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Abstract

One goal of this thesis is to develop analytic expressions which model the equilibrium
requirements of a grasp by two robotic fingers on a nominally-loaded cylindrical object
confined to planar motion. Another goal is to derive analytic expressions which can be
used to evaluate the ability of a grasp to tolerate changes in the external load magnitude,
direction, and moment without loss of equilibrium. The gripper fingers are each assumed
to be two-link serial mechanisms with revolute joints. The contact of each finger on the
object is taken as a point contact with friction. The resulting analytic expressions are
based on the static equilibrium requirements and include consideration of constraints on:
Coulomb friction forces, unisense normal forces, object crush limits, and finger joint torque
limits. Plotting the expressions yields new graphical insight into the consequences of
employing various fingertip spacings and ‘squeeze’ force levels when grasping cylindrical
objects in planar motion. In addition, the analytic equations indicate the range of variation
in external load configuration which can be tolerated by a selected grasp without violating
any of the aforementioned grasp constraints. Variations in the magnitude, direction, and
moment of the external load configuration are considered. The derived analytic expressions
can be used as the foundation for developing simplified grasping algorithms under the

stated conditions.
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TWO-FINGERED GRASP OF
CYLINDRICAL OBJECTS IN PLANAR MOTION

1. INTRODUCTION

Robotic grasping is an area of research which has received increased research attention
in recent years. Despite this attention, the current state-of-the-art industrial gripper is little
more than a parallel-jaw gripper or a specialty gripper which employs suction, magnetism,
or adhesives to secure an object. Such grippers are usually limited in the types and sizes
of materials and objects they can handle. They also lack the ability to manipulate an
object within the hand after it has been grasped. The successful future of robotics will
depend on the ability of robots to be diverse in the scope of tasks they are able to perform
without human intervention or a high-degree of structure, i.e. fixturing, in the working

environment.
1.1 MOTIVATION AND GOAL

Methods of analyzing multifingered hands grasping three-dimensional objects in spa-
tial motion exist in literature. However, the optimal strategy for selecting the grasping
forces for overconstrained grasps is still undeveloped. The purpose of this thesis is to iden-
tify criteria for selecting the optimal grasp and to develop analytic equations which can
be used to evaluate the quality of two-fingered grasps of objects which can be modeled as

circular cylinders in planar motion.

1.2 ASSUMPTIONS AND LIMITATIONS

The scope of this thesis is limited to the analysis of objects which can be modeled
as circular cylinders constrained to planar motion. The center of mass is assumed to
coincide with the geometric centroid of the object for the nominal external load analysis.
The analysis for external load variations includes non-zero external load moments that

can be used to model an object whose center of mass does not coincide with its geometric
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centroid. Limiting the analysis to circular cylinders does not exclude such objects as
square, hexagonal, or octagonal objects which are grasped such that the contact points
are at the centers of the facets. However, instead of being able to choose the grasp at any
angle from a continuous set of values, one is left with discrete choices corresponding to the

angles which result in the surface normals passing through the center of the object.

Only one point is assumed to contact the cylinder at each of the two fingertips re-
gardless of the finger orientation relative to the cylinder. For a point contact, the fingertips
must have a radius equal to zero. No other contact between the finger links and the object

is allowed.

This thesis does not address the dynamics of impacting the object during the ‘capture’
phase of grasping an object, nor does it deal with manipulation of the object once it has
been grasped. Consequently, it is a static analysis of the forces present due to hand/object
contact and due to forces and moments applied to the object by something external to
the hand. Viscous damping in the finger joints are neglected when computing the finger
joint torques. In addition, the finger links are approximated as massless links, thereby

eliminating concern for the influence of gravity on the fingers.

To facilitate the inverse kinematic solution so that the techniques developed in this
thesis could be demonstrated, a nominal hand structure was assumed. The nominal struc-
ture is specified as a two-fingered gripper with two links per finger. The fingers are assumed
to be serially actuated mechanisms with rigid links. The finger links are all assumed to
have equal lengths of unity and the distance between the base joints of the two fingers, a,
is also unity. The inverse kinematic solution makes no attempt to account for interferences

between the object and the fingers or between the fingers themselves.

1.3 CONTRIBUTIONS

The analytic expressions derived in this thesis can be used to provide a new graphical
insight into the consequences of using various fingertip configurations and internal grasp
force levels when grasping cylindrical objects in planar motion. In addition, the basic

expressions have been extended to forms which can be used to evaluate the ability of
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a candidate grasp configuration to tolerate variations in the magnitude, direction, and
H moment of the external load on the object. The analytic equations derived within this

thesis can serve as the basis for developing a simplified grasping algorithm for the class of

grasping tasks within the scope of the assumptions and limitations set forth above.

The following is a list of the specific contributions set forth by this thesis.

e Derived the analytic expressions which model the grasp of a cylindrical object with

two, two-link robotic fingers when:
— The object is subjected to a nominal external load.
~ The external load on the object has a variation in magnitude, direction, or mo-

ment from the nominal load configuration.

¢ Identified a systematic method of selecting the fingertip spacing and internal grasp
force for grasping a cylindrical object with two, two-link robotic fingers when the

object is subjected to a nominal external load.
o Identified trends in the equilibrium requirements for friction forces, normal forces,
and finger joint torques as functions of:
— the fingertip spacing around the perimeter of the object
— the internal grasp force level
— variations in the magnitude, direction, and moment of the external load on the

object.

e Identified a systematic method of evaluating the ability of a candidate grasp configu-
ration to tolerate variations in the magnitude, direction, and moment of the external

load on the object.

o Extended the analysis done by Kumar and Waldron (KW87] to include internal grasp-
ing forces acting through points other than the center of the cylinder.
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1.4 THESIS OVERVIEW

Chapter II is a brief review of the pertinent literary works in the area of grasping
theory. The remainder of this thesis is structured to start with established concepts and
methods and then apply them towards the goal in a step-by-step fashion. Consequently,
Chapter III is intended to take the reader from ground level using analysis tools which have
been published in literature. In Chapter III, methods of determining the contact forces,
global hand Jacobian matrix, finger joint torques, and inverse kinematics are applied to

analyze the prescribed hand and object geometries.

Chapter IV furthers the analysis by applying the results of Chapter III to generate
analytic inequality expressions which model the equilibrium grasp requirements for the
grasp of an object subjected to a nominal external load in terms of three types of grasp
constraints. The analytic inequality expressions are plotted as functions of the grasp angle

to characterize various grasp configurations.

Chapter V examines the effects of load variations or load measurement errors on a
candidate grasp configuration which may have been selected via the nominal external load
analysis in Chapter IV. Changes in the nominal external load magnitude and direction, as

well as variations in the external load moment are considered.

Chapter VI presents a summary of the results obtained from the analyses performed
in Chapters IV and V, the conclusions, and recommendations for future research. Finally,
Appendix A contains a review of screw theory for readers who are unfamiliar with it and
Appendix B presents geometric derivations for several of the relations developed in Chapter

IV that made use of screw theory.




II. LITERATURE REVIEW

The historical measuring-stick for evaluating the versatility and performance of robotic
grippers has been the human hand. Although the versatility of the human hand promises
to remain unequaled by robotic grippers for many years to come, several research grip-
pers have been built which have kinematic abilities that are nearly identical to that of the
human hand [JIKJ86] [NHF84) [CS84)].

The quest to understand the human hand began in the medical community which
sought to improve prosthetic devices for amputees. Early research attempted to classify
all of the possible human grasps into a small set which could be emulated with mechanical
hardware. In 1919 Schlesinger defined 6 basic grasps which were later summarized in 1955
by Taylor and Scharz [CW86: 1534). Their classification was based on the possible geo-
metric configurations of the human hand. The six grasps they identified were: cylindrical,
tip, hook, palmar, spherical, and lateral grasps. These grasp categories were useful for
describing the ranges of motion for the individual fingers and the shapes that the hand
could assume but they lacked information about the suitability of a grasp for a specific
task. With that in mind, Napier identified two major categories in 1955 which were the
first task-oriented categories identified. Napier's two categories were power grasps and
precision grasps. Power grasps were characterized by grasps with a high degree of stability
and a low degree of mobility between the object and the hand. Precision grasps, on the
other hand, were characterized by a high degree of mobility and a low degree of stability.

Napier's work was later furthered by Cutkosky and Wright (CW86] who subdivided
Napier's two categories based on the types of grasps used by a machinist in a machine
shop. The additional criteria for their categorization were object size, object shape, and
the details of the task to be accomplished. The result of their classification was a hierar-
chical tree of 16 grasps. Their tree depicted trends in object-directed versus task-directed
requirements, increasing-power versus increasing-dexterity requirements, and object sige
limitations.

Iberall [Tbe87] describes human prehension in terms of three types of oppositions and

relates them to the postures of standard prehensile classifications. His three oppositions
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are pad, palm, and side opposition. These terms describe the parts of the hand used
to apply opposing forces around the object to constrain it. Pad opposition involves the
fingertip pads, palm opposition involves the palm and the fingers, and side opposition
involves the sides of two adjacent fingers or the thumb pad and the side of the index finger.
He simplifies the categorization by introducing the concept of a virtual finger which is one

or more digits operating in harmony as one appendage.

Becker et. al. [BTG86] discussed a mathematical model relating the displacement
of tendons in the hand to the joint angles of the fingers and presented a finger design.
Their finger used shape memory alloy (SMA) material in the form of a coil spring as joint
actuators. In this way, the spring actuators simulated the properties of both tendons and
muscles within the hand. Others have used SMA materials in the form of simple wires as
joint actuators [NHF84]. In wire form, the SMA actuator only simulates the characteristics

of human tendons and typically they must be complemented by coil springs.

In 1980 Ohwovoriole [Ohw80] extended basic screw theory for application to assembly
processes. Screw theory has existed for over a century but has only recently has it been
applied to grasping theory. Ohwovoriole's extensions to screw theory included defining
repelling, reciprocal, and contrary screw pairs which, when they represent constraining
wrenches, can be used to characterize the conditions of a contact. In this context, a
repelling screw pair characterizes loss of contact between two bodies, a reciprocal screw
pair maintains a contact, and a contrary screw pair would require that the two bodies
penetrate each other. Ohwovoriole applies extended screw theory to examine the force and

motion requirements of mating a cylindrical peg in a hole.

In 1982 Mason’s dissertation [Mas82] explored grasping and pushing operations in
reasonable detail. He develops a method of dealing with the uncertainty in the position
and orientation of the object to be grasped without sensory feedback or adaptive motion
of the manipulator. His treatment of pushing operations is cast in the form of the analogy
between pushing an object and partially constraining it with a grasp. He terms these
‘kinematic identities’. He demonstrates a method of automatic planning of grasping with
uncertainty in the initial orientation of the object. Application to assembly processes was

emphasized.
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Also in 1982, Salisbury’s dissertation [Sal82] presented a systematic and generalized
method of analyzing the grasp of an arbitrary object by a multifingered hand. His analysis
was based on simple linear algebra relationships and assumed that the characteristics of
the object (size, shape, mass) and the forces on the object are known. He also assumed
that the hand consists of an open-loop kinematic chain of rigid links and that there is
only one contact allowed per finger which occurs at the most distal tip of each finger.
Salisbury investigated grasping forces, methods of manipulating objects, determining hand
workspaces, and issues in hand programming. He classified the contact between two rigid
bodies as one of three types: point, line, or planar. The number and types of degrees of

freedom for each of these types of contacts, both with and without friction, are given.

In 1986, two papers by Kerr and Roth presented extensions of Salisbury’s work which
consisted of well-defined methods of analyzing multifingered hands grasping 3-dimensional
objects in spatial motion. Both of those papers are distinctly similar to sections of Kerr's
doctoral dissertation. In their first paper [KR86a], Kerr and Roth discuss a linear pro-
gramming method of determining the internal grasp force magnitude. The internal grasp
force is an indication of how hard one is ‘squeezing’ the object. Their formulation includes
consideration of friction and joint torque limit constraints. They also formulate a set of
differential equations which describe the motion of the finger joints required to impart a
desired motion on the object. Their formulation assumes the motion between the object
and the fingertips is pure rolling motion with no slipping. In addition to motion analysis,
they show how to develop the boundary for the total hand workspace of a simple set of

fingers. The hand workspace is the range of possible manipulations with a given hand.

In their second paper [KR86b], Kerr and Roth closely examined the global hand
Jacobian matrix to reveal the special configurations of general dexterous hands. The
glohal hand Jacobian matrix relates the finger joint torques to the externally applied forces
on the object. It also relates the finger joint velocities to the velocity of the object. By
examining the global hand Jacobian matrix one can determine if a grasp is overconstrained,
underconstrained, or singular. The global hand Jacobian matrix can also reveal the possible
velocity directions that the hand may give the object and whether there are too few or too

many finger joints for controlling all of the possible velocity components.
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Waldron [KW87] addresses the problem of solving for the force system acting on a six-
legged vehicle traversing the ground. The high degree of static-indeterminacy is similar to
the problem of grasping an object with a multi-fingered dexterous hand. The basic premise
to his solution is that one should maintain a zero force interaction between the feet that
are in contact with the ground. Zero force interaction means that the leg actuators should
not expend excess energy ‘fighting’ one another or causing excessive stress in the legs (or
fingers for a dexterous hand.) Zero force interaction is equivalent to solving for the contact
force system corresponding to an internal grasp force magnitude of zero using the linear
algebra techniques given by Salisbury. Since the interaction forces are the indeterminate
forces, enforcing zero force interaction allows a determinate solution to be computed for

the modified system.

In 1985, Abel, Holzmann, and McCarthy [AHM85] analyzed the planar grasp of
an arbitrary object by two opposing articulated fingers. They examined the equilibrium
equations for point contacts with Coulomb friction and presented the set of all possible

equilibrium grasps in the form of graphical curves in friction angle space.

Also in 1985, Holzmann and McCarthy [HM85] analyzed a three-fingered grasp of
an arbitrary object to determine if some set of given normal contact forces could satisfy
static equilibrium under the sole constraint of a Coulomb friction model for the tangential
contact forces. They modeled the contact types as point contacts with friction. Using
screw theory, their analysis is applicable to general spatial motion. However, the solution

results in six nonlinear equations which must be solved iteratively.

Fearing [Fea86) analyzes the conditions of grasping a two-dimensional polygon with
two fingers. He presents a simple method of stably grasping the polygon which depends
on limited slip between the object and the fingers. The grasp attained by this passive

adaptation is not claimed to be optimal but is shown to be feasible.

Trinkle et. al. [TAP87] developed an off-line system that plans and simulates the
grasping of convex polygons by a gripper consisting of a palm and two single-link fingers.
The system assumes that the dynamic effects of the capture of the object are negligible

and the contact between the fingers and the object are frictionless. In addition, the exact
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physical properties of the object and the support from which the object is taken, are known.

* Tomovic et. al. [TBK87) advocate that in order to synthesize grasp strategies for
multifingered robotic hands, one should use an expert system whose knowledge base is
derived from study of grasping by the human hand. They present an entire hierarchy of
L control and specify the basic elements required in the knowledge base. In developing the
expert system they break the grasping task into two phases: target approach and grasp
execution. The target approach phase includes target identification, approach trajectory

selection and preshaping of the hand. The grasp execution phase begins when the hand

touches the object and it includes adapting the hand shape and grasp forces to secure the

object. The autonomy required in the grasp execution phase is termed reflez control.




III. SUPPORTING THEORY AND DERIVATIONS

The purpose of this chapter is to present the theoretical foundation for subsequent
chapters. The theory is taken from published literature and applied, with some explana-
tion, to the specific problem of this thesis to yield intermediate results. Those intermediate
results are then the springboard for the further derivations and developments in subsequent

chapters.

3.1 THE NUTS AND BOLTS OF SCREW THEORY

This review of screw theory is only intended to highlight the facets of screw theory
which are to be used within this thesis. It is by no means a complete presentation. Re-
fer to Hunt [Hun78] or Ball [Bal00] for more thorough treatments of screw theory and
Ohwovoriole [Ohw80] or Salisbury [Sal82] for discussions of robotic applications. Much of

the following review information was taken from Ohwovoriole.

3.1.1 SCREWS AND SCREW COORDINATES. Ball [Bal00] defined a screw as
being a straight line in space called the screw axis, and an associated scalar value called
the pitch. The pitch is the ratio of the magnitudes of two vector quantities which act along
the screw axis. The two vector quantities are usually a linear component and an angular
component, such as a linear velocity along an axis and an angular velocity about an axis.
If the two vectors are in the same direction then the pitch is considered to be positive;

otherwise it is negative.

Screw coordinates can consist of any set of six quantities, five of which are indepen-
dent. Four of the independent quantities specify the screw axis while the other one specifies

the pitch. If one chooses to define a screw, S, by the coordinates

S = (81, 82, 83, 84, 35, %6) (3.1)

then sy, 82, and s3 are proportional to the direction cosines of the screw axis and sy, s,

-

and sg¢ are related to the moment of the screw axis about the origin of the coordinate
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system. The pitch, P, of the screw defined in Eq (3.1) is given by

_ 8184 + 3335 1 8336
(o3 + 53+ )"V

(3.2)

when it has been normalized by the screw magnitude (s2 + a2 + 22)'/% . However, if the
pitch given in Eq (3.2) is infinite then the magnitude of the screw is given by (s + s2 + s?,)l/ 2
3.1.2 TWISTS AND TWIST COORDINATES. Even the most general spatial dis-
placement of a rigid body can be described by a rotation about a unique axis and a
simultaneous translation along that same axis which is called the twist axis. When a dis-
placement is represented in this fashion, it is known as a twist. For more detail on how to

form a twist representation for a given displacement see Appendix A.

The angular displacement is called the twist amplitude and the ratio of the translation

to the amplitude is called the twist pitch, P,. A twist can be completely specified by six
independent quantities; four to specify the twist axis, one to specify the amplitude, and
one to specify the pitch. Any six independent quantities which are used to specify a twist

can be regarded as twist coordinates. If one defines a twist, 7, by the twist coordinates
T = (t1,t2,t3, L4, s, te) (3.3)

then (t;,t;,t3) are the components of the angular velocity of the body and (t4,t5,t) are

the components of the velocity of a point fixed on the body and lying at the origin of the
coordinate system. The twist pitch, P, , is given by

ity + tats + tats

S @+g+q)"”

A twist with zero-pitch is a pure rotation about the twist axis while a twist with an infinite

(3.4)

pitch is a pure translation parallel to the twist axis. The pitch is positive for a right-handed

twist and negative for a left-handed twist.

The amplitude of the twist is given by
1/2
(F+8+4) / (3.5)
unless it has an infinite-pitch, in which case the amplitude is

1/2
(3+6+4) (3.6)
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It is important to note that & twist can represent several types of displacements.
When a twist represents an infinitesimally small displacement (i.e. it has an infinitesimal
amplitude) it can be called an infinitesimal twist. This is in contrast with a finite twist
which has a finite amplitude and must be manipulated differently (see Section 3.1.4). A
third type of twist is one which represents a differential displacement over a differential

length of time. Such a twist is called an instantaneous twist velocity. The components of

an instantaneous twist velocity represent the instantaneous linear and angular rates of a

body in motion.

3.1.3 WRENCHES AND WRENCH COORDINATES. Any system of forces and
moments can be resolved into a single force vector along a unique line and a single moment
vector along that same unique line which is called the wrench axis. When a force system
is expressed in this fashion, it is called a wrench. For more detail on forming a wrench

representation for a force system see Hunt [Hun78: 47] or Appendix A.

A wrench is regarded as the most general ‘force’ because it contains both translational
forces and rotational moments. The ratio of the moment to the translational force magni-
tude is called the wrench pitch. A wrench can be specified by six independent parameters;
four to specify the wrench axis, one to specify the pitch, and one to specify the magnitude.
Any six independent quantities which are used to represent a wrench can be regarded as
the wrench coordinates. If one represents a wrench, W, with the six independent wrench
coordinates

W= (wl)w21w3s Wy, Ws, wO) (3.7)

then (w;, wa, ws) are the components of the net force exerted on the body and (w,, ws, we)
are the components of the net moment resolved at the origin of the coordinate system.
The wrench pitch, P,,, is given by

P = W wWy + Wawg + wawg
v 2 2 2\1/2
(wi + w} + wj)

(3.8)

A zero-pitch wrench is a pure translational force along the wrench axis while an infinite-

pitch wrench is a pure moment about the axis.




The magnitude of a wrench is called its intensity and it is given by
1/2
(v} +wi +wi)” (3.9)
unless it has an infinite-pitch in which case the intensity is

) (3.10)

(wd + i + wid

3.1.4 MANIPULATING TWISTS AND WRENCHES. U twists are of infinitesimal
amplitude then they can be mathematically treated the same as any other vectors. This
is not true for finite twists, however, because, in general, the resultant of two finite twists
depends on the order in which the twists were performed. Wrenches and instantaneous
twist velocities, on the other hand, always obey the rules of vector algebra with the one
precaution that they must be written in the same coordinate system. The same precaution
is true for infinitesimal twists. For example, if one rigid body is moving with a twist
velocity of (a,, a3, as,aq, as, ag) and another rigid body is moving with a twist velocity

of (B1,P2,Bs,B4,B5,B6) then the two-body system is moving with a twist velocity of

(@1 + B1),(az + B2),(as + Bs), (as + B4), (as + Bs), (ae + Be)]

3.2 EXTERNAL LOAD CONFIGURATIONS

The external wrench on the object can be categorized as either symmetric or asym-
metric depending on the direction of the zero pitch component of the wrench and whether

or not there is an infinite pitch component.

3.2.1 SYMMETRIC LOAD CONFIGURATION. Figure 3.1 shows the configura-
tion of the finger contact forces and the external force on the object for the symmetric
case. The origin of the coordinate system is taken at the center of the cylindrical object
and the positive y-axis is directed upward through the centroid of the two finger contact
points, point A, which is located at the midpoint of the line connecting the two contact

points.

There are two angles which are formed by the two radial lines drawn from the center
of the cylinder to the two contact points. One angle is greater than or equal to 180 degrees

34
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Figure 3.1. Force configuration and coordinate system for symmetric load

while the other is less than or equal to 180 degrees. One may choose to define the grasp
angle, 4, as one-half of either the smaller or the larger of the two angles. Probably the most
practical method of computing the grasp angle is to measure the straight-line distance, d,

between the two fingertips and compute 4 from

8 = arcsin (%) (3.11)

Using this method, requires one to choose the smaller of the two aforementioned angles as
the grasp angle.

The angle from the positive y-axis counterclockwise to Figy is defined as the load
angle, a. For the symmetric load case, a is limited to being equal to either zero degrees
or 180 degrees so that F.pe must lie along the y-axis.

For a symmetric load configuration, any given fingertip spacing on the object can be
categorized as one of three grasp types: palming, pinching, or cradling. A palming grasp
is characterized by the centroid of the fingertip contacts being displaced from the center
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? Feue

Figure 3.2. Fingertip and F.., configuration for a palming grasp on a
symmetrically loaded object

of the object and Foze being directed from the object center and away from the contact

point centroid as shown in Figure 3.2.

A pinching grasp is one in which the centroid of the fingertip contacts is coincident
with the center of the object as shown in Figure 3.3. A cradling grasp has its fingertip
contact centroid not coincident with the object center and 13,,. is directed from the CG

and through the contact point centroid as shown in Figure 3 .4.

Considering symmetry, it is apparent that one can cover the full range of possible
configurations in either of two ways. First, by letting a = 180 degrees and considering
@ € (0° : 180°) one can transition smoofhly from palming through pinching and into
cradling as @ increases. The second option is to consider only # € (0°: 90°) and let a = 0
degrees for palming grips and a = 180 degrees for cradling grips. To enhance the graphical
presentation of the data, the first option will be used.

3.2.2 ;15 YMMETRIC LOAD CONFIGURATION. An asymmetric load can be caused
by either one of two conditions. The first condition is that the resultant external wrench

has zero pitch but it is not directed normal to the line connecting the contact points. This !
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Figure 3.3. Fingertip and Foet configuration for a pinching grasp on a
symmetrically loaded object

C 1t CZt

Finger 1 Finger 2

Cln ﬁ ext C!n

Figure 3.4. Fingertip and F,,, configuration for a cradling grasp on a
symmetrically loaded object
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corresponds to having a # 180° in Figure 3.1. The second condition is that the resultant
external wrench has a non-zero-pitch, consequently it induces a moment on the object

about the object center.

To study the full range of possible grasps of an asymmetrically loaded object, a will
be allowed to range from 0 to 360 degrees while # will be considered from 0 to 180 degrees.

A symmetric load configuration can be considered as a degenerate form of an asym-
metric load configuration in which a = 180° and M., = 0. Therefore, the resulting
equations from the asymmetric configuration analysis must reduce to those of the sym-
metric configuration when a is assigned the values of 180 degrees and M,., is taken as
gero. The classification of grasps into palming, pinching, and cradling that was discussed
in Section 3.2.1 does not apply to asymmetric load configurations.

3.3 FORM AND FORCE CLOSURE

A grasp is said to have form closure when it is able to completely constrain the object
under the influence of any ezternal force magnitude and/or direction as long as the fingertip

positions are held fized [Lak78: 1].

Consider a rectangular block resting on a frictionless table. If the block is restricted
to remain in contact with the table top, it can only slide across the table or spin about a
vertical axis. Consequently, it is constrained to planar motion. One could obtain a form
closure ‘grasp’ of the object by driving four nails into the table such that they just touched
each side of the block. With a nail on each side, the block can no'longer translate or
rotate; it is completely constrained. One doesn't have to apply a certain contact force to
the object to maintain equilibrium when form closure exists, one has only to maintain the
positions of the contacts. Reuleaux [SR83: 38] showed that at least four point contacts
without friction are required to obtain form closure on an object in planar motion. Indeed,
if any one of the nails are removed, the object is no longer completely constrained. Because
of its symmetry, a circular cylinder is an exception to this statement [Lak78: 4]. No matter
how many nails were driven into the table around the perimeter of a cylinder, it would

still be free to rotate. Therefore, form closure on a cylindrical object is not possible. Since
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a form closure grasp can be thought of as the most secure grasp, this is an unfortunate
result. However, all is not lost because one can obtain equilibrium without having form

closure.

A grasp ts said to have force closure when the contact forces can be made to completely
constrain the object irregardless of the magnitude and/or direction of the erternal load
wrench [Ngu86: 1368]. When evaluating a grasp's potential for force closure, any existing
frictional forces must obey the applicable friction force model (usually a Coulomb friction

model). Otherwise, there is no restriction on the magnitudes of the contact forces.

If one examines the case of a circular cylinder in planar motion, one finds that force
closure can be attained by proper placement of two point contacts with friction. The
proper placement of the contacts depends on the level of friction available. For a Coulomb
friction model, the tangential contact force, Cy, is related to the normal contact force, C,,,
by

Ce<pCn

where y, is the static coefficient of friction. The static coefficient of friction defines a

friction cone at each contact according to
v = tarctany, (3.12)

where v is the maximum angle allowed between the surface normal and the resultant con-
tact force vector. The friction cone depicts the allowable resultant contact force directions
as an angular range about the normal to the surface at the contact point. For example,
Figure 3.5 depicts the friction cones at two points of contact on the surface of a circular
cylindrical object. In order for the grasp to have force closure, the line segment connecting
the two contact points, as shown by the dashed line in Figure 3.5, must fall within the
friction cones at both contact points [Ngu86: 1372]. Therefore, the larger the static coef-
ficient of friction, the larger the range of proper finger placements on a cylindrical object
to attain force closure. A range of angular spacings between the contact points can be
specified for a force closure grasp via a knowledge of the static friction coefficient. If the

acute angle subtended by the contact points is ¥ and the static coefficient of friction is u,,
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Figure 3.5. Friction cones at two points of contact on the surface of a circular
cylindrical object

then in order for force closure to exist
¥ > 180° — 2 arctanp, (3.13)

Hence, the smaller the p, the closer the fingertip contacts must be to the diameter of the
cylinder. On the other hand, for the limiting case when u, = 0o, one could theoretically
obtain force closure even when the fingertips contacted the object at the same point.
Note, however, that although force closure is a sufficient condition for the existence of an
equilibrium grasp solution, it is not a necessary condition. In other words, an equilibrium

grasp may exist without the grasp having force closure.

3.4 SOLVING FOR CONTACT FORCES

An object is said to be completely constrained when its motion has zero degrees
of freedom. Any grasp can be categorized as either underconstrained, constrained, over-
constrained, or singular [Ker84: 34]. An underconstrained grasp occurs when there are
not enough independent contact forces to allow complete constraint of the object. A
constrained grasp is one in which there are just enough independent contact forces to
completely constrain the object. An overconstrained grasp, on the other hand, has more

contact forces than are necessary to completely constrain the object. When a grasp has
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enough contact forces to completely constrain the object but they are not linearly inde-

pendent, a singular grasp results.

For planar motion, a cylindrical object grasped by two point contacts with friction
creates an overconstrained grasp condition. The major implication of an overconstrained
grasp is that the solution is statically indeterminate. However, matrix methods have been
presented which allow the solution of the overconstrained grasp problem [Ker84] [Sal82].
These methods are used here to determine the vector of contact forces for a given grasp

and object load configuration.

The relationship that expresses the static equilibrium condition between the external
wrench applied to the body, f,,,, and the vector of contact wrench intensities, ¢ , is given
by

~ Feee = WC (3.14)

where W is known as the grasp matriz. Each contact between a fingertip and the object
exerts a system of wrenches on the object. When multiple fingertips simultaneously contact
the object, the net wrench system is the union of the individual wrench systems for each
contact. Therefore, for two contacts the net wrench system will be the concatenation of

the wrench system at contact one with the system at contact two.

Because they are taken to be point contacts with friction, the contacts of fingertips
1 and 2 with the object cannot exert any moment on the object about the contact points.
Therefore, the contact wrenches consist of zero-pitch wrenches along some arbitrary axes.
If the contact wrench at fingertip one is resolved into component directions in an orthogonal

coordinate system, it could be written as
Cy = Cintign + Crelige + C1,61, (3.15)

where 4;,, i, and 4,, are unit vectors in the normal-, tangential-, and z-directions,
respectively, at contact point 1 and C;,, Cy, and C), are the contact wrench intensities
along the respective directions. The unit vectors iu,,, 6., and i,, define the local contact

coordinate system at contact 1.

A similar equation can be written for the contact wrench at fingertip two expressed

in a local contact coordinate system at fingertip 2 as shown in Figure 3.6. Therefore, the
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Figure 3.6. Nominal external force configuration and coordinate system for a
two-fingered grasp of an object

entire vector of contact wrench intensities in the local contact coordinate space is

T
C={Cln Cit Ci: Can Ca sz} (3.16)

For planar motion, C;, and C,, are not allowed. However they will be carried as place-
holders and their magnitudes will be set to zero. This will allow use of the matrix methods
in their fullest generality.

Under the constraint of planar motion, the applicable object coordinate system forces
and moments consist of forces along z, and y, and moments about z,. Therefore, Fopein
Eq (3.14) is given by r

Feer = { Feet,, Ferr,, Meet,, } (3.17)

where F,., and F,., are the magnitudes of zero-pitch external wrenches on the object
in the x- and y-directions of the object frame, respectively, and M., is the magnitude

of an infinite-pitch wrench (moment) on the object about the z-axis of the object frame.
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Equation (3.14) is essentially a force and moment equilibrium expression with the
grasp matrix transforming a set of unit wrenches from the local contact coordinate frame
to the object frame. This transformation is necessary because Fogr is expressed in the
object coordinate frame and equilibrium between two wrenches is only meaningful if they
are expressed in the same coordinate frame. Such a transformation of wrenches is termed

a wrench transformation as opposed to a simple coordinate transformation.

Each column of W transforms a unit wrench along a local contact coordinate axis into
an equivalent wrench system in the object coordinate system. For example, column one
of W transforms a zero-pitch wrench along ti;,, into a zero-pitch wrench with components
along the z, and y, axes with magnitudes sinf and — cos @, respectively. Column two
transforms a unit zero-pitch wrench along 1,, into a wrench with translational components
along the z, and y, axes having magnitudes cos § and sin 6, respectively, and an angular
component (moment) about the —z, axis having magnitude r,. Finally, a unit zero-pitch
wrench along ), is mapped by a zero column vector in W because it has no components
in the z-y plane or about the z, axis. When the contact wrench at fingertip 2 is similarly

transformed, the resulting W matrix is

sinfd cosf 0 —sinfé cos@ O
W=1] —cosf® sinf 0 —cos§ -—sinf 0 (3.18)
0 ~ro O 0 -r, 0

Examining Eq (3.18) reveals that the W matrix is invariant with changing Fozt
therefore it will be the same for both the symmetric and asymmetric external load cases.
Since the grasp is overconstrained W has more columns than rows and the system is
statically indeterminate. To solve for € in Eq (3.14), two orthogonal vector components
are introduced which make up C:

-

C=C,+Cn (3.19)

where C', is the particular solution and Ch is the homogeneous solution. Due to the or-
thogonality of the homogeneous and particular solutions, they can be found independently

and then summed according to Eq (3.19).

3-13




3.4.1 DETERMINING THE HOMOGENEQUS SOLUTION CONTACT FORCE
VECTOR. The homogeneous solution component of Eq (3.19) lies in the null space of W

and can be found from

Ch=N2X (3.20)

where A is a matrix whose columns are a set of orthonormal basis vectors which span the
null space of W and ) is a vector which will contain the arbitrarily selected magnitudes

of the internal grasp forces.

To determine A such that WA = 0, W must first be augmented to make it a
square matrix so that it can be put into the modified Hermite normal form [DH81: 133].

When W is augmented, the new matrix, W, appears as

sinf cos® 0 -—sinf cosé O
—cosf sinf 0 —cosf -—sinf 0
0 -r, 0O 0 -r, 0
W, = (3.21)
0 0 0 0 0 0
0 0 O 0 0 0
0 0 o0 0 0 0 ]

When the proper row operations are performed, the resulting modified Hermite nor-

mal form is ]
(1 0 0 0 tand 0
0100 1 0
0 0 00 0 0
HNF(W,) = (3.22)
0 0 01 tanf O
0 00O 0 0
0000 0 0
L

Consequently, there are three basis vectors which span the null space of W so A is given
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by
0 tand 0 |
0 1 0
-1 0 0
N = span (3.23)

0 tanéd O
0 -1 0

0o 0 -1

For planar motion, the first and the third basis vectors are invalid because they are not
in the x-y plane. Therefore, the second basis vector is selected to represent the null space
of the grasp matrix under the restriction of planar motion. Therefore, the homogeneous

solution is

\

[ sin 6
cosé

By 0
Ch = ¢ b A (3.24)

sin @

— cos @

\ 0 J

where A is the scalar magnitude of the homogeneous contact force solution.

When Eq (3.24) is examined in light of the coordinate system defined in Figure 3.6 it
is apparent that the direction of the internal grasp force is parallel to the x-axis for all 6.
This is true for both symmetric and asymmetric loads since the grasp matrix is invariant

with changes in f,,,.

Simple geometry can confirm that if Cj, always acts along the z,-axis of the defined
object coordinate system, then it always acts along the line connecting the two contact
points. Thus, for a two-fingered grasp, the internal grasp force is identical to the interaction
force defined by Waldron {Wal86] [KWS8T].

Because this planar grasp is overconstrained by one excess contact force component,
the arbitrary vector of internal grasp force magnitudes, J, is a single element vector (scalar)

which represents an independent variable in the solution of the contact force vector. In the




case of this grasp, A corresponds exactly to the magnitude of the interaction force between

the two finger contact points.

3.4{.2 DETERMINING THE PARTICULAR SOLUTION CONTACT FORCE
VECTOR. The particular solution can be found from

C-;p = “w;fett (325)

where W}, is the right generalized (Moore-Penrose) inverse of Wand can be found from
[BG74] to be given by
wi = wT (wwT)™ (3.26)

The first step in determining W3 is to find WW7 which turns out to be

2 0 —2r,cosé
wwrT = 0 2 0 (3.27)

—2rocos6 0 2r2
When Eq (3.27) is inverted, the result is
1 0 cosf/r,

0 sin?d 0 (3.28)
cosb/r, O 1/r2

- 1
(WwT) = 2sin? 8

When this is multiplied by W7 the right generalized inverse is found to be

r -

2liln’ -c2 : 2r,u:13
0 sin® =1
2 2ro
0 0 0

Wi = , . (3.29)

Isnd 2 Irosind
0 —sin¢ =1
2 27,

| 0 0 0 ]

The right generalized inverse given in Eq (3.29) is valid for the particular solution of grasps
with both symmetric and asymmetric loads. However, the particular solution vector, C-"P,

will be somewhat different for the two categories of grasps because the external wrench,
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Fext, will be different. For a symmetric load configuration and no external moment as
defined in ithe coordinate system of Figure 3.1, the external wrench applied to the body is

T
Feat ={ 0 —Foa O } (3.30)
Inserting Eq (3.30) and Eq (3.29) into Eq (3.25) yields the following for the symmetric
load configuration:
[ - cosf l
sin §
. F, 0
G, =~ » (3.31)
2 —cos @
—siné
\ O 7

One can easily see from Eq (3.31) that, for a symmetric load, é, corresponds to
having a contact force at each of the two contact points which is parallel to the y,-axis. In
addition, the magnitudes of the particular solution component of each of the two contact

forces are equal so each of them equilibrates half of F,.,.

For an asymmetric load configuration having no external moment applied to the
object as defined in the coordinate system of Figure 3.1, the external wrench applied to

the body can be written as

T
Foee = { —Fegesina Fegcosa 0 } (3.32)

Inserting Eq (3.32) and Eq (3.29) into Eq (3.25) yields the following for the asymmetric
load configuration:
[ cosacosé + ﬂ';;% )

—sinfcos a

- 0
C, = Fest ] ) (3.33)

cos axcosf — ﬁ';%

sinfcosa

0

\ J

Note that Eq (3.33) is a more general form of Eq (3.31) and the two equations are
equal when a = 180 degrees. Finally, the most general expression for the particular
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solution contact force vector is one where the external wrench includes an asymmetric
translational load and a non-zero momeni. For such a load configuration, the external

wrench applied to the object can be written as

T
Feet ={ —Feetsina Fegcosa M,y } (3.34)
Solving for C’, yields

[ _ ezt €088 + Fopyrsina + F,zercosf@sinf cosa ]
M, siné — F. ,rsin?@cosa
.. 1 0

p= :
2rsiné M...co88 — Fpyrsina 4+ F,.,rcosfsinfcosa

» (3.35)

Mo 8in0 + F . or8in? 6 cos

! 0 J

Equation (3.35) reduces to Eq (3.33) when M,,, is zero and it reduces to Eq (3.31) when

a is 180 degrees and M,., is zero.

3.4.3 TOTAL CONTACT FORCE VECTOR SOLUTION. The entire contact force

vector can now be written in its most general form using Eqs (3.24) and (3.35) to get

[ 2Msin 6 + cosa cosf + HBg A'L:ﬁl ]
2)\ cosf — cosax sin 8 + A'Ll
~ F, 0
¢==3 . , (3.36)
2)'sin@ + cosa cos@ — Mg 4 LM o
—2)\ cos8 + cosa sin b + M'i
\ 0 )
where
= (3.37)
" Fegt )
and
M,
M'= = 3.38
Fezt ( )
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Equation (3.36) can be algebraically rearranged to give

' 2r\'sin20 + reosa sinf cos @ + rsina — M’ cos@ W
2r)\'sinf cosf@ — rcosa sin? 6 + M'siné

0
Foet | > (3.39)

2r\'8in? 0 + rcosa sinf cosf — rsina + M' cosé

—2r)X'sin@ cos@ + rcosa sin2 @ + M'sind

0

\ 7

Equation (3.39) is the most general expression for the contact force vector. By substi-
tution of a = 180 degrees and/or M’ = 0, it can be reduced to symmetric and asymmetric

loads with no external moment.

3.5 DEVELOPMENT OF THE HAND JACOBIAN MATRIX

The first step in forming the global Jacobian matrix for the entire hand, .7, is to form
the Jacobian matrices for each of the individual fingers, J;, as if they were manipulators.

The hand Jacobian is then just the 7; in block diagonal form.

A hand structure must be defined before the Jacobian matrix of a gripper can be
developed. For this thesis, the assumed hand structure is a two-fingered hand with planar
three-link fingers. The finger links and finger joints are sequentially numbered starting
with the link or joint closest to the palm as the lowest number. The length of the jth
link from the base on the ith finger is denoted by {;;. The angles of the finger joints
are sequentially numbered starting with the angle of the base joint on finger 1 as ¢; and
proceeding outward to the angle of the last joint on finger 1 denoted by ¢5. The sequential
numbering continues with the angle of the base joint on finger 2 as ¢ and the angle of the
last joint on finger 2 as ¢g. The structure of the hand and the nomenclature are depicted

in Figure 3.7.

There are four coordinate frames of interest in the analysis of this two-fingered grasp.
The first is termed the palm frame which has its origin, O,, centered halfway between the
base joints of the two fingers. Its z,-axis is directed through the base joint pin of finger
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Figure 3.7. Selected hand structure and nomenclature for derivation of Jacobian matrix

e
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Figure 3.8. Local contact coordinate frame for contact point 1

2, its yp-axis is directed outward from the palm, and its z,-axis completes a right-handed

coordinate system.

A second frame is the object frame which has it origin, O,, at the center of the object
a height h above O,. Its z,-axis is parallel with the line connecting the contact points
of fingertips 1 and 2 and directed towards contact point 2. Its z,-axis is aligned with the
z,-axis of the palm coordinate system and its y,-axis completes a right-handed coordinate
system. The scope of this analysis is limited to configurations with O, on the y,-axis of
the palm coordinate frame.

The third and fourth frames of interest are the local contact coordinate frames which
have their origins at contact points 1 and 2. They each have a normal axis, 4;,, which
points inward towards the object center, a z-axis, ii;,, which is parallel to the z-axes of the
palm and object systems, and a tangential axis, i, that completes the right-hand system
according to i, X @ = t;, . The local contact coordinate frame for contact point 1 is

shown in Figure 3.8, while that of contact point 2 is shown in Figure 3.9.

The J; are the first partial derivatives, with respect to the joint angles, of the finger-
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Figure 3.9. Local contact coordinate frame for contact point 2

tip positions expressed in the local contact coordinate systems. Therefore, the fingertip
positions must be expressed as vectors given in the local contact coordinate frames and
functions of the finger joint angles. To make the derivation more explicit the fingertip
position vectors are first expressed in terms of the palm frame, then transformed into the
object frame, and finally transformed into the local contact coordinate frames before the
derivatives are taken. This step-by-step derivation should be more tractable than stepping
right into the local contact coordinate frame, although the result may seem obvious in the

end.

Begin by writing expressions for the positions of the endpoints of interest (the contact
of the fingertips with the object) expressed in the palm coordinate frame as functions of

the joint variables:

Pz, = hicosdy + lizcos g2 + l13cos dya3 — a/2 (3.40)

Py, = lising; + lizsindyz + Lissin dy23 (3.41)

P = 0 (3.42)
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where
dru=$h +¢ and 3=+ 2+ @3

The orientation of the centerline of link 3 on finger 1 can be described by

Yie, = 0 (3.43)
Yz, = 123 (3.45)

Similarly, the coordinates of the contact of fingertip 2 with the object expressed in

the palm frame are

Pye, = l21c08 ¢4 + 12300845 + 123 cOs Pyse + a/2 (3.46)
Py, = lasingg + ly28in @45 + l335in Pyse (3.47)
Py, = 0 (3.48)

where
Gas =P+ b5 and  Pyse = b4 + P5 + Ps

The orientation of the centerline of link 3 on finger 2 is given by

Y22, = 0 (349)
Ty, = 0 (350)
Y2:, = use (3.51)

Now transform Eqs (3.40) through (3.51) from the palm frame to the object frame.

The transformations between those frames are

P., = P, cosy+ (Py, —h)sing (3.52)

Py, = —Pg,sin+ (Py, — h)cosy (3.53)

P,, = P (3.54)

Yie, = Vi, (3.55)

Tive = Ty (3:56)

Yieo = Vi, — Y (3.57)
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Applying Eqs (3.52) through (3.57) to the finger 1 position equations yields

Pie, = (Liicosdy + li3co812 + li3cosdyas — af2)cosy +

(liysingy + li2sindya + [138in 23 — h)siny (3.58)
Py, = —(lincoséy +hacosdyz + hiscosdras — a/2)siny +

(hasing; + hiasin@yz + hizsindya3 — h)cos ¢ (3.59)
P, =0 (3.60)
Yz, = 0 (3.61)
Ny, = 0 (3.62)
YN, = P23 ¢ (3.63)

Applying Eqgs (3.52) through (3.57) to the finger 2 position equations yields

Pz, = (l21¢08¢4 + l32c0o8¢ys + l23c08 dgs6 + a/2)cos ¢ +

(131 8in @4 + 22 8in P45 + l33 8in Pys6 — h)sin ¥ (3.64)
Py, = —(la1cos@y + 12 cos @y + a3 cos Pgpe + 6/2) siny +

(I21 8in @4 + {22 8in Pys + {23 8in Pyg6 — k) cOs ¢ (3.65)
Py, = 0 ' (3.66)
Y2z, = 0 (3.67)
Yy, = 0 (3.68)
Y21, = Qase — Y (3.69)

Equations (3.58) through (3.69) must now be transformed from the object coordinate
frame to the local contact coordinate frames. This transformation will be different for each

of the two fingers. The transformations for finger 1 are

Py, = Py, sind - le cos@ +r (370)

Py = Py cos6 + Py, siné (3.71)

P, = Py, (3.72)

Tin = 0 (3.73) - q
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Tie =

Yi: =

0

Yizo — g

(3.74)
(3.75)

Applying Eqs (3.70) through (3.75) to transform the position Egs (3.58) through (3.63)

from the object frame to the contact 1 coordinate frame results in

Pln

Py,

Plz
Tin
Y1t

Y1z

i

il

(lia cos @y + 3 cos p12 + l13¢08 P123 — a/2)s8in(8 + @) —

(lhasingy + hiasin iz + Lissindyas — A)cos (8 + ¢) + r

(liy cos @y + l12cos @12 + l13c08 Py23 — a/2)cos (8 + ¢) +

(I sin ¢y + Liasin@y2 + Liasingyz3 — A)sin (6 + ¢)

hr123 — (0 + ¥)

Transforming Eqs (3.64) to (3.69) from the object frame to the contact 2 coordinate

frame requires the following equations:

Py, =
Py =
P, =
Y2r =
Y22 =

Y2: =

~P3;,8in8 — Py, cos6 +r
Py, cos6 — Py, sinf

P,

0

0

72:0 + 0

Applying these transformations to Eqs (3.64) through (3.69) yields

P)n

Py,

- (121 cos ¢4 + l23 cos dg5 + 133 €08 Pyge + 0/2)81!1(9 - t/)) —

(121 8in ¢ + l228in Pys + J238in Pyse — h)cos (0 — ¢) + r

(121 cos d¢ + l22 cos a5 + l23 €08 Pyse + a/2) cos (0 — ) —

(121 8in @4 + l22 3in dys + l23 sin dese — h) sin (6 -v)
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Py = 0 (3.90)

Tin = 0 (3.91)
Y = 0 (3.92)
Y2: = Guse ~ (60— ¥) (3.93)

With the position information now in the local contact coordinate frames, the deriva-
tives of Eqs (3.76) through (3.81) can be taken to get the following velocity relations for
finger 1:

Vin = [~ (sings + hysin iz + lis sin 6123) 61 -

(hasin g1z + hissin é135) 2 — (hs sin d123) b sin (8 + ) -

[(h1co8 61 + ha cos d12 + s cos B12s) b1 +

(hzcos ¢1z + i3 cos $123) b2 + (3 cos $12s) d’s] cos (6 + ¢) (3.94)
Vie = [~ (hising: + hasingrz + hsin érzs) b -

(hasin ¢12 + hasin d123) d2 — (hssin ¢1za)<i>s] cos (6 + ¥) +

[(111 cos é1 + iz cos 812 + hig cos B123) b1 +

(hzcos d12 + hacos $123) b2 + (hacos dras) ] sin (0 +¥)  (3.95)
Vi. = 0 (3.96)
win = 0 (3.97)
wie = 0 (3.98)
wi: = b1+ é2+s (3.99)

Note that 8, ¢, r, h, and the l;; are all considered as constants.

Likewise, the derivatives of Eqs (3.88) through (3.93) give the velocities of fingertip

2 in the contact 2 coordinate system as functions of the joint angles and their derivatives:
Var = [(ln sin @4 + l228in P45 + 23 8in Pse) du+
(122 8in @45 + L2y 8in dase) Ps + (23 8in Pase) ¢o] sin (6 — ¢) —
[(’:1 cos ¢4 + 123 €08 Pas + 123 cO8 Pyse) Pu+
(122 co8 ¢q5 + 25 co8 Pare) b5 + (I23 cO8 Pyss) ¢o] cos (8 — ¢) (3.100)
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Vyy = [— (21 8in ¢y + lz2 8in Gas + a3 sin Guse) b4 —
(122 5in dus + 123 3in Base) ds — (123 8in Pase) 4.’3] cos (6 — ) ~
[(’21 €08 9y + I22 08 s + l23 COS Pase) Bu+
(122 cos $us + l23 cos dase) G5 + (123 cO8 Pase) 4.’6] sin (6 — ¢) (3.101)

V. = 0 (3.102)
win = O (3.103)
wye = 0 (3.104)
wi: = @4+ s+ de (3.105)

Equations (3.94) through (3.99) can be put into the matrix form given by
V=4 & (3.106)

where the vector V, is the velocity of fingertip 1 in the contact 1 coordinate frame given
by
T
Vl = { Vin Vie Vi: win Wi wy, } (3.107)

the vector S‘ is the vector of joint velocities of finger 1 given by
S .. . )T
$ = { ¢ ¢ @3 } (3.108)

and the matrix J; is the Jacobian matrix for finger 1 which relates the finger 1 joint

velocities to the fingertip 1 velocity in the contact 1 coordinate frame. The matrix J; is

given by
Jin Juz Jus
i Jizz Jizs
n=| % 00 (3.109)
0
0 0 0
I 1 1 1 ]
where
Jmm = —(hising; + lizsinéya + lissin @1a3)sin (6 + ¢) —
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(Liy cos @y + l12cos P13 + ly13cos Pyas) cos (6 + ¢) (3.110)
juz = —(hz2sindiz + lissingrzs)sin(f + ¢) -

(li2cos @12 + l13cos ¢y23) cos (6 + ¥) (3.111)
jus = —lizsingyazsin(f + ¢) — hzcos ¢y23cos (6 + ¢) (3.112)
Jin = —(lusing; + liasin @2 + lissin @y} cos (8 + ¥) +

{li1cos @1 + 112 co8 ¢12 + 113 c08 dy23) sin (6 + ¢) (3.113)
Ji22 = —(lz2sin@12 + Liysindyza) cos (6 + ¥) +

(ly2cos 12 + l1zcos d123) sin (6 + ¢) (3.114)
J123 = —lasindiazcos (6 + ) + lizcos dr23sin (6 + ) (3.115)

Similarly, Eqs (3.100) through (3.105) can be put into the matrix form given by
Vo=, &, (3.116)

where the vector V, is the velocity of fingertip 2 in the contact 2 coordinate frame given
by

_ T

Vy = { Vo Var Vi win wae wi, } (3.117)

the vector $, is the vector of joint velocities of finger 2 given by
L .. . T
®; = { é ¥5 e } (3.118)

and the matrix J; is the Jacobian matrix for finger 2 which relates the finger 2 joint

velocities to the fingertip 2 velocity in the contact 2 coordinate frame. The matrix J, is

given by

a1 Juz Jjus

Jaa1 Jaa2 Jaas
0 0 0

Jp = (3.119)
0 0 0
0 0 0
1 1 1
L o
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where

]

Jm (l21 8in ¢4 + l338in Pys + l238in Pyse) sin (0 — ¢) —
(121 cos 4 + l23 cos Pys + l23 08 Pyg6) cos (8 — ¢) (3.120)

Jaiz = (la28in @us + la3 8in Pyse) 8in (6 — ¥) —

(Iz3 08 $us + Iz3 08 Bass) cos (6 — ¥) (3.121)
jas = lgasindasesin (8 — ) — Iys cos dase cos (6 ~ ) (3.122)
i1 = —(l31%in de + L2y sin Gas + Iya sin ase) cos (6 — ) —

I3y €08 b4 + Iaz €08 bas + Iy €08 buss) sin (6 — ) (3.123)
j222 = — (l28in dyp + I238in Pyse) cos (§ — ¢) -

(I3 €08 bas + lzs €03 dase) sin (6 — ¥) (3.124)
jazs = —lgssin dass cos (8 — ) ~ lzs cos dusesin (8 — ¥) (3.125)

To get the Jacobian matrices in their final form, the contact constraint information
must be incorporated. That is, information about which contact forces can be applied by
the given type of finger contact. For instance, a frictionless point contact carnot impart
any force on the object in the plane tangent to the object surface. Nor can it impart any
moments about the point of contact. It is constrained to impart only a normal contact
force component on the object because of the type of contact. An efficient method of
incorporating this information is by defining a matrix, B;, for each contact whose columns
are the vectors in the wrench basis of the contact type [MS85: 21]. For the two point

contacts with friction

(10 0]
010
001
By =B, = (3.126)
00O
0 00O
i 000 ]
The B; matrices are then used in the relationship |
Ji = BT J; (3.127) _QL
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to select only the portions of the J; which are supported by the contact type. Performing
k‘ the operations in Eq (3.127) results in
Jin Jju2 Jjus
N=| hn J122 Jrzs (3.128)
o o0 0

P

and

{ Ja1 Jnz Jns
J2= | jazn ja2z Jazs (3.129)
| 0 0 0 |
where the definitions of the elements were given previously in Eqs (3.110) through (3.115)

and Eqs (3.120) through (3.125).

The matrices in Eqs (3.128) and (3.129) can be used to calculate the vector of torques
required to apply a given contact force vector on the object. The relationship to give such
a solution is presented in the next section and requires the transposes of the 7;. Therefore,

with forethought, the required transposes are found to be

Jin iz O Jaug Jan O
T . . . .
Jy = | juz2 sz 0 IF =1 jnz jazz O (3.130)
Jus jhizz 0 Jaus Jaaz O

When the J7 are assembled into block diagonal form, the transpose of the global

hand Jacobian matrix, J7 is formed. The resulting matrix is given by

r -

Jur Ji2 O O O O
Ju: Jjizz 0 0 0

Jus Ji12s 0 0 0
0 0

Q
h!
N

_ (3.131)
Jja1 Jan

0 QO O O O

0
0 0 0 jn2 ja
0 0 0 jus Jjas

- o

3.6 COMPUTING TORQUES FROM CONTACT FORCES

The number of fingers in contact with the object, the number of links on each finger,

and the dimensions of the hand influence the required vector of joint torques for a given %
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set of contact forces. Therefore, in order to determine the finger joint torques required to
r apply a given set of contact forces, one must first assume a hand structure. For this thesis
a planar two-fingered hand with three links per finger as shown in Figure 3.7 is assumed.
The lengths of the finger links will be carried through the analysis symbolically so as to
+ maximize the generality of the results.

The relationship which relates the contact force vector, C, to the vector of finger joint

torques, 7, is given by Kerr [Ker84: 24] as

F=JTC (3.132)

where JT is the transpose of the global hand Jacobian matrix given by Eq (3.131) in
Section 3.5 for the hand structure assumed above. For two point contacts with friction,

the contact force vector is given by Eq (3.16) as

-

T
C:{ Cln Clt Clz Czn ng sz} (3133)

For an overconstrained grasp, such as one having two point contacts with friction on
an object constrained to planar motion, the contact force vector is not unique. It can be
separated into two orthogonal components; one for the unique particular solution, (-/",,, and
one for the indeterminate homogeneous solution, ;. These two components are linearly
related to € by Eq (3.19). The homogeneous solution component is termed the internal

grasp force by Salisbury [Sal82: 41].
When Eq (3.19) is substituted into Eq (3.132), the following expression results:
7=J7C,+ T Ch (3.134)

The linearity of Eq (3.134) allows the vector of joint torques, ¥, to be separated into two
orthogonal components, 7, and 7}, in the same way that C was separated into 6,, and

C-";, . Therefore,

F=74+ % (3.135)
where
7=J9TC, (3.136)
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and

#n=JTCs (3.137)

The torque vector in Eq (3.136) is called the particular solution torque vector because it gen-
erates the particular contact force components. Similarly, the torque vector in Eq (3.137)
is called the internal grasp torque vector because it is the set of finger joint torques which

generate the internal grasp forces.

3.6.1 DETERMINING THE PARTICULAR SOLUTION TORQUE VECTOR. The
vector 7, is unique for a grasp configuration and externally applied load, F..;. The grasp
configuration information is contained in the global hand Jacobian matrix, 7. In general,
the externally applied load may be either symmetric or asymmetric depending on the value
of a. The symmetry or asymmetry of the load affects the particular solution torque vector
via the particular solution contact force vector, C‘,. Section 3.4.2 derives C'"F, for the cases
of nominal, asymmetric with no external moment, and asymmetric with an external mo-
ment. For a nominal load the vector given in Eq (3.31) is used in Eq (3.136) while for an
asymmetric load with no external moment, the vector in Eq (3.33) is used in Eq (3.136).
Finally, if the load is asymmetric and has a nonzero external moment, then the vector in
Eq (3.39) is substituted into Eq (3.136). As an example, the case of a nominal load will be

analyzed here to illustrate the method which can also be applied to the asymmetric cases.

When Eq (3.31) is substituted into Eq (3.136), the result is

( 3
—cosf

sin 6

0

(3.138)

™

—cos @
—siné

o

where J7T is given in Eq (3.131).
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When the operations in Eq (3.138) are carried out, it yields

{ lyy cos (@1 ~ ¥) + liz cos ($12 — ¥) + hiscos ($123 — ) ‘
li2 cos (12 — ¥) + liscos (123 — )

. Fex l13 cos (¢125 — ¥) }
2 | taycos (B4~ ¥) + lazcos (¢4s — ¥) + las cos (use ~ ¥)
133 cos (@as — ¥) + la3 cos (Pase — ¥)

| [23 cos ($ase ~ ¥) )

(3.139)

The torques given in Eq (3.139) are the joint torques required to maintain equilibrium
of the object with no internal grasp force present. Recall, however, that the contact forces
represented by the particular solution torque vectors may not provide positive normal
forces which are required to activate frictional forces. Therefore, ¥, may not in reality be
able to equilibrate the externally applied force because of the unisense constraint on the

normal contact forces.

3.6.2 DETERMINING THE HOMOGENEOUS TORQUE VECTOR. The vector
T» is indeterminate and depends on the arbitrary internal grasping force magnitude, A, as
well as the configuration of the hand and the object. When Eq (3.24) is substituted into
Eq (3.137) the following relationslﬁp results:

4 ) 3
sin

cosd
#=J7 o) (3.140)
sin 6

—cosé
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Now if Eq (3.131) is substituted into Eq (3.140) the result is

[ —hysin(¢1 — ¥) ~ Liasin(y2 — ¢) — lissin (D123 — ¢) ‘

~l 2 8in (12 — ¥) — lizsin (123 ~ ¥)

A —lhasin($123 - ¥) } (3.141)

[y sin (@¢ — ¥) + l328in (@45 — ¥) + 23 sin (Pes6 — ¥)
l22 8in (@45 — ¥) + l2s sin (Pese — ¥)

{ I3 sin (d4s6 ~ V)

sh
Il

7

Equation (3.141) is the portion of the torque vector which creates an internal grasp force

when the external load on the object is characterized as a nominal or symmetric load.

The total joint torque vector is assembled by substituting Eqs (3.139) and (3.141)
into Eq (3.135). Examining Eqs (3.139) and (3.141), reveals that the torque vector is not
an explicit function of the object geometry parameters (r,8,h) but instead is a function
of the hand geometry parameters (@;;,¥,lij,a) . However, through the use of inverse
kinematics, the solution can be conditioned to make the torque vector a function of the

object geometry parameters.

3.7 INVERSE KINEMATIC SOLUTION

In general, there are an infinite number of hand structures and finger positions which
can correspond to the grasp of an object in a particular geometry. Therefore, several
parameters must be specified to reduce the complexity of the problem so a unique solution

will result.

For planar motion and three links per finger, the inverse kinematic solution of the
fingers will be indeterminate. For simplicity the number of degrees of freedom per finger
will be reduced from three to two for the remainder of this analysis. The expressions for the
torque vectors in Eqs (3.139) and (3.141) can be adapted to two-link fingers by requiring
that l;3 = l33 = 0 and eliminating the third and sixth row elements. The resulting torque
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expressions are

[ 1)1 cos ¢y + bz cos (ya )
7, = Fest | hz o8 Gaz » (3.142)
P2 l21 cos (4 + 12208 (45
{ I33 cos (us )
and
=~y 8in ¢y — lyzsin (42
B=A ~hasinGe (3.143)
{31 8in {4 + la3 sin {45
{32 8in (45
where
G = (1-¥) (3.144)
G2 = (d12-¥) (3.145)
G = (6e—¥) (3.146)
Cs = (das —¥) (3.147)

With the problem simplified to enable a unique inverse kinematic solution, appropri-
ate parameters must be selected as fixed values for the object and hand geometries. Since
the previous analysis was conducted using the grasp angle, 6, as a variable, it will remain
as a variable for this analysis. The fixed values will then be r, A, a, l;;, and ¢ . The task
then is to determine the inverse kinematic solutions for the finger joint angles as a function

of & when given r, h, a, I;;, and ¢.

Figure 3.10 depicts the geometry and nomenclature for the planar grasp of a cylindri-
cal object with two fingers having two-links per finger. From Figure 3.10 the positions of
the contact points between the fingertips and the object can be written in the palm frame

using the finger parameters:

Plz’. = Ijjcosdy + 112 cos g2 — ai (3.148)

Ply, = 1 sin¢; + li28in g2 (3149)

Pz,, = I31co8¢4 + [33co8 s + % (3.150)

sz' = I3 sindy + la28indys (3.151) _ %
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Figure 3.10. Geometry and Nomenclature for Inverse Kinematic Solution of Two Fingers
with Two-Links Per Finger Grasping a Cylindrical Object

3-36




The fingertip positions can also be written is the palm frame using the object parameters:

P, = —rsin(6+¢) (3.152)
Py, = h+rcos(0+4) (3.153)
P, = rsin(f-y) (3.154)
Py, = h+rcos(f-y) (3.155)

Equating the expressions in Eqs (3.148) through (3.151) with the corresponding expressions
in Eqgs (3.152) through (3.155) yields the following expressions:

l1 cos ¢y + 13 cos ¢y — % = —rsin(6 + ) (3.156)
lissingy + lijasingy2 = h+rcos(6+ ) (3.157)
I3y cos @y + l32 cos Pys + g = rsin(0- ) (3.158)

]

131 8in ¢4 + 122 8in Pgs h+r cos (9 -yY) (3.159)

To solve these equations, begin by rearranging them so that all of the hand geometry

parameters are on one side of the equality and the object geometry parameters are on the

other:
lijcosy + lacos s = g -r sm(0 + d)) (3.160)
Lhiysing; 4+ liasingys = h+r cos(6 +¢) (3.161)
I) cos b + lazcos des = -“5 +r sin(8 - ) (3.162)
ly1singg + laasinggs = h 4+ r cos (0 - 'l)) (3.163)

Squaring both sides of Eqs (3.160) and (3.161) and adding them together results in

13, + 13, + 2113132 (cos ¢, cos ¢;5 + sin ¢, sin ¢12)
2
= [g— —rsin(6 + ¢)] +[h+rcos(8+¢) (3.164)

while squaring both sides of Eqs (3.162) and (3.163) and adding them together results in
13, + 13, + 2131133 (co8 P4 cO8 45 + in P sin Pys)

= [F4run@-] +ihsrcon- vy (3.165)
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Applying several trigonometric identities to the parenthetical expression on the left hand
side of Eq (3.164) reveals that it is equal to simply cos ¢, while that of Eq (3.165) is equal
to cos ¢y . Making these substitutions into Eqs (3.164) and (3.165) yields

2
B, 4+, +2hlj3c084; = [% ~ rsin(6 + ¢)] +[h+rcos(0+ ) (3.166)
_ 2
B3+ 12, + 2ylazcos s = [——22 + rsin(6 — !/J)] +[h+rcos(8- ) (3.167)
Solving Eq (3.166) for ¢, yields

¢2 = S arccos {L% —rein(f + d))]z +[h+rcos(f+ '/’)]2 - I3 - 1,
i 2114,

(3.168)

while solving Eq (3.167) for ¢5 yields

- . 2 2
s = -S arccos{ [ +rsin(0-9¢)] +[h+rcos(d—y))’ -1 -1, (3.169)
2 iy,

where S is +1 for knuckle-in configuration and -1 for knuckle-out configuration.

To solve for ¢, and ¢, begin by using the following trigonometric identities:
cos(a+P8) = cosacos - sinasinf (3.170)
sin{(a+8) = sinacosB + cosasinf (3.171)

When these identities are substituted into Eqs (3.160) and (3.161) and rearranged slightly,
the result is

—li2sindasingy + (I11 + 112 cos ¢3) cos ¢, % —r sin(6 + ¢) (3.172)
(I + hizcos @3)sin gy + liasingacosgy = A+ r cos(f+ ¢) (3.173)
while substituting them into Eqs (3.162) and (3.163) yields

—~l3asin @s sin 4 + (I31 + laacosdg)cos @y = :22 +r sin(0 - ¢) (3.174)
(I21 + laa cos g ) sin @y + laasingscosdy = A+ r cos(f - ¢) (3.175)

To solve Eqs (3.172) and (3.173) simultaneously for sin¢, and cos¢,; they can be
put in the matrix form of Ax = b and Cramer’s method [Kre83: 319] can be used. The
matrix form of Eqs (3.172) and (3.173) is

—li38in ¢; (11 + hia cos ¢2) sing; | ] §-rsin(6+9) (3.176)
(l11 + iz cos ¢2) l128in ¢, cos ¢ h+r cos(8+ o)
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The determinant of the coefficient matrix in Eq (3.176) is
detA = — (I, + 13, + 21z cos ¢, ) (8.177)

To solve for sin ¢, requires the determinant of the coefficient matrix with its first column

replaced by the vector b. That determinant is found to be

- {111 (h+rcos(f + )]+ 42 [hcosd), - %sind}z +rcos(8+ 9y — d’z)]} (3.178)

Dividing Eq (3.178) by Eq (3.177) gives the solution for sin¢, as

sin gy = {liy[h + rcos (8 + )] + li2 [heos ¢ - $singy + rcos (6 + ¢ — é2)]}
L (3, + I3, + 2111112 cos ¢3)

(3.179)

Similarly, the solution for cos¢; requires the determinant of the coefficient matrix

with its second column replaced by the vector b. This determinant is found to be

- {zu [g ~ rein(8+ ¢)] +hs [h.ms, + 3 cords —rein(0+y - ¢,)]} (3.180)

The solution for cos¢, then yields

cosdy = {li;[§ — rsin(6 4+ ¥)] + 2 [hsing; + §cos g — rsin(8 + ¢ — ¢,)]}
1= (I}I + 1%2 + 213,115 cos ¢2)

(3.181)

To find ¢; divide Eq(3.179) by Eq (3.181) to form tan ¢, and then use the ATAN2
function which is an inverse tangent function that places ¢, in the proper quadrant
depending on the signs of the numerator and denominator. Although the denominators
of Eqs (3.179) and (3.181) are common, it is important that they are not canceled when
forming tan ¢, because they may affect the signs of Eqs (3.179) and (3.181) and thereby
affect the resulting quadrant of the solution.

Using the same solution method for determining ¢, yields
_ {laa[h + rcos (8 — ¥)] + l32 [hcos ¢ + § sings + reos (8 — ¢ + ¢5)] }

Sin¢( = (l;l + l%z ¥ 2121122 C08¢5) (3.182)
and
con gy = {I21|-% + rsin(6 — )] + lay [hsings — § cos @ + rsin (6 — ¥ + ¢5)] ) (3.183)

(l;l + l;? + 2’21[22 cos ¢5)
To find ¢4 Eq (3.182) is divided by Eq (3.183) to form tan ¢4 which is then solved for ¢4
using the ATAN2 function.
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3.8 SUMMARY

In this chapter the underlying theory for further derivations has been presented.
The basics of screw theory has been explained and used to solve for the contact forces

required to equilibrate an external force system on the grasped object. The configuration

# of the external force system has been categorized as either symmetric or asymmetric, and
a discussion of force closure and form closure was presented. In order to compute the

finger joint torques of the gripper, the global hand Jacobian matrix was derived for a

gripper structure consisting of two, three-link fingers having serially-actuated, revolute
joints. Since the global hand Jacobian matrix is a function of the gripper configuration,
the inverse kinematic solution is required. The gripper structure was redefined as having
two, two-link fingers to reduce the complexity of the inverse kinematics so that a unique

‘knuckle-out’ configuration resulted.

The derivations of this chapter serve as the starting point for the developments un-

dertaken in the following chapter.
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IV. EQUILIBRIUM ANALYSIS OF
NOMINALLY-LOADED OBJECTS

The magnitude and orientation of the external load vector has a direct influence on
the grasp angle, 8, and the internal grasp force, \', required for an equilibrium grasp. The
magnitude of the external load is characterized by F,., while its orientation is characterized
by the load angle, a. In most cases the grasp angle is not unique and may be selected
from a range of allowable values. Often the range of allowable values for § is limited by the
value of A’ chosen and one or more constraints which must be simultaneously satisfied. In
general, there are three types of constraints which must be considered when configuring a

grasp. They are:

¢ Frictional force magnitude is constrained by a Coulomb friction model.

o For contacts characterized by point contacts with friction, normal contact forces can-

not ‘pull’ on the object surface. Nor should they crush the object being grasped.

o The contact forces that can be applied by the gripper fingers are limited in magnitude
by the capabilities of the actuators.

The first constraint requires that the tangential contact force magnitude be less than
or equal to the product of the normal contact force and some coefficient of static friction,
f#,. Any grasp requiring a tangential force larger than this product will slip. In order to
have active friction the normal contact force must be directed inward towards the object

center.

This leads to the second constraint which is termed the crush limit constraint. This
constraint limits the range of magnitudes of the normal components of the contact forces.
Because one cannot ‘pull’ on a surface without the aide of some adhesive, only a positive
sense normal is considered feasible. In addition, there are practical limits on the allowable
magnitudes of the normal forces if one is concerned about crushing the object. This effec-
tively limits the magnitudes to a range from zero to a maximum value which is determined

by the object structure.

%




The final constraint concerns the physical limitations of the finger actuators. Since
the hand configuration under analysis is limited to revolute joints, the actuator limits can
be characterized in terms of joint motor torque limits. In general a joint motor will have
a maximum torque rating, Tmaz, Which is considered here to be a symmetric rating with

respect to the direction of shaft rotation.

The goal of this chapter is to present a graphical method for selecting the grasp angle
and the internal force level for two-fingered grasps of cylindrical chjects under a nominal
load. A nominal load is considered to be one with the load orientation angle, a, equal
to 180 degrees and the external moment on the object, M,.., equal to zero. The method
is based on the static equilibrium analysis of the grasping forces presented in Chapter III

and will include consideration of the three types of constraints mentioned above.

In order to illustrate how the derived analytic expressions might be used to select grasp
parameters, an example grasp analysis will be presented. In the process of this example, it
will be necessary at times to specify limiting values for several of the contraining variables
or to specify the dimensions of the gripper and its relationship to the object. Each of
the constraints will require a different number of variables to be specified. The example
values for the required specified variables are presented as needed in the discussion and

summarized in Table 4.1 at the end of this chapter.

4.1 COULOMB FRICTION LIMIT CONSTRAINT

For a point contact with friction the Coulomb friction model relating the normal con-
tact force component magnitude, C,, to the tangential contact force component magnitude,
C,, is given by

Ci < p,Cn (4.1)

where u, is the static friction coefficient. Equation (4.1) defines a Coulomb friction limit
constraint for the allowable magnitudes of the normal and tangential contact force com-

ponents. The friction angle of a contact, 3, is defined as

B = arctan (%) (4.2)

1



It is easily shown that u, = tan§ . The static friction coefficient can be used to define

maximum and minimum limits on the allowable friction angle. Doing so yields
— arctan u, < @ < arctan g, (4.3)

In order to keep from slipping, the friction angle must remain within the allowable limits
defined by Eq (4.3). If only positive values of u, are physically possible, then even for
the generous case where u, = oo , the range of aliowable § would only be from ~90° to

+90°. This point will be further examined shortly.

Expressions for 3 as functions of the known grasp configuration variables will enable
an investigate of the regions of feasibility based on the friction limit constraint. It is clear
from Eq (4.2) that the friction angle may, in general, be different for each of the two
fingertip contacts under consideration. Therefore, the friction angles at the contacts are

individually defined as

Py = arctan (g—::—) (4.4)
B2 = arctan (g::) (4.5)

Recalling the components Cy,, and C;, from the total contact force vector given in Eq (3.39),

one can express the friction angle for the contact between fingertip one and the object as

8, = arctan 2r)'sin# cos@ — rcosa sin? 8 + M ' sin @ (4.6)
1= 2r)'8in%20 4+ rcosa sinf cosf + rsina — M’ cosé '
Similarly, the friction angle for the contact between fingertip two and the object is
B, = arctan ~2r\'sinf cosf + rcosa sin?@ + M sind (47)
= 2r\'sin?f + recosa sinf cos@ — rsina + M' cos @ '

Since the quantity F,../(2rsinf) is always positive, one need not be concerned about
changing the quadrant of 8, or §, by canceling this common factor when the ratio in

Eqs (4.4) and (4.5) are formed from the components given in Eq (3.39).

Equations (4.6} and (4.7) are the most general expressions for the friction angles.

Under the nominal load conditions mentioned above, Eq (4.6) reduces to

2)\ cos @ + sinO)

By = arctan (2/\’ sinf — cosf

(4.8)
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Figure 4.1. Friction angle at fingertip 1 versus grasp angle for a nominal external load on
the object

while Eq (4.7) reduces to

~2)N cos @ — sin 0)

By = arctan ( 2)\'sin@ — cos b

(4.9)

Examining Eqs (4.8) and (4.9) reveals that, for a nominal load, 8, = —f,. As will
be shown in Section 4.2 the sign difference between 3; and B, is due to a difference in the
signs of the tangential contact force components rather than the normal force components.
If B; and B, are plotted versus the grasp angle, 6, and let the normalized magnitude of the
internal grasp force, )/, remain as a parameter, one can explore the friction requirements
for grasping the object at different symmetric fingertip positions and internal grasp force

levels.

Figure 4.1 depicts such a plot for the contact of fingertip 1 with the object using
several different values of )’ while Figure 4.2 depicts such a plot for fingertip 2. One

immediately notes that there appears to be a linear relationship between 8 and 6 for
constant A’. Examining and manipulating the expressions in Eqs (4.8) and (4.9), however,

revealed no obvious linearity to the author. _ _ﬁ
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Figure 4.2. Friction angle at fingertip 2 versus grasp angle for a nominal external load on
the object

If one maintains that the friction angle is measured from the positive normal unit vec-
tor, then the friction angle for a contact force vector having a negative normal component
will be greater than +90° or less than —90°, depending on the direction of the tangential
component. For positive coeflicients of friction, however, a negative normal contact force
component is not allowable. Because only a positive-sense normal force is allowed, this con-
straint is called a unisense normal force constraint. The unisense normal force constraint
represents an upper bound on 8 corresponding to y, = oo. In general, u, << oo and the
grasp slips due to violation of the friction limit constraint long before the unisense normal
force constraint becomes a factor. The unisense normal force constraint does, however,
quickly identify regions where no grasp is possible unless an adhesive is used to interface

between the object and the fingertips.

Based on the unisense normal force constraint, the regions in Figures 4.1 and 4.2
which require 8 > +90° or 8 < —90° are excluded from consideration as feasible grasp
regions. In Figure 4.1 this means that it is not feasible to grasp the object at § < 90° if one
wanted to maintain A'= 0. Similarly, Figure 4.2 indicates that one cannot grasp the object
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at 6§ < 90° for A= 0. Therefore, by simultaneously considering 3; and 3; it is concluded
that one cannot obtain an equilibrium grasp of the object with # < 90° if A'= 0. However,
if A’ is increased to 1 then the unisense normal force constraint relaxes somewhat to allow

grasps at 8 € (27° < @ < 180°).

Using Eq (4.3) as criteria for defining a range of allowable friction angles reveals
that the regions of feasible grasps in Figures 4.1 and 4.2 are bounded above and below by
straight lines at 3; = + arctanyu,. As an example, assume u, = 1 for the contact of the
object with the material used for the finger pads. Equation (4.3) gives the corresponding
limits on G as +45 degrees. So from Figure 4.1, if A’ = 0 one cannot achieve an equilibrium
grasp for # less than 135 degrees if u, = 1. The same condition holds true for fingertip 2
as shown in Figure 4.2. However, if A’ = 1 and both 3; and f3,are considered, the range of

allowable 6§ includes all angles given by

0 € (72° < 0 < 162°)

It is interesting to note in Figure 4.1 that as A’ increases, the lines of constant in-
ternal grasp force quickly approach the line running from (8, 8,) = (0°,90°) to (6,8;) =
(180°, —90°) which represents A’= oo. Figure 4.2 shows an identical trend as one would

expect since 8;= —f;.

Examining the effect on the friction angle of changing A\’ for a constant ¢, can yield
several physical insights about the grasp. For 4, = 1 and 8 in the neighborhood of 180°,
as )’ increases from 0 towards oo the grasp is driven unstable. The object is essentially
ejected from the grasp in a fashion similar to pinching a watermelon seed until it ‘shoots’
from one’s grasp. Therefore, in this region one would want to hold the object gently so as

not to lose stability.

By contrast, for 4, = 1 and 6 in the neighborhood of 90°, as )’ increases the grasp
goes from unstable to stable. In this region one would want to hold the object as firmly

as the other constraints would allow.

Kumar and Waldron [KW87: 253] proposed a two-step suboptimal grasping strategy
for a two-fingered grasp of a circular cylinder with § = 90°. Step A of the strategy

corresponds to beginning the grasp at A'=0. Step B proposes to increase A’ until the
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friction limit constraint is just met and stop. Although this might conserve.' actuator
energy, it leaves the grasp very near the boundary of failure due to slip. Also, based
on the observations mentioned just above, this strategy will only work in the immediate

neighborhood of § = 90°.

{.2 CRUSH LIMIT CONSTRAINT

In order for frictional forces to be active, the normal contact forces must be directed
inward towards the object center. This corresponds to positive normal forces in the coordi-
nate system defined by Figure 3.6. Since only one sense (positive sense) of the normal force
is allowable, this is termed the unisense normal force constraint. In addition, there may
be a limit on the magnitude of the normal force which can be tolerated by the structure
of the object. If such a limit exists it is termed the crush limit of the object. This section
presents a simple graphical way of selecting the grasp angle and internal grasp force level

based on the unisense normal and crush limit constraints.

The total contact force vector in Eq (3.39) includes generalized expressions for the

normal contact force components at fingertips 1 and 2. For convenience they are repeated

here:
'sin? @ i 6 ina — M'cosf
Cin = Fuuy 2r)\' sin“ 8 + rcosa smG.cos 4+ rsina — M/ cos (4.10)
2rsiné
2r)'8in?0 + rcosa sinf cosf ~ rsina + M’ cosé
Can = F..e{ 27 3in 0 (4.11)

It may be beneficial to define normalized normal forces as the normal force magnitudes

divided by the magnitude of the external force, F,.¢. Doing so, yields

Cin 2r)'8in%20 + rcosa sinf cos@ + rsina — M’ cos 8
! = = .
Cln - Fu.-t { 27' sm0 (4 12)
Can 2r\'sin20 + rcosa sinf cos@ — rsina + M’ cos@
] -— —_
Can = Feoet { 2rsin 6 (4.13)

The expressions in Eqs (4.12) and (4.13) are for any general external wrench on the
object. If the conditions which constitute a nominal external load as defined in Section IV
are substituted into Eqs (4.12) and (4.13), they reduce to

2X'sin@ — cos @
Cin=Cin= — (4.14)
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Figure 4.3. Normalized contact normal forces 1 and 2 versus grasp angle for a nominal
external load on the object

The magnitudes of the normal forces at the two contacts are equal in sign and magnitude

for a nominal load as one would expect from the symmetry of the grasp.

Plotting Eq (4.14) as a function of § and parameterized by A’ will give insight into the
range of @ for feasible grasps based on the crush limit constraint. Figure 4.3 depicts such
a plot for three different values of A'. For a uniform object structure, a crush limit would
be characterized by a straight horizontal line on the plot in Figure 4.3 at the magnitude

given by
C, = Crmes (4.15)
Nmasr Fect
where C,, .., is the maximum allowable normal force which can be tolerated by the struc-

ture of the object. In general, however, the crush limit may be a function of the angle 4.
In such a case, that function would have to be evaluated over the range of # from 0 to 180

degrees.

For a given X', then, all values of § corresponding to C,, between zero and C;,  __, are

feasible values for the grasp angle. For example, assume that C; __, is found to be 1.5
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from a knowledge of the object structure and a measurement of F,.; and it is desired to
grasp the object with A'=1. Based on the crush limit constraint, the feasible grasp region
in Figure 4.3 would be defined by

6 € (0°< 6 <180°)

If C,

Nisaz

been defined by

had been found to be 1, then the feasible grasp regions in Figure 4.3 would have

€ (0°<H<80° U 153° < 6 < 180°)

As )’ increases the peak value rises and the slope steepens near § = 0° and 6 = 180°
until eventually, for A’=00 the curve rises with infinite slope at § = 0° and essentially
remains at oo until it falls with infinite slope at 8 = 180°. For all ), however, the
endpoints of the curve are the same because the normal forces do not contribute anything
to the internal grasp force when 6 = 0° or 6 = 180°. As one might expect, for large A’ the
band of allowable # corresponding to positive C,, increases unless there exists a low C}

Rwar

in which case the band becomes smaller.

4.3 TORQUE LIMIT CONSTRAINT

The final constraint that shall be examined concerns the torque output limitations
of the finger joint motors. Given that the contact force solution vector for a grasp con-
figuration meets the constraints on friction angle, unisense normal force, and crush limit
discussed previously, the torque limits must still be considered. If one bases the optimality
of a grasp on minimizing the dependence on friction forces and ignores the limits on real-
izable torques, the ‘optimal’ solution to many overconstrained grasps will demand infinite
torques from the finger joint actuators. In general a joint motor will have a maximum
torque rating, Tmae, Which is not dependent on the direction of shaft rotation. The torque
limit constraint defined by 7., may or may not be more constraining to a grasp than the

previously considered constraints; however, it requires investigation.

If one were to plot the torque requirement of the ith joint, r; , versus the grasp angle,
@ for a given X', the band of achievable torques would be bounded above by Tm,. and
below by —Tmae. Such a plot would not only identify the feasible grasp angles, but could
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also give insight into choosing the ‘optimal’ grasp based on the criteria of minimizing the

joint torque levels. Therefore, the goal is to obtain an expression for 7; as a function of ¢

and parameterized by \’.

As was mentioned in Section 3.6 several physical characteristics of the gripper config-
uration affect the vector of required joint torques for a given set of contact forces between

the gripper and an object. Among these are:

e The number of fingers in contact with the object.
o The number of contacts between each finger and the object.

The number of links in each finger of the gripper.

The lengths of the finger links.

o The distance between the joints of the fingers connected to the palm of the gripper.

The distance between the object and the palm of the gripper.

e The orientation of the object and external load wrench with respect to the palm of

the gripper.

In order to reasonably limit the scope of this thesis, it was assumed that there are only two
gripper fingers which may contact the object in at most one point each. In order to make
the inverse kinematics determinate, only two-links per finger are considered to be actively
controlled. If one wished to apply the analysis to a three-link finger set, one would have to
lock a joint on each of the fingers and effectively reduce them to two links each. The last
four items in the list above are variables in the analysis which are used in Section 3.7 to
determine the joint angles of the fingers required to grasp the object in the configuration
specified. The length of the jth link of the ith finger is given by l;;. The distance between
the joints of the two fingers connected to the palm of the gripper is given by a, while
the distance between the center of the object and the palm of the gripper is given by h.

Finally, the orientations of the object and external load wrench arc given by a and .

The procedure for generating a plot of r; as a function of 8 is to specify enough object

and hand variables to determine the inverse kinematic solutions for the joint angles as
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developed in Section 3.7 and then use those joint angles to calculate the joint torques using
the relationships developed in Section 3.6. From Section 3.7 the following relationships are

recalled for the solutions of the joint angles:

$2=S8 arccos{ [§—rsin(d+ V" +h+reos(f+v))f - B - Ifz} (4.16)
214,
e a2 a2 g2
s = —S arccos (32 +rsin(0—9)]" +[h+rcos(d—y))° -1 -1, (4.17)
21313,

where S is +1 for knuckle-in configuration and ~1 for knuckle-out configuration. The
knuckle-out configuration is preferred because it minimizes interference between the fingers
and the object as well as interference between the fingers themselves. To determine ¢, and
@4 the tangent of each angle is formed from expressions for their sine and cosine and the
ATAN2? function is used to arrive at solutions in the proper quadrants. The expressions

for the sine and cosine of each angle are given below:

_{lu(h+rcos(8+¢)]+ha[hcosd, — §sing; +rcos(6+ ¢ — ¢2)]}

sin g1 = B+ 12, + 2111115 c08 2) (4.18)
cos gy = {ha[§ —rsin(8 +¢)] 141;1’1: E?:-i:;:;jczszz)“ rsin(6 + ¢ — ¢3)]} (4.19)
sin g < Uik + reos(8 - 9] ;-g llz: [z;,cis ;sz;j;i:::; res(@-v+dsl} |,
cos gy = m[gHrein(o- )] + Lz [hsings — 8 cos g5 + rsin (6 — ¥ + ¢5)]} (4.21)

I;; + I%z + 2121122 cos ¢5)

Using these joint angles, the joint torques are found using relationships recalled from
Section 3.6. In keeping with the previous developments, dimensionless torque parameters

are defined as
] e
GF ezt

(4.22)
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Applying Eq (4.22) to Eq (3.135) yields
=/

Fl=F 4 (4.23)

where, for a nominal load,

' Ly cos{; + L2 cos (2
7= 1 ) {12 cos (12 (4.24)
2e I2) cos (4 + a3 cos (45
{ {32 cos (45
and
=l sin¢y — li28in (2
a = X 4 —lhzsin(y2 (4.25)
a l31 sin (4 + l228in (45
| I22 8in (45

As an example let us assume a gripper with
a=lhy=lha=ln=lh=1

which is to grasp an object having a radius r = a/2 = 0.5 such that the center of the
object is a height h = a = 1 above the palm and the line connecting the fingertips is
parallel to the palm (i.e. ¥ = 0°). Figures 4.4 through 4.7 depict the required torques in

joints 1, 2, 4, and 5, respectively, assuming the object is subjected to a nominal load.

These plots reveal a trend in the torques of joints 1 and 4. Generally, for a constant
X joints 1 and 4 must have higher torques as # gets larger. As the desired )\’ increases, the
required torques in joints 1 and 4 also increase as one would expect. Due to the symmetry
of the grasp and the definition of the coordinate system, the torque in joint 4 is equal and

opposite to that of joint 1.

The plots for joints 2 and 5, however, have unexpected crossover points where the
required torques are identical for all internal grasp force magnitudes. This invariance is
an indication that the inverse kinematic solution of the hand at this grasp angle results

in joint angles that position links 2 and 5 perpendicular to the direction of the external
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wrench. That is, in the given position, the torques applied to joints 2 and 5 can make
no contribution to the internal grasp force but, instead constitute the particular solution
contact force vectors. Therefore, the configuration of the gripper at this point is one with

the centerlines of links 2 and 5 along the line connecting the contact points (i.e. horizontal).

One can superimpose the torque limit constraint on the plots by computing the

corresponding 7,,,. from the given T,,,. and aFez;

Thas = 28 (4.26)

maz
aFes

The feasible grasp region is identified by the range of # which is within the band of 4.
For a given Tim,s , the range of allowable @ decreases with increasing X’. This is in contrast

with the trend for the crush limit constraint where increasing A'resulted in a larger range

of allowable 4.

As an example, assume that the maximum torque which can be generated by any of
the joint motors results in 7.,,,. = 1 and the internal grasp force is to be maintained at X'
= 1. Figures 4.4 and 4.6 indicate that, based on the torque capabilities of joints 1 and 4,
the object must be grasped with ¢ € (90° < 0 < 180°). Examining Figures 4.5 and 4.7
reveals that joints 2 and 5 impose no restriction on the range of allowable 8 since for A'=1

for all 6.

they remain below 7.,

4.4 SIMULTANEOUS CONSIDERATION OF CONSTRAINTS

In order for a grasp configuration to be physically feasible, it must simultaneously
satisfy all of the constraints previously mentioned in this chapter. The intersection of
the allowable grasping angle regions identified in the example of Sections 4.1 through 4.3
identifies the ‘good’ grasp region for A’=1. When all of the constraints are simultaneously
considered and A'=1, the choice of 4 is reduced to 6 € (90° < 8 < 162°). In order to remain
as far removed from the constraint boundaries one might suggest that the midpoint of this
region be selected. However, one should examine the trends in Figures 4.1 through 4.7
within this range of # before arbitrarily selecting the midpoint. Upon examining the
trends of the curves from 90° to 162° one discovers it is beneficial to tend towards 162°

based on the crush limit and torque limit constraints, but it is detrimental with respect to
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the friction limit constraint. With this controversy, it is not clear which way one should

tend.

The next chapter presents a method of evaluating the benefits of tending towards one
bound or the other. By way of illustration, however, let us arbitrarily choose to further
examine the grasp at § = 135° and A'= 1. The trigonometric relations for § = 135° are
relatively simple so this configuration should serve well as an illustration. Figure 4.8 shows

the configuration of the gripper for this example when # is chosen to be 135 degrees.

| ¥ |
/ /L/ S S S AS S
a=1
Figure 4.8. Configuration of the gripper fingers for the grasp example with § = 135°,

a=l;=h=1,r=0.5,and ¢ = 0°

{.5 CHAPTER SUMMARY

Analytic expressions are presented which model the equilibrium requirements of two-

fingered grasps of cylindrical objects confined to planar motion. The analytic expressions
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are three sets of inequality relations which correspond to three grasp constraints; friction

limits, crush limits, and joint torque limits. Use of these expressions is restricted by the
assumptions and limitations mentioned in Section 1.2. A nominal external load wrench was
defined as a zero-pitch wrench (a pure force) acting along the y,-axis such that a = 180°.
The inequality relations were then plotted as equalities for the conditions of the nominal
external load wrench. To construct the plots for this indeterminate system, the grasp
angle, 8, was arbitrarily chosen as the independent variable and the internal grasp force
magnitude, A, was chosen as a parameter. Trends in the requirements for friction angle,
contact normal force, and finger joint torques for selected values of A’ as functions of Awere
then examined. These plotting trends were interpreted in terms of the physical conditions

of the grasp.

During the course of the examination of constraint requirements for nominal load

conditions, the following trends were noted:

e The friction angle required to maintain an equilibrium grasp varies linearly with the

grasp angle, 8, if one maintains a constant internal grasp force magnitude, X'
o The friction angles at fingertips 1 and 2 are equal in magnitude and opposite in sign.

¢ For any positive static coefficient of friction, u,, and any internal grasp force, there
exists some 8 which corresponds to an equilibrium grasp if there are no crush or joint

torque limits.

e At every 8, one can vary the required friction angle through a range of 90° by varying

A’ between zero and infinity.

¢ Increasing the internal grasp force magnitude, X', tends to be detrimental to grasp
equilibrium when 8 is in the neighborhood of 180° and it enhances grasp equilibrium

when @ is in the neighborhood of 90°.

o The magnitudes of the contact normal forces are less affected by increasing ' when

0 is near 0° or 180° than they are when 6 is near 90°.

o When the centerlines of the finger links are aligned with the direction of the internal

grasp force, their joint torques required for grasp equilibrium are independent of A’ .ﬂ
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Coulomb He =1
Friction Al=1
Limit

Crush C. =15

Limit Al=1
Finger Thez=1 =05
Joint AM=1 Y =0°
Torque a=1 Li=1
Limit h=1

Table 4.1. Values of variables specified in each section for the example grasp analysis

¢ Depending on the configuration of the grasp, there may be regions of § whose joint
torques required for grasp equilibrium are less sensitive to changes in A’ than other

regions.

An example was presented to illustrate a method of using the analytic expressions
to determine feasible grasp angles and internal grasp force magnitudes. The values which
were specified in each section of this chapter for the example are summarized in Table
4.1. The method includes graphical displays of data which depict trends in the equilib-
rium requirements as functions of the grasp angle and the internal grasp force level. One
can select grasp configurations using this method and be guaranteed that it will achieve
equilibrium. However, if one was interested in optimizing the grasp configuration’s ability
to tolerate changes in the external load wrench, one would need a further method. The
additional method would be intended to evaluate the merit of a range of feasible grasp

configurations with respect to the criteria mentioned. Chapter V presents such a method.

A basic premise of using the analytic expressions presented in this chapter is that
one has a means of determining several factors about the object and the external load
on the object. A camera system could be used to acquire the radius and location of the
object if the lighting conditions were sufficient. Once the radius and position of the object
are known, one must additionally determine the type of material on the object’s surface,

so that an estimate of the static coefficient of friction can be made, and the mass of the
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object so its weight can be estimated. Probably the most difficult measurement, however,
is that of the magnitude and direction of the external load on the object. If the object is
known to be resting on a supporting surface, then the net external wrench is zero. If the
object is being held stationary by the gripper, one can guess with fairly high confidence
that the external wrench consists only of gravity. On the other hand, if the object is being
held by the gripper and someone pulls on the object, then some instrumentation is needed
to determine the characteristics of the wrench caused by the pulling. It is unclear to the

author as to what type of instrumentation could provide this information.
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V. EVALUATING THE EFFECTS OF
LOAD VARIATIONS ON A GRASP

Chapter IV presents a graphical method of selecting the grasp angle based on a
nominal load. The term ‘nominal’ load was used to describe an external wrench on the
object having zero-pitch and acting along the y,-axis such that a = 180°. Once a candidate
grasp configuration has been chosen by the methods in Chapter IV, one would like to
check the ‘quality’ of the grasp. For the purposes of this thesis, the ‘quality’ of a grasp is
determined by its ability to tolerate disturbances or changes in the external load wrench.
Figure 4.8 shows the configuration of the gripper fingers and the object for the conditions
given by the grasp example in Chapter IV. That configuration will be further analyzed to

illustrate the concepts in this chapter.

The variations in the external load wrench may be viewed in either one of two ways.
If one wishes, he can view the nominal value for the external load wrench as a measured
quantity and the variations as possible measurement errors. Or one can view the nominal
load as currently being an accurate value and the variations as possible future configu-
rations of the load. If the load varies quasistatically, a static equilibrium analysis can
correctly evaluate the behavior of the grasp during the change. However, if inertial effects

become significant, the static equilibrium analysis presented will no longer be suitable.

In this chapter, a method for evaluating the ability of a grasp to tolerate variations
in the nominal load wrench is defined. The nominal load wrench can vary in three ways.
The zero-pitch component of the external wrench may vary in direction or magnitude from
the nominal and the infinite-pitch component may vary from its nominal zero magnitude.
The first two variations are characterized by changes in a and F,,,, respectively, while the

third variation is characterized by a nonzero M’

5.1 CHANGES IN THE NOMINAL LOAD DIRECTION

When the direction of the external load wrench changes from the nominal condition of

a = 180° the load is then said to be asymmetric. This asymmetry destroys the equal and
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Figure 5.1. Friction angle at fingertip 1 versus variation in a, the angle of the external load

opposite relationship between 3, and A, which existed for the nominal case. In addition,

Cin is no longer identical to C,, and the symmetry in the torques vanishes.

By examining the friction, contact normal magnitude, and finger joint torque require-
ments of a grasp for values of a in the neighborhood of the nominal condition, one can

determine the ability of a grasp to tolerate a variation in a.

5.1.1 FRICTION LIMIT CONSTRAINT. If candidate values for § and A’ have
been chosen by the methods of Chapter IV and a is assigned as the free variable in
Eqs (4.6) and (4.7), one can plot the required 8, and 3, for various a using those same
equations to explore the effect. Doing this for the example problem given in Chapter IV,

yields Figures 5.1 and 5.2.

When a = 45° or a = 225° all values of A’> 0 share the same f3; in Figure 5.1. These
two orientations of the external load wrench correspond to F.,, pointing either directly
away from, or directly at the point of contact between fingertip 2 and the object. In these
configurations, one might think that €, would be zero and €, would entirely equilibrate

i“,,,. However, this is not the case because of the premise that two contacts must exist
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Figure 5.2. Friction angle at fingertip 2 versus variation in a, the angle of the external load

between the hand and the object rather than one. There are, in fact, equilibrium solutions

for the case of two finger contacts that require nonzero €, and C,, neither of which are

pure normal forces.

Let us examine for a moment these configurations when A’ = 0. The conditions
for ' = 0 require that there be no internal grasp force. This does not mean that the
resultant contact forces, ¢; and Ca, do not have components along the direction of the
internal grasp force (the line connecting the two contact points). Rather, it means that
there is zero force interaction along this direction (Wal86: 215]. This implies that if ¢,
and C, have components in this direction, they must be oriented in the same sense so as
not to oppose each other. A vector diagram of the resulting solution for a = 45° is given
in Figure 5.3 while that for a = 225° is given in Figure 54. When a = 45° and X’
is increased, the normal and tangential components of the additional contact force must

increase proportionally to act along the direction of the internal grasp force. Therefore, 3,

remains at —45° for all \'.

When a = 225°, however, the direction of C; will change as A’ increases. Thus, 3,
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Figure 5.3. Vector diagram of the contact force vector solution when A'= 0 and a = 45°

Figure 5.4. Vector diagram of the contact force vector solution when \'= 0 and a = 225°




starts at 135° and when )’ exceeds ({.25)? + (.25)?)°% = 0.3535, §, transitions abruptly
to —45°. fB; behaves in a similar fashion except at a = 135° and a = 315° as shown in
Figure 5.2.

As ) increases towards infinity, the internal grasp force overshadows the external
load wrench and the contact force vector becomes decreasingly sensitive to changing a. As

a result, when )\’ = oo, 8, remains constant at —45° while 3, remains constant at +45°.

Since 8 = 145° is the boundary of the friction limit constraint for the example,
Figures 5.1 and 5.2 indicate that this constraint will not be violated as long as A’ > 0.3535
and

a.€ (135° < a < 225)

This means that, based on the friction limit constraint, the direction of the external load
wrench can vary by 45 degrees to either side of the nominal configuration and the object
will not slip from the grasp as long as the contact forces are adjusted accordingly. For
variations beyond this range, it is impossible to maintain an equilibrium grasp. It is
interesting to note that ‘squeezing’ the object harder does nothing to improve the range

of tolerable a variation for this configuration of the grasp.

5.1.2 CRUSH LIMIT CONSTRAINT. By plotting the magnitude of the contact
normal force versus a one can evaluate the effect of changing the direction of the external
load wrench on the crush limit constraint. In Section IV expressions were derived for the
normalized normal forces at contact points 1 and 2 as furctions of r, 8, a, X', and M'.
Since M'= 0 for a nominal load and only the effect of varying a is to be explored, M' =
0 can be substituted into Eqs (4.12) and (4.13) and r can be canceled from the numerator

and denominator to get the following expressions:

2)'sin? 0 + cosa sinf cosf + sina

’ —

Cin = { 2 siné (5.1)
- 2)'sin? @ + cos @ sin @ cos @ — sina

o | o

Since the goal is to evaluate candidate values for A’ and 8 which were chosen by the
method in Section IV, those chosen values can be substituted into Egqs (5.1) and (5.2)
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Figure 5.5. Normalized contact normal force at fingertip 1 versus variation in a, the angle
of the external load

which can in turn be used to plot C;, and Cj, versus a. For the nominal condition
having a = 180°, the plots of C{,, and Cj, versus a will be reflections of each other about
o = 180°. Figure 5.5 shows a plot of Cy, versus a for the example problem using three
different values of ).

Figure 5.6 shows a similar plot for Cj, versus a. As one would expect, the required
normal forces increase without bound as )\’ is increased towards infinity. The plots are
sinusoidal in nature owing to the cyclic nature of varying a from 0 to 360 degrees. Since
the crush limit of the example is 1.5 and the candidate )’ is 1, the plots indicate that o
variations cannot violate the crush limit constraint. In the regions of a near 120 degrees
or 240 degrees the crush limit is approached, however, it is never exceeded for either of the
contacts. The conclusion is that the equilibrium of the grasp can be maintained despite

the variations in a without being concerned about crushing the object.

5.1.3 TORQUE LIMIT CONSTRAINT. In order to explore the ability of the grip-

per to generate the torques required to maintain grasp equilibrium when the direction
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Figure 5.6. Normalized contact normal force at fingertip 2 versus variation in a, the angle
of the external load

of the external load varies, it would be useful to ohtain expressions for the finger joint
torques as explicit functions of a. For the nominal load explicit symbolic expressions were
derived for the normalized homogeneous and particular solutions of the joint torque vector
and summed them using Eq (4.23) to get #'. If a is retained as a variable, however, the
complexity of the resulting expressions for ¥ becomes unmanageable. Therefore, numer-
ical evaluation of subexpressions are used to generate the data required to plot the joint

torques as functions of a.

The procedure is as follows. The same inverse kinematic equations as were presented
in Eqs (4.18) through (4.22) are used to yield the two joint angles for each finger. These
joint angles are then used in Eqs (3.110) through (3.115) and Eqs (3.120) through (3.125)

to determine the j;j. that are in turn substituted into Eq (3.131) to yield the transpose
of the global hand Jacobian matrix, J7. One must next evaluate the contact force vector %

for the given grasp and load configuration. This is done by substituting the appropriate

e

A




0, a, and ) into the following equation:

[ 2)\'sin? 0 + cosa sinf cosf + sin a
2) siné cos6 — cos a sin? @
FCC‘ < 0

2X’sin? @ + cosa siné cos @ — sina

(5.3)

—2)\'sinf cosf + cos a sin? @

| 0

7

The final step in determining the vector of joint torques is to multiply the global hand

Jacobian matrix by the contact force vector via
F=J97C (5.4)

Although Eq (5.4) is presented as a matrix multiplication, one does not have to multiply
all of the row elements of J7T by all of the column elements of C because of the numerous
zero elements. By planning ahead, one can greatly reduce the computation time for the

joint torque vector.

One can now use this method to produce plots of the four different finger joint torques
versus o for the example problem under study. Using 6 = 135°, the plots given in Fig-
ures 5.7 through 5.10 were generated. These figures indicate that the joint torques vary
in a sinusoidal fashion as a goes from 0 to 360 degrees. Also note that while increasing a
from the nominal reduces the torques in joints 1 and 4, it increases the torques required in
joints 2 and 5. When a varies below the nominal, the opposite occurs. However, none of
the joint torques are driven outside of the allowable band defined in the example problem
as 7} .. = 11 by any value of a. Based on the torque limit constraint one should conclude
that the equilibrium of the grasp will not be destroyed by variations in the direction of the

external load if we choose A = 1.

As a result of this investigation into the tolerance of the grasp in the example problem
to variations in the direction of the external load wrench, it is concluded that the candidate
values of 135° for @ and unity for )’ are good enough to maintain static equilibrium under

variations in a of as much as 45 degrees away from the nominal direction. When a varies
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by more than 45 degrees, the object will slip from the grasp due to a violation of the

friction limit constraint.

5.2 CHANGES IN THE NOMINAL LOAD MAGNITUDE

When the magnitude of the external load wrench changes, it affects the equilibrium
demands of the grasp. Having determined candidate values for the grasp angle, 8, and the
internal grasp force, A’, by means of a nominal load analysis in Chapter IV, one would like

to determine the range of variation in the magnitude of F,,., that can be tolerated by the

grasp without losing equilibrium or violating any one of the other two constraints. To do
this, one must examine each of the three constraints, in turn, as F,.; is allowed to vary
in magnitude. In order to distinguish between the nominal or reference magnitude of F.,,
and the varied magnitude of F,.;, the magnitude of the nominal external load wrench is

denoted as Fom,

ext

In general, the range of tolerable F,., will have an upper and a lower bound when each
of the constraints is examined in the presence of a variation in the external load wrench
magnitude. Since only positive F,,; are considered, the lower bound itself is bounded by
zero. The subsequent analysis will indicate that, in general, the friction limit ¢ >nstraint
will define upper and lower bounds on F,.; which are finite and non-zero. The types of
bounds corresponding to the crush limit constraint will be dependent on the quadrant in
which 0 lies, and the bounds corresponding to the torque limit constraint will be dependent

on the configuration of the gripper fingers as they grasp the object.

A fundamental assumption used in determining the bounds on F,., for which the
grasp can maintain equilibrium is that the grasp configuration and internal grasp force
magnitude will be maintained during the variation. This implies that 8, A’ !, a, the link
lengths, and the finger joint angles are to be held constant in the analysis that follows. A

new parameter, F*, is defined as
Fezt

F* =
1 ext

(5.5)

'In Chapter III )’ was defined in Eq (3.37) as the ratio of the magnitudes of the internal grasp force and
Fepe. In this chapter, this definition is refined by defining )\’ as the ratio of the magnitudes of the internal
grasp force, )\, and the nominal external load wrench F]7™.
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The magnitude of F* at the upper and lower bounds will reflect the ratios of the bounding

values of Fope to F9™. Thus, the larger the bounding F* limits, the more ‘headroom’ one

ezt

has for the candidate grasp configuration.

5.2.1 FRICTION LIMIT CONSTRAINT. To consider the effect of increasing F,.,
on the required values of 3; and 3,, begin by recalling the expressions for the homogeneous
and particular solutions to the contact force vector while the object is subjected to nominal

load conditions. In Chapter III Eq (3.24) gave the homogeneous contact force vector

solution as
siné
.. cos
Ch= (5.6)
sinf
~ cosf
and (3.31) gave the particular solution contact force vector as
—cosd
= F, sin @
Cp= == (€7
2 —cos b
—siné

where the C,,; and (,, components have been intentionally excluded. Summing Ch and

C, to get the total contact force vector C, yields

2Asiné — F, .4 cos6
a 5 2)cos8@ + F,p: 8in 0

= 0. (5.8)
22 8in8 — F .4 cos6
—~2) 080 —~ Fegy 8iné
If the definition of A’ is introduced into Eq (5.8), the result is
( 2) 'sind ~ -FI:E&: cosf ‘
E’ﬂ
from 2)"cos & + Bk sin 0
C = =t cet r (5.9)

2 e F,
22 f—~ @
sin n?cos
—2) cos § — in#
x 2)! cos wsm J
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Substituting the definition of F* given by Eq (5.5) into Eq (5.8) gives

2X'8in 8 — F* cosf
é Fnom 2\ cosf + F*siné

2 2) sinf — F* cosf
—2XN cosf — F*sind

(5.10)

The friction angles at contact points one and two are formed by substituting the appropriate
expressions from Eq (5.10) into the defining equations for 3, and 3, given by Eqs (4.4)

and (4.5) to get
_ 2) cosf + F*sin @
T 2M\sin@ — F*cosf

By (5.11)

and
By = —2X cosf — F*sinb
2= "9Msinf - F* cosf

(5.12)

Once again, note that 8; = -8, for the symmetric load conditions under which the
external load magnitude variations are analyzed. 3, and 3, are plotted as functions of
F* to evaluate the range of F,,, which can be tolerated without loss of grasp equilibrium.
Figures 5.11 and 5.12 show the plots for 8; and f3;, respectively, for the example grasp
under study. In those figures, the data has been plotted from F* = O up to F* = 2 in

order to represent variations of £100 percent on Fiq.

There are several interesting features of Figures 5.11 and 5.12. Consider for a moment
the data at F* = 0 which corresponds to no external load on the object. For A’ = 0 and F*
= 0 the total contact force is zero at both fingertips so the fingertips are not in contact with
the object and the friction angles are undefined. For a differentially small F*, however, the
friction angles are defined and equal to £45° for \' = 0 as shown in Figures 5.11 and 5.12.
These friction angles correspond to having the total contact force vectors at fingertips 1
and 2 pointing straight up along the positive y,-axis. This is known to be the case when

a symmetric load and zero internal grasp force coexist.
With the exception of A’ = 0, all A\’ require §; = —45° and B; = 45° at F* = 0.
When F* = 0 there is no external force on the object and, therefore, the particular solution

contact force vector, Cp, is identically a gero vector. Such a condition would exist when
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the object was stationary in a zero-gravity field or if it was in a gravity field and resting

on some support external to the gripper.

When all non-zero values of A’ coincide at one point on these plots, it indicates that
one could ‘squeeze’ the object as hard as one wanted without changing the friction angle
required for an equilibrium grasp. For example, consider a cylindrical object resting on
a pedestal support. If only the friction limit constraint is considered for the moment,
Figures 5.11 and 5.12 indicate that the object can be grasped with 8 = 135° and increase
) to any desired value without upsetiing the equilibrium or violating the friction limit
constraint as long as u, > 1. Such a condition allows one to preset )\’ before lifting the

object, thereby ensuring that a ‘firm’ grasp is maintained.

One could model the act of quasistatically lifting the object straight up from the
support in a uniform downward-acting gravity field, as increasing F* from an initial value
of zero to some final nominal value, F.5™", which might represent the weight of the object.
Consequently, when the object was lifted completely off of the support, F* would be equal
to one. In Figures 5.11 and 5.12, increasing F* for constant, finite, non-zero A’ results in
a reduction of the required friction angle. However, recognize that this characteristic is
unique to cradling grasps (i.e. § between 90° and 180°.) with F* less than 2. If the plot
of 3; was extended to include F* greater than 2, the constant A’ lines would cross § = 0°
and asymptotically approach 8 = —45° as F* approaches infinity. Since the friction angle
limits for this example are 8 € (~45° < 8 < 45°), for this grasp configuration, there are no
finite restrictions on the range of F* which can be tolerated by the grasp when the friction

limit constraint is scrutinized.

The lines in the figures for A’ = 0 have specific physical meanings. When \' = 0, the
contact force vector, C, consists entirely of the particular solution, C-",. When a = 180°
and M’ = 0, the load is symmetric which means that 'y, and €z, must be directed along
the y,-axis to oppose F.et no matter what magnitude F,,, takes on. One can easily verify
that if the contact forces are directed along the y,-axis, that the friction angles must be
45° and —45° at fingertips one and two, respectively. This is consistent with the known
directions of (71, and 53,.
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5.2.2 CRUSH LIMIT CONSTRAINT. To examine the effect of varying F,., on
the crush limit constraint, recall the expression for the normal contact forces as given by

Eq (5.10)
Ca

ext

C, = = X'sinf — 0.5F* cos 8 (5.13)

Because the nominal load is symmetric, the normalized contact normal forces at fingertips
1 and 2 are equal so they are both referred to as C,. The requirement to prevent crushing
the object is that C, must remain less than the C; _ that was defined in Eq (4.15).

Therefore, the following inequality constraint equation must be obeyed:
C, =Xsinf ~05F cos§ <C, (5.14)
This can be rewritten as

— F*cosf < 2(C;,

mazx

~ A'sin ) (5.15)

Since Eq (5.15) is linear in F*, it can solved for the bounds on F,,;. Care must
be taken to ensure that the proper sign of cos @ is used when solving for F* because the
direction of the equality will change depending on the sign of cosf when dividing both
sides by it.

When ¢ € (0 < 8 < 90°) it is a palming grasp? and the cos 8 will be positive so the

crush limit constraint is
F*>2(Xtand - C,, _sech) (0 <0 <90°) (5.16)

Eq (5.16) implies that there is a minimum value of F* which corresponds to the crush limit
for a palming grasp. Intuition tells one that, for a palming grasp, increasing F,.; will tend
to pull the object from the grasp and cause the normal forces to decrease. Decreasing F...,
on the other hand, will increase the magnitudes of the normal contact forces. Therefore,
for a palming grasp there is a lower bound on F* and there is no upper bound based on

the crush limit. This behavior is accurately represented in Eq (5.16).

3See Section 3.2.1 for definition of palming grasp.




When 6 € (90° < < 180°) there is a cradling grasp® and cos 8 will be negative so

the crush limit constraint is

F* < 2(Ntanf - C!

Nmar

sec §) (90° < 8 < 180°) (5.17)

Eq (5.17) implies that there is 8 maximum value of F* which corresponds to the crush
limit in a cradling grasp. Intuition tells one in the case of a cradling grasp that increasing
F,., will tend to press the object into the fingers and cause the normal forces to increase.
Decreasing F,..¢, on the other hand, will decrease the magnitudes of the normal contact
forces. Therefore, for a cradling grasp there is an upper bound on F* and the lower bound

is zero, based on the crush limit. Eq (5.17) accurately represents this type of behavior.

In the example grasp under analysis, § = 135°, A’ = 1, and C! = 1.5. Since

Nmasz
8 = 135° is a cradling grasp, these values are substituted into Eq (5.17) and the bounding
F* is found to be

F* <2243

This tells one that F,., can more than double and the structural limits of the object will

not be exceeded while trying to maintain an equilibrium grasp.

5.2.3 TORQUE LIMIT CONSTRAINT. Evaluating the torque limit constraint tol-
erance of a grasp configuration subjected to changes in the magnitude of F,., will be done
in a fashion similar to the analysis of the crush limit constraint in the preceding section.
Begin by recalling the expressions for the homogeneous and particular solutions of the
finger joint torque vector from Eqs (3.142) and (3.143) in Section 3.7 which are repeated

here for convenience:
l11cos(; + lyzco8 (s,

F 113 cos
7=t 12€08 1z (5.18)

131 cos {4 + 23 cos (s

I33 cos (45

3See Section 3.2.1 for a definition of a cradling grasp.




—ly; sin {3 — lj28in (2

—lys 8i
5= A 128in(;2 (5.19)

I18in (4 + 29 sin (g5

{33 8in (45

where the (’s are defined in Eqs (3.144) through (3.147).

To form the vector of dimensionless torque parameters as defined in Eq (4.22) and
used in Eq (4.23), one must sum the expressions in Eqs (5.18) and (5.19) and divide the
result by F*5™. Doing so, and introducing the definition of F* given by Eq (5.5), yields

ext

=M (hysindy + lizsin(y2) + 0.5F° (l1; cos §y + lzcos (12)
—Nhasin (g + 0.5F* 13 cos Cia

N (la18in (4 + la28in (4s) + 0.5F" (l3; cos (4 + l33 cos (4s)
Allys sin (45 + 0.5F* 132 cos (45

Y
"

(5.20)

In order not to violate the torque limit constraint, one must satisfy the following
inequalities:
Timae
T < Trge = Times (5.21)
TAmas
Timae
where, in general, the torque limit of each finger joint may be different. If the bounding
value of F* for the ith joint is represented as F;, then one can solve Eq (5.21) for the
F?. The bounding F* for the grasp would be the most restrictive F; that is found to be
positive and simultaneously satisfies all of the inequalities in Eq (5.21). The requirement
for F* to be positive can be expressed as a fifth inequality relationship which must be
simultaneously satisfied:

F*>0 (5.22)

The inequalities in Eq (5.21) can be rewritten as

F; (ln cos (; + [y cos Cu) <2 [r{moc + X (lu sin (; + l;28in (u)] (5.23)
F3 (h2c08(12) < 2 [T3mae + A’ (h12%in (12)) (5.24)
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F: (lzl cos{y + 132 cos (45) <2 [T‘m + X (131 sin (s + I3 8in C“)] (5.25)

F¢ (12208 (45) < 2 [Tomae + N (122 810 (45)] (5.26)

The signs of the parenthetical terms on the left hand sides of Eqs (5.23) through (5.26)
are dependent on the configuration of the grasp. In solving for the F;, the direction of the
inequality must be reversed if the parenthetical quantity is negative for the ith joint. These
parenthetical quantities are equal to the X,-components of the position vectors pointing
from the ith joint to the tip of the finger. Therefore, referring to Figure 3.10, whenever
the fingertip is to the left of the ith joint, the parenthetical quantity will be negative and

the direction of the inequality must be reversed when solving for F;.

To determine the range of tolerable variations of F,.:, one must solve the four inequali-
ties in Eqs (5.23) through (5.26) for the F; and take the intersection of their solution spaces
with the solution space of Eq (5.22).

For the example grasp problem under analysis, the inverse kinematic solution results

in
G = 147.88° B
2 = 6.59°
(¢ = 3212°
(s = 173.41° )

Using these joint angles, \' = 1, lj; = [ = l3; = l22 = 1, and 7/,,, = 1 for all joints,

yields

F?(0.146)
F}(0.993)

IA

3.293

IA

2.230
Fi(~0.146)

IA

3.203
F?(-0.993)

IA

2.230
Solving these equations for their corresponding F*'s results in

F; < 22485

5-19




F; < 2244
F{ > -22485
F; > -2244

Simultaneous consideration of all F* for this example indicates that, based on the torque
limit constraint, the grasp can only tolerate variations in the magnitude of the external

load wrench within the bounds defined by
Fett € (0 S Fc:t S 2-244}::‘:?")

while maintaining an equilibrium grasp.

5.3 CHANGES IN THE EXTERNAL LOAD MOMENT

Applying a nonzero moment to the object will cause a change in the equilibrium
requirements for a grasp. In Chapter IV candidate values for § and A’ were selected by
analyzing the nominal load requirements of a grasp. In this section the tolerance of the
grasp characterized by the candidate values of & and A’ to the presence of a non-zero
external load moment will be examined. The requirements of the grasp will be analyzed

in terms of each of the three constraints individually.

The nominal external moment on the object was taken as zero for the analysis con-
ducted in Chapter IV so introducing a non-zero M’ constitutes a variation in the external
load moment. To facilitate this exploration of the effect of variations in the external load
moment on grasp equilibrium, a dimensionless parameter, M*, is defined as

* — Mect __L_l_,
M S rFr T

ezt

(5.27)

where r is the radius of the object. By defining this parameter some physical insight has
been fabricated into its meaning. One can interpret M* to be related to the moment arm
of an equivalent force couple where the two forces have magnitudes equal to Foy™. With
this insight, M* is equal to the moment arm of the force couple expressed as a fraction
of the object radius. Therefore, an M* of one could be thought of as corresponding to
a couple consisting of two parallel, opposing forces, F;.5", separated by a perpendicular

distance equal to r.
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5.3.1 FRICTION LIMIT CONSTRAINT. Equation (3.39) gives the expression for

the total contact force vector in its most general form. The normal and tangential compo-

nents are repeated here for convenience.

2r\'sin? @ + rcosa sinf cosf + rsina — M/ cosé

. Foge 2r)\'sin 8 cosf — rcosa sin? 0 + M'sin 8

C= - {5.28)
2rsinf 2r) sin? @ + rcosa sinf cos@ — rsina + M'cosé
—2r)'sinf cosf + rcosa sin? 0 + M'siné
where
M
[ - ext

M' = (5.29)

ext

If M* from Eq (5.27) and a = 180° are substituted into Eq (5.28), it reduces to

2)'sin? @ - sinf cos @ — M* cosé
F... 2)'sin 6 cos @ + sin?0 + M* siné
2sin6 | 91'4in?g — sinf cos 0 + M* cos 8
—~2X’'sin@ cos§ — sin? 6 + M*siné

C=

(5.30)

The expressions for the friction angles at fingertips one and two are formed by selecting
the appropriate components from Eq (5.30). The result is
Cite  2)\'sin# cosf + sin?0 + M*sin b

b_;.- = 2)'8in? 0 — sinf cosf — M* cosf
Ca _ —2X\'8inf cosb - sin20 + M*sind
T Can 2)'sin?8 — sinf cosf + M* cosb

(5.31)

>

~
]
|

(5.32)

One can plot Eq (5.31) and (5.32) for various values of A’ as functions of F* to
explore the equilibrium requirements of a grasp characterized by #. The plot information
is evaluated in the same way as the nominal friction limit constraint plots were evaluated.
All M* having a friction angle within the bounds of +8.,,. = + arctany, are tolerable

external moment loads as far as the friction limit constraint is concerned.

If the data for the example grasp nominal conditions given in Section 4.4 are plotted,

Figures 5.13 and 5.14 result.

One immediately notices the discontinuity in the plots for A’ = 0. As was seen

in the analysis of the grasp for a nominal load, this discontinuity is due to a direction
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change in the contact forces. In the case of this example, the discontinuity in 8; occurs
when M* = —0.707 because that is when the tangential force required to equilibrate the
moment is exactly equal and opposite to the tangential force of the nominal-lozd particular
solution contact force for fingertip one. Therefore, the tangential contact force is zero at
this value of M*. In general, a geometric analysis reveais that the discontinuity of A’ = 0

will occur at M* = —sinfd for 8; and at M* = sin 8 for 3,.

The reason that the 3 are constant for A’ = 0 is that, when there can be no interaction
force, the directions of the resultant contact forces at the fingertips cannot change unless
the direction of F,., changes. Since presently only changes in the external moment are to be
considered, the direction of Fe,, must remain at a = 180 degrees. Thus, for equilibrium,
the contact forces can have no components in the z,-direction. It follows then, if the
tangential force component changes magnitude to compensate for the external moment,
then the normal force component must change proportionally as well. Hence, the friction
angle remains constant until the two contact force components change sign simultaneously.
This occurs at the point where the external moment requires a change in the tangential
force that exactly cancels the tangential force of the grasp that was required at M* = 0.
At this point, the particular solution contact force vector at fingertip one, 61,, is equal to

zero.

Figure 5.13 shows that this point is also a crossover point for all values of \'. Since
51, is equal to zero when M* = —0.707, a non-zero A’ produces ¢, = C1» which must
be directed along the z,-axis. For such a force, §; must equal —45° no matter what its
magnitude, X', may be. Consequently, all A’ curves pass through the point corresponding
to (M*,5;) = (—0.707, —45°).

Figure 5.14 shows trends in the data for fingertip 2 that are equivalent to those
discussed for fingertip 1. However, the crossover point occurs at a value of M* which is

the negative of the value at which the crossover occurred for fingertip 1 (i.e. M* = 0.707.)

Aside from the foregoing interpretation of the physical phenomenon associated with
the features of Figures 5.13 and 5.14, one can also determine the limits of tolerable M*.

Since the allowable bounds on the friction angle for the example grasp are +45° one
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¢
can determine from consideration of both the 8; and the 3, plots that the friction limit

o constraint is satisfied for

M* € (~0.707 < M* < 0.707)
This is true, of course, only if an internal grasp force having A’ > 1 is applied. The

o corresponding limits on the external load moment, M', are

M' € (-0.354 < M’ < 0.354)

o 5.3.2 CRUSH LIMIT CONSTRAINT. The crush limit constraint states that in
order to keep from deforming the object structure, the normal contact forces must be kept
below some maximum value given by Eq (4.15). This condition can be expressed as

( -‘7" S -‘”\nnuz (5'33)
The vector notation is used to denote that there are actually two independent inequality
constraints which must simultaneously be met in order for the crush limit constraint not

® to be violated. In general, the C,,  _ can vary from point to point on the surface of the
object, and it may in fact be a function of 4. One would have to perform a structural
analysis or make conservative estimates to obtain C;, __ at the two contact points.

To obtain C’, the first and third components are selected from the vector C given in

o Eq (5.30) and divided by F,,, to get

Ci, = XNsinf — 0.5c0s6 ~ 0.5M* cot # (5.34)

C C3, = X'sinf — 0.5¢cos6 + 0.5M" cot § (5.35)
From the form of Eqs (5.34) and (5.35), it is clear that the relationships between the
normal forces and M* will be linear. Both functions will intersect the C,,-axis at C,, =

¢ AN'sinf — 0.5cos 8. A plot of Cy., versus M* would have a slope equal to (~0.5 cot #} while
a plot of C},, would have a slope equal to (0.5 cot #). From this information, one can solve
these linear equations for the bounding values of M*. Substituting Eqs (5.34) and (5.35)
into Eq (5.33), yields the following inequality constraints:

¢

A'sing — 0.5co88 — 0.5M*cot0 < C;___ (5.36)
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AN'sinf —0.5cos60 + 0.5M* cot§ < C,___ (5.37)

If the terms with M* are isolated on the left hand sides, Eqs (5.36) and (5.37) become

—05M*cotfd < C, . - MNsinb+05cosb (5.38)
0.5M*cot® < C,

- Nwma

.~ A'sinf + 0.5cos 6 (5.39)
which can be combined into a single inequality given by

|M*| < |2tan6(CL,__ - Nsin8) + sind)| (5.40)

From Eq (5.40) it is clear that the upper and lower bounds on M* are equal in
magnitude and opposite in direction for the crush limit constraint. This is primarily due
to the fact that M’ = O for the nominal condition. In this case then, only a single number
need be calculated when defining the range of M* which are tolerable for a grasp.

For the example grasp, the maximum C,, was given as 1.5 and the grasp configuration
(as determined by a nominal load analysis) had 6 = 135° and A’ = 1. When these values
are inserted into Eq (5.40), the results show that the grasp can tolerate M* given by

[M*| < 0.879

without violating the crush limit constraint. The corresponding limits on the external load
moment, M’, are

M’ € (-0.439 < M’ < 0.439)

5.3.3 TORQUE LIMIT CONSTRAINT. The torques required in the finger joints
will vary as the external moment on the object varies. Since the finger joint actuators
have physical limitations as to their maximum outputs, one must examine the torque

requirements for varying M* in light of the torque limit constraint.

The global hand Jacobian matrix that was derived in Section 3.5 for a gripper with
two, three-link fingers can be reduced to apply for a gripper with two, two-link fingers by
assigning zero to lengths of the most distal links and eliminating the resulting zero rows

and columns to yield a 2x2 matrix. If this is done to the expression given in Eq (3.131)
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for the transpose of the global hand Jacobian matrix, the result is

-

(jlll sim 0 O

. . 0 0
JT = Juz n22 (5.41)

0 0 Jam Jan

[ 0 0 jas jam |

where

jin = - (hysingy + Iz siny)sin (8 + ¥) -

(Iy; cos ¢y + ly3 €08 $a2) cos (8 + %) (5.42)
juz = -—hasingyy sin(6 + ¢) — 12 cos ¢y2 cos (6 + @) (5.43)
Jin = —(lusinég; + ljzsindyz)cos (6 + ¥) +

(11 cos 61 + I3 cos dr2) sin (0 + ¥) (5.44)
jaz = —hasingyy cos(8+ %) + lyycos ¢z sin (6 + ) (5.45)

Jaun = (laasingg + lyzsindys)sin (6 — ¢) ~

(121 €08 B¢ + 33 c08 Pe5 ) o8 (6 ~ ) (5.46)
jnz = laasinggs sin(f ~ ) — Iy cos g5 cos (6 — ) (5.47)
jazr = —(lysin @y + lyz sin dys) cos (8 — ) —

(121 cos g + I35 co8 pu5) 8in (€ — o) (5.48)
jazz = ~—laasinges cos(f — ) — lazcos dys sin (6 ~ ) (5.49)

To compute the joint torque vector, substitute the contact force vector given by

Eq (5.30) and the transpose of the global hand Jacobian given by Eq (5.41) into '
7=J7C (5.50)

In order to compute JT one must use the same inverse kinematic solution as was given
in Section 3.7 to produce the finger joint angles. In keeping with the previous analysis, a

vector of normalized joint torques is defined by

T
+! 2
aF e

(5.51)

1
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In light of Eq (5.51), Eq (5.50) can be modified to give

Jr e (5.52)

Q|-

7=
where C' is defined as (1/F..,)C.

Since the contact force vector given by Eq (5.30) is an explicit function of M*, one can
easily calculate the vector of contact forces for a given M* and substitute it into Eq (5.52) to
get the vector of joint torques for varying values of M*. One could symbolically derive the
explicit expressions for the joint torques as functions of M * using a symbolic mathematical
manipulation programming tool such as MACSYMA [VAX85], however, such a derivation
was beyond the schedule of this thesis.

The torque limit constraint can be written as the following vector relationship which

is essentially a set of four inequality constraints:
< Pz (5.53)

If one had symbolic expressions for the joint torques as functions of M*, one could symbol-
ically manipulate them to isolate M*, thereby yielding explicit expressions for the range
of tolerable M* for each finger joint. The solution space for the grasp limits of tolerable

M* would be the intersection of the four solution spaces given in Eq (5.53).

Instead of solving the equations symbolically, one could numerically calculate the joint
torque vector for the grasp and load configuration of interest and plot the joint torques as
functions of M*. One could then identify the limits of M* which do not violate the torque
limit constraint from the plots. Those limits would be given by the range of M* for which
all of the joint torques simultaneously remain below their corresponding maximum joint

Y
torques, 7,.,.-

The data for the example grasp under study have been plotted in Figures 5.15 through
5.18 for M* ranging from -2 to 2. The figures indicate that the finger joint torques
vary linearly with M*. If the symbolic solution was computed as outlined above, the
results would be expressions that clearly showed a linear relationship. This notion can be
reinforced by examining the linearity in Eqs (5.30) and (5.52). The contact force vector

can be thought of as the sum of a constant portion and a portion dependent on M*. The
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constant portion of the contact force vector will result in a constant torque offset for each
joint at M* = 0. The variable part of the contact force will give joint torques which are

linear with M*, therefore, the total torque at each joint will vary linearly with M*.

The data plotted in Figure 5.15 for A’ = 1 indicates that, if 7/

maz = 1, joint 1 can

tolerate variations in M* within the bounds
M*e(-2< M*<24)

where, 2+ means some number greater than 2 that is not within our range of concern.

From the data in Figure 5.16 the bounds on the tolerable variations are
M* € (-0.984 < M* < 0.440)
for joint 2. Figure 5.17 gives bounds for joint 4 as
M€ (~(-2) < M* <2)

where, —(—2) means some number less than —2 that is not within our range of concern.

Finally, Figure 5.18 gives the bounds for joint 5 as
M* € (-0.440 < M* <0.984)
Therefore, the composite range of tolerable variation in M* for the grasp is
[M*| <0.440 '
which corresponds to a range of M’ given by
|M'| £0.220

In this case, the bounds on M* are symmetric with respect to the nominal load condition
because the grasp angle, ¢, is gero. If the grasp was asymmetric* the bounds on M* based
on the torque limits would not be symmetric with respect to the nominal load condition.

If one now considers all of the constraints simultaneously for the example grasping
problem, we conzlude that the range of M* which we can tolerate without loosing equilib-
rium is

[M*| < 0.440

YAn asymmetric grasp is characterised by ¥ # 0 which is not to be confused with an asymmetric load
that is characterised by a = 180°.
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which corresponds to a range on the value of M' defined by

[M’] < 0.220

The most restrictive constraint is the torque limit constraint in this case.

One may have noticed that the range of allowable M* was symmetric with respect
to the nominal M* for all of the constraints for this example grasp problem. By way of
explanation, one should recall that both the grasp and the load were symmetric for the
example. In general, when a # 180° and/or ¢ # 0° the composite bounds on the range of
tolerable M* will not be symmetric with respect to M* = 0.

5.4 CHAPTER SUMMARY

In this chapter analytic expressions which can be used to examine a grasp’s ability to
tolerate variations in the characteristics of the external load wrench were presented. Three
types of variations were addressed: magnitude variation, direction variation, and moment
variation from the nominal wrench. A method of using the expressions to evaluate the
robustness of a grasp was illustrated by an example. One distinct limitation of the illus-
trated method is that it only considered the three possible modes of variation individually.
The method did not look at the cumulative effect of simultaneous variations. Therefore,
although the method could be used to determine if the grasp could tolerate some Aa or
some A F..¢, or some M', it cannot determine if the grasp can tolerate some Aa and some
AF..:, and some M'. Using such a method, the best that one might be able to do is
to generate a pessimistic estimate of whether the grasp would remain in equilibrium by

summing the effects of the three individual variations and examining the equilibrium.

To quantify the effects of varying the load direction on the equilibrium requirements
of a grasp, data plots similar to those for the nominal load analysis were constructed. In
this case, however, a was the independent parameter instead of §. Consequently, one could
say that this method evaluates a candidate grasp described by candidate values for § and
X’. The candidate values are taken from the nominal load analysis.

In the course of examining the trends in the data plots for direction variations of the

external load, the following trends were noted:
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o At external load angles given by a = (180° — §) or a = (360° — &) the friction angle

at fingertip 1 is single-valued for all A’ except zero.

o At external load angles given by a = @ or a = (180° + 8) the friction angle at
fingertip 2 is single-valued for all A’ except zero.

o The contact normal force magnitude corresponding to a constant A’ varies sinusoidally

with a.

o For a constant A’ the magnitude of the contact normal force at fingertip 1 for some
a is equal to that of fingertip 2 for —a. This implies that the plot of C,, versus a is

the mirror image of Cy,, versus a when it is reflected about a = 0.
e The joint torques corresponding to a constant A’ vary sinusoidally with a.

o For a symmetric grasp® the joint torque plots for joints 1 and 4 are closely related.
The sinusoidal joint torque plots for joints 1 and 4 both have the same peak-to-peak
amplitude variations and periods, but have equal and opposite constant offsets from

zero torque. A similar relationship holds true for joints 2 and 5.

To quantify the effects of varying the load magnitude on the equilibrium requirements
of a grasp, data plots were constructed for the friction limit constraint that were similar
to those for the nominal load analysis and the plots for the crush limit and torque limit
constraints were bypassed in favor of simple linear expressions. Since an understanding
of the influence of variations in F,., was desired, F,,, was assigned as the independent
variable and A was maintained as a parameter. In order to generalize the variation of
F.zt, a new variable called F* was defined as the ratio of F,,; to its nominal value, F.5™".
The inequality constraint equations were derived as functions of the new free variable, F*.
The crush limit and torque limit inequality constraint equations turned out to be explicitly
linear functions of F* so the bounds on F* were determined symbolically instead of using

data plots.

While examining the data plots and equations for magnitude variations in the external

load, the following points were found to be true:

® A symmetric grasp is characterised by ¥ = 0°.
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“ o The friction angles at fingertips 1 and 2 remained equal and opposite while the ex-

ternal force magnitude, F,,,, varied.

e When ) = 0 or )’ = o0, the friction angle is a constant for all F*.

o For non-zero, finite A’ and # less than 90°, increasing F* from zero to 2 increases the

friction angle required for grasp equilibrium.

e For non-zero, finite X’ and @ greater than 90°, increasing F* from zero to 2 reduces

the friction angle required for grasp equilibrium.

e For F* between 0 and 2, the friction angles corresponding to minimum internal grasp
force (A' = 0) are

Bromin = (180° - 8) = —Bapmin
while the friction angles corresponding to maximum internal grasp force (A’ = oo)
are

Bimae = (90° — 6) = ~Brmae
Thus, there is a 90 degree band of 3 for both fingertips which contains all possible A’.

e For F* = 0, all positive X' require the same friction angle as given in the previous
bullet for M = co. Therefore, prior to picking up an object resting on a support,
friction will allow one to preset A’ to any value without disturbing the object, as long

as that common friction angle is within the friction limit constraint.

e The bounding values of F* for the crush limit constraint were found to be linear
functions of the grasp angle, 8, the selected internal grasp force magnitude, ', and

the maximum normalized normal contact force, C;,__ .

o For @ between 0 and 90 degrees, there is a minimum F* corresponding to the crush
limit constraint, while for § between 90 and 180 degrees, the bounding F* is a maxi-
mum. The bounding values are given in Eqs (5.16) and (5.17), respectively.

o Based on the torque limit constraint, the range of tolerable F* is given by the inter-
section of the solution spaces of five inequality equations given in Eqs (5.22) through
(5.26). In general, there is one more inequality equation than there are finger joints

because the additional constraint that F* must be positive is imposed.
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e The torque limit constraint inequalities are linear in F* and can be solved explicitly
for the bounding values of F*. There will be a single bounding value for each joint

which may be an upper bound or a lower bound.

o For a symmetric grasp, the upper bounding value of joint 1 will be the negative of
the lower bounding value of joint 4. Also, the upper bounding value for joint 2 will
be the negative of the lower bounding value of joint 5.

To quantify the effects of varying the load moment from its nominal value of zero,
data plots were constructed for the friction limit and torque limit constraints that were
similar to those constructed for the nominal load analysis. However, plots for the crush
limit constraint were bypassed because the crush limit was found to be an explicitly linear
function of M’. To gain an understanding of the influence of variations in M', M’ was
assigned as the independent variable and )’ was maintained as a parameter. In order to -
generalize the variation of M', a new variable called M* was defined as the ratio of M’ to
the object radius, r. The constraint equations were derived as functions of the new free

variable, M*.

While evaluating the susceptibility of grasp equilibrium to variations in M*, the

following points were found to be true:

e For A’ = 0, the friction angle at fingertip one has a discontinuity at M* = —sinéd
while the friction angle at fingertip two has a discontinuity at M* = sin8. These

values of M* correspond to a zero contact force at the respective fingertips.

e For A’ > 0, the friction angle plots are single-valued at the same values of M* which
cause discontinuities when A’ = 0. This is because (7, = 0 and therefore, C = Cj.
Since the direction of €y does not change with varying ', the friction angle does not
change either.

o The range of tolerable variations in M* can be expressed as a single inequality equa-
tion given by Eq (5.40). Since the nominal external load moment was taken as gero,
the crush limit constraint is symmetric with respect to M* = 0. Therefore, the grasp

can tolerate as much external moment in one direction as it can in the other.




¢ The bounds on M* for the joint torque limit constraint could be expressed as a set of
linear inequality equations if one were to perform an extensive amount of algebra and
trigonometry. One could delegate that task to a symbolic mathematical manipulation
program such as MACSYMA [VAXS85]. Instead of deriving the explicit symbolic
expressions for the joint torques as linear functions of M*, one could numerically

generate data for plotting. The numerical approach was used for this thesis.

¢ The torque data were, in fact, found to be linear with joints 1 and 4 having equal

slopes and joints 2 and 5 having equal slopes for the example grasp.
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VI. RESULTS, CONCLUSIONS, AND RECOMMENDATIONS

6.1 RESULTS

In Chapter IV analytic expressions were given which model the equilibrium require-
ments for grasping cylindrical objects confined to planar motion. The expressions represent
the equilibrium requirements in terms of inequality constraints on the allowable frictional

forces, normal contact forces, and the finger joint torques.

The constraining equations for the frictional forces at fingertips 1 and 2 are given
by Eqs (4.8) and (4.9), respectively, which are equal and opposite in sign. In order to
maintain equilibrium between the hand and the object, the static coefficient of friction
must be sufficiently large to support the friction angles given by Eqs (4.8) and (4.9). In
general, the static coefficient of friction may be different for the two fingertip contacts.
By plotting Eqs (4.8) and (4.9) as functions of the grasp angle, #, and parameterized by
the internal grasp force, ', one can examine trends in the required friction angles for all
possible grasp configurations of a nominally-loaded object. The friction angle was found
to be linearly related to the grasp angle for a given A'. A symbolic expression explicitly
revealing the linearity of the friction angle relationship was not derived because of the
transcendental nature of the expression. However, several sets of numerical data were

linearly fit with perfect correlations.

The constraining equation for the crush limit is given by Eq (4.14) for a nominally-
loaded object. Since the normal contact force components are equal when there is a nominal
external load, only one constraint equation is required. One can examine trends in the
required normal contact force component for all possible grasp configurations by plotting
Eq (4.14) as a function of # and parameterized by )\'. In order to maintain equilibrium
without crushing the object, the normalized contact normal force given by Eq (4.14) must .
be less than the upper bound on the allowable normal force given by Eq (4.15). In general,
the upper bound may be different at each of the two fingertip locations. In fact, the
upper bound may be given as a function of #. Some applications may not require one
to consider the object crush limit constraint. For example, if the structure of the object

corresponds to normal contact forces which are far beyond the capability of the gripper,
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then there is no point in monitoring the crush limit constraint because the finger joint

torque limit constraint will always be more dominant. Since one cannot universally exclude
the possibility of crushing the object, Eq (4.15) was derived so that it could be used to
check the equilibrium normal contact force component magnitudes against an object crush

limit value.

The constraining equations for the finger joint torque limits are given by the sum of
Eqs (4.24) and (4.25). In order to solve these torque limit equations, one must first use
Eqs (4.16) through (4.21) to solve for the finger joint angles. This is due to the configuration
dependence of the global hand Jacobian matrix which is part of the relationship between
the contact force vector and the vector of finger joint torques. In addition to the grasp
variables in Table 4.1 that must be specified to solve for the finger joint torques, one must
also specify ‘knuckle-in’ or ‘knuckle-out’ because there are two solutions to the inverse
kinematic equations. The ‘knuckle-out’ configuration is favored because it reduces the

possibility of finger /object interferences although it does not exclude the possibility.

One can examine trends in the finger joint torque requirements by plotting the sum
of Eqs (4.24) and (4.25) as a function of # and parameterized by A\'. Among other things,
such plots reveal the finger joint actuator demands caused by increasing the internal grasp

force.

Chapter V examines the consequences of varying the characteristics of the external
load from the conditions of a nominal load. The analysis presumes that the object has
been grasped and # is known. In addition, the value of A’ is to remain fixed as the grasp
attempts to maintain equilibrium with the object under the influence of the load variations.
Constraint equations on allowable friction forces, normal contact forces, and finger joint
torques are derived and examined for each variation in the external load. Variations in the
magnitude, direction, and moment of the external load are considered. The variations are

only considered individually; not cumulatively.

The first external load variation considered was a change in the nominal load direction
which is characterized by a taking on values other than 180 degrees. A range of allowable

a was found by simultaneous consideration of the three different grasp constraints. Once
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again, however, one may not find it necessary to include all three of the constraints under
special circumstances. The equilibrium requirements were found to vary in a sinsusoidal

fashion as a was varied from 0° to 360°.

A situation where the external load may vary in direction is when an object in a
uniform gravity field is picked up and then accelerated horizontally. The horizontal ac-
celeration introduces an inertial force component which, when added to the gravity force,
results in the external load varying in direction. The direction of the external load as
defined for the analysis would also vary if the orientation of the hand was changed while
the external load was constant with respect to an inertial coordinate frame. In either case,
the external load would no longer act through the center of the palm of the gripper and
the analytic expressions given contain the information necessary to determine the range
of variation in external load direction which could be tolerated without the grasp losing
equilibrium.

The second external load variation that is considered is a change in the magnitude.
The nominal magnitude of the external load is designated by F,;5™. Using F* to represent
the ratio of the varied magnitude to the nominal magnitude, equations were derived which
express the equilibrium constraint requirements as functions of F*. In keeping with the
nominal analysis, the equations were parameterized by A'. A range of allowable F* was
found by simultaneous consideration of the three different grasp constraints. The crush
limit and finger joint torque limit constraints were found to be explicitly linear with respect
to F*. This linearity allows fast and accurate symbolic solution for the maximum and
minimum values of F* which can be tolerated by a grasp. The friction angle constraint
expression was not found to be linear with respect to F* so the equation must be plotted

to analyze trends in the data.

A physical situation which corresponds to a variation in the external load magnitude
is when an object is picked up off of a spring platform. Before the gripper contacts the
object, the magnitude of F* can be taken as zero. As the gripper contacts the object and
then lifts it using position control, F* can be made to slowly (quasistatically) increase. If
the nominal value of F,.; was taken as the weight of the object, then, when the object was

suspended above the spring platform, F* would be equal to one. Therefore, by examining
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the equilibrium requirements of a given grasp configuration for F* between zero and one

using the analytic expressions derived in Section 5.2, one can determine if it is possible to

lift the given object from the spring platform without losing equilibrium.

The third external load variation which was considered in Chapter V was a change
in the moment of the external load. By considering moment variations, one can analyze
cylindrical objects whose centers of mass are not coincident with their geometric centers.
In this case the moment variation is due to the moment arm of the gravity force about
the object center. An additional benefit of considering moment variations is that one adds
to the repertoire of the analysis a whole class of problems which includes determining the
equilibrium requirements for turning a bolt in a threaded hole. In this case the moment

"variation is due to the frictional torque caused by the interface of the bolt and the threaded
hole. In order to generalize the analysis as much as possible, a dimensionless variable,
M*, was introduced and defined in Eq (§.27). The objective then was to determine the
range of M* which could be tolerated without violating any of the three grasp constraints.
Eqs (5.31) and (5.32) are the expressions for 8; and 83;, respectively, as functions of M* and
represent the friction limit constraint. Because these equations are not explicitly linear in
M*, they were plotted to reveal any possible trends and identify the range of tolerable M*.
On the other hand, the object crush limit constraint equations did turn out to be explicitly
linear in M*, thereby enabling explicit symbolic solution for the bounds on tolerable M*.
The single inequality equation which gives the bounds on M* for the object crush limit
constraint is given in Eq (5.40). The upper and lower bounding M* based on the crush
limit constraint were found to be symmetric with respect to M* = 0. This means that
the grasp can maintain equilibrium for the same range of external load moment in both

directions about the z-axis.

Symbolic analytic expressions for the finger joint torques as explicit functions of
M* were not derived because the complexity of the expressions became unmanageable
by hand. The algebra is not particularly difficult, but it is tedious and prone to error.
This is a perfect application for a symbolic mathematical solver as was mentioned in
Chapter V. In order to expedite results, the choice was made to solve for the finger joint

torques numerically. In this case, numerically means evaluating intermediate values and

6-4




then substituting them into subsequent equations rather than carrying large symbolic

substitutions. The numerical application here in no way implies an approximation or
iteration. When the expressions were evaluated and plotted, they revealed that the finger
joint torques are all linear functions of M*. This realization enables one to compute just
two points and then interpolate between them rather than continue to plod through a long

numerical algorithm. For application to a real-time algorithm this is important.

6.2 CONCLUSIONS

Analytic expressions which model the equilibrium requirements of grasping cylindrical
objects in planar motion with two, two-link robotic fingers have been developed. These
expressions include consideration of constraints on the allowable frictional forces, contact
normal forces, and finger joint torques. Expressions were derived for grasping an object
subjected to a nominal external load wrench and for modeling variations in the magnitude,

direction, and moment of the external load from the nominal external load configuration.

6.3 FUTURE WORK

There are many follow-on research areas which might prove fruitful. The most im-
portant next step is to generate an index which represents the quality of a grasp and use
that index to determine the ‘optimal’ grasp for a given cylinder/load configuration in a
real-time algorithm. If one could develop such an algorithm for the specific conditions un-
der which the derivations of this thesis were conducted, then it would be relatively simple

to generalize the method in a step-by-step fashion.

Possibly the first generalizing step would be to generalize the gripper. Initially one
should consider grippers having three links per finger rather than two. This would require
some refinements in the inverse kinematic solution to resolve the nonuniqueness of the
joint angle solution. It would also allow one to choose a configuration which might be best
suite! to the grasp. In addition, one might want to consider methods for checking the
inverse kinematic solution to account for interferences between the object and the fingers

as they try to reach for a particular grasp angle.




Another generalization of the gripper might be to add a third contact point between

the gripper and the object. The third contact could be an extra fingertip contact or contact
between the object and the gripper palm. In either case, one would like to know if there
are ranges of the grasp angle for which adding the third contact might degrade the grasp
equilibrium. There may also be ranges of the grasp angle for which adding the third contact
would enhance the grasp equilibrium. The regions of possible force closure grasps would

also be an area of interest if a third contact point was included.

Generalizing the object would constitute another major effort of future research. One
could consider elliptical object shapes before proceeding to examine further deviations in
object shape. A method of determining whether the object is too large for the gripper to

secure an equilibrium grasp would also be an important contribution.

After the hand and the object have been generalized to the extent possible, one
should investigate spatial motion rather than planar motion. The extension to spatial
motion should be relatively straight-forward because of the inherent power of the linear
algebra method of analyzing grasp equilibrium. This step could be taken prior to any or
all of the other proposed research steps.

Other issues which remain to be addressed include consideration of multiple contacts
between each finger and the object, consideration of various fingertip contact types, and

examination of the dynamics encountered when capturing the object.

Although the many topics just mentioned remain to be explored, the techniques
presented in this thesis constitute significant steps towards developing real-time algorithms
for grasping cylindrical objects. In the course of extending this thesis as outlined above,
one should be able to begin demonstrating simplified real-time algorithms which automate
the process of grasping. One day we will see versatile, dexterous robotic hands which are

as autonomous as our own. It is only a matter of time- tick...tick...tick.
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Appendix A.
DETAILS OF FORMING TWISTS AND WRENCHES

This appendix presents a detailed geometric description of how to form a twist or
a wrench from a given velocity or force state, respectively. It is intended as a layman's

interpretation of the material presented by Hunt {Hun78: 47].

A.1 TWIST FORMATION

Any displacement of a body can be described as a screw displacement along a unique
screw axis. In the case when the displacement is infinitesimally small, there is an instan-
taneously defined unique screw axis called an infinitesimal twist about which the body is
rotating and along which the body is moving. For gross motion, this infinitesimal twist
changes from one instant to another as the body displacement is described by a succession

of infinitesimal displacements.

The twist axis in three-space motion is the equivalent of an instantaneous center in
planar motion. From planar motion kinematics, we know that if the extent of the body
of interest includes the instant center, the point on the body which coincides with the
instant center has no transiation at that instant in time - it only rotates. In effect, it is
the temporary hinge point for the body to rotate about. Similarly, if there is a point on a
body in three space that lies on the twist axis, then its motion in the plane perpendicular
to the axis is purely rotational at that instant in time. Note, however, that it can translate

along the twist axis.

To form an infinitesimal twist, start with a rigid body undergoing an infinitesimal
displacement. If we choose an arbitrary point A as the origin of our coordinate system,
then the infinitesimal displacement can be expressed as an angular displacement, 56, about
some axis which passes through point A and a linear displacement, §Z, of a point on the
body at the origin. In general, the vectors 66 and §7 will not be parallel. However, §Z can
be resolved into two components; §£ perpendicular to 0 and 6X parallel as shown in
Figure A.1. Now, 56 can be shifted by some perpendicular directed distance # to & line 1
which is both parallel to 50 and in the plane pe.rpendiculu to §Z+ as shown in Figure A.2.
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Figure A.1. Resolving 67 into components perpendicular and parallel to 60

The shifted angular displacement vector is now called 56 and the vector 7 is chosen so
that the displacement @ x ¥ = —§F! and ,therefore, 71 is canceled. The vector §& has
the same magnitude and direction as 0. When 66 is along the line I, the resultant linear
displacement, §X, is also parallel to 1.

Thus, we have attained a representation which is equivalent to the original displace-

ment and whose vectors, §6 and §X are parallel.

This representation of the motion is termed an infinitesimal twist and it can be

denoted in terms of twist coordinates as
T = (tlatht3yt41t57t6) (AI)

where the first three components (t;,t;,ts) constitute the angular displacement, ﬁ, of the
body while the last three components (t4,t5,%s) constitute the linear displacement, V, of

a point on the body at the origin of the coordinate system.

A.2 WRENCH FORMATION

Consider a single rigid body in any arbitrary external force and moment state as
shown in Figure A.3. Let the forces on the body be called F; where i = 1,2,...,n and
the moments be called M; where j = 1,2,...,m. Choose an arbitrary point, A, on the

body and shift all of the externally applied forces to act through that point. According
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Figure A 2. Shifting 66 so as to cancel 67+

F,

Figure A.3. Rigid body in an arbitrary external force and moment state _
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Figure A.4. Additional moments are required to compensate for shifting
forces to act through point A

to elementary statics, in order to preserve the original force and moment state when the
forces are shifted to act through point A, additional moments must be applied to the body
to compensate for new moment arms of the new forces F4; as shown in Figure A 4. Call

the vector sum of these additional moments C4, and let F4 be the vector sum of all F;.

If the induced moment C 4 and all of the externally applied moments M; are summed,
the result is a net moment vector, M4, through point A as shown in Figure A.5. In
general, F 4, and M, are not parallel. However, M 4 can be resolved into two components;
M parallel to F 4, and M, perpendicular as shown in Figure A.6. Now, F, is shifted by
some perpendicular distance r to a line w which is both parallel to F4 and in the plane
perpendicular to M, as shown in Figure A.7. The distance r is chosen so that the couple
F4 x r = —~M, . This shifted force vector is now called F and has the same magnitude
and direction as F4. When F is along the line w, the resultant couple M is parallel to w
also.

Thus, we have attained a resultant force and moment representation which is equiva-

lent to the original force and moment state and whose vectors, F and M are parallel. We
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Figure A.5. Induced moments and external moment are summed to getnet moment, M4

Figure A.6. Resolving M, into components parallel and perpendicular to F,
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Figure A.7. Shifting F 4 so as to create a moment which cancels M,
call this representation a wrench and denote it as
W = (F, M) (A.2)

where F is the net force exerted on the body and M is the net moment about the origin
of the reference frame. The line w is known as the wrench axis.
If 1 now specify that F has components (w;, w3, ws) and that M has components

(wq, ws, wg), I can identify the wrench coordinates as

W = (w;, w3, ws, wy, g, we) (A.3)

Regardless of what point A one chooses to use when deriving the wrench (on or off of
the physical body), the same wrench axis, w, will result. Thus, there is a unique wrench

representation for any particular external force and moment state.
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Appendix B.
GEOMETRIC DERIVATION OF
CONTACT FRICTION ANGLE EQUATIONS

The derivations presented in this chapter are for a two-fingered grasp on a cylindrical
object. The object is assumed to be made of a homogenous material so that its center-of-
gravity (CG) is located at its center. The fingers are assumed to be rigid members and
contact the object only at their fingertips. The contacts between the fingertips and the
object are taken as point contacts with friction. Since planar motion is also assumed, each
contact can only apply forces normal and tangential to the surface of the object [MS85:
19].

In general, the object is subjected to a load external to that imposed by the grasping
hand. This external load consists of external forces on the object due to contact with
something other than the gripper, f,,,,.-,g, and body forces. The body forces are due to
gravity and/or centripetal acceleration acting on the object mass, m. The sum of all of
these external forces is denoted by F.,, which is assumed to act through the center of the
object:

Fope = m(@ + §) + Fappliea (B.1)

Since the resultant external force, f,,,, acts through the object center, it produces no
external moment on the object. For this analysis no externally applied moment is allowed.
Thus, the external load is a wrench with zero-pitch and an intensity equal to F,.;. In gen-
eral, F.., may act in any direction through the CG of the object creating an asymmetric
load configuration. To begin the analysis, however, Figy will be assumed to act perpen-
dicular to the line connecting the contact points so that a symmetric load configuration

results.

The two-fingered grasp is overconstrained {[KR86b: 1362] because there are four con-
tact force components (Cin, Ci¢y, C3n, Ca¢) and only three degrees of freedom in planar
motion (translation along x- and y-axes and rotation about z-axis). Overconstraint irnplies
that there are more unknown contact force components than there are equations of motion

and, therefore, solution is indeterminate. For an overconstrained grasp, the contact force

B-1




vectors can be separated into two orthogonal components; the particular solution, (-,",,, and

the homogeneous solution, Ch. They are related to the total solution by

C=Cp+Ch (B.2)

Besides the four unknown contact force components, there are three additional un-
knowns that will appear in the equations; 8, a, and F.,;. This will make a total of seven
unknowns with only three static equilibrium equations available. To alleviate this problem,
instead of solving for the four individual contact force components, two new variables will
be defined as the ratios of the normal and tangential contact force components at each
contact point. The two new variables, 8, and ,, are related to the active friction angle at

each contact point.

Defining 3; and B, reduces the number of unknowns from seven to five, but still
requires three parameters to be specified before the set of three simultaneous equations
can be solved. For this thesis # and a are two of the three parameters which will be
arbitrarily specified because they define the geometry of the grasp and can be measured.
The third arbitrary variable must then be related to F,.; without introducing additional
unknowns. With this as the only constraint, many different variables could be chosen as the
third arbitrary parameter. For this thesis, however, only one possibility was investigated
which was a dimensionless parameter involving the internal grasp force and F,,,. Both
the symmetric and the asymmetric load configurations will be investigated using this set

of variables.

B.1 SYMMETRIC LOAD CONFIGURATION

The internal grasp force is defined as the indeterminate contact force vector which
will result in no net force on the object [KR86b: 1363]. As shown in Eq (B.2), the internal
grasp force vector is represented by Ch and has a magnitude of A.

Figure B.1 shows the configuration of the contact forces at fingertip 1 for a symmetric
load configuration. The internal grasp force, Ci, for a two-fingered grasp will always act
along the line connecting the contact points of the two fingers which, for the coordinate
system defined here, is equivalent to acting along the x-axis. In addition, for a symmetric
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Cip

aln

Figure B.1. Vector diagram of the contact force components and coordinate
system for the contact of fingertip 1 with the object under a
symmetric load.

load configuration, 6, will always be along the y-axis and the magnitude Cyp will be equal
to Cp. Thus, Cp and Cj, are orthogonal.

The component of C, which is internal to the grasp will be equal in magnitude to the
component of C, which is internal. Therefore, there is no need to separately consider Cy

and C;),.

The origin of the coordinate system is taken to be at the center of the cylinder and
the positive y-axis is directed upward through the centroid of the two contact points. As

a consequence of this coordinate system, Cj is along the x-axis.

From Figure B.1 one can see that

G = Xi+Cyj (B.3)

A
"

Cintitn + Chetiye (B.4)

where i is the unit vector along the x-axis, j is the unit vector along the y-axis, 1i;, is the
inward unit normal vector at contact 1, i, is the unit tangential vector at contact 1 which
is oriented positive as shown in Figure B.1. Since this derivation is for the symmetric case,

the results for the friction angle at contact one, ;, will be equal and opposite in sign to
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that at contact two, ;. Consequently, the derivation which follows for 3; also applies for

the derivation of §;From Figure B.1, the following unit vector relations can be derived:

]

sin @ Uy, + cos 0 1y, {B.5)

j = —cosfiy, +sinfi,, (B.6)
Substituting Eqs (B.5) and (B.6) into Eq (B.3) results in
C1 = A(sin B i1, + cos O ity,) + Cyp(~ cos iy, + 8in 8 ity ) (B.7)
Now rearrange Eq (B.7) to get

Cy = (Asinf — Cypco88) iy, + (Acosd + Cypsinb) iy, (B.8)

By definition, the friction angle, 3,, is equal to the arctangent of the magnitude of

the tangential contact force component divided by the magnitude of the normal contact

B1 = arctan (il—g—:t-ll) (B.9)

The magnitude of the tangential contact force component can be found from the dot

force component:

product of the contact force, €,, with the unit tangential vector, u,,:

|Cie] = Cro e = Acost + Cypein € (B.10)

Similarly, the magnitude of the normal contact force component can be found from

the dot product of the contact force, C,, with the unit normal vector, it;,:

,C-"l.,l=C-"10121,‘=Asin0—01,,c050 (B.11)

Substituting Eqs (B.10) and (B.11) into Eq (B.9) results in

(B.12)

B, = arctan (A cosf + Ch,sine)

Asinf — Cy,cosf

Equation (B.12) represents the solution for 3, in terms of the homogeneous and par-

ticular solutions for the contact forces. Since the magnitude of the homogeneous solution,
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A, is arbitrary it will be left in the equation as a parameter. However, the particular solu-
tion, C)p, is a determinate quantity which can be found using the linear algebra method

presented by Kerr and Roth (see Section 3.4). When that method is used the result is

Fez
Cip=Cap = "f (B.13)

Using Eq (B.13) to substitute for Cy, in Eq (B.12) yields

_ /\c030+(F,,,/2)sin9)
Py = arctan (,\ $in6 — (Fuoe/2)cos 8 (B.14)
which can be rearranged to give
(2A/ F,z¢) cos 8 + sin 0)
= t .
Ay = arctan ((2A/F,,,)sin0 — cos @ (B.15)

For convenience, the internal grasp force is divided by F,., to form a dimensionless

parameter, X', defined as
A

XN = .
P (B.16)
When Eq (B.16) is substituted into Eq (B.15) it results in the following:
2) cos @ + sind
fr = arcten (522005 (B.17)

Equation (B.17) is the desired result which gives 3; as a function of § and parameterized

by the internal grasp force magnitude, \'.

Recalling that 3; is equal and opposite to 3, we find that the friction angle at contact

point 2 is given by
2)\ cos @ + sinO)

= — arct -
B2 arctan (2,\’ sinf — cosé

(B.18)

The expressions in Eqs (B.17) and (B.18) are identical with the expressions for g,
and f, in Eqs (4.8) and (4.9) that were derived in Chapter IV.

B.2 ASYMMETRIC LOAD CONFIGURATION

For a two-fingered grasp on an asymmetrically loaded circular cylinder the internal
grasp force will be along the line connecting the two contact points. Using the same

coordinate system defined in Figure 3.1, this means that C, will act parallel to the x-axis
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C!tp

3
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Figure B.2. Force configuration and coordinate system for the particular
solution contact forces of a grasp on an asymmetrically loaded
object

as it did for the symmetric load configuration. However, the particular solution component
of the total contact force vector, 5,, will not be constrained to act along the y-axis as it was
for the symmetric load configuration. In fact, its direction is dependent on the direction

of I-"",,g as one would expect.

The approach used for this derivation is to solve for the particular and homogeneous
solutions independently and then substitute them into Eq (B.2) to get the total contact
force solutions. The total solutions will then be resolved in the normal and tangential

directions and, finally, the friction angles will be computed.

B.2.1 FINDING THE PARTICULAR SOLUTION. To determine the particular
solution, we begin by redrawing the free body diagram with only the particular solution
components shown. The nomenclature used to symbolize this is C,,, to represent the par-
ticular solution component of the ith contact force in the x-direction. Similarly, Ciyp, Cinp,
and C;, represent the particular solution component of the ith contact force in the y-,
normal-, and tangential-directions, respectively. Figure B.2 illustrates the nomenclature

of the particular solution forces equilibrating f.,,. From Figure B.2, the three equations
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for static equilibrium are

Y F

0

= Clnpsind + Ciypcosd — Cappsind + Cyypco88 — Fory sina (B.19)

E py = 0
= —Cinpcosf + Cypsint — Cyppco88 — Cyypsiné + Fegecosa  (B.20)
Z Mo = 0= —"Cup - "'C‘.'tp (B.?l)

One additional equation is required to solve for the particular solution component
of €. The additional equation must express the orthogonality of the particular and ho-
mogeneous solutions while simultaneously isolating the particular solution, (7, from the
homogeneous solution. To do this we note that the internal grasp force must be zero
and apply Kumar and Waldron’s zero force interaction principle [KW87: 253] which is

mathematically expressed as:
(C'],, - 6),) o (ﬁl - P'z) =0 (B.22)

where }3: is the position vector from the origin of the coordinate system to the ith contact
point. In words, Eq (B.22) says that the vector difference between the two contact forces,
C"},, and C-";, should have no component along the line connecting the two contact points.
This is in keeping with the definition of zero internal grasp force thereby leaving only the

particular solution.

For the coordinate system in Figure B.2, Eq (B.22) reduces to the constraint that
the component of 51, in the x-direction must be equal to the component of 6-"3, in the
x-direction:

C‘]gp - é.zgp = 0 (B.23)

Figure B.3 shows the vector relationships among the particular solution components
for the contact of finger 1 while Figure B.4 shows the relationships for the contact of finger
2 with the object. From Figures B.3 and B.4, the following magnitude relationships can




Figure B.3. Vector diagram of the particular solution contact force components
and coordinate system for the contact of fingertip 1 with an
asymmetrically loaded object '

\Cﬂtp

Figure B.4. Vector diagram of the particular solution contact force components
and coordinate system for the contact of fingertip 2 with an
asymmetrically loaded object.
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be derived:

Cips Cinpsin + Cyypcos § (B.24)

Cipe ~Canpsind + Cyypcond (B.25)
When Eqs (B.24) and (B.25) are substituted into Eq (B.23), the result is

Cl,‘p sinf 4 Cup cosf + C;np sin @ — ng,coso =0 (B.26)

The sum of the moments in Eq (B.21) implies that
Ciup = —Cayp (B.27)
which can be substituted into Eq (B.26) to get
(Cinp + C2np)8in 8 + 2Cyypc080 = 0 (B.28)
When Eq (B.27) is substituted into Eqs (B.19) and (B.20), we get
(Cinp — Canp)sinf = Fopy sina (B.29)

and

~(Cinp + Canp)cos 8 + 2C),p8in 0 = — Fepy cos a (B.30)

If Eqs (B.28), (B.29), and (B.30) are put into the matrix form of Ax=b , we get

sinf  siné 2cosf Cinp 0
sinf —siné 0 Conp (= Fept sina (B.31)
~cosf —cos@ 2siné Ciep ~F.escosa

Equation (B.31) can be solved by us\ing one of several methods including Cramer’s method
[Kre83: 319]. Using Cramer’s method requires one to find the determinant of the coefficient
matrix, A. The determinant of the coefficient matrix in Eq (B.31) is found to be —4sind .

Applying Cramer's method to solve for C,p then yields

Cinp = Feet (cosOcosa + ?ﬁ) (B.32)
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Similarly, the solution for C,, gives

_ Feut ( sina)
Conp = 2 cosfcosa — o (B.33)
while solving for Cy¢p, results in
Cup = = Feat cosasinf (B.34)

Substituting Eq (B.34) into Eq (B.27) we find that

Caup = £"2—'£cosmsi|10 (B.35)
So the particular solutions for the contact forces of fingers 1 and 2 can be written as
- j o sina\ . .
Cyp = —2—t [(cosOcosa + -3_1;1_0) iy ~ (cosasin f) uu] (B.36)
and
62, = Ferr [(cosecosa - %g—) tizn + (cos a sin 0) ﬁzt] (B.37)

Equations (B.36) and (B.37) represent the portions of the contact forces at the fin-
gertips of fingers 1 and 2, respectively, which maintain static equilibrium with F.py under

the constraint of the zero force interaction principle.

B.2.2 FINDING THE HOMOGENEOUS SOLUTION. To determine the homoge-
neous solution, we first note that a positive internal grasp force will be a compressive force
along the line connecting contact point 1 with contact point 2. In addition, since the
homogeneous solution must not impart any net force on the object, we note that the mag-
nitude of the homogeneous component of C'; must be equal to that of C;. This common
magnitude will be represented by A. Figure B.5 illustrates the nomenclature used for the
homogeneous solution in the form of a vector diagram of the homogeneous components of
the contact forces for fingertips 1 and 2. Note that the tangential contact force at fingertip

2, C3p¢, is shown in the negative direction. From Figure B.5 we can say

Cinn = Asinb (B.38)
Citn = Acosf (B.39)
Canh = Asiné (B.40)
Can = -—Acosé (B.41)
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Figure B.5. Vector diagram of the homogeneous solution contact force
components for the grasp of an asymmetrically loaded object

So the homogeneous solutions for the contact forces of fingers 1 and 2 can be written as
Cin = Asin® iy, + Acosf iy, (B.42)

and

Can = Asind @z, ~ Acos ity (B.43)

Equations (B.36) and (B.42) can be substituted into Eq (B.2) to yield the total
solution for the contact force between fingertip 1 and the object:

61 = 61, + C."}.
Fcct

= (cosOcosa+ﬂg+ 2
- 2 sin 8 Fgct

cos 0) Uy (B.44)

sin 0) &ln

Fczt ( . 2/\
+ 2 —cosasind + Fo,

Similarly, Eqs (B.37) and (B.43) can be substituted into Eq (B.2) to yield the total solution
for the contact force between fingertip 2 and the object:

62 = 6:; +C,
_ F.p ( sin a 22 . ) .
= =3 cosfcosa ind + Fore sind ) iy,
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+F—';i (—cosasin0+ 2)

ext

cos 0) U (B.45)

When the normal and tangential components of C, are substituted into the definition

of 5, given by Eq (B.9) the resulting expression for g, is

2) cosf — F.ze cosasinb ] (B.46)

ct
hr=nar m[ ¢etC030C030+F¢3¢M7+2/\8m0

If the dimensionless parameter, X', defined in Eq (B.16) is substituted, Eq (B.46) can

be rewritten as

(B.47)

B, = arctan [ Alcosf — cosasiné ]
1=

cosfcosa + “7 +2X\'siné

With a couple of trigonometric substitutions and some algebraic rearrangement,

Eq (B.47) becomes

A'sin26 — cos a (1 — cos 26)
Ay = arctan [2A’ 1 — cos 20) 4 cos asin 26 + 23ma] (B.48)
Similarly, 3, can be found to be given by
A'8in26 ~ cos a (1 ~ cos 26) ]
Py = arctan [2»\’ {1 — cos28) + cos asin2¢ — 2sina (B.49)

When a = 180 degrees is substituted into Eqs (B.48) and (B.49), they reduce to
Eqs (B.17) and (B.18), respectively.
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