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been used to examine the effect of heterogeneous crustal structures on Lg.
In this teohnique the local seismic wavefield in the real medium is
expressed as a ombination of the modal oiaenfunotion. of a stratified
reference structure. Departures of the seismic properties in the real

medium from those in the reference lead to coupling between the amplitude
coefficients in the modal expansion. The evolution of these modal
weighting functions with horizontal position are described by a coupled
set of ordinary differential equations. This approach provides a

oalculation soheme for studying guided wave propagation over extended
distances, at frequencies of 1 Hz and above. The heterogeneity models
which have been used are two-dimensional and calculations are carried out
for one frequency at a time.

One of the major effects of crustal heterogeneity is to introduce the

possibility of changing the character of the main amplitude peak in the Lg

wavotruin by shifting energy between different group velocity components.
As a result, an effeotive meamre of the energy content of the Lg waves
will be to consider the integrated energy along the trace between group
velocities of 3.6 and 3.3 ks/s. The effects of heterogeneity vary between

different parts of the L9 wave train and can be visualised by using
synthetic seismograms computed with a narrow band response in frequency,
with allowance for interaction between the modes. The representation of

the wavefield in terms of modal contribgtions allows a detailed analysis
in terms of the group velocity components.
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FOOEAH OJELTVES

The aim of this work is to develop techniques which can be used to
describe the propagation of regional seismic phases in three-dimensionally
heterogeneous media, in order to improve the understanding of the nature
of the phases and the way in which'the characteristics of the seismic
source can be modified by propagat ion to the receiver. Such information
will be valuable in assessing the effects of geological structure on the
behaviour of potential discriminants between earthquakes and underground
nuclear explosions.

Most of the regional phases of interest for nuclear discrimination
problems are observed after propagation through considerable distances.
These phases travel through the crust and uppermost mantle, which from a
wide variety of studies are known to be regions of considerable horizontal
variability of properties.

We have therefore set out to find theoretical descriptions of the
propagation of the regional phases which enable us to find general results
on the relative amplitudes of different phases. In addition we have
undertaken a computational study of the interaction of the Lg phase with
specific models of heterogeneity

[CEAHM STATUS AND A

In general, observations of regional seismic phases are made at some
hundreds of kilometres from the source, so that the waves can have made
quite complex interactions with three-dimensional heterogeneity in the
crust and uppermost mantle. The descriptions of the propagation process is
a difficult mathematical task but can be simplified by introducing the
concept of propagation operators (Kennett 1986). This approach allows the
sequence of physical processes from the generation of the seismic waves at
the source to reception at the sensors to be represented as the action of
a set of operators on the up and downgoing waves generated at the source.

Useful approximations in the operator development to concentrate attention
on the dominant modes of propagation can be made by exploiting analogies
with earlier work on stratified media. The particular implementation for
the operators can be adapted to suit the particular nature of the process
being described.

This operator representation has been used to look at the theoretical
characteristics of a variety of potential discriminants between
earthquakes and underground nuclear explosions based on the ratio of P and
S wave amplitudes.

A full description of the operator approach and the discrimination results
are given in the attached paper: Ch the nature of regional seismic phases.
I - phase representations for Ph, P9, Sn and L9.

' ' ' I i i i I I I I I I -
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Many existing techniques for describing the propagation of guided waves
in heterogeneous media can be regarded as implementations of the operator
approach. The coupled mode technique of Kennett (1984) allows for
interactions with heterogeneity by allowing the transfer of energy between
different modes with different horizontal wave-numbers, thereby
redistributing the energy between different group velocity and so changing
the character of the seismic record. This approach is particularly suited
for examining the effect of modest heterogeneity on regional S wavetrains
which can be described by a limited number of discrete modes.

In the accompanying paper: Ig wave propagation in heterogeneous media.
a sequence of models with varying levels of heterogeneity have been used
to determine the merits and limitations of the coupled mode computation
scheme. The technique works well with heterogeneous models in which the
local seismic velocities differ from the stratified reference by up to
2 per cent without significant perturbation of the major interfaces (such
as the crust-mantle boundary). Localised changes in seismic velocities
and density can be even larger, but it is difficult to account for shifts
of more than 2-3 km in the position of the Moho.

The nature of the modifications produced by Lg propagation through with
heterogeneity can be clearly seen by constructing theoretical seismograms
with a narrow frequency band and then incorporating the inter-mode
coupling. The shape of the main amplitude maximum is modified and there
can be transfer of energy to Sn which tends to extend the duration of
significant signal.

Kennett B.L.N. (1984) Guided wave propagation in laterally varying media -

I. Theoretical development, Geophys. J. R. astr. Soc., 79, 235-255

Kennett B.L.N. (1986) Wavenumber and wavetype coupling in laterally
heterogeneous media, Geophys. J. R. astr. Soc., 87, 313-331

-2-



On the nature of regional seismic phases I
- phase representations for Pn, Pg, Sn, Lg

B.L.N. Kennett

Research School of Earth Sciences,
Australian National University,.
G.P.O. Box 4, Canberra, A.C.T. 2601
Australia

Summary

An operator development of the seismic wavefield is used to

generate descriptions of the propagation processes contributing

to the main regional seismic phases Pn, Pg, Sn, Lg. These

operator forms are valid for laterally heterogeneous crust and

mantle models and include the major processes of interconversion

between wavetypes.

These representations of the regional phases are used to

examine the theoretical basis for discriminants between

earthquakes and underground explosions based on the relative

amplitudes of P and S phases. The ratio of Sn to Pn amplitude

looks promising as a high frequency discriminant. However, the

ratio of Lg to Pn amplitudes is not as useful because of the

complex nature of the propagation characteristics of Lg.

Key Words: regional phases, wave propagation, laterally

heterogeneous media, Pn, Pg, Sn, Lg, source discrimination

-3-



Introduction

The propagation of seismic phases at regional distances has

been a topic of continuous interest since the work of Mohorovicic

(1909) on the Kulpatal earthquake in Croatia, and these phases

have been extensively used to determine the structure of the

crust and uppermost mantle. These structural studies, especially

for P waves, lead to the development of many analysis tools such

as the computation of theoretical seismog rams for realistic

models (see e.g. Fuchs & Muller 1971). A major impetus to

understand the detailed characteristics of the regional

wavefield has come with efforts to mnitor underground explosions

of low yield and discriminate them from earthquakes

(see e.g. Pomeroy et al 1982).

Despite this long term interest, there has been considerable

debate about the nature of the propagation processes giving rise

to the most prominent of the observed regional phases Pn, Pg, Sn,

Lg. The object of this paper is to provide a theoretical

description of the propagation of these regional phases which can

be used as the basis for discussions of the effects of structure

and source type. The development is based on the operator methods

of Kennett (1984), to get a representation of the full wavefield

in crust and mantle models with lateral variation in seismic

properties. The operator results are then broken down into

contributions associated with particular wavetypes using

approximations introduced by Kennett (1986a). The net result is a

specific description of the propagation processes contributing to

Pgq Lg and Pn, Sn with inclusion of the most important

interconversions between wavetypes, for a laterally heterogeneous

structure.

These representations of the regional phases are then ued tu

-4-



examine the behaviour of some proposed dicriminants between

earthquakes and underground explosions based on the relative

amplitudes of P and S phases. The preferred phase for use for P

waves is te Pn phase because it represents a distinct arrival

at the beginning of the record. The size of the later Pg phase is

too dependent on the nature of the propagation path to be general

useful. The ratio of the amplitudes of the Pn and Sn phases

looks promising as a high frequency discriminant for events
/

which are large enough for, Sn to be observed

clearly. However, the ratio of the amplitudes of Lg and Pn

is not as useful because of the complex nature of the

of the propagation characteristics of Lg in heterogeneous media.

Computations based on an'implementation of the operator

representation for laterally varying media via wavenumber mixing

in the transform domain will be presented in a companion paper.

2. General description of regional phases

We will here show how the operator development of the seismic

wavefield introduced by Kennett (1984, 1986a) can be adapted to

the description of regional seismic phases.

2.1 Reflection and transeission operators

Consider a heterogeneous region bounded by smooth surfaces A

z f, (x ), x - (x,y) ) and C ( z fc (dx) ) which do not

deviate far from horizontal planes. In orlpr to isolate the

region from its surroundings, we consider it to be bordered on

each side by uniform media a, c (see fig 1). Then, if there is

a downgoing wavefield D a incident from the uniform medium a

upon the region AC, the reflected field back into a is written,

" ' ' ' ' . i l I l l I H
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u " (K RA' (£P') (2.1)

where R i is a reflection operator for downgoing waves; and

the transmitted field in c is represented as

x j. -VT (A'). (2.2)

in terms of a transmission operator T;* . R A T

include the effect of any multiple reflections within the region

AC. For an incident upgoing wave from the uniform medium c we

may similarly introduce the corresponding operatcrs R A , T AC

for upgoing waves.

These reflection and transmission operators are not tied to any

particular computational implementation, and include the position

dependence of the reflected and transmitted wavefields. In a

stratified medium the action of R 3  , T a can be evaluated

via matrix multiplications in the frequency-wavenumber domain and

subsequent inversion of the transforms. More complex reflection

and transmission processes can be represented by including the

action of further operators. The operator algebra is

noncommutative and operators always act to their right.

Now divide the region AC by the introduction of an intermediate

surface B (z - fa (E. ) into two subregions AB and BC. The

At ACcomposite reflection and transmission operators RA X T z

can be represented in terms of those for the subregions as

At AS AS &C AUSC iA
R a a+( 2 .3 )

T AC T I R R TSC I- 4

where I is the identity operator. We recall that operators act

to their right and so the physical significance of each

expression can be obtained by reading from right to left.

-6-
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The operator inverse [ I - 1A R8 I-I represents all

ir-eractions between the regions AB and BC and hence all

Ads c
multiple reflections within AC. We will refer to E I - RV R .

as the reverberation operator for the region AC.

The operator algebra has the same structural form as the

reflection matrix methods fon stratified media (see e.g. Kennett

1983). This correspondence arises because the reflection matrices

in the transform domain are just one implementation of the

operator forms. As a resL4lt, we are able to exploit a wide range

of results and approximations from the stratified case with a

reinterpretation of matrices as operators.

We have so far considered the reflection and transmission

operators as acting on the entire incident wavefield. But within

the uniform media we have supposed to border the region of

interest, we can split up the wave field into three independent

wave types. In isotropic media these will be P-waves, SV-waves

and SH-waves, but in anisotropic media the decomposition by

wavetype may not lead to readily identifiable physical character.

We will however label the three wave types by P, S and H, as in

Kennett (1986a) and allow for the interconversions between

wavetypes arising from the nature of the medium. We can partition

the operators by input and output wavetypes so that we can write

e.g.

ACAC

RA R R R (2.4)

R "P R us R

where we have adopted the convention that R,, represents

scattering from wavetype 2 into wavetype I (Kennett 1983). With

this convention the partitioned forms of composite operators can

be constructed by equivalent rules to matrix multiplication, for

-7-
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AS SC
example the PP element of R u RP is given by

( " R R + R R + R R (2.5)( ip UW ape Ups jp up. DNV -

Even for an isotropic medium, the action of heterogeneity will

often be to produce out of plane scattering and so couple the

P-SV and SH fields together.

2.2 Operator description of th. seismic wavefield

In the regional phase jituation we consider a source lying in

the crustal zone at a level S (z - zS ) with the crust/mantle

boundary defined by the surface C (ze - f (x) ) - fig 2.

If the source was placed in a uniform medium, with the local

properties at the source, it would radiate upward and downward

contributions U
s 

, D
s 

. By splitting the medium at the

source level, we can work in terms of reflection and transmission

operators above and below the source level S and introduce the

source via its upward (U
s 

) and downward (D
s 

) radiation terms.

The resulting representation of the seismic wavefield takes the

form

FS eL. fs -4 s SL. s
( (x T N TUs  I-R R -R (U + R D , (2.6)

where SL indicates the entire region below the source level and fS

indicates the zone above the source including the free surface.

T I
5  

represents the transmission of an upgoing wave from the
W

source level up to the free surface and W is the surface

amplification factor arising from the interference of up and

downgoing wavefields at the free surface. The inverse operator

( -RSL Ifs -,

.I - R R ] includes all multiple interactions between

the regions above and below the source. Equation (2.6) for the

seismic wavefield can be rewritten in a way that emphasicvs tht-

-8-
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surface reflected phases

U (X Ti" 1 (2.7)

+ T I R S .  
R ]- (D R U ,

In this representation for the wavefield we have the reverberation

operator for the entire structure combined with reflection from

beneath the source level. Since we have the operator identity

I - R 5 R R S I-R s R [ -[)
.DP

we can view the reverberation sequence as occurring on either the

source or the receiver sides of the main reflection 
RS

We can now begin to separate phases propagating in the

crust from those with a mantle component by splitting the

reflection operator R S just below the crust/mantle boundary C

using (2.3)

SI-R
c L 

R
c  

R" Tz (2.8)

This separation includes reflection of downward travelling waves

SC
at the crust-mantle interface in the crustal operator R . The

dominant multiples in regional propagation arise from the free

surface, but there can be a contribution from a complex

crust-mantle transition. We will therefore rewrite (2.8) in a

form which emphasises the separation into crust and mantle

operators:

SA. 4 s ft $C
RT + R T 3  (2.9)

Ni

Here R" includes all mantle reflection effects, both direct

reflection (R ) and any modulation from the effect of the
z

structure of the crust/mantle transition through E I - R CL R S f

We would like to make use of the expansion (2.9) to separate

-9-



multiple reflections in the crustal zone from the overall

reverberation operator [ I - R D R . We make use of

the operator identity

I - A - B 3-4 - E I - A ] " 4 + E I -A 3 8 E I - A-

which leads to an expansion in multiple powers of the operator

combination B E I - A ]- • With the identification of A with

R R and the mantle contribution T RM T R as B, we

can develop an expansion df the form

CI- RS R " I R R' EI R

D UU
u NC #-R *R u kI S S -

scR 3 T R Ti WA At R+ [I - R D R - R ZR

+ (2.10)

and we can recognise ( I - R R 1]- as the reverberation

operator for the crust.

When we make use of the crust-mantle decomposition in (2.9) and

(2.10) in the expansion for the seismic wave field (2.7) we can

set up a hierachy of propagation terms emphasising the different

classes of wave interaction with the structure of significance for

regional phases

- u !#(J W T US)
' ~ -(2. ha)

+ T i
s  I Rs R " 3

U I(2.11b)

+N T -I'R R 1-T R " T, I C-R R -4
U a U a

- T u R U )

(2.11c)
4 ....

The contribution (2.1la) represents the direct waves transmitted

upward from the source level. The part (2.11b) represents the

crustally trapped waves such as Pg, Lg involving multiple

interactions with the free surface and the crust/mantle inter ae.

-10-
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The contribution (2.11c) represents dominantly upper mantle

propagation such as Pn,Sn with the possibility of near-source or

near-receiver crustal reverberations. The higher order terms

involve multiple mantle interaction.

Equation (2.11) thus provides an operational description of

the main regional seismic phases in terms of the propagation

characteristics of the regions above and below the source. For

shallow sources the natural divisions of the heterogeneity

structure may well not coincide with the placing of the source.

However, with a little extra effort we can generate an operator

description for fixed upper and lower crustal zones; the details

are presented in the Appendix. For heterogeneity superimposed on

stratification the operators can be simulated by wavenumber

coupling techniques in the frequency-wavenumber domain (Kennett

1986). Equation (2.11) can then be used to synthesise the

response for the various phases including, for example, different

scales of heterogeneity in the mantle and the parts of the crust

lying above and below the source.

However, (2.11) provides a composite description of the entire

seismic wavefield and provides no immediate separation into the P

and S regional phases. In order to make a specific description of

the individual phases Pg, Pn, Lg, Sn we need to look in detail at

near source and near receiver processes and the character of the

crustal reverberations.

2.1 Nar-source effects

The action of the source enters the operator description of the

wavefield through (Ds + R4 Us ) which represents the combination

of the direct downward radiation from the source and reflections

from above the source, which will be dominated by the effect of

-1:1-
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the free surface.

In terms of the three basic wavetypes (P,SH) we have the

explicit expressions

.V = Rouw * ,W P 8TL +R us + no .
(D 0 u 0 , - DOft *, u.

, + - . - D, +R LJ- *R U. ,
AM Q= U e

(. Rj - D. -R 4W *A + R.

(2.12)

allowing for full interconversion above the source.
I

For an explosive souce, the dominant radiation will be as P

in D. , Up and S wave contributions will be generated from free

surface reflections; these would normally be mainly SV, but some

SH waves could occur due to heterogeneity above the source. For a

large explosion, there is also the possibility of tectonic

release close to the source inducing direct S radiation. Similar

effects will arise from extended or multiple sources. Thus if we

consider the SV wave radiation from an explosion we can group

the source contributions in terms of their likely significance:

- RU, *D (iu) +Ju, (2.13)

the first term would be generated with a stratified medium code

and a simple source model, the second term is associated with

tectonic release and the third would arise almost entirely from

heterogeneity effects.

For an earthquake source, we have to take account of PSV and

SH radiation at the source itself and heterogeneity will have the

effect of linking the SV and SH wavefields. In this context we

should note that such coupling would be predicted directly for

anisotropic models. However if we adopt an isotropic reference

model, the action of anisotropy and heterogeneity are formally

equivalent and combined in the same operator description (although

-12-



the nature of the coupling terms will be different).

As shown in the Appendix, the effect of heterogeneity in the

source zone will be to modify the effective source to
fs U

s s
X

s 
(D' + R U ), where X represents multiple scattering

effects in the source region. The action of X
$ 

will be to

introduce further coupling between wavetypes. This will have the

effect, for example of generating apparent downward radiation of S

waves from even a simple explosion due to heterogeneity induced

contributions of the type.X Dp , XD

2.2 Alear-receivr effects

The receivers are normally situated at or near the free surface

and so lie in a region of concentrated small-scale heterogeneity

even in regions with apparently homogeneous geology. Signal

generated noise from the vicinity of the receivers is frequently

one of the major contaminants of high frequency seismic data.

In the operational description of the seismic phases (2.11)

such effects are included in the term W Tu 0. For low

frequency waves this operator will be close to that for a

stratified medium. But, at high frequencies we will have to allow

for significant deviations from the stratified results induced by

three-dimensional velocity structure and local topography near the

receivers. We will therefore need to assume that any incident

wavetype at the level S can produce all three components of

motion at the surface, and that wavetype coupling is likely to be

significant (both in-plane e.g. P-SV and out-of-plane e.g. P-SH).

Thus we will write

(WZp WZS W Z"

T = W, Ws W, ' (2.14)

-13-
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in terms of displacement components on the vertical (Z), radial (R)

and tangential (T) components at a receiver, for a particular

wavetype incident at the level S. The character of the surface

motion may well include other wavetypes than the incident. For a

horizontally stratified medium WTP , W., are always zero and

W75 0 W. would only be significant in the near-field of a source.

2.3 R.WWrbera tion expansi.e

As we have seen reverberation operators of the type

E I - R:' Rf' 3' play an important role in the description ofa y

the seismic wavefield at regional ranges. The compact

representation of the operator inverse does not allow the

identification of reverberation sequences associated with

individual wavetypes.

The crustal reverberation operator is the inverse of

I R u i which can be written in partitioned form as

EI- R R. - Y P XSS- YeS - YS. (2.15)

- YO. - YS X 1 - Y".

where the diagonal terms are e.g.

= 1 - R R, ,R , R + R R ,
u s USP J Pa LOMP (2.16)

and the terms involving conversions take the form

Y's R S R + R S R + R SC R 0
31 OP ps DFU U 06 (2.17)

Using (2.15), it is possible to construct exact expressions for

the partitions of the reverberation operator in terms of the

individual wavetypes (Kennett 1986. section 5.2). However,

-14-
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the resulting expressions are rather complex, especially when

interaction between all three wavetypes are included.

Fortunately, multiple conversions between wavetypes are unlikely

to be of very great significance, and so we may employ a

convenient approximation to the reverberation operator in which

no more than two conversionsare considered:

XP - XP Y X" X" Yf X 5  X P Y X.g

[1 R_ R J X -YX X - X .. . .

x" Y x' x " Y X " X-4 + X y

(2.18)

In this approximation we have been able to extract the

-4
reverberation terms for the individual wavetypes X- , X" , X

Conversions between wavetypes are accompanied by the reverberation

sequences for both primary and secondary wavetypes.

3. Representation of specific seismic phases

In the previous section we have seen how we may describe

the seismic wavefield at regional ranges with an operational

development and have also considered near-source, near-receiver

and crustal reverberation effects. With these preliminaries, we

are in a position to produce representations of specific seismic

phases. We will start with crustally guided waves and then turn

attention to those phases whose paths lie mainly in the mantle.

3.1 Crustally guided waves

The first group of waves whose paths lie in the crust is that

associated with transmission upward from the source (2.11a)

u w T (U) (3.1)UU -

These direct P or S waves are important close to the source, but
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at greater distances are reduced in amplitude by geometrical

spreading. Since the direct waves travel through the lower

velocity material near the surface, they are overtaken at larger

distances by phases travelling mostly through the higher velocity

material at depth, and then play a fairly minor role in the coda.

Qf much greater significance are those waves which have been

reflected back from beneath the source level and then have been

involved with reverberation through the whole crustal zone (2.11b)

C - fs cc fs -' is 5 5
66 T I - R V Ra I R (0 + R U ) (3.2)

We recall that the level C lies just below the crust-mantle

transition so that R includes reflection from this interface

(e.g. PmP, SmS arrivals). A schematic representation of the

various operator interactions in (3.2) is shown in figure 3.

At low frequencies, the structure beneath the interface will be

involved in the reflection process and so influence the crustal

reverberations (Burdick & Helmberger 1988). However, for

frequencies higher then about 0.5 Hz, the representation (3.2)

will include the dominant contribution to the crustally guided

phases Pg,Lg. The effect of source depth will enter into the

expression (3.2) through the compound source term (DS + R. U .

The balance between downward and upward waves will be of

particular relevance for directional sources such as earthquakes.

With the aid of the decomposition of the crustal reverberation

operator by wavetypes discussed in section 2.3, we can now look

at the individual seismic phases.

3.1.1 Pg

The Pg phase is composed primarily of P waves guided in

the crust although the coda is likely to have an increasing
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proportion of converted waves. Conversion near the source will

normally be significant in transferring S energy frL., the source

radiation to the P wavefield. The base of the weathered zone near

the surface will be one of the most likely places for conversion

from P to other wavetypes and so transfer energy to the tangential

component. These effects can be included by making a full

representation of the transmission through the surface zone (2.14).

The most significant contribution to the Pg phase will be from

those wave propagation prqcesses with just P reverberations in the

crust With the form

ft4Xq C R s C RfS
W . . R (DP + R U, + R ,. Us + R U.

P o IW V"~S ~
+R~ +5  R -fs U +R fs Uoft, (D$ s , 060 + Uss )

+RC,, (D +R U )] (3.3)

-q

where X-' is the crustal reverberation operator for P waves

=.4 E1-R Sr R fS (3.4)

UP is the transmission operator for the surface motion generated

by an incident upward P wave at the source level

WP I W i ,P WTP I , (3.5)

this allows for scattering of energy out-of-plane and possible

conversions near the surface.

The contributions to the coda of Pg involve multiple

reverberation trains such as

.4t S q Se (S ft IF$ Se is .,F
X Y " XP, E 1- R" R 1"' (R R +R R ()[I-R R

W PW vp w895 VIP. )Vv- Q" PP4

(3.6)

and similar terms with conversion between reverberations of the

type

x Yes X5  L - R- RA As e RA
r s +R R

' , RS R If$XYeXss : PRP up, (R PP R I-S bs= -is QMS

(I- Rt R
s  q (3.7)
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with those process involving SH waves likely to be of least

significance. Since 4ll these contributions require conversions

between wavetypes, they are likely to be individually small but

the cumulative effect of a n&mber of such terms can still be

noticeable.

The character of the Pg wavetrain will be strongly dependent on

the nature of the crustal.reverberation operator X.; . Multiple

reflections in the crust for P provide only partial trapping of

energy, because of conversion from P to S at the surface and the

possibility of transmission through the crust-mantle transition

into S waves in the mantle.

For laterally homogeneous crustal models, the detailed studies

gf Olson et al (1983), Campillo et al (1984) have shown how the

Pg phase is built up from multiple PmP reflections. However, it

is difficult to sustain the Pg phase to even 500 km range if

there is not low velocity material near the surface. A crustal

low velocity zone may help to maintain Pg amplitudes by

interference of multiples separated by only a short time delay.

In a shield type model, the Pg energy leaks rapidly into S

with each surface reflection and the Pg phase tends not to be

observed at large ranges. The presence of lateral heterogeneity will

tend to enhance the decay of Pg with range, since scattering will

generally remove energy from the waveguide. These results help to

eaplain why Pg is more readily observed in the western United

States, where surface P wave velocities tend to be low, than in

the eastern United States where older geological structures bring

higher velocity material close to the surface.
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J.1.2 Sg, Lg

At close ranges, the crustally guided S waves, analogous to Pg,

are commonly referred to as Sg. But at greater distances as the

wavetrains become more complex, the notation Lg is frequently

used. Originally the term Lg was applied to intermediate

frequency arrivals with a group velocity around 3.5 km/s (Press

& Ewing 1952), but more recently the usage has been transferred to

higher frequency waves ( > I Hz).

When considering these ,S wavetrains we have to take account of

the different classes of wave propagation processes associated

with the two S wavetypes. In a horizontally stratified,

isotropic, medium the SV waves would propagate in a vertical plane

and SH in a horizontal plane. The SV waves part of Lg can then be

described by a superposition of many higher modes of Rayleigh

waves and the SH wave part by a similar sum of Love wave terms.

However, in a real medium there will be cross-coupling between the

wavetypes due to out-of-plane scattering arising from

heterogeneity in the crustal waveguide.

The phase velocities of importance for guided S waves are such

that P waves will only propagate in the near surface region (if at

all). As a result, we only need to retain P waves in the

description of near-source and near-receiver processes. Within the

full crustal waveguide the behaviour will be dominated by S wave

reverberations, but for each wavetype we must make a full

allowance for near-receiver effects including coupling to P waves

and Rg waves (fundamental mode Rayleigh waves) largely confined to

the near surface.

In order to simplify the notation we introduce CIS , CZ.

representing the net downward radiation for SV, SH waves

including the effect of reflection processes above the source
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CDs = + R use U, + R5
s  R 

s

Ok+ s U + i U. ,5

Ca. -.",,R , " R00 PU (3.8)

The dominant reflection processes above the source are likely to

be those without change of wavetype. The main effects of the

guiding process will be described by the crustal reverberation

operators for the two S wave types representing the effects of

multiple internal reflections within the crust. Using the

notation of section 2.3 we will write

-1 Sc (S -

X" = C1 - Rc R 3FS

X, I - R R ' i' (3.9)

Within the crustal waveguide we can expect cross-coupling between

wavetypes through the terms Y. Y , Y.5 - YN. with principal

contributions

Y ROSR" , Y. R' R 
s  

+ .R R

Y"j *R ' RYo , Y- eR" R0 + R 
5  R

$ 
,

DNs e. b" ,ss 3W VMS (3.10)

and terms of lower importance involving P wave conversion. We

must allow for full coupling in propagation through the

near-surface zone. For incident S waves the two transmission

terms can be represented as

WS - I Wzs I Was , Wr 5 s '
(3.11)

WM a W. , Wx T V

with allowance for transfer of energy out-of-plane.

The Lg wavetrains can then be split into two classes depending

on the nature of the main sequence of multiple S wave reflections.

Within the waveguide, cross-coupling between wavetypes wi i

increase the complexity of the wavepropagation process. With

dominantly SV reverberation, the major contributions to Lg cal, b.
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written as

=W.X ((R +VC R~ Rc +Y=(Rs. +Ys X' R"f + Ys. X
1 R ) C4"J

+(R SC + Y X_' R "' + Y ,. R ) C,,. ],

sH SS J*W

(3.12a)

with a similar form for the dominantly SH wave propagation

X_
"

x' [ (R - + Yx, X R + Y. ) CZ5

+(R 6 + Y" X- Re + Y.. X R. ) Co" ],

(3.12b)

Because the wavespeeds of the different wavetypes are so similar,

we need to retain a more complete representation than for Pg.

However, the main effects will arise from terms with a single

reverberation sequence.

For the Lg phases, the trapping of S energy is quite efficient.

In the laterally homogeneous case, there will be total reflection

of S waves at the surface and at a crust-mantle interface; some

slight energy loss may arise at the base of the crust for a

transitional structure into the mantle. Even in the presence of

lateral heterogeneity most of the energy will be trapped. There

will be some energy loss by anelastic attenuation and scattering
.4 .!

and so the reverberation sequences X'4 , X-1 will decay in

time. This leads to a general reduction of the coda amplitude

along the wavetrain as time progresses, whose envelope can usually

be approximated by an exponential to define a coda 0 (Herrmann

1980).

There are a number of regions where the propagation of the Lg

wave is interrupted by some tectonic feature e.g. the graben

structure in the North Sea (Gregersen 1984) and the mountain belts

of central Asia (Ruzaikin et al, 1977). This disruption of the

wavetrain is generally associated with upsetting the constructive
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interference of the multiple crustal S reflections comprising

-t -1

XSS I X . As illustrated by Kennett (1986b), modifications

of the shape of the crustal waveguide tend to break up the

constructive interference and these trends will be enhanced

by significant horizontal velocity gradient%. In addition

anomalously low 0 may be needed to finally extinguish the guided

energy (Naupin 1989).

3.2 MIantle phases

Once we get beyond the critical distance for reflection from

the crust-mantle transition, we have the possibility of phases

with a significant path in the mantle associated with operator

(2.9) , which includes all reflection from beneath our

separation level C (just below the crust-mantle inter ce).

The general description of such mantle phases is provided by

(2.11c)

u - Ii Tu I - Ra Au ]'T T tI- AU -RcRf1 " R_ T" [ I -R" ' _

.(V 
S  + R u  ~ U ,

~(SR~U) (3.j3)

which includes the possibility of reverberations in the crust

near the source or near the receiver. We recall that RA is a

contracted notation

R "L R C - R R
b 3 3

designed to include all mantle reflections including those

arising from the structure of the crust-mantle transition zone.

As in (3.2) the effect of source depth enters into the expression

for the wavefield through the compound source term (D' + R fs us

We can extract the main term corresponding to Pn, Sn from

(3.13) as

U (S T4 ML TC D f$ S
-2 R .( U) (3.14)
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which includes the possibility of reflections from the surface at

the source e.g. pPn, sSn (see fig 4). The coda of these two

phases will include crustal multiples such as PPn, SSn.

3.2.1 Pn

The beginning of the Pn wave train will be dominated by P waves

radiated downward from the source, with some reinforcement

slightly later from surface reflected phases (including S to P

conversion) for shallow sources. The mantle leg will be as a P

wave so that we may represent the wavetrain as

u WT R T R DI TS (D + R Up + R U, + R is ,
P"' Opp VPP SP f

(3.15)

where cross-coupling between wavetypes in the near-surface zone is

included via the transmission term W. (3.5).

At ranges beyond 300-400 km, crustal multiples of Pn begin to

contribute to the coda of Pn as indicated in the representation

(3.13). For the range of phase velocites of importance for this

phase 8.3-7.8 km/s. conversion of P to S waves at the surface is

more efficient than reflection of P to itself so that some crustal

legs may be as S waves. As a result the Pn coda will begin to

acquire a partial S wave character.

3.2.2 Sn

The principal phase velocity interval for Sn (4.8-4.3 km/s)

will involve only limited interaction with P waves in the near

surface zone and so we only need to consider S wave propagation

over the bulk of the path. The most significant other class of

wavetype conversion is likely to be between the two S waves,

induced by the presence of heterogeneity. We will therefore

compound the transmission up and down below the source level with

the mantle reflection processes into a composite operator
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R V T UR 31T ,(.

and then partition the whole process by incident and emergent

wavetype. Then, with the aid of the compact effective source

notation introduced in section 3.1.2 we can represent the

dominantly SV wave contribution to Sn as

s
uO WS. ( R C s+ R C) , (3.17)

with an equivalent form for the SH wave contribution

M.- W.( R: C. + R. CD ) (3.18)

As for Pn, the coda of Sn will include crustal multiples. Since

reflection at the surface involves only limited coupling to P,

this will be a relatively efficient process and as such a major

contributor to the character of Sn at larger ranges (Kennett

1985).

Although the various operator descriptions take similar forms

for the crustally guided and mantle waves, we must recall that the

ranges of phase velocity for which the representations are useful

are rather different. We have been able to partition the seismic

wavefield via the dominant modes of propagation, but we must

recall that the phases do not exist in isolation. Thus the Sn and

Lg arrivals are superimposed on the Pg coda and the spectral

character of the actual wavefield can be dominated by coda

contamination (Blandford 1980). Also, we have included all mantle

propagation effects within the Pn,Sn representations, energy

return from structure well below the crust/mantle interface can be

of considerable importance at larger ranges and may well occur in

a time window that, for an isolated record, could be confused with

the crustal multiples of shallower propagating energy.
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4. P/S amplitude ratios for regional phases

With these relatively compact descriptions of the regional

seismic phases, we are now in a position to look at the behaviour

of possible discriminants between different types of seismic

sources. For discrimination between earthquakes and explosions,

such criteria are based on the observation that earthquakes should

be much more efficient generators of S waves than explosions, as

demonstrated very elegantly by Gilbert (1973). For regional

phases this result implies that we would, in general, expect

larger amplitude Sn and Lg phases relative to the size of the P

waves for earthquakes than explosions. Some earthquake

observations near nodes in the source radiation patterns could be

deceptive, but with a reasonable coverage of azimuths such

problems should be avoided.

Such discrimination criteria based on the relative amplitudes

of P and S regional phases have been investigated for some time

but their performance has been somewhat mixed. Blandford (1980)

argues strongly for the the use of the ratio of the maximum

amplitude before Sn (Pmax) to the maximum after Sn (Lg),

particularly at high frequencies. However, Pomeroy et al (1982)

report on a range of other observations which are not as

encouraging. Clearly, it is desirable to look at the theoretical

basis for the discriminant to see if we can understand where the

problems arise.

4.1 Sn/Pn amplitude ratio

This amplitude ratio is designed to compare the Pn and Sn

phases which both have a significant mantle component to the

propagation path. Pn has the advantage that it appears as a fir-t
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arrival and only contends with the ambient noise conditions. Sn,

on the other hand, is superimposed on the late P coda and

frequently has a relatively emergent character with the largest

energy on the vertical component often associated with crustal

multiples (Kennett 1985). Over continental areas Sn usually

propagates well, although there is some disruption due to tectonic

features (Molnar & Oliver 1969).

In the absence of widesprbad digital three-component stations

the amplitude comparison of Pn and Sn is normally made on the

vertical component. Thus from equations (3.15), the vertical

component of Pn will be represented by

w S R (D +R U, +R UU ) (4.1)
XOP V5' ow P Lvr,

with a phase velocity window of interest from 7.8-8.3 km/s.

For shallow sources there will be the complication that the time

separation of direct downward radiation and surface reflections

will be too short to allow separate identification except at high

frequency.

From (3.17,3.18) the vertical component of the Sn phase will

be described by

W& R. -+ -m R. )DS + R "p Up + R W U,

+( W, R' + W5 R. )(D. + R,, U, + R" U. ), (4.2)

for phase velocities from 4.1-4.7 km/s. If the level of

heterogeneity is not too high the dominant propagation should

remain 'in plane, with a consequent simplification of the

expression for the vertical component of Sn:

S, fS
h W,, (Ds, *R U + R U ) (4.3)

The out-of-plane scattering terms are particularly important for
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explosions, as recognised by Gupta & Blandford (1983), since in

this case the SH energy produced at the source will be low. Even

with equal efficiency of scattering back and forth between SV and

SH, there will be transfer of energy into the SH field until the

size of the SV and SH terms tend to equalise. For earthquake

sources similar cross-conversions of wavetype will occur but will

be harder to recognise because of the presence of significant

SH energy generated at the source.

Within the mantle the character of the propagation terms R,

R is dictated by the wavespeed gradients beneath the Moho.

Even a slight positive gradient is sufficient to produce an

'interference* head wave in which multiple reflections from the

gradient constructively interfere to give a larger arrival than

is possible with just a uniform zone (Menke & Richards 1980). As

the range increases the deepest penetrating 'diving* ray separates

from the bunch of multiple reflections near the crust-mantle

interface and may get suppressed by interaction with a wavespeed

inversion at depth. With fine scale structure in 'the mantle, the

interaction of the P and S waves will be different because of the

shorter wavelengths for S.

Comparing (4.1) and (4.3), we see that they have a similar

structure of propagation terms. Loss of energy by out-of-plane

scattering will tend to reduce the Sn mantle componment somewhat

and also the transfer to the vertical component is less efficient

than for P waves. The ratio of the Pn and Sn amplitudes should

however be dominated by the ratio of the source terms in (4.1) and

(4.3).

At high frequencies, the P wave contribution to (4.3)

will be very small for the phase velocities in Sn (unless the

source is very shallow), so that the Sn/Pn ratio becomes a
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comparison of S and P radiation at similar take off angles from

the source. At lower frequencies, and for shallow sources, the

interference of PS -onversion at the surface with the direct

downward S radiation would complicate the picture. For

explosions, this conversion process "ill be the principal

mechanism for the generation of Sn.

This would suggest that the Pn/Sn ratio Iould perform better

as a discriminant between earthquakes and explosions at higher

frequencies, which would fit in with a number of observations

(R. Blandford - private communication). For shallcm earthquakes

the discriminant would not be very effective. Clearly, adequate

azimuthal coverage is needed to eliminate complications due to

'ource radiation patterns.

The actual behaviour of the ratio will be affected by

the presence of heterogeneity. Contamination of the arrivals by

near-receiver scattering can be overcome by integrating the

envelope of the waveforms over a time window rather than just

picking a maximum value. Where available, three component data

should be used to try to stabilise the measure of the ratio of

energy in Sn and Pn against distortion due to energy transfer

between the vertical and horizontal planes due to scattering.

Further, in order to &qualise th sensitivity of the Pn,Sn

phases to structure (particularly the effects of heterogeneity) it

would be appropriate to work at a common wavelength e.g. make a

comparison between Pn in a frequency band around 4 Hz with Sn in a

frequency band around 2.5 Hz.

4.2 Lg, Pn amplitude ratiO

Although it would be most appropriate to compare the amplitudes

of the two crustally guided w.sves Pg, Lg, we have noted above that
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the Pg phase does not propagate very far in structures with high P

wave velocity at the surface (such as shields). For utility in a

wide range of geologic environments, it is therefore necessary to

use the Pn phase as a measure of the strength of the P wave field,

except at short ranges.

With a comparable approximation to (4.3) the vertical component

of Lg associated with In-plane propagation can be derived from

(3.12) as

w = WzS X S R ( DS + Ru Us  + R Us@, up(4.4)

for the phase velocity range 3.8-3.3 km/s. The propagation term

now involves reflection from the crust/mantle interface in R

-4

and reverberations within the waveguide Xs . The coherence of

the Lg phase depends on a complex pattern of constructive

interference which is normally well established at frequencies

around IHz, except where some major barrier blocks propagation.

Deep reflection soundings of the crust often show very variable

structure at the crust/mantle transition along a profile and so at

high frequency (> 5 Hz) the propagation effects will tend to get more

complex.

Comparison of the source terms in (4.1) and (4.4) shows a

similar behaviour to that for Sn/Pn with a simplification at

higher frequencies, although now the Pn waves will have much steeper

take-off angles than for the S waves. The waves comprising Lg

travel at angles of about 70 degrees to the vertical, whereas the

Pn takeoff angle would be between 25 and 45 degrees depending on

the depth of the source.

The Lg/Pn amplitude ratios will therefore be subject to two

opposing trends, the source ratios will be becoming better defined

as frequency increases but the propagation complexity will
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increase markedly making the interpretation of the ratio rather

difficult. This result supports the discordant observations of the

value of the amplitude ratio Lg/Pn as a discriminant noted by

Pomeroy et al (1982).

The Lg wave has a valuable role to play in the detection of

events at regional ranges, but the relatively complicated

propagation characteristics for Lg reduce its value for

discrimination.

5. Discussion

In this paper we have shown how an economical and informative

representation of the seismic wavefield at regional distances can

be made in terms of reflection and transmission operators. The

expressions we have derived for the various regional phases are

valid in laterally heterogeneous and anisotropic media. For the

particular case of a horizontally stratified media they can be

readily evaluated by adapting matrix methods in the transform

domain (see e.g. Kennett (1983)). In the presence of

heterogeneity the operators can be simulated by allowing

coupling between horizontai wavenumbers in the frequency domain.

Preliminary calculations show that it is possible to achieve

significant transverse components for the regional S wavefield

from an explosive source as has been frequently observed

(Blandford 1980), but which is not predicted by a stratified

model.

We have demonstrated how operator representations for

particular seismic phases can be applied to look at the

theoretical basis for discrimination between earthquakes and

underground nuclear explosions using regional phases. A number

of empirical discriminants have been proposed based on the

characteristics of regional phases (see Pomeroy et al (1982)).
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Our phase representations give a way of examining the theoretical

basis of such discriminants amd may allow a better assessment of

their limitations.

Appendix: Upper and lower crustal heterogeneity zones

In section 2 we have shown how the propagation characteristics

for regional phases can be described in terms of the regions

above and below the source. Frequently, we would like to work

with fixed regions irrespective of source depth, so that we can

model an upper crustal zone of heterogeneity down to a level

zK , underlain by a lower crustal zone and the mantle. We will

assume that the source level z. lies above z K and will show

how we may make a representation of the wavefield equivalent to

(2.11) with a separation of the propagation characteristics at

the level K.

If we had a source at the level K, the displacement field could

be written in an analogous form to (2.7)

T." (x xk (A.1)

-V b-oDI

and we could then make a separation of the crustal propagation

terms as in equations (2.8-2.10) in terms of the artificial source

level K.

In order to incorporate the effects of the true source at S we

have to relate the apparent source terms U K and Dc + R P U0

to the actual source radiation. Fortunately, we can exploit the

formal equivalence with reflection matrix results for splitting

the response of stratified media (Kennett 1983, section 9.2). We

find for the net downgoing field
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'FK a R + R u  U xc

S E R R SK -' S(D * R 4 U , (A.2)

For the upgoing wavefield at K, it is best to look at the full

propagation term

T- [S 
! 

- R S -, 4
1; T (U" T' E I C- R' R ] (U + R' V' (A.3)

which we may recast into a form where we can extract the direct

upgoing wave;

N T f { UC ) =' u s { ~
W U T-j

+ T iT R* Sk I - R i R" (D ( + RA* U' 9
(A.4)

In general we would not expect R' to be too large so that the

direct wave would be the dominant contribution. In both (A.2) and

(A.4) we can recognise a modified source term
ES RS ' ].i R ;s

C I -R R 1 (D R U )

representing the effect of multiple interactions with

heterogeneity in the vicinity of the source.

On the receiver side, we can also expand out the upward

propagation term N T" to indicate the multiple interactions

with the shallow heterogeneity

NTfK - ' T CI- R SO R~," ]3 (A.5)

The reverberation term will be responsible for most of the

conversions between wavetypes near the receiver.

With these expressions for the effect of shallow heterogeneity,

we can rewrite the operational description of crustally guided

waves (such as Pg, Lg) into the form

U T I - RO Rix R. C , (A.6)
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with the main propagation characteristics determined by the

multiple reverberations within the crust described by

( I - R" Rg ] For those phases with a dominant mantle path

(Pn, Sn) we have a comparable form

#K.~ KC #K -4 r L Iu W T I - Rb R V TV Rz T . C (A.7)

with the mantle propagation operator R. modulated by possible

crustal reverberations, and the possibility of strong interactions

with heterogeneity in the near-source (CK) and near-receiver
fK

(W TV  ) contributions.
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Figure Captions

1. Configuration of regions and surfaces for the definition of

reflection and transmission operators.

2. Schematic representation of the action of reflection and

transmission operators in the representation of the seismic

wavefield.

3. Schematic representation of the operator representation for

crustally guided waves (3.2).

4. Schematic representation of the operator representation for

the main mantle phases (3.14).
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ABSTRACT
The Lg wave phase which is of considerable interest for nuclear discrimination

problems is normally observed after propagation through a few hundred kilometres.
This phase is dominantly guided in the crustal waveguide, which is known to be a
region with very significant horizontal variability in properties.

The effect of heterogeneous crustal structures on Lg waves has been
determined by using a "coupled-mode" technique in which the local seismic
wavefield in the real medium is expressed as a horizontally varying combination of
the modal eigenfunctions of a stratified reference structure. Departures of the seismic
properties in the medium from those of the reference medium lead to coupling
between the various amplitude coefficients in the modal expansion. The evolution of
these modal weighting factors with horizontal position are described by a coupled set
of ordinary differential equations. This approach provides a calculation scheme for
studying guided wave propagation over extended distances, at frequencies of 1 Hz
and above. The heterogeneity models which have been used are two-dimensional
and calculations are carried out for one frequency at a time.

A sequence of models with varying levels of heterogeneity have been
considered in order to determine the merits and limitations of the computation
scheme. The coupled mode technique works well with heterogeneous models in
which the local seismic velocities differ from the stratified reference model by up to
2 per cent and there are no significant distortions of the main discontinuities (e.g. the
crust-mantle boundary). The approach can be used for higher levels of heterogeneity
and with distorted interfaces but a large number of modes needs to be considered
with consequent high computation costs. If the level of heterogeneity is not too large
then the interaction between modes can be restricted, rather than extending over the
whole mode set, with consequent reduction in computation cost.

One of the major effects of crustal heterogeneity is to introduce the possibility
of smearing out the main amplitude peak in the Lg wave train over a band of group
velocities. As a result, an effective measure of the energy content of the Lg waves
will be to consider the integrated amplitude along the trace beween group velocities
of 3.6 and 3.3 km/s. The effects of heterogeneity vary between different parts of the
Lg wave train and the representation of the wavefield in terms of modal
contributions allows a detailed analysis in terms of the group velocity components,
which can be illustrated by constructing theoretical seismograms (with a narrow
bandwidth in frequency) for the heterogeneous models.

-39-



INTRODUCTION

Regional S phases have been the focus of considerable attention in recent years in the
context of nuclear discrimination problems (see e.g Pomeroy, Best & McEvilly (1982)).
The Sn and Lg wave trains are well established by about 200 km from the source and can
frequently be followed out to ranges of 1000 km or more. These S phases travel through
the crust and uppermost mande which from a variety of studies, are known to be regions
with very considerable horizontal variability in properties. In order to improve
understanding of the nature of regional seismic phases and the way in which the
characteristics imposed by the source may be modified by propagation to the receiever, we
need a computational procedure which will allow the tracking of guided seismic wave
propagation through a horizontally heterogeneous crust for a thousand kilometres. Asuitable candidate is the coupled mode scheme described by Kennett (1984) which has
already been used with some success in understanding the characteristics of Lg wave
behaviour (Kennett & Mykkeltveit 1984).

For regional S wave trains, a representation in terms of a limited number of discrete
modes gives a economical computational description for horizontally stratified media. At
each frequency only a limited number of such modes need be considered. In a laterally
heterogeneous medium, at a single frequency, it is possible to represent the seismic
displacement and traction fields within the varying medium as a sum of contributions from
the modal eigenfunctions of a reference structure, with coefficients which vary withposition. The evolution of these modal expansion coefficient terms with horizontal position
can be described by a set of coupled partial differential equations in the horizontal
coordinates (Kennett 1984). The cross-coupling terms between different modes depend on
the departures of the heterogeneous structure from the stratified reference model. These
differences are not required to be very small but must not be such as to completely changethe nature of the crustal wave guide. Thus, it is possible to accommodate substantial
localised change in seismic velocities and density, but more difficult to allow for shifts of
more than 2-3 km in the position of major interfaces such as the crust-mantle boundary.
Maupin & Kennett (1987) give an extended discussion of the circumstances in which the
coupled mode approach can be applied to two-dimensional heterogeneous models.

STUDIES OF TWO-DIMENSIONAL HETEROGENEITY IN THE CRUST AND
MANTLE

When the heterogeneity within the medium is two-dimensional, the calculations can be
recast as the solution of non-linear differential equations of Ricatti type for the reflection
and transmission matrices connecting the modal expansion coefficients at different
positions (Kennett 1984). The advantage of this rearrangement is that, for each frequency,
the boundary conditions on the differential equations are simplified for a generally
heterogeneous medium.

If we adopt a reference medium which does not vary with horizontal position, theindividual mode contributions propagate independently in that structure. However, once
the properties of the true medium differ from the reference, the independence of modal
propagation is lost. The effect of the heterogeneity enters into the differential equations forthe modal expansion coefficients via a coupling matrix whose dimensions are dictated bythe number of modes included in the calculation. The choice of the number of modes is of
considerable importance. All the significant wavenumber components for the seismic phaseof interest should be included, as well as an allowance for steeper angles of propagation
than would be present in the reference medium, in order to allow for scattering effects. The
demands of computation are that the number of modes should be kept as small as possible,
since the computation time depends on the square of the number of modes. On the otherhand if the truncation is too tight, a poor representation of the displacement field can ensue
and the results are of limited use.

In figure I we illustrate the reference model (ARANDA) used for most of the Lg mode
calculations, and the modal eigenfunccons for the 22 Love and Rayleigh modes included in
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calculations at 1.5 Hz. The vertical component of the Rayleigh modes are displayed to
illustrate their very similar depth dependence to the horizontal component of the Love
modes. The cut-off criterion was based on the effective depth penetration of the modes.
The fundamental and first higher modes are confined to the sedimentary zone. Modes 2 to
15 are the main contributors to the Lg phase with nearly all their energy trapped in the
crust. Mode 16 begins to have significant displacement in the mantle, and the remaining
modes carry their main energy in the mantle and represent the Sn phase. The truncation is
made at a phase velocity of 4.54 km/s, corresponding in this model to a penetration depth
of about 100 kIn. Features in the wave propagation process corresponding to higher phase
velocities than 4.54 km/s cannot be represented by these coupled mode calculations.

In order to give a good account of the guided wave propagation, we must make sure
that all the significant wavenumber components for the seismic phases of interest are
included, as well as making an additional allowance for steeper angles of propagation in
order to allow for scattering effects. This means that we cannot just use those modes
which have the bulk of their energy within the crust but must also include waves with
higher phase velocity whose energy in the stratified reference model lies dominantly in the
upper mantle. At 1.5 Hz, we need to carry at least the 22 modes illustrated if we are to
allow for wave interaction processes generating waves travelling at angles up to 40" from
the horizontal in the midcrust and even then we will not give a full account of waves
travelling at steeper angles to the horizontal.

Significant perturbations of the major interfaces in the model lead to extensive coupling
between modes and can induce relatively steep angles of propagation (Maupin & Kennett
1987). If such features are required in the models to be considered, then a broad sweep of
modes must be taken for the reference model (for the Lg case at 1.5 Hz, at least 30). With
the benefit of hindsight, it would appear that the structural model used in the calculations of
Kennett & Mykkeltveit (1984) on the influence of graben structures on Lg, was as large a
deviation from the reference model as could be treated effectively using their 20 mode set.

The coupled mode representation is well suited to heterogeneous models where the
behaviour consists of relatively random variations about the properties of the reference
model (see e.g. fig 2). In this case, a single incident mode will interact with a limited
number of neighbouring modes so that the coupling matrix is dominated by the diagonal
elements, with a limited effective bandwidth. With the aid of the coupled mode technique,
a study has been made of the way in which the modal field for Lg waves is affected by
various levels of distributed heterogeneity for frequencies up to 2Hz over paths of 100 to
1000 km long with both long and short horizontal scales of heterogeneity within the crust
and mantle.

Broad Scale Heterogeneity
We will firstly describe simulations of long range propagation, for which a sequence

of different heterogeneity models were constructed by specifying the seismic velocities at
40 km horizontal intervals, for a sequence of depths in a vertical section and then using
bicubic spline interpolation within each layer. For the distributed heterogeneity models the
velocity values were generated with a random perturbation to the reference value within a
prescribed range of variation. The velocity values were then smoothed horizontally by
applying a moving average over 3 points to avoid extreme variations with short horizontal
scales. The horizontal smoothing process imposes a typical horizontal scale length of
around 100 km, and the vertical scale varies within the model becoming larger in the upper
mantle. The velocity distribution is arranged so that there are no deviations from the
reference structure at the ends of the model (0 and 1000 kin). This enables a direct physical
interpretation of the mode coupling results, after passage through the heterogeneous region,
in terms of the reflection and transmission of the modes of the reference structure.

In figure 2 we illustrate a set of models (D, E, F) with increasing crustal heterogeneity.
Model D was constructed by imposing a perturbation to the velocities at the specified knots
of the interpolation, chosen from a uniform random distribution on ± 2 percent. After
horizontal smoothing by averaging over 3 horizontal knots, the resulting perturbations in
model D have about ±1 per cent heterogeneity in the crust with a horizontal scale length of
about 100 kin, and ±1 per cent heterogeneity has been introduced in the mantle as well.
Models E and F retain the same mantle heterogeneity structure as model D but have higher
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crustal heterogeneity amplitudes, in the initial perturbation stage up to ±5 per cent variation
from the reference model was allowed for model E and ±10 per cent for model F. After
horizontal smoothing, the variations from the reference model are of the order of ±2 per
cent for model E and ±5 per cent for model F. We shall also consider model C with the
same crustal structure as D, but no heterogeneity below the crust-mantle boundary.

After propagating a large horizontal distance in a heterogeneous model the energy
originally in a single incident mode will no longer be confined to that mode, and indeed
some energy may be reflected back by the heterogeneity, with again the possibility of
conversion between modes. When the level of heterogeneity is relatively low (of the order
of I per cent deviations from the stratified reference model - as in model D) transmission
effects dominate and the level of reflected energy is negligible. Even with rather larger
levels of heterogeneity the reflection from the whole model is small but, as pointed out by
Maupin & Kennett (1987), it is necessary to retain apparently reflected waves in the course
of the computation in order to get an accurate calculation of transmission effects. The
Ricatti equations are much simpler when reflection can be neglected and so computation
time can be reduced.

For any particular heterogeneous structure, it is therefore necessary to undertake a
preliminary calculation including both reflection and transmission effects before it can be
assumed that reflection can be ignored. The control of numerical accuracy in the course of
the calculations is rather difficult, although for perfectly elastic models there is the
possibility of monitoring the constancy of the total energy in reflection and transmission
associated with an individual incident mode. To preserve full numerical precision quite
small steps have to be taken in the horizontal direction: at 1.5 Hz the step should be no
larger than 0.5 km if both reflected and transmitted waves are considered. For a number of
models a somewhat larger step length gave reasonable results for the case of transmission
alone.

The numerical calculations presented in this paper have been perfoimed with the
inclusion of both reflection and transmission effects, and energy conservation was satisfied
to better than 0.25 per cent over 1000 km of propagation through heterogeneous structure.
To reduce possible errors due to truncation of the modal sum, the calculations were carried
out using a modal suite at least 5 modes larger than required by the truncation criterion.
The reflection and transmission matrices for the full heterogeneous region were then
truncated before display or other analysis.

For an incident mode at 0 km the effect of 1000 km of heterogeneity is that the energy
originally in the mode is no longer confined to that particular mode. In figure 3 we show
the transmission matrix for both Love and Rayleigh modes with the 22 mode set
appropriate to the ARANDA reference model at 1.5 Hz, after passage through the
heterogeneity model D. Each column of the matrix corresponds to the modal coefficients
produced by the incidence of a single mode of amplitude 100 at 0 km. We see that the
behaviour is dominated by the diagonal elements, but that significant mode conversions
occur producing sizeable off-diagonal elements. For the Lg type modes (2-15) the
bandwidth for significant interaction is typically ± 2 modes. The strong interaction of
modes 2 and 3 arises because of their similar shape in the top 10 km. For the Sn modes
(16-21), the eigenfunctions are very similar and there is strong interaction due to mantle
perturbation extending to 200 km (the lower portion of the heterogeneity models are not
shown in fig 2). However the separation from the Lg modes is striking; there is very little
interaction except for modes 15 and 16 which share some of the characteristics of each
group. The behaviour for Love and Rayleigh waves are similar, although they display
some difference in their sensitivity to heterogeneity because the coupling terms in the Ricatti
equations depend on different combinations of physical parameters.

As the frequency increases the number of modes need to cover the same phase velocity
range increases, which causes some problems in combining the results from different
frequencies. The increased size of the differential equation system also means an increase
in computation time as the square of the number of modes if all mode interactions have to
be considered. Fortunately, for the same model, the bandwidth of interaction increases
only slowly with frequency. For Lg waves propagating through models similar to D with
about I per cent heterogeneity, computations can be restricted to a band of 7 modes either
side of the target mode without appreciable error for frequencies up to 2 Hz. At 1.5 Hz,
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with 22 modes included, this bandwidth restriction has the effect of reducing computation
time by nearly a factor of three.

The required bandwidth increases with the level of heterogeneity in the model (see
figure 5). For model D in figure 2, a bandwidth of ±6 modes around the target mode is
sufficient for both Lg and Sn modes. However to account for the interaction between
modes for model E it is desirable to have at least a bandwidth of ±8 modes included in the
calculation. For the highest level of heterogeneity illustrated in fig 2 (model F) a bandwidth
of ±10 modes is definitely insufficient for full accuracy. For very heterogeneous models
there is also the possibility of high angle propagation effects and so the size of the mode set
has to be increased. Thus although the coupled mode approach is not confined to low level
heterogeneity, the method is most effective when the structure does not deviate too far from
the reference. A convenient working limit would seem to be about 2 per cent deviation as
in model E.

In order to understand the effect of propagation through a heterogeneous model on the
nature of regional phases we need to understand the characteristics of the surface wave
modes in the reference model. In figure 4 we display the group slowness behaviour as a
function of frequency up to 2 Hz for the first 40 Rayleigh modes on the ARANDA
reference structure. The advantage of displaying the group slowness (the reciprocal of the
group velocity) is that the various arrivals can be recognised in the time relationship that
they have on a seismic record.

The Sn phase can be recognised in figure 4 as the superposition of many slowness
maxima and minima at a slowness around 0.22 s/kin (4.5 kn/s). All 40 modes contribute
to this tightly defined band of slownesses which clearly separates from the other classes of
arrival. The onset of the Lg phase at a slowness of 0.286 s/km (3.5 kW/s) is associated
with the superposition of a number of relatively broad slowness minima arising from
relatively low order modes. Following this onset is a more tangled skein of maxima and
minima with slownesses less than 0.304 s/km (i.e. group velocities greater than 3.3 kin/s),
associated with about four modes at each frequency, which will provide the main Lg
arrival. Somewhat later, we have a sequence of well defined slowness maxima associated
with each mode in turn as the frequency increases. These maxima represent the Airy phase
for each mode and will be significant contributors to the Lg coda; they arise physically from
multiple reflections at angles to the vertical just greater than the critical angle for the
crust-mantle boundary.

From the modal eigenfunction patterns displayed in figure 1, we can recognise that
those modes (3-6) which contribute most to the onset of Lg at 1.5 Hz have the bulk of their
energy confined to the middle and upper crust. The main Lg arrivals come from modes
7-10 which sample the whole crust. The Airy phases for modes 14, 15 arise just before
the transition to energy transport in the mantle.

The effect of varying the heterogeneity level in the structural models can be well
illustrated by comparing the energy distribution across the modal sequence for a single
incident mode. In figure 5 we show this energy distribution for a set of incident modes at 0
kin, at a frequency of 1.5 Hz, chosen to represent different parts of the Lg wave phase.
We consider horizontal transmission through 1000 km of structure for four different
models C, D, E and F with increasing levels of heterogeneity. Model C has 1 per cent of
hetrogeneity confined to the crust. Models D, E and F are illustrated in figure 2, and have
the same heterogeneity model in the mantle with about 1 per cent variation from the
reference model (ARANDA, fig 1), but increasing levels of crustal heterogeneity (±1 per
cent for D, ±2 per cent for E, and ±5 per cent for F).

At 1.5 Hz, mode 4 is a principal contributor to the onset of the Lg wave train. From fig
5a we see that for the incidence of this single mode at 0 kin, the majority of the energy is
carried in the original mode over the full 1000 km propagation path for the structures with
up to 2 per cent variation away from the reference model (C,D,E). However, the
proportion of energy in the original mode decreases as the crustal heterogeneity increases.
As expected the mantle heterogeneity has very little influence on this group of interacting
modes which is principally confined to the crust. Once we reach the highest level of
heterogeneity (model F) the pattern of the energy distribution is markedly changed, the
energy maximum is shifted over two modes to mode 6 which has a slightly different group
velocity and energy is spread widely across the whole suite of crustal modes. There is very
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little interaction with the fundamental or first higher modes because, as can be seen from
fige1, their enegy is confined to the near surface and so is only sensitive to a small part
of the total crustal heterogeneity.

For a mode in the main Lg wave arrivals (mode 9), we see from fig 5b that for the two
models with relatively modest levels of heterogeneity (CD) the energy is concentrated over
thre neighbouring modes centered on the incident mode. These three modes have group
velocities varying by about 0.15 km/s and so the effect of the this level of heterogeneity
will be to give a mmw diffuse maximum in the Lg wave amplitude. The presence of mantle
hemoeMrgenity now has a slight effect since it is possible to couple into modes with some
energy penetration into the uppermost mantle. For the higher levels of crustal heterogeneity
the incident energy gets spread out over a broader range of modes (6 are significPnt fe.
model E and at leas 10 fr model F) and the effect on the Lg wavetrain will be more
profound.

As a result of the dispersal of energy across a number of modes, for modest levels of
heterogeneity (around I per cent), the best measure of Lg wave strength will be the
integrated energy in a time window spanning group velocities of about 3.6-3.3 kn/s for a
typical continental situation; since the modes with these properties have their dominant
interactions within the group.

Similar results arise for the Lg wave coda (incident mode 14) though this case, where
the incident mode is most sensitive to lower crustal structure, is not as strongly affected by
the heterogeneity as for mode 9. Even so, as we see in figure 5c, with increasing
heterogeneity levels the representation of the propagation via the modes of the reference
structure requires extensive mode coupling. For the higher heterogeneity levels there is
significant energy shift into Sn type modes, which we can explain physically as occurring
frn local changes in the critical angle at the crust-mande boundary. Modes like 14 travel
close to the critical angle in the reference model and so a slight change of conditions can
lead easily to energy transmission into the mantle, with a consequent shift of amplitude to
modes like 17 and 18 (in the Sn suite). Energy is conserved across the whole modal field
but is redistributed between the contributions of individual modes.

For incident modes 4 and 9, the nature of the energy spread induced across the modes
of the reference structure has been principally to couple Lg type modes together and so the
pattern of energy spread shows a skew towards higher mode numbers for mode 4 and
lower numbers for mode 9. Whereas, for incident mode 14, the coupling is largely into a
the immediate neighbouring modes with similar character and also into the Sn modes.

We should note that even for the moderately heterogeneous model D (fig 3) there has
been a significant modification of the distribution of energy between modes after passage
through 1000 km of structure. Such modifications over a band of frequencies will lead to
theoretical seismograms which will differ significantly from the predictions for the
horizontally stratified reference model.

We can simulate the effect of heterogeneity on theoretical seismograms, by modulating
the modal coefficients by the appropriate transmission matrix. In order to reduce
computational effort, whilst displaying a useful result, we have considered seismograms
for a narrow frequency band and interpolated the modal transmission matrix between
calculations for just a few frequencies. We restrict attention to explosive sources to simplify
the source behaviour. In figure 6, we show Aismograms at 1050 km for a source at 5km
depth in the ARANDA model with a centre frequency of I Hz. The upper trace is for the
horizontally stratified reference model and is dominated by Lg waves with relatively weak
Sn. The two lower traces include the effect of transmission through 1000 km of the
heterogeneous models D and E. The seismograms are normalised to the same peak
amplitude and relative amplitudes are indicated to the right of figure 6. The behaviour of
these theoretical seismograms illustrates clearly the character of the intermode interactions
we have already discussed. The ARANDA model has a weak gradient for S velocity in the
mantle and so the Sn phase is relatively weak for the horizontally stratified model.
However the coupling between the Lg and Sn wavegudes induced by the heterogeneity
leads to an increase in Sn amplitude, principally at the expense of the Lg coda. Whilst
model D with only 1 per cent hetrogeneity shows most change in the onset of Lg, the
higher level of heterogeneity in model E has lead to a smearing out of the most energetic
part of the Lg phase with an amplitude reduction of about 10 per cent. The Lg wavetrain
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can be viewed either as a superposition of many multiple reflections within the crustal
waveguide or as a interference of many modes. The effect of heterogeneity is to change the
relative arrival times of the multiple reflections and thus the phases of the different modes
so that the interfence pattern changes. Because there is a delicate balance between
constructive and destructive interference, relatively small changes in timing can have a
substantial effect on the waveform.

These results show that propagation over hundreds of kilometres through structures
with relatively long wavelength of heterogeneity can have substantial effect on the character
of the Lg wave train. However, in addition to large scale effects, there is abundant
evidence for small scale heterogeneity on a scale of tens of kilometres with amplitudes of a
few percent (see e.g. Aki 1981). We need to know what is the effect of such small scale
heterogeneity and how it may affect long range propagation.

Small scale heterogeneity
In order to look at concentrated local heterogeneity we have considered the effects of

the same velocity perturbations as before but on a compressed distance scale. We have
taken the same velocity values as in models D and E above (fig 2) but reduced the
horizontal scale by a factor of 10 so that in the new models H (approximately ±1 per cent
variation) and I (approximately ±2 per cent) the heterogeneity is concentrated in a 100 km
zone. The velocity sampling is now at 4km horizontal intervals. This yields velocity
perturbations of a few percent with a horizontal heterogeneity scale of around 10 km,
representing the smaller scale features commonly found in the crust.

For these scales of heterogeneity, as frequency increases and consequently wavelength
diminishes, the size of the off-diagonal elements in the modal coupling matrix increase at
the expense of the diagonal elements which will induce a broader spread in the group
slownesses associated with the propagation.

The heterogeneity model H has relatively little effect on the modes: there is a spread of
energy away from the incident mode after a 100 km passage through the model, but this is
principally to nearest neighbour modes which will, in general, have similar character. Once
the heterogeneity level increases (to around ± 2 per cent in model I) the behaviour is not so
simple. The transmission matrix is still diagonal dominated but there is now coupling over
a span of a number of modes. These effects can be illustrated well by once again forming
theoretical seismograms with a narrow frequency band. To allow direct comparison with
figure 6 we have once again considered the seismograms at a distance of 1050 km with a
centre frequency of 1 Hz.

In figure 7 we show the theoretical seismograms at 1050 km including the effect of
passage through 100 km of small scale heterogeneity; the upper tace is for the horizontally
stratified reference model. For model H (± 1 per cent) the difference in waveform is slight
and can only be seen on careful inspection but the amplitude has decreased by nearly 5 per
cent. However, with ± 2 per cent heterogeneity as in model I there is a noticeable change
in waveform and a small, but significant, transfer of energy ahead of the main Lg phase.
The amplitude maximum is now more sharply defined and large than in the absence of
heterogeneity due to favourable constructive interference. The coupling between modes is
at its strongest for the lower orders and this is reflected by the change in the nature of the
onset of Lg. Thus, a substantial change in the character of the Lg wavetrain can be
produced by only 100 km of moderate, small-scale, heterogeneity. So that it is clear that
the cumulative effect of multiple scattering within the crust can be substantial and that
observed waveforms can be heavily shaped by the propagation path as well as the source
characteristics (even in the absence of major lateral heterogeneity).

DISCUSSION

The results of the studies of Lg wave propagation in heterogeneous models for the
crust and upper mantle show that reflection from distributed heterogeneity is not very
important. However, both reflection and transmission processes should be included, if at
all possible, in the numerical calculations in order to ensure the accuracy of estimates of
modal transmission. The coupled mode technique works well with heterogeneous models
which differ from a stratified reference model by up to 2 per cent with a limited bandwidth

-45-



of kueraction between modes. The approach can be used for higher levels of heterogeneity
but a large number of modes need to be considered with consequent high computation
costs.

One of the major effects of crustal heterogeneity is to introduce the possibility of
meaing out the main amplitude peak in the Lg wave train over a band of group velocities.
As a remkl an effective meaam of the energy comtent of the Lg waves will be to consider

the kapgrated umplitide along tie nes beween group velocities of 3.6 and 3.3 km/s. The
infhence of mantle IetrOneity on 14 wave propagation was found to be quite small.
However, any conversion into Sn type modes will give arrivals which will have appartnt
group velocities of between 4.3 and 3.7 km/s, depending on the position where conversion
occurs. Such arrivals will appear in a portion of the seismic record which would be
predicted to be very quiet in stratified medium calculations, and as a result may appear to be
more prominent than expected. The increase of energy in this time interval for the
heteroneou models goes some way towards reconciling theoretical seismograms with
the c of observed regional phases.
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FIGURE CAPTIONS

Figure 1: ARANDA reference model with Love and Rayleigh mode eigenfunctions for
phase velocity less than 4.54 km/s, at frequency 1.5 Hz.

Figure 2: Contour plots of the sequence of heterogeneous velocity models used in the
studies of Lg wave propagation. The heavier lines indicate positive perturbations away
from the ARANDA reference model, and the contour interval is 0.5 per cent
perturbation.

Figure 3: Representation of the transmission matrix for Love and Rayleigh modes at 1.5 Hz
after passage through 1000 km of model D. Amplitude values less than I are left blank

Figure 4: Group slowness beviour as a function of frequency for the first 40 Rayleigh
modes of the ARANDA reference model illustrated in figure 1.

Figure 5: Energy distribution across the Love and Rayleigh modes for the ARANDA
reference model at 1.5 Hz, after transmission through 1000 km of heterogeneous
structure. The symbols denote the different hetrogeneity models, as discussed in the
text a) incident mode 4, b) incident mode 9, c) incident mode 14.

Figure 6: Theoretical seismograms at 1050 kim for a narrow frequency band around 1 Hz
illustrating the effect of broad scale heterogeneity on the regional S wavetrain. The
upper trace is for the horizontally stratified ARANDA reference model and the two
lower traces for propagation through 1000 km of heterogeneity models D (± 1 per cent)
and E (± 2 per cent). The seismograms are normalised to the same peak amplitude and
the relative amplitudes are indicated to the right of each seismogram.

Figure 7: Theoretical seismograms at 1050 km for a narrow frequency band around 1 Hz
illustrating the effect of small scale heterogeneity on the regional S wavetrain. The
upper trace is for the horizontally stratified ARANDA reference model and the two
lower traces for propagation through 100km of heterogeneity models H (± I per cent)
and I (± 2 per cent). The seismograms are normalised to the same peak amplitude and
the relative amplitudes are indicated to the right of each seismogram.
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