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discrete~event systems. The idea is to define a particular type of sto-
chastic process, called a generalized semi-Markov process, which captures
the essential dynamical structure of a discrete-event system. The paper
also attempts to give a flavor of the qualitative theory and numerical
algorithms that can be obtained as a result of viewing discrete-event

systems as GSMP's,
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1. INTRODUCTION

A fundamental obstacle to the study of discrete—event systems 1is the
lack of a comprehensive framework for the description and analysis of such
systems. In this paper, we attempt to give such a framework,

The idea that we shall pursue here is to define a particular type of
stochastic process, called a generalized semi-Markov process (GSMP), which
captures the essential dynamical structure of a discrete-event system. We
view the GSMP framework both as a precise "language™ for describing
discrete-event systems, and as a mathematical setting within which to
analyze discrete-event processes.

We start, in Section 2, by giving an abstract description of a
discrete-event system. At this level of absgtraction, some of the connec-
tions between continuous variable dynamic systems (CVDS's) and discrete-
event dynamic systems (DEDS's) hecome clear; this discussion is in the
spirit of HO (1987). Section 3 specializes the above abstract framework by
specifying a GSMP as a particular type of event-driven stochastic process.
The GSMP structure is then immediately applied to develop a variance reduc-
tion technique that 18 potentilally applicable to a vast array of discrete-
event simulations.

In Section 4, the GSMP framework is specialized still further, thereby
yielding the class of time-homogeneous GSMP's. These processes can be
analyzed via Markov chain techniques. These Markov chain ideas are then
exploited in order to obtain some qualitative results pertaining to the
"long-run” behavior of discrete-event systems. Section 5 explores the
relationship between continuous-time Markov chains, semi-Markov processes,

and GSMP's.




Section 6 returns to time-homogeneous GSMP's, this time exploring the
qualitative theory from a regenerative process point of view. A new type
of regenerative structure 1s described for discrete-event systems which are
scheduled by “exponentially bounded” distributions. This technique can be
applied to more general GSMP's, with some additional work, but we present
here only the current version. With the aid of regenerative process ideas,
a strong law and central limit theorem for discrete-event systems are
established. In our opinion, these results are typical of what we can
expect to hold for "well-behaved™ discrete-event processes.

Finally, in Section 7, we give a flavor of the computational enhance-
ments to discrete-—event simulations that are possible, by making explicit
use of the GSMP framework. Specifically, likelihood ratio ideas for

importance sampling are briefly described.

2. THE CVDS/DEDS ANALOGY

Suppose that we wish to model the output process (s(t) : t > 0) cor-
responding to a (deterministic) continuous variable dynamic system (CVDS).
Frequently, the approach taken is to try to represent s(t) 1in the form
s(t) = h(x(t)), where =x(t) 1is some suitably chosen characterization of
the "internal state” of the system. Thus, given the output process
(s(t) : 0 s <T), we can extend the output process to the interval
(T, T+h] by computing the internal state x over the interval and setting
s(t) = h(x(t)), T<t T+ h

The typical approach used to model a discrete-event dynamic system

(DEDS) 1is similar in concept. We first recall that DEDS are frequently




used as models of systems having plece-wise constant trajectories. For
example, the trajectory of a queueing system is constant between arrival
and departure epochs of customers. As a consequence, if (S(t) : t > 0) is
the output process corresponding to a discrete-event svstem, it typically
takes the form

(2.1) s(e) = [ s I(Ata) <t < Mat+D)) ,

n=0
where we require that 0 = A(0) < A(l) < ... (I(A) represents an indica-
tor function which is one or zero depending on whether or not A occurs.)
In the representation (2.1), Sn represents the output state at the n'th
transition epoch, and A(n) 1is the instant at which the n'th transition

occurs. Then, A = A(n+l) - A(n) 1s the time between the n'th and

n+l
(n+1)'st transitions of (S(t) : t > 0).

To characterize the dynamics of the output process (S(t) : t > 0}, we
assume the existence of a stochastic sequence X = (Xn :n > 0) which
describes the time-evolution of the internal state of the system. (We
peruit X to be stochastic in order to allow the discrete-event system to
have random behavior.) We require that the (Sn' An)‘s be related to the
internal state sequence X via a mapping of the form (Sn‘ An) =
(hl(xn)’ hz(Xn)). Given the output process (S(t) : 0 t < A(n)), we can
then extend the output process to the interval (A(n), A(n+l)] by first

computing X We then calculate 4 = h(X 1), AM(etl) = A(n) + 4,

nt+l’
and get S(t) = S(A(n)) for A(n) < t < AM(n+l)., We complete the extension




to (A(n), AMnt+l)] by calculating St ) and setting S(A(m+l))

1 = Mg

= 5 This recursive approach to defining (S(t) : t > 0) works,

o+l

provided that the output process is non-explosive (i.e., A(n) *+ @ a.s. as

n > =),

The above discussion shows that both the CVDS and DEDS approaches to
modeling the output of a system are, in principle, solved, once we
characterize the internal state of the system. For a CVDS, perhaps the
most general characterization is to assume that the internal state process

x = (x(t) : t > 0) satisfies a relation of the form
(2.2) x = f(x)

for some mapping f. In other words, for each t > 0, this formulation

requires specifying a mapping £(t,.) for which
(2.3) x(t) = f(t, x(s) : 0L s < =)

must hold. The analogous condition for a DEDS is to require that there
exist a sequence of independent r.v.'s 1n = (ﬂn :n 0) and a map f

such that
(2.4) X= f(X, n) .

This 1is equivalent to requiring the existence of a family of (component)

mappings f such that

w1 ()




(2.5) X = f Ko et 0< R <)

The resemblance between the equations (2.2)-(2.3) and (2.4)-(2.5) should be
clear.

Of course, the non-causal nature of (2.3) creates difficulties both
mathematically and computationally. Furthermore, formulation of a model
for x directly in terms of the mappings (f(t,*) : t > 0) 1is often
unnatural. As a consequence, it is more typical to limit models of the
internal state process x = (x(t) : t > 0) to relations of the form

x'(t) = £f(t, x(s) : 08 <t)

(2.6) s/t

x(0) = Xy »

for some prescribed family of mappings (f(t,*) : t > 0) and initial
condition X (Note that we are now ilmplicitly assuming that the internal
state takes values in Rg.) ihe model (2.6) 1s causally defined in
terms of the infinitesimal characteristics of the system. The “local
specification” that is implicit in asserting that =x satisfies a given
differential equation is generally easier to formulate from a modeling
point of view than the "global specification” fmplicit in (2.3). Note that
the representation (2.6) permits x to be described by differential
equations with delay, as well as certain types of integro-differential
equations.

Of course, the analog to the causal representation (2.6) for a DEDS is
to assume that the internal state sequence X satisfies

(2.7) a/e LT Cat1 Mp K P 0Lk )




In Section 3, we describe a family of discrete-event systems in which X
has the general form given by (2.7).

A limitation of the causal models (2.6) and (2.7) 1is that the mathe-
matical theory available to study such unstructured systems 1s rather
poorly developed. Fortunately, in many applications of CVDS, it is pos-
sible to choose the interual state process x 80 that the dynamics are
described by a differential equation of the form

x'(t) = £(r, x(t))

(2.8) s/t

x(0) = Xq

As we shall indicate shortly, the mathematical theorv pertinent to (2.8) 1is
quite extensive.
The DEDS analog of the representation (2.8) is to require that the

internal state sequence X satlisfy a recursion of the form

£ (X )

X = , N
(2.9) e/t m+l n+l 'n n+l

0 *o *
Such representations can often be obtained for systems satisfying (2.7),
provided that a judicious choice of state space is made. Specifically, it
is often possible to adjoin "supplementary variables” X, to a state
descriptor Xn satisfying (2.7), to obtain a new state sequence
'-
X (Xn’ xn) satisfying (2.9).
The mathematical power of the representation (2.9) is a consequence of

the following easily proved result.




PROPOSITION 1. Suppose that X satisfies (2.9), and that the r.v.'s
{xo, n,tn> 1} are independent. Then, X is a Markov chain (i.e.,

P{Xn+ € ° Ixo, xn} = P(Xnﬂ € * |xn}).

1

A substantial literature on the theory of Markov chains can be applied
to the analysis of DEDS for which the internal state sequence satisfies the
conditions of Proposition 1. Similarly, the vast mathematical theory on
differential equations is directly relevant %o CVDS satisfying the repre-
sentation (2.8). For example, existence theory for the differential
equation (2.8) basically yields conditions under which there exists an
output process (compatible with (2.8)) which can be defined over the entire
semi-infinite interval [0,»). The DEDS counterpart involves deriving
conditions under which (S(t) : t > 0) 1is non-explosive.

Much of the differential equations literature on systems satisfying
(2.8) pertains to systems obeying the stronger condition

x'(t) = f(x(t))

(2.10) s/t
x(0) = x

0 .

This literature tvpically focuses on the large-time behavior of the inter-

nal state process (x(t) : t > 0). This, in turn, is strongly related to

the gtudy of the set {x : f(x) = 0} of equilibrium points for (2.10).
The DEDS counterpart to (2.10) requires a model formulation in which

the internal state sequence X takes the form

X = f(X_, n,,)
(2.11) e/t n+l n o+l
Xo = xo .

The following result is easily demonstrated, and so the proof is omitted.




PROPOSITION 2. Suppose that X satisfies (2.11). In addition, assume
that {nn ta 2> 1} 1s a collection of independent identically distributed
(1.1.4.) r.v.'s, independent of L Then, X 1is a time-homogeneous Markov
chain (i.e., there exists a transition function P(x, A) such that

P{X 41 € ° [Xgo ooy X} = P(X, * D)

As in the CVDS setting, much of the mathematical literature on Markov
chalas of the form (2.11) conceatrates on study of the long-run behavior of
the system. The concept of equilibrium point is now replaced by that of an
invariant probability distribution. A probability distribution n 1is said

to be invariant for the (time-homogeneous) Markov chain X if

(2.12) n(dy) = [ m(dx) P(x, dy)
z

(L 1is the state space of X). In the presence of irreducibility hypothe~
ses on X, the existence of an invariant probability distributfon =
typically implies that for each (measurable) subset A of I,

n-1

L]
- I( e A) » ®(A) a.s.
n o X

as n * =, for every possible initial condition <x The analogous CVDS

0
concept is that of (global) stability: there exists X such that
x(t) * X as t > o, for every possible initial condition Xpe See
CODDINGTON and LEVINSON (1955) for further details.

As the above discussion suggests, most of the mathematical theory

pertaining to systems of the form (2.10) and (2.11) is qualitative in

nature. A major computational difference between CVDS and DEDS is that the




numerical determination of equilibrium points is significantly simpler than
that of calculating invariant probability distributions. Nevertheless, it
is our view that the above analogy between CVDS and NEDS 18 useful {in
developing _n understanding of the major theoretical issues arising from

discrete-event systems.

3. GENERALIZED SEMI-MARKOV PROCESSES
Consider a discrete-event system in which the internal state sequence

X has the causal representation (2.7). Then, if F = G(Xo, vees Xn) is
the o-field corresponding to the history of X wup to time n, we find

that

(3.1) P{x € * I.;n} = P( * ;X

n+1 ! LI Y xn)

0!

where the conditional probability appearing on the right-hand side of (3.1)

i1s defined by

(3.2) P(* Xgs woes xn) = p{f . (n

n+1 so ey ‘Kn) € .} .

w1’ *o°
The discrete-event system evolves in time by recursively generating Xn+

1

from the conditional distribution (3.2). Once X is obtained, Sn+

nt+l 1

and An+l can be calculated by using the transformations h, and h,.
0f course, most discrete-event systems of interest have more structure

than that which we've described above. Specifically, discrete-event

systems are typically characterized by two different types of entities,

namely states and events. In a queueing network, the states generally




correspond to queue-length vectors describing the number of customers at
each station of the network., The set of events lists the different ways in
which the queue—-length vector can change as a customer completes service at
one station and moves to the next.

To mathematically describe the dynamics of this type of system, we let
S denote the (finite or countable) set of states and E denote the
(finite or countable) set of events. A state s € S 1is termed a physical
state, in order to distinguish such states from the state space correspond-
ing to the internal state sequence of the discrete-event system. For each
8 €S, let E(s) be a non-empty finite subset of E denoting the set of

events that can trigger transitions out of state s,

EXAMPLE I: To model an open queueing network with d stations and one
clags of customers, we let S = z¥ x 7t x eee x gt (d times). The vector
s = (s8(1), ..., s(d)) € S will then represent the queue-lengths (including
the customer at the server) at each of the d stations. A state transi-
tion occurs via either of the following possibilities: an external arrival
event or a departure event. Thus, E(s) = {({, 1) : 1 < { < d}

v {(1, 2) : 1 <1< d, s(1) > 1}, where (i, 1) corresponds to an external

arrival to station i and (j, 2) denotes a departure from station j.

For each event e € EB(s), we can associate a clock. The reading Cq
on clock e can be viewed as representing (in some rough sense) the amount

of time that has passed since clock e was last activated.

10




EXAMPLE 1 (continued): Suppose that there exists a single server at each
of the d stations; each server works at unit rate. For e = (i, 1), <,
corresponds to the amount of time that has elapsed since the last external
arrival to station 1. For e = (j, 2), <, denotes the amount of time

that has passed since service was initiated on the customer at the server

at station .

The clock readings for event e 1increase at a speed Tee® Thus, the
rate at which co increases may depend on the physical state occupied by

the discrete—event system.

EXAMPLE 1 (continued): If each of the single servers serves at unit
rate, then LI 1 for all s e S, e € E(s8). On the other hand, to model

a server for which the service rate is proportional to the number of cus-

tomers in queue at the station, we would set Te = F

3 * 3(j) for

e =(j, 2.

+ +
We let R_; = {-1} ¥ [0, =) and assume that c_ ¢ R_ We

1
adopt the convention that {f Co = -1, then e 1s currently not active.
(For example, event (j, 2) 1is not active when s(j) = 0.) Thus,
C(s) = {c ¢ Cmil)E teg =l iff e £ E(s)} 1is the set of clock
readings possible in 8 € S.

We now give a rough description of the dynamics of the discrete-event
system. Suppose that at time A(n), the system has just entered state
8 £ S and that the clock reading at that instant is represented by

c € C(8). Each clock e € E(g) will now compete to trigger a transition

out _f state s. The system evolves by first probabilisticaliy generating,

11




for each event e € E(s), a "residual lifetime" r.v. which represents the
amount of time remaining until event e triggers a transition out of state
s. This residual lifetime has a distribution which depends, of course, on
the values of o and LI (It may also depend on the history n in a
more complicated way.) Having generated residual lifetimes for all the
events e € E(s), the trigger event e* is simply the next event to be
scheduled by the DEDS. In other words, the trigger event is the event e
having the minimal residual lifetime. This minimal residual lifetime
therefore yields An+1 (i.e., the time between the n'th and (n+l)'st
transitions).

A new physical state s' is now chosen stochastically; its distribu~
tion typically depends on both the previous state s and the trigger event
e*, The events e £ 0(s'; s; e*) = E(s') - (E(s) - {e*}) have their clock
readings incremented appropriately to refect the speed Tee and the

passage of time A (Clocks e € 0(s'; s, e*) are "old" clocks that

mHl’
continue to run in state s'.) Clearly, the events e £ N(s'; s, e%)
2 E(s') -~ 0(s'; s, e are the "new" clocks, which will satisfy Cortg = 0
at time A(n+l), Thus, we have calculated the physical state and clock
readings at time A(n+l). The process can now be repeated recursively to
obtain the physical state/clock readings at A(ot+2), A(n+3), ... .

We shall now describe the time evolution of the system more pre-
cisely. let I = s:s {s} x [0, ») x C(8). The internal state sequence X

will be assumed to take values in ZI. Specifically, the internal state at

transition n 18 given by Xn = (Sn’ An’ Cn) € L, Thus, the first two

12




components of Xn correspond to the physical state and “holding time" of
the system at the n'th transition. The third component Cn is8 a vector
denoting the state of the clocks at time A(n). Note that the mappings
h;, h, of Section 2 are given by hl(s, t, c) = s, hz(s, t, c) = t.

1f x, € Z, 1 > 0, the vector ;n = (xo, ves, xn) is a possible

*
realization of Xn = (XO, eeesy Xn). We now need to describe the condi-

>

tional probability (3.2) (i.e., P{xn+le . |xn - ;n}) in more detail. To
set the stage, we assume that for all s € S, there exists an event

e € E(s) such that Toe > 0. Thus, in every state, there exists at least
one clock with positive speed. We further let p(s'; ;n’ e) be the

(conditional) probability that S equals s', given that in equals

n+l
;n and the trigger event e:+l at transition n+1 18 e. Also, we
assume the existence of a family F(°; ;n’ e) of probability distribu-
tion functions such that F(O; ;n’ e) = 0. (i.e., F(<; ;n’ e) corre-
sponds to a positive r.v.) The distribution F(°; ;ﬁ, e) helps govern
the "residual life" of clock e, given that ih = ;n' We require that

for each ;n’ there exists at most one clock e such that F(t; ;n’ e)

is not continuous as a function of t. This guarantees that the trigger

event e;+1 will be uniquely defined for each ;n' Set
> »>
Fa(x; X e) = F(ax; X e),a>0,
- > +
Fa(x; X, e) =] - Fa(x; X s e)
> - >
G(dt; x_, e) = F (de; x_, e) I F (t; x , e")
n r n . T . n
8 e e eE(sn) 8 e

e' e

13




(sn is the first component of xn). Note that G(dt; ;n' e) represents
>
* =
the probability, conditional on X that An+1 € dt and ety e. We
can now rigorously define the couditional probability structure of the

internal state sequence X. For A = {g'} x [0, T] x XE (-=, ae], let
et

> -+
(3.3) P{Xm_l e A | X = x }
) p(s'; ;n, ex) 1 I(a,, > -1)
e*sE(sn) e'fE(s"')
. 1 (a, > 0) * ] elay ;n’ e*)
e'sN(s';sn,e*) [0,T)
. a I(ae,_z ce',n +t rsn’e')

e'sO(s';sn,e*)

(cn is the clock reading vector of xn). The product of indicators over
e' ¢ E(s'")(e' € N(s'; 8, e*)) represents the fact that clocks
e £ E(s')(e' € N(s'; 8, e*)) have clock readings of =1(0). The
product of indicator functions over 0(s’'; 8, e*) corresponds to the fact
that the "o0ld” clocks need to be properly incremented to their new values
at A(m+l).

The conditional probability distribution (3.3) asserts that we may
generate X from in in the following way. We first generate inde-~

n+l
pendent r.v.'s Ye n(e 3 E(Sn)) from the conditional distributions
1]

.'
F(*5 X, e). Then, A" min{Ye"_‘/z'sn,e te € E(Sn)} and the trigger
event e;+l is the (unique) event e € E(Sn) which achieves the minimum
>
q LY C 3
for An+l' We then generate sn+l from p(*; Xn, en+l)' Finally, we set
14




Cn+1,e = -] , et E(sn+l) .
= . x
Cn+1,e 0 , € E N(Srﬂ-l’ S en+1) .
= . . *
Cn+1,e Cn,e + An+l rSn,e’ e¢ o(sn+l’ sn' en+l) *

We call a discrete-event system with an internal state sequence X

satisfying (3.3) a (time-inhomogeneous) generalized semi-Markov process.

The term “"time~inhomogeneity” reflects the fact that the "residual 1life”
distributions and state transition probabilities p(s'; ;n’ e) can
depend explicitly on the entire history of X. For example, these proba-
bility distributions may depend explicitly on A(n) (i.e., the time of the
n'th transition); see Section 7 for further details. Furthermore, as we
shall show in Section 5, these processes do indeed extend the notion of
semi-Markov process, thereby justifying use of the term generalized
semi-Markov process. For the remainder of this paper, we will refer to
discrete—~event systems satisfying (3.3) simply as generalized semi-Markov
processes.

We conclude this section with an illustration of how we can exploit
the causal structure of DEDS satisfying (2.7) to obtain improved statisti-
cal efficiency for associated simulations. Specifically, suppose that we

wish to calculate, via simulation, an expectation of the form

a = Ef(XO, ceey Xn)

15




(f : 2 x e*e x T (n+]l times) *» R). The standard approach would first

replicate the r.v. f(Xo, eses Xn) m independent times, and then form the
sample mean of the m observations,

However, an alternative estimator, based on control variates, 18 often

available. Suppose there exists a random d-vector ¥ such that Ex = 0,

Such a vector X 1is known, in the simulation literature, as a control., Then,

C(A) = £(Xg, ovey X)) = Aty

is an unbiased estimator of a for all A € Iﬁ. (We adopt the coavention

that all elements of Bﬁ are written as column vectors). Since A {s
at our disposal, we may choose A to minimize var C(A). The optimal

value of A 1is given by
(3.4) o @ e BBy, el, XD

To implement the method of control variates, we generate m independent
coples of the pair (f(XO, ceey Xn), x). If Km 1s a sample-based esti-
mate for A* we obtain an (asymptotic) improvement over the original esti-
mator by using a sample mean of the C(Xm)'s rather than f(XO, vess Xn)'s.
The basic idea underlying the use of control variates is that we are
"filtering out™ the noise in f(XO, coes X“) due to ¥; this then reduces
the variance of the resulting estimator.

The key to the method of control variates 1s to obtain an easily
calculated control ¥ which is highly correlated with f(XO, vy Xn). It
turns out that the causal structure represented by (2.7) can be used to
easily obtain control variates. Suppose that the conditional distribution
(2.7) has the property that for some real-valued function g, the condi-

tional mean

16




>

~ > >
glx ) = E{g(X ) [X = x}

may be easily calculated. For example, {f the DEDS is a GSMP, the condi-

‘i = ;n} often have simple analytical closed-

tional means E{Cn+ o

l,e
forms.

Let D =g(X) -§X _) f > 1. If Eg’ - f > 0

t o, = alX g(x__, or m>1l. If Eg (Xn) < or n> 0,

it may be easily verified that the r.v,'s Dl’ DZ’ ey Dn are martingale
differences with respect to the sequence of o-fields ((ih :m> 0). Con-
sequently, Dl, ven, Dn are orthogonal mean-zero r.v.'s. Since the Di's
have mean zero, it follows that ¥ = (Dl’ ceny Dn)t is a control. The
orthogonality of the Di's implies that Exxt is a diagonal matrix, Thus,
(3.4) simplifies to

2
* =
(3.5) Ki EDif(XO’ seey Xn)/ED1 ,

provided that Efz(xo, ...,.Xn) {*® and EDi > 0. Hence, an advantage
of the martingale controls described here 1is that Km need estimate only
2n parameters in (3.5), as opposed to (n2 + 3n)/2 in (3.4).

The above discussion shows that the method of control variates is
generally applicable to DEDS in which the internal state sequence is

causally generated. In particular, martingale control variate schemes can

be applied to GSMP's.

17




4., TIME-HOMOGENEOUS GSMP'S

In this section, we examine a class of GSMP's, which also satisfy
(2.11). As shown in Proposition 2, this will guarantee that X is a time-
homogeneous Markov chain.

In many discrete-event systems, the constituent conditional probabil-
ity distributions F(°*; ;n’ e) and p(-; ;n’ e) defining a GSMP

simplify considerably.

EXAMPLE 1 (continued). Suppose that customers are routed through the
queueing network via a substochastic Markovian switching matrix P. Then,
the state transition probabilities p(°; ;n’ e) take the form

p(*; 8. e). This means that the probability distribution of Sn+1 depends
only on the current physical state 8, and the trigger event e. Let 31

denote the 1'th unit vector. The specific form of the state transition

probabilities is given by

1 1f s' =8 + Zi
p(s'; s, (1,1)) =

0 if s'fs+€i

P if 8 +e -e,,8(1)>1
g' =g - e,, >
p(s'; s, (1,2)) = 14 J 1

d >
1- ) p,. If s'=s-&¢e, ,s8(1)>1 .
1] i -
i=1
Suppose that we further assume that the external arrival stream to the
1'th station is a renewal process with continuous inter-arrival distribu-

tion Fi' Also, suppose that each server employs a first-come/first-serve

18




queueing discipline in which the service requirements for the consecutive
customers served at the 1i'th station are i.i.d. with common continuous
distribution Gi'

If e = (i,1), the clock reading cn,e is the amount of time (at the
instant A(n)) that has passed since the last customer arrived externally
to station i. For e = (j,2), the clock reading <:“’e is interpreted as
the amount of service requirement that has been processed on the customer
that is in service at station j at time A(n).

Assume that the service rate of the server at station 1 |is
ry * g(1), so that the rate is proportional to the number of customers in
queue at station 1. Given the above assumptions, the conditional distri-
bution PF(dt; ;n’ e) = F(dt; cn,e’ e) so that the conditional proba-
bility distribution function for clock e depends on the history of X
only through € e For e = (1,1), the exact form of the conditional

*

distribution is given by

F(t; cn,e’ e) = Fi(t + cn,e)/Fi(cn

o)

whereas for e = (j,2),

F(t; C or & = C.(t + cn’e)/aj(cn Q) -

e ] ’

Building on the above example, suppose that we have a GSMP for which
there exists a family of distributions (Fe t e € B) and a family of

state transition probabilities (p(*; s, e) : s € S, e € E(s)) such that

19




(4.1) p(e; ;n’ e) = p(*; 8. e)
and
(4.2) F(t; ;n' e) = Ee(t + cn,e)/ie(cn,e) .

If a GSMP satisfies the additional conditions (4.1)-(4.2), we refer to

the discrete-event system as a time—homogeneous GSMP. Noting that

126 4 e | X

. ;n} can be represented in the form P(xn, *), we see

that the internal state sequence of a time-homogeneous GSMP 1is a time-
homogeneous Markov chain.

The Markov structure of a time—homogeneous GSMP can be fruitfully
exploited to study the long-run behavior of the corresponding discrete-
event systez. The following result shows that the long-run behavior of the
output process (S(t) : t > 0) can be calculated from that of the internal
state sequence X. (In order that Theorem 1 hold, the system need not even

be a GSMP.)

THEOREM 1. let f be a real-valued function. Suppose that

n-1 a.8.
jzo f(Sj) Aj+1 >y

85—

n=-l A a.s.
jz-o §+1 > B

0 -

“—1 S.

) If(sj)lajﬂa_b by
j=0

=N L

where ul, uz, u3 are finite r.v.'s with “2 > 0 a.s. Then,
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1 ft £(S(u))du 3" . /p
A 1'%

as t + &,

The proof of this result {s similar to that of Proposition 2 of GLYNN
and IGLEHART (1988a) and so is omitted.
To examine the long-run behavior of the Markov chain X, we study the

question of existence of invariant probability distributions for X.

THROREM 2. Let X be the Markov chain corresponding to a time-
homogeneous GSMP with the following properties:
1) |s| <=
11) F, 1is continuous with Fe(O) = 0, for all e € E
ii1) LI >0 for all s € S, e € E(8)
iv) Fe(c) <1 for all ee B, c K™

v) For all € > 0, e € E, there exists K such that

Fe(K+c)/§e(c) < € uniformly in c.
Then, X has an invariant probability distribution =.

For the proof, see the appendix. Suppose that Fe(°) has a density

£,(*). Then the hazard rate function he(') is defined via he(t)

- fe(t)/ie(t) (;e(t) =1~ F,(t)). Condition v) is satisfied if

the hazard rate function is bounded below by a positive constant (i.e.,
inf{he(t) :t>0}>0). It is also satisfied by any finite-mean dis-
tribution which is new better than used in expectation (see BARLOW and

PROSCHAN (1975) for a discussion of such dietributions).
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Hypotheses i) and v) of Theorem 2 guarantee that the Markov chain X

spends a large fraction of time in compact subsets of I; this, in turn,
guarantees the type of “"positive recurrence” needed to obtain the existence
of invariant probability measures. The proof also demands that the transi-
tion function of X be continuous in a certain sense; conditions 1{i)-1iv)
yvield the required continuity.

Let Pp(.)(Eu(.)) denote the probability (expectation) on the path

space of X under which X, has distribution p.

0

THEOREM 3. Let X be the Markov chain corresponding to a time-homogene-
ous GSMP with the following properties:
1) s} < =,

11) /] tF(dt) <=, ecE,
(0,=) e

111) For all s, s' € S, E € E(s) with p(s'; s, e) > 0, there

exists e' € N(s8'; s, e) such that Tov o > 0.
1

Then, if X has an invariant probability distribution =, Enlf(so)IA1 < =,

For the proof of Theorem 3, see the appendix. The point of Theorem 3
1s that it gives sufficient conditions for the finiteness of EnA1 and
En|f(80)'A1‘ Such moment conditions are necessary in order to apply the
ergodic theorem. The following result 1is an immediate consequence of
Birkhoff's ergodic theorem and Theorem 1. (We need the continuity of the
F,(*)'s in order to guarantee that P{A1 > ofxo = x} =1 for all x e I,

This ensures that En{AIIJI} > 0 a.s.).
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PROPOSITION 3. Let X be the Markov chain corresponding to a time-
homogeneous GSMP. Suppose that there exists an invariant probability

distribution ® for X such that EnAl { @ and En|f(So)[A1 <=, We

further assume that Fe(') is continuous for all e € E. Then,

t E {f(so)Allaf}

1 n
- f S d > P *Se
T £ (S(u)) du Eﬂ{AllJfT x 2°S

as t * ©, where & 1s the invariant o-field corresponding to X,

Theorems 1 to 3, together with Proposition 3, give conditfons under
which a discrete-event system "settles down” to a steady-state. It should
be emphasized that the results merely assert existence of a steady-state
and say nothing about uniqueness. In particular, under the conditions
given above, it 1is quite possible for the system to have multiple
steady-state distributions. The particular steady-state distribution
governing the discrete-event system then depends on the initial state XO'

Related results on existence of invariant probability measures for
time-homogeneous GSMP's appear in KONIG, MATTHES, and NAWROTZKI (1967),
(1974) and WHITT (1980). The latter paper also gives conditions under
which the invariant probability distribution = 18 continuous in the
state-transition probabilities (s8'; s, e) and distributions
(F, : e € E).

In Section 6, we return to this steady-state theme. The regenerative
machinery used there establishes both existence and uniqueness results (but

under different conditions than those discussed here).
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S. CORTINUOUS-TIME MARKOV CHAINS AND SEMI-MARKOV PROCESSES
Our objective here is to briefly indicate some of the connections
between continuous-time Markov chains, semi-Markov processes, and GSMP's.
Basically, any time-homogeneous GSMP in which all the event distribu-
tions Fe(-) are exponential is a continuous time Markov chain. More

preclisely, consider a time-homogeneous GSMP for which
Fe(dt) = A(e) exp(-A(e)t)dt

(A(e) > 0) for all e € E. Then, the conditional probability distribu-

tions defined by (4.2) take the form
(5.1) F(t; ;n, e) = exp(-A(e)t)

for t > 0, e € ¥, Note that the conditional distribution (5.1) is inde-
pendent of the history in. As a consequence, it 1is clear that the condi-
tional distribution G(dt; ;n’ e) depends on ;n only through 8.

i.e., G(dt; ;n’ e) = G(dt; 8. e). (Recall that in Section 4,

G(dt; ;n’ e) simplified only to the form G(dt; X e).) The specific

form of G(dt; s, e) for s e S, e € E(s), is given by the formula

G(dt; s, e) = p(s, e) G(dt; s)

where




G(dt; s8) = q(s) exp(-q(s)t)dt

q(s) = ] A(e) *r

ecE(s) 8,8

p(s,e) = A(e) * rs’e/q(s) .

Hence, it follows that

> >
= ' =
(5.2) P{S , =" b, ¢ d:lxn x }
> >
= = ' * = =
) P{Sn+1 8 len+1 e, 8 ., €dt, X xn}
eeE(sn)
{ex 5 (X = x}
Plep,) =& By e dE[X = x
= Z p(s'; s , e G(dt; s , e)
ecE(s ) n n
n
= L .
p(s'; sn) G(dt; sn)
where p(s'; s) = Z p(s'; 8, e) v(s, e). It easily follows from

ecE(s)
(5.2) that (Sn :n> 0) 1is a Markov chain on state space S and that the

An's are conditionally independent given (Sn : n> 0), where

P{a ., edtfs_:m> 0} =G(dt; S) .

A well-known characterization of continuous time Markov chains then implies
that (S(t) : t > 0) 1is the (minimal) Markov process corresponding to the

generator Q = (Q(sl, sz) :8), 8¢ 8), where
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Q(sl, sz) - p(sl; sl) q(sl) » 8 $ 8,
Q(sl, 82) = -q(sl) » 8, = 8, o

We have therefore calculated the generator of the continuous-time Markov
chain associated with a time-homogeneous GSMP in which all clocks are
exponential.

Perhaps the most important characteristic of a continuous-time Markov
chain is that its long-run behavior may be easily calculated. Specifi-
cally, if the internal state sequence X has an invariant probability
distribution =, then the "induced” distribution wn(s) = =({s} x [0,=) x
C(8)) can be determined as the probability solution of the system of
linear equations %'R = %%, where R(s, s') = p(s'; s). By contrast,
the full set (2.12) of equations for = typically involves solving an
integral equation.

We turn now to semi-Markov processes. Consider a time-homogeneous
GSMP in which N(s'; s, e) = E(s') for all s', s €S, e € E(s). In this

case, for n> 1, C = 0 for ec¢ E(Sn), so that

n,e

F(dt; in’ e) = Fe(dt) a.8.

for n > 1. As a result, G(dt; in’ e) = G(dt; Sn, e) a.s. for n> 1,

>
. - ®
so that G(dt; Xn, e) P{An+1 € de, e\

history of X only through Sn' Then, for n 2 1,

>
- elxn} depends on the
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(5.3) p{a e dt,

- - s'lin>

S+l
= Z G(dt; S , e) p(s'; s , e)
ec k(S ) n n

= p(s', s.) F(dt; S, 8')

where

-1 -1
G(dt; s, e) = P{r Y € dt} I p{r " ,Y, >t}
s,e e e'EE(S) g,e’ e
e'fe

(Ye has distribution Fe(°))

p(s'; 8) = ]  G(=; s, e) p(s'; s, e)
ecE(s)

F(dt; s, 8') = ! G(de; s, e) p(s'; s, e)/p(s';s) .
»‘_CE(S)
It follows easily from (5.3) that (Sn :n > 0) is a Markov chain on state
space S (having transition probabilities p(s'; s)) and that the A 's

o

are conditionally independent r.v.'s given (Sn : n> 0), where

pa ,, € dtfs : m > 0} = F(d; S,» Si4p) -

n+l ol

By definition, (S(t) : t > 0) 1s therefore a semi-Markov process. As in
the continuous-time Markov chain context, the probability T(s)

= n({s} x [0,#) X C(8)) can be calculated as the solution to a suitable
system of linear equations (see CINLAR (1975)). Thus, the analytical

theory for the steady-state of both continuous-time Markov chains and
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semi-Markov processes is considerably simpler than that encountered for
GSMP's.

We take the view that continuous-time Markov chains and semi-Markov
processes play the same role within the DEDS area that linear systems play
in the development of CVDS. This {s because the full analytical theory of
both areas can only be brought to bear in the specialized settings

mentioned above.

6. REGENERATIVE GSMP'S

We shall now show that an important class of time~homogeneous GSMP's
can be treated as regenerative stochastic processes. Although the results
to be described here are far from the most general possible, they are
intended to give a flavor of what can be expected in general.

We will consider GSMP's in which the distributions Fe(') have
certain special characteristics. Suppose that a distribution F satisfy-
ing F(0) = 0 has a density f such that the assoclated hazard rate
h(t) = £(t)/(1 - F(t)) 1is bounded above and below by finite positive
constants (i.e., inf{h(t) : t > 0} > 0, sup{h(t) : t > 0} < =). The

distribution F 1s then said to be exponentially bounded. (We use this

term because for every exponentially bounded distribution, there exist
positive coanstants Al’ Kz such that exp(—klt)‘ﬁ 1 - F(t) £ exp(-KZt).)
The tail distribution function of a positive r.,v. can be represented

in terms of its hazard rate:
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t
1 - F(t) = exp{- | h(s)ds) .
0

Hence, if F 1is an exponentially bounded distribution with 0 < a < h(t)

(6.1) F(dt) = h(t)(l - F(t)de
> @ exp(-Bt)dt

> 6 ¢ B exp(-Bt)dt

where & = a/B. We will now exploit the above inequality to develop a
regenerative structure for GSMP's,

The idea is that under (6.1), we can write
(6.2) F(dt) = & * B exp(-ft)dt + (1-6) 0o(dt)

where Q(dt) 1is a probability distribution function., Thus, F(dt) is, with
probability &, exponential with parameter f. Hence, with positive prob-
ability, an exponeuntially bounded clock acts like a memoryless exponential
clock. This, in turn, leads to regeneration.

To be more specific, suppose that Fe(') is expomnentially bounded

for all e € E. Let a(e), B(e) be the lower and upper bounds on the
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associated hazard function he('). Then, for each 8 € §, we have the

inequality
= g' x = -
(6.3) P{S1 s', e} = e, A1 € dtlxo (s, t, ¢)}
> e(a)p(s'; s, e) a(s) exp(q(s)t)dt
where

e(s) = } a(e)/B(e)
ecE(s)

P(s'; s, e) = p(s'; s, e) B(e)rs e/qN(s)

as) = | ﬁ(e)r8 .

ecE(s) &

By writing the inequality (6.3) as an equality (in the same fashion as

(6.2) was obtained from (6.1)), we see that if S_ = s, then with probabil-

0

ity €(s), (Sl, A.) 1s independent of Xge This may appear to suggest

1

that the discrete—event system regenerates with probability e€(s) every
time a fixed stated s € § is hit, Unfortunately, this reasoning is

invalid, since (82, Az) may still depend on C Therefore, we need to

Ol
work harder to obtain regeneration.

Assume that the GSMP satisfies:

(6.4) For every e € E, there exists s € S such that e € E(s8) and

~ ~

(6.5) For every s, 8' € S, there exists e, 51, ;1’ veer 8., €

n
such that
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n
p(s,; s, e)r, . 1112 p(sys 8y 1» ei_l)r; -
1-1°%1~1

¢ p(s'; ;ny eﬂ) L S > 0.

s ,e
n’

n

Condition (6.5) may be viewed as an irreducibility hypothesis on the GSMP.

Under assumptions (6.4) and (6.5), there exists, for every s, 8' £ S,

~

a sequence e, S,, €,, see, S_, Zn such that the GSMP moves from s

1’1 n
to s' with positive probability through the intermediate states

~

By eoes 3;, using the successive trigger events e, El, cony S&.

In fact, 1if we set 30, = g, §n+1 = g', and Eb = e, we have the

inequality

(6.6) Pl{s, =8

1 e* A, e dt

17 %10 % g 1 L1 < mHLxy = (s, £, O}

i’
n

2‘130 e(sy) Plsyyps 845 ) alsy) exp(mals e, )de,,, .

In fact, conditions (6.4) and (6.5) allow us to further choose the path so
that each e € E(EO) appears in the set {Eo, ooy 8;}. We make this

choice of path for the following reason. Note that given SO’ evey Sn+1’

et, ces, e;+1, the clock vector C is a function only of CO’

r+l

A The right-hand side of (6.6) shows that with probability

l’ '." A‘*l‘
n a " . B Py [

Hi_o 8(31) p(sn+1, 8> ei), the r.v.'s Al’ ooy B8, may be

taken as independent exponential r.v.'s. Now, with our choice of path, we

can guarantee that for each e € E(sn+l), e € N(gi; Si1» ei—l) for
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= 0 and it follows that C is a

some { (1 < {< ntl). Then, C a+l e

i,e

'
function purely of the r.v.'s A1+1, cesy An+l observed along the path.

Since the Ai's are independent r.v.'s with positive probability, it

follows that Cn+1 is then independent of C0 (with probability

~

t+1° 810 &)

~ n ~ ~, ~ ~ ~
For each s € S, let E€E(s) HI-O e(si) p(8t+1. 8y ei)

and L(s) be the length of the path constructed above (i.e., the number of

Mo €5 B(S

states visited). We've shown that if S, ™ 8» then with probability €(s):

L
1) (Sm+1, Am+i)’ 1 <1< L(s), are independent r.v.'s (Sm+i is the

i'th state on the path constructed for state s, and Am+1 is a

corresponding exponential r.v.), independent of Xm,

2) C is independent of X

m+L(s)
1) and 2) imply that (Xm+L(s)+k : k> 0) is independent of X » 80 that
the sequence ((Sm+L(s)+k’ Am+L(s)+k) t k> 0) 1is then automatically

independent of Xm' Combining this with 1), we conclude that with proba-

bility E(Sm), (s : k > 1) 1s independent of im. Fix a

kS
gtate s € S, We have just shown that there exists a random subsequence
T(1), T(2), ... of hitting times of s for which the "cycles"

{((8,, 8)) : T(n) < § < T(a+1)) : n > 1} are {.i.d. The random subse-

i’
quence of regeneration times is obtained from the original hitting time
sequence by flipping a coin having probability of success €(s). If the
coin flip 1s successful, then the next L(s) (S, A)-tuples are generated
using the algorithm described above. This, in turm, gives rise to the

desired regenerative structure. We have thus established the following

result.
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THEOREM 4. Consider a time-homogeneous GSMP satisfying (6.4) and (6.5),
for which Fe(') is exponentially bounded for all e € E. If there
exists s € S such that Sn = s infinitely often, (S(t) : t > 0) 1is a

regenerative process.

An interesting feature of the above regenerative construction is that

while the r.v.'s (( 4 ) : k>1) are independent of iﬁ, it is

Sk’ “mek

not true that (X : k> 1) is independent of im. Thus, while the

mtk.
output process (S(t) : t > 0) 4is regenerative, the internal state
sequence may not be regenerative. A similar situation arises when we
consider the regenerative structure of a continuous-time Markov chain from
a GSMP viewpoint. It is well known that the consecutive times at which the
chain hits a fixed state constitute regeneration times for the associated
(S, 4) sequence. On the other hand, the full vector Cn of clock read-
ings does not regenerate at such hitting times. In particular, assuming
all speeds are unity, the differences between clock readings are preserved
from one transition of the full clock sequence to the next. This preserva-
tion of memory holds even at transition times to a fixed (physical) state.
Thus, the full clock vector does not typlically regenerate, even when the

GSMP is a continuous~-time Markov chain.

Suppose |S| < ® and fix s' € S. From (6.6), it follows that
(6.7) PIT(s') >L | Xy=(s, t, )} > ¢
for all (s, t, c) € L, where € = min{e(s) : s € S}, L = max{L(s) : s € S},

T(s') = min{n > 1 : S, = s'}. A standard "geometric trials” argument then
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proves that s' {is visited infinitely often, yielding the following

corollary.

COROLLARY 1. Consider a time-homogeneous GSMP satisfying (6.4) and
(6.5), for which Fe(') is exponentially bounded for all e € E. If

{S| < =, then (S(t) : t > 0) 1s a regenerative process.

A regenerataive process is, in some sense, a stochastic process gener-
alization of a sequence of 1.i.d. r.v.'s. As a result, we should expect
behavior similar to that typical of an i{.i.d. sequence; this behavior

includes strong laws and central limit theorems.

THEOREM 5. Consider a time-homogeneous GSMP satisfying (6.4) and (6.5),
for which F_(*) is exponentially bounded for all e ¢ E. If [s| < =,
there exist finite (deterministic) constants r{(f), o(f) such that for

every initial distribution u,

t
L7 g(s(u))du > r(f) P a.s.
t 5 "
1/2,1 ¢
t (? | £(SCu))du - r(£)) => o(£f) N(O,1) P, - weakly
0

as t * =,

The proof of Theorem 5 may be found in the appendix, An important
feature of Theorem 5 is that the steady-state limit constants r(f) and

o(f) are independent of u. (Compare with Proposition 3.) Note also that
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if we view f(S(t)) as the rate at which cost accrues at time t, then the
total cost C(t) of running the GSMP up to tfme t has a distribution

which may be approximated (in distribution) -s
2
c(t) = N(r(f)t, o°(f)t) .

The central limit theorem of Theorem 5 also has important implications for
steady-state simulations of discrete-event systems, since virtually all
steady-state confidence interval methodologies (see Chapter 3 of BRATLEY,
FOX, and SCHRAGE (1987)) are based on such a result.

The main point of this section is that regenerative ideas can be
applied to discrete-event systems. The construction of the associated
regeneration times is typically more complicated than that for simpler
processes, such as continuous—time Markov chains. Whenever regenerative
structure is present, we can expect results similar to Theorem 5. 1In
addition to the regenerativé structure identified here, HAAS and SHEDLER
(1987a),(1987b) have identified regeneration (of a different character) in
a number of other GSMP contexts. Thus, we view the laws of large numbers
and central limit theorems described here as being typical of a large class

of discrete-event systems.

7. LIKELTHOOD RATIOS FOR GSMP'S

Let A< S and suppose that we wish to calculate P{S(A) < t}, where
S(A) = inf{t > 0 : S(t) € A}. Typically, this probability needs to be
numerically calculated; simulation is generally the most popular numerical

approach,
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In many situations, we expect that P{S(A) < t} 1is small. For
example, if A 1is the set of "failed states” of a discrete-event reliabil-

ity system, then P{S(A) < t} will be small if the system is reliable.

Unfortunately, naive simulation is highly inefficient for such problems;
nany replications will be necessary in order for the system to experience a
reasonable number of failures.

A powerful technique that can be used in such situations is importance
sampling. The idea is to simulate the system so as to bias it toward
failure; the estimator must then be altered so as to compensate for the
“"biased dynamics.” The adjustment factor needed is called a 1likelihood
ratio.

Consider a GSMP of the type described in Section 3. The probability
distributions that govern the dynamics of the system are the conditional
distributions p(°*; ;n’ e) and F(+; ;n’ e). Let P(°*) denote the
probability distribution of the internal state sequence X under these
conditional distributions, and let E(*) be the corresponding expectation
operator.

To perform importance sampling, we need to specify the alternative
conditional distributions that will appropriately bias the dynamics of the

system. For ;n’ e, let p(°; x , e) and F(*; ;h, e) be condi-

n
tional distributions having the propeirty that there exist functions

q(*; ;n, e) and f(°; ;n' e) such that
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(7.1) p(*; ;n, e) = q(*; ;n, e) p(e; ;n, e)

(7.2) F(de; x_, ) = £(*; X, & E(dt; X, o) .

Let P(°), E(°) denote the probability distribution and expectation
operator corresponding to the conditional distributions p(-°; ;n’ e) and
F(*; ;n’ e). The following result is a straightforward generalization

of the likelihood ratio ideas in GLYNN and IGLEHART (1988b).

THROREM 6. Consider a GSMP with conditional distributions p(-+; §n’ e),
p(*; In, e), F(dt; in, e), F(dt; in, e) satisfying (7.1)-(7.2).

Let T be a stopping time relative to the internal state sequence X
(f.e., I(T = n) 1s a function of in)’ and let Y = f(XO, ces XT) be

real-valued. Then,
@ - - -]
EuYI(T { =) EMYI(T < )LT

(the equality should be interpreted as: 1if one expectation exists, then

both do and they are equal), where

T

+» >
™ . * . *
Ly 1131 8Oy Xy _yy ep) alSys Xy, o)
and
. > - . > 7 . 5 "“£V/® . - '
glt; X e) f(rs,et’ X e) e'eg(s) F(rs’e.t, X e )/gﬂrs’e,t, x .e ).
e'ge
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Theorem 6§ is the key to importance sampling for GSMP's. Rather than
replicate copies of the r.v. YI(T < =) under P“ to estimate
a = E“YI(T < @), we can replicate coples of YI(T < m)LT under gu to
estimate a, By choosing Rp appropriately, significant improvements in
computational efficiency over conventional simulation can be achieved.

Likelihood ratio ideas can also be applied to parameter optimization
of discrete-event systems. Specifically, likelihood ratio methods can be
used to obtain an efficient means of estimating the gradient of the objec-
tive function via simulation (see GLYNN (1987)). This, in turn, can be
used to develop a simulation-oriented gradient-based algorithm for optimiz-
ing discrete-event processes.

The likelihood ratio methods described here are but two examples of
how the GSMP structure of a discrete—-event system can be used to obtain
computational enhancements to numerical algoritlms for discrete-event

systems.,

8. APPENDIX

Proof of Theorem 2, We first show that X 1s weakly continuous on the
state space L, i.e.,, if X s X E £ and x, > x as n >, then P(xn, *)
=> P(x, *) as n *» @, where => denotes weak convergence. (Recall that

P(x, *) = P{Xn+ e * | Xn = x} 1is the transition function of X.)

1
Let (V(e, ce) : e€ E) be a collection of independent r.v.'s having

marginal distributions specified by
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p{v(e, ce) >t} = Fe(t + ce)/Fe(ce) .

Then, under (4.1) and (4.2), the conditional probability distribution

G(*; ;n’ e) = G(*; X e), where
G(u; (s,t,c), e) = Ef(V(e', ce,) : e' € E(8))

and f(v(e') : e' € E(g)) = I(e'sg%g) v(e')/rs’e,.i u,

R, 0 T O

By conditions 1i) and iii), it is evident that Fe(t+c)/fe(c) is
continuous in ¢ at every ¢t., Hence, (V(e, cé) : e € E)
=> (V(e, ce) : e € E) whenever (cé : e £ E) » (ce : e €eE). Since f
is continuous at (V(e, ce) : et E) (we use ii)-iv) here), it follows
that G(*; x', e) => G(*; x, e) whenever x' * x. Thus, the distributions
of the trigger event e* and A& are (weakly) continuous in x = (s, t, c).
Consequently, the distribution of X1 = (Sl, A, Cl) is (weakly) continuous
in XO = (s, t, ¢), thereby proving the required continuity of X.

The second step involves showing that for every € > 0, there exists a
compact subset I of Z such that P(x, I') > 1 - € uniformly in x € Z.
let r = min{rs,e :8€85, ec E(s)}. Select K, using condition v), so

that fe(rK + c)/?e(c) < €¢/|E| uniformly in e and c. Put

I''={x=(8, tc) € £ : ¢t, ce_ﬁ K, e € E} and observe that
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o

P(x, T) < | P{VWe, ¢ )/r. > K}
~ ecE(s) e s,e

< 1 F R+ e)/F (e) < e
ecE(s)
Let Pn(x, *) be the n-step transition function of X (i.e.,
Pn(x, *) = P{Xn e+ | XO = x}). Then, for some fixed x € I, sget
n-1
un(°) '-% ) Pj(x, ) .
j=0
Observe that p (T) > 1 - ¢ for all n, so that {un :n> 1} is tight.
Prohorov's theorem asserts the existence of a subsequence n' and a
probability ® on I such that b =»> n, A standard argument (see, for

example, KARR (1975)) then uses the weak continuity of X to prove that =

is, in fact, invariant for X.

Proof of Theorem 3. We first note that since |[S) < », f 1is bounded and
it suffices to prove only that EWA1 { ®, By the stationarity of X wunder
1, this is equivalent to showing that E“A2 <=, This will follow if we
can prove that E(AZIXI = x} 1s uniformly bounded in x.

For s, s8', e € E(8), let

M(s'; 8, e) = min v(e', O)/r_, _, »
e'eN(s';s,e) $ e

n(s'; s, e) = EM(s'; s, e) .
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Clearly, m(s'; s, e) < | J t F (dt)/r, where r {s the minimum over
— e€E [0,=) e

the speeds Tt ot of condition 11i). To finish the proof, note that

C = 0 for e € N(S;; Sy, e}) and hence E{AZIX1 = x} < Em(ST; Sg» =})

< ) N Fe(dt)/r.

Proof of Theorem 5. We need to verify the hypotheses of the regenerative
strong law of large numbers and central limit theorem (see SMITH (1955)).
Fix s' € S, and let T be the first m > L(s') such that the next L(s')
states to be visited (after m) form the specified path for s'. (We will
base our regenerations on visits to s',)

Since |S) < =, £ 4s bounded so that it suffices to verify that the

moment

v 2
. E{(iz_’_1 8,)%1xy = x}

is bounded in x. We first note that there exists L such that

sup P{T > LIXO = x} <1
x

(use (6.7)). Since the tail of T is then geometrically dominated, this

implies that E{TPIXO = x] 1s bounded in x, for all P > 0., Now
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i=1
S.E{tz max Ailxo x}
1<i1<
< Ellz{talx = x} Ellz{ max A‘fx = x}
A Py

so we need only show the second factor above is bounded in x. But

T @
E{ ] A“ix =x} = ] e8? 1(v > 1) X, = x}
=y 170 1 1 4 0

«©
) Ellz{Aalx = x} °P1/2{1:>1|X = x} .
- 10 - 0
i=]
Again, since the tail of T 1s geometrically dominated, it suffices to
prove that E{Aifxo = x} 1s bounded in x. But for x = (s, t, ¢c), we

can select e € E(s) so that e > 0. Then,
»
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P

‘ - (1 - 1/8
(1 Fe(ce+rs'et ))de

8
E{Aﬂxo"‘}i{) T=F (c)
e e

o 4 t1/8
® e s,e

- f exp(- J he(u)du)dt
0

C
e

s 1/8
5_{) exp(-a(e) r_ t7'7)de .

since |[S| < =, it is evident that E{Aglxo = x} 1is bounded in x, from

which it follows that E{Aglxo = x} 1is bounded in x.
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