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Statistics of a chi-square random variable obtained
from independent Gaussian samples with a non-zero
mean and arbitrary variance

Richard K. Brienzo

Marine Physical Laboratory
Scripps Institution of Oceanography
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ABSTRACT

The mean and variance of a chi-square random variable are generally given
for the case in which the chi-square random variable is derived from a process hav-
ing a zero mean and unit variance. In this report. the mean and variance of the ran-
dom variable found by squaring and summing N samples of an independent Gaussian
process with a non-zero mean and arbitrary variance is derived.
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Statistics of a chi-square random variable obtained
from independent Gaussian samples with a non-zero
mean and arbitrary variance

1. Introduction
In this report, general expressions are derived for the mean and variance
of a random variable that is found by squaring and summing N independent szm-

ples of a Gaussian process r,, which has a non-zero mean and an arbitrary variance

N
(ie. Sr2)

1=1
A common structure which generates such a random variable 1s an energy
detector (Figure 1). Each output sample is obtained by squaring and summing N
input samples. This is the optimal detector for an unknown signal buried in white
Gaussian noise, and is often used as a post-processor for other routines {for exam-
ple. the output of a beamformer may be run through an energy detector to deter

mine if a signal is present}.

x(n) y(n)

Figure 1. Energy detector.
Finds the energy in N samples of x(n). Eac. -urr.. sample is produced
by squaring and summing N input samples.

Chi-square random variables
wei oz 7o v-.... be normally distributed. independent random variables
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The variable in {1) is called a chi-square random variable with N degrees of free-
dom. The density function of \% approaches that of a normally distributed ran-
dom variable for large N (N > 30). and is non-symmetric for smaller N The mean

and variance of the chi-square random variable in (1)is given by 1. page 105

e{ak) = N (

[ ]

R

.
ni:_\ = vrar [\"\j = 2N (3)
Details about the density and distribution functions may be found in 1, Section
422  Random variables with a non-zero mean that are squared and summed have
a non-central chi-square distribution 3.4 .

A ume series r can alwavs be transformed to have a mean of zero and

variance equal to one by defining the standardized variable z; to be

o= T ()

In some cases. it is desirable to find the statistics of the random variable formed
by squaring and summing N values of z. which does not necessarily have a zero
mean or variance equal to one. In the next section. general expressions for the
mean and variance of a random variable that is obtained from squaring and sum-
ming independent Gaussian samples with a non-zero mean u and arbitrary vari-

o )
ance o are derived.

2. Derivation
Given the standardized random variable in (4), a chi-square random vari-
able with N degrees of freedom is obtained by squaring the :; and summing over

N samples.
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Hd = S e S

Solving for the N squared and summed samples of rooand using Fquation (2) gives

N
E{EI,:} = Nov 4+ \yF
1=]
= N{o* + pu-) (7}

RBv definition. the variance of the chi-square random variable s given by

car[&] = B - gl - gl "

N

Using (2) and {6). and multiplying both sidex by o' gives

N s A N
—‘I.‘Q - QﬂEIi + "\'lll’ — 1\'02][21‘? _ 2“21,{ + "\'/1: _ A\'UQ

V=] s=l =1 1=l

Replacing the expression on the left side with (3) and expanding yields
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2Ngt =

Using Lquations (A1) - (A4} frou. the Appendin in the above equation results in

N ,
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er 15 given by
1=1

rar ﬁ\:f,-" E {( {:37(2‘)2 } - ( ﬁ{ir,ﬁ} )2
=1 f=l =t

Using Equations (9) and {7) results in

var [XIE'J = E{( .&1'-'2)2 } - ]\'2(03 +//2)2
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= 2\o' 4+ -L\',u:o"'

3. Summary

If r 15 a Gaussian random process and has mean g and variance ¢, then

f(Si) - v e
1=1
var Srf = 2No' + 4Nof
=1

Note that when =0 and 6°=1 these equations reduce to (2} and (3).




Appendix: Expected values of various summations

L. L{}\j:} SN (A1)
1=l

o {8} = Nt (A2)
1=]

This is Fquation (7) and was derived in the main text,

3. E {( Mo, )-} = Noo o+ N9 (A3)

Derivation

Let r; be normally distributed random variables and define r = Y.r. then

r is a normal random variable with mean Ny and variance N¢°. The variance of 7

may be written as
var 1) = E{&*} - (B
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Derivation
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When i = j this becomes the single sum EE{:?}. From [2, page 162],

1=]
1;{._,-‘.3} = 3po + i
SO h T
A’ ol * L7
}J[’){:;‘} = N(3po® + p*) 1=j
1=
When (#7
N N . N N oY o
Syefete} = Sy E{a?}E{}

i=) j=}| i=l j=1

since the processes are independent. Using E{z;} = u, and

Eltft = varlz] + p¥ = o° 4+ 4

results in

S e} = S8 + #2)

fm] faxl =l je

These are summed over all 1 and j ezcept for the case i = 5, s0 there are N(N—1) of

them, giving

N N
SYEEIYE{n} = NIN~-1)p(o®+ ) iP5

il jul
Adding the cases for 1 = 7 and ¢ » jtogether gives

N . N .
E{EIF Efi} = N(3pus® + 1®) + N(N = 1)u(e® + *)

sl Sl

= 2Npuo® + Npc® 4+ Ny
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