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ABSTRACT

The electric microfield distribution in fluids of particles of
arbitrary size, shape, charge and charge distribution is studied.
The Morita-Iglesias formalism is extended to include angular dependent
interactions. The results of the mean spherical approximation are discussed

using an exact relation for the second moment of the microfield

distribution, obtained in this work.In the Onsagerian strong coupling
limit the sum rule for the second moment simplifies,and becomes identical

to the mean spherical approximation result for the second moment.
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1-INTRODUCTION

The recent revival of the interest in the study of the electric
microfield distribution in charged plasmas has been motivated by the use
of the broadening of spectral lines in very hot plasmas to measure
can be used to measure the temperatures in fusion processes.

The study of the fluctuating electric microfields was pioneered
by Holtsmark! 2 who studied the weak coupling limit.

A considerable advance was the application of the classical fluids methods
for evaluating the electric microfield distribution in systems of point charges
moving in a neutralizing background, a possibility, that
was first suggested by Morita 3 and formulated in terms of correlation
functions by Iglesias *.The Morita-Iglesias formulation (MI in what follows)
is a powerful tool for the study of the electric microfield and has
prompted a number of investigations on the subject’ *®

In particular, in the last reference, Lado® discusses the use of the
Mean Spherical Approximation (MSA) for the evaluation of the
microfield in a one component plasma,as a starting point for employing
the more accurate Hypernetted Chain (HNC) integral equation.

The electric microfield problem is also of interest in
relation with different dense systems other than plasmas. The electric
microfield distribution in solutions in general, and in ionic solutions
in particular, is of interest in various branches in Chemical Physics, such as
spectroscopy,light scattering, liquid state chemical kinetics, dielectrics and
so on.

One of the objetives of this paper is, precisely to study the evaluation

of the electric microfield distribution in systems composed of particles with
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any shape, size and charge distribution.

For these systems we consider the distribution of the fluctuating
field felt by a point in an object of finite size and with an
arbritrary multipolar charge distribution.

We express it in terms of the multipolar expansion for the interaction
energy between an imaginary dipole placed at the center of our test particle
and the distribution of the charged particles in the system.

Our result is given in terms of quantities that can be computed by
approximate liquid state theories. However, care must be taken because
of the inconsistencies which are known to occur in these theories.

Because of the difficulties in simulating the electric microfield
distribution in a molecular fluid,it is wuseful to know exact relations
to estimate the accuracy of the approximations. The second moment of

the microfield distribution can be evaluated for a charged object immersed

in a plasma.This has led to the very succesful APEX theory for plasmas.S
However, the second moment for our general case is much more complicated

as we show in Section III, for a hard charged object of arbitrary

shape in a fluid of charged hard spheres with point ions and dipoles, since
it involves three body correlations.The point is, that in the Onsager

limit 1° !3 the three body terms cancel out, leaving a remarkably

simple expression for the second moment of the electric microfield.

In this strong coupling limit the field of every particle is completely

screened out by the surroundings: This limit is equivalent to Onsager's

procedure of immersing the test object into a conducting continuum media, ]
so that the calculation of the internal energy becomes an exercise in .
electrostatics.

We illustrate these points with the application of the




mean spherical approximation to a mixture of ions and dipoles.

The layout of the paper is as follows. In the next section we
formulate the microfield problem and introduce our model.We also give
a generalization of the MI expressions for the molecular case,as an
expansion in terms of electric multipoles.

In Section III we obtain an exact second moment relation for an
arbitrary convex object immersed in a mixture of hard spherical ions and
dipoles. In Section IV we discuss the strong coupling limits
and make contact with Onsager’'s discussionl!*.

Section V is devoted to mean spherical approximation calculations on
ionic and dipolar fluids.Finally,in Section VI we make some general

remarks and conclusions.




I1-THE ELECTRIC MICROFIELD DISTRIBUTION

a) FORMULATION

Consider a mixture of s species of particles and let N.‘ be the
number of particles of species a. The coordinates of particle i of species

a are

)}
n

~
-

at al at

b
where gl' is a 3-dimensional vector which gives the position of the center
-

of particle i and 3 = (,0,4)

Q.
indicates the three Euler angles that determine the orientation of the
-
particle. The electric field experienced at position R° by an object

immersed in the mixture is

¢ "
E° = E (Ru' X )= E Ed;(Rd' ,0“ )
LY dt:l (2.1)
aN ‘N' aNs
Here X = (X ..... X ) denotes the configuration of all the

particles of the mixture.




The electric microfield distribution is in the MI formalism

N -2
W(e)=< 6(e-E ) >

-
-(1/8n )jd)‘ e A(X) (2.2)
with - =
A(A\)= < e > (2.3)
In these equations, the angular brackets denote the canonical ensemble
s
average over the configuration of the N + 1 particles ( N -Z N ) including

Xsy
the test object. We have also used the integral representation for the Dirac

§ function and i =/-1 ,is the imaginary unity.
b) THE FOURIER TRANSFORM OF W(e)

b
If the system is isotropic, A(X), the Fourier transform of the

iy
microfield distribution, can be rewritten * ( A = magnitude of X )

L.




A(X )= Q(A)/Q(0)

(2.4)

A
-I dx’ 31ln Q(A')/8Ar°
0
where
AN A%
Q)= J.dxodx e (2.5)

is the configuration partition function for a system interacting

and the potential energy is complex
- b
V(A)=V -(i/B) A.E, (2.6)

Here V is the potential energy of the real system of N + 1 particles
particles when X = 0 and 8 = (kT) ! the usual Boltzmann factor.
Equations (2.4)- (2.5) can be expressed in the form of the

free-energy integral in a coupling-process type calculation 3 *

S

- »
In A(A)=(1/64 x")z 3 jdA’ "dﬁ;da‘dﬁa‘ A" E (X, ) g“(o,m]

"y ) (2.7)

B}
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The functions

oy R B84
g.‘ ' go“ MOI’).

are pair distribution functions for a system with particles interacring

with the complex potential given by Eq (2.6).Furthermore

> : . -pI
go‘(O,l)- [VZ /(Q(A)](64r*) dXL dXN e (2.8)

A = A "
- . - = N Y
Here X A/X O} ¢ A and p‘ o /

is the number density.
c) MULTIPOLE EXPANSION

To proceed we must define our model more precisely:

Our interaction is always parwise additive.

T .\

s &
v-u(X, X )-1/ZZZV‘F( ) +Z Zv&‘( o, ) (2.9)

A Wy Ao

The pair potential Y‘P(l'Z) will have, in general a short

ranged repulsive part and a long ranged electrostatic part:

i
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v (1,2) JS( (1,2) + V(c (1,2) (2.10)
‘e ’ “ P P ?

where the electrostatic part can be represented by a multipole expansion

of the form!$s 16

g »A-'.-() V\~A‘) -
Vo= 3y v R )@ (1,2) (2.11)
“\ Y
/n\)
Here R_ -|R |, Ri.whlch are the magnitude and direction of the vector
avz ﬁ ﬁ . The orientational dependence is contained in the rotational
invariants
e nd mnd A
QWY(lD-gﬂ’(OJHR;)-
s f"“l PN
={(2m+1) (2n+1)] D (@)D (@) D, (R _)
\ Jum v - N te
/“.V|)(#/y:,\‘ -
(2.12)

where the notation and conventions of ref. (17) for Wigner’s generalized

spherical harmonics and 3-J symbols have been used. The radial functions

in Eq (2.11) are

N v \ 112 l")z m n Pra ) 13 ol
. (R\z)-(-) [(2Q1+1) ! /(2m+1) ! (2n+1) ) Qp(a )Qv(ﬁ )/Rh (2.13) _1

where f=m+n,and we have omitted the greek subindices to alleviate the

notation.The electric multipoles are defined by

Q (a )= J'd; £ D (r) q (D) (2.14)
I I £

LY TR TANTRS

®.




Q*(?) is the charge density distribution in the particle of species o.

We observe that the factor between brackets in the integrand of Eq.

(2.7) can be expanded in a similar way:

- Vo one LA Ine !
1 XE (0.3 v L, R e oD (2.15)
]
v
with
A Nl ‘l“ " we
v (R, )=-[(2n+3)(n+1)/3] “ Q (a)/ R (2.16)
ek N v o\

The pair distributionfunction has the invariant expansion:

> \
h (0,1) =g (0,1) -1
Ox )9\

mwd () 'A«h'a ~ AA =~
:;(\'th.;,a (RJ\) Q)iy (0.) n\ RO\ ),
# NN AN vl A A
+ hx;ov (Ro\) Qov (Q4Q|Ra\) (2.17)

The superscript (r) indicates the functions which involve the real

multipole distributions and (A) those of the imaginary
dipole. Because of the symmetry of the point dipole this last contains only
invariants with m = 1, u = 0.

Substituting Eqs. (2.14)- (2.16) into Eq (2.7) we find, using the

orthogonality properties of the rotational invariants




poem e

> v

" la]
In AQA)=-473 2 3 [(n+1)/3(2n+3)] Q" (@) Id,\'J‘dR R (R, J/R
o N ! " b (2.18)
. v ) v

which is the generalization of the MI formula for a mixture of charged
particles.

The integral is proportional to the energy of interaction
between the imaginary dipole of the test object and the n-pole of a
particle of type «a.

It should be emphasized that, the ‘origin’ of the test object (i.e.
the reference point for the multipoles Eq.(2.13)) is not necessarily at the
centerof the particle.Our formalism, and in particular Eq (2.18)
applies for the microfield distribution at any point of a given convex test
object

It should be pointed out that the test object can be an extra particle

or a particle belonging to one of the species in the mixture.




III-SECOND MOMENT FOR ION-DIPOLE MIXTURES

For the one component plasma of charged point particles in a
neutralizing background, Jancovici!® found that the second moment of
the microfield distribution experienced for a test point particle is
< -
< E, > <E,.E >= lur(;:5 /B)(z/z)
(3.1)
where s, € (e=electron charge) is the background charge density, z and z,
are the electrovalence of the plasma particles and of the test particle.
The method used for the plasmas can be extended to calculate the second
moment of the microfield distribution for a hard convex object of arbitrary
shape ,charge z,e,immersed into a mixture of arbitrarily charged hard spheres.
We assume that species a,of diameter g, has charge z e (= Q:(a))

-

. . - D) . \
and also a point dipole Bo= By (Z( (with b= Qu (a)).
The electrostatic part of the total potential is the sum of a short

.

PR &)
ranged part, V" and the electrostatic part V (2.10)

We have
‘E) - apf I
v (X.,X )= z, e ¢(X°X ) ﬁ
s ﬂ
-zeri ¢ (0,& (3.2)
Gy ol x- t

where ¢ (0,4) is the electrostatic potential generated in Ro by

particle i of species a.If our mixture consists only of charges and dipoles

N

Y| S
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8 (0= z e/R .+ i@ R /R (3.3)

PEN > - Iy .
E in Eq (2.1) verifies E.“ =--V ¢ (with Vp =V ). Now
V. y

v o“\: ‘\o

<E E>=<76.9¢> (3.4)

Using the relation

S ‘PV 'Pv - - LER)
- 1/8 Voe =e [z’e Vé +V,V ] (3.5)

we obtain

-2V

)‘N’

<Ej>= 1/Q) X &X (¥ 4.7 ) e

- '%J ~ ISR)

-»> -b“ =Y -~ -
=-1/Qfgpe Idxodx ((V,6.V,e +Be V4.5V ))
“ (3.6)

In this equation Q= Q(A=0), where Q()) is the partition function
defined by Eq.(2.5) and Vbh) is the short ranged part of the total potential
energy (in our case hard core interactioms).

In the integral in (3.6) the first term is zero for a screening
system, in which the field and potential are zero at the system boundaries.

This can be shown using Green's theorem and Poisson’s equation.

.




b
S s - D
v°¢--zm22 z,e 6 (R .)- “«\.[ 8 _VER ] (3.7)

L

<
~

o=t q‘-'_\
=0
Therefore
b3 - _.'r -"_q‘ P 3 - \-‘a&)
<E, > =-1/(z,Q@) jdxodx e’ (Veé.5,V )) (3.8)

Now, since the media particles are hard, and the cavity particle

is also hard and of arbritrary shape,the short ranged force is

LY ‘s¢)
- (g\l . ‘s‘a\: - -‘;\l
e Y,V =1/8V,e

R t),
- . Y F s
=1/83 Y R 6 R 7, (B, R, )] (3.9)
A=y Yoy '
A A
where q‘b(ﬂs Rbg ) is the distance of closest approach
L N ~ A
of i and 0, which depends on the orientations of Ro“, and Q, .
Using ( 3.3) and ( 3.9) in ( 3.8) we get
T 2 a“rs ﬂi - 5 “h. A A
<E,> = 1/(B z Q dX, dX A ﬁ\_ ’ ZEn(RoP.) 6[RT: a‘(s(QO’R°f)])
EINTEN e‘l p;= 1 J 3

(3.10).

where ¢A' is the electrostatic potential due to particle ai( 3.3)
\

Separating the terms in which ai-ﬂ;, we get !*




R
<Ei>- <Eg > 3 + <E A (3.11)

The self term is
S

'Y AA A v oA
<Eoi--k’r/z°J‘dﬂ.dRo‘Zp.‘ - Ro\ )l Ak )
A}
~ ~ ~ Fa Sl al ~ A
( 2R +u /0, (R, 0)(3 (R QR -81) (3.12)

where the sum is over all species a in the system with charge z e and
dipole moment u_ . The function q*[a ] is the contact probability density
between the particle a and the test particle 0.It is a function of the
anglelgo‘ which gives the position of a relative to the test object 0.
:(30 ) is the unit vector along the center to center distance when the
particles are in contact. %t (R 0 ) is the distance of closest approach
for that orientation (see figure 1).

The mutual term is more complex

<E > --kT/z“dﬂ dR djsz po((s(l 21 [a;(:\ )1 n®,,)
( zPR +u, /R L3R )R -0)_] VRS, (3.13)

which is the average of field in the (: (ﬁ;)) direction when particle 1
(of species a ) is in contact with the test particle. This is a
complicated term because it involves, a 3 body correlation function
(particles 0, 1, 2) . However, in the Onsager limit, in which the fields
outside of the test particle are completely screened out, this term should be
be zero,and we get

<E b <E >% (3.14)

where <E°>; is given by (3.12).In the case of a spherical test object in

in a ionic mixture,we get
$-\

<E:> =-4m/(B 2 _e) E 22,8, (%0g) (3.15)

L =\




IV-THE ONSAGER LIMIT

In his classic paper of 1939, Onsager!* considered the
problem of calculating an exact lower bound for the interaction energy
V of a neutral system composed of charged hard particles. Onsager solved
the problem by immersing the impenetrable particles in an infinite conducting

fluid, thereby obtaining the 'Onsager state’ for which
lonsaGER

VvV &
\' - z N&p&

o
- -ZN o (Z) (4.1)
i A self

where U* (the Onsager proper energy of one particle of species a) is the
self energy (relative to the self energy of the original charges) of the
'Onsager atom’. This object is the original hard sphere with the

original charge plus that surface charge induced on the sphere surface by the
conducting boundary conditioﬁ. Therefore Uki) is the self energy of the

oL sels
(induced) surface charge.

Onsager’'s approach is valid also for point charges in non-hard core
particles (e.g. the one-component plasma) as long as the particles

distribution features pair-excluded regions (i.e. ‘effective’ hard core) 1!° 19

Recent work showed !0 13 20 25 ¢that the'Onsager state 'provides the
exact description of the asymptotic strong coupling limit (e.g. T+0) of the

solutions of both,the mean spherical approximation (MSA) and hypernetted chain




E o n a e

. . . . . (osager)
(HNC) integral equations for arbritrary hard particles. In particular,V

which is the sum of individual terms, one for each particle in the system,
is the exact strong coupling limiting energy as obtained from the solution
of the MSA and HNC equations.The corresponding asymptotic direct correlation
functions are given by the electrostatic interaction between the (induced)
surface charges on the different particles.
Like the general formalism (Sec II) and the particular MSA formalism (Sec

V below), the electrostatics involved in the ‘Onsager State’ can be

developed for both real and complex charges.In particular,relations like

(b.7) in appendix B follow immediately from the Onsager limit state

due to the simple meaning of the direct correlation function as stated above.
Consider the microfield distribution problem in the Onsager limit.

Denoting by F(A)=-kT 1ln Q(A) the excess configurational free energy of

the system when the imaginary test point dipole is acting on the test object

poinc)where the electric microfield is to be considered, then Eq(2.4) yields

In A(A)= -8 [F(A)-F(A=0)] ‘ (4.2)

In the strong coupling limit, the system approach to Onsager state

in which the test object is immersed in a continuous conducting medium. Then

the free energy difference in Eq (4.2) is

In A(X) | = -8 [U(X)-U(a=0)] (4.3) %

ONLAG: R
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where (see Fig 2a) U,(A) is the self energy of the 'Onsager atom’
corresponding to the test particle, with the imaginary dipole i\/8 placed at
the considered point, when it is immersed in the conducting medium. Since we
have to average over all the orientations of A,then the energy difference
(4.3) is proportional to the square of the dipole strength i:

1n AN | -2°/8 <

d‘>
ONSAGER M=

a (4.4)
"

Here LE;‘T is the Onsager proper energy (see above) of a hard particle,
having the shape of the test object and with a real unit dipole which is
placed at the test point (see Fig. 2b). < 3§“denOCes the average over
the direction of the dipole i in a frame fixed to the test particle.

Thus the Onsager state, as well as the strong coupling solutions of the
MSA and HNC equations, predict a Gaussian distribution for the electric
microfield at any point inside the test object.The second

moment depends only on the shape of the particle and the position of the

test point, independent of the charge distribution inside the test object.It is

given by
2
m =<E > — -6kT <U_ _ > A (4.5)
z o O wramce A, V3 T 1 P
LrMaT r

The Onsager self energy for a dipole u at the center of a sphere of

radius R is {/2)u "R .




For example, when the unit dipole (i.e. the test point ) is placed
at the center of a spherical particle of radius r =0/2, we obtain
regardless of the original charge distribution of the system,

<% > =3/(B r3) =24/(8 o*)

O  owsaLlR

(4.6)

For a multicomponent plasma at a charged point of charge z_e

13
the Wigner-Seitz ion sphere radius is a g (!o/a,) , where <z> is the mean

electrovalence . Then the exact second moment Eq (3.1) is recovered:

=3/(8 a)) (<z>/7)

S  owsac

=47 p‘ <z>/Bz,

(4.7)

Now using e/ai'

4 2aS the unit of electric field (l;-ﬂ ez /au’\we get

A 4
e B2, jc25)

(4.8)

e




V THE MEAN SPHERICAL APPROXIMATION

The general formalism of the microfield distribution developed in
Section III is suited to integral equations techniques. The appropiate

Ornstein-Zernike (0.Z2.) equation for the fluid in the presence of the test

particle X 26

‘ h (R 8a@ 0 R @ 8.8
ot oy B | o Ro G )
a
A - A A A - A ~ A
2 2 dia\ 4 Rop(Rey B0 0330) (B, 0y 4,78,
p= 3
- A oA A A < A A A
YA LRy, 3hoo(ROb o 3’02) COd(RSI 05 l'QA)
4n
(5.1)
where c"q3 (e, 8 =0,1,....8) is the direct correlation function.

In Eq (5.1) we have included the test object as member of a new species with
number density N, / V =p_ . Eventually we will take the limit, N - 1
(or in the thermodynamic limit,e,~ 0).

The Ornstein-Zernike equation can be closed by several approximate
forms of the direct correlation function.The simplest of such closures is

the mean spherical approximation 27 . The particles are hard particles,

so that

-2
- 5.2
g‘ P(X‘ Xz ) =0 Réa“ P (exact) ( )




- b
. = -8V
F (X X.) B dh(X‘XL) R-ia*p
\

(5.3)

where 0“5- (a*+a‘-b) / 2;0“ is the diameter of species a

and V:“,s \is the pair potential.

lThe general solution of Eq.(5.1) with the closures (5.2) (5.3),
for arbritrary multipolar expansions 22 29, shows that, because of the
linearity of the MSA, the R-integrals in Eq (2.18) are proportional to the
imaginary dipole strength.

PR ne)

"
dRo\ho-(;ov (Rm)/Ro. < A (5.4)

Then, we see that in the MSA the Fourier transform of the microfield

distribution is Gaussian

In AQ}) = -1/6 m,A 2

(5.5)

where mL - Eo"’ >,the second moment of the distribution, depends on the
particular multipolar density expansion and the diameter of the particles

as well as on the multipoles and diameter of the test object. q

e

e
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We can take advantage of the availability of analytical solutions
of the MSA for some particular models in order to obtain explicitly their
second moments

Lado® has recently considered the microfield problem in the MSA
for a one component plasma of point charged particles in a neutralizing
background . In this work we study a larger class of systems:
a) Mixture of charged hard spheres (primitive model of electrolyte)
b) One component system of dipolar hard spheres and
c¢) Mixture of charged hard spheres and dipolar hard spheres(non-primitive model
of electrolyte).

For these systems we study in particular the strong coupling
limit of the Onsager states. We will restrict ourselves to the special case
in which the test object is one of the particles of the system and will

consider only the microfield at the sphere center.

a)PRIMITIVE MODEL OF ELECTROLYTES

The system is a mixture of s-1 species of hard spheres of diameter

o, with a point charge z , e located at the center and number density

of

Q*(a = 1..... s-1). The solvent is treated as a structureless continuum with
a dielectric constant &.

The electric field felt by a test particle of type vy with % =%

and z‘-z° located at R 1is,at the center of the sphere

.
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A=y “C:\ -
(5.6)
The correlation function which involve the test particle (labelled o)

has the form (see Eq (2.17))

ro=oA oeom 101 AR
£ R, a,)= £9°0 (R,) + £100 (R, [tnA.RM]
(5.7)
where f denotes h and c in the Ornstein Zernike equation (5.1).
Then Eq (2.7) yields (see also Eq (2.18))
°0
S-1 , @)
In A(\)=-4m/3(e/¢) DA L L RAR G
o=y
°o T (5.8)
As shown by Lado® for plasmas(see Appendix B),if we solve
the Ornstein Zernike equation (5.1) in the limit g‘-0
in the MSA ,then
101 - 000 - -
foa( (ROI) X/ (B zoe) df“ (Ro\)/dRo\ (a 1l,..,s 1)
(5.9)

r)
Here f;’d‘:"(R° )-f::’f‘(Ro‘) is the correlation function for the unperturbed

\
(without the imaginary dipole) fluid.

»
Using Eq (5.9) for h::‘ and taking into account the
electroneutrality condition we obtain Eq (5.5) with
t-
mz =-4x /(B zoe) E p‘z«go“(ao‘) (5.10)
o=y

[




where 5a‘(°5*) is the contact value of the pair distribution function
for the primitive model of an electrolyte in the MSA.

Comparison of this second moment with the exact result given by (3.11)
shows that the MSA has only the self contribution <E:§.and does not have the
mutual term <§:2Mk.This is to be expected, since the MSA is an
improved Onsager bound,should not have this term,which, anyway
vanishes in the high coupling limit.

If we use the MSA result of the contact pair correlation function
to compute the limiting form of m in the high coupling regime,we find
that it diverges.This is a consequence of the well known inconsistency
of the MSA,in which the correlations of opositely charged ions go to
-o rather than to zero.

An alternate way to compute the Onsager limit of the second moment m,
is to include the test particle as a new species,with an imaginary
dipole.Our system consists then of s-1 species plus a new kind of
particle of species y but with an additional imaginary dipole.For

this system the energy parameter

o0
vo1 ()
dR ho‘ (R)
%oun

is known in closed form in the MSA2?° 34 The result is proportional
to A /B. Taking the limit o™ 0, the energy integrals of our
eq. (5.8) converges.

We see, then , that in the strong coupling limit the correct
Onsager limit (4.6) is obtained.However we must use the energy route
to obtain our results, because of the well known inconsistency of the

MSaA.
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b) HARD DIPOLE FLUID

Consider now a collection of hard spheres of diameter o
with an embedded point dipole u .We compute the microfield distribution
at the center of these particles.The field generated by a particle at

the center of the test particle 0O is

N ~ A N
-Z p‘/R3 [3R°S (R°S'OS )] (5.11)
Y=y

The relevant correlations are

% A A
Lyed X )= hooolR, )+Z{h11° ()Ro\) o“O(n'n'ﬁ")

E=5a 112! 112 (8 QR
+ AR ) @ (n*qao‘)?}
(5.12)
From (2.7) (and also from (2.18)) we have
A o0
In A(N)=-4r J2/15 ax |dr h‘”d)(a ) /R
Py Hs o\ o1’/ Noy
o ¢ (5.13)

o5
As shown in appendix B ,the radial coefficients h;;°°{Ro\) and hllzoiRol)
os

in (5.12) are related to the ordinary (unperturbed) radial coefficients

1109 - hillo 11209 hli2
hiLOCR, )= hile (R, ) and hUVZT(R,,)=hi} (Ro‘),by
110 - . 110

hito®R )= (/8 W) BIL° (R,
112 - - 112
hil Ry, )= - /8 w B2 (R,

(5.14)

4



Again, we obtain the Gaussian microfield distribution with the second
moment given by
m_=4b_/(38 o2
2 /(38 ) )
(5.15)

The dipole-dipole energy parameter is

=)

- 3 112
b2 3n J2/15 % a‘ dR hgs (R )/R
a (5.16)
and which can be calculated solving the Wertheim®? equation
(1+b, /3)2 - (1-b,/6)?2 /3)\7 B p p2=d?
T 78T (1+b, /1) % ) # g g
(5.17)

In the strong coupling limit d{ -+« and bz -6,
Indeed, the Onsager limits are also verified in this case.

c) ION DIPOLE MIXTURE

Consider now a mixture of s-1 different species of charged hard

spheres of diameter % charge z.® and number density e‘-q‘/v

and the solvent which has a diameter % and dipole moment He !ﬂ

The field at the center of the test particle is the sum of the
ionic and dipolar contributions, given by (5.6) and (5.11).
On the other hand the relevant correlation functions now are

) - A b -t . %
h (R, & ) (5.7) and h (X ,X ) (5.12).The microfield is
Ol oA Y 0¢ o \




i $-1 %
' 101 W)
ln A(A)=-4r (e/3) ooz, |ax' Jar, nior®r
[- Y o )cod

+4nJ2/15 o b d' Jar h“"’“)(R ) /Ry
S's [-2% os o 1
(5.18)
o s
Now we have to discuss two possibilities: i) the test particle
is a dipole of the mixture,and ii) it is an ion of the mixture.
i) TEST DIPOLE
Following the steps that led to (5.14) (see also appendix B)

»
higl R )= (M8 w b2t (Rgy)  e=1,..,s-1
1102} - 110
hie! (Ro )= (/B w) hl20 (Ry)
» 2
ni12R, )= (/B W) hit? (Rgy)
(5.19)

From (5.18) we obtain again a gaussian (5.5) with m_ expressed in terms

2
of the ion-dipole and dipole-dipole energy parameters of the MSA
of the ion-dipole mixture33 3¢
- 3
m, = 4/B [5,/2/3 + b, /303
(5.20)

here

3.\
b =-2r//3 zZ e dR hiot R
\ /fz&* R )

O
K=y
Cou

and bz_is defined by (5.16).These parameters can be computed solving

a system of three nonlinear algebraic equations.

ii) TEST CHARGE

If the test particle is an ion then we again use the method




of defining an extra species A of diameter o,charge z e and
imaginary point dipole of strength -iA/8 . We now let the density
of this hypothetical c%?ponent go to zero. Eq. (5.18) yields

In a()=-6/(38)  fax (b (/25 +b (1)/25°)

o (5.21)

The calculation of bl and EL as functions of A is identical
to the case of the real dipole,and is described elsewhere3® 34 The
important point is that in the MSA, b‘(A) and §L(A) are linear

functions of X .Therefore, we obtain again the Gaussian distribution (5.5).

I
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V1-CONCLUSIONS
In this paper we discuss the microfield of a ionic solution in a
molecular solvent.We extend the Morita-Iglesias formalism
to include angular dependent interactions.

The mean spherical approximation yields a simple answer for the
microfield in all the cases that were investigated:The primitive model
of ionic solutions, the pure dipolar fluid and the ion-dipole mixture.
For all of these cases the distribution is a Gaussian.The width of
these Gaussians (which is the inverse of the second moment) can be obtained
in two forms:

i) in terms of the contact probability . This form agrees, in the
Onsager limit, with the limiting form of the exact value ,also derived
in this paper.

ii) in terms of the excess energy parameter.

An interesting situation arises here: In the Onsager limit, the MSA
contact probability of the ions diverges. So that although formally the
MSA gives the correct limiting expression of the second moment in terms
of the contact probabilities, the limit itself is incorrect.

The energy route (ii), however, leads to the correct limiting value of the
second moment in the Onsager limit.This is probably a consequence of the
well known inconsistency of the MSA.

Sigmilarly to the situation for plasmas® the MSA should serve
as a starting point for a more accurate integral equation treatment.In
this treatment the Onsager gaussian result (4.4),(4.5) is the exact

high coupling limit.

I




APPENDIX A

ONSAGER ENERGY FOR A DIPOLE IN A SPHERICAL CAVITY
Following Rosenfeld and Blum!? !3 we write the Onsager

energy of an arbitrarily charged object immersed in a conducting medium

OWSACER S

L

oS (s) ()
Z CF(,;\ )

]
~|

(a.l)
=-[self energy of the surface charge distribution o(s)]
Here ¢‘;‘(s) is the potential due to the induced charges at the
surface T.For a spherical object with a unit dipole at the center (and

pointing in the direction of the z axis) we have

{(s) = - Lom O R
(P;;‘ ) /\'

(a.2)

and

T 2=y 2O/ (a.3)
a.

where § is the angle between the normal to the surface and the z axis.Then

U, - is given by
M= ONSACER
u.a - - U = - ‘/ 3

g < e (a.4)

Finally, from (a.4) and (4.5) we get (4.6).
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APPENDIX B
CORRELATION FUNCTIONS IN THE MSA
Consider the Ornstein-Zernike equation (5.1) in the limit g -0
We use the invariant expansion (2.17) for all the correlation functions.

Then,using the transforms2?® 29

’F‘f/ku«) ( )x<"""“p‘)‘,,74 Jal«,u e(k'zu)(ojqciz{:/)
o - K) =
< x (¥) b.1)

where jf(kR) is the spherical Bessel function of order 1,and-§ is a generic
-~
notation for either a‘or H (transforms of ¢ or h).The Ornstein-Zernike

equation is

~ /\au(d")
a/::;(r(k od e [/)

&. () /w ml( }C/‘Z,/u[é)
("’ “

The Ornstein Zernike equation can be transformed to real space:Using

(b.2)

the inverse transform of (b.l)
-2

J-e(p x ('Z) (w)”z 72 g fcos(kR) | ¥pix (k) d&

(b.3)

where the upper sin kR is for m+n even ,and the lower cos kR is for m+n
odd.

We analize now the case of the microfield at the center of one
of the ions of the mixture, and at the center of a hard dipole,which
could be in a ion-dipole mixture or a pure dipolar fluid.
a)TEST ION IN THE PRIMITIVE MODEL

Using (5.7),together with (b.1) and (b.3) in the Ornstein-Zernike

equation (b.2) yields

o)

1




o
~/

o 6*’6

0\')/7)
e v = /Hj“(s s K
yesa( (i) - go( (;Q)-.-ur L PScHt g o

and o .
oo 0%y,
40 (A) gto/z) . Z ]0 (cu.é /,,(/é/fds B %/5 (s)
FHow 1<) (oo ()= - /’o I
(b.5)

The observation is that the MSA closure relations (5.2) and (5.3)

yield
oso/ )
Ao(/?»)(}Q) _ 2 dboo G/ K& oo
ho « = o = == y
/PC % (b.6)
seo( v)
1011»\)('4) D -V dM 12>y
Ceov ST Ry pes oK
(b.7)
Then, defining
oag ()
F4°1(2),7) _ N d(;y q (ﬂ}
oo < - /«,eéo M
(b.8)

{\QOO(Y} g—-oufY)
for all R, and using the fact that oo (K) = Jox () we Uave

40(x) [ b XQ oo (7)

g - . — oo (W2

Oo¢ (‘4)~ -G /sei. d)@ )
(b.9)

PY-1ig) 1o \Rn) q

so that if 5’ (R\ verifies (b.4), then F LQ) defined by (b.9)
should verify (b.5).merefote,f;‘:o}R ) as given by (b.8) is the solution
of the problem.We also notice that £79° (‘?Qis equal to fg:%lfor the !

bulk unperturbed system (A=0) when the test particle belongs to species 7v.
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b)TEST DIPOLE IN AN ION-DIPOLE MIXTURE

For this case the one dimensional projection of the Ornstein-Zernike

equation yields (y=r,)) L/H{bﬂ""
o0 e (s) («=1-53)
os( ) °d( ) = jaé r % £ (d § 3 Opr
?fo.zm)-go.z(ﬂ): L’L?—Pp o °/‘“/t . .
o4 (2=4 (%- 40) '
9- %(Jll‘/ 6;‘4 Wm 1
. 25 B[ (S By |
R p R-¢
t+2
14/¥) {9
P((dff%;(é/ﬂ*ssgxfs) (g 51
+ 2% 1s K-t ‘
Z (b.11) i
4(") ( s -4 40(3’ trAa
'l
14(v) 'é'Hé
M/; fGee % le | us Szﬁ., (5) :
R > 1e-2/ ]
(b.12)
The MSA closure conditions are
Cou A9 #)
/:/lx\rz:-/f - L de¢ ¢ Zﬁq (¢) !
’ (b.13) 1
Tox 11(/) e ly)
/)/{ly_ﬂ_g _j d(fzjg.ﬁ//‘}’"ég; /t)
— s - (b.14) q
with BBy for y=r and HM-'A/ﬁ for y=\.But we observe 1
that for y=r equations (b.10-14) are the MSA equations for for the

unperturbed system (A=0).This problem is solved elsewhere2® 34

When y=\ we have

LYSY /““‘”/
Fow  (R)-2Fow (K] (cammrnitosiee )

~ > Adg
/ (b.15)

PR o D VI




The correlation functions have coefficients

hé.‘i‘% = -O/B W hlet (R ) a-l,...s-1
hiteIR H= (/8 ) hite (R )
ni#R )= OB W) B2 R )
(b.16)
The case of the pure dipolar fluid is obtained from this result by

setting the ionic concentration equal to zero.
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FIGURE CAPTIONS

Figure 1:

Distance of closest approach between a convex test particle and hard
spherical molecules.

Figure 2:

Self energy of Onsager objects immersed in a perfect conductor.
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