates, X, for each of the item parameters,
discrimination, difficulty, pseudo-chance level and the ability param-
eters, provides some indication of the accuracy of estimation. However,
this comparison is rather weak when carried out alone since the means
do not contain 3ll the esscntial information. Simultaneous compariscens
of the means, and examination of the correlations between the parameters
and estimates, on the other hand, provide valid information regarding the
accuracy of estimation. If the correlation is high, and the means
differ, then it caa be concluded that the estimation was not sufficicuntiv
accurate.

Lord (1975) has implied that if heteroscedasticityv oxists, it
may not be meaningful to compute correlations betwecen true and estimated
values. We agree with this, in general. However, since in the strict
sense, heteroscedasticity will invalidate the computation of least-
squares regression iine (the more appropriate criterion to employ is the
generalized least-squares criterion), and hence rule out the use of
simple, interpretable statistic for the evaluation of the accuracy of
estimation, heteroscedasticity (when it occurred) was ignored and

correlations and least~squares regression equations were computed.




Estization of Discririnition Parameter

Examination of the results given in Tables 1, 2, and 3 indlicatesy
that rhe discrimination parameter is poorly estimated for short tests.
The highest correlation between true values and estimates for a test
with ten items and normally distributed ability is .36, with the mean
of the estimates exceeding the mean of the true values. The correlations
do improve with increasing sample size and test length, with the mean
of the estimated values approaching the mean of the true values from

above. The highest correlation between the estimated and truc values is

v

.88 for an 39 item test with 1000 examinees. This trend is also evident
for uniform and skewed distributions of ability. 1In general, the dis-
crimination pavameter is poorly estimated by rhe Urryv procedure, with
the estimation ioproving more rapidly with increasing test lenzrh than
with increasing examninee population size.

The least-squares rcgression lines (for normally distributed abiiity)
for predicting the estimates from true values given in Table 4, were
plotted (not shown) and compared with the line y=x, in order to determine
the extent of the bias in estimation. The regression lines for all the
test length—sample-size combinations fell above the line y=x, indicating
that the Urrv procedure svstematically overestimates the discrimination
parameter, with tne regression lines approaching the line v=x with in-

creasing test length. Again the "convergence’ to the line v=x was more

ength than with increasing samp.e size.

[

rapid witn increasing test
Trends similar to that observed with the Urry procedure were also

observed with the maximum likelihend procedure. Although the estimation

of discrimination wés poor, the waximum likclihood estimates were con-

sisteatly better than the "Urry estimates'" i{n that the correlitions between




~10-

~¥

L00° 96 LO0T 20T~ S00° T6' BOOT BOT [ 000 96T 0T0T 0= sTOT €OTL 007 o 650° 86° 8.0 11" 0L0° L6° 607 (10 | ooot
910" f6° ©0C0° w0c. Ll0° g7 8107 ZUT [ wzot wet 1€0T vOT ELOT 167 5107 S0 p6LUT meT vOIT €Y o1 Z0°T WU o oo

0€0° 08" gy0°" 907 0L %t §90° 88U (50" %6° U0 107~ 9%0° (87 Lo 90 - | sl 687 91" yI° 80" 08° ag” 9y’ o< 08

gi0" 867 ¢1o° 90'- €10° 08 910" SO° 9¢0° 70'T SL0° 00" Sv0° TOTT S50° T s61° 1070 992" €T 0oL 1z°1 9uy’ 9¢” 000t

1y0° 101 IO 60 [ANVANE A R TS AR AV 9%0°  80°T 660" 60'- 190" 1i°1 190" Q7 861" 89° 5% 6% L 6071 gHe” [sF 0 [\1374

)
L=ad

0L0° (8B~ Lo 890° 8" RLO° Ol' -] 090" 387 v80° 01— ¢t0° 660" L0° 9z¢"  LS” £vr (8 6%y 07 ey vi 1) a8 124

610" 9§67 »I0® 90" - STO° §L° LT0° €0 -1 0607 80T 910" SO° 9907 S6° 180" SG” 091" 901 (2 WU 80L" 9I'1 166" 8- 0061
660" 167 6LO° 0T - I%0° 89 1S0° (0°-] 07 1071 wort €17- 4507 087 SO0t 607 1927 %S~ (e 96° 99%° 9L’ LA €] ooz

9IT" 00l TLLT LT~ SL0T 8L 807 07 90" w6” SY1° 10°- 901" 8bH° [ Vo TSE M0C-  ylIvT TLCE €89° 697 - ug’ b8t 0¢ sl

] Lteg”  66° (12°1 2§71} uwoot

920" %6 910" 60°- 610" 85~ <I0° 117 70" Lol (0T 00T 9017 90Tl wwlt 607~

850" (6 90" S°- 9¢0° 6S° RSO" 107~ WwC 16" €90° 0Z°- SL1° L6 e 07— eLe” sv’ 65€° LU 99L° 1T 306" (S ¢y 00t

(1 0 8ROT T0- €TI0 Byt €91° TU-| 6l1T 07T aTUT 8L Sy1T 9070 g9UT W- | 919t g6t oneT 61T 836 €97 WEETL <¢7e) 0S 01
2s Y a5 % as Tg  as Oq 48 g s % us e 45 Da as Yq  az 0 ms  Tq as  Uq [eaauy buoag
161807 £11p 1190 A11n R RUY ] Az Swexy oo
ALI'IIGY ALINIgTA414 NOTLVRININOSIA Jo "oN | TON

AJPTIUY 30 UMOTINGF1161(d JrPwION U0 pasvg SanTep anay uwoa)
falvwjIsy anl Quj1a palg 10) E10113 PIUpULIG puL BIUITI[ D0 uopseI13ay

% arqry




-11-

true values and estimates were higher, and the means of the estimates
were much closer to the means of the true values. Comparison of the
plots of the regression lines given in Table 4 with the line y=X,

showed that while there was a general tendency for the parameters to Le
overestimated, this tendency was not as marked as with the Urry procedure;
the "convergence' of the regression lines to the line y=X was more rapid.
These trends, higher correlations between true and estimated values than
the Urry estimates, tendency tor the means of the estimates to be cleser
to the means of the true values, and rapidity of "coavergence' of the
regression line toa the line v=xX, were also observed with the uniform

nd srewed distribution of ability.

Y]

Estimation of Difficulty Parameter

The Urry procedure was extremely successful in providing accurate
estimates of the difficulty parameter. The ccrrelations between estinates
and true values ranged from .85 to .99. Comparison of the regression
lines for normally distributed ability given in Table 4 with the line y=%
indicated that except for tests with 10 items, the difficulty pareceier
was generally overestimated for tests with 15 and 20 items. With larger
numbers of items, there was a tendency for difficult items to be over-
estimated and for easy items to be underestimated. However, the bias was
slight ia that with increasing items and sample size, the convergence of
the regression line to the line y=x was rapid.

The maxiuum likelihood estimates of the difficulty parameters were,
in general, better than the estimates produced by the Urry procedure. The

correlations between true and estimated values ranged from .88 to 1.00
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(the Urry proceaure yielded correlations ranging from .85 to .99). The
means of the estimates were, in general, closer to the means of the true
values than they were with the Urry procedure. Comparisons of the re-~
gression lines, given in Table 4, with the line y=x, revealed that with ilncreas-
irg test length and increasing saumple size, the regression line approached the
line y=x rather rapidly, demonstrating that there was no bias in the
estimation. No clear trends were visible with 10, 15, and 20 ijtems,
although the test with 10 items and 50 examinces produced overestimates
of tue difficulry parameter. These results appeareu to hold for both
uniform and skewed distributions of ability, although with the skewed
distribution there were two instances wnen the estimates of difficulty
went out of bounds. These cases are indicated with an asterisk in
Table 2. However, with 80 items and 1U00 examinees, the agreement between
estimated values and true values was comparable to that obrained with
normaliy distributed ability.

In general, the difficulty parameter was estimated rather well by
both maximum likelihood and Urry procedures. The maximum likelihood
procedure fared surprisingly well with small numbers of items and
exaininees in comparison with the Urry procedure, and in general produced
better estimates (as determined by the correlations) tnan the Urry

procedure.

Chance-Level Parameter

The true valuc of the chance-level parameter, c was set at .25

i)
for all the items. Given this lacx of variation among the true values,

correlations between estimates and true values were not computed. Hence,

only the mean of the true values, the mean of the estimates, and the
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standard deviation of the estimates are reported in Tables 1, 2, and 3.
The Urry procedure clearly produced very poor estimates of the
chance~level parameter. The means of the estimates were consistently
higher than the mean of the true values, with relatively large standard
deviations. Maxioum likelihood estimates, on the otner hand, were close
to the true values with small standard deviations. The mean maximun
likelihood estimates ranged from .12 to .25 for norwally distributed
ability, from .19 to .25 for skewed distribution of ability, and from
.18 to .25 for uniformly distributed ability. 1In comparison, the Urry
procedure vielded estimates that ranged from .20 to .36, .20 to .56,

and from .22 to .46, respectively, for the three distributions of ability.

Estimation of Abilitv

An examinaticn of Tables 1, 2, and 3 indicatesa consistent pattern
in the estimation of abilities for both maximum likelihood and Urry pro-
cedures. The correlations between true values and estimates do not seem
to be affected by increasing sample sizes for fixed test lengths. On the
other hand, increasing the lengths of the test greatly affect the magnitude
of the agreement between true vaiues and estimates. This, not surprising,
trend holds for the three distributions of ability.

In general, it appears that although no differences exist betwecen
the "Urry estimates" and the maximum likelihood estimates of ability for
tests with 15 items or more, the maxinur. likelihood estimates fare better
than the "Urry csrinates' for short tests with 10 items. This effect is
more pronounced with the skewed ability distribution.

A closer exanmination of the two estimates carried out by comparing

the regression lines,obtaincd by regressing the estimates on the true
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values with the line y=x, indicates that the Urry procedure, in gencral,
underestimates the abilities of examinees with high trueabilities and over-
estimates the abilities of examinces with low true abilities. This nay
partly be attributed to the fact that the chance-level parameters are
overestimated. No such trends were evident with the maximum likelihood
estimates. These regression lines rapidly converged to the line y=x with

increasing test length.

Effect of Ability Distribution

As pointed out earlier, the Urry procedure exploits the relationships
that exist between the classical item parameters and the parameters of
the latent trait model. These relationships are derived under the assump-
tion that ability is normally distributed and that the item characteristic
curve is the normal ogive. In order to investigate the effect on the
estimates of departures freom normality, three distributions of ability,
the normal, uniform, and a Beta with parameters 5 and 1.5 to simulate a
skewed distribution, were generated, and the parameters estimated. A
x2 test was carried out to determine if the uniform and the Beta distri-
butions deviated sufficiently from the normal. The Beta distribution
yielded a x? value of 63.5 when the tails of the normal distribution were
excluded and a value of 193.1 when the tails were included. The uniform

2 value of 69.6 when tails were excluded and 307.7

distribution yielded a yx
when the tails were included. This indicates that both distributions

deviated sufficiently from the normal, with the uniform distribution

deviating even more than the Beta distribution.
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Comparisons of the results in Tables 1, 2, and 3 reveal thzt, in
general, the Beta distribution affected both estimarion procedures, while
the uniform distribution produced results similar to those obtained
using a normal ability distribution. Although the Beta distribution
affected the estimation of discrimination for both procedures, and
chance-level and ability for the Urryv procedure, the estimation of
difficulty did not scer to be affected in either case. The Urry
procedure {ared poorlv with the skewed distribution in comparison to
the maximum likelihcod procedure in the estimation of the discrimination,
chance-level, and ability parameters.

The estimates for the discrimination parameter, resulting fron
both procedures, were negatively correlated with the true values for
short tests. For longer tests, although estimates from both procedures
improved, the Urry procedure produced poor estimates in comparison te
the maximum likelihood procedure. For an eighty item test with 1000
examinees, a correlation of .68 was obtained using the Urry procedure,
as compared to & correlation of .82 obtained from the maximum-likelihood
procedure.

The estimates of the chance-level parameters, resulting from the
Urry procedure were extremely high for all tests except those of 890
items. The mean values ranged from .20 to .56 with the Beta distribution
as compared to a range of .20 to .36 for the normal distribution of
ability. The maximum likelihood estimates, on the other hand, were
underestimated but comparable to those obtained using a gormal distribution

of ability.
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The maximum likelihood estimates of ability, resulting from using
a skewed distribution of abiliiy, were as good as, and in some cases
better than, the estimutes obtained with a normal distribution. In
contrast, the Urry procedure, with a skewed distribution, resulted in
poorer estimates. This effect held true even as sample size and test
length increased.

In summary, the "Urry estimates" cf ability, discriminaticn, and
chance-level parameters seemed to he affected more dramatically than
the maximum likelihood estimates,when ability had a skewed distribution.
It should be noted that asithough the uniform distribution had 2 larger
xz value than the Beta distribution, the results obtained with the
uniform distribution of ability were similar to ihose obtained with the
normal distribution. It is, then, not departures from normality,
but departures from symmetry, and the unavailability of exzaminees in
the lower tail of the abilitv distribution that affected the estimation

procedure.
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Statistical Propertics of Estimation

Bias. If ; is an estimator of y, then g is an unblased estimator

of y if

E(Y) = v,

where E(-) is *he expectation operator. This {s a desirable property of
estimators.

Schmidr (1977) has pointed out that the Urry method based on the
procedure developed by Urry (1974) systematically overestimates the dis-
crimination parameter and underestimates the difficulty parameter. Urry
(1976) has suggested a correction for this and has incorporated this
into the modified Urry procedure employed to estimate parameters in this
study. Since it appears that for large numbers ¢f items and examinees
the estimates are unbiased (Lord, 1975), in order to study the effect of
this correcticn on the estimates, and to examine if the maximum likeli-
hood estimates are unbiased, a relatively short test (20 items) with 200
examinees was selected, response data generated, item parameters esti-
mated, and replicated 20 times. Since the replications were obtained
by generating sets of random examinees, the bias in the estimator of
ability was not investigated.

The results of the replications are presented in Table 5 where the
true value, u, of the 20 item parameters are given together with the mean
estimate, i, of the item parameter over 20 replications. The standard

error, and the t value obtained as

t = (X ~ u)/SE
are also given to indicate the degree of departure of the mean estimate

from the true value.
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The Urry procedure clearly overestimates the discrimination param-
eter as does the maximum likelihood procedure. However, the bias in
the maximum likelihood estimates does not appear to be as severe as the
bias in the Urry estimates. This finding is borne out in Figure 1
where the regression line for predicting X from u is plotted for both
Urry and maximum likelihood procedures and compared with the line y=x.
The mcximum likelihood regression line is closer to the lire y=x and
shows that small values of discrimination are overestimated while very
large values tend to be estimated accurately, partly due to the fact that
an upper limit was imposed on the estimates. On the other hand, the
Urry procedure tends to overestimate large values even more than small
values of discrimination.

With item difficulty, the maxicum likelihood procedure tends to under-
estimate easy items, while producing relatively accurate estimates of
very difficult items (Figure 2). The Urry procedure, on the other hand,
tends to overestimate items with large difficulty levels and underesti-
mate items with negative difficulty levels. In general, the Urry pro-
cedure seems to produce biased estimates of item difficulty throughout
the entire range.

Consistency. If gy is an estimator of v, g8, 1s a consistent

estimator of y if for any positive ¢ and n there is some N such that
Prob {lgn - Y[<e}>1—n, n> N.

Consistency is a desirable property in that it ensures that an estimator
tends to a definite quantity which is the true value to be estimated.

The problem of consistency has raised several questions concerning the
estimation of parameters in the latent trait models. Andersen (1972) has

argued that a consistent estimator of the discrimination parameter does not
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Figure 1. Bias in the estimation of the discrimination paraceter.
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exist and hence has questioned the meaningiuluess ol the two- and thice-
parameter models.
In order to investigate whether or not the maximum likelihood
estimators and the "Urry estimators' are consistent, the regression
equation for predicting the estimates from the true values of the various para--
eters were examined. Since the detfinition for a comsistent estimatoer
given earlier implies that an estimater is consistent if (i) it is
asympotically unbiased, and (ii) its variance tends to zero with in-
creasing sample size, in order for the estimators of the latent tra:t
parameters to be consistent, (1) the slope of the regressicn equation

ust approach one and the intercept appreoach zero, (i) the variance,
r’ H

and hence, the standard errors ol the cstimate of the slope and inter-
cept must approach zero. If these conditions are met then the estinalor
1s consistent.

The regression coefficients and the standard ervors are reported
in Table 4. The results reported indicate that when both the number of items
and the number ¢f examinees increase, the slope and intercept coefficicnts
approach cone and zero respectively, with the standard errors approaching
zero. This tendency 1s evident for both Urr- and maxinum likellhood
estimators for the discrimination parameter, difficulty parameter,
chance-level parameter and the ability paraccter. In all these cases
the maximum likelinood estimator coaverges In probability to the truno
value more rapidly than the Urry estimatcr. Tt should be pointed out,
however, that the results reported here do not conclusivelv support this.
It is clearly necessary to examine the standard errors and the regression

coefficients with a grecater aumber of items and examinees.




of p

23

DISCUSSION
The purpose of this study was to compare two methods for estimation

arameters in the three-parameter logistic model, the Urry method orf

estimation and the maximum likelihood procedure. The conputer progranms
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were used to carry out this study were the ANCILLES program and
LOGIST program (Wood, Wingersky, % lord, 1970). The efficiency of
procecdures were compared with respect to the accuracy of estimarion,
fect of violating underlving assumptions (for the Urrv procedure),
the statlstical properties of the estimators. The factors that werr
olied woere:r  test lengrh (4 Iovels), examince population size (3
l1s) and abiiicy distribution (3 levels).

The resuits indicate that, in general, the maximum likelihoodl pro-

re is suyerior to the Urry procedure with respectto the estimation
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11 item and ability paranmeters. The differcnces were -roncunc—d In
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imination and chance-level parameters, while

respect Lo the estimation of ability and difficulty parameters,

(8

ercences were less remarrable. Differing ability distributions

“fect on the estimation of dif

little ¢ ficulty and ability paraeroters,

ver, with a sxewed distribution of ability, the Urry procedure nro-

d pocrer ecstimates of discrimination and chance-level parametevs than
normal or uniform «bility distributions. The maxinum likelibood
edure, although faring better than the Urrv procedure {(with the

ption or the 10 item test), procduced sligntly poorer results with
sxowed distribution than the normal or uniform distribution.

The number of examinees had a slight effect in improving the

racy of estimation of the difficulty, and the chance-level and abilitv
y \
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narameters. towever, increasing the aumber vl items and the number ol
examinecs considerably i1mproved the accuracy of the discrimination

estimates with both procedures. Surprisingly enough, a twenty-item

[

test with 1000 examinees produced excellent estimates of tie difficulty
and chance-level parameters, and reasonably good estimates of the dis-

crimin tion and ability parameters. Tests with 80 items and 1000 people

fared consideradiv bectter, providing good estimates of all parameters.

oot
s
(W3]
[
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]
£
10

Testswiti or less while vividing good estimates of difiiculty
and chance-level parameters, and reasconable estimatos of ability paran-
vters, yielded poor estimates of the discrimination parameter. This
severely limits the application of the three parameter latent trait

model to criterion-reicrenced measurement situations since criterion-
referenced tests typically have fewer than 10 items. However, it shouid
be pointcd cut that this limitation exists only if the item parameters
and ability parametoers are estimated simultaneously. If item banks

with kneown item characteristics are emploved to estimate abilitv, or

if the Rasch model is emploved, this limitation mav not exist.

Althouph the maxinum lixelihocd estimates were supcrior to the Urry
catimates, ospecially in the case of short tests, the differerce between
them was neriigible when the number of items and the number of examinecs
tncreased. This is of particular importance, since the Urry procedure
requitescensiderably less computer tirme than the maximum likelihood rrocedure.
The tine taren for the maximum likelihood procedure, ospecially with
larre nunhers of items and examinees ma! beconme forbidding cnourh to
warrant the use of Urry procedure in this situation. It should be

noted, in rairness to the maxinmun [{xclihood procedure, the Urry
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proccdure, in general, deletes more itews and examiaces during the
estimaticn than the maximum likelihood proccdure. This may explain
the rapidity of convergence and indicate a weakness in the Urry pro-
cedure.

The bias and consistency results indicate that for small numbers
of items, the estimates of the item and ability parameters are biasea,
with the Urry estimates being more biased than the maximum likelihood
estimates. As the number of examinees and the number of items increase,
it appears that the estimators are unbiased, and in fact, are consistent.
This in a sense supports a conjecture of Lord (1968) and shows thzt

the three-parumeter model may be statistically viable.




-26-
References

Andersen, E. B. Conditional inference in multiple choice questionnaires.
British Journal of Mathematical and Statistical Psychology, 1973,
26, 31-44.

Hambleton, R. K., & Rovinelli, R. A FORTRAN IV program for generating
examinee response data from logistic test models. Eehavioral
Science, 1973, 18, 74.

Jensema, C. A simple technique for estimating latent trait mental test
parameters. Educatjonal and Psyvchological Measurement, 1976, 36,
705-715.

Lord, F. M. An analysis of the Verbal Scholastic Aptitude Trct using
Birnbaum's three-parameter logistic model. Educatioral and Psvcho-
logical Measurement, 1968, 28, 989-1020.

Lord, F. M. GEvaluation with artificial data of a procedure for estimating
ability and item characteristic curve parameters. Research Bulletin
75-33, Princeton, N.J.: Educational Testing Service, 1975.

Lord, F. M., & Novick, M. R. Statistical Theories of Mental Test Scores
Reading, MA: Addison-Wesley, 1968,

Schmidt, ¥. L. The Urrv method of approximating the itewm parameters
of latent trait theory. Educational and Psvcholougical Measurecmont,
1977, 37, 613-620.

Urry, V. Y. Approximations to item parameters of mental test models and
their uses. Educational and Psvchological Measurement, 1974, 34,
253-269.

Urry, V. W. Ancillary estimators rfor the item parameters of mental

tests. Washington, DC: Personnel Research and Development Center,
U.S. Civil Service Commission, 1976.

Wood, R. L., Wingercky, M. S., & Lord, F. M. LOGIST: A computer proyram
for estimating exaainee ability and item characteristic curve
parameters. Rescarch Memorandum 76-6. Princeton, NJ: Educational
Testing Service, 1976 (revised 1978).

Wright, B. D. Solving measurement problems with the Rasch wodel.
Journal of Educational Measurement, 1977, 14, 97-116.




