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CHAPTER 1

INTRODUCTION

1-1 Motivation and Previous Research

A theoretical investigation of the nonlinear effects in the reflection and
refraction of plane finite-amplitude acoustic waves at the interface between two
lossless fluids is presented in this dissertation. This research may in one sense
be considered an outgrowth of the author's master's thesis work (Cotaras 1985),
which dealt with finite-amplitude effects in long range underwater acoustic prop-
agation. That work is rigorously valid only up to the point that the acoustic
waves interact with either the surface or the bottom of the ocean or pass through
a caustic (focal region). Although this work does not contain any discussion of
what happens at a caustic, it does have application to the reflection and refraction
of finite-amplitude sound at both the surface and the bottom of the ocean.

Evidence from both inside and outside the field of nonlinear acoustics
indicates that the laws governing the reflection and refraction of finite-amplitude
sound may be different from the well-knowr linear theory results-Snell's law and
the law of specular reflection. From outside the field of acoustics come the unusual
effects that are observed during the reflection and refraction of plane shock waves,
effects such as the stem shock.' These effects have been studied for some time
and are still of interest today [see, for example, Polachek and Seeger (1951);
Jahn (1956, 1957); Henderson (1966); Miura and Glass (1983)]. The results of
the research are not, however, of direct use in acoustics for the following reasons:
(1) The pressure change at the shock is typically much larger than that in finite-
amplitude acoustics, and (2) the results indicate only what happens at the shock,
not what happens to a continuous signal. From within the field of nonlinear

' Upon reflection from an interface, the intersection point of the incident and reflected shocks
detachcs from the interface. The intersection point is, however, still 'connected' to the interface
by a third shock--the stem shock. For more details, see, for example, Courant and Friedrichs
(1976, p. 334).

' ' l I I1
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acoustics, evidence of a possible difference from linear theory is suggested by
Blackstock (1959). Studying the normal reflection of finite-amplitude sound from
a rigid wall, Blackstock noted that the linear theory result of pressure doubling
is not rigorously correct. Pressure doubling is actually the small-signal limit of
the proper law, which is that excess sound speed (c - co) doubles. 2

Despite the evidence of a possible deviation from the linear theory, the
problem of reflection and refraction of finite-amplitude sound has remained al-
most untouched. Van Buren and Breazeale (1968) dealt with the reflection of
finite-amplitude ultrasonic waves by decomposing the incident finite-amplitude
signal into its Fourier components and then reflecting each component indepen-
dently using linear theory. In their procedure the reflected components are then
recombined to reconstitute the reflected wave. Thus they did not directly address
the question of nonlinear effects in reflection and refraction.

Two Chinese reseachers have recently published pertinent work: Qian
(1982) oii reflection of finite-amplitude acoustic waves and Feng (1983) on re-
flection and refraction. Both use perturbation methods and Lagrangian coor-
dinates. Qian examined that which is a special case for us-the reflection of
finite-amplitude sound from a rigid wall at oblique incidence. The paper has a
few algebraic errors3 but is otherwise correct for the case it treats. On the other
hand, the work by Feng appears to contain some fundamental errors in both the
wave equations and the boundary conditions. After expanding all the acoustic
variables in a small parameter e, Feng obtains the 0(E) and O(E2 ) wave equations
and boundary conditions. However, Feng then assumes that the interaction terms
in the O((2) wave equations [his Eqs. (13) and (15)] are zero. This is true only for
the case of simple wave motion.4 For compound wave flow, which is what occurs
on the fluid I side (the incident and reflected fields co-exist), the terms do not
cancel. Feng's wave equations are, therefore, not valid on the fluid I side. Fur-
thermore, in his 0( c2 ) particle velocity boundary condition, Feng fails to account
for the variation of the normal to the interface. It is shown in this dissertation
that the variation vanishes only in the special case of normal incidence.

\n earlier presentation of some of the results of this research (Cotaras
and Blackstock 1987) apparently stimulated some interest ;n the problem. For

2 For finite-amplitude waves, the sound speed c differs from the small-signal sound speed co :
see the next section.

3 For example, in Eq. (13a) an unneccesary 1/(e4)2, where c.1 is the small-signal sound speed
in fluid I, is introduced; this error is repeated in Eq. (19).

'For the case of plane waves, simple wave flow may be defined as a wave field that consists
of progressive waves only, that is, waves propagating in one direction only. If progressive and
regressive waves co-exist, then the wave field is referred to as compound.
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example, Shu and Ginsberg (1988) are examining the reflection and refraction of
finite-amplitude sound at a fluid-solid interface. At the time of writing of this
dissertation, however, their work was not available for examination.

1-2 The Propagation Speed of Finite-Amplitude Acoustic Waves'

It is well known that the propagation of a finite-amplitude wave can-
not be accurately modeled by a small-signal acoustical theory; see, for example,
Blackstock (1972). Small-signal theory fails because the propagation speed of
a finite-amplitude wave depends on the local particle velocity. The dependence
arises in two ways. (1) Convection: Convection occurs when the fluid particles
themselves are set into motion by the passing acoustic wave and contribute Lheir
own velocity to the total wave speed. Thus the actual propagation speed dx/dt
may be expressed as

dx d -c+u, (1.1)

where c is the sound speed (which is to be distinguished from the propagation
speed). (2) The nonlinearity of the pressure-density relationship: Because of this
nonlinearity, the sound speed c is not, in general, a constant. For an outgoing
plane wave, the sound speed is given by the following [see, for example, Beyer
(1974)1:

B
c = co +-u ,(1.2)

A
where co is a true constant referred to as the small-signal sound speed (the value
that appears in tables), and A and B are the first and second coefficients of
the Taylor series expansion of the pressure density relation. When the above
equations are combined, the resulting equation is usually written as

dx
d-t = o + flu  ,(1.3)

where/3 1 + B/2A is called the coefficient of nonlinearity and has the value 1.2
for air and 3.5 for water. Equation (1.3) is sometimes called the wavelet speed,
a wavelet being a given point on the waveform of a propagating wave.

'For a more thorough introduction to the physical origins of nonlinear acoustics and its
applications, see, for example, Hamilton (1986).
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1-3 Scope of the Research

The primary objective of this dissertation is to investigate nonlinear
effects in reflection and refraction at a plane interface between two lossless flu-
ids. However, because losses are present in all real fluids and because losses
must eventually be accounted for in a complete treatment of reflection and
refraction, the equation for finite-amplitude wave motion in a homogeneous,
thermoviscous fluid with a single relaxation mechanism is derived in this disser-
tation. Although thermoviscous effects, relaxation effects, and nonlinear effects
have been studied separately, the derivation (from first principles) of the wave
equation that accounts for all three effects has not been previously attempted.
It is therefore included in this dissertation.

The dissertation is divided into three parts. Presented in the first part
are the basic equations for a homogeneous, thermoviscous fluid with a single
relaxation mechanism and a method for ranking the terms in the equations.
The fluid is assumed to be initially quiet, irrotational, uniform, and in thermo-
dynamic equilibrium. Moreover, effects of rotational flow are ignored. When
presenting the basic equations, we make a fundamental assumption: The inag-
nitude of the deviation from thermodynamic equilibrium is assumed to be small,
and linear relationships between each thermodynamic flux and all the thermo-
dynamic forces are assumed to hold. The possibility of cross-effects between
the different thermodynamic fluxes and forces is pointed out, but neglected.
Ranking the terms in the basic equations according to their relative impor-
tance requires that additional fundamental assumptions be made about (1) the
amplitude of the acoustic signal, (2) the magnitude of the transport coefficients,
and (3) the magnitude of the dispersion caused by the relaxation. Use of the
ranking system enables us to develop simplified forms of the equations. The
wave equation for finite-amplitude signals in a thermoviscous fluid with a single
relaxation mechanism is then developed.

Analyzed in the second part of this dissertation is the reflection and
refraction of finite-amplitude plane waves that are obliquely incident on an ii-
tially plane interface between two lossless, immiscible fluids. First, the bound-
ary conditions at the interface are examined. The interface is assumed to be
initially planar and coincident with the z = 0 plane. Moreover, the effects of
surface tension and body forces at the interface are neglected. Second-order
perturbation analysis, which is sometimes referred to as quasilinear analysis,
is employed to analyze reflection and refraction of an abitrary incident signal.
The notation closely follows the work of Naze Tjotta and Tjotta (1987). The
0(f) and 0(( 2 ) systems, where f is a small parameter, are then solved. The
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O(E2 ) system accounts for not only the nonlinearity in tile wave equation but
for the finite displacement of the interface and the variation of the normal to
the interface. After the expressions for the O(f) and O(E2 ) reflected and trans-
mitted fields are obtained, it is noted that, to O(e2 ), Snell's law and the law of
specular reflection hold.

In the third part of the dissertation, we develop two different 'modified
forms' of Snell's law-forms which appear to indicate that refraction has a
slight amplitude dependence. The 'modified forms' are developed by means
other than perturbations and appear to be correct to second-order. However,
in deriving the 'modified forms', one of which was reported by Cotaras and
Blackstock (1987), a large assumption is made: that simple wave flow exists
on the incident side of the interface. This assumption is quantified by using
the results of the previous section to develop the O(f) and 0( 2 ) conditions
for simple wave flow. We next expand each of the 'modified forms' of Snell's
law and find that, to 0( 2 ), the two 'modified forms' are equivalent. Moreover,
the 'modified forms' yield, at O(E), ordinary Snell's law and, at O(e2 ), one of
the O(C2 ) conditions for simple wave flow. Since simple flow is assumed in the
derivation, the 'modified forms' are, to O(c2 ), equivalent to ordinary Snell's
law. Thus we metaphorically deflate the balloon that carried us through this
dissertation: the hope of finding a deviation from Snell's law at O(f2 ).



CHAPTER 2

ON THE RANKING OF TERMS IN THE BASIC EQUATIONS
FOR A HOMOGENOUS, THERMOVISCOUS FLUID WITH A

SINGLE RELAXATION MECHANISM

l)iscussed in this chapter are the basic equations for a homogeneous,
thernioviscous fluid with a single relaxation mechanism and a method for rank-
ing the terms in the equations. The equations presented are the conservation
of mass (continuity equation), the conservation of linear momentum (Newton's
second law), and the conservation of entropy. To the entropy equation, however,
we add the second law of thermodynamics: entropy production is positive for
irreversible processes (loss mechanisms). Other relations from thermodynamics
that are presented are an equation of state, Gibb's equation, and the first law
of thermodynamics: the conservation of energy. The energy equation is manip-
ulated into the form of the entropy equation, and entropy production is seen to
be the sum of the products of the various thermodynamic fluxes and foicrs. A
fundamenmtal assumption is then made. The magnitude of the deviation from
thermodynamic equilibrium is assumed to be small, and linear relationships be-
tween each thermodynamic flux and all the thermodynamic forces are assumed to

hold. The possibility of cross-effects between the different thermodynamic fluxes
raid forc,-4 is pointed out, but neglected. The fluid is assumed to be initially quiet
and in thermodynamic equilibrium. Moreover, the signal is assumed to be far
from all boundaries for all time. Additional fundamental assumptions are then
made a bout (1) the amplitude of the acoustic signal, (2) the magnitude of the
I ransport coefficients, and (3) the magnitude of the dispersion caused by the re-
laxation. The terms in the equations are then ranked according to their relative
iniIortanie. Use of the ranking system enables us to readily obtain simplified
forms of lie basic equations (Lighthill 1956). Specifically, we develop simplified
forms of I lie equations appropriate for (1) small-signal wave motion in a lossless
fluid, (2) small-signal wave motion in a homogeneous, thermoviscous, relaxing
ilid, anid (3) finite-amplitude wave motion in a homogeneous, thernioviscous,

6
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relaxing fluid. As mentioned in Chapter 1, it is our intention to neglect all losses
ii the analysis presented in later chapters. The terms that represent the effects
of viscosity, heat conduction, and relaxation are, however, included at th;s stage
for completeness.

2-1 Basic Equations for a Homogeneous, Thermoviscous Fluid with
a Single Relaxation Mechanism

We start with two classical equations: the conservation of mass and the
conservation of linear momentum,

- + V.(pu) = 0,(2.1)

Duk _ Oagkp-- - ac i, (2.2)

where p is the density, Uk is the kth component of the particle velocity u (k =

1,2,3), aik is the stress tensor, and D/Dt is the material derivative,

D(.) 0(-) __(2.-l + (2.3)Dt a t axi

Throughout this work, we follow the summation convention; that is, a repeated
index implies a summation over the index. Equations (2.1) and (2.2) are from
Thompson [1984, Eqs. (1.54) and (1.59)], but the effect of body forces such as
gravity is neglected in the linear momentum equation.

To the pair of classical equations, we add some thermodynamic relations:
a state equation, Gibb's equation, and the entropy equation. The state equation
gives the functional relationship between the thermodynamic variables when the
fluid is in thermodynamic equilibrium. (Thermodynamic equilibrium is precisely
defined below.) For a thermoviscous fluid with a single relaxation mechanism,
one form of the state equation is1

P = P(p,s,q) , (2.4)

'Any three thermodynamic variables may be chosen as the three independent variables. The
advantage of choosing the advancement variable q and the entropy s as two of the three is that,
if a fluid is always in thermodynamic equilibrium (very common assumption in acoustics), both
q and s take on their equilibrium values, which are constants. Thus, the state equation reduces
to P = I'(p).
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where P is the total pressure, s is the entropy per unit mass, and q is the degree
of advancement of the relaxation mechanism, for example, a chemical reaction.
It turns out that the following alternate state equation is required:

T = T(p,s,q) , (2.5)

where T is the absolute temperature. Another relation between the thermo-
dynamic variables is given by Gibb's equation, which for a fluid with a single
relaxation mechanism is

Tds = de - - dp-Adq (2.6)

where e is the internal energy per unit mass and A is the affinity of the relaxation
process. The entropy equation may be stated in such a way that it incorporates
the second law of thermodynamics:

Ds OJk
P'D5t+ Xk =T , T>0 (2.7)

where Jk is the kth component of the entropy flux vector J and T is the entropy
source strength. 2

The entropy source strength is an important variable for two reasons.
First, the fluid is defined as being in a state of thermodynamic equilibrium whenm
no entropy is produced, that is, when T = 0. Second, linear phenomenological
relations may be introduced by way of the entropy source strength. The entropy
source strength may be written as the sum of the product of thermodynamic
fluxes and forces,

T = JkXk , (2.8)

where k is a generalized thermodynamic flux and Xk is a generalized thermo-
dynamic force. Since thermodynamic equilibrium is defined as zero entropy pro-
duction, it is required that all thermodynamic fluxes and forces be zero at equi-
libriun.

. = 0 and Xk = 0 at equilibrium . (2. 9)

If the departures from equilibrium are small, linear phenomenological relatiols
)ctwcc the thermodynamic fluxes and forces may be assumed,

Jk = LikXi , (2.10)

2 'i'1hc li,1'ril in this section is based on the material in Chaps. Ill, IV, and V in the book
1,v I'rigogm,, (19;1) aid Chaps. Ill, IV, and VI in the book by de Groot and Mazur (198-1).
l'Ficremcs to other works are made when appropriate.
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where Lik are called the phenomenological coefficients. Note that although a lin-
ear relationship between the fluxes and forces is assumed, the coefficients are not
assumed to be constants, and the possibility of interference between the differ-
ent fluxes and forces is permitted. The interference between the thermodynamic
fluxes and forces is, however, restricted by Curie's principle, which, briefly stated,
is that for an isotropic fluid only fluxes and forces of similar tensorial nature may
interact. Thus, a scalar flux may contain contributions from scalar forces, but
not from vector forces or tensor forces. Moreover, the number of coefficients is
limited by Onsager's relation, which states that Lik = Lki.

Finding the appropriate form of T

To find the form of T appropriate for a thermoviscous fluid with a single
relaxation mechanism, we start with the energy equation and rearrange it so that
it is in the form of the entropy equation. In rearranging the equation, we assume
local equilibrium and split the stress tensor into two parts, a pressure term and
a viscous stress term.

We start with the energy equation; see, for example, Thompson [1984,
Eq. (1.60)],

D l ( e + _ x i ( ' k - O x i
--) _ (2.11)

where Q, is the ith component of the heat flux vector Q. If the kinetic energy
relation (which is obtained by multiplying the linear momentum equation by Uk)

is subtracted from the energy equation, the resulting equation is [see, for example,
Thompson (1984, Eq. 1.70)]

De Ou OQ,
P = 'ik adi a (2.12)Dt Xk OXi

The stress tensor Orik may be divided into two parts:

Orik = -Pik - ailk , (2.13)

where ajk is the viscous stress tensor, -Pik is the pressure stress, and izk is the
Kronecker delta function, which is equal to unity if i = k, but zero otherwise.'

'"rhe choice of sign on the viscous stress tensor in Eq. (2.13), which is arbitrary, differs
from some work in hydrodynamics [see, for example, Landau and Lifshitz 1959, Eq. (15.2)),
but conforms to some work in thermodynamics [see, for example, de Groot and Mazur 1984,
Eq. (111.35)].
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The viscous stress tensor is assumed to be symmetric.4 Using Eq. (2.13) in
Eq. (2.12) and using the continuity equation, Eq. (2.1), leads to the following
form of the energy equation:

De P Dp I , u 1 Q, 2.
D - p Dt P k pa (2.14)

Equation (2.14) may be simplified using Gibb's equation. However,
Gibb's relation is, strictly speaking, only valid in equilibrium. Since the fluid
is not always in equilibrium, we must assume that the fluid particles are in a
state of local equilibrium. If we follow a fluid particle that is in local equilibrium,
Gibb's equation may be written as

T Ds De P Dp A Dq (2.15)
Dt Dt p2 Dt DI

Use of Eq. (2.15) in Eq. (2.14) yields

Ds 1 , ui 10Qi pA Dq
PDt - ik -Xk T aX, T Dt (2.16)

To place Eq. (2.16) in the form of the entropy equation, Eq. (2.7), we
niust perform some manipulations that initially appear arbitrary. The resulting
expressions are, however, unique; see de Groot and Mazur (1984, pp. 24-25). The
simpler of the manipulations is

I ONi 9 (_i_ Qj aT
laQ,+ _2 5-Q~Q, (2.17)7' axi axi T-- x-- (,7

The more complex manipulation involves expanding 'ik and aUi/aXk into trace
components and remainders that have zero trace. We rewrite the viscous stress
tensor as follows:

O'ik = O'ik "+ 1bikOj(2.1)

where aLk is a symmetric tensor since oak is assumed symmetric. The gradient of
tlie velocitY is rewritten as

0)1[ i a k 2 aut] 1 (oUi O(Uk ) + Ou

0-1' 2 ±a 1p 2 (axk 9X i) 3 axt
"'llis istantamioumt to assuming that the internal angular momentum is randomly dis-

t ril)uted aiongst the molecules, which is generally the case. If this is not assumed, then it
hirns mul that another phenomenological coefficient, in this case, the rotational viscosity, is re-
(Iiir,'(. Nloreover, the asymmetry of the viscous stress tensor decays, see de Groot and Mazur
(19)81, Chapi. XII).



The first term on the right-hand side, which is symmetric and has zero trace,
indicates shearing motion but without a volume change. The second term, which
is antisymmetric, is associated with a rotation but again without a volume change.
The third term on the right-hand side, which consists solely of diagonal elements,
indicates the volume change. Since the product of symmetric and antisymmetric
tensors is zero, we may write

dik _ -:2+ , -2 D-.kl- j+ -t (2.19)

Use of Eqs. (2.17) and (2.19) in Eq. (2.16) yields the desired form of the energy
equation:

Ds 0 (2) QjOT ik [alli alk' 2Duel
~Dt - O~ k~TJ - Tj6x - 27'6ik -

1 arjj oue pA Dq (2.20)
3 T Oxe T DT (

Comparing Eq. (2.20) with the entropy equation, Eq. (2.7), we identify the fol-
lowing:

Q i (2.21)=7

and

QT OT _ k [(u, O9 Uk_ 2 DUel 1 JOu, pA Dq
T 2 x T 2 D Ox ,- ' axe] 3 T -xt T - . (222

Introduction of the linear phenomenological relations and constants

We are now in a position to utilize Eqs. (2.8) and (2.10), the linear
phenomenological equations. Recalling Curie's principle and Onsager's relations,
we write L1 OT

Qi -L , (2.23)T2Ox,
L2 ~ 2ia Du On

ik L 2L\o + Ox,] ik;J 'i -+ t (2.24)

l ,= l Oue A
Tj, jx Lt -L(2.25)
T axt T

Dq L21 Dut A
Dt T x (2.26)

,.,,,unnm mnaDnin Ti xs T
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where
L12 =L21 (2.27)

The coefficients LI, L2, L11 , and L22 must be positive in order to satisfy the second
law of thermodynamics, T > 0. For simplicity, we shall neglect the possiblity
of cross-effects throughout the remainder of the work, that is, we assume that
L = L 21 = 0.

We now identify some of the phenomenological coefficients as the trans-
port coefficients in well-known linear relations (for example, Fourier's law of heat
conduction):

L-, (-.28)

T 2

L(2.29)

L11  (2.30)

where K is the thermal conductivity, it is the shear viscosity, and IB is the bulk
viscosity. Use of Eqs. (2.28)-(2.30) in Eqs. (2.23)-(2.25) yields the following well-
known linear phenomenological laws (recall that the cross-effect in Eq. (2.25) is
neglected):

Q = -cVT , (2.31)

26 + , (2.32)

30jj = iIB(V.U) . (2.33)

Obtaining the fourth phenomenological constant and relation takes a
little more work. First, for future reference, we redefine the phenomenological

coefficient as
=L (2.34)

If cross-effects are neglected, this definition results in the following linear phie-
nomenological relation: Dq = f-'A (2.35)

Dt

It turns out,, however, that different forms of the linear phenomenological relation
and its associated coefficient, which are referred to as the rate equation and the
relaxation t iine, are of great use. The rate equation and the relaxation time are
obtained as follows: The affinity A = A(p, T,q) is expanded in a Taylor series.
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The expansion is then specialized for equilibrium, and the result is subtracted
from the original expansion. The results follow directly. In general, for small
deviations from equilibrium, A may be approximated as

A- A,q) 0 (p-po)+ ( ) (T-To)+ ( 4 (q-qo) , (2.36)

where the subscript 0 denotes the static value of the variable. (This notation
is used throughout this work.) As noted earlier, all thermodynamic forces
and fluxes are zero at equilibrium; thus, the equilibrium-static--value of A
is zero. The equilibrium value of the advancement variable q is denoted by a
superscript *.

Alq=q .=0 = (O A (p-po)+(T A ) (T-To)+ -A (q*-q0*)
' T,q) 0 a p,q) 0 O p,T) 0

(2.37)
Equation (2.37) indicates that q* is a function of only two thermodynamic vari-
ables, p and T. Note that the static-equilibrium--values of q and q* are equal,
that is,

qo =q

Subtracting Eq. (2.37) from Eq. (2.36) yields

( aA (q -q*) .(2.38)
aq1,T) 0

This is consistent with our earlier assumption that the thermodynamic fluxes
and forces be linearly related. Use of Eq. (2.38) in the linear phenomenological
relation (again neglecting cross-effects), Eq. (2.26), leads to

Dq (q - q*) (2.39)

Dt rO

where
TO pT (2.40)

L22 ( LI p,T) 
0

The value of 7-o is positive because L2 2 must be positive to satisfy the second law,

T > 0, and because (Z PT) is positive; see de Groot and Mazur (1984, p. 201)

for a conipicte explanation.
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Introduction of the linear phenomenological relations into the momen-
tum and entropy equations

The terms in the entropy equation, Eq. (2.7), that were unknown are the
entropy flux, J, and the entropy source strength, T. The entropy flux is given in
Eq. (2.21). The entropy source strength may be obtained if the linear relations
between the thermodynamic forces and fluxes given in Eqs. (2.31), (2.32), (2.33),
and (2.35) are substituted into the relation for T, Eq. (2.22),

K T + itL xu + u Uj2+ JI 0 t)2+'
T= 2b', ( .u (241

Note that all the terms are positive and the squares of variables.
The linear phenomenological relations are now introduced into the mo-

mentum equation. Recall that the viscous stress tensor was split into two parts:
a trace component and a symmetric tensor with zero trace. Use of Eqs. (2.32)
and (2.33) in Eq. (2.18) yields

I r±1. + uk Out] ___

'71k -- [1T 26ik - JIB& (2.42)

Use of Eqs. (2.13) and (2.42) in Eq. (2.2) yields the following form of the linear
momentum equation:

D11 ap Oui+ (/B + 09au (2.43)
PDt OXi + 1OkO1 k \+ /. 3 + xi e

which may also be written in vector form as

Du
P-- = -VP + , V2u + JIB +

In obtaining Eq. (2.43), we assumed that the transport coefficients K, IL, and

p.B are constants.' Equation (2.44) is the well-known form of the momentum
equation; s'e Landau and Lifshitz (1959, Eq. (15.6)].

5 This assumption is, strictly speaking, not necessary; it is, however, convenient. It is not
itecessarv hecamuse it turns out that the ranking scheme, which is introduced later in the chapter,
indicates that tie ternis which arise if the transport coefficients are not assumed constant are
mw.gligihle. As an example, we now examine one of the terms containing a transport coefficient,
I1ik)ut/4j't. The gradient of this term is

V(p/ V-u) = ILBV 2  s + (V.u)V nq,
Ihtuit si mmc I is a fi ,,wion of army thlree state variables, say F, s, anld q, we may expandt/1mm in
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Summary of basic equations for a homogeneous, thermoviscous fluid
with a single relaxation mechanism

The basic equations for a homogeneous, thermoviscous fluid with a single

relaxation mechanism are the continuity equation, the linear momentum equa-
tion, the entropy equation, the equation of state, the alternate equation of state,
and the rate equation. The equations are, respectively,

-- + V.(pu)=O (2.1)"-t
-VP + +/V2U + V(V.u) , (2.44)

Ds (VT) \ (OT + (O0xi + oj _U_ 12

DI \ T_, T2 kjX, 2T [OXk OX, 3 IkOJ

+ ±Out) 2 + ofA2 , (2.45)

P = P(p,s,q) , (2.4)

T = T(p,s,q) , (2.5)

Dq _ (q - q) (2.39)
Dt TO

2-2 The Ranking System and Its Fundamental Assumptions

In this section the thermodynamic variables are defined to be the sum of

a static value and a small fluctuation. Fundamental assumptions are then made
about the magnitude of the acoustic fluctuation, the magnitude of the transport
coefficients, and the amount of dispersion caused by the relaxation mechanism.
The system for ranking the terms in the basic equations is then presented.

a Taylor series,

/1(3B)O+ ( 0q )0o (P-Po)+ (--B ), (-SO)+ ( ) p (q-qo) + ' ' "

Use of the ranking scheme indicates that the only term in V(pBV.u) that is not negligible is

(pn)OV'u. Thus the ranking system will show us that the variation in the transport coefficients
is a negligible effect, but it is simpler for us to treat them as constants from this point on.
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We may define each thermodynamic variable to be the sum of a static
value, which is denoted by the subscript 0, and a small fluctuation, which is
deuoted by the superscript f,

p po+p', (2.16)

P-Po~p' , (2.4 7)

T-To+T' , (2..18)

s sO+s' , (2.19)

u-u 0 +u' , (2.50)

q qo+q' , (2.51)

q -- q; + q" (2.52)

Note that bccause the fluid was assumed to be initially quiet, the static value of
the particle velocity is zero, that is, luo0 = 0. We therefore drop the unntecessary
prime front u' and refer to the acoustic fluctuation in the particle velocity sti-
ply as u. Recall that the static values of q and q* are the same (i.e., q0
'quatiols (2.46) through (2.52) may be substituted directly in the continuity,

momentutm, entropy, and rate equations, but this is deferred until after the rank-
ing systein is presented.

It is well known that for most fluids the linear, lossless, wave equation
(the classical wave equation) is a good model for describing the behaviour of
suiall-signal acoustic waves. The classical wave equation may be obtained by
retaining only linear, lossless terms in the basic equations. A linear, lossless term
is a linear term with a coefficient that does not involve a transport coefficient or
the derivative of the equilibrium variable q* with respect to another therpiody-
miamic variable. Examples are Op'/Ot and po(V. u). The linear, lossless terms are
therefore ranked as first-order terms.

Ott the other hand, if one wants a better approxi mation -an aplproxim- ma.-
tion that accounts for tihe weak effects of viscosity, heat conduction, rclaxation,
aid nollitlcarity then more terms must be retained. The terms to be retained
arIV limear relaxation terms, linear dissipation terms, and quadratic nonlinear-
it ' termlls. H'lesc t(rms, whicl are defined below, are ramked as second-order
I ('till as Ii( retr('scit (lic tilost itnportatit effects of viscosity, heat coniductio,
'claxation, and monliticatity. A linear relaxation terUt is a linear termi with a

coc'licit'it that ii1ivolV es a derivative of q" bttt not, a transport coeffcietut. An ex+

all m hl is , ( ,', ") A I iica m dissipation t-erni iN a litcar terin withi a coclic icit
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that contains a transport coefficient but not a derivative of q*. For example,
/iV 2u is a linear dissipation term. Terms containing a quadratic nonlinear term
with a coefficient that does not contain either a transport coefficient or a deriva-
tive of q* are referred to as quadratic nonlinearity terms; examples are p' (Du/d9t)
and p'(V-u). The names of the various terms are reflective of their physical
interpretation.

Since the effects of viscosity, heat conduction, relaxation, and nonlinear-
ity are assumed small, any term representing the interaction of any two second-
order effects would be expected to be negligible. Such terms are encompassed in
the third major category, higher-order terms. An example of a higher-order term
is the cubic term, p'(u.V)u.

To quantify the ideas in the previous paragraphs, we now state three
fundamental assumptions about the magnitude of the various terms: First, the
magnitude of the particle velocity Jul is assumed to be small with respect to the
sound speed c(,,, that is,

iul <co

It turns out that this assumption also implies that the magnitude of the pressure
fluctuat ion p' is small wit i respect to poco, and that the magnitude of the density
fluctuation p' is sinall with respect to po (see Appendix B),

p'I < poc

[P' < Po
To aid in the subsequent ranking, we state that the nondimensional acoustic
fluctuations P'/P0 c0, P'/Pu, and u/cO are of order z, where is a small parameter.
Our second fundamental assumption is that for the highest frequency of interest
the effects of shear viscosity, bulk viscosity, and heat conduction are small. This
means that, when suitably nondimensionalized (see Appendix B), the transport
coefficients i, pHt, and K" are all small quantities of order v, where v is a small
parameter. Our third fundamental assumption is that the dispersion caused by
the relaxation is of order .A, where A is a small nondimensional parameter
that is formally defined later. At this point it is appropriate to recall that two
finandental assumptions were previously made: the deviation from equilibrium
is assumed to be small enough that the thermodynamic fluxes and forces may be
linearly related, and the cross-effects are assumed negligible.

Use of the ranking system makes it relatively easy to deal with special
cases. For the case of small-signal wave motion in a lossless fluid, only terms
of order E need to be retained. For finite-amplitude wave motion in a lossless
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fluid, terms of order e and E2 must be retained. For finite-amplitude signals in a
homogeneous, thermoviscous, relaxing fluid, terms of order e, E', Me, ve must
all be retained. Thus, the basic equations can be simplified and, in most cases,
combined to form a wave equation corresponding to the situation at hand.

It is important to note that not all second-order nonlinearity terms gen-
erate similar effects. The effects of nonlinearity may be roughly divided into two
catagories: cumulative effects, that is, effects which grow with distance, and non-
cumulative or local effects. Since no a priori method exists to indicate whether
a particular second-order nonlinearity term will result in effects that grow with
distance, all second-order terms must be retained. Under some circumstances
local effects can be important because, although they do not grow with distance,
they can propagate. Thus, a local effect generated at one location may influence
(or render impossible) the measurement of a local effect at a second location.

If Eqs. (2.46) through (2.52) are substituted into the continuity, mo-
mentum, entropy, and rate equations as well as the Taylor series expansions of
the state equations and if the terms that are of higher order are neglected, the
following equations are obtained:

-t -+ 2 p 0 V U = P'V.U -UVP' , (2.53)

pO r Vp'= - - pO(u.V)u + UV 2 u + ((B + V(V. u) , (2.54)at 3
as, KV2

poT'o'-t = K2T '  (2.55)
aq' q' _ q*,

aq.. ' + u.q' = q, - (2.56)
at 70

ap J'40 +q' p P+ ( 19'p (2.57)
P P 0+ -7 0 q 2~ 0P s,q) 0

' /'["'0) +  OT + q + J (o )2 a T (2.58)
0 O0 asIs P ,.q 0

It turns out that both the momentum equation and the rate equation may be
furt ier simp1 lified, but this is deferred until later.
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2-3 The Sound Speed in a Relaxing Fluid

The defining relation for the sound speed is usually written as

c2 9 P (2.59)

Since three indepciident thermodynamic variables are required to completely
specify the state of a fluid with a single relaxation mechanism and since Eq. (2.59)
only specifies how two of them are to be used, the sound speed for a relaxing fluid
may be defined in a multitude of ways. It turns out (as we see in the next chap-
ter) that the following two defining relations play an important role in acoustic
wave propagation in a relaxing fluid:

(co)2 - = -a P(p,s,q) , (2.60)

(c0)2 ap a {P[p,s,q*(p,s)j} (2.61)
s,q~q

Lqiation (2.60) is the defining relation for the frozen sound speed co, the sound
speed for a fixed (frozen) value of q that is not necessarily the equilibrium value
qr. Equation (2.61) is the defining relation for the equilibrium sound speed co, the
sound speed for the equilibrium value of q = q* that is not necessarily a constant.
It turns out (as we see in the next chapter) that the frozen sound speed is the
ap)propriate sound speed for a fluid with a very long relaxation time and/or for
a very high frequency signal. In this case, the signal disturbs a fluid particle at,
a rate that is much faster than the rate of the relaxation mechanism, that is,
the fluid is effectively frozen in a single state. Thus, q is constant. On the other
hand, t lie equilibrium sound speed is the appropriate sound speed for a fluid with
a very short relaxation time and/or for a very low frequency signal. In this case,
the signal disturbs a fluid particle at a rate that is much slower than the rate of
the relaxation mechanism. The advancement variable q is thus always equal to

its equilibrium value q*, even though q* changes with the passing acoustic wave.6

When evaluated at static conditions, the values of the frozen and equi-
librimn sound speeds are denoted with a subscript 0,

CO - ,9 q (2.62)
==(ps,q 0

"For a more dctailed explanation of the roles of the frozen and equilibrium sound speeds,
sce, for example, Vincenti and Kruger (1965, Chap. VII1, Secs. 3 and 4).
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0) 2  ( , ) o (2.63)0- S o*)

Magnitude of the difference between the two sound speeds

When the ranking system was presented, we assumed that the dispersion
caused by the relaxation mechanism was a small quantity of order M. An expres-
sion for the nondimensional difference between the equilibrium and frozen sound
speeds, which is denoted m and was previously assumed small, may be obtained
in the following manner: The total differential of the pressure is first obtained
and is then specialized for equilibrium. The difference between the frozen and
equilibrium sound speeds follows directly. The total differential of the pressure is

OP dp + ap ds + dq (2.64)
OP - 9,qP 9 p,

However, at equilibrium the change in the entropy is zero, and the advancement
variable q takes on its equilibrium value q*,

dP= dp+ dq* (2.65)
,9 oq PIS

Rearranging using the defining relations for the equilibrium and frozen sound
speeds and noting the following identity from calculus,7

o~P Op OP PIqs P,s "  
-~ 1 2.6

we obtain
(c 0 )2  (C-) 2 (1 - M) (2.67)

whecre m. is given by
qPs Oqs 

(2.68)

7For a general proof of the identity

see, for example, Vain Wylen and Sonntag (1976, p. 366).
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Rearranging Eq. (2.67) yields a more readily interpreted definition for rm,

- (C0 )2 M (2.69)

(c.)2

The magnitude of m was assumed to be of order M, where M is a small quantity.
As with the frozen and equilibrium sound speeds, m has a static value that is
denoted mo.

As the value of m tends to 0, the effects of relaxation become small. At
the same time, the values of q and q* tend to the same constant, equilibrium
value, q0 = q . In this limiting case, the equilibrium and frozen sound speeds are
equal, and, since q is no longer a variable, we recover the usual definition of the
sound speed as given in Eq. (2.59),

M -* 0 c - = (c )2 = (c°) 2  (2.70)

We denote the limiting case of m -- 0 in our notation by dropping the specifica-
tion on q from the partial differential. This notation is also used to denote when
it is inappropriate to distinguish between the equilibrium and frozen forms of a
thermodynamic fluid property; see below. When evaluated at static conditions,
the sound speed for the in = 0 case is referred to as the small-signal sound speed
and is denoted co,

c°2 ( . (2.71)

To show that the difference between the equilibrium and frozen forms
of a first-order term is a second-order term, we may rearrange the definition of
ti and then multiply through by a first-order term, say, the fluctuation in the
density,

(co) 2p, = (co) 2 ,o' + Mo(cO) 2p

Since the term ino(c°)2 p' is of second order, it is not appropriate to distinguish
between the equilibrium and frozen forms of the sound speed. (A higher-order
term would be introduced.) The above expression is thus written correct to
second order as

(cO) 2 p' = (c°)2 p' + mO(co)2 p' . (2.72)

We may generalize the foregoing discussion. Since the difference between
the equilibriuni and frozen forms of a thermodynamic fluid property is a second-
order term, it is appropriate to distinguish between the equilibrium and frozen
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forms of a thermodynamic fluid property only when the property is a coefficient
of a first-order term. This is because the difference between the equilibrium
and frozen forms of a first-order term is a second-order term (of order ME),
whereas the difference between the equilibrium and frozen forms of a second-
order term is a higher-order term. In second-order terms, we therefore neglect
the effects of relaxation. This is indicated notationally by not specifying what is
to be done with q in the partial derivatives that are the defining relations for the
thermodynamic fluid properties.'

2-4 First-Order Acoustics: Small Signals in a Lossless Fluid

In this section the case of small-signal wave motion in a lossless fluid
is considered. The terms in the basic equations that pertain to nonlinearity,
viscosity, heat conduction, and relaxation are dropped, and it is then seen that
the basic equations for this case are composed only of first-order terms. It is also
noted that neglecting relaxation and heat conduction eliminates the need for s
and q as variables. The motivation for developing some first-order relations at
this time is to assist us in simplifying the second-order relations later. First-order
relations are of assistance because the dependent variables in second-order terms
may be replaced using first-order relations without changing the overall level of
approximation; see, for example, Lighthill (1956).

If all second-order terms are neglected, the following first-order forms of
the continuity and momentum equations, Eqs. (2.53) and (2.54), are obtained:

OP /

a-'- + poVU= 0(2.73)

au
P0 4- + Vp' = 0 (2.74)

Equations (2.73) and (2.74) are referred to as the linear continuity and momentum
equations.

We now discuss the rate and entropy equations or, more accurately, the
lack of need for them. Since the fluid is assumed lossless, the fluid is assumed

'If the difference between the frozen and equilibrium forms of second-order terms were not
negligible, that is to say, if m were not small, then frozen and equilibrium forms of both the loss
coefficient (defined below) and the parameter of nonlinearity (also defined below) would emerge.
However, in this work, )n is assumed to be a small parameter, and the differences between the
equilibrium and frozen forms of terms containing the loss coefficient and the parameter of
,,onlinearity are of higher order.
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to be in a state of thermodynamic equilibrium at all times. The variation of s
and q for any fluid particle is thus zero. Moreover, because the fluid is assumed
homogeneous, both s and q are constant throughout the fluid. The rate and
entropy equations thus reduce to

q = q* = constant

s = constant

Because s and q are constant throughout the fluid, the state equation,
Eq. (2.4), reduces to

P = P(p, s = constant, q = constant) (2.75)

Equation (2.75) is sometimes referred to as the isentropic equation of state. The
linearized Taylor series expansion of Eq. (2.75) is

However, as noted above, it is inappropriate to distinguish between the equi-
librium and frozen forms of the sound speed when relaxation is not important.
The linearized Taylor series expansion of the state equation for a lossless fluid is
therefore written as

P 'OP (2.76)

Equations (2.73), (2.74), and (2.76) are the first-order forms of the conti-
nuity, momentum, and state equations and are valid for small-signal wave motion
in a lossless fluid. These equations may be combined to form wave equations in
p' and p',

v2 1 2p'
c2 at 2  ,(2.77)

V2 p 1 02 p'
C at 2 (2.78)

2-5 Second-Order Forms of the Basic Equations

In this section a consistent second-order form of the momentum cquation
is olhtaied. Ilie order E2 terms in both the continuity and momentum equations
are tlie expressed in terms of a new variable called the Lagrangian density C.
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The Lagrangian density is related to some of the local finite-amplitude effects.
Next, the second-order forms of the entropy, state, and rate equations are ob-
tained. These equations are then combined into a single equation that is referred
to as the modified state equation. Last, the integral of the modified state equation
is obtained.

Continuity and momentum equations

No terms in the expanded continuity equation, Eq. (2.53), are of higher
order. Thus, the second-order form of the continuity equation is exact. Note
that the second-order terms in the continuity equation are quadratic nonlinearity
terms and need only be retained when finite-amplitude effects are of interest.

A consistent second-order approximation of the expanded momentum
equation, Eq. (2.54), is now obtained for a signal propagating far from boundaries
in an initially irrotational fluid. We first introduce the vorticity 12,

-Vxu . (2.79)

The terms (u.V)u and V(V.u) in the momentum equation may be expanded
using vector identities [Gradshteyn and Ryzhik 1980, Eq. (10.31.3)] and the def-
inition of the vorticity to give

(u.V)U = V(u2 ) + flXu

and
V(V-u) = V2u + VXx

Inserting these relations into Eq. (2.54) yields

VI P (B + 13 P V 2 U - OV ~V 2
-ato U - -

- 1 O(fXu)+(1B+.E)VXfl

where u2  u-u. In Appendix B, however, it is shown that for a signal prop-
agating far from any boundaries in an initially irrotational fluid, the vorticity
is a higher-order term. The vorticity terms in the above relation are therefore
neglected. The remaining terms form the second-order approximation of the
momentum equation,

au ,0u 1p L 22S0
pO -- + Vp' = povVV 2 u - p 2 poVu , (2.80)

9 The interested reader is referred to Appendix B where vorticity and the irrotational flow
aLssmnption are discussed at length.
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where v is the kinematic viscosity and V is is a dimensionless number called the
viscosity number,

S- ,(2.81)
PO

V - 4 + JB (2.82)3 p

The viscosity number indicates the relative importance of the bulk viscosity to the
shear viscosity. Estimates of the viscosity number and the other nondimensional
numbers that appear are given in Appendix B.

A quantity that aids in the interpretation of local nonlinear effects is the
Lagrangian density L,

=_ O,,2 _ (Pl)'2.3
2 2pOc(.

The two terms on the right-hand side are, respectively, the kinetic and potential
energy densities. It turns out that terms that contain the Lagrangian density
correspond to local nonlinear effects; see, for example, Aanonsen et a/. (1984).
The primary advantage of the term L is that it makes it easy to see what terms are
to be dropped when the wave motion is progressive; see Hamilton and Blackstock
(198). The Lagrangian density and local effects are discussed in greater detail
in later chapters.

We now introduce the Lagrangian density in the second-order forms of
the continuity and momentum equations, Eqs. (2.53) and (2.80). Recall that first-
order relations may be used to modify second-order terms. Thus the second-order
terms in the continuity equation may be rewritten as

p'V.u = 1 (p')2  (2.84)
2poc Ot

and
PO au,

u.Vp' ot , (2.8)

and the term p' (au/Ot) in the momentum equation may be rewritten as

V(2poco (2.86)

Use of Eqs. (2.84), (2.85), and (2.86) as well as the definition of the Lagrangian
deiisity in the continuity and momentum equations yields the desired equivalent
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second-order forms of the continuity and momentum equations,

Op' 1 a(p') 2  1 L
t+ poV'u - a +t (2.87)

and

PO au + Vp' = poVVV 2 u - VIC (2.88)at
Entropy, state, and rate equations

The rank-ordering process leads to the linearized form of the expanded
entropy equation, Eq. (2.55). Both terms in Eq. (2.55) are of second order. To
eliminate T' from the equation, we use the first-order approximation of Eq. (2.58),

T' - a S,)0P (2.89)
a s,q) 0

Substituting this expression into the entropy equation and then using the first-
order wave equation in terms of the density, Eq. (2.78), leads to

ats' _T0 C( &,q) 0 at '

This relation may be integrated once noting that the integration constant must
be zero to satisfy quiet conditions. Recalling our discussion on the order of the
difference between the equilibrium and frozen forms of a thermodynamic fluid
property, we see that the following is an equally valid second-order approximation
of the entropy in a relaxing fluid:

o o4 (dl ) FaT" (2.90)

Note that the effects of finite amplitude, viscosity, and relaxation do not, within
the second-order approximation, contribute to the entropy production. Thus, the
entropy equation need only be considered when heat conduction is of interest.

The ranking process also resulted in a simplified version of the Taylor
series expansion of the state equation, Eq. (2.57). Recalling our earlier discus-
sion on the order of the difference between the equilibrium and frozen forms of
thermodynamic fluid properties, we may rewrite Eq. (2.57) as follows:

='psII') 0 + q+ ( - (p')2  (2.91)

-Os~1~ o q o Pa 2A
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where B/A is referred to as the parameter of nonlinearity,

B Po ( 2 P) (2.92)

The defining relation for the frozen sound speed, Eq. (2.60), was used in obtaining
Eq. (2.91). The second-order terms in Eq. (2.91) must be included when the
effects of heat conduction, relaxation, or finite-amplitude, respectively, are of
interest.

A consistent second-order form of the expanded rate equation, Eq. (2.56),
is now obtained. To do such, we require some information about the order of q'.
The linearized Taylor series expansion of q' is

q'(p',p',S') = p' ( q ) 0+ p ( 2q_ ) + ( Oq \ )

However, use of Eq. (2.66) in the expansion for q' leads to

q', P ', )= (S) Lq I ( pI-P'/(co)2 ) + S '( q )
q9 P 0 s 0

Noting Eq. (2.72), we see that the first term on the left-hand side of the above
equation is of second order. Since s' is also of second order, the quantity q' must
be of second order. Thus the convective term in the rate equation must be of
higher order, and a consistent second-order approximation of the rate equation
is

Dq' q q*- q'ia- T 
(2.93)

The rate equation must be included when relaxation effects are of interest.

Combining the entropy, state, and rate equations

The second-order approximations of the entropy, state, and rate equa-
tioris may be combined into a single equation that is referred to as the modified
state equation. Our starting point is the time derivative of the rate equation,
Eq. (2.93):

01
rOj( ) +  q -q*= 0 (2.94)

Our procedure is as follows: The entropy equation is substituted into the state
equation with the help of some thermodynamic identities from Appendix A. The
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resulting equation is then rearranged to yield an expression for Oq'/Ot. This
expression and an expression for 0q'/Ot are then substituted into Eq. (2.94).
This yields the modified state equation. An equivalent form of the modified state
equation is then obtained by integration.

The entropy and state equations, Eqs. (2.90) and (2.91), respectively,

are now combined via the term(P) ' and then rearranged to yield an

expression for Oq'/Ot. Use of the static form of Eq. (A.11) from Appendix A and
the time derivative of the entropy equation yields(9 Op) as, X po (OaT 1. 2 a2pl

Sp 0 T p 0t

However, noting the definition of the thermal expansion coefficient, Eq. (A.22),
and using the static form of a thermodynamic identity from Appendix A,
Eq. (A.26), we see that

=t a ,a 1-, 9 c p ' (2.95)"FS p) 0 T PO (V P t

where c, 0 and cP, are the specific heats at constant volume and pressure, respec-
tively. Equatio . (2.95) can be rearranged and placed in the following form:(p OP S Os' y a~-2p'

. t2 Pr - (2.96)

where -y is the ratio of specific heats and Pr is the Prandtl number,

7 %, (2.97)

Cvo

Pr /= LCP (2.98)
K

The Prandt] number indicates the relative importance of viscosity to heat con-
duction. Estimates of the Prandtl number are given in Appendix B. Substituting
Eq. (2.96) into the time derivative of the state equation, Eq. (2.91), and rear-
ranging leads to an expression for at',

Pp' _(c.)2a p'  v(- - 1) a'p'  c2 B ,Op'
aq'~P 0 

.t I (2.99)-aq 0 a t a t Ot Pr t2 Po A Ot (29)
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An expression for 2 is obtained from the time derivative of the lin-

earized Taylor series expansion of q*',

(Dq* \' 01 (q S/
o- =  '(- L o +  -( 1o 0O-7

The second-order term on the right-hand side drops out because the change in

the entropy at equilibrium is zero. Thus, the above relation simplifies to

Oq" _ q 1)* Op' (2.100)

An expression for -I(q- q*I) may be obtained by combining Eqs. (2.100)

and (2.99),ap ap o2 P) 'o(q )1a
(q j, oN  

'- ) (c;o)2+ ( at at --q o a

V(y - 1)Op' e2o B ,Op'

Pr at 2  poA at

However, using Eqs. (2.66), (2.67), and (2.68), we see that the coefficient of the
second term on the right-hand side is simply the equilibrium sound speed. Thus,
we obtain

(a')0 0)2 OPa OP' V(-y_1)0 2p' c2 B 'O p'
a- -")a(q'-q) - C a- c P T (2.101)

(q 0 at at ot Pr A t

The modified state equation is now formed. Substitution of Eqs. (2.99)

and (2.101) into Eq. (2.94) yields an expression that may be integrated once with
respect to time. The integration constant must be zero in order to satisfy quiet
conditions. The result is

aO -p), t_ v(7-y-1) iOp' Co B  P)

O - p - (cO ) P' r at po 2A /

+ Pt-(c°)P '  v(-y -1)Op' c2 B ) 0

Pr t po 2A(p) =0 (2.102)

Equation (2.102) is the modified state equation, a combination of the entropy,

state, aid rate equations. The basis for our earlier comments about the rela-
tionship between the equilibrium and frozen sotund speeds and the relaxation
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time/signal frequency is now apparent. If the relaxation time is very large,
Eq. (2.102) simplifies into an expression that depends only on the frozen sound
speed. Conversely, for a small relaxation time, only the equilibrium sound speed
appears.

Equation (2.102) may be integrated by following the procedure of
Rudenko and Soluyan (1977, p. 83). Use of Eq. (2.69) leads to the following:

ro (OS2I v( -1)op' c- B (I) 2

Wt- - A~ Dt~j'Pr PO-~~J
+ (_C)2pV(Y-1) p' B (T,) 2O_=0

Pr at po2A )c
The above equation is in the form of a linear first-order differential equation that
can be solved by means of an integrating factor [see, for example, Kreider et al.
(1966, p. 97)]. The result is

2 v(-t - 1) ap' Bc L

p =(CODp+ -Pr t (p,2 + moc / p e-(t-s)/ dy . (2.103)
-00

The integral in Eq. (2.103) may be integrated by parts, and the resulting expres-
sion is

p2= ) + (-,1) p' B2) 2  p'e -- )/TO dy . (2.104)Pr + Tpo2A ro - 00(co 6 PO TO-00

Equation (2.104) is referred to as the integral of the modified state equation.
Equation (2.104) corresponds to Eq. (IV-1.20) in Rudenko and Soluyan's book
(1977) except that Eq. (2.104) also accounts for heat conduction. The second,
third, and fourth terms on the right-hand side of the Eq. (2.104) are associated
with heat conduction, finite-amplitude effects, and relaxation, respectively.

For the special case of w'ro < 1 it is difficult to distinguish between other
loss terms and the leading-order effects of relaxation. Integrating Eq. (2.103) by
parts and neglecting terms of order O[e(wro)2 ] and higher yields

1 02 1 V(- -1) ) Lp~ + B 'P)2P' = ( +O + +o N- + ---( ') (2.105)
Pr at - po 2A

In particular, the leading order effects of relaxation are difficult to distinguish
from bulk viscosity because it is, apparently, difficult to devise a measurement
technique which isolates the bulk viscosity from the relaxation.
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Summary of second-order results

In this section, consistent second-order approximations of the continuity,
momentum, entropy, state, and rate equations for a homogeneous, thermoviscous
fluid with a single relaxation mechanism were obtained. The equations are, re-
spectively, Eqs. (2.53), (2.80), (2.90), (2.91), and (2.93). The Lagrangian den-
sity was introduced into the continuity and momentum equations, and equivalent
forms of the equations, Eqs. (2.87) and (2.88), were obtained. The entropy, state,
and rate equations were combined to form a new equation, which is called the
modified state equation. Two equivalent forms of the modified state equation,
Eqs. (2.102) and (2.104), were obtained.

2-6 Small-Signal Wave Motion in a Homogeneous, Thermoviscous,
Relaxing Fluid

In this section the basic equations are simplified for the case of small-
signal propagation in a homogeneous, thermoviscous, relaxing fluid. Rather than
re-deriving the relations from the basic equations, we merely drop the quadratic
nonlinearity terms from the second-order forms of the basic equations.1° Since
no quadratic nonlinearity terms exist in either the entropy or rate equations,
Eqs. (2.90) and (2.93), respectively, they remain unchanged. Neglecting quadratic
nonlinearity terms in the continuity yields the same equation that was obtained
for small-signal propagation in a lossless fluid, Eq. (2.73). Neglecting quadratic
nonlinearity terms in the momentum and state equations leads to the following:

Po -u + VP' = povVV 2u (2.106)
at

anld

( as pq 0

"'if one wanted to derive approximate forms of the basic equations valid for sinall-signal
propagat ion in a homogeneous, thermoviscous fluid with a single relaxation mechanism start ing
frorn the• basic equations, the procedure is identical to that used for finite-amplitude signals
exce'pt that nonlinear terms may be neglected from the outset. It turns out, however, the effort
sawved in neglecting nonlinearity from the outset is small.

.. .. •~~a 1( aII
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Dropping the quadratic nonlinearity term from the modified state equations,
Eqs. (2.102) and (2.104), yields

S  ( V( -1)ap') + (P (CO -v(y-1)Op'
70 p- (co )2p'  Pr at j)2P/ Pr t= 0

(2.108)
and t

p = (c O) 2 p, + v(- Pr at To 0 p'e - ( - / dy (2.109)Pr cg -roiy)? y. 219
-00

The forms of the continuity, momentum, entropy, state, and rate equa-
tions that are appropriate for small-signal propagation in a homogeneous, ther-
moviscous fluid with a single relaxation mechanism are, respectively, Eqs. (2.73),
(2.106), (2.90), (2.107), and (2.93). The appropriate forms of the modified state
equation are Eqs. (2.108) and (2.109).

2-7 Epilogue

In this chapter, the basic equations for a homogeneous thermoviscous
fluid with a single relaxation mechanism were presented. The deviation from
equilibrium was assumed to be small, and, accordingly, linear relations between
the thermodynamic fluxes and forces were used. The possibility of a cross-effect
between the bulk viscosity and relaxation was neglected. Assumptions were then
made about the magnitude of the acoustic signal, the magnitude of the transport
coefficients, and the amount of dispersion. A ranking system was introduced
and used to simplify the basic equations into specialized forms for (1) small
signals in lossless fluids, (2) small signals in homogeneous, thermoviscous, relaxing
fluids, and (3) finite-amplitude signals in homogeneous, thermoviscous, relaxing
fluids. Moreover, the Lagrangian density was introduced into the continuity and
momentum equations, and the entropy, state, and rate equations were combined
to form a new equation, the modified state equation.



CHAPTER 3

WAVE EQUATIONS FOR FINITE-AMPLITUDE SIGNALS IN A

HOMOGENEOUS, THERMOVISCOUS FLUID WITH A SINGLE

RELAXATION MECHANISM

3-1 Introduction

t In this chapter second-order forms of the wave equation for finite-ampli-
tude signals in a thermoviscous, relaxing fluid are developed. The wave equations
are expressed in terms of the acoustic pressure p', the velocity potential €, and
two new variables-the modified acoustic pressure P' and the modified velocity
potential I). The modified variables are defined in such a way that the Lagrangian
density £ does not appear in a wave equation that is expressed in terms of P' or
4). Use of the modified pressure and modified velocity potential was developed
by Naze Tjotta and Tjctta; see, for example, Aanonsen et al. (1984).

3-2 Wave Equation in Terms of the Acoustic Pressure p'

The wave equation in terms of the acoustic pressure p' is derived in this
section. The procedure is as follows: The continuity and momentum equations
containing the Lagrangian are combined to form one equation. This equation
and the linear state equation are then used to eliminate the density fluctuation
in the modified state equation. The result is the wave equation in terms of the
acoustic pressure p'. After a modicum of rearrangement, the wave equation may
be integrated and placed in an equally valid form that is referred to as the integral
of the wave equation in terms of the acoustic pressure p'.

Combining the continuity and momentum equations, Eqs. (2.87) and
(2.88), is a straightforward procedure: The time derivative of the continuity equa-
tion is subtracted from the divergence of the momentum equation. The viscosity
term may, however, be rearranged so that it may later be readily combined with

33
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the heat conduction term. Use of first-order forms of the continuity equation,
the state equation, and the wave equation in p', Eqs. (2.73), (2.76), and (2.77),
respectively, leads to the following first-order relation:

V2(Vu) = -1 0lp

POCS at3

Use of the above yields the desired form of the combined continuity and moinen-
tum equation,

,92P v2p+ VV 3P' 102 1 02+ ~V + £±oct+(p')2  (3.1)

The wave equation in terms of the acoustic pressure is obtained by elim-
inating the density fluctuation p' in first and second-order terms (using, respec-
tively, Eqs. (3.1) and the linear state equation, Eq. (2.76)) in the modified state
equation, Eq. (2.102). The result is

ro _ 1 + 1 2 3 P+ (V 2 + 12)C + PO_ -2P)

+r[2, 1 02p, b 643p'+ (V 1 ak2- a =02(4) 2- (p o+2 + 4 0Ot3  cotC4 po o() 0

(3.2)

where b/po is the diffusivity of sound (Lighthill 1956, Eq. (19) and 03 is the
coefficient of nonlinearity,

( 3'1)4 (1 1)
b-=(pov (V ) =++PB+ i+ (+ , (3.3)

B + B (3.4)
A

Note that if the relaxation time r0 is very large, Eq. (3.2) simplifies to a wave
equation that involves only the frozen sound speed. On the other hand, if the
relaxation time is very short, the converse occurs; Eq. (3.2) simplifies to a wave
equation that involves only the equilibrium sound speed. The third, fourth, and
fifth terms in both major components of Eq. (3.2) represent, respectively, the
effects of viscosity and heat conduction, local nonlinearity, and growing non-
linearity. Considered together, the first and second terms in both the major
components represent linear, lossless wave motion at the frozen and equilibrium
sound speeds, respectively.



35

Equation (3.2) may be integrated in the same way that the modified state
equation, Eq. (2.102), was integrated. First, however, it must be rearranged using
the following: 1 1I I (1 - mo) (3.5)

co)2 -()

Substitution of Eq. (3.5) into Eq. (3.2) leads to

roy + []2' 03 + (V2 +49) C + (PI)2]

2 1 b &p' + 2 +1 12\)C /, P21 nT m ar0 0
+ [p,±c4 ±t3+  -2) t2+ (P)J= --- °p 0 , (:1.6)

where f-' is called the d'Alembertian operator and the subscript 0 indicates that
this d'Alembertian operator uses the equilibrium sound speed,

2 1 0202  -V2 
a

As was the case with the modified state equation, Eq. (3.6) is in the form of a
linear first-order differential equation that may be solved by way of an integrating
factor (see, for example, Kreider et al. (1966, p. 97)). The result is

32' + b 3 p' m j&3P' e(t-y)/rO dy

-(V2 + _Lt a2t) , (3.7)

which is here called the integral of the wave equation in terms of the acoustic pres-
sure. The equation is a second-order approximation that consistently accounts
for the effects of viscosity, heat conduction, relaxation, and nonlinearity. Each of
the five terms in Eq. (3.7) represents a specific acoustic phenomenon. The three
terms on the left-hand side represent, respectively, (1) small-signal wave motion
in a lossless fluid, (2) the dissipation of the signal that is caused by viscosity
and heat conduction, and (3) the effects of relaxation. The two terms on the
right-hand side of the equation represent, respectively, (1) the local nonlinear
effects and (2) the cumulative nonlinear effects. Clearly, if either thermoviscous
or relaxation effects are negligible, the appropriate form of the wave equation
is obtained by setting b or 7n, respectively, to zero. Similarly, if nonlinearity is
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not of interest, then the appropriate form of the wave equation is obtained by
neglecting the two terms on the right-hand side.

An equation that is equivalent to Fq (3.7) may be obtained by combining
Eq. (3.1) with the integral of the modified state equation, Eq. (2.104). This
eliminates the need for the foregoing integration, but Eq. (3.2) would not be
obtained.

As we noted in the previous chapter when examining the modified state
equation, it is difficult to distinguish between other loss terms and the leading-
order effects of relaxation for the special case of wro < 1. Integrating the re-
laxation term in Eq. (3.7) by parts and neglecting terms of order O[C(wr0) 2] and
higher yields

2 / (b + moropoc ) 3 p' (2 + I a2200= + __ Ct £ P (3.8)

Note that the definition of the diffusivity b may be generalized to include the
effects of relaxation in this special case of wr0 < 1.

3-3 The Wave Equation in Terms of the Velocity Potential q

The particle velocity may be expressed as the gradient of a scalar po-
tential because the fluid is, within the second-order approximation, irrotational
(see Appendix B),

u= V¢ (3.9)

The gradient of the velocity potential may therefore be used to replace the particle
velocity in all equations. Moreover, first and second-order expressions for the
pressure and the wave equation in terms of 0 may be obtained. An expression
for the Lagrangian £ in terms of 4 may also be obtained.

Before obtaining the second-order form of the wave equation in 0, we
develop the other aforementioned relations. Integration of the first-order wave
equation in terms of the particle velocity and setting the arbitrary static value of
the potential 0o to zero leads to

1 024 _0 (3.10)4 at2
The second-order form of the momentum equation, Eq. (2.88), becomes (after
integration)

P' = -pOt + POVVV4'-£ , (3.11)
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the first-order approximation of which is

P' - j a (3.12)

The Lagrangian C, which is defined in Eq. (2.83), may also be expressed in terms
of 0,

2= L cV 2 -] (3.13)

Note, however, that the term 02€2 expands identically as

022 v2 (V()v - 14 ) 21

where 03 2 is the d'Alembertian operator using the small-signal sound speed,

2 - 12 ct2 (3.14)

Noting Eq. (3.10), we see that, to second order, the Lagrangian may be expressed
in terms of the velocity potential as follows:

£ -L 202 . (3.15)

4

With the above relations, we may now readily express the second-order
wave equation, Eq. (3.7), in terms of 4. Substitution into first and second-order
terms involving the pressure using Eqs. (3.11) and (3.12), respectively, yields

a 2 b 94) M0 t 940 -(t-Y)

-00

2 (92 /392/a49 2
2- ° C + c 0 0"(3.16)

A higher-order term, (vV/c2)C']20, was neglected in obtaining the above relation.
In order to integrate the above equation, we rearrange the relaxation term using
the following:

t. dy = a J e-(t-/TO dy (3.17)
-00 -00
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Equation (3.17) can be verified by integrating the left-hand side by parts and by

applying Leibnitz's theorem to the right-hand side. Substituting Eq. (3.17) into
Eq. (3.16) and then integrating with respect to time leads to

-2o + b830 mo 3 -(t-)30 dy = 2 + 2 (3.18)

0 C4 T + -j-].Y3 dy -at

By expanding the nonlinearity terms using the definition of #3 and L, Eqs. (3.4)

and (3.13), we see that Eq. (3.18) may be written as

0b 03 + t 93-(t,)/ody = I [(V 1)2IB ( )2]
[] ~-0 +1 o8 2A3  a _ . re t

(3.19)
Equations (3.18) and (3.19) are equivalent forms of the wave equation in terms
of the velocity potential 0. The terms in Eq. (3.18) have the same meaning as

the corresponding terms in Eq. (3.7).

3-4 Wave Equations in Terms of the Modified Pressure P' and the

Modified Velocity Potential t

In this section, the wave equation is expressed in terms of two new vari-
ables, the modified acoustic pressure P' and the modified velocity potential F,
which are defined below.

To motivate the definition of P' and to find the wave equation in terms
of it, we start with the wave equation in terms of the acoustic pressure, Eq. (3.7).

Equation (3.7) may be rearranged with the aid of Eq. (3.15) to obtain

00 4 + pt + 7+ 1 V e-(t-y)/,y
-0

_ 4 O-=(p')2 - (3.20)
Po0-6 at

The modified acoustic pressure P' is now defined as

4 ( 102' 2 )(3.21)

To first order, the modified and the ordinary acoustic pressures are equal. Tile
difference, a second-order term, accounts for local nonlinear effects. The wave
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equation in terms of modified acoustic pressure is, accordingly,

E3p/ b 80 3 P tj - et-)/,m 4+-Tyr dy (P') (3.22)
_ poc Ot2(P

In Eq. (3.22), no single term explicitly accounts for the local effects. The effects
are instead accounted for in the definition of the modified acoustic pressure.

An expression for the modified pressure P, in terms of the velocity poten-
tial 0 motivates the definition of the modified velocity potential . If Eq. (3.11)
is substituted into the definition of P', Eq. (3.21), the following expression is
obtained:

P 1802 + poVVV 2¢

The modified velocity potential is now defined as

2cI at€ 2 (3.23)

Thus the modified acoustic pressure is related to the modified velocity potential
by

P' = -PO + pOvVV 2 4, (3.24)

Inserting Eq. (3.24) into Eq. (3.22) and integrating noting Eq. (3.17)
leads to the wave equation in terms of the modified velocity potential,

2t + b a3 4(D + a I dy = 1 a ) 2 (3.25)poct3 4t ct Ia0~t
As with the wave equation in terms of the modified pressure, Eq. (3.22), no single
term in Eq. (3.25) accounts for local nonlinear effects. These effects are instead
accounted for in the modified velocity potential .

Equation (3.25) may be obtained directly from the wave equation in
terms of the velocity potential, Eq. (3.19). Such an approach yields the same
motivation for the definition of the modified velocity potential.

3-5 Summary

In this chapter, wave equations in terms of the acoustic pressure p',
the velocity potential 0, and two new variables-the modified acoustic pressure
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P' and the modified velocity potential 4-were derived. They are, respectively,
Eqs. (3.7), (3.19), (3.22), and (3.25). The wave equations in terms of the modified
variables contain one less term than their ordinary counterparts because the
modified variables themselves account for the local nonlinear effects.



CHAPTER 4

ON THE BOUNDARY CONDITIONS AT THE INTERFACE
BETWEEN TWO LOSSLESS, IMMISCIBLE FLUIDS

4-1 Introduction

In this chapter, the boundary conditions at the interface between two
inviscid, immiscible fluids are examined. The fluids are assumed to be initially
quiet, and the interface is assumed to be initially planar and coincident with
the z = 0 plane. Moreover, we neglect the effects of surface tension and body
forces at the interface. Expressions that are correct to second order are obtained
for each of the two boundary conditions-the kinematic condition and the force
balance condition (Newton's second law). Although our analysis in later chapters
is restricted to two dimensions (plane waves obliquely incident on an initially
plane interface), the approximate forms of the boundary conditions developed in
this chapter are for three dimensions.

The superscripts I and II are used to indicate the different fluids through-
out the remainder of this dissertation.

4-2 Kinematic Condition

The author can think of no better way to express the kinematic boundary
condition than to quote from Prandtl and Tietjens (1934),

The kinematic boundary conditions at the surface of contact between
a liquid and a solid body, and also between two immiscible fluids
(water and oil, water and air, etc.), must clearly be such that neither
vacuum nor interpenetration can occur. The necessary consequence
of this is that the normal components of the velocities of the two
media are equal on each side of the surface of contact,.

41
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Obtaining the normal component of the particle velocities at the interface requires
knowledge of the normal to the interface. Consider Figure 4.1, which depicts the
interface between fluids I and II at time t, where t > 0. Because the interface
initially lies in the z = 0 plane, the equation for the interface may be written as

z-f(X,y,t)=O , (4.1)

or, alternatively, as
F(x,y,z,t) =0 (4.2)

A vector normal to the interface N(z, y, z, t) is [see, for example, Thomas and

x

y

Figure 4.1 INTERFACE BETWEEN FLUIDS I AND II AT TIME t > 0

Finney (1979)]

N(x,y,z,t) = -i Lf - j 2f + k (4.3)

or, in terms of the function F,

N = VF (4.4)
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Note that for later convenience N is used rather than the unit normal VF/IVFI.
If the interface has a velocity of UF, then the normal velocity of the interface and
the normal velocity of a particle at the interface on, say, the fluid I side must
match,

uFN =U' N , (4.5)

where u I is the velocity of fluid I. The situation is the same on the fluid II side,

uF" N = I1II " N , (4.6)

where ul x is the velocity of fluid II. The kinematic boundary condition between
the two inviscid, immiscible fluids may thus be written as follows: 1

uI . N = U". N on F(x,y,z,t) = 0 . (4.7)

For future reference, we note that u1 and u 1 may be written in terms of their x,
y, and z components as follows:

U I = iu1 + jv' , +kw' , (4.8)

U11 = iu 1 + jv"I + kw" (4.9)

It turns out that it is important to know what happens to a particle
that is initially on the interface. Physically, we may reason that if the normal
velocity of a fluid particle at the interface is equal to the normal velocity of the
interface itself, then a particle that is initially on the interface must remain on
the interface. This may be shown mathematically by following the developments
of Myers (1980) and Lamb (1932). The velocity of a point on the interface,
r = ix +jy + kz, is given by

,9F dr
O'- + dt-F = 0 on F(x,y,z,t) = O

Noting that dr/dt = UF and substituting using Eq. (4.5) yields

F DF
- + .VF = D- = 0 on F(x,y,z,t) = 0

Following the proof given by Lord Kelvin, Lamb (1932, p. 7) shows that, for an
inviscid fluid, an interface whose equation satisfies DF/Dt = 0 always consists of

'Note that if the fluid were viscous, a second kinematic condition would emerge. This
kinematic condition would govern the particle velocity tangential to the interface.
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the same fluid particles, that is, that a particle that is initially on the interface
remains on the interface.

Note that the kinematic boundary condition as expressed in Eq. (4.7) is
to be applied on the interface, the location of which is time varying. Consequently,
the normal to the interface is also time varying. However, because the fluid
is assumed initially quiet, any motion of the interface must be caused by the
impinging acoustic signal. It would appear, therefore, to be possible to describe
the motion of the normal to the interface in terms of the impinging acoustic
signal. Since the kinematic boundary condition already depends directly on the
particle velocity, an expression for the normal in terms of the particle velocity is
sought.

It turns out, however, to be convenient to find first an expression for
the normal in terms of the particle displacement. To that end, the expression
for the normal to interface given in Eq. (4.3) is used, and expressions for Of/Ox
and Of/3y are obtained in terms of particle displacement. The displacement of
a fluid particle that is at location x,y, z at time t is denoted ,

(x,y,z,t)= iA(x,y,z,t) +jB(x,y,z,t) + kC(x,y,z,t) , (4.10)

where A, B, and C represent, respectively, the components of displacement from
the initial (rest) position of the particle. The particle displacement and the
particle velocity are related in the following manner:

t (4.11)

Since a particle that is initially on the interface stays on the interface, the dis-
placement of the interface given by Eq. (4.1) and the z component of Eq. (4.10)
for a particle on the interface must be equal, that is,

z = f(x,y,t) = C (x,y,z,t)Z..f(X,,) (4.12)

The following relationships between the derivatives of f and C may be readily
derived:

Of ac
a x (4.13)
8z

acOf a . (4.14)
il z
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Inserting Eqs. (4.13) and (4.14) into Eq. (4.3) and rearranging yields the desired
form of the normal in terms of the particle displacement,

1 C -Dc +k . (4.1.5)

Since no approximations have been made, Eq. (4.15) is an exact expression for
the normal to the moving interface.

Next, an expression for the normal that is correct to first order (linear
in the acoustic variables) is obtained. Performing a binomial expansion of the
denominator of Eq. (4.15) and retaining only linear terms leads to

Nc= -a-F c+k (4.16)
z= f(zy)

Noting that the first-order approximation of Eq. (4.11) is

U =at(4.17)

and that the fluid is assumed to be initially at rest, we see that the first-order
approximation of C(x, y, z, t) is

C(x,y,z,i) = Jw(x,y,z,t)dt z=jy, t,, (4.18)

Use of Eq. (4.18) leads to the first-order approximation of the normal expressed
in terms of the particle velocity,

N = - 9dt adt + k (4.19)

An expression of the kinematic boundary condition applied on the mov-
ing interface that is correct to second order is now obtained. Substitution of
Eq. (4.19) into the kinematic boundary condition, Eq. (4.7), yields the following
expression, which is correct to second order:

U dt - vI wO J Oy

- ulxf-Wdt- vi f- dt + w" on z =f(x,y,t) (4.20)

i l9 II ay II
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Since the first-order approximation of Eq. (4.20) is

w I = WI on z = f(x, y, t)

we see that Eq. (4.20) may be written

(uIIulJ) ----- dt+ ( vI) --y dt+wI =w" onz=f(x,y,t) . (4.21)

Equation (4.21) is the kinematic boundary condition applied on the moving in-
terface correct to second order.

An expression, which is correct to second order, for the kinematic bound-
ary condition to be applied at z = 0 rather than on the moving interface z =
f(x,y,t) is now obtained. This step is required because the wave equation is
most conveniently solved subject to boundary conditions on boundaries that do
not move. Application of a Taylor series expansion to Eq. (4.21) and retaining
terms up to second order yields

0 w I w (vn  Ow"
(UtII- tI) (-- dt + (v"- vI) 1 .- y dt

+ w1+f(x,y,t)- w +f(x,y,t)--- onz=0

Substitution of the leading-order term in the Taylor series expansion of Eq. (4.12)
into Eq. (4.18) leads to

f(x,y,t) = Jw(x,y,z,t)dt (4.22)

Combining the two foregoing relations yields

(,,,tUI aw"ld v ' 'Yw" lt (w' aw")w d

= wl-w1 onz=0 (4.23)

Equation (4.23) is the kinematic boundary condition that applies at z 0 correcl,
to second order. Dropping the second-order terms yields

w1 =w 11 onz=0 , (4.24)

which is the well known small-signal form of the kinematic boundary condition:
the normal particle velocities balance at the interface. Note that in the small-
signal approximation the motion of the interface is assumed negligible.
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4-3 Force Balance Condition

The second boundary condition-the force balance condition-is ob-
tained by applying Newton's second law to the interface. Consider Fig. 4.2, which
shows a material region (abbreviated MR) that spans the interface. Newton's sec-

MATERIAL REGION UF

N

AS h

Ah'

FLUID I FLUID II

INTERFACE
(MATERIAL SURFACE)

Figure 4.2 MATERIAL REGION THAT SPANS THE INTERFACE

ond law may be expressed in a. general form as follows [see, for example, Panton
(1984, p. 107)]:

dM pudV M pFdV+M RdS on z =f(x,y,t) (4.25)dt imR imR R

where F is the body force per unit mass vector, and R is the surface force per
unit area vector. Since body forces (gravity, for example) are neglected, the
first term on the right-hand side drops out. Moreover, the surface force vector
reduces to the pressure applied normal to the material region because viscosity
and surface tension are assumed negligible. If the material region is collapsed
about the massless interface, the leit-hand side of the Eq. (4.25) goes to zero,
which leaves

p1 =pH on z = f(x, y, t) (4.26)
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Equation (4.26) is the exact boundary condition that is to be applied on the
moving interface.

An expression for the pressure balance boundary condition on z = 0 that
is correct to second order may be obtained by applying a Taylor series expansion
to Eq. (4.26). Application of a Taylor series expansion and retention of terms up
to second order yields

(gPI =p op'1pi + f (x, y, t) LP =p + f (x, y, t) -z on z = 0

Use of Eq. (4.22) in the above relation leads to the desired form of the pressure
balance boundary condition on z = 0 that is correct to second order,

pif _I ( P, p'fw
p - '= (L- J fwadt on z = 0 (4.27)

In obtaining Eq. (4.27), the first-order form of the particle velocity balance
has been used in the second-order term. Dropping the second-order terms in
Eq. (4.27) leads to

p =pI onz= 0 (4.28)

This is the well-known small-signal form of the pressure boundary condition: the
pressures balance at the interface between two fluids.



CHAPTER 5

AN ANALYSIS OF THE REFLECTION AND REFRACTION OF
FINITE-AMPLITUDE PLANE WAVES AT A PLANE

FLUID-FLUID INTERFACE USING SECOND-ORDER
PERTURBATION THEORY

5-1 Introduction

In this chapter we analyze the reflection and refraction of finite-am-
plitude plane waves that are obliquely incident on an initially plane fluid-fluid
interface. A second-order perturbation analysis method, sometimes referred to
as quasilinear analysis, is used. The notation and method closely follow the
work of Naze Tj0tta and Tj0tta (1987). The boundary condition at the source
is arbitrary. Special attention is given to the 0( 2 ) source boundary condition
and the motion of the interface. The chapter is divided as follows: In the first
section, each acoustic variable is expanded in a power series in c, where C is a small
parameter (the peak particle velocity normalized by co). The O(E) and 0(E2 )
interface boundary conditions, wave equations for fluids I and II, and relations
between the various acoustic field variables are obtained. In the second section,
the O(c) system is solved, and expressions for the 0(c) reflected and transmitted
acoustic fields are found. In the third section, we solve the 0( 2 ) system and
find expressions for the 0(f 2 ) reflected and transmitted acoustic fields. Although
some interpretation of the results is given as they are obtained, the majority of
interpretation of results is deferred to the next chapter.

It is useful to note at this time that oblique incidence reflection and re-
fraction of plane waves is inherently a two-dimensional problem. Without loss of
generality, we therefore take the incident ray to lie in the x, z plane. The subse-
quent motion-reflected wave, transmitted wave, and motion of the interface-is
independent of the coordinate y. Thus, it is appropriate for our work to define

49
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the propagation direction of the incoming signal as

ninc = i sin oic + k cos nc 0(5.1)

where, as above, 0 is measured from the +z-axis; see Fig. 5.1. (Recall that the
interface is assumed to initially lie in the z = 0 plane.) This orientation of the
incident signal to the coordinate system is assumed through the remainder of this
work. Moreover, all angles are measured from the +z-axis. The superscript inc
is used throughout this work to indicate an acoustic variable associated with the
incident signal; similarly, the superscripts refl and trans are used to indicate the
reflected and transmitted signals.

x

t
I

0 < 0 < 1800 / OinC

z
ninc

FLUID I FLUID IIPO, CO PO" CO

Figure 5.1 DIAGRAM SHOWING COORDINATES THAT ARE REQUIRED FOR OUR ANALYSIS

5-2 Basic Equations, Relations, and Boundary Conditions

Obtained in this section are 0(c) and 0(f2 ) forms of the following: (1)
the wave equations for fluids I and II, (2) the relations between the modified
acoustic potential 0 and some of the other field variables, namely P', 0, p', and
u, and (3) the interface and source boundary conditions.
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Wave equations of 0(f) and O(E2)

The lossless version of the wave equation, Eq. (3.25), is

0 -= 0 ( (5.2)
Cat T at(.2

To obtain O(E) and O(E2) forms of Eq. (5.2), we expand the modified velocity
potential 4) in a power series in terms of a small parameter E (which is defined
later from the source boundary condition),

4) = 4) )D() + f + "'" (5.3)

If the expansion is inserted into Eq. (5.2) and if coefficients of like powers of C are
equated, then the following O(E) and 0(E62 ) forms of the wave equation for fluid
I are obtained:

024I,) = 0 (5.4)

o2 1 (5.5)
P ) =(4)4 ( a (-)

Recall that the superscript I is used to indicate an acoustic variable or a fluid
constant that is associated with fluid I. The corresponding pair of equations that
govern the 0(f) and O( 2) acoustic fields in fluid II are

024)11 = 0 , (5.6)
/3II 0 0 2

0] 9= (o \ t) (5.7)

0(f) and 0(f2 ) relations between 4) and P', 0, p', and u

Since the wave equation is expressed in terms of the modified acoustic
potential 4), the 0(E) and 0( 2 ) forms of the relations between 4) and some of the
other field variables, namely, P', 0, p', and u, are required. We start by expanding
the modified acoustic pressure, the velocity potential, and the acoustic pressure
in power series in c:

P P(,) + f 2P(2) + , (5.8)

0 = (,) + E2 0( 2 ) + ... (5.9)

p= fp() + C
2 P(2) + . (5.10)
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Note that for convenience the primes in the expanded forms of P' and p' have
been dropped. The particle velocity u may be expanded in a power series as
follows:

U = fu(i) + f 2 U(2) + .- (5.11)

The O(c) and O(c') forms of u may be written in terms of their x and z compo-
nents,

u(i) =iu(l) + kw(l) ,(5.12)

U( 2 ) = iu(2) + kw( 2) (5.13)

Alternatively, the components of u may be directly expanded as follows:

U = EU( 1) + C2U(2) + , (5.14)

W = CW( 1 ) + 2 W( 2 ) +... (5.15)

For the case of propagation in a lossless fluid, the expression for the
modified acoustic pressure P' given in Eq. (3.24) simplifies to

P= p &DP -T(5.16)

Inserting the expansions for P' and '1 into Eq. (5.16) and then equating coeffi-
cients of like powers of E yields the following O(c) and 0( 2 ) relations for P' in
fluids I and I]:

at,
p(1) = () , (5.17)

P(1 ) = (2)
(2) _O 49t(5.18)

P11 a1(1)P - Otai  (5.19)

a4)'p11) __1o 0(2)

P)= -- (2 (5.20)

The modified acoustic potential 4S is defined in Eq. (3.23) in terms of

the acoustic potential 0. Using the expansions for D and 0 leads to the O(f) and
0( 2 ) forms of the relation between S and 0 for fluids I and II,

i)= ,) , (5.21)
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- ) ,(5.22)

) = O (5.23)

= €(2) 2(4I)2 t (&I)2 a (5.24)

Similarly, the O(c) and O(e2) forms of the relation between the modified
velocity potential 4P and the acoustic pressure p' for both fluids I and II may be
found. Using the expansions for p', P', and 0 in the defining relation for P',
Eq. (3.21), and then rearranging and substituting using Eqs. (5.17)-(5.20), we
obtain

POi) = (Po 1) (5.25)

P 2) = -P I a - (V2 + 1 2 (CI) (5.26)
0 it 7 ( +T)2 tj

P(i) = PO (1) , (5.27)

= 1 9 i P V I a2 2 ,D+ 2 (5.28)P(2) PO t- -(2) 4 k + (W )20 Pt 0

Use of Eq. (5.11) in Eq. (3.9) and substitution of Eqs. (5.21)-(5.24) into
the results yields the O(e) and O(e2) forms of the relation between the modified
velocity potential 4 and the particle velocity u for both fluids I and II:

u(1) =VW() , (5.29)

u(2 ) = v) V ()) 2  (5.30)
UII) = V I 1 (5.31)
u( 1 (1)1

u11
) = 1 2 ) V('I))2 (5.32)

(2) (2) + (5.32
2(41)2 j

0(c) and 0(E2 ) forms of the interface boundary conditions

The O(E) and 0(, E2 ) forms of the two dimensional versions of the interface
boundary conditions, Eqs. (4.23) and (4.27), may be obtained by substituting in
the expansions for p', u, and w. Equating coefficients of like powers of C yields the
0(E) and O(f 2) forms of the expression for the normal particle velocity balance
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at the interface,

wi I) -d -(5)- 3 3

LO-

W(2)Iz=o W (2)jzo (1N) (lU)y 9 tI= ax aK ~ 7j(1)d
(5.31)

and the O(f) and 0(c 2 ) forms of the pressure balance,

P l)J 0 = P 1(5.35)

11 ~ ~ (1)P 19PI)" /l Wdt (.6
P()zO- P(2)1 2 0= Oz az ) (I) L=O(.6

O(f) and O( 2 ) forms of the source boundary condition

The boundary condition at the source is arbitrary, and our results may
therefore be used to analyze transients or harmonic motion. Although, strictly
speaking, our source must be infinite in extent because we have assumed infinite
plane waves, we assume that the reflected signal does not interact with the active
source. This is reasonable, however, because practical experiments that approx-
imate plane waves can be devised. Moreover, the theory developed here may be
used as a single component of the spatial Fourier decomposition of a directive
source, in which case the geometry may be selected such that the reflected signal
does not return to the active source.

The boundary condition at the source may be written as follows:

n au - O -S(t -ro) at r=r0 , (5.37)

where r = r 0 defines a plane, S is any given function of t, and r0 is defined as
n .ro/co. The coefficient, the time derivative, and the phase shift are introduced
for later convenience, specifically, to make it easier to match the solution in terms
of the modified velocity t,,,atial. Tsing th, exp asion of the particle velocity
given in Eq. (5.11) and expanding S in a power series as

S = ES(i) + E2S( 2) + ... (5.38)

leads to the O(c) and O(t2) forms of the arbitrary particle velocity source condi-
tion,

u(,) = <.l 7 S(l)(t- o) at r = ro

CO I P
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n aS()(t-ro) at r=r0  (5.40)

5-3 Solution of the O(c) System

In this section, the O(f) system is solved. The O(e) system consists of
the O(e) wave equations for fluids I and I, Eqs. (5.4) and (5.6), and the O(C)
boundary conditions. The O(f) boundary conditions consists of the O(c) interface
boundary conditions, Eqs. (5.33) and (5.35), and the O(c) boundary condition at
the source, Eq. (5.39). To these we add the Sommerfeld radiation conditions for
fluids I and II, that is, that the reflected and transmitted waves propagate away
from the interface in fluids I and II, respectively. First, the general solutions of
the wave equations in fluids I and II are found. Next, application of the interface
boundary condition leads first to the law of specular reflection and Snell's law
as conditions for the validity of the solutions and second to the reflection and
transmission coefficients. Finally, the incident signal is matched to the source
boundary condition.

To solve the 0(f) wave equations, we first note that because they are
homogenous, no particular solutions are required. If the reflected and transmitted
waves are assumed to be planar, the general solution of the O(e) wave equations
for fluids I and II may be written as follows:

4(,)(r,t) = ()inc) + -rs, , (5.41)

(1)(r, )  ((-) ) (5.42)

The definitions of r n '")-eI and 1S are

inc ninc r
t - tr , (5.43)

frefl rcf , (5.44)

ntrans -trans t (5.45)

wee-refl Iw and nt re ur

wher 1 1rfl nd 'ra) are unit vectors in the direction of propagation of the

' ' (1) (1) II I
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reflected and transmitted waves, respectively (see Fig. 5.2),'

reft rfnl(,) = i sin O + k cos011 where cos 0f < 0 (5..26)

ntas= i sinO ± k CoOans where CSorans > 0 .(5.427)

The assumption that the reflected and transmitted waves are planar is test ed

x

fl( 1 )(1

tions.s

Useof qs.(5.1)and(5.2) n he (E)boudar cndiion atth

intefac, Eq. (.33)and(5.3), esctvleaso

bt. thecns w ohethaser toe anaged hspolemio sisfges (me tae b~o(undary coi tIIC 0

;inis) faeEs d(5.33d rand(.,rsetively tltesm rfrn eadhse theo -xs
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and

0 ( =t0a) (5.49)
=O 12=0 i0= Ot '

where we have used the following chain rule result:

V,) n 8)(1) (5.50)co at

This relation is used repeatedly in later analysis. Equations (5.48) and (5.49)
are written with the O(c) incident signal on the right-hand side because it is a
'known' function. The form of the O(c) incident signal is obtained by matching
the O(c) source condition, which is deferred until later.

Snell's law and the law of specular reflection are now obtained as condi-
tions for the validity of the solutions. Our derivation of Snell's law and the law
of specular reflection is a little longer than some other more common approaches.
This approach is, however, the same one that we use to solve the O(2) problem.
It is therefore used here so that the reader may become familiar with it. Equa-
tions (5.48) and (5.49) represent a system of two equations and two unknowns
with two conditions to be met, namely, that the solutions be valid for all x and
all t. The conditions may be obtained by taking the x and t derivatives of the
pair of equations, solving each set independently, then forcing the solutions to be
the same. But if the solutions are to be the same, then the equations generated
by taking the x and t derivatives of the boundary conditions must be linearly
dependent. Accordingly, we arrive at the following conditions by forcing the x
and t derivatives of Eqs. (5.48) and (5.49) to be linearly dependent:

sin 0 sin,(1) , (5.51)

v(1) ,sin 0"' n sin Ot' (5.52)

where n is the ratio of the sound speeds,

_ o
n_ =c . (5.53)

Equation (5.52) is Snell's law, and, as we soon see, Eq. (5.51) leads to the law of

specular reflection.
We now solve for the angles Ore' and atr-s. To satisfy Eqs. (5.51) andv(1) v(1) •

(5.46) simultaneously, O'c and or" must be related as follows:
(()

Orefl 1800 _ 0inc (5.54)
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To satisfy Eqs. (5.52) and (5.47) simultaneously, 0ttin and 0"'C must be related
by

=trans sin-'(n-' sin 0i
C) (5.55)

Ifn > 1, Oans is real for all Oinc; if n < 1, 90)ran is real provided that Isin 9' < 1?.-, (1)( )
The angle of incidence at which Isin Oinc I = n is referred to as the critical angle.
In what follows we assume for simplicity that 0t""s is real. The case of 0 (rai)s

(1) (I)
being complex (incidence above critical angle) is briefly discussed in Sec. 5-5.

Use of Eqs. (5.54) and (5.55) in Eqs. (5.43), (5.44), and (5.45) showsI tat he alus o 'in e , -refl .1rm

that the values of 7- , r(,1 , and (1)  are equal when evaluated at the interface.

For convenience, a new term that is equal to T ine,"ref, and r when they are
evaluated at, the interface is now introduced,

x sin 0i
nc

t - 4 (5.56)

The reflection and transmission coefficients, denoted R and T, respec-
tively, are now introduced, and the two interface boundary conditions are used to
yield expressions for the coefficients. The expressions depend only on the physical
properties of the fluid and the angle of incidence. The coefficients R and T relate
the reflected and transmitted pressures 2 at the interface to the incident pressure
at the interface and are defined as follows:

= P(efl J=0

R = ( (5.57)inc

PtranT = Ptr)ll=0 (5..58)

whr ic refl an trns tinC, ibref anC~ramis

where p(, p(, and pt,) are the pressures corresponding to (), O(l and i)
respectively. At this time, we also define the acoustic impedance of fluids I and
II, respectively,

z_ o (5.5!))
Cos Oinc

/rang
Cos(1)

2Some authors use coefficients based on the acoustic power of the incident, reflected, amid
traslsmitt'd waves. For clarity, our coe|icients are sometimes referred to as amplitude reflect ion
and trasnsmission coelficients.
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Note that the ratio of impedances is, accordingly,
z COS Otrans
ZI n (o1v) (5.61)
-T m cos inc (561

where m is the ratio of the densities (not the relaxation variable, which is no
longer required),

if
m_- 0 (5.62)

PO
Note that m is defined as (fluid II density/fluid I density) whereas n is reciprocally
defined (fluid I sound speed/fluid II sound speed). The reason for the difference
is merely convenience. Use of Eqs. (5.57) and (5.58) in Eqs. (5.48) and (5.49)
yields

n O trans

I -R--) T (5.63)
M COS inc

and
I+R=T , (5.64)

where we have noted that

cos = -cos Oic (5.65)

Manipulations of Eqs. (5.63) and (5.64) yield the traditional results

R =ZII - ZI (5.66)

and

T- 2Z , (5.67)zi + zII
or, in terms of n and m,

inc tans
m cos - n cos Otrans

(I)T = 2CO i,(5.69)
m cos 0lnc + ncosO~l ,F  (568

T = 2m cos 
9
0fnc

m cos 0inc + n cos 0ans (5.69)

We now point out some interesting special cases. Note that for intromis-
sion (no 0(c) reflection) to occur, the acoustic impedances of the two fluids must
be the same, that is, Z' = Z"1 , or, by Eq. (5.61),

intromission cos cos 0"''  (5.70)

, • , a a a I I I I I In
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By squaring both sides of Eq. (5.70), eliminating the cosines in favor of sines,
and using Snell's law, we see that

sin 2 
0 intro = - n (5.71)rn2 - I

where 0intro =ifc lintw ssion* Note that for a intromission angle to exist, the
following condition must be met:

m22 -n 22

>0m 2 - I

Another special case occurs when the impedance of fluid II is very small in coin-
parison to that of fluid 1. The reflection coefficient tends to -1, and the interface
is referred to as a pressure release interface. If, on the other hand, the impedance
of fluid 11 is very large in comparison to that of fluid I, the reflection coeflicient
tends to unity. In this case, the interface is referred to as rigid. Note that al-
though the transmission coefficient tends to 2 in this case, it can be shown that
the acoustic power transmitted tends to zero.

We now obtain the reflected and transmitted fields in terms of the inci-
dent field. Note that the definitions of R and T may be rearranged to yield

0 rel R inc

( 7-,) = R )

and
0 tra.,,) =T aq in
0(1) _ , in (9 )

The solutions away from the interface are obtained by replacing the independent
variable r0 with refl for the reflected field and with trans for the transmitted field.

The resulting field relations may be integrated once with respect to time noting
that the integration constant must be zero in order to satisfy the condition that
t he reflected and transmitted fields be zero when the incident field is zero. Thus,
away fron the interface, the reflected and transmitted fields are

Dr1) = RV(r(7{') , (5.72)

tranS (tram)l() (ta).,(r ta _t inc( t,,,,(5.73 )

We now obtain an expression for 4)"" that. matches the source boulldary
(oi(litioti. I ecause the reflected wave is assumned not to return to the active
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source, the reflected wave is not involved in matching the source boundary con-
dition. We may therefore write

n as(,)(5.74)
V~( r=ro at ro - (.4

Accordingly, to match the source condition, the following must be true:

n irt = n , (5.75)
a inc inc 0

4jtC(7Jf( )I -~ro = it- (5.76)

Since, when evaluated at r = r 0 , the independent variables of both functions are
equal, the solution away from the interface may be obtained by replacing the

independent variable with r'-,

(9 Dlnc( 7inc) S()0ic0-a.') = ()(ic

To obtain an expression for 4 "c rather than its time derivative, we must inte-
grate the foregoing relation with respect to time. This would, in general, mean

that an arbitrary function that is linearly dependent on r, say F(r), must be
determined. We know, however, that the boundary condition at the source re-

quires that V.F'rr be zero. The function .F(r) must, therefore, be a constant.
Since 4)(1) is not a measurable quantity and all measurable quantities depend on
derivatives of 4(,), we are free to choose this constant such that (I1) at the source
at time t = 0 is zero. We may, therefore, write the incident field as

i nc inc n

(I)(l)(7) = S(l)(Ti nlC) - 1(7-0) (5.77)

Accordingly, the reflected and transmitted fields are

=R (S(,)(rP)- S(l)(ro)) (5.78)

otrwa,, - (s( )(r(t;!I)- s(,)(r)) (5.79)
(1) = m S )71 1(0

To summarize, we have derived the following major results: (1) Snell's

law and the law of specular reflection, Eqs. (5.52) and (5.54), respectively, (2)

the expressions for the reflection and transmission coefficients, Eqs. (5.66) and
(5.67), respectively, and (3) solutions representing the O(c) incident, reflccted,

and transmitted fields, Eqs. (5.77), (5.78), and (5.79), respectively.



62

5-4 Solution of the 0(f2 ) System

In this section the 0( 2 ) system is solved. The 0( 2 ) system consists of
the O( 2) wave equations for fluids I and II, Eqs. (5.5) and (5.7), respectively, the
0(f 2 ) boundary conditions at the interface, Eqs. (5.34) and (5.36), respectvely,
the Sommerfeld radiation c )n(litions for fluids I and II, and the 0(f 2 ) boundary
condition at the source, Eq. (5.40). The procedure is as follows: First, the
general solutions for fluids I and II are separated into two parts-the particular
solution, denoted by the subscript p, and the homogeneous solution, denoted by
the subscript h:

D 0 +0 (5.80)
0(2) = (2)p - 5 )(2)h

The particular solutions are chosen to satisfy the O(c 2) wave equations. The
general solutions are then substituted into the 0(( 2 ) interface boundary condi-
tions, and the O( 2 ) homogeneous solutions are chosen to satisfy these boundary
conditions. Terms accounting for the finite displacement of the interface and
the variation of the normal to the interface are identified. The results are then
sunmmarized.

The 0( 2 ) particular solution

Since the O(c) solution is known, it may be substituted into the right-
hand side of the 0(E2) wave equations. However, since the final form of the O(c)
solution depends on the boundary condition at the source, the functions 4().4,jreff, 4nd dr, 2)

(,), and 4 () are used. The O(c2) wave equations, Eqs. (5.5) and (5.7), then

become

fta[ inc 2 I 4Dinc oref2 (5.82)

( & ± ~ ' ) = (c~ )4 ~ /0+ 2 ( ) +( ), ( . 2/311 0 )/ TC1trans2

-2 ()I + ()II Oi a 2 . (5.83)
(o)4 t 01t

Tlese equat ions are significantly more complicated than their O(c) counterparts.
Ihe nonlinear terms on the right-hand side of Eq. (5.82) represent, respectively,
the self-action of the incident signal, the interaction between the incd(hnt ;mnd
r(tIlecled signals, and the self-action of the reflected signal. The nonlinear tIen
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on the right-hand side of Eq. (5.83) represents the self-action of the transmitted
signal.

Because the wave equation for fluid II is simpler, we solve for its partic-
ular solution first. Note that the right-hand side of Eq. (5.83) may be expressed
as a d'Alembertian,

Oi a t 2 t)tr s )2

(e1)4 (1) [24:3(1)or) a c 2- 2, tr3 2 (5.84)

Equation (5.83) may thus be written

2[4)p + 011)h + (a_ )trans )2] =0 (5.85)

The particular solution for fluid II is now obvious,

fllI / 4)trfls\ 2II [trans / ' ( )  (5.86)

()p)= 2(C4)3,( ) .r)

The remaining equation,
2 ) h 0 , (5.87)

is to be solved subject to the Sommerfeld radiation condition for fluid II and the
O(C2) interface boundary conditions. We defer this to later. Note that the partic-

ular solution fur fluid II exhibits amplitude growth in the direction of propagation
via the coefficient (n trans .r). Moreover, note that the direction of propagation of
the particular solution for fluid II is given by Snell's law.

To obtain the particular solution of the wave equation for fluid I, we fol-
low the method of Naze Tjotta and Tjotta (1987). As noted earlier, the particular
solution may be thought of as being composed of three parts: the self-action of the
incident wave, the self-action of the reflected wave, and the interaction between
the incident and reflected waves. The fluid I wave equation is first rearranged to
find the particular solution that pertains to the interaction between the incident
and reflected waves. Noting that 2(4)in,)2 = 0 and that 2 (4Drel) 2  0 leads to

the following form of -2(I)11))2:

2(4 1) E]22 inc refl (Di) a5efl
2 (n (,1) - t at

•~~a at IlP
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Use of the definitions of ninc and n-,, the law of specular reflection, and some
algebra simplifies Eq. (5.88) to

a~tbinc a4 reft i(
(1) (1) = (4)2 inc refi (ref)

at at 4 cos2 Oinc (1)'(1)

Note that Eq. (5.89) may be expressed in terms of the Lagrangian C, which was
defined in Eq. (2.83). The O(E) values of the Lagrangian in both fluids I and I
are zero. Tile O(E2) value of the Lagrangian in fluid II is also zero. However, the
O(C2) value of the Lagrangian in fluid I is

(2) = P 2 -( ,) .-1) (5.90)

With Eq. (5.89), the particular solution that pertains to the interaction be-
tween the incident and reflected waves is at hand. The inhomogeneous terms in
Eq. (5.82) that correspond to the self-action of the incident and reflected waves
are of the same form as the inhomogeneous term in the fluid II wave equation.
Thus, they too may be expressed as d'Alembertians that are similar in form to
Eq. (5.84). Using this idea and Eq. (5.89) in Eq. (5.82) leads to the following:

2 ) + b2) - (n ine-r ) ,qc ic t

+2(0)3 at

S a inc rfl I refl 2+ 12 K (n r~ .r) ()
2(co)2 COS 2 inc t'1 )' + 2(n)3 r ) at 0 j 0

(5.(13)

The 0(0) particular solution for fluid I is therefore

a 2(o)a [(n r.r)e O)

± ~ allreI 21Cos20 .Oin t ( ( + , )-- -- .( .! )

Tlie remaining equation,

2o12)h = 0 (5.93)

nitist be solved subject to the O(E2 ) interface boundary conditions and the 0((2)
source condition. Note that the two terms in the particular solution for fluid



65

I that correspond to the self-action of the incident and reflected waves exhibit
amplitude growth in the direction of propagation. The amplitude growth is given
by the coefficients (ninC .r) and (n) .r). Moreover, note that the direction of
propagation of the term that corresponds to the self-action of the reflected wave
is given the law of specular reflection.

The 0( 2 ) homogeneous solution

Now that the particular solutions to the 0(0) wave equations are known,
we may find the 0( 2 ) homogeneous solutions. We start by examining the 0( 2 )
interface boundary conditions and introducing some new notation. The general
solutions for fluids I and II are then substituted into the 0( 2 ) interface bound-
ary conditions, and two relations between the 0( 2 ) homogenous solutions are
obtained. Next, the relations are solved for the 0( 2 ) homogeneous solutions for
both fluids I and II.

A noteworthy difference between the 0( 2 ) interface boundary conditions
and their O(c) counterparts is that, as a result of the particular solution being
evaluated at the interface, the 0( 2 ) interface boundary conditions contain terms
that grow with x. This makes sense physically because the amplitude of the
particular solution grows with the distance propagated. Since the particular
solution strikes the interface at oblique incidence, the distance propagated varies
with position along the interface; consequently, its amplitude varies along the
interface. It thus turns out that the O(e 2) homogeneous solutions is composed of
two parts: The part that accounts for the aforementioned particular solution has
amplitudes which vary along its wavefront. The part that accounts for everything
else has uniform amplitude along its wavefront. The propagation direction of
both waves is assumed constant. The assumption of constant angle is difficult to
maintain for all x and all t if the wave with the amplitude variation along the
wavefront is overlooked.3

The introduction of some new notation makes matching the 0( 2 ) in-
terface boundary conditions more manageable. Recall that the 0(02 ) interface
boundary conditions, given in Eqs. (5.34) and (5.36), contain terms that account
for the displacement of the interface, the variation of the normal to the interface,
and the 0( 2 ) pressure and particle velocity differences. Singling out the 0(e2 )
pressure and particle velocity differences for a moment, we see that they may be
expanded into their homogeneous and particular parts and written in terms of

3A wave with amplitude variation along the wavefront is a solution of the wave equation. For
example, p = A(y)f(x - cot) is a solution of the one-dimensional wave equation, p. - clr = 0,
where the subscripts indicate differentiation.
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the modified velocity potential 4,

= _____ _ ''I2) O@(2)p ___ I2)

-P(2) (0O- 1,= -P, (2 at at+ at 0t

1/ 1a2\ m2 M 1 2 NP1121
+4+ +~)~2 ~) - (1w 1

(5.941)

r IO (2 )h + v& _ 04.p(2)p
) (Lz z Oz

1 9 a( )2_ 1 a a ((Dll 2 (.5
+ 2(c)2 0 O( 2(41)2 Oz

Use of Eqs. (5.94) and (5.95) in Eqs. (5.34) and (5.36) leads to some lengthy
expressions. We therefore introduce the following shorthand notation for not
only the terms in Eqs. (5.94) and (5.95), but also for the terms in Eqs. (5.34)
and (5.36) that represent the variation of the normal and the displacement of the
interface:

A accounts for the particular solution of the particle velocity and is subdivided
into two components, A_ and Arg, where A. represents those terms that.
when evaluated at the interface, have x as a coefficient, and A,g represents
the 'regular terms' that do not have x as a coefficient,

B accounts for the nonlinear relation between the particle velocity and the
modified velocity potential,

C accounts for the particular solution of the pressure and is also subdivided
into two components, C. and C,, 5, for the same reasons as for Ax and Are,

I) accounts for the nonlinear relation between the pressure and the illodiifed
velocity potential,

E accounts for the displacement of the interface in the particle velocity bould-
ary condition,

F accoutnts for the displacement of the interface in the pressure Ioundairy
condit ion,



67

G accounts for variation of the normal in the particle velocity boundary con-
dition.

Mathematically, the shorthand notation is defined as follows:

A - Areg + xA, D(2 )p 0¢{2)p (5.96)
z=0 1z 1z=o

2()2 (1)) a. a )27)
2 o 2((I)2 a t Oz Lo I

C =rg + xC 2) -m (2)p , (5.98)at( at
atz=O t zO1 = (V2 1 0 2  ))2 m V2 + a2  (¢11))2

4(Clo )2 t2 z=O

(5.99)

(E w l( I dt (5.100)
E _ az -az L/o =

F(1)(aPU a jj) WI,) dt (.5.101)(uF - U i)O J aW] ,701 az 1OII =

i d .() d (5.102)

Use of the foregoing definitions in the interface boundary conditions yields the
following more compact form of the interface boundary conditions:

()h -m (2)h = (Ceg+xC.+ D)+ F (5.103)
at z=o 0

(2)h (2)h = (Arg + xA. + B + E + G) (5.10)
az L= Oz 1=0

Explicitly shown in Eqs. (5.103) and (5.104) is the interrelation between the 0(c2)
homogeneous solutions for fluids I and II.

An examination of the definitions of A through G reveals that they are
quadratic forms of O(c) terms. Moreover, A through G are defined at z = 0, and
relations between the O(() terms at z = 0 are also known. It is thus possible to
specify A through G in terms of the O(f) incident signal, the properties of fluid I,
an(d the nondimensional ratios of the fluid properties. The general procedure
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is as follows. First, we use Eqs. (5.72) and (5.73) to express the functions ,hrfl

and "(1) n terms of 'in¢ Next, Snell's law and the law of specular reflection,

Eqs. (5.52) and (5.54), are used to express the coefficients sin 0rfl and sin 0r"' 1i1

terms of sin 0i
n

c . Using Eq. (5.65), we rewrite the coefficient cos 0e' ini terms of

cos 0inc; the coefficient cos 0trri which usually appears wilh the coefficient T, is

eliminated in favor of cos 0i nc by way of Eq. (5.63). In general, we eliminate 7' in

favor of R using Eqs. (5.63) and (5.64), or a combination thereof. Also note that

the time and space derivatives of 4(1) are related by Eq. (5.50). The resulting

expressions for A through G (with the 'x-dependent' parts of A and C separated

friom the 'regular' parts) are

CS01C0-R2)1- (92) (5. 105)
A,.eg( T) = -2(4)2 c (CIO - /3 r (1)

c0 s CO xn 2 Onn2)XSin 9 inc c) (rnc 2

.rA 1 (7-) = 2(c)2 C (i-R)1 M) C t ( at z '
(5.10()

B(r-) = - 2(4)2 4 (1 - 0/ - o ''inC -o\2s~o
2 C--2

1 OR 0 2) n - , (5.107)

Crc(re) R - 4, 0Sn02 a- (5.10S)
R()csOn d' ifc)2zr

xrC 1 (ro - 2(rco) 2 (I+ R) 2 1 ,1 -2 4~ 0t 01) _=o

(5.109)

O2 20 2Oin 2i/ (

,(To 1 of (I - 2) 2R x si " a

XQ'(70 ( )2 0

D (7-9) 1 ( + R)' n 2)02 4binc)2-2cs ic a

(c~12 ( J?)(in- 1)~ 02 '(5.110)
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G(re) . c -R- e (5.113)

Equations (5.105)-(5.113) are a significant result because, as we soon
find out, the terms A through G appear throughout the homogeneous solutions.
Obtaining simplified forms of the homogenous solutions for special cases such as
reflection from a rigid wall (R = 1) or reflection from a pressure release surface
(R = -1) is now relatively straightforward. (In the next chapter, we analyze the
special case of intromission, R = 0.) Moreover, the dependence of the terms on
the changes in physical properties of the fluids is now apparent, specifically,

1 -= il HH0' M ," 
((5.114)

m, pI (c) 2~/1

n2 11
1--n= p c , (5.115)

M -1 1= [p0 , (5.116)

where the symbol j J indicates the jump of the enclosed quantity at the inter-
face, that is, (property" - property'). Equation (5.114) represents the jump in
a new property, the ratio of the compressibility to the coefficient of nonlinearity,
whereas Eqs (5.115) and (5.116) represent the jump in the compressibility and
the density, respectively. Note that the terms that represent the motion of the
interface vanish if both the densities and small-signal sound speeds are matched.
Moreover, it turns out that the general condition for no reflections (perfect trans-
mission) is that the densities, the small-signal sound speeds, and the coefficients
of nonlinearity be matched.

We now solve the 0(2) homogeneous wave equations, Eqs. (5.87) and
(5.93), subject to the 0( 2 ) interface boundary conditions as given in Eqs. (5.103)
and (5.104). We earlier noted that the 0( 2 ) interface boundary conditions con-
tain terms that grow with x. Futhermore, we noted that these terms are ac-

coUnted for by a separate function-one that exhibits an x-dependence when
evaluated at the interface. This function, which is denoted by a subscript a, and
a constant amplitude function, which is denoted by the subscript b, satisfy the
interface boundary conditions. The reflected and transmitted signals are sought
in the following form:

, ,, ref r 1 refl + vefl rrefl I )= (2)( ) + (n )., "r) ((D( + ()b( ))
4an ma '.2)h ,(r, t) mT (2 2)a ( (2b (2)b (5.117)
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4'(2)h(r, t) = (n r , r)1 tra trs a fs)X tr an tran s (5ans)-t(2)a. "' '(2)a t (2)a / (2)b t ()b

where the amplitude variation along the interface is given by (nll .r) and
(ntra s -r) an d where

(2)al-
refl~refl n(2)*r (5.119)

r(2)a = 2c

nrefl *r
refl "(2)b

T(2)b t 5.120)

ntrans -r

T a s = - (2) (5.121 )

r(a) = t razI  ,r
~Trans CP ()(5. 122)

refl .jrefl + O k refl
(2)b siV( 2)b + k 2(b) , (5.124)

sina (2 ) a (2 rm=isn0 '+ kCOS ( 2ans (5.125)

trans = trans COS ftransn( 2 ), = isin (2)b + kc (s (5.126)
nrefl = isinorefl + k cos 0rfl (5.127)

(2)al (2)a . (2)a
trans = refl refl (5.128)n(2)a'.L = i sin O(2),.L + k sin (5.128)

That (li  a refl {)re is a solution of the homogeneous wave equation may
n
re fl anI tr s

be verified by direct substitution if it is noted that the vectors (2)a_L and ""iL
are pcrpendicular to the direction of propagation, that is,

refl refl on(2) * (2)aL 0(5.129)

ntrans . _trans 0 (5.130)

IHow'ver, two possibilities exist for both n(e2, and * : may

poient in either the +i direction or the -i direction. We choose both nt a l

aiid nI" to have components in the +i direction; see Fig. 5.3. Direct substi-

tution of Eqs. (5.117) and (5.118) into the O(I2) interface boundary conditions,
I'qs. (5.103) and (5.104), yields what appears to be a system of two equations aiid

four minkniowns with four angles to be determined subject to the two colidiliont1s

ihat t he solution be valid for all x and all t. Fortunately, we may separate I he
terms that exhibit growth with x and demand that they (quate sepa,'ately. \\e
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Figure 5.3 DIAGRAM SHOWING DIRECTION OF .rrefl AND ntrans. (2)a.L (2)oL'
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are thus left with two systems of two equations and two unknowns with two an-
gles to be determined subject to the two conditions that the solutions be valid for
all x and all i-one system for the 'x-dependent terms' and one for the 'regular
terms.' The system for the 'x-dependent terms' is

Cor 0 refI ostrans tran a Dtrs,
(2)a2) co o(e)l ot an ' Is -Aco (2) sin ((2) 2) + sin (2)al =(212 -

at Lo at _-o
I Oq1) rfl ¢ll raas I(5.1:31)

sin ore) (2)a - m sin (2) = . (5.1:2)
S(2) a (2a. Co tat dt

The system for the 'regular terms' is

C('OS 2)c ()()C o cos (2)b re

C.o Ct C o t 1

Cos 0trans apstr so trans C ram s -O 2)b _ (2)6 ( r g + B + E + G
-Co s ( ) a " .(2)a [ z O +  ( ,,r~

(5.133)
a(I)inc a drefll _____ trYag D)n5.31

(2) 9 (2)b - (Cr¢s + D) + F (5.131)

at -= t z0 at =O
Since the unknowns 'and appear in the 'regular term' system,

it is required that 'x-dependent term' system be solved first. To solve the 'x-
dependent term' system, we first find the angles by applying the conditions that
the solutions be valid for all x and all t. This is accomplished in the same way as
it was in the O(f) case-the x and t derivatives of Eqs. (5.131) and (5.132) are
taken. The resulting sets of equations are then forced to be linearly dependent
thereby making their solutions identical. To make the x and t derivatives of
Eqs. (5.131) and (5.132) linearly dependent, the following two conditions must
I(e true:

5 ( 2 )a s i n ( .1 5

sin 0t7)s sin oinc
(5. 1: 1)

Accorlingly, we see that

(2)1 = ()= l0 - (5. 137)
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and
otran Ca (5.138)

(2)a - (1)

Thus, the signals that match the particular solution at the interface propagate in
the same direction as the 0(c) signal. That is to say, these 0(c2) homogeneous
solutions obey Snell's law and the law of specular reflection. Since the angles

(efl and 02)' are known, the angles refl and 0 areo
(2)a (2)a (2)a.L (2) are also known,

orefl olrefl go-oo-oinc(519

0(2)a- = (e)- 0 = 900 - , (5.139)

otrans otrans +90o (5.140)
(2)aJ V(1;

Equations (5.131) and (5.132) may now be solved for tare and () mt

Use of Eqs. (5.137)-(5.140) in rearranged forms of Eqs. (5.131) and (5.132) yields

a0 refl1 /(2)a _ (1eC 0

(t 2cos0ic (1- R)C + co + R)Ax) (5.141)

a(__')t _ n 1 (1+R)2 /-4
a0 m 2 2cosinc 1 -R C osinc A ) (5.142)

where we have made use of the following:

Z I  
1 - R(51 

32 -- (5.143)Z I +t Z I I  2 '

1 ZIIZI o  1 + R (5.144)
I ZI + ZII COS Oinc 2

1 Z 1 R

m Z + Z 2m (5.145)
1 Zz" I  I 0 12 R
I Z" = col I +m (5.146)PlOl Z I -Z II  CoO 0i c 2m '

1 _ 1 n (I+ R (5.147)

COSOtran COS 0inm1 I- )(1)
Equations (5.141) and (5.142) may be integrated once with respect to time noting
that the integration constant must be zero in order to satisfy quiet conditions,
that is, in the absence of an incident signal, a reflected or transmitted signil does
riot exist. Since both A, and C. are given in terms of the time derivative of
the incident signal [see E(Is. (5.106) and (5.109)], integration is possible in closed
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form. That this integration is possible is important because the expressions e(2)

and , tr show up explicitly in the 0(e 2 ) form of the particle velocity. To obtain

expressions for )and away from the interface, we replace the current

independent variable re with rrl for the O(e 2 ) reflected field and with rar's for

the O(c 2 ) transmitted field. Thus, the expressions for 4)e' and 'ni are(2 "(2) a r

( )= 2COinc ((1 -R)IC.(-f) di + R) J A.,(f ) d), (,j) COS+cosi,(l ) A(1)d

(5. 1 'i)
and

C ram( t ,,, n 1 (1 + R) 2

(2)a ) ) =m 2 2 cos 9nc 1 - R
x 'ltr \ (___

d
___

/
___ns

d cosI C
rc , ) dt .(5.1,19)

The system composed of 'regular terms' is now solved in an identical
fashion: First, the x and t derivatives of the pair of equations are taken, and the
two conditions that force the x and t derivatives of the equations to be linearly
dependent are obtained. The two conditions are

sin (2)b sin 0"'

S4-(5.50
sinl otran$ n

__ (___ sin 0 "

(6 - i (5.151)

Thus, the angles at which the 0( 2 ) homogeneous solutions leave the interface
are the same as their 0(c) counterparts,

=(2)- = 1800 -Onc , (5.152)

trans ntrana (5.153)(2)6 u(I)(51 3

That is to say, these 0( 2 ) homogenous solutions also obey Snell's law and the
law of specular reflection. Using Eqs. (5.152) and (5.153) in the 'regular term'
system (Eq's. (5.133) and (5.134)] and then rearranging leads to the following
expression for 1 (Dreil and 2 4Vrmls aat (2)b at (2)b at z :
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2rf)1 O4in ( trano RC + sin 0-n"')
aatCOSO (in 2+ (2Lt o Lo _0=

z=0 Ij(R

co li  R) (Arg+B+E+G)

1- (~ R)(Crg +D F)

(5.154)

)trans _n z= 0  _' _1 _ ___ _ _ nc r Iz0___(r2) T 0v(2_) co I R L _ '!fl
at Lcs 1 m (02 ± nrLaon+

co 0 I  +R (Arg + B + E + G)

+(I+R)I(Oreg+DF) (5.155)

where we have again made use of Eqs. (5.143)-(5.147). Integration of Eqs. (5.154)

and (5.155) is, in principle, possible, but not in closed form. This is not a problem,
however, because (rf) and Fa"' unlike Ort" and otrans do not appear explictly(2b(2) b , ( Z)a (2)a
in any measurable quantity, only their derivatives. To obtain expressions for
a 4,ref I (Dtrans
- (2)b and a, (2)b away from the interfac2, we repia-ze the independent variable

r0 with r"' for the reflected field and with T Ir-s for the transmitted field.

In summary, although we have not obtained closed form solutions for

and(2)h (and we have obtained closed formn solutions for the derivatives. This
is significant because only the derivatives of )2) appear in measurable quantities

such as the pressure or particle velocity. The derivatives of V2)h and 4) 1are

a4in _ a)Mafl a(F'r tf
(r, 1) - at + (n' Lr) -ta + (5.156)

aat

a* t O(5.157)
-4 ()h(r, ) (rn no-r ) + v"- ( 5.158()b

art rafis (rans

I , ,, () rj'I " .r) (2)a (1) (2)b (5.159V )2, ) n(Fly, - 159)(n(y .) c, h
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where and nt'{n are given by
nref ncin
e)L - Icos 9ifl + ksin 0 (5.1(;0)

trans t rans tran

All the components of Eqs. (5.156)-(5.159) are known: and are given
by Eqs. (5.148) and (5.149), and their derivatives, I D'l and - V", are read-

ily obtained. The functions 2- 4 l) and are given by Eqs. (5.154) andat() t(2)bargiebyEs(.14an

(5.155). It is also noted that the 0(f 2) homogeneous solutions propagate in di-
rections predicted by Snell's law and the law of specular reflection.

Matching the O(E 2) source condition

The 0(f:2 ) boundary condition at the source is now matched to the 0(72)
solution evaluated at the source, r = r0 . As we noted when matching the 0(c)
boundary condition at the source, the reflected signal is not involved in matching
the boundary condition at the source. The 0( 2 ) boundary condition at the
source is given in Eq. (5.40). The relation between U( 2 ) and the modified velocity
potential 0(2) is given in Eq. (5.30). Use of Eq. (5.40) and the general solution
for F 12), Eq. (5.80), in Eq. (5.30) leads to

n 9V4in) n inc a S()(ti r
V4i, lr= ° = _ V01 2)p=ro 1 (

(5.16 2)
The first term on the right-hand side of Eq. (5.162) forces the O(C2) particular
solution to vanish at the source. The physical interpretation is that no self-
action of the incident wave has occurred when the wave is still at the source.
T.e second term on the right-hand side accounts for the nonlinear relationship
between the modified velocity potential and the particle velocity. As we see below,
this term disappears if the equation is re-expressed in terms of a measurable
(Itantity such as the pressure or particle velocity. The third term onl the right-
hand side accounts for the O(c'2) signal at the source. Physically, an 0((2) signal
at, the source represents a local effect at the source such as the finite displacement,
of the source. This local effect must not be overlooked because it is of the saell
order as the local effects at the interface-the finite displacement of tile interface
and the variation of the normal to the interface. Evaluating V 2 )V, (neglecting
reflections) and rearranging leads to the following:
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(2) I jIr (n...A. - n r)fl *r ~ro
at = - 2(- I4 \ at ) .rt - at

2(1)2 t 2n(')) + - (2)(t - mr) (5.163)

A closed form integral of Eq. (5.163) was not found. If the source condi-
tion is harmonic, however, the integral may be obtained. The form of Eq. (5.16:3)
is nevertheless acceptable because all measurable quantities depend on deriva-
tives of tI and not on (D itself. For example, we may use Eq. (5.26) to rearrange
Eq. (5.163):

PI'; I[3 [( 2 an. 0 (~ I a. 11 ( )-+S(2 )(t - -r0)T= 2 ( t ( " r)- at
P0o rro 2()2[ri/ rat _

(5.164)
We have thus found the expression for the 0(e0) incident pressure in terms of the
0(e) incident pressure [related to ab)/at by Eq. (5.25)] and the 0(f 2) pressure
at the source (related to aS(2)/at). Other such manipulations are possible.

Summary of 0(f 2) Results

Because closed form solutions have not been obtained for"brett and )tras

we have no closed form solutions for (2) and 4 ). Solutions for any O(2) measur-
able quantity may, however, be obtained because measurable quantities depend
only on the derivatives of 4()'2 and i"). The derivatives of the functions 4'
and 4)" may be obtained by differentiating Eqs. (5.92) and (5.86), respectively.
The derivatives of (2 n )' r ie

(2)h and ,( are given in Eqs. (5.156)-(5.159).
The major results of this section are as follows: (1) Closed form ex-

pressions have been obtained for the 0(e2 ) particular solutions for fluids I and II.
Eqs. (5.92) and (5.86), respectively. (2) The propagation directions of the growth
terms in the 0(2) particular solutions for fluids I and II are given by Snell's lawv
and the law of specular reflection. (3) Closed form expressions have been ob-
tained for the derivatives of the O(E2 ) homogeneous solutions for fluids I and II,
Eqs. (5.156)--(5.159), respectively. (4) The propagation direction of tho 0((')
homogeneous solutions are given by Snell's law and the law of specular reflectiOn.
(5) E'xpressions have been obtained for the quantities A through G, whicli repre-
sent the motion of the interface, variation of the normal to the interface, a;iid the
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nonlinearity of the relations between the acoustic variables, Eqs. (5.105)-(5.113),
respectively. All of the foregoing have been 3btained assuming an arbitrary source
function.

5-5 Complex Transmission Angle

In this section we briefly point out what steps should be taken if the
incident angle is greater than the critical angle. Above critical incidence, the
transmission angle and the retarded time 7r " are complex. Moreover, the defi-
nitions of the reflection and transmission coefficients, Eqs. (5.57) and (5.58), are,
strictly speaking, no longer valid because the reflected and transmitted signals
are no longer in phase with the incident signal. The problem may be resolved by
using complex notation. We start by assuming an incident harmonic wave, say(binc -,, inc n( ,Z

) = Re[et0 (x, z)), where i = V1( and z) is a complex amplitude.
All the time derivatives in linear terms are then replaced by -iW. To compute
the quadratic terms which contribute to the second harmonic, we must do only
a little more work. For example, to compute the time derivative of (o4(I)/Ot)2
which appears in the wave equation Eq. (5.2), we note first that

() 2 2 Re [e- 2iwt j

where 4)Z) is the complex conjugate of P(i). The time derivative of (O&(i)/Ot) 2

is, accordingly, given by

=(0I_) W Re [2iw e- 2 t i

Thus, everything we have done may be applied to incident angles above the
critical angle provided that (1) the time derivatives c r terms are replaced
by -1w, (2) the time derivatives of quadratic tenm...... replaced by -2iw, and
(3) the amplitude of the quadratic terms is multiplied by i.

The more general case of an incident pulse may also be treated using
complex notation. The incident pulse is considered as a superposition of harmonic
waves. Care must exercised in this case, however, because each harmonic interacts
not only with itself (as above), but also with every other harmonic. Thus, it turns
out that the O( 2) solution contains convolution integrals of the Fouricr transforni
of Ihe pulse with itself.
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5-6 Summary

In this chapter, we have analyzed the reflection and refraction of finite-
amplitude plane waves that are obliquely incident on an initially plane fluid-fluid
interface. The procedure used is second-order perturbation analysis; the source
boundary condition was arbitrary. Specific terms that account for the displace-
ment of the interface, the variation of the normal to the interface, and the O(c2)
source condition are identified. It is found that the O(2) reflected and transmit-
ted waves propagate in the same direction as their O(f) counterparts. In other
words, to O(c'2 ), no deviation from Snell's law or the law of specular reflection is
seen. Expressions for the amplitude of the 0(02 ) reflected and transmitted waves
have been obtained.



CHAPTER 6

MODIFIED FORMS OF SNELL'S LAW BASED ON SIMPLE
WAVE FLOW

6-1 Introduction

Developed in this chapter are two different 'modified forms' of Snell's
law-forms which appear to indicate that refraction has a slight amplitude depen-
dence. The 'modified forms' are developed by means other than perturbations.
Specifically, the first 'modified form' is obtained by matching the trace velocities
of the incident and the transmitted signals at a fixed interface. This 'modified
form' was reported by Cotaras and Blackstock (1987). The second 'modified
form' is obtained by examining the variation of the pressure along the moving
interface and was suggested by Naze Tjotta and Tjotta (1988). While different
from each other, both forms appear to be correct to second-order. However, in
deriving the 'modified forms,' it is assumed that simple wave flow exists in both
fluids. We are now, however, in a position to quantify the simple wave flow
approximation. Using the results of the previous chapter, we develop the 0(f)
and 0( 2 ) conditions for simple wave flow to exist in both fluids simultaneously.
These conditions are then imposed on 'modified forms.'

This chapter is divided into two sections as follows. In the first section,
conditions for simple wave flow in fluids I and II are developed. The 0(c) and
0( 2 ) conditions for simple wave flow in fluid I are obtained by determining the
conditions for no O(c) and 0( 2 ) reflections. We then examine the conditions
required for simple wave flow to exist simultaneously in fluid II. Developed in
the econd section of this chapter are the two different 'modified forms' of Snell's
law. It turns out that, to 0( 2 ), the two methods result in equivalent expressions:
ordinary Snell's law and one of the conditions for simple wave flow, which is
assumed in their derivation. The 'modified forms' are, therefore, equivalent to
ordinary Snell's law.

80
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6-2 Conditions for 0(c) and 0( 2 ) Simple Wave Flow

Simple Wave Flow in Fluid I

In this section, the results of the previous chapter are used to determine
the 0(c) and 0( 2 ) conditions for simple wave flow in fluid I. This is done by
determining the 0(c) and 0( 2 ) conditions for no reflections. The condition for
no 0(E) reflection was noted in the previous chapter [see Eq. (5.70)] and was
given the name intromission. Thus, all that remains to be done is to determine
the 0( 2 ) condition for no reflection. Our procedure is straightforward: First,
the 0(c) condition is imposed on the 0( 2 ) general solution for fluid I from the
previous chapter. The 0( 2 ) condition for simple wave flow in fluid I is then
determined by forcing the 0( 2 ) reflection to vanish.

To impose the 0(c) condition, first recall that the 0( 2 ) general solution
for fluid I is divided into two parts, a particular solution and a homogeneous
solution. At intromission the 0(,) reflection is by definition zero, and, accord-
ingly, the terms in the 0( 2 ) particular solution for fluid I that correspond to
the interaction of the incident and reflected waves and to the self-action of the
reflected wave vanish. The 0( 2 ) condition for simple wave flow in fluid I is thus
determined solely by forcing the 0(c2) homogeneous solution for fluid I to vanish.

Imposing the 0(c) condition (R = 0) on the terms that make up the
0( 2 ) homogeneous solution for fluid I [the terms A through G which arc given
in Eqs. (5.105)-(5.113)], we obtain the following:

a,.,.g = 2e 0) c 1 f "I (0 ) (6.1)
2(co')2 c' 0 M at z=O

xAx P= /1Cos 0i' P n /,2) x sin Oinc 0 / ) 2

2(c,')2 C1 CIO t a t) z=O

DAxg (6.2

0x

1 5(g0n 0ca (6.4)

Sc' n x -/ sin oinc a 21
Ir 2(4o)2 (1 i'n) CI Tt a52-)

- ( ~ I g(;. 5)
('os 0 r 0.r
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D = 2(4)2 1- t (1)

CIOs - B  (6.6)

E (4)t2 s [2' 9 M (J -n i (1) 1 , (6.7)() 2  c° In 0 c  1 M )1 at 2  o

C
2 

0inc Q2 o-incI

F Cos i9iin (c
( (2 at,) 1= (6.8)

0F -( C 2 - iI ~ tan C . 2

G (0 )2 n a , (6.9)

Note that G, the term that accounts for the variation of the normal, is zero for
normal incidence. (The condition for intromission at normal incidence is m = n.)
For all other angles, however, m must be unity for G to be zero. However, if m
is unity, then the O(c) condition [see Eq. (5.70)] in combination with Snell's law
indicates that it is unity also, that is, n = m = 1. If both m and n are unity, then
E, F, and G, which together account for all interface motion, are zero. Note that
even with n and m equal to unity, the term Ag is not zero unless #1 = 31.

We now determine the form of the 0(c2) homogeneous solution given
that R = 0. Using Eqs. (6.2) and (6.5) in Eqs. (5.148) and (5.149), we see that
for the special case of R = 0

(2)alz= 0 , (6.10)

1o t rans n sin o nc

(2) a =o = m 2 co, A- (6 .1 1)

Note that (ns, the part of the homogeneous solution for fluid II that has am-
plitude variation along its wavefront, is zero in the case of normal incidence. For
oblique incidence, Dlis zero only if Areg is zero. Use of Eqs. (6.6), (6.10), and
((.11) in Eqs. (5.154) and (5.155) leads to

f )r a 2 i n c \Fo) - 2 Cos°c 1+ tan2- Ar + E ++GI+2 (6. t2)

aIi(l ad ( tan01

(2)b OP(2) o 1 _1 + )- Areg
L-o ?1 Ot 2cosOilc m  M2

c 1 F2 0 (2B + E + G) - - . (G.13)2 cos 0 i1n€ 7n 21nt
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Equations (6.10) and (6.12) are the two terms that make up the 0(f 2 ) homoge-
neous solution for fluid I. Since Eq. (6.10) shows that 4 refl is already zero, the

O(E2) ~(2)a yf
0(E 2) conditions for simple wave flow in fluid I may be obtained by forcing 'I)-
to be zero.

An examination of Eqs. (6.1), (6.7), (6.8), and (6.9) indicates that for
(D)(fl to be zero, the coefficients of ((4Ipinc/i9t)2 and c4bl9 24#i( c/Dt2 mt, t he zero.

(2)b and(1) (1) -b eo

Setting the coefficient of n 921pinc/&t2 equal to zero yields the O(c) condition
for intromission, which was previously assumed. No new conditions are therefore
required to force the coefficient of 4) @(2 )4j/4t2 to be zero. On the other hand,

forcing the coefficient of (, D inc/(dt)2 to be zero leads to the following condition:

S- +sin2Oinc =0 (6.14)

Note that at normal incidence, Eq. (6.14) reduces to (with m = n)

1 f ) = 0 (6.15)

Equation (6.15) indicates that for no O(E2 ) reflection at normal incidence, the
jump in the quantity /3/co must be zero. For oblique incidence the condition is,
however, more complicated. The angle dependence in Eq (6.14) may be removed
using the 0(c) condition [see Eq. (5.71)], and we thereby obtain the following
form of the condition for no 0(E2 ) reflection:

/I( /n 2) r (n 2 _ 1)(n 2 - m 2 )
-+ = 02 ( I M n2(M -+ 1)(M 2 - 1)

Thus, for oblique incidence, simple wave flow exists in fluid I if the
properties of the fluid pair are such that both the O() and 0(f 2 ) conditions for
no reflections [Eqs. (5.71) and (6.16), respectively] are met simultaneously. For
normal incidence, the number of conditions for simple wave flow is the same-
two, but the conditions themselves are simplier in form. The O(() corlditiorl for
no reflection at normal incidence is obtained from Eq. (5.70),

poco = 0 - (6.17)

The 0((') condition for no reflection at normal incidence is Eq. (6.15).
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Simple Wave Flow in Fluids I and II

We now examine the conditions for simple wave flow to exist simulta-
neously in fluids I and II. We start by considering what restriction the simple
wave flow assumption places on the relationship between the temporal and spa-
tial derivatives of an acoustic field variable. The restriction is central to many
relations that are derived assuming simple wave flow.

As an example, we develop the nonlinear impedance relation for the
special case of outgoing simple waves. Our starting point is the second-order
form of the momentum equation, Eq. (2.88). If simple wave flow in a lossless
fluid is assumed, Eq. (2.88) simplifies to

P0-+Vp'=0 (6.18)
at

If the acoustic field consists of simple outgoing waves, the time and space deriva-
tives of the pressure are related by

n Op'
p co=( - a(6.19)

where n is the direction of propagation. [Recall that the propagation speed of a
finite-amplitude wave is co + fl(n .u).] Substituting the foregoing in Eq. (6.18),
integrating, and noting that the integration constant must be zero in order to
satisfy quiet conditions leads to

p' Po (co + ("u)) (n .u) (6.20)

Equation (6.20) is the second-order form of the impedance relation and is valid
for simple outgoing waves of finite amplitude.

Equation (6.19) indicates that, under the simple wave flow assumption,
the temporiIl and spatial derivatives are simply related; moreover, the gradientt
of the pressure is parallel to the direction of propagation. The particle motion is,
accordingly, restricted to being parallel to the direction of propagation.

To obtain a condition for simple wave flow in fluid II, we examine the
gradient of the O(:) and 0(.2) pressures in fluid II and demand that they be
parallel to tlie direction of propagation. The gradient of the O(c) pressure in
fluid II is obtained by taking the gradient of Eq. (5.27). Noting Eq. (5.50), we
find that. to O((), the gradient of the pressure is parallel to the direction of
propagation. Thus no additional conditions are required to assume simple wave
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flow exists in fluid II to O(E). The situation is more complicated at 0( 2 ). The
0(f 2 ) pressure in fluid II is given by Eq. (5.28). The second term on the right-
hand side of Eq. (5.28) is a quadratic form of the O(E) solution, and the gradient
of this term is, accordingly, parallel to the direction of propagation. The first term
on the right-hand side of Eq. (5.28) may be divided into two parts: a particular
solution and a homogeneous solution. From Eq. (5.86) we see that the fluid II
particular solution is also a quadratic form of the O(E) solution, the gradient
of which is parallel to the direction of propagation. The fluid II homogeneous
solution is given by Eq. (5.118). By inspection we see that for the gradient of
0(2)h to be parallel to the direction of propagation, must be zero. We noted-(2)a utb er.W oe

earlier that, for the special case of R = 0, , is zero for normal incidence, but
for oblique incidence, CI") is zero only if Areg is zero. Furthermore, Areg is zero
only if

1 n2) = 0 (6.21)

Since Eq. (6.21) is the same as the normal incidence condition for 0(f 2 )
simple wave flow in fluid I [Eq. (6.15)], no additional conditions are required
for 0(( 2) simple wave flow to exist simultaneously in fluids I and II at normal
incidence. For oblique incidence, however, Eq. (6.21) represents an additional
condition. Thus, for O(E2 ) simple wave flow to exist simultaneously in both fluids
I and II at oblique incidence, the conditions expressed in Eqs. (5.71), (6.11), and
(6.21) must be met simultaneously, The only way all three conditions may be
satisfied simultaneously is if the static densities, the small-signal sound specds,
and the coefficients of nonlinearity are matched,

PO=p PO6.22)
C=Co , ,6.23)

0I 1 ilI (6.24)

6-3 Modified Forms of Snell's Law

In this section, two 'modified forms' of Snell's law are developed. 'lie
first is obtained by matching the trace velocities of the incident and transmitted
signals at the interface, while assuming that the interface is stationary. The
second 'modified form' of Snell's law is obtained by examining the variation of
the pressure along the moving interface. The O(c) and 0(2) results of the two
methods are found to be equivalent. Moreover, when the conditions for simple
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wave flow, which is assumed in their derivation, are imposed on the 'modified
forms', they reduce to ordinary Snell's law.

Trace velocity matching'

This section progresses as follows: First, ordinary Snell's law is derived
by matching the trace velocities of small-signal waves. Thein, a 'modified form' of
Snell's law is developed by matching the trace velocities of finite amplitude waves
at the interface. Simple wave flow is assumed on the fluid I side, and the interface
is assumed stationary. The 0(c) and 0( 2 ) approximations of the 'modified form'
are then developed.

The method of matching the trace velocities of thie incident anl trans-
mitted signals is first demonstrated by deriving Snell's law for small-signal waves.
Shown in Fig. 6.1 is a plane wave obliquely incident on a plane interface. First,
consider fluid I. We follow the progress of a single typical wavelet of the incident
wave, in this case, a peak. At time t = 0, the wavefront for this wavelet is AA'. At
a time At later, the wavefront has moved a distance cb0At to position BB'. The
incremet the wavelet has moved along the interface, that is, the trace distance
Ax is

eA0At

AXAB sin 0"' (6.25)

Note that co/sin 0"' is the trace velocity of the wavelet along the interface. Next
con sider fluid II. The wavelet of the transmitted wave at time t = 0 is represented
by the wavefront AA" and, at a time At later, by BB". The distance along the
ray is c(Y'At and the trace distance is given by

4'At
AB 3Win trans

Thus, the trace velocity is c4i/sin0G"l " . Combining the two equations leads to
Snill's law,

Co _ Co
sin 0i" sin 0tr fls (6.27)

It. appears that Siiells law is simply a kinematic condition that requires the trace
velciti's to he the same for both the incident and transmitted waves. (Note

'l' traco v ocity matching technique and he resulting 'modified form' of Snell's law wre
Ipr,' iiiel ;t. thI 1 rttli en Ing of I lh Acoustical Society of America (Cotaraus and Blackstock
19s7).
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that the tr&..e velocity matching method may also be used to obtain the law of
specular reflection.)

The trace velocity matching technique is now used for finite-amplitude
waves. Recall that the propagation velocity of a simple outgoing wave of finite
amplitude is c6 + 01(n -u)-not just the small-signal sound speed cI . Consider
Fig. 6.2. By invoking the same geometrical argument used for small-signal waves,
we obtain the following 'modified form' of Snell's law for finite amplitude waves,

sin Oil" sin 0tra'n
C + tas

1(ninc .Uinc) 4+ 3I1(ntrans o1n tran
s)

Note, however, that simple wave motion was assumed in fluid I and that the
motion of the interface was neglected.

The 0(E) and 0( 2 ) forms of the 'modified form' of Snell's law are now
developed. We first expand Eq. (6.28) using the techniques developed in Chapter
5, specifically, Eqs. (5.11)-(5.13). Using Eqs. (5.12) and (5.13) in Eq. (6.28), then
binomially expanding the denominators and retaining only the leading and next
higher-order terms leads to

sin oinc ±(n(nc . i sin Otrans trans . trans
cmi - E ln) = (61.-9

Equiating the leading-order terms in Eq. (6.29) yields the following 0(f) form of
tlie 'modified form' of Snell's law:

sin 0in, sin 0t""

This is merely the ordinary form of Snell's law. It was noted in the previous
chapter that Snell's law is one of the conditions required for the 0(c) solutions
for the wave equation to be valid for all x and all t. Equating the next higher-
order terms of Eq. (6.29) and using Snell's law leads to the O(c'2 ) form of the
"mlodified form' of Snell's law,

) =0(.30)

Iii ol)taiIing Eq. (6.30), we have made use of the following 0(() result, wil iI
was iM turn obtained using the O(c) pressure balance, Eq. (5.35), and tile 0()
iiiilectlaitce relation, p = poCo(n -u):

l ic MC trans trans
uL - u (6.nL1)

- - i I i N I i a n ~ n n flI
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It was noted in the previous section, however, that Eq. (6.30) is a condition for
simple wave flow to exist in fluid II to 0( 2); see Eq. (6.21). Thus, to 0(e2 ), the
'modified form' of Snell's law and the ordinary form are equivalent. That is to
say, the 'modified form' of Snell's law is a trivial non-extension of Snell's law.
The problem with the derivation of the 'modified form' is that the conditions
imposed by the simple wave flow assumption were overlooked.

In summary, it has been shown that, to 0( 2 ), the 'modified form' of
Snell's law that is obtained by matching the trace velocities reduces to ordinary
Snell's law when the conditions of the simple wave flow are imposed on it.

Variation of pressure along the interface 2

In this section, another 'modified form' of Snell's law is derived-this one
by examining the variation of the pressure along the interface. A Taylor series
expan-ion is then used to obtain O(f) and O( 2) approximation of this 'modified
form' along z = 0. Simple wave flow is, however, again assumed on the fluid I
side, and it turns out that this 'modified form' of Snell's law yields the same O(c)
and 0( 2 ) expressions that were obtained using the trace velocity method.

We first show that the jump in the variation of the pressure along the
interface is zero. A simple way to show this is to describe the interface in a
parametric form using only a length coordinate t and the time t. The pressure
jump at a point i is then written

p'(t, t) - p"(t, t) = 0 (6.32)

Similarly, at a point t + Ae, we may write

Ply + At, t) - p"(P + At, t) = 0 (6.33)

Combining the two previous expressions and dividing by At yields the desired
result,

0-i = ae7 
(6.34)

The variation of the pressure along the interface may also be expressed in terms
of the tangent to the interface T and the gradient of the pressure,

T -Vp = T "V1p" (6.35)

The second 'modified form' of Snell's law may be obtained by applying
Eq. (6.35) along the moving interface. If simple wave flow is assumed on the

2 'his miethod was suggested by Naze Tjotta and Tjotta (1988).
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fluid I side, Eq. (6.19) may be used to obtain an expression for the gradient.
Thus, along the interface, Eq. (6.35) may be written as

sin Oin ' apinC sin i t ems  ap t r a m(

+,31(ninc Uinc) at 4+1/3II(ntrans "Utra ns) at (

where the angles 0in c and 0tr"s are defined relative to the instantaneous normal.
Except for the Dp/Dt terms, Eq. (6.36) is the same as our previous 'modified
form' of Snell's law, Eq. (6.28), which was obtained neglecting interface motion
altogether.

If this 'modified form' of Snell's law is to be compared with the previ-
ous one, the angles must be referred to the +z-axis and the displacement of the
interface must be accounted for. Moreover, the entire expression must be ap-
proximated to 0(,E2 ). This may be accomplished as follows: First, an expression
for the tangent is obtained using the previously derived O(E) expression for the
normal to the interface, Eq. (4.19). Next, an 0( 2 ) expression for the gradient
of the pressure is obtained by expanding Eq. (6.19) and using a Taylor series
expanqion about z = 0. This, of course, assumes simple wave flow on the fluid I
side. The two expressions are then combined to yield the O(E) and 0( 2 ) forms
of Eq. (6.35) about z = 0.

An expression for the tangent may be obtained from our expression for
the normal to the interface N, Eq. (4.19). Since T must be perpendicular to N,
T is given by

T-''(x dt (6.37)

The + sign is chosen.
If simple wave flow is assumed on the fluid I side, Eq. (6.19) may be used

to obtain an expression for the gradient. Expanding the denominator binominally
and accounting for the motion of the interface using a Taylor series expansion
results in the following expression for the gradient of the pressure along z = 0:

P 
in c in

e2  ( ) ,____I tran _ pu7) n+" WDt a ) W 11" dt(nfl ufl) .(6.38)

The expression for the gradient of the pressure in fluid II is similar.
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Using Eqs. (6.37) and (6.38) in Eq. (6.35) and equating equal powers of
c yields the following 0(f) and O(E2) results:

sin O"'c Op', =sin 0tr' n OP(M-(.9
4,,j4 () (6.39)

sin sifl aP,-., sin #12
p,4CP(2) sn " (1) /_trans d

-o at - , 8t9z ('w1) dt
cos 0

'ic Oa ,,j1 ) Owtrans sin 0 inc #I ap inc

- 0 trans apr, sin a 2 ptranssin (2) sin t r  ,/ (I) W"trans d

4' at' toz J W(1) dt
COS tras atras f .trans a  rans
cos__,____J W)i) dt + si 9t(1) (ntrans trans,

xt ax dt iy ( a t (n uis )

(6.40)

Fortunately, the O(c) and O(C2) results given in Eqs. (6.39) and (6.40)
may be simplified. Use of the time derivative of the O(E) pressure balance given
in Eq. (5.35) reduces Eq. (6.40) to Snell's law,

sin On'c sin 0tran

44'
Equation (6.40) may be simplified by noting that, for simple wave flow, the x-
derivative of the 0(f 2) pressure balance, Eq. (5.36), is

sin 0inc 8pi'- sin inc 2 p'sin 0 " , 1, sin M V ) tra nsd-C0 o4t- I"=o 0 o oto 4 T°) Lo,

L atOz Od=0

sin 0tr- aP' ra's sin Otrans a2 transcos sin p(1) tra4 O - 4 at OD 1 (,) ,=o
CSi 9 ran P~ siam atrang 2tas~tai

_cos Organs -"- d..tr
x(1) (1) dt (6.11)( a t ' a r e= 0

Use of Eqs. (6.41), (6.31), and Snell's law reduces Eq. (6.40) to

I -#Hn 2)  0
1 / m =
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This is the same expression obtained using the trace velocity approach, Eq. (6.30).
Thus, the 'modified form' of Snell's law that is obtained by examining

the variation of the pressure along the interface is, to 0(e2), equivalent to that
obtained by matching the trace velocities if the results are referred to z = 0.
Moreover, both 'modified forms' are, to 0( 2 ), equivalent to ordinary Snell's law.
This implies that neglecting the motion of the boundary in the derivation of
the first 'modified form' is not a problem. The problem is the simple wave flow
assumption that is made when deriving both of the modified forms.

6-4 Summary

In this chapter, we examined the conditions for O(e) and 0(e2 ) simple
wave flow in fluid I and fluid II. For oblique incidence, the conditions are that the
static densities, the small-signal sound speeds, and the coefficients of nonlinearity
be matched. For normal incidence it is only required that poco and poco//3 be
matched. Also examined in this chapter are two 'modified forms' of Snell's law.
It was found that the two 'modified forms' were, to 0(e2 ), equivalent and that
they reduce to ordinary Snell's law and one of the conditions for simple wave
flow, which was assumed in their derivation. Thus, to 0(e2 ), they are equivalent
to ordinary Snell's law.



CHAPTER 7

SUMMARY OF RESULTS
AND PROPOSALS FOR FUTURE WORK

7-1 Summary

This dissertation is divided into three parts: In the first part the basic
equations for a homogeneous, thermoviscous fluid with a single relaxation mecia-
nism were examined. The examination led to the following results: (1) Simplified
(correct to second order) forms of the equations for a homogeneous, thermovis-
cous fluid with a single relaxation mechanism were developed. (2) The wave
equation for finite-amplitude wave motion in such a fluid was also developed.
The derivation of this wave equation from first principles has not been presented
previously. The following assumptions were made during the derivation: (1) Tlhe
deviation from equilibrium was assumed to be small, and, accordingly, linear re-
lations between the thermodynamic fluxes and forces were used. (2) The possibil-
ity of a cross-effect between bulk viscosity and relaxation was neglected. (3) The
magnitude of the acoustic signal was assumed to be small, but large enough to
make quadratic nonlinearity terms significant. (4) The magnitude of transport
coefficients was assumed to be small, and (5) the amount of dispersion was also
assumed to be small.

In the second part of the dissertation, the reflection and refraction of the
finite-amplitude sound at an interface between two lossless fluids was analyzed.
The analysis yielded the following results: (1) Expressions that are correct to
second order were derived for the kinematic and force balance boundary coldi-
tions. (2) Expressions for the 0(f) and 0(c2 ) reflected and transmitted fields
were obtained, and specific terms that account for the displacement of the i'ter-
face, the variation of the norinal to the interface, and the 0(c') source conditioli
were identified. (3) It was noted that, to 0(0), no deviation from Snell's Iw
or the law of specular reflection is predicted. None of these expressions hiave
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been previously obtained, and all expressions were obtained for an arbitrary (not
necessarily harmonic) source condition.

The significant results of the third part of this dissertation are as follows:
(1) The requirements for simple wave flow to exist simultaneously in fluids I and
II are that the small-signal sound speeds, the static densities, and the coefficients
of nonlinearity be matched. (2) The two 'modified forms' of Snell's law are, to
O(c2), equivalent. (3) When the conditions of simple wave flow in fluids I and
II are imposed on the 'modified forms' of Snell's law, they reduce to ordinary
Snell's law.

7-2 Future Work

The work presented in this dissertation is much less extensive than the
work that remains to be done. Two ideas for future work on the fundamental
assumptions in the derivation of the basic equations are the following: The first
is to examine the possibility of nonlinear thermodynamic effects. Such effects
occur because the deviation from equilibrium is not small enough to be correctly
predicted by a linear model. For the case of a chemical reaction as the relaxation
mechanism, Prigogine (1961) points out that the deviation from equilibrium is
frequently large enough to require the use of nonlinear relations between the
thermodynamic fluxes and forces. The second idea for future work is to include
the effects of diffusion. Diffusion may be important near the interface of two
fluids. Moreover, the effects of diffusion are known to interact with the effects of
heat conduction; see Prigogine (1961).

Future work on the problem of reflection and refraction of finite-ampli-
tude sound should be oriented towards reducing the idealizations of this work by
performing the two following extensions. (1) The effects of losses in the fluids
should be included in both the wave equations and the boundary conditions.
(2) The effects of finite source size should be included by using results of this
dissertation as one of the components in the spatial Fourier decomposition of
the source. The results of this work may, however, be readily used to analyze
two special cases that are easily realized experimentally, namely, reflections from
a rigid wall (R = 1) and reflections from a pressure release surface (R -1).
In the long term, a numerical implementation of the results would be useful for
computing the transmitted and reflected fields of a given source, both near and
far from the interface. In this way many different source-receiver geometries and
fluid pairs could be examined.



APPENDIX A

THERMODYNAMICS OF RELAXING FLUIDS

A-1 Introduction

It is useful to know the origins of the fundamental thermodynamic rela-
tions that apply to acoustics. The majority of the expressions that are developed
in this appendix are well known for nonrelaxing fluids (see, for example, Van-
Wylen and Sonntag (1976)), but not so well known for relaxing fluids. Good
references on the thermodynamics of relaxing fluids and its application to acous-
tics do, however, exist; see, for example, de Groot and Mazur (1962) and I3hatia
(1967). The interested reader is referred to these references for more details. 'Ihe
purpose of deriving fundamental relations in this appendix is merely complete-
lleSs.

The notation used in this appendix is as follows: Frozen quantities are
denoted by a superscript ', equilibrium values by a superscript 0. '['he reason
for this, which is elaborated in the main text, is that the frozen value i s the
correct value for infinite frequency; the equilibrium values are correct for zero
frequency. '[e notation used to denote the static value of any thermodynamlic
variable is the subscript o. If a fluid does not contain a relaxation inechanisni,
no difference between the frozen and equilibrium states exists. The notation
hised to denote variables in this situation is the same, except the superscripts
are dropped. For example, the static values of the specific heats at constant
pressure and constant volume for a nonrelaxing fluid are denoted .- arid c, 0 .
respectively. All variables in this appendix are dimensional, and, consequeitly.
n)o special notation is required to indicate dimensionalitv.

A--2 Relations from Gibbs Equation

('o,,sidered ill this section are the relations that n ay be obtaild t'roin
(;1i1b1s eliallion. lse of (ihbs equation leads to differential equations fbr t he
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pressure, density, and temperaturc. Relations between derivatives of the temper-
ature and pressure may then be obtained. We start by stating one form of Gibbs
equation,

P
de = Tds + - dp-Adq , (A.1)

where, as in the main text, e is the specific internal energy (energy per unit
mass), T is the absolute temperature, s is the entropy (per unit mass), P is the
total pressure, p is the density, A is the affinity of the relaxation process, and
q is the degree of advancement of the relaxation mechanism. As was pointed
out in the main text, three independent state variables are required for relaxing
fluids. In general, p,s, and q are used as the independent variables in this work.
Accordingly, the differential of the internal energy e may be expressed as follows:

de Oe ds+ Oe dp+ ie dq (A.2)

Sp,q '9 S ,q Ip's

Comparison with Eq. (A.1) reveals that

T Z= & (A.3)
'Os

p P2(A.4)
s,q

and A= & -0e(A.5)

Oq

Cross-differentiation between Eqs. (A.3) and (A.4) reveals that

aT = 1 P2 sI (A.6)

Equations (A.3), (A.4), and (A.6) are valid for constant, or frozen, q.
Equations (A.1) and (A.2) are now examined at equilibrium. At equi-

libriurn, q takes on its equilibrium value q*, and A is equal to zero. Furthermore,
only two independent thermodynamic variables are required. Thus, at equilib-
rium, Eqs. (A.1) and (A.2) simplify to

de -_ Tds + - dp (A.7)

P 2
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and

de at ds +-a do
s pq=q* p s,qq*

('onsequently, the equilibrium definitions of the temperature and presoire iare t!i
samic as the frozen definitions, Eqs. (A.3) and (A..), except the derivati,'CO ;1,'
('Vallat(d at q = q',

T = (\.e

p,q=q*

P- P 2 d . I:.ll

('ross-differentiation between tie two foregoing relations h'a Is to thie' i(il ihi ui,
form of Eq. (A.6),

1' OP | (AA I)

Proceeding as above, more relations may be obtained front tHir CGi1,1
equation expressed in terms of the enthalpy, h = c + L'-,

I
dh = Tds + -dP - A dq (A.L2)

l,;xpressing the enthalpy as a differential quantity in terns of P..s. aid q ylcl .

dh = ds + - dP + Oh Idq
'9S Pq aP8 iq q ,,

Comparison of the above relation with Eq. (A.12) reveals that

0 ,q (P. 3)

OPq

OPh 'A.l I)

A =- --- ~ . (AI 1-,
Oq] p,



99

As with the Gibbs equation expressed in terms of the internal energy, Eqs. (A. 13)
and (A.14) may be evaluated at equilibrium, that is, at q = q*. This leads to

Oh Pqq
T = A (A.16)

and
OP (A.17)

P h - s ,q=q*

A-3 Definitions of Fundamental Thermodynamic Fluid Properties

In this section, some fundamental thermodynamic fluid properties are
defined. First to be defined are the frozen forms of the specific heats at constant
pressure and constant volume, the isothermal and isentropic bulk moduli, and
the coefficient of volume expansion (thermal expansion coefficient). They are,
respectively,

co = hj' = T a-s l , (A. 18)
P,q 07'(A1S

c - -T-
co 0e T as , (A. 19)

U T -M= TT I (:\'(
P 

( \pO

J O P (. (A.21)a ,q

P P (A.22)

The definitions of the equilibrium forms of the above properties, which are de-
noted by the superscript (, are identical, except that the partial derivatives are
evaluated at q = q*. As noted in the introduction, if the fluid does not contain a
relaxation mechanism, the need for the superscript is gone, and it is, therefore,
dropped.

The frozen and equilibrium forms of the ratio of specific heats are

-' -(A.23)
coo
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and
= (A.-21)

-CO.
It can be shown (see, for example, Thompson (1972, p. 63)) that -'- is equal
to the ratio of the squares of the frozen isothermal and isentropic sound speeds,
that is, that

_P =00 OP (A.25)
0P . ,

A similar relation holds for the equilibrium values. This relation is used iti the
Tondimensionalization of an alternative form of the state equation that involves
tlhe tenperature. (See the derivation that precedes Eq. (B.23) on page 110.)

A-4 Thermodynamic Identities

In this section, relations between the thermodynamic fluid properti(s are
(eveloped. The first relation developed is

T(c'a coo)2 coo1)= 1  (A.26)

]':t1141 io (A.26) is used to combine the entropy and state equations (see Eq. (2.95)
on page 28). Our starting point is the temperature expressed as a perfect (if',rI-
enitial,

dT- ds + -I dp + dq
pd = a,q PIS

l)ividing through by ds and applying constant P and q yields

07I'~ =a 01, + aT O p (A.2\)
TS s q TP sq

BY applying Eq. (A.6) and the defining relation of the frozen sound speed,
*J. (2.6(0), to the following identity,

Op Os OP

-(sl~ _p,q 8Pq

liet rearranging and inserting the results into Eq. (A.27), we obtain the followilng:

As coo 0P J
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Application of the definitions of the thermal expansion coefficient and the specific
heats at constant pressure and volume, Eqs. (A.22), (A.18), and (A.19), respec-
tively, leads to the desired result, Eq. (A.26). Use of an identical procedure leads
to the equilibrium counterpart of Eq. (A.26), namely,

For nondimensionalizing the state equation [see the derivation of
Eq. (B.20) on page 109], an expression for 2-, is required. Our starting point

is the expansion of frozen specific heat at constant pressure,

coo Oh I  Os Op PTT - 5OT a
P,q =s Pq9S O P~q

Noting the definitions of the temperature and the thermal expansion coefficient,
Eqs. (A.13) and (A.22), respectively, we see that the above relation becomes

cp' = -pTa'" as (A.29)

Ps

Applying the defining relation of the frozen sound speed, Eq. (2.60), to the fol-
lowing identity,

Os OP OP -1

Op P, s ,q"09 p,q

and then rearranging and inserting the result into Eq. (A.29) leads to the desired
result:

F p(c) 2 a (A.30)=9 coo
p,q P

The equilibrium counterpart to Eq. (A.30) is

O p(co)o2aT

09 coP ( .
p,q=q* -

For nondimensionalizing an alternative form of the state equation. an
expression for 2L is required. (See the derivation that precedes Eq. (B.23) on

page 10.) The following identity is our starting point:

OP T p -- 1

0 p,q - 1,q OP T,q
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Using the definition of the thermal expansion coefficient, EPq. (A.22), andl notinig
that the ratio of specific heats is equal to the ratio of the Isothermal and iseltr-Opic

bulk moduli, Eq. (A.25), we readily see that

OP _pap(C~) (A.32)

1p.q - ' 1

The equilibrium counterpart to Eq. (A.32) is

iOP pa O(CO)
2

p,q=q* (.3

A-5 Epilogue

fin this appendix, the fundamental relations from thermnodvitan tics t hat
MVe ('01111011Voii sedl inl acoustics have been defined (or (lerived as need be) for
fluids Nvith a single relaxation mechanism.



APPENDIX B

ANALYSIS OF THE NONDIMENSIONAL FORMS OF THE
BASIC EQUATIONS FOR A HOMOGENEOUS,

THERMOVISCOUS FLUID

B-1 Introduction

Developed in this appendix are nondimensional forms of the contiMiu-
ity, momentum, state, and entropy equations that are valid for a homogencotis,
thermoviscous fluid that is initially both quiet and irrotational. When nondininl-
sionalizing, it is assumed that the signal is in free space, far from any boundaries.
Also developed in this appendix are estimates of the magnitude of the nondimen-
sional coefficients in the equations. Moreover, estimates of the nondimensional
signal strength are obtained. The number of assumptions required for small-signal
acoustics is then examined. It is noted that only one fundamental assumption is
required: That any one of the acoustic field variables be small. It then follows
that the others are also small. Next, the nondimensional vorticity equation is de-
rived, and the effect of the irrotional flow assumption is considered. The notation
used in this appendix differs somewhat from that in the main text because the
analysis is conducted using nondimensional variables. The notation is introduced
as needed.

B-2 Nondimensionalization of the Equations of Motion

Developed in this section are the nondimensional forms of the basic equa-
tions. First, the dimensional forms of the equations and our notation are intro-
duced. Then, time and distance are nondimensionalized such that their deriva-
tives arc equal. Next, the particle velocity and the excess density are nondimen-
sionalized such that the coefficients of the nondimensional continuity equation
are unity. The procedure is repeated for the excess pressure while non(ein(,11-
sionalizing the momentum equation. The procedure is repeated againi for the
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entropy and temperature while nondimensionalizing two different forms of the
state equation. Last, the nondimensional entropy equation is obtained.

The equations of motion

The dimensional forms of the continuity, momentum, entropy, and state
equations for a homogeneous, thermoviscous fluid are1

Dat
0P 9--+ "2 ( + 0 , (1.l)

Di KV + ,B t16 + ' a3 + b , (1.3( O) ( a )"  2! PP ~ ~ ~ O A ( P ) ± ~ s ~ ( ~ ± + B (/Po + ... , (1l 4)

where f is the density, V (- i + j2 + k-) is the gradient operator, fi is the

particle velocity, P is the total pressure, T is the absolute temperature, 4 is tlie
entropy (per unit mass), I is the shear viscosity, UB is the bulk viscosity, K is the
thermal conductivity, DIDi is the material derivative,

D (-) = a(-) (Di - ai+' ')'(.)

and the constants A and B are given by

A - PO 2= pOC (B.6)

Apo ()P.7)

The hat symbilol ^ indicates the dimensional form of a quantity. The static value
of' a qua ntitv, denoted by the su)script 0, does not, however, need a hat, sill(ie
it is inhcrc'ilv dimensional.

As 11 the' iiaini text, the continu ity, nioment.uni, and entropy equations are E'Xls. (I.2),
i5.6), and (19.5), respectively, in the book by Landau and Lifshitz (1959).
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Relationship between the nondimensional time and space derivatives

In this section, time and distance are rendered nondimensional in such a
way that the nondimensional time and space derivatives are equal. It is reasonable
to do this because it is assumed that the signal is far from any boundaries. Thus,
the only dimensions of interest are those associated with the signal.

Time is made dimensionless by dividing by a time that is characteristic
of the signal tch (- for periodic waves, where L is the angular frequency),

it=- . (B.8)
tch

Distance, on the other hand, is nondimensionalized as follows:

Si - I
Xch

where xi is the ith cartesian coordinate and Xch is a characteristic distance. The
characteristic distance is to be chosen such that the coefficients in the classical
wave equation are unity.2 Expressing the classical wave equation in terms of
nondimensional time and space yields

( xch)2 ,2

- 2 = ,

where V is the nondimensional gradient operator. If all the coefficients in the
nondimensional wave equation are to be unity, the characteristic distance must be
related to the characteristic time by the small-signal sound speed co, specifically,

Xch = Cotch

Thus, the definition of the nondimensional distance becomes

xi = (13.9)

Nondiniensionalizing the continuity equation

'he cmit iruit v equation, Eq. (B.1), is now nondimensionalized. As part,
of tlie proce(ure., lie particle velocity and excess density, which appear in the

2lt wa,L pointed out in the main text that the classical wave equation is a good model of

acoust ic Jropagattion for tle important case of small signals in a lossless fluid.
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continuity equation, are also rendered nondimensional. The nondimensional par-
ticle velocity and excess density are defined as follows:

U

Uch

and

P - PO
Pch

where Uch and Pch are the characteristic particle velocity and density. The nondi-
mensional excess density is referred to as the condensation.3 The characteristic
particle velocity and density are to be chosen in such a way that all the coefficients

of the nondimensional continuity equation become unity. Expanding the conti-
nuity equation and expressing it in terms of the nondimensional time, distance,
excess density, and particle velocity yields

O)S Uch Uch Po Uch-s+ - SV.u +co - coh -(V.u ) + - (u.VS) =0
at CO CO Pch C0

If all the coefficients in the above relation are to be unity, then the characteristic
particle velocity and density must be defined as follows:

Uch- C0

Pch PO

Accordingly, the definitions of the nondimensional particle velocity and excess
density become

u= (B..10)
CO

and

$= P-Po (B.11)
PO

Thus, the nondimensional continuity equation becomes

Os
- +V.[(S+1)uI= .

(13.12)

3The symbol S has been chosen to denote the condensation rather than the more coinnonlv
ujsed s because, iii both the main text and this appendix, s is used to denote the specific entropy.
Moreover, the condensation is not used outside this appendix.
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Nondimensionalizing the momentum equation

The momentum equation, Eq. (B.2), is now rendered dimensionless.
Only one new variable, the pressure, is introduced in the momentum equation.
The pressure is nondimensionalized such that the coefficients of the nondimen-
sional form of the lossless momentum equation become unity. The viscous loss
terms in the momentum equation are ignored in this procedure because losses are
assumed to be of secondary importance to propagation.

The momentum equation is first rearranged using the following vector
identities (Gradshteyn and Ryzhik 1980, Eq. 10.31.7):

(u.V)ei = (Vxii)xe+ !'v ,

t 26 = t(t.j)- _ t X (t X f)

Inserting the identities into the momentum equation, Eq. (B.2), and using the
definition of the vorticity,

h- tVX , (B.13)

leads to

-(-+ (h xCI)+ +1ti2 + P [V [ (' .fi) -(t ] X (B.14)

The viscosity number V, which is defined in Eq. (2.82), is indicative of the relative
importance of the bulk viscosity to the shear viscosity. In the next section,
estimates of the magnitude of the viscosity number and the other nondimellsional
numbers are obtained.

The excess pressure is nondimensionalized using a characteristic pressure
Pch that is to be determined,

P-P0
P - Pch

Introducing the nondimensional time, distance, particle velocity, excess density,
and excess pressure into Eq. (B.14) yields

(S+ 1) -+ -(IXu) +Vu 2 +p---,Vp'=St[(Vx,7)+VV(V.u)]

where St is a dimensionless number called the Stokes number (Truesdell 1953,
Sec. 3),

St = h(13.15)

• • II |h
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(The kinematic vicosity v is defined in Eq. (2.81).) The magnitude of the Stokes
number indicates the importance of viscosity. If the Stokes number is very small
(small viscosity or large characteristic time (low frequency)), then the momentum
equation may be approximated as

Du P h V

Dt pocz

If the coefficients of both terms in the foregoing relation are to be unity, then the
characteristic pressure must be given by

Pch 0C2oo

Thus, the definition of the nondimensional pressure becomes

P-P

Note that poco is the static value of the isentropic bulk modulus.
The nondimensional form of the momentum equation is, accordingly,

(S+1) du+(Xu)+ VU2 + Vp'= St[V V(V-u) -Vx ] (B.17)

Nondimensionalizing the state equation

The state equation, Eq. (B.4), is now nondimensionalized. The only
new variable introduced in the state equation is the entropy. The entropy is
to be nondimensionalized in such a way that the coefficients of the linearized
Taylor series expansion of the state equation are unity. Our starting point is the
definition of the nondimensional entropy,

- S O

s- s , (B.18)
Sch

where sch is the characteristic value of the entropy that is to be determined. Sub-
stituting the above into the linearized state equation noting the defining relation2ield
for I lhe sould speed, c2  j , elds

S+ Sch I o
0
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However, evaluation of Eq. (A.31) from Appendix A at static conditions shows
that

- 0 C PO°

where aP0 and c are, respectively, the thermal expansion coefficient and the spe-
cific heat at constant pressure evaluated at static conditions. Thus, the linearized
state equation becomes

p' = S + Schap, 
CP

O

The coefficient of the linear entropy term is unity if the characteristic entropy is
defined as follows:

Sch -CP
CaPO TO

Thus, the definition of the nondimensional entropy and the nondimensional equa-
tion of state become

s= c O°T ( - so) (.9

Cpo

and

p'A S + S' + 1 B (B.20)

where B/A is a nondimensional number referred to as the parameter of nonlin-
earity (Beyer 1974, p. 99).

Note that for the special case of an ideal gas, the state equation is
=RT, where R is the gas constant. The coefficient of thermal expansion

is, accordingly, 11p = (B.21)
T

Thus, for tbh special case of an ideal gas, it is seen that ap0 To = 1 and Sch = CPO

Nondimensionalizing an alternative state equation

Before nondimensionalizing the entropy equation, an alternative form of
the state equation is nondimensionalized,

P = P(,)
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The reason for nondimensionalizing this equation before the entropy equation is
that it motivates the nondimensionalization of the temperature. The nondimen-
sional temperature is defined as follows:

T-T 0

Tch

where Tch is a characteristic temperature that is to be determined such that the
coefficients in the linearized Taylor series expansion of the alternative state equa-
tion are unity. Inserting the nondimensional temperature into the aforementioned
equation and then rearranging yields

P'=1(p S + TAo4

But, evaluating Eqs. (A.32) and (A.25) from Appendix A at static conditions
and inserting them into the above leads to

^tp' = S + ap0 Th T'

The coefficient of T' becomes unity if the characteristic temperature is defined as
follows:

op
o

Thus, the definition of the nondimensional temperature and the nondimensional
form of the linearized alternate state equation become

T = apo(T - To) (B.22)

and
P'=S + T' (B.23)

Nondimensionalizing the entropy equation

The entropy equation, Eq. (B.3), is now nondimensionalized. No new
variables arc introduced in the entropy equation, and the nondimensional form
of the entropy equation may, therefore, be obtained directly,

Ds'
( S+ l)('' + T),- V =

r, [P I(v., 2 g. , ,X H
(1.2,1)
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where Pr is the Prandtl number, which is defined in Eq. (2.98). The Prandtl
number is an indicator of the relative importance of viscosity to heat conduction.
Note that the coefficient cpoC2/cPO is also a nondimensional number.

B-3 Estimates of the Magnitude of the Nondimensional Coefficients
and Signal

Estimates of the magnitude of the nondimensional coefficients in the
basic equations are important for the ranking of terms. Estimates of the following
nondimensional numbers are, therefore, obtained: (1) the Stokes number, (2) the
Prandt] number, (3) the viscosity number, and (4) die nondimensional coefficient

PO co/cpo. Also examined is the magnitude of the nondimensional signal by way
of the nondimensional particle velocity.

The nondimensional number that indicates the effects of viscosity is the
Stokes number, which is defined in Eq. (B.15). The Stokes number is proportional
to the frequency and has the range 0 < St < oo. Its value is, therefore, estimated
for a relatively high frequency, 1 MHz. Estimates of Stokes number for water
and air at 20'C and 1 atm are 2.9 x 10- 6 and 8.0 x 10- ', respectively." It is
apparent that, for this temperature, pressure, and frequency, air is more viscous
than water. Estimates of the Stokes number at 1 MHz for a variety of other fluids
are listed by Truesdell (1953, Table 3.1).

The nondimensional number that indicates the relative importance of
viscosity to heat conduction is the Prandtl number, which is defined in Eq. (2.98).
From its definition it is clear that the Prandtl number has the range 0 < Pr < 00.
Estimates of the Prandtl number cited by Truesdell (1953, Table 3.1) indicate it. is
close to unity for many gases, but generally larger for liquids. In fact, for glycerin,
Truesdell cites a Prandtl number of 1000. The AIP Handbook (1977, p. 2-263)
cites the Prandtl number for air at 20'C and 1 atm as 0.71. In water for similar
conditions, the Prandtl number is about 7.0.' Thus, in air at this temperature
and pressure, heat conduction is a slightly more important loss mechanism than

4The estimate for water is based on density and sound speed data taken from Kinsler et
al. (1982, p. 462) and on shear viscosity data from the CRC Handbook (1984, p. F-37): pa =
998 kg/ni 3 , co = 1481 m/s, p = 1.002 centipoises (100 centipoises = 1 poise = 0.1 Pa s).
The estimate for air is based on the following data taken from Kinsler et al. (1982, p. 463):
po = 1.21 kg/m 3 , co = 343 m/s, p = 0.0000181 Pa s.

5This value is based on shear viscosity and specific heat at constant pressure (ata from
the CRC Handbook (1984, p. F-37 and D-175) and on coefficient of thermal conduc(ihII data
from the AlP Handbook (1972, p. 4-151): p = 1.002 centipoises, cp = 4.2 x 10' J/kg°C, and

K= 0.6 W/m*K.
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viscosity, whereas in water, heat conduction apparently plays a minor role in
attenuation.

Another nondimensional number indicative of loss mechanisms is the
viscosity number, which is defined in Eq. (2.82). The viscosity number indicates
the relative importance of bulk viscosity to shear viscosity. The range of tile
viscosity number is V < o. Truesdell cites the viscosity number for air at
standard temperature and pressure as 1.9 and for water at 15 C and I atm as
-4.,1. Clearly, bulk viscosity plays a more significant role in water than in air.

A nondimensional number that arose in the entropy equation is o0c 2/CPO.

Note that for the special case of an ideal gas, the following relations ho(1:
CO- 1), ap0 = l/To, and cog = 7RTo. Thus, we see that

Since the value of -y for ideal gases lies in the range 1 < -1 < 5/3, the range of
poC0 /cPo for an ideal gas is 0 < aoCo/co < 2/3. For air at 20°C and 1 atm, -y

is about 1.4. and the value of a c /cP, in air is therefore about 0.4. The value
of aP~c,/c0 in water at 20'C and I atm is approximately 0.11.6

The acoustic Mach number is a nondimensional number that indicates
the riagnitude of the signal. The acoustic Mach number is used to help estimate
the magnitude of the terms in the basic equations. It is defined as the ratio of
the magnitude of the peak particle velocity to the small-signal sound speed,

M pek (13.25)
Co

which, in terms of the nondimensional particle velocity, is just luakl. The value
of Al for sound levels typical of a normal conversion is approximately 1.4 x 10- 7,

whereas 3 ni from an operating jet engine, M is approximately 1.4 X 10- 3 . By
definition, the acoustic Mach number is independent of frequency.'

'1This valu, is based on the previously cited data for the sound speed and specific heat at
,'onstaut pressure as well as thermal expansion coefficient data from the CRC Handbook (198.t,
I FI .1): op 0o= 206 x 10- 6 /oK.

7The valuts cited are based oil the values of 60 dB and 140 dB re 20 pPa, respectively, that
are cited hy Pierce (1981, p. 62).
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B-4 The Number of Assumptions Required for Small-Signal Acous-
tics

From the signal magnitude estimates above, it is clear that for 'nornial'

acoustics, the acoustic Mach number is a very small number indeed. It fact,
it is small even in the case of very loud sounds. The magnitude of the other
nondimensional field variables in the basic equations, namely S, p', T', and .s'.
is now examined for the case of small Mach number, M < 1. It turns out
if the acoustic Mach number is small, then the acoustic field variables are of
order Al or of higher order. Note that this result implies that the number of
assumptions required for small-signal acoustics is one, namely, that any one of
the field variables be small.

We start by examining the nondimensional continuity equation,
Eq. (B. 12), with the expectation of obtaining an estimate of the magnitude of t it(
condensation. The three possible solutions are that (1) SI < M, (2) ISI > A!,
and (3) ISI A !. The expanded form of Eq. (B.12) is

as
+ V.u + SV.u + u.S = 0

Recall that the nondimensional time and space derivatives are equal. An exatni-
nation of the above equation indicates if the particle velocity is of order .11, tien
second term is of order Al, and the third and fourth terms are of order IS1.11.
The first term is of order ISI. Of the three possible solutions, the only one that
balances the equation is the third. In conclusion, it is noted that if A! < I, t lien
S < 1 also. It is further noted that if M K< 1, S is of order Al.

A similar analysis of the momentum equation, Eq. (B.17), is now COi-

ducted, and the magnitude of the nondimensional pressure is determined. First
note that the definition of the vorticity, Eq. (B.13), indicates that if Al < 1, t le
the magnitude of the vorticity is also very small, 1021 K< 1. (It turns out, as is
seen later, that the vorticity is actually quite a bit smaller than Al.) Also rccall
that the Stokes number is generally a small number. Ignoring the terms hit itar'

products of siall quantities sim1)lifies Eq. (B.17),

audu + Vp' = 0

Recalling that the nondimensional time and space derivatives are equal, it inay
)e seen that if Al < 1, then 11/j < 1 also Thus, p' is of order Al, if l KK 1,

It turns out that initially assuming that arty one of p', u, or S is small
(much less than unity) implies that the other two are also small. Thus, lhe
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number of assumptions required for small-signal acoustics is one, namely, that

one of p', u, or S be assumed small. That the other two are small follows directly.

Estimates of the magnitude of the nondimensional temperature and en-
tropy fluctuations are now obtained. An examination of the alternate state equa-

tion, Eq. (B.23), indicates the nondimensional temperature fluctuation 7" is of

order (-y - I)M. Simplifying the nondimensional entropy equation, Eq. (B.24),

by ignoring products of small quantities leads to

Os' St
Ot - Pr a0T°V2 T'

Thus, ,' is of order L a0T0(-y - 1)m.

In this section, it was noted that if M < 1, then the excess pressure aiid

density are of order Al. Moreover, it was noted that the number of assumptions

required for small-signal acoustics is just one. It was further noted that if M < 1,

then T' and s' are of orders (I - 1)M and L ap0 T0 (-y - 1)M, respectively.

B-5 The Nondimensional Vorticity Equation and the Irrotational

Flow Assumption

The nondimensional form of the vorticity equation is of interest because

it will assist us in understanding the irrotational flow assumption. The nondi-

nuensiotnal vorticity equation is formed by taking the curl of the nondimensional
inonentun equation, Eq. (B.17). This is readily done using index notation such

as that described in the book by Panton (1984, Chap. 3).8 The result is

D 9

D (1.V)u - [(V. u)

1 ( )(K+I 2 (Vp"'XVS)-StV ( [VSxV(V.u)]

St 2 j+ [vSx(vxOn ] )(13.26)

lhis is n equivalent nondimensional form of Eq. (2.46) in the book by Thompson
(1972). The generation and transport of vorticity is now briefly examined. lor a

more complete discussion, the reader is referred to Thompson and the referctces
col1i ai m'd] he'rcill.

'lPanl m (I9,.. E1. 13.3.5) uses index notation to develop the dimensional fo)rm of Ihe

v,,r icily 1qual Oil V111d for incomlressible fluids.
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Consider a lossless fluid. Note that the Stokes number is zero for an
inviscid fluid, and that, in a uniform lossless fluid, the gradient of the entropy is
zero as well. Thus, the term Vp' X VS, which is proportional to Vp'x Vs' (re-
call that IVp'x Vp'I = 0), is zero. Accordingly, the vorticity equation simplifies
to DO- = (9 .V)u - t (V -u)

Note if the vorticity is initially zero, the vorticity is always zero because no
vorticity is generated in the absence of viscosity or entropy gradients.

In the case of a heat-conducting but inviscid fluid, the Stokes number is
still zero, but the gradient of the entropy is nonzero. Equation (B.26) therefore
simplifies, but not quite as much as above,

Dt? - (S.V)u - [2(V.u) -(S± 1)2 (Vp'XVS)

The new term is a vorticity generation term that is nonzero at time zero in the case
of an initially irrotational fluid. Thus, even in the absence of viscosity, vorticity
can develop; it does not, however, diffuse. That requires viscosity and is discussed
below. If the fluid is initially irrotational, the new term generates vorticity at a
rate proportional to Vp'XVs', which, according to our ordering system, is very
small-of the order Lt-a 0 To( - 1)M 2. (It may, in fact, be even smaller because
a cross-product is proportional to the sine of the angle between the vectors.) The
other vorticity generation (or destruction) terms, such as (1.V)u, are of order
M higher than the order of 0." Thus, the vorticity that these terms generate
(or destroy) is also very small. However, our nondimensionalization scheme, and
hence our ordering system, rest on the assumption that the signal is far from
any boundaries. Accordingly, all that may be stated is that the generation of
vorticity in the middle of the fluid is small. Since the entropy gradient is much
sharper at boundaries (due to the presence of the thermal boundary layer, which
has not been discussed), vorticity generation at the boundaries is larger.

In a thermoviscous fluid, all terms in the vorticity equation must be
retained. Now in the case of an initially irrotational fluid, a second vorticity
generation term is nonzero at time zero, St V ( '+) 2 [VSxV(V. u)]. The order
of this term is StVA 2, again, a very small number in the middle of the finid.
Once more it is important to note that near boundaries the gradient terms are
much larger, and vorticity generation is also proportionally larger.

9 Panton (1984, Sec. 13.5) discusses this term at length and points out that it represents the
generation or destruction of vorticity by straining vortex lines.
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Since the production of vorticity in the middle of the fluid is so small in
comparison to that near a boundary, it is of interest to understand the transport
of vorticity from the boundaries into the fluid. To that end the leading-order

terms in the vorticity equation are examined,

02 StV 2

at
Before solving this equation, we place it in dimensional form,

V/ .2 1
! at

Assuming a solution of the form i' AeI( :° i- x) and substituting into the above
leads to

V

where cD is the angular frequency and k is the wave number. The wave number
may be defined as follows:

Cph

where cp5 is the phase velocity and a is the attenuation coefficient that must
be positive for stability reasons. Solving for the attenuation coefficient and the
phase velocity noting that VO = ±(1 + j)/vx2 yields

1 1

Cph 8

where the negative root was chosen so that a is positive and b is defined as

6- V2/

Thus, the assumed solution becomes

h = & e- f /6 ej ' (i - -f/CPh)

Note that the vorticity decays to I/c of its original value in the distance 6.
;stFiiates of the distance 6 for water and air may be obtained using the

viscosit y (at a in footnote 4 on page I 11. At a frequency of I Mllz, 6 is about
5. × 1x- 7 I1 , in water and 2.2 x 10' m in air. Clearly, even on a wavelength
5(dle, t lie distance the vorticity )enetrates is very small.
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In this section, it was noted that the vorticity generation in the middle
of the fluid is very small-of order StVM 2 and that the vorticity generated at
the boundaries, for which no estimates were provided, is restricted to a very thin
layer near the boundary. It is therefore concluded that, away from boundaries,
vorticity may be neglected for acoustic problems in which terms of order StV.112

and higher are neglected.

B-6 Summary

In this appendix, the continuity, momentum, state, and entropy equa-
tions that are valid for a homogenous, thermoviscous fluid were nondimclisioll-
alized. Also obtained were estimates of the magnitude of the nondimensional
coefficients in the equations and of the nondimensional field variables. The ullm-
ber of assumptions required for small-signal acoustics was then analyzed. It was
noted that the number is one, namely, that any one of the excess pressure, parti-
cle velocity, or excess density be small. Futhermore, the nondimensional vorticity
equation was obtained, and it was noted that, away from boundaries, vorticity
may be neglected for acoustic problems in which terms of order StVM' and higher
are neglected.
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