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EMPIRICAL BAYES SELECTION FOR THE HIGHEST
PROBABILITY OF SUCCESS IN NEGATIVE BINOMIAL DISTRIBUTIONS

by
TaChen Liang
Department of Mathematics

Wayne State University
Detroit, MI 48202

STRACT

We study the problem of selecting the highest probability of success from among
several negative binomial distributions via the nonparametric empirical Bayes approach.
A monotone selection rule is proposed on basis of monotone empirical Bayes estimators
of the negative binomial success probabilities which are obtained by using the antitonic
and isotonic regression methods. The asymptotic optimality property of the proposed
empirical Bayes selection rule is also established.

Key Words and Phrases: Asymptotically optimal; empirical Bayes; monotone estimator;
monotone selection rule; isotonic and antitonic regression.




1. INTRODUCTION

In many situations, an experimenter is often confronted with choosing a model which
is the best in some sense among those under study. For example, consider & different
competing drugs for a certain ailment. One would like to select the best among them in
the sense that it has the highest probability of success (cure of the ailment). This kind of
selection problem occurs in many fields, such as medicine, engineering, and sociology. The
reader is referred to Gupta and Panchapakesan (1979) for further discussions on goals and

procedures for this selection problem.

Now, consider a situation in which one will be repeatedly dealing with the same selec-
tion problem independently. In such instances, it is reasonable to formulate the component
problem in the sequence as a Bayes decision problem with respect to an unknown prior
distribution on the parameter space. One then uses the accumulated observations to im-
prove the decision rule at each stage. This is the empirical Bayes approach of Robbins
(1956,1964). During the last thirty years, empirical Bayes methods have been studied
extensively. Many such empirical Bayes rules have been shown to be asymptotically op-
timal in the sense that the risk for the n** component decision problem converges to the
minimum Bayes risk which would have been obtained if the prior distribution was known

and the Bayes rule with respect to this prior distribution was used.

Empirical Bayes rules have been derived for subset selection goals by Deely (1965).
Recently, Gupta and Liang (1986,1988a,1988b) have studied empirical Bayes rules for
selecting binomial and negative binomial populations better than a standard or a control

and for selecting the best among several binomial populations. They have assumed that




the form of the prior distributions are completely unknown. Hence, those approaches
are referred to as nonparametric empirical Bayes. Gupta and Liang (1989a,1989b) have
also studied some other empirical Bayes selection rules, in which they assumed that the
form of the prior distribution is known but the distributions depend on certain unknown

hyperparameters. Such approach is therefore referred to as parametric empirical Bayes.

In this paper, we are concerned with the problem of selecting the highest probabil-
ity of success among several negative binomial distributions through the nonparametric
empirical Bayes approach. The selection rule is based on monotone empirical Bayes es-
timators of the negative binomial success probabilities. The framework of the empirical
Bayes selection problem is formulated in Section 2. Using the isotonic regression method,
monotone empirical Bayes estimators as well as a monotone empirical Bayes selection rule
are proposed in Section 3. Finally, the asymptotic optimality property of the proposed

empirical Bayes selection rule is studied in Section 4.

2. FORMULATION OF THE EMPIRICAL BAYES APPROACH

Consider k(> 2) independent negative binomial populations =y,...,7x. For each
t=1,...,k, let p; denote the probability of success for each trial in m; and let X; denote
the number of successes before attaining the r** failure in 7;. We assume that for each
1 =1,...,k, the trials in m; are mutually independent. Thus, conditional on p;, X;|p; has

a negative binomial distribution with probability function f;(z|p;), where
z+r-1
fi(zlps) = ( 1 )pf(l—p,-)', z=0,1,2,.... (2.1)

k
Let f(zlp) = .Hl fi(zilps), where z = (z4,...,2x) and p = (p1,...,pk). For each p, let
t=
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P} < ... < ppx) denote the ordered values of the parameters py,...,pk. It is assumed
that the exact pairing between the ordered and the unordered parameters is unknown. A
population m; with p; = pix) is referred to as a best population. Our goal is to derive
empirical Bayes rules to select the best population. The empirical Bayes framework of the

selection problem is formulated as follows.

Let @ = {p = (p1,..-,Pk)|pi € (0,1), ¢ = 1,...,k} be the parameter space and

let G(p) = f[l Gi(p:) be the prior distribution over 2, where G;(-) are unknown for all
=

t=1,...,k. Note that under this model, p;’s are assumed to be independently distributed.

Let A = {i|]t = 1,...,k} be the action space. When action ¢ is taken, it means that

population 7 is selected as the best population. For the parameter p and the action 7, the

loss function L(p,1) is defined as:

L(p,) = px — pis (2.2)

the difference between the best and the selected population.

Let X be the sample space generated by X = (Xi,...,Xk). A selection rule d =
(d1y...,dk) is defined to be a mapping from the sample space X to [0,1]* such that for
each observation z = (z,,...,zx), the function d(z) = (d;(z),...,dk(z)) satisfies that
0<diz) <lforalli=1,...,k, and Zk:l di(z) = 1. Note that d;(z) is the probability of

i=
selecting population m; as the best population when z is observed. Let D be the set of all
selection rules defined previously. For each d € D, let r(G,d) denote the associated Bayes
risk. Then, r(G) = digg r(G, d) is the minimum Bayes risk among the class D, and a rule,

say dg, is called a Bayes selection rule if r(G,dg) = r(G).
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Based on the preceding statistical model, the Bayes risk associated with the selection

rule d is:
r(G,d) / ) ZL (p,i)di(2) £ (2lp) 4G (p)
zer =1
(2.3)
=C - Z[Zd z)oi( :1:,] f(z)
zZ€EX Li=1
where
¢ k
@ =11 fil=)
K@) =] Madp)dein) = (<317 [ (1 - 57 d6ule) = ala)hulad),
(2.4)

.
a(m) = (%), hilei) = c{‘pn(l - 2 dGi(r),
wi(zi) = hi(zi +1)/hi(z;) (note that 0 < p;(z;) < 1), and

c = 3 [ pwf(zlp)dG(p).
zEXQ

\

Note that C is a constant which is independent of the selection rule d. Thus, from

(2.3), Bayes selection rules can be obtained as follows.

Foreach z € X, let
A(z) = {ilpi(z:) = 22X ©; (=)} (2.5)

Any selection rule d = (d;,...,di) such that Y d;(z) = 1 is always a Bayes rule. Thus,
1€EA(2)
a randomized Bayes rule is dg = (d1¢,...,dkc) Where

diole) = { O 1 A (26)

0 otherwise,

and |A| denotes the cardinality of the set A.




Since the prior distribution G is unknown, it is not possible to apply the Bayes rules
for the selection problem at hand. In this case, we use the empirical Bayes approach. It is

assumed that past observations from each of the k& populations are available.

For each 1 = 1,...,k, let (Xy;,Pi5), 7 = 1,...,n, be independent random vectors
associated with population 7;, where P;; stands for the random probability of success for
each trial in w; at stage 7, and X;; stands for the number of successes before attaining
the r** failure in 7; at stage 7. It is assumed that P;; has prior distribution G; for all
J =1,2,.... Conditional on P;; = pi;, Xi;|pi; has a negative binomial probability function
fi(zij|pi;) given in (2.1). It should be noted that X;; is observable but P;; is not. Let
the jt* stage observations be denoted by X ;- Thatis, X; = (X15,...,Xk;). From the
assumptions, X,,...,X, are mutually independent and identically distributed. We also

let X, ., =X= (X1,...,Xk) denote the observation at the current stage.

From (2.5) and (2.6), a natural empirical Bayes selection rule can be defined as follows:
Foreacht=1,...,k,and n = 1,2,..., based on the past data X,..., X;, and the present
observation X; = z;, let ©in(Zi) = win(zi; Xi1,...,Xin) be an empirical Bayes estimator

of pi(z;). Then, by letting

An(2) = {ilpin(z:) = fg}%‘k%n(zz‘)}, (2.7)

an empirical Bayes selection rule d,(z) = (d1a(2),...,dkn(z)) is defined as below.

din(z) = |An(z)|~! if 1 € An(z), ]
(z) { 0 otherwise. (2.8)

Note that the past data (X,,...,X,) is implicitly contained in the subscript n.
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For such an empirical Bayes selection rule d,, let (G, d,) be the corresponding overall

Bayes risk. That is,

[/ ZZLP, o (IIP)dG(g)}
=C - Z

F1=34

(2.9)

EE[dm ()]s (z) ] f(z),

i=1

where the expectation E is taken with respect to (X,,...,X,). Since r(G) is the minimum
Bayes risk, r(G,dn) — r(G) 2 0 for all n. Thus, the nonnegative difference r(G,d,) — r(G)

is used as a measure of the optimality of the empirical Bayes selection rule d,.

Definition 2.1. A sequence of empirical Bayes selection rules {d,}3, is said to be asymp-
totically optimal relative to the (unknown) prior distribution G if r(G,dn) — r(G) — 0 as

n — o0.

In the following, we seek a sequence of asymptotically optimal empirical Bayes selec-

tion rules for the selection problem under study.

3. PROPOSED EMPIRICAL BAYES SELECTION RULE

Before we go further to construct empirical Bayes rules for the selection problem at

hand, we first investigate some properties related to the Bayes selection rule dg defined in

(2.6).

Definition 3.1. A selection rule d = (d;,...,dk) is said to be monotone if for each ¢ =
1,...,k, di(z) is increasing in z; while all other variables z; are fixed, and decreasing in

z;, for each j # ¢ while all other variables are fixed.

Note that for each ¢ = 1,...,k, pi(z:) = hi(zi + 1)/hi(z:). Straight computations
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show that p,(z;) is an increasing function of z;. Thus, from (2.5) and (2.6), one can see
that the Bayes selection rule dg is a monotone selection rule. Also, note that ,(z;) is the
posterior mean of P; given X; = z;, and it is the Bayes estimator of P; given X; = z; for
squared error loss. Under the squared error loss, the problem of estimating the probability
of success in a negative binomial distribution is a monotone estimation problem. By
Theorem 8.7 of Berger (1985), for a monotone estimation problem, the class of monotone
estimators form an essential complete class. Also, for the present selection problem, under
the loss function given in (2.2), the problem is a monotone decision problem. Again, from
Berger (1985}, the class of monotone selection rules is essentially complete. Now, one can
see that if the empirical Bayes estimators w;n(zi), ¢t = 1,...,k, are monotone, then the
empirical Bayes selection rule given through (2.7) and (2.8) is also monotone. From these
considerations, it is reasonable to desire that the concerned estimators {pin(z;)} possess

the above-mentioned monotonicity property.
Foreach i =1,...,k, let N;n = max(Xi1,...,Xin) — 1. Foreach £ =10,1,2,.., let

fin(z) = % ZI{z}(Xij)a (3.1)
=1

where I4 denotes the indicator function oi the set A. Let

hin(z) = fin(2)/a(2). (3.2
It is intuitive to use h;n(z) as an estimator of h;(z). However, note that h;(z) is nonin-
creasing in z; while h;n(z) may not possess the nonincreasing property. Thus, we consider

a smoothed version of h;,(z). Note that hin(z) = 0if £ > Njn+1. Thus, let {h;,,'(a:)}N"‘+1

z=0

be the antitonic regression of {hin(z)}Yi%*! with equal weights, and let A, (y) = O for all
¥ > Nin + 1. Thus, h{,(z) is nonincreasing in z.

8




For z =0,1,..., N¢n, let
pin(z) = hinlz + 1)/hiy (). (3.3)

Since @in(z) may not possess the nondecreasing property as ¢;(z) does, we consider
a smoothed version of p;n(z) as follows. Let {p} (z)}Min be the isotonic regression
of {pin(z)}Yin with random weights {A},(z)}2in. For y > Nin, we define o, (y) =
©:n(Nin). Therefore ¢}, (z) is nondecreasing in z. Note that 0 < ¢j,(z) < 1 for all

£=0,1,2,.... We use p],(z) to estimate p;(z) and propose an empirical Bayes selection

rule d;, = (d},,...,d},) as follows.

For each z = (z,...,2x) € X, let

An(z) = {ileialz:) = max oja(z;)} (34)

and for each 1 =1,...,k, let

(@) = {4 e A, (3.5)

0 otherwise.

Since o}, (z:) is nondecreasing in z; for each ¢ = 1,...,k, we see that d;(z) is a

monotone empirical Bayes selection rule.

y
Remark 3.1. For each y = 0,1,2,..., let Hia(y) = fj hin(z w(¥) = 2 hin(z), and
z=0 z=0
Hi(y) = EY: hi(z). Also, for each y = 0,1,...,N;n, let W;n(y E Pin(z)hin(z), and
z=0 =0

)
(y) = 2 pia(z)hi,(z). Then, by the definition of win(Z), Pin(y) Z hi.(z +1)
=0
H! (y+1) - H,(0) for 0 < y < N;n. Also, from Barlow, et al. (1972), and by noting the

fact that hin(y) = h{,(y) = 0 for all y > N;n + 1, we have the following results:

H.(y) 2 Hin(y) for ally =0,1,2,... (3.6)
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sup |H (y) — Hi(y)| < sup|Hin(y) ~ Hi(y)]. (3.7)
y20 y20
Ve (y) < Vin(y) forally =0,1,... (3.8)

Remark 3.2. From Puri and Singh (1988), we have

©in(0) = | _min [Vin(y)/Hin(v)] (3.9)

Pin(e) = _gmin ((inly) = ¥in(z = D)/ (Hin(0) = Binlz = 1)), 2=1,..., Nin. (3.10)

From (3.8), (3.9) and (3.10) we obtain

Pinla) 2 __min, [(¥in(y) — Win(z = 1))/ (Hin(s) = Hinlz 1))

=, oin, ((Hi(y+ 1) = Ha(@)/(Hia(o) = Hinle = 1)

(3.11)

for each £ =0,1,..., Nin, where H},(~1) = 0.
Remark 3.3. Analogous to Puri and Singh (1988), we can obtain an alternative form of
©in(z) as follows.

(p:n(Ni'l) 0<y<N [(Z ‘p"‘ m. T)) Zh ] (3'12)

r=y r=y

Nin Nin
Oinlz —&&[(Z% = Y. Pinlr)hin r))/zh } (3.13)

r=y r=z+41 r=y

forz=0,1,...,Nin ~ 1, and

Nin
Z Pin(r)his(r) < Z in(r)hin(r), forz=0,1,..., Nin. (3.14)
r=z r==zx

Thus, we can obtain

Nia Nia
Pin 3) < orélya-é(z l:(’z:v Sotn - '—_;1 ‘Psn ) /,Zy h } (3.15)
= 2ax [(Hi(z +1) - Hi,(v)) / (Hia(2) - Hiy(y - 1))

10




for each z =0,1,..., N;n.

4. ASYMPTOTIC OPTIMALITY

In this section, we investigate the asymptotic optimality property of the sequence of

empirical Bayes selection rules {d}} defined previously.

For1 <i<j <k, andeach z; = 0,1,2..., let A;;(z:) = {z;|pj(z;) > wi(z:)} and

Bij(z:) = {zjlpj(z;) < wi(z:)}. Let

oy _ [min Ag(z) if Ay(z) # ¢,
Mt] (Iz) = {OO ’ if Ai;’(zs’) = ¢,

(o _ Jmax Bij(zi) if Bij(zi) # 4,
(i) = {—1 J if Bij(z:) =

Note that, by the nondecreasing property of w;(z;), mi;(zi) < M;(z;) and my;(zi) <
M.-,'(z,-) if Aij(zi) # ¢. Let

co mi;i(zs)

riin) = Y Y [pilz) — 0i(i)|P{0ia (i) < ©ja(z)} fi(2:) fi(25)

z;=0 z;=0

+ E Z [p;(z5) — wi(z:)|P{pin(zi) 2 ‘P;n(zj)}fi(zi)fj(xj)

2:=0 z;=M;; (z:)

m,; (2:) )
where Y. =0if my(z;)=-1and Y, =0if Mi;(z;) = 0.
;=0 z;=Mi;(2:i)

From (2.5) and (2.9), a straightforward computation leads to that
0< T(G,d;) - T(G)

k-1 &k
SZ E r;,-(n).

=1 y=1i41

Thus, in order to investigate the asymptotic behavior of the difference r(G,d;,) — r(G), it

suffices to consider the case where k = 2. We claim that

Theorem 4.1 riz(n) — 0 as n — oo.

11




Theorem 4.1 implies that the sequence of empirical Bayes selection rules {d;} is
asymptotically optimal. In the rest of this section, we are going to prove Theorem 4.1.

The following lemmas are useful in presenting a concise proof of Theorem 4.1.

Lemma 4.1 Let {am} be a sequence of real numbers and {b} be a sequence of positive
numbers such that b,, < 1 and b,, is nonincreasing in m. Then, for each positive constant

¢,

n n
sup ambm| > (>)c implies that sup aml| 2 (>)e.
30| 3 ambn| 2 () sup| 3 aml 2 ()

m=1
Since this lemma is trivial, the proof is omitted here. The following is a consequent

result of Lemma 4.1.

Corollary 4.1 For each 1 =1,...,k, and z = 0,1,2..., let Fi(z) = Zz: fi(z), Fin(z) =

z=0

3" fin(z). Then, for fixed positive constant ¢,

z=0

_—

sup |Hin(2) — Hi(2)| 2 (>)c implies that sup [Fia(2) — Fi(2)] > (>)e.
z20 z20

Proof: There is a direct result of Lemma 4.1 by noting that hin(z) — hi(z) = (fin(z) -

fi(z))/a(z), where 1/a(z) = (':’:;l)_l <1 and which is decreasing in z.

Lemma 4.2. For each fixed z = 0,1,2...,, and 0 < t < ¢i(z), let
Qi(vlz,t) = [-Hi(y+1)+Hi(z)]+{Hi(y) - Hi(z—1)][pi(z)—t] forall y = z,z+1,.... Then,

Qi(y|z,t) is nonincreasing in y and therefore, max Qi(vlz,t) = Qi(z|z,t) = —thi(z) < O.
y2z
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Proof: Qi(y|z,t) — Qi(y + 1|z,t)
= [Hi(y +2) = Hi(y + 1)] + [Hi(y) — Hi(y + 1)][pi(z) — ¢]

= hi(y +2) — hi(y + 1)[pi(z) - ¢|
= hi(y + 1)[pi(y + 1) ~ wi(z) + ¢]
> hi(y + 1)t

>0

where the first inequality is due to the fact that y > z and thus pi(y + 1) > p;(z). There-

fore, wi(y|z,t) is nonincreasing in y for all y > z, and hence max QRi(y|z,t) = Qi(z|z,t) =
y2z

—th,'(.'l:) < 0.

Lemma 4.3. For each z = 0,1,2,...,, and 0 < t < 1 -~ piz), let
Ri(y|z,t) = [-Hi(z + 1) + H;(y)] + [Hi(z) — Hi(y — 1)] [pi(z) +t] forally =0,1,...,z,
where H;(—1) = 0. Then, R;(y|z,t) is nonincreasing in y for y = 0,1,...,z, and hence,

o?}’g‘: R;(y|z,t) = Ri(z|z,t) = thi(z) > 0.

Proof: For0<y<z-1,
Ri(y|z7t) - Rt(y + 1|:t, t)

=[H;(y) - Hi(y + 1)] + [H:i(v) = Hi(y — 1)}[pi(z) + ¢]
= — hi(y + 1) + hi(y)[pi(z) +1]

=hi(y)[~pi(y) + pi(z) + 1]

2hi(y)t

>0

since 0 < y < z — 1 and thus pi(z) — pi(y) 2 0. Therefore, R;(y|z,t) is nonincreasing in

y fory=0,1,...,z, and hence ogzylng;(ylz,t) = Ri(z|z,t) = hi(z)t > 0.

13




Lemma 4.4. Foreachi=1,...,k, t >0and z=0,1,2,...
P{pia(z) — wi(z) < —t} < [Fi(2)]" + dexp(—nt®h}(z)/8)

where d is a positive constant which is independent of the distribution F;.

Proof: Note that 0 < ¢?,(z), wi(z) < 1. Hence P{p},(z) — pi(z) < -t} =0if t > p;(z).

Thus, in the following, it suffices to consider those ¢ such that 0 < ¢t < p;(z).

Now, for 0 < t < p;(z),
P{pin(z) — pilz) < -t}
=P{pi.(z) — pi(z) £ =t and N;, < z} + P{pi.(z) — vi(z) < —t and N;, > z},
where

P{pin(z) - pi(z) < —t and Nix < z} < [Fi(z)|" (4.2)
which is obtained by the definition of N;,.

Let T, (z) = H;,(z) — Hi(z) and Tin(z) = Hin(z) — Hi(z). From (3.11), (3.7),
Corollary 4.1, Lemma 4.2 and Lemma 2.1 of Schuster (1969) and by noting the fact that

0 <t < pi(z) < 1, we have

14




P{pin(z) ~ pi(z) < —t and Nin 2 z}
SP{H:n(y + 1) - Hi‘n(z) - [H:n(y) - }Ii‘n.(:c - 1)][<Pi(2) - t] <Oforsomez <y< Nin}
=P{T;,(y + 1) — Tiu(2) = [Tin(y) — Tin(z = 1)][wi(z) — t] < Qi(y|z,¢) for some z < y < Nin}
SP{TL(y +1) — Tin(2) = [Tia(y) — Tin(z — 1)][wi(z) — t] < —thi(z) for some z < y < Nin}
SP{ sup |T{L(2)] > thi(z)/4} (4.3)

£<2<Nin+1

SP{igg ITin(2)| > thi(z)/4}
Sp{i‘;ngin(z)l > thi(z)/4}

SP{igg |Fin(2) — Fi(2)| > thi(z)/4}

<dexp(~nt*h}(z)/8).

Thus, from (4.1), (4.2) and (4.3), the proof of this lemma is complete.
Lemma 4.5. Foreacht1=1,...,k,t>0and z=0,1,2,...,
P{pin(z) - vi(2) 2 t} < [Fi(2)]" + dexp(—nt*h}(z)/8)

where d is a positive constant which is independent of the distribution F;.

Proof: The proof of this lemma uses the results of (3.7), (3.14), Corollary 4.1, Lemma 4.3
and Lemma 2.1 of Schuster (1969). The argument for the proof of this lemma is similar

to that of Lemma 4.4 We omit the detail here.
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Proof of Theorem 4.1

Let A(z1,z2) = p1(z1) — p2(z2). Note that

co miz(z1)

ra(n) = Y D Alz1,22) P{pin(z1) < 03a(22)}1(21) f2(22)

=0 == (4.4)
+ > ) (AL z2))P{pia(z1) 2 03a(22)} 1(21) f2(22).
21=0 z;=M)3(z,)
For z; < my2(z1), w1(z1) — w2(z2) > 0 and
P{pin(z1) < @3a(z2)}
<P {inen) - or(an) s -2 eal) ) (4.5)
tF {“’5..(1'2) p2(z2) 2 pii) -2_ == } '
For z3 > Mi12(z1), p1(z1) — p2(z2) <0 and,
P{pin(z1) 2 ©3a(z2)}
<P {sol,.(zl) — pr(an) > 2222 - “"(”‘)} (4.6)
+F {"95..(:2) = pa(z2) < ~ea(z) ; ol } '

Also, 0 < wlfﬂﬂl < min(p1(z1), 1 — p2(z2)) as zz < mya(z1), and 0 <
m—’—”%‘f—‘—fﬂl < min(pz(z2), 1 — p1(z1)) as zz > My3(z1). Then, from (4.4)-(4.6),

Lemmas 4.4 and 4.5, one can obtain the following:
ri2(n) < E[FT'(X1)] + E[F7 (X2)] (4.7)

+d E E f1(21)f2(z2) [exp(—nA’ (21, 22)hi(21)/8) + exp(-nA?(z1,22)h](z2)/8)]

z2;=02z3=0

where each of the three terms at the right-hand-side of (4.7) tends to O as n tends to
infinity. This implies that rj2(n) — 0 as n — oco. Hence the proof of the theorem is
complete.
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