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CHAPTHER 1

THE COST IHPROVEMENT CURVK - CONCEPT AND FUNDAMENTALS

The cost improvement curve is a quantitative technique used
to predict resource requirements in a manufacturing operation,
As an estimating tool, it belongs to the parametric family of
estimating as it depends on historical costs to forecast future
costs through trend projection. The cost improvement curve
theory has been used successfully to predict the direct
engineering and manufacturing labor hours needed to produce a
known quantity of a product., It has been used to predict the
dollar costs of material and hardware items APTER ADJUSTMENT OF
THR HISTORICAL COST DATA FOR IRFLATION. In this chapter, the
theory of the cost improvement curve will be discussed under the
following sub-topics: An overview of the history of the =ost
improvement curve, characteristics of the cost improvement curve
process, the mechanics of using log-log paper, measuring the
slope of a cost improvement curve, extending the line and using
the Beeing Improvement Curve Tables.

AN OVERVIEW OF THE HISTORY OF THE COST IMPROVEMENT CURVE

The term "Cost impreovemant curve® was adapted from
observation that individuals performing repetitive tasks exhibit
a rate of improvement due to increased manual dexterity. The
mental and muscular adjustments made by an individual from the
time the task is first performed to tie time the task has been
repeated a number of times result in a reduction in the time
required for each repetition. Psychologists, teachers, personnel
directors, manpower planners, and others have recognized and used
this principle for a long time, When this improvement factor in
a manufacturing process is subjected to further refinements of
observation and analysis, an indication of the causes of
improvement become apparent. Dexterity on the part of individual
workers is only one of the reasons for improvement in the
reduction of labor hours per unit of production. Changes in the
worker's envirconment, changes in morale, changes in the flow
process, work simplification, engineering changes, changes in
work set-up all may contribute to improvement {(or, conversely
contribute to disimprovement). Such changes are nearly always
induced by management functions. Thus not only the cost effects
of changing manual dexterity, but also a broad group of factors
which might be called management innovations (and the
interactions among manual dexterity and the various management
innovations) are measured and predicted by the cost improvewent
curve. Several other terms also describe the cost improvewent
curve: Learning curve, improvement curve, cost or time reduction
curve, experience curve, cost-quantity curve, Wright curve
(cumulative average theory), or Crawford Curve (unit theory). A
cost improvement curve is the term currently being used by many
DOD analysts. When referring to the cost improvement curve, one
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must understand that all the complexities of causal relationships
are embodied in its meaning. In essence, it represents the
lcarning of the firm and is not specifically isolated to the
learning of individuals.

One petson who has contributed mucn in establishing the cost
improvement c.rve as a forecasting tool in the aircraft industry
is T.P, Wright. His article which pioneered the idea was
published in the Journal of Aeronautical Sciences, February,
1936, under the title, Factors Affecting the Cost of Airplanes.
Wright's findings showed that, as the number of aircraft produced
in sequence increased, the cumulative average direct labor input
per airplane decreased in a regular pattern. The regularity of
the pattern existed in a relationship which was exponential (see
Figure 1=-1). This pattern is becomes a linear fuaction by takinyg
the log of each of these ratios of changes (see Figure 1-1).

Cost improvement curve theory and practice, as it is known today,
received its initial impetus from this pioneering work.

Aircraft companies and the DOD became interested in the
regular and predictable nature of the reduction of production
costs because, among other considerations, the phenomena implied
that a fixed application of labor and facilities could be
expected to produce greater and greater quantitles of defense
products in each successive time period. Accordingly, the
Government engaged the Stanford Research Institute to study the
validity of the cost improvement curve concepr. Tne method
adopted for this study was a statistical analysis of nearly all
World War II airframe direct labor data to dstermine whether
there was sufficient conformity in the data to establish a cost
estimating relationshipo (CER). The study confirmed the fact that
direct labhor cost (hours) declines by some constant percentage
over successively doubled guantities of units produced. The
Stanford study, headed by J. R, Crawford, also validated the
concept of a model based on the World war II findings that could
be used as a forecasting tool.

Since world War 11, the cost improvement curve concept has
heen used by Government agencies to aid in estimating the cost of
selected Government hardware items, Its application has been
guite conspicuous in airframe production where conditions were
most faverable for its use. More recently, the cost improvement
curve has been vsed in such production industries as electronic
systems, machine tools, ship building, missile systems and depot
level maintenance of eguipment.

CHARACTERISTICS OFP THE C0S571 IMPROVEMENT CURVE PROCESS

The cost improvement curve theory was developed from
observations ot cost behavior as a4 function of sequencial
alicratt produced. PFactors associated with the airrframe industry
which seem to be necessary for the cost improvement curve thecry
to work are:
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(1) The building of a sizable, complex end item which
fguires large numbers of direct labor hours. The many
individual tasks associated with these hours provide myriad
oppertunities to learn.

(2) A production process in which non-mechanized assembly
operations are predominant. 1f the operations were mechanjzed or
machine paced as are many fabrication operations, the learning
process would be inhibited.

(3) A continuous manufacturing process with constant
pressure to reduce labor hours. If production breaks were common
or long, the acciued improvement would be dispersed through
recassiynment of workers or even forgetfulness.

(4) The element of constant change in the product. The
many engineering changes that are characteristic of a "state of
the art" weapon system Seem to contribute to the overall process
of improvement that was observed (see Figure 1-2).

Noteworthy is the significant impact of major engineering
changes or model changes. Airframe production is characterized
by short model/series production runs. With each change in
model, the cost improvement curve phenomena tends to repeat
itself. That is, when a production program is completed for a
particular airframe model and a new production is set up for a
similar but new model, it cannot be expected that the first unit ~~
cf the new model will continue where the old model left off.
Rather, it caun be expected that the labor hours te be used for -
the first unit of the new model will behave as unit one of a new
production run and learning will begin anew.

It should be emphasized from the outset that while the cost
improvement curve is essentially a trend concept, it is not a
time-geries trend form. Rather, the independent varijable is
taken to be the number of opportunities to lcarn while the
dependent variable is cost 1nput per constant unit of production.
At first, the independent-dependent variable relationship may
seem obscure. At best it is not likely to seem guite as straight
forward as a simple ¢ost por unit time-geries. This relationship
is one of the key concepts which make the cost improvement curve
a useful device for measuring and predicting change in production
cost input,

TOOLS OF THE COS1T IMPROVEMENT CUR'/E THEORY
DEFINITION:
The cost rmprovement curve thoeory is derwned as follow:.:

A5 the total guantity of units froduced doubles, the
cost per unit decreases by some constant percentage.

7
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Expresscd in eguation or model form, the cost improvexent
curve theory is:
Yl = Axh
where: ¥ reeaesents the unit cost (usually expressed in

hours) of the x unit and X represents somc seguential unit
number.

A is a coetficient (constant} that ,sepresents the
theoretical cost (also usually expressed in hours) of the first
unit, usually abbreviated as T,

b is a coefficient (constant) that is related to the
slope and the rate of change of the cost improvement curve. It
can ke calculated from the relationship:

b = logarithm “"slope”/logarithm 2.

In this equation, the slope must be express2d in decimal form
rather than the percentage form fo. calculation purposes.

LOG-LOG PAPER:

One form ot graph paper marked so that number values are
expressad in terms of equal relative differences on both vertical
and heorizontal scales is called log-log paper and is illustrated
in Figure 3. Log-loy paper is so constructed that the distances
between numbers on the horizontal scale are egual percentage
cnanges. The distance, for example, between 1 and 2 is the same
as between 4 and 8; also, the distance between 3 and 4 is the
same as between 60 and 8G. In each set of distances the
differences in numbers represents a 100% and a 33 1/3% increase
respectively. The vertical scale has the same characteristics.

A straight line on log-log paper indicates that the rate of
change between two variables is counstant. Any two lines that are
parallel on log~log paper indicate that the rate of change is
equal for each of the two sets of relationships.

CHARACTERISTICS OF LOG~LCG PAPER

There are several cnharacteristics which should be observed
about log-loug paper:

(1) There are no zeros. Values approach zero but never
achieve it.

(2) This type ol graph paper is drawn in terms of cycles.
The first cycle, either vertical or horizontal, must be labeled
.1, 1 ¢r 10, or any i1ntegral power of 10. 1t is essential to
observe that the ftirst cycle values cannot be a number such as 5
or 6 (see Figure 1-3).

) }
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Each cycle has a definite svarting pownt when designating
values. But, it the first cycle starts with 1, the next cycle
must start with 10, and the third cycle would start with 100, If
the first cycle is 10, the value of subsequent cycles would be
100 and 1000. That is, a cycle need not always start with 1, but
way start with .01 or 0,1 or 1.0 or 10,0 or 10¢0.0, etc. However,
once an absolute value is assigned to a point on an axis, either
horixzontally or vertically, all other locations on that same axis
have a fixed absolute value such that comparable locaticas in
each successive cycle (to the right on the horizontal axis or
above on the vertical axis) have an absolute value exactly ten
times as grcat as in the preceding cycle.

in all graphs, the horizontal axis is conventionally called
the X axis and the vertical axis 1s called the Y axis. For
purposes of this course, sequentially produced units will always
be plotted on the X axis: labur hours, cost, pounds of material
or whatever gquantity varies as production proceeds will be
plocted on the Y axis.

On the X axis, the first cycle starts with the first unit
produced or 1y- The next cycle starts with the tenth unit
produced; the third c¢ycle the 100th unit produced and the fourth
cycle, the 1000th unit produced. 1t is advisable to mark these
cycles on the margin of thc log~log paper before starting to plot
points. Note that for the ¥%-axis, the first cycle will always be
labeled "1" because we always want to know the value ¢f that ~—
first upit, or T3 Therelore, the oycles on the X-axig will
always be iabe]oé 1, 10, 100, and 1000 (see Yigure 1-4),

On the Y-axis, the scale 1s not always the same, but varies
with the respective data sct. 1t is important to specify the
scale beforc beginning to plot points, otherwise it is easy to
make errors in piotting or reading figures. To determine the
scale to be used, first determine the largest figure to plot cr
rcad on the Y axis. This figure is probably the theoretical cost
of the first unit (T1)- it this 1s 60,000 hours, determine the
next integral power of uten above this figure. (An integral power
of ten is ten multiplied or divided by itself a number of times.)
The next integral power of 10 above 60,000 is 100,000, which is
ten maltiplied by itself four times, This value is given Lo the
horizental sine at the tup of the paper; the lower cycle must
then represent 10,000 unity and the bottom cycle, 1,000,
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The accuracy of the results obtained from graphs depends
greatly on the deyree of refincment of the plotting techniqua. A
sharp pencil should always be used., Points plotted on the paper
should be as small as possible, lines as narrow as possible.

When the smallust possible point has been marked on paper, it may
be easily lost or confused with a blemish in the paper. To avoid
this, draw a small ring around yocur plot point. Circles,
triangles, and squares may also be used to identify points which
belong to different sets of data. Great care should be exercised
in drawing a line, If it is supposed to go through a point it
should pass exactly through it, not mercly close to it.

When platting real production data on log-log paper, the
data points will seldnm all fall ia a perfect straight line. In
tLis situation, the analyst must "best fit" a straight line
through the data points. The object of this "best fit" approach
is to discern the trend of the data., The usual approach is to
atteppt to locate a straight line on the log-log paper such that
the sum of the distances of each of the data points from the line
is as small as possible. [{Note: If one data pcint is a
significant distance away from the "best fit" line, further
analysis into the cause of the deviation is indicated. If this
analysis so indicates, adjustment or eliminating of the errant
data point might be in order.]

MEASURLING THE SLOPE OF A COST IMPROVEKEMT CURVE: -—

The slope of a cost improvement curve is a mathematical
misnomer. Accordingly, it cannot be related to the definition of
slope in a straight line model as discussed in the linear
regression model. Because of this misnomer, one must specify
"slope" of a cost improvement curve as distinguished from slope
of a straight line (rectangular coordinates).

In the definition of the cost improvement curve it was
stated that "as the total quantity of units produced doubles, the
cost pe:r unit decreases by some constant percentage." The slope
ui & Ccest Lipiuvement curve can bt cvalculated by Qividing the
unit cost (hours) at some quantity X into the unit cost (hours)
at twice the quantity and then multiplying the resulting ratio by
100.

Slope = 100 (yzx/yx)

Therefore, one way to measure the slope of a coust improvement
curve drawn on log-log paper 1s to read a y value at any quantity
x, recad a y value at any guantity two times x, divide the second
vilue by the tirst and multiply by 100, For example, if Lhe

1-10
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;, number of hours read from the graph for unit pumber 5 is 70 and
the number of hours read from the graph for unit number 10 is 530,
the slope of the cost improvement curve is --

1°°(Y10/Y5) = 100 (50/70) = 71.4%8.

Another approach to measuring the slope of a Ccost improvement
curve drawn on log-log paper isa the measurement method. The
measurement method is applied by following these steps:

STEP 1. Locate unit 2 on the X-axis and draw a horizontal

line from your best-fit cost improvement curve line at unit 2
back to the Y-axis——

/

=

/

/

-
[ %)

\ X

STEF 2. Using a ruler, measure the distance from your
herizontal line at unit 1 to your cost improvement curve line at
unit 1; that is, measure the vertical distance between the two
lines you have drawn at the Y-intercept.

o
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STEP 3. Take the 'distance' you have measgsured and move to a
new cycle on the Y-axis. Measure this 'distance’' down from '1'
and read the scaled value as your cost improvement curve percent.

This is your cost improvement curve slope in percent.
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For example, suppose you have drawn a best-fit cost improvement
curve line and a horizontal line from unit 2 on the X-axis. (See T
Figure 1-5). The 'distance' measured is approximately 1/4 inch

from T, to your horizontal line. Move to a new cycle at the top

of the log-log paper and measure down from '1' 1/4 inch; the

value you read is '8' which is interpreted as an 80% cost

improvenent curve slope.

The analyst needs to know the slope of the cost improvement
curve for a number of reasons., One is to facilitate
communication among analysts, as it is an important part of the
language of cost improvement curve theory. The steeper the sloupe
(lower the percent) the more rapidly the resource reguirements
{(hours) will decline as production increases. The slope of the
cost improvement curve is usually a significant issue in a
negotiation. The slope of the cost improvement curve is also
needed to project follow~on costs. Cost improvement curve slopes
can be developed from actual experience on production programs.
These historical slopes can then be useful in analyzing future
contracts.

EXTENDING THE LINE:

The primary purpose for developing the cost improvement
curve as a forecasting tool is to permit the analyst to predict
costs. The prediction is based upon the assumption (not always

true) that the future will pbehave as the past. In terms of the -~
cost improvement curve theory, this assumption means that the e
cost (hours) of doubled quantities will continue to decreasz by —_—

some constant percentage. Prediction can most eagily be

accomplished by drawing a straight line through the higtorical

observed data on log-log paper and extendinyg the straight line

through some future quantity to be produced. The predicted cost

per unit to produce any particular unit is read on the y axis for

the corresponding X-unit. »

For example, by referring to Figure 1-5 again, suppose the
unit number ona had a value of 3000 hours; No. 2, a value of 2400
hours; No. 4, a value of 1920 hours, and No, 8, a value of 1536
hours., By cennecting the points,. (when plotted on log-log
paper), one will observe a straight line with an 80% slope. (Note
that this is what we previosusly determined as the cost
improvement curve slope with the measurement method.) 1f the
line were extended sufficiently far beyond the eighth unit, one
could estimate the value for the 100th unit. (The extended line
should reveal a Y-value of approximately 680 hours, where X
equals 100).

P

The cost improvement curve line can also be extended
backward. This is especially important if the theoretical value
of unit number one (Tl) is needed.

—d®

As with any method of proj---ting the future, the theory of

the ccst improvement curve falls short of perfection. Such a .
L ]
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aimple model of the real world cannot hope to cover all -
estimating situations, However, the method of extending straight .
lines on log-log paper as described provides a reasonable

approach to predicting the future if the historical data behave

in a straight line trend. Conversely, the further away

historical data points lie from the selected trend line, the less
confidence the analyst can place in the forecasted prediction.

USING THE BORING IMPROVEMENT CURVE TABLE:

The Boeing Tables indicate values for every unit from 1 to
999 for every cost improvement curve from 51% to 99% in terms of
its ratio relationship to the first unit.

The Tables have two major divisions: The unit progress
curve table and the cumulative progress curve table., There are
two pages devoted to every percent of slope curve from 51 to 99.
The first major division with an 80% slope is illustrated in
Table 1-1. Note here, that the unit digits for X units are
listed across the top of the page (from 0 to 9) and the 10's and
100's digits are listed vertically from top to bottom in the
extreme left column. Note too, that unit number 1 is, in every
case, listed as a ratio value of 1.00000000, The ratio values
for units 1 to 9 can be read from the top line across the page,
but for units above nine, segregate the unit from the tens or
hundreda., For example unit #12 is located in the "1" row and the
*2" column. Where the two intersect, the ratio vaiue will be
given. Thus, the 80% slope ratio value for 12 would be .449346.
Using the previous example, if unit 1 is 3000 hours, unit 12 is
expected to require .449346 * 3000 = 1,348 hours. For unit #103,
the ratio value would be found by segrz2gating the 3 and reading
down the "3" column and across the "10" row. Thus the ratio
values for 103 would be .224911,

The ratios for cumulative valuzs are found in the second
section of the Tables and are designated by a "B" following the
page numbers (sec Table 1-2). The ratios throughout this section
refer to cumulative total (CT) ratios and not to cumulative
average {(CAR) ratiog., Here, too, the value for unit §1 is
1.00000000, To find the ratio value for 103 units, for example,
we follow the same procedure as before, and we read 33,.327686.
This means that the required number of hours to produce 103 units
for an 80% curve is 33.327686 hours when unit one is 1 hour, or
33,327.686 hours when the value of unit 1 is 1,000 hours.
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With information thus obtained from the Tables, we can now
£ill in the values for the intervening units:

CUMULATiVE
UNIT ¢ UNIT VALUE TOTAL VALUE
"A" PAGES "B* PAGES
1 1,000 1,000
2 800 1,800
3 702 2,502
4 640 3,142
5 596 3,738
6 562 4,299
7 535 4,834
8 512 5,346

Note: The Boeing Tables are used principally with the Unit Curve
Construction (Boeing Curve) and may be used exclusively with this
congtruction, or if one has a calculator with an exponential
function, for calculating the cumulative average construction
{Northrop Curve).

PROBLEMS

1. On a sheet of arithmetic graph paper, label the X axis as
"uanits produced” and Y axis as "labor hours/unit”. Designate
values for each axis as appropriate for the fcliowing set of
values:

UNITS PRODUCED LABOR HOURS/UNIT
10th 10,000
20th 7,000
40th 4,900
80th 3,430
a. Plot the relaviousiiips on arithmetic paper

b. Connect the plot points.

¢. Calculate the value of the first unit (T4).
d, Calculate the labor-hour value for unit g.
e. Estimate the labor~hour value of unit 70.

2. Plot the relationships of Problem 1 on log-log paper and
connect the points. Note difference between this line and the
one constructed in Problem 1, Explain the difference in concept.

3. Read the value of unit 70 from the log-log line and compare
this reading and the cstimate for this unit in Problem 1.
Explain the difference, if any. What is the rate of learning?
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4. Plot the Y value for Un.t 1 at 75 and a Y value unit 10 at
36. Measure the slope of the line.

5. Measure the slope of the line when unit 3 has a value of
4,000 and unit 15 has a value of 1,300.

6. Illustrate two ways of measuring slopes on log-log graph
paper.

7. wWhy are all 90% {as well as 80%, 70% etc.) slopes parallel on
log-log graph paper?
8. Draw a 75% slope when unit one has a value of 15. When unit
22 has a value of 15.

9., What is the value of unit 1 if unit 5 has a value of 59%
hours and unit 15 has a value of 418 hours?
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CHAPTER I1I

THE UNIT COST INPROVEMERT CURVE THEORY ~- BOEING CONSTRUCTION

THE UNIT COST IMPROVEMENT CURVE THEORY

The Stanford Research Institute study conducted by J.R,
Crawford validated a cost improvement curve cost model that is
known as the "unit curve" or the "Boeing®™ Construction. This
theory can be stated as follows:

As the total quantity of units produced doubles,
the coat per unit decreasea by some ccnstant
percentage.

The constant percentage by which costs of doubled quantities
decrease is called the rate of learning. Another useful term,
the "slope" of the cost improvement curve is related to the rate
of learning. The rate of learning is the difference between 100
percent and the slope of the cost improvement curve:

Rate of Leairning = 100% -~ Slope of Cost Improvement Corve

BOEING CONSTRUCTION MODEL:

Companies using the Boeing Constructjion theoretically may be
expected to exhibit certain significant production process
characteristicas, These production process characteristics relate
especially to what happens during the early stages of production,
for it is this stage which determines the appropriate cost
improvement curve theory. A company applying the Boeing
Construction may be expected to: (1) Have had previous
experience in producing a similar item and can thus plan in
detail for production runs from the start; (2) Bave the major
engineering problems well under control; and (3) Start with the
sare "hardness"™ of tools as reqguired for the entire production
process. The ccmpany may also be expected to maintain a constant
cost improvement curve slope throughout the program.

The unit curve theory can be expressed in equation or model
from as:

b
Yx’A.x
where Y represents the unéﬁ cost (usually expressed in
hours) of the x unit,
¥

x is a segquential unit number.

A is a coefficient (constant) that represents the
theoretical cost (alsc usually expressed in
hours) of the first unit, usually abbreviated
Ty~




b is a coefficient (constant) that ia related to
the slope and the rate of change of the cost
improvement curve. It is calculated from the
relationship b « Jogarithm "slope”/logarithm 2.

1n the equation, Y = Axb. the siope must Le expresaed in decimal
form rather than iff percentage form,

APPLYTNG THRE BOERING CONSTRUCTION MODEL:

The Boeing Construction states that obsernationl (values of
x and y) that are related by the model Y« AX" form a straight
line when plotted on log-log paper. The"fact that a cost
improvement curve is a straight line on log-log paper has
tremendous advantages for predicting future production costs.
Future production costs can be predicted simply by placing a
ruler against the line representing past experience and extending
that line into the future.

To illustrate the Boeing Construction concept, assume that
it takes 100,000 labor hours to produce unit one (T, is 100,000
hours). Assuming an B0R% slope, the second unit wouid require
80,000 labor hours, (or 80% of 100,000 hours) the fourth 64,000
{or 80% of 80,000 hours), etc. 1In tabular form, the arrangement
would appear as shown in Table 2-1.

Note that the difference in labor-nour ieductics is not
constant, Rather, it declines by a continually diminishing
amount as the quantities are doubled. But the rate of change is
a constant percentage of pricr hours because the decline in the
base figure is proportionate to the decline in the amount of
change.

DIFF. 1IN HOURS RATR SLOFPE
UNITS HOURS PER UNIT AT DOUBLED OF oF
PRODUCED PER UNIT QUANTITIES CHANGE(8) CURVE(%)
1 100,000 * . .
2 80,000 20,000 20 8%
4 64,000 16,000 20 ‘ 60
8 51,200 12,800 20 80
16 40,960 10,240 20 80
3z 32,768 8,192 20 80

TABLE 2-1
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When the labor-hour curve is arawn on ordinary yraph paperc
(rectangular coordinates), it becomes a hyperbolic line as shown
in Figure 2~1. The non-linear appcatance of Figure 2-1 has the
advantage of depicting a relationship between two variables:
units produced in sequence (x) and labor hours per unit (y).

This relationship 1s expressed i1n terms of an grithmetic graph in
which equal spaces represent equal amounts of difference. When
thinking of numbers in terms of their absolute values, the
graphical picture presents an accurate description, But when
numbers are intended to show rate of change as in the cost
improvement curve case, they play conceptual tricks, for
rectangular coordinates assign the same spacing to the difference
of one unit between two large numbers as they do for the
difference of one unit between two small numbers,

For example, the chanoe from 100 to 101 is a difference of
one; whereas the change from 1 to 2 is also a difference of one.
Relatively speaking, the first difference is a 1% change in
values whereas the latter is 100% change in values. What we need
is a measure of "rate of change®™ rather than a measure of amount
of change. Such a measurement would show the relative importance
of changes regardless of where the changes occurred on the number
scale., For example, Figure 2~1 gshows that the distarce between 4
and 8 on the horizontal scale is the same as the distance between
28 and 32. This is because the differcnce hetwasn hoth sets is
4. Relatively speaking, however, the difference between 4 and 8
should be the same as between 16 and 32 because both represent a
100% change. If the distances are not equal, the changes in
labor hcurs occurring in the first set will appear to be more
important because the numbers are spaced further apart even
though the relative change may be the same.

when laber-hour figures which conforin to the cost
improvement process are plotted on log-lcg paper against the
units of production to which they apply, the points lie on a
straight line called a curve. Pigure 2-2 shows the data of
Table 2-1 plotted on log-log paj2r. Data which conforms to the
theory of the cost 1mprovement curve (the cost of doubled
quantities decreases by some constant percentage) form a straight
line when plotted on log-log paper. Not only can the aaalyst
estimate future producticn hours by extending the straignt line,
but the analyst can also dispense with the mathematical models.
With careful attention to detail, the graphical approach to cost
improvement curve analysis will yield satisfactory estimates when
a computer assisted estimate is not possible, Additionally, a
graph of the data may reveal abnormalities not easgsily evident
from a computer print. DATA SHOULD ALWAYS BE GRAPHED INITIALLY,
REGARDLESS OF THE ANALYSIS 70 BE USED.
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THE BORING 1MPROVEMENT TABLES:

Manufacturing companies whose cost experience typically
forms a straight line on a log-log graph for unjit labor hour cost
use the Boeing formulation of the cost improvement curve. The
concept states that theoretically the unit curve is linear on a
log-log graph.

The unit curve is simple to construct since the unit values
are merely some percentage (cost improvement curve slope) of each
new base as 100% diftferences in units are ¢bserved. However,
this calculation tells us nothing of the value for the 3rd unit
or intervening units, Arithmetic interpolation will not yield
the correct value since we are working with geometric
progressions. 1t is possible to find the value of the third unit
by a complex method of mathematical calculations, but it would be
unnecesgsary to do so if we use the Boeing Improvement Curve
Tables. {(See Chapter 1, using the Boeing Improvement Curve
Tables)

"UNIT COST IMPROVEHENT CURVE FORMULAE:

The unit curve theory, or Boeing Construction, has five
concept-peculiar formulae for calculating values. These formulae
require the use of the Boeing improvement Curve Tablee or a
computerized software package. To use the formula, you must know
the cost improvement curve slope and the first unit value (T,)n
Tne formulas are presented in Table 2-2. An introductory
vocabulary is also provided as explanation of the concept
terminology in Appendix F.

These five formulae will be applied in estimating lot
values and total proqram costs, To apply them, the analyat must
have either production program ‘'actuals' or analogous program
data from which te derive a 1, and cost improvement curve slope.

APPLICATION OF THE ONIT COST IMPROVEMBNT CURVE THEORY FORRULAE

LOT COSTS AND USR OF MIDPOINTS: The use of the cost improvement
curve is dependent on the methods of recording costs which
companies employ. An accounting or statistical record system
must be devised by a company so that data are available for cost
improvement curve purposes; otherwise it may be imposaible to
construct a cost improvement curve, Costs, such as labor hours
per unit or dollars per unit, must be identified with the unit of
production. It is preferable to use labor-hours-~par-unit rather
than dollars-per-unit since dollars-per-unit contain an
additional variable, the effect of inflation or deflation (wage
rate changes). 1In any event, the record system must have
definite cut-off points for such ccsts, thus permitting
identification of the costs with the units involved. Most
companies usce o "lot release system®™ whereby costs are
accumulated on a job order i1n which the number of units completed

2-6




FIGURE 2-2

CAICULATION FORNULAR FOR SELECTED
COST IMPROVEMENT CORVE CONCEPTS

(Formula for calculation concept in stub when Formula in Head
describes a straight line on log-log paper)

Unit Curve
Formula
Sumber Concept Yx = Axb
1 Cost of Unit X Axb
vX
2 Cum Total Cost of ;
N Units CTN N .
A Xb {
x=1 ‘
8- |
S !
3 Cum Av Const of CTn i
N
N Units ¥n
,
!
L F-1 {
- {
4 Cost of Lot of A xb — xb '
F to L Units e :
: TC e x=1 }| )
’ F,L i !;:
L) ! :
' t
& 5 Lot Average Cost : X
1 - TC l
Y F,L .
¢ F:L TIT"'_(?"—‘T]— ‘

A is Yy, Cost of Unit Ong

b a constant such that 2°* 100 = SLOPE

P is first urfc in lot; L is last unit in lot
N and X are it Numberwm




are specified and costs are cut off at the completion of the
number of units in the lot,

Since the job system is commonly used, the unit cost is not
the actual cost per unit for any particular unit in the lot.
Rather, it is an average cost for &ll units in the lot. This
means that when lots are plotted on graph paper the unit value
corresponding with the average cost value must be found. In
nearly all cases this unit value {(x) is the median unit within
the lot. Therefore, the plot point used to represent the first
lot on log-log paper would be the x value and the average lot
cost for the y value. For ecach succeeding lot the x value will
be the median unit of the lot plus the total number of units
produced up to that lot. The y values will be simply the average
cost of the lot. Therefore, for plotting purposes:

X = lot plot point (median of the lot plus the total of all
units produced up to the lot)

Yy = lot average cost

It is characteristic for the early units in the first lot to
decline very rapidly (arithmetically speaking). Consequently,
there may be some distortion when locating the representative
value at the mid-point of 10 or more unitas for the firat lot.
This distortion is compensated for by a rule-of~thumb which
states thai when the fiist lot comtains ten or more unite, one-
third the lot size should be chosen as the unit value estimate of
the first lot plot-point. It is an arbitrary rule and applies
to first lot only. True lot plot points can be calculated
from a rather complicated formula, but in most instances the
rule-of-thumb is sufficiently accurate.

This process of identifying the appropriate X and Y values
for plotting the cost improvement curve relationship is called
"editing the data."™ This process is summarized in the worksheet
for the Boeing Construction, Table 2-3.

)




EDITING LOT DATA FOR THE
- BOEING COXSTRUCTIOR

A WORK SHEET

i LOT DATA
(X) (Y)
(1) (2) (3) (4) (5) (6) (7)
CUM LOT MID LOT PLOT AVG UNIT
t LGT LOT - ONIT POINT POINT cosT
I' LOT NO SI1ZIR VALUE {CO0) (LMP) {LPP) (AUC)
RDITING RULES:
STEP 1 Set up a worksheet with seven columne labeled as above.
|
1 STEP 2 Enter Lot No, Log Size, and Lot Values for each and
| every lot (columns 1-3),
} STEP 3 Calculate CU (Column 4) -- Lot size plus cumulative
g units through previous lots -

! ‘.- STREP 4 Calculate LMP (Column 5) --

{a) For first lot, apply rule-of-thumb: less than 10
units, divide lot size by 2 [<10; Lot Size/2]; 10
or more units divide lot size by 3 [ 2 10; Lot
Size/3]).

(b) For all following lots, LMP = Lot Size/2.’

STEP 5 Calculate LPP {Column 6) —-- LMP plus cumulative units
throuah previous lot.

STEP 6 Caiculate AUC (Column 7) -- Lot Value divided by lot
size,

—

STEP 7 Plot columns 6 and 7 on log-log graph paper.

TABLE 2-3

T N
(
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EXAMPLE : R

Suppose we had thé following historical unit cost improvement
curve date:

LOT LOT LOT

NO SIZE VALUE

1 8 2312

2 16 2672

3 26 3120

4 32 3040 N
5 40 3000 :

We could determine the representative X and Y values by applying
steps 1 through 6. Our completed worksheet appears below:

WORKSHEET
LoT LOT LOT X Y
NO SIZE VALUE cu LMP LPP AUC
1 8 2312 8 4 4 289
2 16 2672 24 8 16 167
3 26 3120 50 13 37 120
4 3z 3640 82 16 66 95
5 40 3000 122 20 102 75 N
6 45 To be 167 22.5 144.5 »
Est'd —_—

Step 7 would have us plot the X and Y values in columns 6 and 7.
We could then fit a line through the plot points and make
predictions about future unit costs.

Plotting cost improvement curve data should indicate &
straight line relationship and, without a great deal of
experience, an analyst can readily draw a line of best fit.
Lines drawn by inspection or eye-sight are usually adequate,
especially when there are small deviations of the actual points
from the straight line. Such a line can be used for purpose of
projection.

There are instances when more accuracy is desired than a
line of best fit by inspection can produce. When high vajues are
involved, a difference of 1% in slope estimation can make a
sizable difference in eatimating dollar amounts on the contract.
A mathematical best fit line can be constructed by using the
method of least sguares to fit the line. To tind a least squares
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beBt fit line, the formula for the cost improvement curve, y =
ax” must be transformed into a linear form, or logy = log a + b
log x. To find the logarithmic least squares line requires that
the foliowing two simultaneous linear equations be solved:

D.og y = nlog a + bzlog x

Z(log Yy * log x) = log aZlog x + bZlog 2

Where: x, y, #, and b retain the same definition
as originally presented in Chapter 1 and

'n' is the number of data points in the
data set.

As a practical matter, if this kind of precision is required,
there are usually several cost improvement curve computer

programs available that, among other things, will calculate a
best-fit least-squares line.

Once the data has been plotted, the T, and slope can be
determined, In the examgle above, the T ls"a 1ittie less than
520 hours, (we'll use 516 hours); and thl slope is approximately
758% (See figure 2-3 for log-log graph). We could predict lot 6
with 45 units, by using formula 4 from Table 1, the Boecing

Improvement Tables for a 75% slope and our graphical Tj- Our
formula would be:

4
.. _ L F-1
b . xP
X=1 X=1
Where: A = Value of the first unit (T3)
F = First unit in the lot being estimated
L = Last unit in the lot being estimated
! then, Me7 123-17]
TC = 516 be - Z xP
X=1 X=1
3 Refear to the Boeing Tables, page 49B, for the sum of 167 units

and the sum of 122 unjits:

TC = 516 [33.008677 - 27.291313]
TC = 2950 hours
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Our combined graphical and calculated estimate for lot 6 is 2950
labor hours. We could also make our estimate directly from the
graph by reading the 'y' value which corresponds to the Lot 6
plot point. Where 'x' is 144.5, our graph shows a 'y' value of
approximately 66 hours. Thia is the average hours to complete
unit 144.5 or the unit in the middle of lot 6. We can calculate
the lot value by multiplying the 66 hours by the 45 units in lot
6 ~=- 66 hours * 45 units = 2970 hours. This is close to our
previous calculation. The difference of 20 labor hours {s
probably due to our inability to read exact values from the graph
and/or the rounding of the slope to two decimal places when using
the Boeing Improvement Tables,

ANALYZING MAJOR PROGRAM CHANGES USING THE BOEING CONSTRUCTION

Up to this point the cost improvement curve has been
discussed under the assumptions of an uninterrupted production
and a stable product design. However, change is an integral part
of any process and the cost improvement curve phenomena is no
exception. This section will discuss the effects of changes in
product design.

CHANGES TO PRODUCT DESIGN

ks you will recall, part of the cost improvement curve
phenomena is attributed to minor changes which are made to
improve the efficiency of the production process, These types of
changes are usually management initiatives which have
insignificant, if any, impact upon the design of the item being
produced. However, the changes that will be discussed here are
changes which have a substantial impact on the design (form, fit,
function) of the item being produced. Thus, we are talking about
changes introduced into an on-going process.

The problem of changes requires a clarification in terms of
the nature of the change. That is, a change can be:

1. The addition of a component or components
or
2. The deletion of a component or components
or
3. The substitution of one component for another component.

Thus, there are three types of changes that can occur. The firat
two (addition or deletion) are readily apparent &nd the third
(substitution) is merely combining the first two, i.e., a
substitution is made up of the deletion of one component &nd its
replacement by a new component, If an analyst knows how te
handle a deletion and an addition, then the analyst knows how to
handle a substitution. In the following sections the analysis of
changes will be developed accordingly -- first deletions, then
additions, and finally substitutions, As you have already

2-13
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learned, cost improvement curve problems can be solved either
graphically or by use of the Boeing tables. For each type of
change both the graphic and formula solution will be shown.
While this may appear to be redundant, it is always a useful
cross check to assure mechanical errors nave not been made.

Deletions. A deletion is the removal of a component from an item
that is being produced. To analyze the effects of a deletion,
certain guestions must be answered. Suppose a unit had been in
production for some time and a decision was made that a
particular component in the unit was nct requived for future lots
of production,

Question 1. Would you expect the rate of learning to be
difyvcerent after the deletion than before? WNo. The expec-
ta~.on would be that the process experience would continue
a: before because, for the meost part, no new learning is
raguired.

Question 2, Would you expect the future cost to be less
than had the deletion not been made? Certainly. Because
there is not as much work to be performed on each

unit as there was before the deletion occurred.

The answers to those twe guesticons are the c¢rux of the solution —
for analyzing the effect of a deletion ~- that is, we are

assuming that the rate of learning will persist but the amount of

work to be performed will be less. An example snould illustrate

the approach and the solution.

a
i

EXANPLE:
Theoretical value of unit 1 = 1000
Slope = 80%

Units produced before deletion = 50

A component representing 10% of the effort to produce the
original unit will be deleted starting with 51,

Estimate the cost of units 51-75,

Graphic Solution. Figure 2-4 shows this example., Notice that the

cost improvement curve drops down at unit 50. A closer
inspecticn will also show that the segment of the curve after 50
is parallel to the segment of the curve before unit 50. Thus,
the same rate of learning persists which is consistept with the
answer to the first question we asked previously. Now, if the
second line segment were extended back to the "y" axis, as shown
by the dotted line, 1t would intersect at a value of 900 or 10%
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less than the original effort. 1In fact the vertical distance 4
. between the dotted line and the solid line is 108 for each unit.
| To put it another way, the dotted line represents the cost
t improvement curve for the first 50 units had the deleted
’ component not been included in those units. Thus, to estimate
the cost of units 51 through 75, we would read the lot average
value off the second curve segment at lot plot point 62.5:

Estimated lot averac» cost 238
* Nr _of units in lot * 25
= coat of units 51-75 5950

Before going to the formula solution for this problem we need to
discuss the notation and the various ways of stating deletions.

Expressing Deletions. Essentially deletions can be expressed in
one of three ways:

1. A percent of original effort

2., Hours of current effort

3. A percent of current effort

Regardless of which method is used, it must be translated to the
theoretical value of unit 1 of the deletion since it ies this

value which is used in all of the formula calculations. -~
Moreover, this translation facilitates the graphic portrayal of -
the deletion. :

Refer to Figure 2-4, Recall that the dashed lipe is
parallel tec the original line but is below it; and, ih essence,
reflects a line with the same slope but a lower theoretical first
unit value of unit 1. It is this new value of A that we are
looking for. To distinguish it from the original A, the notation
A_will be used.

The minus sign in the subscript is used to connote a
deletion and has no algebraic meaninrg. To illustrate how A _is
determined, given the three methods discussed above, we will use
the following situation:

A= 1000
Slope = 80%
Deletion effective with unit 51,




Deletion Expressed as a Percent of Original Effort. This
approach means that the engineers will go back to unit #1 and
determine the percent of the labor hours expended on the item
being deleted., Thus, given our example of A = 1000 1f the
delcted component's share ol the original unit were 10% then:

A

A(.9)
1000(.9)
= 900 :

LA |

Deletion Expressed as Hours of Current Effort. Herec cthe

engineers estimate the percent of the labor hours expended on Lh-»
deleted item for current production. Thus if it were estimatea
that the deleted item represented 70 labor hours at unit $#50, 1t
must be determined what this 70 hours is equivalent to at unit +
since the 70 hours reflect the effect of the improvement on un c=
1 through 50, The simplest approach is to calculate the unit
value for the 50th unit from the formula as follows:

Y50 = a(xP)

70 = al.283827)
70/.283827 = a

246.6291086 = a

This procedure takes the delction and "grows" it back Lo what &
would have been at unit 1 or the amount by which A must be
reduced to accommodate the deletion. Thus we have:

A=A - Y50/50°

A =1000 - __ 70

2
A_ = 1000 - 246.6291086
A_ = 753.3708914

And, of course, we could now state that the deletion represcnted
24.66% of the original effort. In fact we could take any value
alony the original curve and reduce it by 24.66% and we would
have the equivalent unit value for the deletion line, which leads

us to our third apprvach.




Deletion Bxpressed as a Percent of Current Rffort. 1In this
approach, the engineers state the deletion as & percent of
current experience such as: The deleted effort repvresented 10%
of the hours erxpanded on unit 50, 1If the labor houra on unit §50
were 284 hours, the deleted effort would have beer 28.4 bours.
This pute us back to the procedure just discussed, 1.¢., hours of
current effort, or:

A_ = A~ [108(¥s50/50D))

A_ = 1000 - .1(284)
28382

A_ = 1000 ~ 100,0609526

A = 899.9390474

A = 90v

A more straight-forward apprcach is simply to reduce the original
R by the percent deletion since the pervent difference Letween
the criginal line and the deletion line is the same for both.

Now that we have coverea the potation and expressicn of
changeg, we are 1a a position to return to the problen we were
working and estimate the impact of & deletion using the formalse,
The ptoblem was:

Given A = 1000

: Slope = 830%
Units produced before deletion = 50
A component represenving 10% of the
originual effort will be deleted starting
with unit 5%,

Estimate the cost of units 51-75
OQur graphic estimate of units 51~-75 was 5950 labor hours.

Formulie Solution. Reccegnizing the graphic estimate may include
visual errors, a more refined estimate can be made using Boeing
Improvement Curve Tables ard Formula., In using the tables, the
analyst will find it more corvenient to use Part B - Cumulative
Total Values becauce it eliminates the problem of having to find
the table value for a fractional unit such as vccurs in this
problem, i.e., finding the table value for 2.5, for the lot mid-
point. Therefore, the cost of units 51-75 {rom the cumulative
tables would be:




e

-—

TC = (A n, P <)k P)

where: A_ = (1 - .1)A
= .,9(1000)
= 900 ;
xb75 = The cumulative total ratio value

for 75 units, found in Boeing Improvement
Curve tables, 80% slope, "'B' pages.”

xb

Y

50 The cumulative total ratio value
for 50 units, found in Boeing Improvement
Curve Tables, 80% slope, "'B' pages.”

substituting we have:

= (900) [26.727271 - 20,12171¢4]}

= {900) (6.,605557)

= 5945.0313 labor hours for vnite 51-75 with
a 10% delation starting at unit 51.

Additions, When a2 ncw compunent 1s added to the production of an

on-going unit, additional labor hours will be reguired to

avcommodate the new component, As with deletions the answers to

a few gueations hol¢ the key for handling an addition. Again,

suppose & particular unit had been in production for some time 0
and a decision has been nade to adé a component to the unit to '
increase the unit performance,.

Question 1. Tf by adding a cowmpunent would you expect

the rate ol learning to be different. Generally, No.

Because for most situationz the itews and units preduced :
#¢re simils: and the work environment (compmny policy, !
maragement attitades, etc.) is suvificiently stable that

we expect the same rate cof learning, However, if we are

introducing a new component to he built by a new

subcontractor, the rate of learnirg may well change, The

analyet will need to examine this uspect closelv to

determine the appropriaste rate of learning.

Qnegtion 2. Would yeu expect a relative increase in

the cost of units which include the new component? Yes, :
becsause effort not previously expended will be required '
to accommodate the new component.

Question 3. Kill the previous production experieice apply |
to the neow component? HNu. With respect to the criginal
unit process, substantiel improvewment has iaken place, but
with regypect to the naw component Lhere hag heen nn
improvemunt. .




The angwers on the previous page suggest that an addition is
treated as a new cost improvement curve having the  ame slope or

rate of learning as the original unit. An example su,ulé clarify o
the treatment of the addition: ’ —
EXAKPLE:

Theoretical value of unit 1 = 1000
Slope = B8O
Units produced before the addition = 50

A new component will be added to the line starting with
unit 51, EBngineers and production personnel estimate the
additional laber hours to include the new componant in unit
51 will be = 100 hours

* Estimate the cost of units 51-75.

Graphic Solution. Figure 2-5 shows the efiect on the cost

improvement curve of adding the component. The original cost
improvement curve for the first fifty units is shown at the top

of the figure. At unit 51 there is a vertical increase of 106

labor hours representing the added effort for the new component,

The hatched area above the original line shows the regpective

additional labor hour costs for each unit produced which includes

the new compunent, The curve at the top of the hatched area

reflecte the new improvement for the production process. Re c&n 7
be aeen, the curve is not a straight line, which makes graphic
projection somewhat difficult, The reazon for this curvature is
that, with respect to the added component, iamprovement startsz all
over and this new ilmprovement (smaller doubled quantities) iw
being compressed into the intexval from S50-106. Thisz can be
readily seen in the lower portion of figure 10 which shouws the
additional component by itself with its own first unit value of
100 and a aslope of B80%., It should be recognized that the AREA AT
TLE BOTTOM OF THE PIGURE IS THE SAKE AS TBE HATCHED ARPA IN TH#E
TOP PART COF THE FIGURE, It is exactly this procedure which
allows us to estimate the cost of units 50-75.

Disregarding the effect of the addition:

LPPGZ.S 265

* Nr of units *

N
(S}
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and the cost of the additional components would be: N
. .
LPPg 3 51 [Ngte; LePg 3 used bscause -
thiz is a 18t Lot with respect
* Nr of units * 25 to the "nes” curve for the
addition and therefore is
326 subject to 1st Lot rule-of-thumb
mid-point. )
Thus, the total cost of units 51-75:
Original 6625
Addition + 1278
7900 labor hours
Computationally a more convenient method would be:
LPPg2.5 265
LPP =21
8.3 376
* Nr of units 25
79C0 labor hours
,-/'\\‘

Foroulating Additions. The procedure for formulating additions
is analogous to the previous discussion of formulating deletions. »
The symbel used to represent the first unit value of the addition "

18 A,. The + subscript has no algebraic meaning.

Formmla Solution. For a formula solution, the logic is the same

as the graphic, i.e,, essentially dealing with two difterent
curves. Again the cumulative portion of the Boeing Improvement
Curve tables will be used,

'Y
<
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. . - b _ v.b
Basic Units (51-75) = A [ Yx .. Lx gp)

. b b
Additional Components (1-25: = A, [ }x 25 - Y x o)
Total Cosat of Units S1-75
Specifically: 1000 (26.72781 - 20.121724) 6605,5%7
100(12.308607 - 0) +1230.8607

Total Cost of Units 51-7% 7836.4177

It should be noted that the differences between the graphic

estimate and the formula estimate is due to:

1, Not using the true lot mid-point.

2. Inaccuracies in plotting and reading values on the
graph.

Substitutions, Previously it was stated that a substitution is,

in actuallty, a simultaneous deletion and addition, An ezample
should illustrate how a substitution is handled.

EXAMPLK:

Given: Theoretical valuee of unit

”
1A

"
-4

-t
o
ot
(=]
()]
=]

"Slope" = 80%

Units produced prior to substitution = 50, and

a substitution of components will he made starting with
unit 51, The component being deleted represents 10
percent of the existing effort and a new component will
represent 150 hours for unit 51:

Estimate the cost of units 51-75%.

Graphic Soiution. Figure 2~6 shows the net effect of the
substitution on the cost improvement curve at the top of the
figure and, as in the previous discussion, the added portion is
shown at the bottom of the figure. Using estimates from the
graph, the estimate would bes

Basic unit less the deletion LPP62 5 242

Addition portion of substitution LPP8 3 +76

Estimated unit cost 318

Number of units in lot *25

Estimated cost of units 51-75 7950
2-23
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Formula Solution.

Deletion Addition Total
b b b b
(A=) [ExPrg - YxPgol + A, LU0 - xP) = 1C
(900)(26.727281 - 20.121724) + 150 (12.308607 - 0) = TC
900 (6.605557) + 150(12.308607) = TC
5945,0013 + 1846.2910 = 7791,2923 tf.

Again, the difference in the answers is attributed to
inaccuracies in reading the exact value from the graphic
depiction.

The methodology for handling all types of changes hag been
covered. As long as you remember the logic and methodology, you
should be able to handle most any problem. A final example
should demonstrate how the methods that have been developed can
be used to handle a somewhat more complicated problem,

A manufacturer has been producing a picce of equipment as
shown below:

LoT & uNITS LOT COST
1 12 14454
2 ' 10 8006
3 10 6857
4 18 10886

The theoretical value of unit 1 = 2000. The cost improvement
curve slope has been 80%. Because of safety regquirements; the
manufacturer is being required to add an additional component.
The engineers (design, industrial and production) have estimated
that the labor hours required to construct and install the first
new component in the main assembly will be 500 labor hours.
Also, they have determined, through analysis of previous similar
components, that the slope on the new component will be 75%.

Estimate the labor hour cost of lot 5 (units 51-75). A

<1




Graphic Solution. Figure 2~-7 shows the plot of the main unit and .

the additional component, From the graph, the estimated labor
hours would be:

Basic unit cost LPPGZ.S 530
Additional Component LPPy 5 + 213
Estimated average unit cost 743
Number of units in lot * 25
Estimated cost of units 51-75 18575

Formula Solution.

Basic Unit + Addition = Total

b b b - b =
Al Yx 55 = 2XPsq) + A, 1 1Py = L) = TC
2000(26.727281 - 20.121724) + 500 (10.190694) = TC
2000(6,605557) + 500(10.190694) = TC
13211,114 + 5095.3465 = 18306.4605

After lot 5 production is in process, the manufacturer decides to TN
substitute a new mechanism in the product for an old one. This
new mechanism begins with lot 6. The engineers have estimated
that the deletion of the 0ld mechanism will reduce labor hour
requirements by 10% and the additional labor hours required for
the new mechanism will be 400 hours for the first unit with the
same rate of learning. Estimate the labor hours required to
produce lot 6 (units 76-87), The only difference in this problem
is that the safety component added in lot 5 must be carried
forward into lot 6 where the safety component is still being
estimated on a 75% cost improvement curve slope,

Graphic Solution. Again Figure 2~7 shows the impact of the
substitution. To estimate the cost of lot 6 we have:

Basic ynit less 10% at LfPg, 444
Component added in lot 5 at LPPq, + 124
The new mechanism at LPP4 + 255
Estimated average unit cost 823
Number of units in lot *_ 12

Estimated cost of units 76-437 9876
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Formula Solution.
§ Basic Unit less YU% on 80% slope

(A_)( sz.” - sz'?‘j) = 'I'C

1800(29.638615 - 20,747281) = IC
1800(2.,911334) = 5240.4012

Component added in lot 5 on 75% slope

b by 4
a L TxPy, = FxP,5) = nc

e

500(13.067284 - 10,190694) = TC
500(2,876590) = 1438,29%
» ' New mechanism this lot

Ayl LxPyy - LxPg) = e

400(7.226841) = 2590,7364
II Labor-hour cost of Lot 6 = 9509%.4326 SN
i
Gnce again, the disparity between the graphic and

formula solution can be attributed to true lot midpoints and

inaccurate recadiny of the graph, For instance, the rule of thumb

for the added mechanism would indicate an LPP, but in fact the

true~lot midpoint is 4.83 which would equate %o a reading of

about 235 labor hours versus 255. This disparity, when
i multiplicd Dy the twelve units, equals 240 labor hours which
; accounts for a substantial portion of the discrepancy.
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PROBLEMS

1. Ubetermine lot midpoints ftor the lots and quantities on the
following:

LOT TOTAL LABOR HOURS  AVLRAGL LABUR HOURS
Lot S1iE _____PER LOT _ FOR LGT

1 8 2312 289

2 16 2672 167

3 26 3120 120

4 32 3040 95

5 49 3000 75

6 50 3500 70

7 60 3660 61

2., Plot the labor hour values for the lots in the above problem.

3. 1f cthe company in the above problem contemplated continuous

produaction beyond the 232 units, for an addition of 140 units,

what average and total labor nour values wouid you estimaie fo:
.., the aaditional units?

N~ 4. what are the estimated labor hour requirements for the
372~-unit production? .

5. Plot the following value on log-log paper:

X Y
b 34
14 32
30 26
60 20
B 21
1o 18 :
150 19 :

a., Fit a line of best fit by inspection

b. Calculate the slope of curve

2-29




PRACTICR PROBLEMS CONCERNING CHANGES

In the followiny problems make at least two c¢stimates, onc trom
gtaphs and at lcast one from tables.

1. 15 units will be made

Experience shows
unit 1 COST: 1600 LABOR HOURS
SLOPE 828
BOEING CONSTRUCTION

A component eguivalent to 5% of current unit cost will be
removed, effective with unit 151,

Estimate cost of follow~-on lot of 40 units.
Answer: Near 14,000 Hours

2. It is planned to make 200 units

Experience shows
VALUE OF UNIT 1: 1800 LABOR HOURS
"SLOPE" 78%
BULING CONSTRUCITION

AT unit 130 1t is decided tu add a part effective with unit —_

151.

Engincoring estimates indicate the cost of unit one of the
addition will be 225 Hours.

Estimate cost of a lot of 50 containing upnits 151-200,
Answer: Near 18,000 Hours.

3. Plans call for the manufacture of 100 units.

Experience shows:
UNIT V CQST: 1200 LABOR HOURS
“"SLOPE" 75%
BUEING CONSTRUCTION

After unit 74, it is decided to replace a component
effective with unit 101 and produce 50 more units.

Engincers estimate the replaced part is 5% of current effort
(eftfort on unit 75).

First unit cost ot replacement will be 180 LABOR HOURS (A)

Estimatce cost of additional lot 50 units; unit numbers
101-150,
Answers  Near 10,500 LABOUR HQURS
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THE CUMULATIVE AVERAGE COST IMPROVEMENT CURVE THEORY

When companies experience costs or labor hours so that the
improvements are linear on log—log paper when the cumulative
average is taken, this is known as the Northrop Construction or
the cumulative averadge cost improvement curve theory. By
definition the Northrop curve is one in which the cumulative
average curve is the more nearly straight line, which suggests
that the unit cost improvement curve theory is bowed. To see the
distinction between this and the Boelng curve construction, refer
to Figure 3-1,

COMPARISON QF THE TWO BASIC CONSTRUCTIONS OF THE CURVE

In analyzing a company's cost improvemenk curve proposal, it
is very important to understand the basic construction of its
curve. Negotiators may differ drastically merely because the
analyst considered a different construction than the company
consliaered.

It is not true that one construction is better than the
AbbhAawe ane mhainlAd L —\n-l--.-o- ;nn;nt an Ay.l.. Ama AAncd -.\C'-"An £
WL L LIV DUV U A Qal atia }D\- Al 4D X} Vi I WA WIS W b W A L 1] &
all instances, The basic question w¢ need to consider is what
happens during the early stages of production, for it is this
stage which determines :he basic approach. Companies using the

Northrop Construction theoretically may be expected to:

"

(1) experience rapid declines in cost per unit at Lirst duc
to having started production with a large number of engiLneering
problems still to bce worked;

(2) use tooling which may not be adeguate for the entire
proaguction run; and

(3} have insutficient dectall in the production planning.

Whatever the reason, companies at times experience high initial
costs but decrease them rapidly and settle down to a constant
rate of improvement., If this is the case, the Northrop
Construction is theoretically the more appropriate construction.

The conclusion should not be reached that companies
following the Northrop curve are more efficient or lowcr-cost
companlies. It is reasonable to believe in the case cf a firm
rollowiny the Northrop curve, that its unit number 1 cust would
have been approximately 700 in Figure 3-1, if they had not
experlienced the initial difficulty as described above (see Figure
3-1). WNor should the conclusion be reached that companies using

.
.
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—~_ the Northrop curve are high-cost preoducers., The shaded orea in !
Figure 3-1 doe: not necessarily represent additional coet due to _q
high 1nicial cost, necause this c¢ost might have been abzorbed in
additional engineering or tooling cost.
THE NORTHRO? CORSTRUCYION MOUEL: .
The Northrop Construciion theory can be stated 2s follows: ﬁ
As the total quantity of units produced doubles, the average J
cost per unit d=creases by somec constant peccentage. 1
Expressed in eyguation or model form, the cumulative average )
theory is: . p
Y, = AxP L
where:
Yx represents the cumulative average cost of ¥ units
X represents cunulative units
a is a coefficient (constant) representing the !
theoretical first unit cost (1)
b telates to the slope and the rate of cnange of the
cost improvement Curve
& CUMULATIVE LVERAGE CURVE FORMULAY: [

s with the Boeing Construction, the Cum Average Curve
theory or Northrop Construction has its own five concept-psaculiar
formulae for calculating values., These formulae may be used with
any hand-neld calculator having a power function and &
logaritnmic function (or natural log function). WMo Boxing
Improvement Curve Tables are regquired. A computerized software §
package may also be used to calculate cum average curve value,

As with the Boeing Construction, to use the formulae yau
must know the cost improvement curve slope and the first unit
value (T1). The formulae are presented in Table 3-1. An
introductory vocabulary is also provided as explanation of the
concept terminology in Appendix F,

ia

These five formulae will be applied in estimating lot values
and total program costs. To apply them the analyst must have
either production program ‘actuals' or analogous program data
from which to derive a T, and cost improvement curve slope.




CALCULATION FORMUI.AK POR SELRCYRD
COST INPROVEMENT CORVE CORCEMIS

trormula for calculation concept in stub when Formula in Hoald

I lascribes a straight line un log-log paper)
Cu Ar Curve
Forgula - b
Pumbe r Concept ¥z = AX
§ ' TN T
[ 1 Cost of Unit X A{xb+'-(x-1)b*'] !
y* _
— . . - p
b Cum Tntal Cust of ;
N Units CTN
i ANPn  or aNPt!
i
b - - — -
! : N
§ B Cuimn Av Cost of ANb : - ——
N Units Yu : i
t PR — PO - -
L)
. i’ 1
l 4 caost of .ot of - A[Lb' - (P-l)b4’]
! F to L Units ' ’
; T l
F,L -
;
5 Lot Averaqe Cost ;
. - i TC i
| ¥ F.L '
s F,L 1 e |
i { [b-(F-')r
- r L [ - - w——e - —t
A s YI, vost nf Unit One
b a ¢ou' ant. such thar 2“* 100 = SLOVE

F, Lo 2, x LUaat NumBer

TARLE -1
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APPLICATION CF THE CUM AVERAGE COST IKPROVEMENT CUKVE THEOKY
PORNULAE :

7o aralyze cos8ts using the cum average theory, the analyst
must develop & new cditing routine., For plotting purposes, the
cumulative averages (CA) for each lot are taken, but here
emphasis must be given to the fact that each cumwlative average
is an avelaje for all units from the first unit in the entire
production sequence to the last umit of the last Jot included.
The oroblem presented below in Table 3-2 will be edited using the
cumulative average tneorys:

(Xx)
LOT TQTAL COST CUM UM (¥)
LOT NR S1YE OF LOT TOTAL  UNITS C.A,

1 7 2010 2030 7 290
2 15 1578 3608 22 164
3 24 : 1544 5152 46 112
4 10 1460 6612 75 87
5 40 1508 8120 116 70
6 49 1240 9369 156 60
7 56 To Le bkst'd 206

TABLE 3-2

'he firsi lot wouid be plotted at 290 for the average of ?
units, the second lot at 164 for the everage of 22 uvnits, the
chivd at 112 for the average of 46 units, the fourth lot at 8§87
for the average of 76 units, the fifth lot at 70 for the average
of 116 units and the sixth lot at 60 for the average of 156
units. After piotting the values on log-log paper, the reader
will notice that the points are ¥ollowing a linear progrezsgion
and projucting for the seventh lot is fairly eagy. Our
crojection for the average of 206 units is approximately 52 hours
ﬁﬁee Figure 3-2). However, if we plot the data in Table 3-~2
under the Unit Theory, we rinu that this curve isa not linear;
rather when the data in Table 3-2 is plotted under the Unit
Thecry, we get a curvi-linear relationship. Therefore it would
be difficuli € project from the data plovted under the Unit
Theory. Wz note, however, that unit curves have a tendency to
stralghten out beyond the 20th or 30th unit and become nearly
parallel with cumulative aveyrage curves when the cumulative
averaue curve is a2 straight line from the start. However,
parallelism doss not cccur until somewhere around unit 300,

Assume, for the moment; that the labor hour cost for lots 5
&nd 6 c¢f Figure 3-2 is known as shown in the table 3-2 and that
we wish Lo project beyond the 156th unit an additional 50 units,
In tnis case we might connect the points at cumulative unit
numbers 176 and 150 and then extena to 206, The new lot values
of 50 urits from 157 to 206 inclusive can be measured on the
Cunulative avcerage curve by calcuiating the cumulative total (CT)
at 156 units (which is 9360 according to Figure 3-2) aud then
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taking a sccond reading from the log-log graph at 206 units
(which should be approximately 52 hours). To obtain the
cumulative total calculation at 206 units, it is next necessary
to multiply 52 (CA hours) by 206 (the cum units) which is 10,712,
By subtracting the two cum totals (936G from 10,712) we get a
difference of 1352 hours. This represents the total labor hours
needed feor the 50 units from unit 157 through unit 206,

1f we now make the same assumptions as for the Urnit Theory,
our results should be approximately the same. Plct the unit
theory to include the first 156 units, then extend the line to
the 206th unit. Taking the mid-point at 181 (156 + 25 = 181) we
get a reading of 27. The product of 27 X S0 is 1350, which is
the projected totel hours expected for the 50 units. Compare
this with the 1352 when projecting from the cumulative average
theory. The difference of 2 labor hours is due to the lack of
precise parallelism between the two lines.

When woitking with both the cum average &nd the unit
theories, there are several characteristics which should be
noted:

(1) when both are plotted cn the same acale and the same
basic data is used, the unit curve is lower on the scalie than the
cumulative average curve as long as there is learning;

(2) when one is linear, the other is curvi-lipnear;

(3) one is most drastically curvi-linear only during the
early units of production such as the first 20 or 30 units;

(4) the curvi-linear line tends to become a straight line
and tends to parallel the other beyond approximately the 30th
unit, although, theoretically, it is never quite a straight line;

(5) the slopes >f the line are approximately the sase beyond
a certain point; and

(6) the labor hour cezlculations from either theory, beyond
approximately 30 unics, should produce about the same resalts.

To visualize these statements, refer to the top half of
Figure 3-1.
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AN BXAMPLE:

Assuming an 80% slope, values are as follows for the
Northrop Construction:

UNI'T c.A. cT

~X
1 1,000 1,000 1,000
2 800 1,600 600
3 792 2,106 506
4 640 2,506 454
5 596 2,980 420
é 562 3,372 392
] 535 3,745 373
Y 512 4,096 3
TABLE 3-2

In Table 3-2, note thét the cumulative total values are obtained
by a simple multiplication: The cumulative average value for a
unit times the unit. Thus. the cumulative total value for 5
vnits is 2,980, i.e,, the product of 596 and 5, The unit value
for the 5th unit is 420, the difference betwean the cumulative
total value of five units and that of four units (2,980 - 2,560).
The unit value, then, is always the difference in cuminlative
totale which one wnit makesa. Exnressina the same thing in N
formula, we have:

-

Y, - APt - (x-nPt)
where:
xP*! = cum total value for all units through the last unit
considered,

(x~1)P*! = the cum total value for all units through the
last unit considered less one.

¥, = Unit value tor a spocific unit.

This formula will cnable us to find the hours reguired for any

single unit by simple calculation. Suppose we wish to know the
Northrop unit value for the 100th unit with an 80% curve and a

first unit value of 1000 hours.

We proceed by calculating the total value for 100 units. It
is 22,706166; and the cum total for 99 units; it is 22.551953,
Then by formula, we have 1000[(22.70616% -~ 22,551953] = 154.2, the
unit value for the 100th unit. Note also that this valuc assumes
a Ty value ol 1000 hours,
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The editing procedure for analyzing data when using the Cum
Average Theory differs from the Unit Theory. With the Unit
Theory we were concerned with lot mid-points and an associated
average cost for each lot. With the Cumulative Average Theory,
we are concerned with cumulative totals--cumulative totals for
seguential units and cumulative averages for sequential lot
values. Hence, our worksheet for the Cumulative Average Theory
is unique to the cum average theory. This new worksheet
construction is summarized in Table 3-3 for the Northrop
construction.




K

(1)
LOT NO

EDITIHG LOT DATA FOR THB
NORTHROP CONSTRUCTION

A WORKSHEET

LOT DATA

(2) (3) (4)
LOT SIZE LOT VALUE CcT

EDITING RULES:

STEP 1

STEP 2

STEE 3

PR

(X) (Y)

(%) {6)
cu Auc

Set up worksheet with six columns labeled as above

Enter Lot No, Lot Size, and Lot Valueg for each and

every lot (Column 1-3)

Calculate CT (Column 4)--Lot
values through previous lots

Cailculate CU {Column 5)~-Lot
through previous lots

value plus cumulative lot

< - 1 \
size plus cumulativy

0
B

Calculate AUC {Column 6)-~Cumulative total (CT)
divided by cumulative units (CU)

Plot columns 5 and 6 on log-log graph paper

TABLE 3-3

&4




EXAMPLE:

The data in Table 3-1 1s reproduced below. We will apply
the editing rules from Table 3-3 to forecast the value of Lot 7:

LOYT NO LUl S1ik LOT VALUB
1 7 2030
2 15 15789
3 24 1544
4 30 1460
5 40 1508
6 40 1240
7 50 To be estimated

Our completed worksheet appears below:

{Xx) {Y)
(1) (2) (3) (4) (s) (6)
LOT NO LOT SIZE LOT VALUE CT cu AUC
1 y) 2030 2036 7 290
2 15 1578 3608 22 164
3 24 1544 5152 46 112
4 30 1460 6612 76 87
5 40 1508 8120 116 70
5 a0 1240 0160 15¢€ &0

7 50 To be 206

Estimated
TABLE 3-4

Step 6 would have us plot the X and Y values in columns 5 and 6,
We could then fit a line through the pilot points and make
predictions about future cumulative average costs. Note that
with the Northrop Construction, when we read the Y-value which
corresponds to our "X" of 206, in lot 7, we are reading the
cumulative average cost of 206 units. Wwith the Northrop
Construction, we are plotting cumulative totals or lot end peiants
rather then lot mid-points as in the Boeing Construction. “This
difference is important to recognize in arriving at an estimate
of the lot hours required” for lot 7 with 50 unita. To estimate
lot. 7 graphically, we must first calculate the cumulative total
of 206 units hy multiplying the cumulative average hcurs for 206
units by 206 units; i.e., where 'X' is 206, °'Y' is approximately
52; cumulative total then is 206 * 52 = 10,712 cumulative total
hours. Next we must read the 'Y' value where 'X' is 156 and
multiply this value by 156 units to determine the cumulative
total of 156 units. This value is approximately 9360 hours,
Finally, we can determine the hours for lot 7 by subtracting the
cumulative total for 156 units from the cumulative total for 206

units; or 10,712 - 9360 = 1352 hours to build the 50 units in
lot 7.

e e - T e ey © g
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As with Boeing Construction, we can eatimate the hours
required for lot 7 with a formula given the slope and first unit
value (T,). These are determined using the same procedure as we
used with the Boeing Construction. In this example, the T, 18
approximately 800 hours and the slope is 70%. (See Figure 3-2).
Our formula would be:

b+1 _ _1yb+1
.TCP,L = A[L (F-1) i
then
TC = 800 [206P*T - (157-1)P*1)

The Boeing Improvesent Curve Tables are not used with the
Northrop Construction. Instead, we calculate 'b+1' as follows:

STEP 1 Calculate the 'b' value for a cost improvement
curve slope of 70% b = log.70

1log 2
b= ~.5145732

STEP 2 Calculate the 'b+1' value by

&dding 1 Lo the 'b' value calculated in Step 2. ~
b = ~.5145732 e

+ 1.0000000
b+1 = + 0,4854268
Using the 'b+1' value in our formula, we calculate lot 7 as
follows:
TC = 800[13.280463 -~ 11,603834]
TC = 1347 hours
Jdur estimate using the formula differs slightly from our
graphical estimate, As with the Boeing Construction, this

difference is due to lack of precision in reading qraph values
and/or rounding the slope to two decimal places.




ANALYZING MAJOR PROGRAM CHANGES USIMNG THE NORTHROP COMNSTRUCTIOM

The logic used for analyzing changes for the Northrop
Construction is the same as we used for the Boeing Construction.
Thus, there are three types of changes that can occur.

1. %The addition of a component or components
or
2. The deletion of a component or components
or
3. The substitution of one component for another component

THE CUMULATIVE AVRRAGE THEORY AND CHANGES

ADDITIONS. Handling an addition is exactly the same as the
procedure using the unit theory. For instance, suppose a
manufacturer has a process in operation and thea following data
reflects the production experience:

Value of 1st unit = 2500
Units produced to date = 65
Slope = 85%

Beginning with wnit 66;. an additional component is heina added
which will increase the sensitivity of the unit. The engineering
estimate is that the additional component will require 600

additional hours for the first unit. Estimate units 66-85.

GRAPHIC SOLUTION. See Figure 3-3. From the graph we have
Basic unit:

CT through 85 units. . . . . . . .895 * 85 = 76075
CT through 65 units., . . . . . . .947 * 65 = 61555
Cost of basic umits 66-85. . . . . = 13529
Cost of Additional Units 1-20. . .304 * 20 = 6080
Total cost of units 66-85. . , . . = 20600

67
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FORMULA SOLUTION.

Basic unit + New Component = 'I'C

ALEP*T - esPHTy 4 A 20P*T - 0) = TC

2500 [29.994205 — 24.425765) + 600{9,907494]) = TC
2500(5.56844] + 5944.764 = TC

13921.1 + 5944.764 = TC

TC = 19865.864

DELETIONS

When estimating the impact of a deletion using the
cumulative average theory, we must be very careful how we meagure
the amount of the deletion. If the deletior is meagured as a
change in the cumulative average value starting with the first
unit affected, we would simply shift the curve downward by the
amount ot the deletion. Suppose, for example, that we hzve & 75%
cumulative average coust improvement curve with a first unit value
of 10,000 and a deletion representing 30% of the cumulative
average occurred at unit 31, Our approach would be to drop the
cost improvement curve line by 3C% and proceed to estimate off
the new line, (See Figure 3-4). 7o estimate ynita 3i through 60
we would read the ch = 1320 x 60 = 79200 and subtract from that
CT30 = 1750 x 30 = EQEOO. The estimated cost of units 3! through
60 would be 26,700 labor hours.

FORMULA SOLUTION:

(A_) = .70(A) = .70(10,000) = 7000
(A_)[60P¥! ~ 30P*1) = ¢
(7000)[10.9686 - 7.31241] = TC
7000[3.65619) = 25593,33

1f the deletion ie expressed in terms of ite impact on the
last unit produzed before the change, the procedure for
estimating future lots under the cumulative average theory
becomes more difficult. We are reaading cumulative avarage valies
from our line, bit the deletion it expressed as a ynit value,
Therefore, we need to find the locaticn of a new cumulative
average line with a corresponding unit curve that would give us

" |

our projected unit value with the deletion. ‘
Suppose we had a first unit value of 5000 labor hours and a

cumulative average cost improvement curve of §2%. (See PFigure
3-5). Beginuing with unit 31, there is to be a deletion cof 300

3-13
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labor hours. How would we go about projecting the number of -
hours required for lot 311-60? We cannot merely drop our

cunulative average line by 300 hours because this deletion is

expressed in unit hours, not cumulative average hours,

Therefore, we must f£ind the unit value that correspoprds to the
cunulative average value at unit 31, From our graph, we can

determine thecumulative average values at unit 30 and unit 31,

from which we can calculate the number of labor hours to produce

unit 31 as follows:

C‘I'31 (1880)(31) = 58,280
CT30 (1900)(30) = 57,000
Unit 31 1,280

Based *‘upon the labor hours required to produce unit 31, we can
see that the 300 labor hour deleticn represents

23.4375% (300/1280) of the unit labor hours. Therefore,

our cuzulative average curve needs to be dropped 23.4375% to
trace the impact of the deleticn on future units of producticn.

Based on our new curve, we can read the cumulative average
zluee of unit 30 and unit 60 and calculate the labor hours
required to produce lot 31-60, as follows:
(CAGO)(GO) (1190)(60) = 71,400
(CA30)(30) (1455)(30) = 43,650

Lot 31-60 27,750

FORHMULA SOLUTION:

Labor hours to produce unit 31:
b+1 b+1
A 31 30 1 =Y

(5000)[11,597875] = (11.32962)] = Y31
(5000)(.268255) = 1341i.275

The % deletion at unit 31 equals:
(300/1341.275) x 100 = 22,36677%

Adjusting our first unit valuve for the deletion:

A_ = A(1 - ,2236677)

A_ = (5000)(.7763323) = 3881.6615

3-18




Using our adjustoed first unit value, we can cat.oualaaee the
labor hours requirced to produce lot 31-6€0:

A l60b+1 - 30b+ll = TC

(3881,6615)[(18.,58056) ~ (11.32962)) = T
{(3481.6615)(7.25094) = 28,145.694

The difference between the two estimates (approximately
1.4%) is due to errcrs in plotting and in reading values from the
graph.

In evaluating the etfect of a deletion when labor hours are
following a cumulative average cost improvement curve, three
situations can prevail:

(1) 1f the deletion can be estimated in terms of its
impact on the cumulative average labor hours at the unit
affected, the adjustments necessary to locate the new cost
improvement curve are very similar to the procedure followed
under the unit cost improvement curve construction. This is the
simplest case. However, it is also the most difficult estimate
to derive,

(2) 1f the deletion can be estimated in terus of a
percentage change in tihe total labor hours for the unit affected,
the adjusted cunulative average cost improvement curve can be
located by applying the same percentage change. This is the
second simplest case.

(3) The most complicated case, and probably the most
likely, is when a deletion is estimated as a reduction in labor
hours tor the first uvnit affected by the change. When this
occurs, the hourly reducticns must be converted to a percentage
reduction in terms of unit values, and then the cumulative
average cost improvement cuive must be adjusted by the percentage
¢nange,

SUBSTITUTIONS: As before, a substitution is merely the joint

effort of a deletion and an addition,
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Example:
Theoretical value of first unit = 10,000
Slope (cumulative average) = 80%
Units produced to date = 70
Substitution effective at unit 71:

(a) Deleted effort 500 hours
(b) Added effort 6G0 hours

Estimate the cost of 7i-9U:

GRAPHIC SOLUTION:

See Figure 3-6. From the graphs we would estimate t °
deleted portion of the substitute,

{a) ‘“he cost of unit 71:

3
s
-

(2490) {7V} - (2500)(70)

A=A LN

it
[a]
$

176790 - 175000 = 1790
{b) Tie percent reduction in unit 71:
500/1790 — 27.932%0%

{(c) ‘'The adjusted first unit value:

M E(Y - ,279329%)

A

10,000 (.7206704) = 7206.704

{d) ‘The c¢est of lot 71-90 with the deletion:
(CAy) (90) - (CA4) (T0) = TC
(1050){90) - (1800)(70) = TC

148500 -~ 126000 = 22,500

))
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Plus the added portion of the substitute:
(Cayq) (20) = (226)(20) = 4520

and add the two together for our total lot eatimats:

Lot 71-90 with deletion 22,500
Lot 1-20 of the addition + 4,520

Lot 71-90 with the substitution: 27,020

7¥
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FORMULA SOLUTION:

{a) 'The cost of unit 71;
(10,000) 1710+ - 70b+1)) =y
(10,000)118.000559) - (17.8283)) = Yo

(10,000) (0.172259) = 1722.59

{b) The percentage reduction in unit 71:
500/1722.,5% = 29.02605%

{c) The adjusted first unit value:
A_ = A(1- ,2902605)
A_ = (10,000)(.70973Y5) = 7097.395

(d) The cost of lot 71-90 with the deletion:

B_[(90°FT) - (70P*)

TC .

(7097,395)1(21.14055)

(17.8283)]) = TC
(7097.395)(3.31225) = 23,504.346

({e) The cost of the addition:

. 1

A 1(20°* 1)) = T

(605)(7.62413) = 4574.49¢6 . i

4
The estimate for the substitution using the formulae is: !
Lot 71-90 with the deletion 23,508.346
]
Lot 1-20 of the addition +4,574.49¢
Lot 71-90 with the substitution 28,082.642 »
A
The difference bhetween the two solutions (approximately
3.8%) is due to plotting and reading values of the graph. This
error s especially prevalent when cumulative average cost |
improvement curves are used because the graphic solution regquires i
that you read the cumulative average values at two points which ‘
are only one unit apart. )
?
3-23
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IDENTIPYING CHANGES
The preceding discussion of changes has covered the
fundanental approaches an analyst would use in assesging and
predicting their impact on the cost improvement curve. However,
there may be situations where previous production history isa
provided which includes changes. The analyst may well be tempted
to simply plot the data and fit a line through the data, Such an
approach had some rather serious implications. For instance, the
following data has been plotted using the cumulative average
theory,
LOT UNITS IN LOT LOT COST CUM AVG
1 10 4765 476.5
2 10 2859 381.2
3 10 2413 334.6
4 15 4117 314.5
5 15 3411 267.6
N

In Figure 3-7a, the apalyst fits a line through the data trying
to equalize the distance above and below the line, The
approximate results are an A = 875 and a slope = 82%, 1In Figure
3~7b, the analyst recognizes that the cumulative average line
should be a smooth line and upon inspection, decides to fit the
line through the first three points. The last two points do not
make sense~-~something appears tc have happened in lot 4. Or
perhaps the curve is not a cumulative average curve., Figqure 3-8
shows the same data plotted for both theories (x's represent unit
theory and °'s represent cumulative average theory). The last
two unit points dramatize the anomalies in lots 4 and 5. .The
fact that both curves show an aberration strongly suggests that
some type of change has occurvred. The point thus far is that the
cumulative average curve tends to hide changes because of the
averaging process. Thus, regardless of what theory is presumed,
a good analyst will always plot both theories and inspect both
curves to determine if there are or were any problems. A
guestion raised previously was whether the data was cumulative
average or not. Take aunother look at Figure 3-8. Placing a
straight edge against the firac three points of each theory is
incoaclusive~-both look straight! Recall that when this problem
was introduced it was presumed to be cumulative average. If this
presumption is based upon the past experience of the producer for
similar type items it ghould not be lightly discarded. This
point is an important one--an analyst, whenaver poasible, should
always analyze past experience to aseist in making the correct

judgment.. Thus, in this problem there remains a strong —~
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suggestion that the curve is cumulative average. 1 the curve is
camulative average, then the analyst would expect the unit curve
to bend upward moving from right to left--this upward bend should
be most pronounced between units 1 and 30, Is there an error in
plotting the unit data? Yes. The first data point was plotted
using the rule-of-thumb lot midpoint. 'The true-lot wmid-point is
4.17 and 1s shown in Figure 3-8 as an x. Using the true-lot mid-
point and the second and third points on the unit curve, the
curve appears to bend upward toward the "y" axis, This curvature
combined with past history, although not totally conclusive,
appears sufficient to substantiate the cumulative average theory.
Our attention now turns to trying to determine the nature and
magnitude of the change. First, the behavior in lots 4 and 5
indicates the change is either an addition or a substitution,

The easiest way to find out is to ask the producer. It would
seem that even if the producer cannot recall the magnitude the
producer could, as a minimum, determine whether the change was an
addition or a substitution. If the change were an addition, its
magnitude can be approximated. For the moment, the assumption
will be that the change was an addition. To approximate the
magnitude, we must assess what we know and what our logic tells )
us. We have: .

-- «cumulative avcrage theory

C o —

-= theoretical value of A = 1000

- =1 - — Ofuw
- SlVpT = wvo

~- an addition whigh took place with lot 4 )

also, in the absence of information to the contrary, we will
assume:;

-~ same rate of learning on the addition
-~ the addition took effect with the first unit of lot 4

1f there had been no addition the estimated cost of the lot would
have been:

TC = 100[(45P%7) - (30P*))

TC = 1000[(13.121855) ~ (10.03677) |
TC = 1000(3.176045)

T¢ = 3176.085

However, the actual cost of the lot was 4117, Or a ditference of
941 labor hours which represents the total impact of the first 15
units of an addition., 7To estimate the cost of a first lot of 15
units we would use:




Total lot cost = I\+((15b+1 - (0P"))
by substitution we have:

941 = p+[6.272985)

941/6.272985 = A,

150 = A,

Therefore, we have an addition which took place starting with
unit 31 with a First unit value of 150. The logic applied to
this problem is equally applicable to the unit theory.

When the producer states that the aberration or ancmaly is
due to substitution, the analyst 1s confronted with a mere
complicated dilemma because of the simultaneous impact of a
deletion and an addition. A substitution can only be analyzed
when two data points are given, i.e., two lots in which the
substitution was effective or two unit values in a lot. Take the
following example:

LOT Lot
or SIZE COST
1 i0 831315 N
2 10 4170 »
B) 10 353% >
4 10 3488
5 10 3052
Slopc = 80% e
A (T]) = 1000
Theory = unit
ASSUMPTIONS: e
-=- The substitution would take effect
with the first unit of the lot
-- The slope for the substitution
would remain the same
The above data has been plotted and is shown in Figure 3-9., Lots "
4 and 5 show an increase and since we are assuming the producer :
) has told us there was a substlitution we can conclude that the
addition portion had more impact than the deletion. The task now
becomes finding A, and A_. 1If A, and A_ were known, the
estimates of lots 4 and 5 would be:
Lot 4 = A (40P%1 = 30b*Y)y & A (1P*) - oP*)) = 3488
Lot 5 = A_ (5027 — a0P*Ty 4 aT(2007] 10b+‘)= 3052 —
) —
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by substitution:
Lot 4 A_ (17.193456 - 14.019893) + A
Lot S A_ (29.121704 -~ 17,193456) + A,
TC of LGt 5 = 3052
and
Lot 4 A_ (3.173563) + & _(6.315373) = 3488
Lot 5 A_ (2.928258) + A_(4.16957) = 3052
imultiplyiny Lot 4 by 2.928258 and
Lot § by -3.173563
we have:

R_(9.293011243) + A_(18.49304151) = 10213.763900
A_(9.293011234) + A,(13.23239308) = -9685,714276

A,(5.2060648432) =  528,04952¢4
A, = 100,3772882
subatituting into Lot 4:
A (3.173%63) + 100.3772882(6.315373) = 3488
A (3.173563) + 633.920016 = 3488
A_(3.173563) = 2854.079984
X = 899.3298649

This is very close to the actual change which had a 10% deletion
{#_ = 900) and an addition of 100 hours (A, ) for the first unit.
Rouonding in tne lot total cost values caused the slight error.

The logic discussed here applics to either cost improvement curve
theory provided that two data points are knuwn.

PROBLENMS

. The toullowing data was obtainad for six coperatore, each of
whom repeaced an identical task ten times and with each starting

trom a cumpletely inexperienced stage, They worked independently
and vere grven a minimum of instruction.

L g
~
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CPERATOR (Time in Minutes)

GROUP GROUP GROUE

UNLT CuM CuM
UNLT A B ¢ b} £ F COST TOTAL _ AVG
112737 13.37 14.6 14.2 9.9 15.7 80.0 80.0 80.0
2 10.8 4.5 3.2 1.2 4,4 2,8 36.9 116.9 58.4
3 3.0 3.5 3.0 6.8 4.0 1.5 21.8 138,7 46,2
4 3.2 2.1 2.5 4.1 5.3 2.5 19.7 158.4 39.6
5 2.1 3.4 1.5 2.2 3.1 1.8 14,1 132.,5  34.5
6 2.1 2.5 1.7 2.0 2.4 1.7 12.4 184.9 30.8
7 2.9 3.8 1.9 2,0 2.9 1.8 15.3 200.2 28.6
8 1.8 2.5 2.0 1.5 1.4 1.7 10,9 2it.1  26.3
9 1.5 3.8 1.9 1.7 2.3 1.5 12.7 223.8 24.8
10 3.1 2.1 1.8 1.4 2,5 1,3 12,2 236.,0 23.6

1

Plot the group unit cost curve and the group cum average cost
curve. MWhich basic construction of the curve is indicated? Why?
Where would you measure slope of curver What is the slope?

2, Plot the cum average and the unit curves for Operator E and
for Operator F. Which basic construction is evident for each?

3. Does the fact that one operator started at & higher unit
numpber 1 value as compared to the other change the basic
construction pattern?

4, Whorn the six cperators are taken as a group, what prediction
would yoo wmake for the time it would take to do unit 20 it they
continued their operations from 10 without interrupticn? What
prediction for Operator E? For Operator F?

5. Plot the followiny values for given units to construct both
the unit and CA curve: (Note: the values are given for every
5th unit, but the values for units between have been used to
obtain the CT).

UNIT

UNIT VALUE ci CA
1 370 i70 370
5 235 1,438 287
10 205 2,512 251
15 166 3,435 229
20 160 4,29cC 214
25 153 5,078 203
30 140 5,818 194
35 147 6,542 187
40 126 7,205 180
45 130 7,880 175
50 124 8,523 170

What basic construction of the cost 1mprovement curve do these
data to!low?

87




6. In problem 5, does the line of best fit {by inspecticn) have
the same unit number 1 value as the stated actual? By using the
Boelng Imprevement Curve Tables, find the value for the 20th
unit. Is this value different from the stated value for the 20th
unit? Predict the value for the 70th unit.

7. By using the following tabulaticn, find the predicted hours
regquired for a follow-or of 48 units, assuming no interruption in
production. Can you use the Tables for your answer?

LoT TOTAL LABOR LOT AVG CT CA
LOT Nr S1ZE HRS FCR LQT HOURS HOURS HOURS
1 12 4,080 34¢ 4,08G 340.0
2 20 5,600 280 9,680 302.5%
3 28 6,300 225 15,980 266.3
4 36 7,920 220 23,900 248.9
5 36 7,200 200 31,100 235.6
Did you use the unit or the CA curve to find your answer?
Why?
8. A certain manufacturer had the following labor-hour TN

experience in a production program:

LOT TOTAL LABOR LOT AVG CT (67
LOT Nr SIZE HRS FOR LOT HOURS HOURS HOURS

B 7 2,030 290.0 2,030 290
2 15 1,578 105.2 3,608 164
3 24 1,544 64.3 5,152 112
4 30 1,460 48.7 6,612 87
S 40 1,508 37.7 8,120 70
6 40 1,240 31,0 9,360 60

with the use of the Tables, predict the labor hours needed for an
additional 50 units.

9., If a manufacturer produced a product identical to the one in
Problem 8 and had an identifical lot set-up, but the lot average
direct labor hours were as follows:

LOT Nr LOT S1ZE LOT AVERAGE HOURS

1 7 182

2 15 105

3 24 64

4 30 4y

5 40 38 N
6 40 31




.o,

Woula you conclude that this manufacturer is more efficient than
the one in Problem 82 Why or why not?

In the following problems nake at least two estimates, cne from
graphs and at least core fiLom takles.

1. 150 units will be made
Expetrience shows:

UNIT 1 COST: 17600 LABOR HOURS
SLOPE: 82%
CONSTRUCTION: BOEING

A component equivalent to 5% of current unit cost will be
removed effective with unit 151,

Estimate cost of follow-on lot of 40 units,
ANSWER s Near 14,00C Hours

2, 1%0 Units will be made
Cxperience shows:

UNIT 1 COST: 1600 LABGR HOUES
SLOPE: 52%
CONSTRUCTION: NORTHROP

A componant that consisted ot 5% of original effort will
be removed effective with unit 151,

Estimate cost of follow-on lot of 40 units.
ANSWRER: HNear 10,G00 Hours

3. It is plannea to make 200 units
Experience shows:

VALUE OF UNIT 1: 1800 LABOR HOURS
SLOPE: 78%
CONSTRUCTION: BOEING

At unit 130 it is decided to add a part, eifective with
unit 151,

Engineering estimates indicate the cost of unii one oF
the addition will bce 225 Hours

Estimate cost of lct of 50 containing units 151-20¢C,
ANSWER: Hear 18,000 kours
, I

4. 1t is planned tou wake 300 units
Experience shows:

VALUE Ci* UNIT 1; 2400
SLOPE: 8% ) |
CONSTRULCPTION: NORTHROP .

£7




At unit 175 it is decided to add a component effective
with unit 201,

BEngineers estimate first unit cost will be equivalent to
103,3% of labor hours used in unit 175,

Estimate cost of lot containing units 201-300.
ANSWER: Near 26,000 Hours

S. Plans call for the manufacture of 100 units.
Experience shows:

UNIT 1 COST: 1200 LABOR HOURS
SLOPE: 75%
CONSTRUCTION: BCEING

After unit 74 it is decided to replace a component
effective with unit 101 and produce 50 more units.

Engineers estimate:

Replaced part is 5% of current effort (effort on
unit 75) First unit cost of replacement will be 180

ER-L ATy S e

s“stimate cost of additi.nal lot 50 units; unit numbers

101-150.
ANSWER: Near 10,500 labor hours.

6. Material costs have been kept in 19X7 dollars, Planned
production 200 units,

Experience:

UNI' ONE MATERIAL COST: $3600 (19X7 dollars)
SLOPE: 93% )

CONSTRUCTION: NORTUROCY
At unit 175 it is decided to substitute for a component and
exzend production 30 units, to unit 230,

The statistical accounts department tells us the material
cost for unit one of the removed component was $360 in 19X7
dollars.

The same department estimates the matevial for the

replacement component will cost $500 in 19X7 dollars. ®
Estimate the material cost of the follow-on lot of 30 units ?
in 19X7 d»llars. ]
ANSWER: Near 560,000 in 19X7 dollars. }
"-\ !
~— '
®
-
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7. The Splat Company has the following experience with an item
for the U.S. Army:

LOT Nr LOT GLZE LOT VALUE (Labor Hours)
1 15 14367
2 15 10284
3 10 6118
4 20 11209
S 25 14356
6 30 15947

The last lot was finished 30 June 19X7. The Splat Company
cloges for vacations 1 July to 16 July incluasive. Experience has
shown this well planned event does not affect the cost

improvement curve,
The Army wants 40 more units but they wish to replace the

snifter with a new one. The original snifter was eatimated to be
5% of the original effort; its substitute will have a unit one

cost of 150 labor hours, .
Your job is to estimate the cost of the follow-on lot of 40

units and do it now so a contract can be negotiated before the
company resumes production; hence, there will be no interruption

of the line,
interesting The Splat Company added a

Lots 5 and & are intecrestin I .
component (at the Army's direction). Thiw component is

subcontracted and the subcontractor has an 85% cost improvement
curve, Northrop construction. The subcontractor states his first
unit cost was 150 labor hours. The Splat Company's engineers
estimate that adding the component added the equivalent of 2% of
the original effort to their labor hour costs.

Answer: about 22,000 labor hours.
Adjusting our first unit value for the deletion:
A= A(1 - ,2236677)

A= (5000)(.7763323) = 3881.6615
Using our adjusted first unit value, we can calculate the
labor hours required to produce lot 31-60:

A 160°FT - 3Pty . ¢

-

(3881.6615)[(18.58056) - (11.32962)] = TC

(1881.6615)(7.25094) = 28,145,694

The difference between the two estimates (approximately
1.4%) is due to errors in plotting and in reading values from the

graph.

1
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CHAPTER ]V

NORMALIZING DOLLARS FOR COST IMPROVENENT CURVE AMALYSIS

When to Use Inflation Indices

Wherever possible, the analyst should always apply the cost
improvement curve theory against historical hours. Hours are not
influenced by outside economic factors; hence analysis of hours
allows the analyst to concentrate cn the mechanics of the
production process. Occasionally, however, the analyst may find
that the history is available in dollar values only. If the
analyst wants to use those historical dollars for forecasting
purposes, it is extremely critical that the effects of the
economic environment be normalized. To use historical dollar
values with the coat improvement curve theory, the analyst must
first remcve the effects of inflation.

Inflation must ke removed from the historical dollar values
before the worksheet can be construncted and before a first unit
value (T,) and slope are determined. This must be accomplished
first so that the analysis will reflect only the reduction in
labor costs associated with production process. If the cost data
were not normalized, the analyst would be plotting not cnly the
reduction in labor costs due to repetition but also the impact of
inflation over the time span reflected in the history. The
analysis would be meaningless because the analyst would be unable
to determine a valid rate of improvement, Therefore, the point
of normalizing cost data for the effects of inflation cannot be
aoveremphasized--NEVER, NEVER, NEVER, apply the cost improveaent
curve theory to "then year® dollars ~-ALWAYS work with constant
dollars.

The [irst step when working with historical cost data
{history depicted in Gollar values) is to secure an appropriate
set of inflation indices for normalizing the cost data, This
reguires an appreciation of just what inflation is, what the
historical cost dzta you have represents, and identification of
the correct set of indices. 7o do this, you must consult formal
guidance,

The availability of forwmal guidance on inflation indices is
fairly extensive, Your organization should have a library cf
these documents required for vour analysis needs. Therefore, the
recommended procedure for securing the appropriate formal
guidance to analyze your historical cost data is to consult your
organizat.ion's cost library or technicsl documents filee,
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As a initial exposure to the terminology and mechanics of
infletion indices, an overview is provided as extracted from DOD
7000.3-G, Chapter 4, and supplemental handbooks (See BibLliography

_ for Sources).

Understanding Inflation Indices

DEPINITIONS

a. IMNPLATION: Inflation is defined as a rise in the
general price level of guods and services produced in the
econony. Inflation is measured by the rate of rise of some
general product-price index in percent per year. The definition
invoclves rising pricea for current output. Rising prices for
bonds, equity claims (stocks), existing durable goods, and land
may accompany inflation but they do not constitute inflation.
Also, the price increases must occur across many linas of goods
and services. For example, if the price of a particular machine
tool is increasing but comprehensive indices, such as the
implicit GNP price index, are relatively stable, the increase
probably cannot be attributed to inflation. A supply and demand
imbalance or declining productivity at the plant or in the
industry may be regnongible.

ERIASE TR

(1) The terms inflation and escalation in this text are o~
considered to be synonymous. However, the following distinctions e
may occasionally be encountered: .

(a) Inflation is sometimes used in connection with
historical price level changes only (that is, those that have
already occurred).

{b) Escalation is then defined as those price
level changes that are predicted to occur.

b. INDICES: An index number is a number that expresses the
relative relationship between two or more figures, where one of
the figures is used as a base., If there is a time series of
prices for a particular item, an index is established by dividing
each price by the base period price. The single commodity index
just described is called a simple index. If we combine the
simple indices for several commodities into a single summary
figure, the result is a composite index, In common practice, no ‘

distinction is made between simple and composite indices,

{1) RAW INPLATION INDEX: A raw inflation index is used Y
to convert constant dollars in one yesar to conetant dollars in B
another year. Raw inflation indexes are used when all dollars
are to be expended in a single year.

{(2) OUTLAY PROFILE (expenditure pattern): The outlay

protile reflects the rate at which dollars are expected to be ™
cxpended. For <exampie, 1f budget dollars are expected to be N P
spent. over o tour-year period, the outlay profile might be 30% in

4-2
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the first year, 30% in the second year, 20% in the third and
fourth years. The outlay profile is used with the raw inflation
rate to develop weighted inflation indexes (see definition b, (3)
below).

(3) WRIGHTED INFLATION INDEX: Weighted inflation
indexes reflect the amount of inflation expected to occur over
the period in which the dollars will be spent. Weighted
inflation indexes combine the raw inflation indexes with the
outlay profile to generate the weighted indexes. Wweighted
indexes are used whenever dollars will be spent over more than a
gingle year.

c¢. CURRENT DOLLARS: ©Dollars that are current to the year
in which the ¢ost is incurred. When incurred costs are gtated in
current year dollars, the figures given are the actual amounts
paid out or owed. When future costs are stated in current
dollars, the figures given are the actual amounts that will be or
are exrected to be paid, including any amount due to future price
changes. The word current in current dollars does not refer to
the year in which the estimate is made or to any other single
year. The terms “"current®, "then~-year®, and “escalated dollars"
are synonymous.

d. CONSTANT DOLLARS: Dollars that are always associated
with a given base year (e.g., FY87, constant dollars). The terms
“constant®, “constant year~, aud "base yeai" dollavs ars
synonymous. An estimate is said to be in constant dollars if
costs for all work contemplated in each year of a multiyear
program are adjusted so that they reflect the average level of
prices prevailing in the base year. An average can be calculated
from monthly or quarterly data, but the precision is probably not
worth the effort. Common practice is to assume the average level
of prices to be the prices prevailing at the midpoint of the
fiscal year.

(1) The phrase "program base year constant dollars®
references the purchasing power year that is held constant, or
the program base year. The phrase is redundant unless the
program base year is identified in context, For clarity, it 1is
better to use terminology that is self-explanatory such as
"constant FY87 dollars.”

Source of Standard Inflation Rates and OQutlay Frofiles.

The Office of Management and Budget (OMB) provides all federal
agencies/departments with projected inflation rates. OSD/PA&E
publishes in the POM Preparation Instructions (PPI) outlay
profiles and inflation rates (both by appropriation) that have
been obtained from OASD(C) and are based on the OMB rates.
Normally, inflation rates are revised again and issued by 0SD(C)
during the preparation of the President's Budget. These rates
are not directly usable for budgeting purposes. AF/ACCC uses

4-3
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these rates to produce raw inflation index tables which are then
weighted using the appropriation outlay profiles to produce
weighted inflations index tables. AF/ACCC issues these tables to
various Air Staff offices and major commands/special operating
agencies for use in all Programming, Planning and Budgeting
System (PPBS) documents and for cost analysis purposes.

Separate Indices for All Appropriations, Raw inflation rates and
outlay profiles are not the same for all appropriations so
separate sets of indices are issued for each. O08SD

Comptroller also provides separate rates for major items or
categories in the industrial and stock funds, in the customer
accounts, and for various Elements of Expense Investment Code
(EEIC) categories in the Operation and Maintenance (Q&M)
appropriation (3400), AF/ACCC does not include these separate
inflation rates in the raw or weighted inflation index tables;
they are received in the Budget Instructions and applied by
AF/ACB, The sum of the inflation amounts for each EEIC, however,
must equal the amount that would be computed using the aggregate
OsM rate.

Exceptions to Use of the Standard Inflation Indices.

In addition to the EEIC rates used in O&M, AFSC/AC and
AFLC/AC prepare inflation data sheets for major weapon systems
which are updated when 0SD rates and outlay profiles are revised
and which are approved by AF/ACC prior to distribution to Air
Staff PEMs and AF/ACBI. In the past, exemptions were granted
based on unique, well-documented contractual arrangements between
a program office and a prime contractor, or the U,5. and foreign
governments co-producing a weapon system, such as the F-16
aircraft. Currently, the only exemptions being approved are for
unigue historical rates--not projections of inflation.
Documentation for unique historical rates must include:

a. Justificaticon on why 0§

program,

N eabmen n\r\f\u1ﬂ (3o
v faclo Javudaa

b. Fresentation of the proposed rates and methods used to
develop them,

¢. Comparison of 0SD rates with proposed rates to show the
dollar impact of tne difference in costs for the approved
program.
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CONSTRUCTING IMFLATION INDICES

1. Calculating A Raw Inflation Index:

a. Designate a base year and assign that year an index of
i = 1,00

L. Obtain the current table of raw inflation rates and let

r = inflation rate from one year to the following year.

Cc. Compute the raw inflation index (R) using tt} following
formula where n = year of desired index, Therefore,

R, = (1) » (i + r') * (i+ tz)* R & S rn)

For e<ample, suppose you had the following table of raw inflation
rates for the RDT&E appropriation.

RAW INFLATION

F1SCAL YEAR RATE, ry { Percent)

78-79
79-80
80-81
81-82
82-21

B3-84

[V P M, NN N -

Then the following computations would be necessacy to construct o
table of raw inflation indices where FY78 is the base year and
percentages are expressed as decimals.

FISCAL RAW INFLATION
YEAR FORMULA INDEX

78 1.000 1.000

79 1.000 X (1.00 + .062) 1.062

80 1.000 X (1.00 + .062) X (1.00+.063) 1.129

81 1.194

82 1.260

83 1.329

84 1.402

1,000 * (1.00 + .062) * (1.00 + .063)
*(1.00 + ,058) * (1.00 + .035) *
1.00 + .055) * (1.00 + .055)

_

T

9.

e



2. Determining the Raw Inflation Rate Using a Table of Raw
Inflation Indices.

The following formula is used:

Ravw Inflation Index

Raw Infl ion Rate (n to n+1) = 100 H -1
Raw Inflation Indexn
nn + 1
-y !
r(n ton + 1) 100 Rn

For example, the raw inflation rate for '82 tc '83 would be
computed as follows using the above table:

[Rsa]_,
(82 to 83) - 100 | Rg2

3. calculation of Weighted Inflation Index. The raw inflation
index, the outlay profile, and the following formulas are needed:

1.329] _,
= 100f{1.260 = 100 (1.0548 -1) = 5.85%

+ +°0 4

-
WI,= 1 £ Li Tk

ooy e

b |
OR, OR. ! . OR, J
1 ik

Weighted Index for nth year

Wnere WI
n

OR, = Outlay Rate for initial year expressed as a decimal

OR,,x = Outlay Rate for last year expressed as a decimal
r. = Raw inflation index expressed as a decimal with a
base of 1.000

r. = Raw inflation index for the last year in the outlay
itk . .
profile expressed as a decimal

For example, suppose we had the following raw inflation index and
outlay profile.

AIRCRAFT PROCUREMENT AIRCRAFT PROCUREMENT
FISCAL YEAR RAW INFLATION INDEX(rn) OUTLAY RATES (ORi-ORi+k)
79 1.000 .10
80 1.062 .40
81 1.121 .30
82 1.182 .12
83 1.246 .05
84 1.313 .03
4-6

(=24

'®

'@
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The weighted index for FY79 theretore would be:

0 OR OR OR OR R
— [ R79 , ORso ORgy | 82 . ORy3 Ou]
Wizg = 1 r7y £go g1 rs2 rs;3 rag4
10 + .40+ .30+ .12 + .05+ .03
Wijq = | + |T.000 T0¢62 T.121 T.182 T.2de T.373
WIog = 1 $[.10 + ,3766 + ,1015 + ,0401 + ,0228])
Wizg = 1V +1.9086] = 1.1006 (or a rate of 10.06%)
de_




APPLICATION OF INFLATION INDICRS

USES OF INFLATION INDICES

1. Inflation Indices to Used to Extend Program One Year With Ho
Change in Level of Effort. 1If you are updating the POM or BES,
remember that your program is already priced in then-year dollars
for which you always use weighted inflation indices. Therefore,
if you need to extend a program one year with the constant dollar
amoupt remaining the same, simply multiply by a ratio of the
weighted indices. Use the weighted index table for the base year
in which your program is currently priced, and the following

formula:
Year .1 Weighted Index
Yearysi Then-Year $§ = |Year, Weighted Index *[Yeurn Then—!t%]
Suppose FY87 Then-¥r$% = $500 million
FY88 Weighted Index = 1,649
FY87 Weighted Index = 1.563

o8
b}

Then your FYBB Then-Year 3 reguirement is calculated te

FY88 Then-Year $

1.649 x $5G0 million
1.563

FY88 Then-Year $ $527.5 million

Therefore, to extend your program into FYBB at the current level
of effort, you would need $927.5 million; this increase of $27.5
million over FYB87 is the amount of funding necded simply for
inflation,

2., Inflation Indices to Use to Price a Mew Program. Since you
need then~year dollars to update your PPBS documents, use the
weighted index table for the base year in which a program was
initially funded. Develop the then~year dollar profile by
multiplying the constant dollar amount for each year by the
weighted index for that year. Use the following formula:

Then-Year $ Awmct (Base Year n) = [Constant $ Amt Base Yr] x [wtd
Index for Year of Program (Base Yr n)].




{
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For example, a then-year dollar protile for o new proyram
requiting %10C million per year in Base Year 82 dollars would be
computed as follows:

FY |BASE YR 82 ANT]

1982
1983
1984
1985
1986
1947

1988

Amounts may vary from one year te the next, but the same formula
The important point to ramember 1S to make
sure your dollars are all in the same base year. 7The following

table might be constructed for & program with different. levels ot
efiort or program in each year {again all dollars are in the sam2

would still be usead.

$100
$1u0
$100
$100
$100
$100

$100

base yuvat).

FY [BASE YR

1986
1947

1988

$ 50
S 80
$100
$260
$150
$ 70
$ 10

3. Reviging

MIL
MI1L
MIL
M1lL
MIL
MIL

MIL

62 AMT]

MIL

MIL

MIL

MIL

MIL

MIL

MIT.

{WTD INDEX BASE YR 82] = THEN YR AMT

1.108
1.174
1.235
1.294
1.353
1.414

1.477

$110.8 MIL
3117.4 MIL
L3123/5 MIL
$129.4 MIL
$135.3 MIL
$1.414 MIL

$1.47.7 MIL

[WFLD INDEX BASE YR 82] = TAEN YR AMT

1.108

1.477

$ 95.4 MIL
$ 93.9 MIL
$123.5 MIL
$296.8 MIL
203,0 MIL
99,0 MIL

14.6 MIL

4 Then-Year Dollar Profile for Program Changes.

Programs may

guantities changed, etc.).

be changed during POM reviews (slipped a year,

year dollars, convert back to base year
your necessary program adjustments, and
indices for the base year in which your
The tormula for converting back to hase
as tollows:

If your program is priced 1n then-

conatant dollars, make
reapply the weijhted
proqram is cxpressed.
year constant Jdollars is




Then-Yr $ (Base Yr n) Por Yr of Change
CONSTANT $§ (Rase Yr n) = Wtd Index (Base Yr n) Por Yr of Change

After calculating your basc year constant dollar amounts a.i
making your program adjustments, simply reapply your weighted
indices for the base year in which your program was expressed to
develop a new then~year dollar protile, For example, supposc a
decision was made to change your program trom four to five years
with a then-year doilar profile and weighted indices in Base Year
42 as tollows:

1981 1982 1983 984 TOTAL

'HEN-YEAR 3 PROFILE (Base Yr 81) 104.8 112,8 120.4 127.5 465.5
AT INDICES (Base Yr 81) 1.048 1.128 1,204 1.275

The constant dollar amounts are calculated by dividing then-year
Jdollar amounts by weighted indices for each year and yields the

following:

1981 1982 1983 1984 TOTAL

CUNSTANT § PRUFILE (Base Yr 81) $100 5100 3100 $100 $400

'nerefore, 1n constant dollars (Base Yr (1), your program will
cost 5400 million. But you have been directed to change your
program to be completed over a five year period with an equal
level of expenditure in each year. In other words, a constant
doliar profile of $80 million per year would be needed and you
would multiply that amount by the weighted index (Bas2 Year 81)
to produce a revised then-ycar Jdellar profile for your program as
follows:

'lo;)

1981 1982 1983 1984 1985 TOTAL
CONSTANT 5 PRUFILE
(Base Yr 81) $80 580 $80 $80 $80 S$4ud
WD INDICES 1.048 1.128 1.2G4 1.275 1.341
(Base Yr b1l)
FHEN-YR $ PROFILE 83,4 $9U.2 $96.3 $5102.0 S$107.2 $479.6

(Base Yr 81)

Your total tnen-year program costs are now $479.6 million vice

the 3465.5 million that was neceded before your program was

-shanged., The difference of $14.1 million is the additional ®
intlation your program erperiences by stretching out the program

an extra year.,




PROBLENS :

| N
APPROVED INELATION INDICES PROGRAM COST ESTIMATES
ESTIMATE A ESTIMATE B
WEIGHTED (CONSTANT) (CONSTANT)
l COMPOUND (RAW)* (COMPQSITE) ** FY1 $ FYJ §
FY 1 1.00 1.05 $20.0M $23.4M
FY 2 1,08 1.14 50.0M “8.86M
FY 3 1.17 1.23 70, 0M 82.0M
FY 4 1.26 1.33 60.0M 70.0M
FY 5 1.36 1.43 10.0M 11.7M

*8 percant per annum inflation
** assumes an outlay/expenditure ration ot .5, .3, .2

; FY FY 2 FY 3 FY 4 FY 5

' BASE YR BUDGEY $20M SROM $7uM $60M $10M

- "0 * u * *® *

-

k WID INDICES 1.05 1.4 1.23 1.33 1.43

! (FY 1 = 1,0000)

h THEN YR BUDGET $21.0M $57.0M  $86.1M  $79.38M $14.3M
Fioblem 2: Using the data abcve, develop both constant FY 1 and
then-y<ar budgets for estimate B.
Problem 2 Solution:

g Step 1: Weighted 1indices must be rebased to FY 3 by dividing

i each FY weighted index by the compound raw index for the change
year (FY 3)

Ly,

103 !




R

- e ew

T
- e

T e - ~»- v R
- T T hamd “

-~
FY 1 weighted 1ndices---FY 3 compound {1.17)
FY 1 FY 2 FY 3 FY 4 FY S5
WEIGHTED
INDICES 1.05 1.14 1.23 1.33 1.43
FY 3 COMP 1.17 1.17 1.17 1.17 1.17
RAW INDEX
WEIGHTED
INBICES
(FY 3=1.00) «9u .97 1.05 1.14 i.22
Step 2: Next, <alculate then year budget using FY 3 weightea
indices, Finally, calculate FY 1 weighted indices.
FY 1 FY 2 FY 3 FY 4 'y 5
FY 3
COUNS'TANT
SUDGET »23.4 $58.8 $82.0 $70.0 $11.7
Fy 3
WETGHTED
IRDEX : .90 .97 1.05 1.14 1,22 e
o
THEN-YR T
BUDGET $21M $57.0M 586.1M $39.8M $14.3M
FY 1
WEIGHTED
INDEX 1.05 1,14 1,23 1,33 1,43
FY 1
CONSTANT
BUDGET $20M S5UM $70UM $60M $10M
Problem 3: Compice your solution to Problem 2 with Estimate A
glven in the Program Cost Estimates section; why are both
Estimate A and Estimate B the same ir FY | constant dollars?
Problem 3 Solution: They are really the SAME estimate!
Proplem 4: Using the historical cost data below, construct a
Ccost ilmpruvement carve worksheot using the Boeilng Construction,
Remenmber, you must first anormalize the cost data to remove the
offects of inflation!
>~

miJ
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LAV LUy LIT WELGHTED COMPOSII'Y

| HO Slab COST(S)  INDEX NUMBER
i g v3L5,176 108.0%
2 25 495,000 110.04%
3 33 453,€18 112.0%
4 50 666,400 i14,0%
b 40 “0 me est'd 115.0%

SOLUTION: Figure 4-1 displays tpe dsta as 1t would appear
if 1t were plotted without normalizing the data and as it should
appear with the data normalized for intlation, Nctice that your
cestimatea cost of lot 5 for 40 units is approximately §475,364
where the data is NOT normalized and approximately $416,354 whero
the data is normalized. The estimated cost difference of $59,110
is significant and points up why you should ALWAYS NOPMALIIE
DOLLARS FIRST BEFORE FORERCASTING COSTS.

he ]

(NOTE: The sum of the normalized deflated cost for lots 1
through 4 is approximately $1,7 million)

{
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CHAPTER V
PROBLENS WITE INTERRUPTIONS IN PRODUCTION SCHEDULES

There are a number of basic assumptions in the model which
describes costas as declining =xponentially accordi:ng to a "cost
improvement curve®, Some of these assumptions are:

1. Constant work force

2. Constant engineering change makeup

3. Unchanged working conditions

4. Uninterrupted production of seguential units

When the production of an end item is interrupted, changes
usually occur in the work force, in supervisory personnel, in the
tooling and quite often in the support areas of working drawings,

| blueprints, shop layout and other important areas,

This chapter will deal with some questions of how to handle
the extra costg of an interruption in the production line,

There are at least three approaches which have been suggested
@e and which are used.

1. Estimate a cost of interruption, add that to the basic
cost and work it out as a major change.

2. Estimate the cost of the first unit produced after the
interruption (X,), find the cost of that unit on the cost

I improvement curve already eatablished (XD), find the units of
retrogression xo = xi - XD, and renumber all subsequent units as
(X-X).
0

3. Proceed as in (2) abcve but use some device to accelerate
ending of the premium, i.e., the first unit after the interrupticon
o has a large premium (corresponding to the cost of unit X_ ) but the
[ subtracted factor (X,) tends to diminish and at some subgequent

unit the work will p?oceed almosgt as though no interruption had
occurred, :

While each of these three technigues has certain weaknesses,
4 one is inclined to sav that any systematic way of treating
interruptions in the production process is superior to having no
way of treating the added costs,

e — oy —

A SINPLE TINE DETERMINED PEEALTY One way to handle the
problem would be to continue the already determined cost
e improvement curve and treat some percent of the difference between
the current position and the cost of unit 1 as a major change. To
illustrate this mcdel, 8.33% per month of

5-1
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interruption will be used. Thi= 8.33% per month has not been
scientifically developed; it simply represents 1/12 of the year.
Hence, if the interruption is a full year, this method says start
over at unit one. To use this model, the anzlyst needs to
identify an appropriate penalty percentage.

The really serious weakness of this approach is determining
an appropriate percentage penalty. Additionally, the basic
philosophy of the model implies that by applying a flat percent of
difference per month, the duration of the interruption, the less
serious a given interval is, Table 5-1 illustrates the model
using a cost improvement curve with an 85% slope and a unit 1 cost
of 1000 labor hours. A 3 menth interruption is costed for five
succeeding lots of 10 units each. The cost premium paid is shown
in terms of perceant of cost on original curve, Note that, if the
interruption occurs after unit 10, the premium is on the order of
14 percent, after 100 units the premium is on the order of 35
percent. The significance of these premiums is best visualized
graphically on arithmetic graph paper (see Figure 5~1). Note that
a very small set back early in the program has a very significant
cost impact and that a fairly large setback later in the program
has a modest cost impact. This is due to the hyperbolic shape of
the curve on the arithmetic graph paper., BRase of calculating the
cost of the interruption is the main advantage of this systen,
acknowledging that this calculation is dependent upon how good the
percentage penalty is and general agreement with the model's basic
philosophy. Use of this model should be restricted to those
instances where little information is available and ROM-type
estimates are acceptable., If refinement in the estimate is
desired, this model should not be used.
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TABLE 5-1

Illustration of Cost of Interruption of Three Months on a Program
with Unit One Cost of 1000 Manhours and an 85 percent Slope.

CHANGE AT 10

W

ORIGINAL ADDITION TOTAL PREMIUM %
5286.21 742.21 6028.42 14.04
4688.138 551.35 5239.73 11.76
4334.50 489.00 4823.50 11.23
4087.95 452.09 4540.04 11.06
h 3901.15 426.37 4327.52 10.95
TOTAL*22298.19 2661,02 24959.21 11.93

*LOTS MAY NOT SUM TO TOTAL BECAUSE OF ROUNDING

’ CHANGE AT 100

ORIGINAL ADDITION TOTAL PREMIUM §
‘0 3354.78 1174,72 4529.50 35.02
3284,24 872.65 4156.89 26.57
3220.87 773,96 3994.83 24.03
3163.46 715,54 3879.80 22.62
3111.06 674.84 3785.90 21.69
TOTAL*16134.42 4211.,70 20346.12 26.10

*LOTS MAY NOT SUM TO TOTAL BECAUSEE OF ROUNDING

Costs are shown as they would occur if no interruption took
place, the ccst added by the interruption for each of five 10 unit
lots and for a total of 50 units made after the interruption.

CALCULATING COST OF INTERRUPTION BY RETROGRADE METHOD

In principle this is a simple way of calculating the cost of
an interruption., The technique is to estimate the cost of the
first unit in the new lot, find that cost on the cost improvement
curve established for the porduction run before the interruption.
Then simply continue down the same curve r :numbering all units. A

simple example will show how to do it.

/as
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A firm has cxperience making an ond item, They have
produced 200 vpits, with a unit one cost 1000 labor hours and an
85+ slope on the cost improvement curve., An interruntion occurs.
It is ostimated the cost of unit 201 will be 208 l1at.or hours.
ttnit 151 on the firm's cost inptovement curve costs 104 labor
houtrs, 261 = 151 = 59, hence (or the production aftor the
interruption all calculations will be based cn actual unit numbo:
less 50 units. We can estimate the cost of unit 250 to be:

b - b
1000( ¥x ) = 10000 3 X, )

250-50
or, from the tables, 1000(.288728) = 289 labor hours. The total
cost of units 201 - 300 will be:

1000( T x° )

b

300-50 = L% 200-50
b

250 ~ LX qs0) =

1000(88.832736 - 59.383900) =

1000( T xP

1000(28.949836) = 28950 labor hours.

I1f there had been no interuption, the cost of units 201 to
390 would have been 27,440 labor hours. The interruption added
1,510 labor hours or about 6% to the cost. Figure 5~2 is & graph
of this case, Obviously the "true” cost line is approaching the
base line, the effect of the interruption is disappearing and the
cost premium will be less than two percent at unit 618.

if we had been treating interruptions as a changc and if we
had estimated the extra cost due to the interruption to be 20
labor hours, we would have figured the cost of units 201-300 as:

b b b
10000 L X%, 0 =TxP 000+ 200 Lx°, 00 = we
27442 + B75 = 28318

Thus, treating the interruption as a change gives a cost due to
interruption as 875 labor hours and retrogressing 50 units on the
cost improvement curve gives a cost Gue to the interruption of
1510, How you culculate the cost of an interruption does make a
difference. -

The major problem with the retrogression method is how to
estimate the number of units to retrogress on the cost
improvement curve. Cochran (Reference 2) says therc are a number
of relevant points to consider - time period involved, loss of
crew and loss of skill of the remaining crew members and@ how many
units had been produced before the interruption. According to
Cochran, judgments rcgarding the severity and importance of each
of these is a matter of experience with the particular firm
involved.

Anderlohr (Reference 1), takes a more guantitative approach,
Andcrlohr weighs five factors in estimating the loss of learning.
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Anderlohr's factors are:

1. Production line labor (numbers and skill)

2. Supervisory Personnel (numbers and skills)

i, Continuity ol Production (the production line iiself)
4. Methods (drawings and operation orders for shop work)
S. Special tooling (physical condition ot the tools)

Anderlohr also leans heavily on experience with the company.
He suggests equal weights for each of these factors bhut, once
experience has been gained different weights might be employed.

According to Anderlohr, one can check company personnel
records as to numbers of production line people who have
experience on the line, Plans for restarting the line jindicate
who will be on that line and personnel records will show whether

or not they were previously on the line,

Once numbers are known. the analyst must make an estimate as
to how much skill (manual dexterity, experience in placing
equipment and material, etc.) has been lost, The latter, i.e.,
loss of skill is & rather hazy area. Again, the analyst's
experience with the company and cost improvement curves will make
a difference, The more times a job has been done, the greater
the retention {(you nevei forget how to ride a bicycle assuming
you were once a skilled rider) so, if the interruption occurs
after many units have been produced, less skill will be lost than
if only a few units had been produced before the interruption,

-

Supervisory personnel calculations are the same as production
line labor calculations. The firm will make wore effort to hold
cupervisory people than it does to hold production line labor
but, there may be spillovers here. 1f supervisory personnel are
otherwise employed when the line restarts then there will be a
cost associated with pulling them off their current task to
supervise the restarting line. Again, company personnel records
will be used to calculate the percent of supervisory personnel
who have previous experience with this 1line,

Supervisory personnel lose their skill also (how did 1 work
with Joe? - How did we solve that problem?) and an allowance must
be made tor this.

Continuity of production tefers to the physical condition of
the line, i1ight, parts bin, work stations, tool bins, etc.
According to Anderlohr, interruption in the continuity of the
production process accounts for the greatest loss of learning.

Methods refers to machine operations, orders, and drawings,
Loss of learning will be small in this area. The methods sheets,
drawings and prints are generally kept on file and their

/13




reproduction for reissuc has a negligible cost.

Special tooling is a physical arca, Are the tools available?
Has breakayge, age or wear mmade the special tool useless? It
could well be that restarting the line will call for a change
{rom "soft"™ to "hard" toeling or possibly reacquisitions of
"soft" tools. These costs should be considered by the analyst.

Let us work through an example using Anderlohrs method.
Again, assume 200 units have been produced on an 85% cost
improvement curve, unit one cost 1000 labor hours. Assume a six
months interruption, then tind the cost 2f a one-hundred unit
lot, units 201-300,




Example: Ander Labor Model

The weights are: Production......ceeececeessad08
Supervisory Personnel.......20%
Continuity of Production....20%
MethodS.. . cevsnssnnanseoves 208
Special Tooling.ceeevscoces 208

FOR LABOR:
Fer Personnel Remaining.....55%
For Skill Remaining....e¢....50%
Calculation of retained weight:

.20%.55%.50

FOR SUPERVISORY PERSONNEL:
Personnel remaining.....eeece...60%
Skill remaining..:.cs0c0c0cesces.75%
Calculation of retained weight:
.20%,60*.75

FOR CONTINUITY OF PRODUCTION:
After six months the line is gone,
retained 0

Calculation of retained weight:
.20%0

FOR METHODS:
Methods sheets available 90%
Calculation of retained methods:
.20%,90

FOR TOOLING:
92% of the tooling is available

Calculation of the retained tooling
.20*.92

TOTALS

FIGURE 5-2

WEIGHT WEIGHT
RETAINED LOST
.090 .110
.000 .200
oi8 .02
WRIGHT WEIGHT .
RETA [NED LOST 2
.184 .016
.509 491
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It is estimated 49.1% of the learning is lost.

Unit 1 cost 1000
Unit 200 cost 289
Learning Achieved 711

Estimated cost of unit 201:
288,39 + 49,18 of 711 =
288.39 + .491 * 711 = 288,39 + 349.1C = 637.49

If one examines the tables (or uses a computer) one finds the
cost 637.49 associated with unit 6,82, Theoretically one should
then retrogress to unit 6.82 and estimate cost from that point.
The total cost of units 201 to 300 will then be 41,143 labor
hours. In practice it is probably just as well to use the
nearest whole unit. In this case, go back to unit 7, so
retrogress 194 units, and wmake each set of calculations from the
sequential unit less 194 units. Using this method one finds the
cost of units 201 to 300 as:

1000{ X

z 1000 xP.oo - xb)

b D o
300-1947 A 200-194) © 100

and gets 41,086 as the total hours for units 20! to 300, the

‘difference is only 57 labor hours.

Without the interruption units 201 to 300 would have cost
27,442 hours so the cost of the interruption is 13,644 labor
houvs. 8Six months is a serious interruption., The cost premium
due to an interruption that causes a 194-unit retrogression will
not become trivial (less than 2%) until about unit 2532.

It is not really reasonable to assume each of the five
factors suggested by Anderlchr are equal. When one gains
experience with a company, more reasonable weights can be
assigned. Furthermore, experience with a given company will give
ingights intc size of losses. Table 5-3, taken from Anderlohr's
paper gives the weights and losses actually negotiated in one
case, Table 5-3 is meant only as a guide, your experience will
indicate how it should be refined.

The effect of going back (retrogressing) so many units will
eventually "wearout®, The new costs will form a curve asymptotic
to the original cost improvement curve. The affects of an
interruption will depend upon the severity cf the interruptiaon,
how many units one had to yo back and the slope of the cost
improvement curve, The stecper the slope of the curve, the more
severe the interruption,
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Table 5-4 shows the factors needed to calculate the point of
indifference. The point of indifference is defined as the (X_,
YR) set of coordinates on the cost improvement curve at which the
Y, value is less than some specified percent of the value of Y at
(Q,Y). X, is X minus the number of units of retrogression and X
is the seq&ential number without regard for the interruption. YR
is the value at unit X_. Y is the value from the original cost
improvement curve, Fo? a given curve, the X, value depends on
the urits of retrogression and the exponent gf the curve, At
indifference, if xo is the number of units of retrogression,

A(x-X4)P
<r

Ax)P

where r is some specified percent expressed as a ratio. The
error from such calculations will always be less than the
specified premium.

A simplc example will illustrate the use of ‘Table 5-4.
Asgume 300 units have been produced on an 80% cost improvement
curve, the unit 1 value is 1000 hours and an interruption occurs.
It is estimated the cos. of unit 301 will be 181.36 hours. This
is the cost of unit 201 so X, = 100, there will be a one hundred
unit retrogression. If one gecides a 2% premium is small enough
te innore, the noint of indifference will be 16,762 (from Table
5-4) times 100 or 1673 (we always round up to next unit, this
makes calculation so much easier) so we must continue to take the
retrogression into account until unit 1673.

If a 5% premium had been the amount we chnse to ignore, then
we would have used the factor for an 80% curve and 105% or 7.111
and 7.111 times 100 or unit 712 would have been the point of
indifference.

If we needed more accuracy and decided to use a 1% premium as
the point of indifference, then unit 3286 (32.857 times 100)
would have been the unit after which we ignore the retrogression.

For slopes betwcen those given in Table 5-4, linear
interpolaticn is close enough, slightly greater accuracy can be
obtained by interpolating based on the exponent of the cost
improvement curve, but the differences are not worth the extra
troubles unless the retrogression is many units more than one is
apt to encounter except, perhaps, in the case of small missiles
where buys of several thousand are not uncommon. For those who
have forgotten how to interpolate, there is a brief review in
Appendix G.

SUMMARY OF GOING BACK TO UNIT X-NO If we kncw the slope and
can calculate a value expected for the first unit after the
interruption, this method is one way to handle the cost of an
interrupt ton,
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FARCTORS Ok DIDIFFERRICE (R
X VALUE AT WHICH OIIT (X — MO) IS LEEG THAN SPECIFIND PERCENT CFf ONIT X

W IS MMBER OF UNITS OF REIROGRIESION CNSED BY
INTRNALIPTTON OF PRODUCTION

X VALE IS FACTOR MULTIPLIED BY MO

SLOPE SPECIFIED PERCENT SLOPE SPECIFISD PERCENT
peT) . L) 192 185 (PCT) 191 182 195
60 74.566 37.718 15.611 86 32.857 16.762 7.111
61 72.169 36.514 15.122 81 31,856 15.858 6.745
62 69,812 35.33¢@ 14.642 82 29,277 14.964 6.383
63 67.492 34.164 14.169 83 27.519 14.881 6.825
64 65.289 33,817 13,703 84 25.783 13.289 5.672
65 62.951 31.887 13.245 85 24.068 12.348 5.323
66 60,747 368.775 12.794 86 22,372 11.496 4.979
67 58,567 29.684 12.343 87 28.696 1#.654 4.639
68 56,419 28,6088 11,912 88 19.048 9.823 4.302
69 54,302 27.537 11.484 89 17.482 9.960 3.970
76 52.216 26.489 11.055 9@ 15.782 8.187 3,643
71 58.160 25.456 18.636 91 14.181 7.384 3.319
72 48.132 24.437 10.223 92 12,597 6.585 3.000
73 46,132 23.432 9,815 93 11.638 5.803 2.685
74 44,168 22.441 9.413 94 9.481 5.827 2,375
75 42.213 21,463 9.917 95 7.949 4.260 2,872
76 49,293 26.498 8.626 96 6.433 3.583 1,776
77 38.398 19.546 8.248 97 4.936 2.757 1,492
78 36,527 18.686 7.859 98 3.458 2.029 1,231
79 34.680 17.679 7.483 99 2.014 1.343 1,036
1
Lt
TABLY, 5-4
!
|
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The problem of determining the number of unite of
retrcgression is the really serious problem and only experience
with the company or plant involved will be of much help with this
basic part of the problenm.

This particular methnd is probatly a bit conservative, it may
overstate the cost of an interruption,

ACCELERATED RECOVERY FROM AN INTERRUPTION It is quite likely
the above method of retrogression 1s wrong. The firm is
reexperiencing, not expericencing, they are going down a cost
improvement curve they have bcen over before and should be better
equipped to solve the problems the second time around so some
method of accelerating recovery from an interruption may he
useful. The academic problem posed is easy to solve but the
particulars of the solution will depend upon the firm invoived.

Cochran suggests an acceleration.

Let X, be the units of retrogression - as determined by
Anderlohrg method for instance - then the X coordinate can be
determined: ]

where:

D is any positive number greater than 1 but
usually 20 or more.

The walue of each unit, X, will then be:

b
Y = A | X- D Xo
D+ X - X1

where;
Y is the cost of unit X
A is the cost cf unit 1

b is *he exponent of the cost improvement curve

Tne larger D, the slower the recovery from the interruption.
The specific value of D depends upon experience and it may be
larger if the interruption occurs after only a few units. Therc
is no substitute for experience with a firm®s behavior when the
an~iyst is working on the cost of interruption,
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The accelerated recovery approach is the wmost aitficult of
the three we have discussed but it is probably the most accurate
description of what happens on a production line. There &re four
problem areas encountered in using this approach:

1. Determining the units of retrogression when the line is
restarted,

2, Determining the value of D
3. Determining the point of indifference
4. Calculation of the total cost of the lot

The first two are a matter of experience with the firm,
knowing how serious interruptions affect that firm and how fast
they recover, The third is a simple matter of arithmetic.
Calculating the cost of the lot is also a matter of arithmetic
but a computer is a very useful instrument for doing this kind of
arithmetic.

Assume your experience is adequate and you have determined xo
in the usval manner, i.e., you have estimated the cost of unit Xj
; followed the cost improvement curve back to the X for that cost
and substracted, giving the units fo retrogression. also, assune
your experience with the firm gives you & good estimate of D.
Then the point of indifference is the positive root of a
quadratic equation and will be:

/ 2 I
[(Xy = D) +V(Xq = D) 4+ 4(xq5)(D)(F)]
1 v 9 = Point of
Indifference

where;

X, first unit made when restarting the line (i.e., one more
than the last unit made before the interruption)

D 1is the D used in the accelcration formula

the number of units of retrogression

:
o

F the factor for the appropriate curve with the desired
indifference level from Table 5-3,

An example:

Assume a firm has made 200 units when production is
interrupted, with a cost improvement curve slope of 78%, The
analyst estimates a retrogression of 50 units. From experience
the analyst knows D is 60. Then the unit where the cost premium
due to the interruption is less than 2% is:

1




%

Xy =) + Vixy ~ 012+ 43X ) (F)

— = Point of
Indifference

2
where:

x1 = 201 (from the problem)

= 60 (from experience with the firm)

D
Xy= 50 (the calculated retrogression)

F = 26.489 (from Table §, 70% slope, 2% level of
indifference

(205 - 60) + /(201-60)2 + 4(50)(60)(26.489)

= PI
2
141 + \/(141)2 + 12000(26.489)
= PI
2
141 + \V 19881 + 317868 = 141 + /337749
=PI
2 2
141 + 581.16 = 722.16
= 361,08

2

2

Unit = 362

We round up to the next unit; it is more convenient and a
trifle conservative,

The effects of the interruption will be less than a 2%
premium at unit 362. Without the accelerated recovery we would
have estimated the effects to last until unit (50%26,489) or unit
1325.

If your calculation results in a number less than X, this
means the interruption will not affect the costs enough to bother
with, (premium will be less than the specified percent for
indifference).
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TOTAL COST OF A LOT UNDER ACCELERATED RECOVERY
From the formula: b
o]

Yy = A x-( D
X=X
It is obvious that calculation of lot costs can be a problem.
Each unit cost is affected by X, X;, Xg and D.

Four calculations based on the previous example were
calculated for lot values, assuming a unit one cost of 1000 labor
hours:

Cost of a lot of 100 units 201 - 300
Cost. of a lot of 62 units 301 - 362
Cost of a lot of 162 units 201 - 362
Cost of a lot of 300 units 201 - 500

The lot of 100 cost 6292 labor hkours.

Without accelerated recovery we would have calculated cost of
this lot as:

b b
1000( Xxb3bo,_ oo - X2P00-500) = 1000 XxP2g0~ xPysg)
1000(28.56378440 - 21.97224700) = 6592 labor hours.

of this lot as 5860 labor hours.

The cost of the lot of 62 units is 3214 labor hours.
The cost of the lot of 162 units is 9506 labor hours.

This is the same as the sum of the first two lots which is as
it is supposed to be,

1f we stopped at the point of inditference and went back to
the normal curve we would have calculated the cost of the 300
unit lot as:

DEeENnc 4 Wal
5506 + 61Q02 =

Using the accelerated recovery program, the cost of the lot
of 300, units 201 - 500, was 15689, a difference of only 81 labor
hours. This says that once we use accelerated recovery we might
as well finish that lot but after the point of indifference we
might as well use standard programs or the tables.

SUMMARY OF ACCELERATED RECOVERY This is the most difficult
of the three methods. You have the problem of estimating units
of retrogression, then, from experience with the company you must
have a qocd feel for D. Even with these two solved there is no
reasonable way to construct tables for standardized estimates,
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The total cost of a lot shoula be calculated with a computer. It
could be done by estimating the cost of several units in the lot
and getting an idea of a "typical®™ value but that is rather
sloppy.

Remember, you are not playing a game of fit the curve, you
are trying for an accurate description of a production process
that has been interrupted - it is not easy. But, even rather
unprecise methods, used systematically, should give better
results than trying to ignore the cost of an intercruption.

Bibliography:

Selected Production Rate Change Models

The quest for a viable model to estimate the effects of rate
change on cost is challenging. The models discussed above, while
useful, have serious weaknesses--primarily because key variables
depending upon estimator judgment. To dite, no generic rate
change model has beer endorsed by the estimating cummunity;
however, much interest and study is on-going to develop such a
model. Listed below are some of the more noteworthy and/or
currently popular models. The list is provided for those
analysts who desire more information on rate change models,
While this list is by nc means exhaustive, it should provide the
analyst with a good initial exposure to this area of endeavor.
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APPENDIX A
PITTING A LEAST-SQUARES LINE to Y*Axb
Fitting a least squares line to a linear situation iunvolves
finding the constants "a® and "b" for the equation Y = a+bx. To
do this requires solving two simultaneous normal eguations:

Y = Na + b}x
Yx¢ = a¥x + byx?

In finding the least sqguare line for Y = axP, we change this
equation to a linear form by using logarithms (L) =

Log ¥ = Log a + b Log X
and the two simultanecus normal equations become:
Jlog ¥ = N log a + b ) log X
Z(log XX lcog Y) = log aZlog x + b):(log x)2
Let us take an illustration to show how such calculations <Can
give us a greater degrec of accuracy. In the following

demonstration the line of best fit will be established by a
calculation by using the following data set where:

X = the number of the unit produced in sequence, and

Y = value in terms of labor hours needed to produce the
corresponding xth unit.

X Y LX LY
7 660 .845098 2.879344
10 630 1.000000 2.799341
15 480 1.176091 2.68124)
25 440 1.397940 2.643453
40 320 1.602060 2.505150
l auinl
). 6.021189 13.448529

The first of the two anormal eguations would be:

13.448529 = S[Logf{a)] + 6.021189(b)

/2%




However, to sct up the second normal equation additional -
information is necessary:

&%.§§z%§gy .??%?31

2.799341 1.000000

3.153385 1.383190
3.69538Y 1.954236
4.013401 2.566596

16.044136 7.618213

The second normal equation would read:
16.044136 = 6.02,89 [Log(a)] + 7.618213(b)
Setting the two up as simultaneous equations we have:

13.448529 = 5{Log{(a)] + 6.021189(b) (1)
16.044136 = 6.021189[Log(a)] + 7.618233 (2)

By dividing each eguation by its own coefficient of b we have:

2,233534 = .830401{Log{a}) + b (3)
2,106024 = .790368[{Log(a)] + b (4)
By subiracting the second cguaticn from tha first we have: TN
®
.127511 = .04033 [Log(a)l (5) I
Therefore: Log(a) = 3,185147 (6
and: a= 1.532 (7)
By subatituting the Log(a) value in equation {1) we have:
13.448529 = (5)(3.185147) + 6,021189 b o
= 15,92573% + 6.021189 b
-2.477206 = 6.021189 b
b= -,411415
Having calculated our constants,‘a‘® and ‘o', our lineai foimula
1s:
b
Y. = AX
ar
Yo = 1532 x(-. 411419
ot
LogY . = Leg(a) + blLogx))
(S0
LogY. = 5.185147 + (-.411415)Log(X) (8)
A=)
/137
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we know that when X = 1, ¥ = a or Y = 1,532, This, then becomes
our first plot point on the log-log graph scale. To obtain a
straight line, it would be necessary to get only one more plot
point which, when connected with the first, would represent the
straight line of best fit. A convenient calculating point would
be when X = 100, Therefore, when X = 100, what is the value of
Y? To obtain the answer we must return to our predicting formula
(8):

LogY_. = 3.145147 + (-.411415)Log(X)
and subsgtituting the log of 100 for Log(X) we have:

Log¥ . = 3.185147 + (-.411415)2
= 3,185147 - .822830
LogY,. = 2.362317
Therefore:
Y = 230.3

This, then, is the Y value when X = 100. Plot this point and
connect with the first plot point. The result should be a best
fit straight line by least-squares calculation.

When a "b"™ value has been calculated as above, it is simple
to compute the slope by formula - thus obtaining a more accurate
sl.pe calculation, The formula is as follows:

Log(R) = b * Log{(2)
where Log(R) is the loy of the ratio of the slope or the slope of

the cost improvement curve in percent (8). Using the {igures
from the above example, our formula would read:

Log(R) = (-.41415)(.301030)
= -, 124672
R = ,7505 or 75% Slope
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APPENDIX B

PART 1. STATISTICAL MEASURES OF COS'T IMPROVEMENT CURVE
REGRESSION AND CORRERLATION

The Requirement for Measurement of Cost improvesent Curve
Regressions

Both the unit and cumulative avesrage cuvves can be regressed
as a straight line to fit production data, A choice between use
o the cumulative average or unit curve can usnally be made by:
1) Consideration of the production cempany's historical tendency
to follow either of the curves; or 2) By visual examination of
the scatter diagrams of the unit and cumulative average lot
points in the initial production states (one of the scatters
should follcw a curved line). Where the initial contract lot
sizes are large (thereby making visual determination of curvature
in the initial unit or cumulative average values difficult) and
the tendency of the company's data to follow one type of curve is
not clearly established, some mathematical measurement of the fit
of both curves to the data is useful in order to make a
determination of which curve to use,.

hWiueie a unit or cumulative average line hae already heen
fitted to data, statistical technigues may be used to measure the
"goodiess of fit". 1In this case, statistical measures are used
to determine the degree of correlation between the data and the
line and to give an indication of the reliability of values

obtained by extrapolating the line beyond the range of the data.

A third use of statistical measures is to determine the
relationgships between different independent variables (e.g.,
airframe weight, design speed, engine weight) and dependent
variables (e.g., airframe cost components). Use of these
measures is particularly important in multiple regression, where
it is necessary to identify the independent variables which
account for most of the variation in the cost component being
estimated,

Statistical measures most frequently cited in airframe
literature are standard error of estimate, the coetficient of
determination, and the coefficient ¢f correlation. The two
coefficients, correlation and determination, are measures of
correlation and differ primarily in the degree of correlation
they express, The standard error of estimate is a measure of the
"goodness of fit" between the data and the regressed line.

The Standard Error of Estimates

Definition. The standard error oL estimate (s, [O~ simple
resd1ion, Sy for multiple regression) measurgs the deviation of




the acatter points about the line of regression within the range
of the data. It is a measure of the variation between computed
values of the dependent variable and observed values. s js
expressed in the same units as the dependent variable. or a
perfect fit (i.e., every plot point falling exactly on the

regressed line), Sy would be 0; there is no upper limit for Sy*

Data Assumptions to give 8  yMathematical Significance.

In order to have mathematical certainty that the computed
value of 8  ,-tyally represents the deviation of the observed
values abodt the regression line, certain assumptions about the
data (observed values) must be mage: 1) The true relationship
between Y and X is linear; 2) The mean of alil possible Y values
for any given X lies on the regressjon line:; 3) The variances of
the Y values are constant for any given X; and 4) The
distribution of Y values about a given X is normal.

Computation of s,. s, Was previously defined as a measure of the
m&ﬁ utedyvalues of ¥ (Y ) from observed values of
Y (¥s). In order to measure chis deSiation, it is necegsary to
compgte Y values for each X at which an observed value of Y
occurs., Since the difference between Yo and Y, May be positive
or negative, the differences are squares in order to prevent one
difference from offsetting anoviiner when the differances are
summed, The sguared differences are summed and divided by the
number of observations (n) in order to get the average
difference; the square root is then taken so that ths deviation
is expressed in linexr units.2 The equation for sy is:

(Yo = Yo)

where the values of Y are expressed in logarithms, the equation
hecomes:
2-]1/2
(log Yo = log Yo) J
S =

y — (Eq. B-la)

$, is biased downward (appears to be smaller than it actually is)
£dr small numbers cf observations; therefore, a correction factor

15 applied to adjust for small sample sjzes:
/2

5, (true) = s, (blased)
Y Y N-2
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or,
L1/ 2
‘—..(!C - YQ)A
sy (true) = L (Eq- B-2)
T N-¢ T
or leogarithmically,
2 1/2
Z(IOg Yo = loy Yo)
Sy = (8g. B-2a)
N=2

As an example of the use of these equations, s/ ;g computed for
the values of Y are shown in Table B-1: Y

TABLE B-1
OBSERVED AND ACTUAL VALUES OF Y FOR Y = 22.865 x -44957

z log ¥, 1og Yc

1.68 1.25527 1.25789

7.59 0.95424 0.96345

22.43 0.77815 0.75189

47.40 0.60206 0.60580

86.75 0.47712 0.48779

The Y. values are computed in the standard manner. As an
exampYe:

For X = 1,68 with ¥ = 22.865 x—-44957

loch*lOgA+Blng

LV

=0

0
wn

7140,225231}

a
-

1

. .

-
(4
"]
»
O
]
-
u
(%]
u.
-
o
<+
-

(=

[ ¥

log Yo * 1.35918 - (0.1 9) = 1,25789

The other Y. values are computed in the same mannesr. To compute

(biased) “using Eq. B-1la:

Sy
Y Xc ¥o - ¥c g - ¥0)
1.25527 1,25789 0.00262 0.000007
0.95424 0.96345 -0.00921 0.900085
0.77815 0.75189 0.02626 0.000%89
0.60206 0.60580 0.00374 0.000014
0.47712 0.48779 -0.01067 0.000114

0.000910
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EZYO - Y¢)2 = 0.000910
g

=0,000182

(sy)? = 0.000182 g, > 0.01349

Note that s, s expressed as logarithmic labor hours per pound of
airframe. By finding the antilogarithm of each value of Yo and
using the arithmetic values of Y, (i.e., Y = 18.0, 9,0, etc.),
the arithmetic standard error of estimate (s,') can be computed.
This was done using Eq. B-1 and following th¥ above procedures;
s, ' expresses the deviation of observed Y values about the
chrvilinear (or arithmetic) regregssion line Y = 22,865 X~.44957,
whereaaé S¥ expresses the Jdeviation about the log-log straight

i ince

line. S, measures the logarithmic deviation about the

logarithmic st¥aight line, it is the proportional deviation of
the arithmetic regression line (just as the logarithmic straight
line shows the proportional decrease in Y for proportional
increases in X). 8 jis roughly equivalent to s,' expressed as a

groportion of the méan value of Y. As stated edrlier, sy 18
iased downward for small sample sizes. In order to adjgst S

for the number of observed Y values, from Eq. B-2a:

F., 11?2

N
Sy (unbiased) = Syljﬁji__J

1/2
5
sy (unbiased = sy = sy (1.29%)

o4

gy (unbiased) = (.01349){1.291) = 0,01742

Uses of the Standard Rrror of Estimate. The standard errot

of estimate is used in much the same manner as the standard
deviation. If all of the assumptions previously cited are met,
5, Can be used to measure the probability of occurrence of Y
vdlues for any X value within the range of the data. From
elementary statistics, there is a probability cf 68.3% that the
true value of Y will fall within the range defined by the

computed value of Y plus or minus s,; 95.5% for plus or minus 2

(sy), and 99.7% for glus or minus 37 (s,). As ar example (if it
isTassumed that the data used in the eXample in Table B-1 meets
all the necessary assumptions), to estimate Y for X = 50 with a

confidence 1n the estimate of 95.5% (using the unbiased sy

13-3
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~— Y (true) = v (computed -t 2 "sy)
1(‘19 Y ttruc) = 1oy YC -1 2 (.U]I“Z)
but,
log Y. = Loy 22.805 - (.44us/)(loyg 30) -' 2 (.01742)

log Yc = 0.54537 =% .03484 = 0.6302) & 0.50453
antilog 0,83021 = 4.268 and antiloy 0.56453 = 3,669

Therefore it can be stated that for X = S50, there is a 95.5%
probability that ¥ will lie betwecn 3.67 and 4.27. This same
technigue could be used to predict the probability limits for Y
values for any X between 1.68 and 86,75 (the range of the data).
By finding the 95.5% "probability range® for a few values of Y,
plotting the outer extremes of the ranges, and connecting the
plot points with straight lines, a 95.5% "confidence interval”
could be graphed, These lines, generally parallel to the Y = Axi
line and 2 ) units above and below it, would indicate the
range 1n wh1cx the true Y value would fall 95.5% of the time.

. then, is used to determine the recaliability of est;mated
glpendent variable values within the range of the data. also
gives an indication of the closeness of fit of the regressxd ine
to the data, A small s, jpn proportion to the mean value of all
observed Y¥'s indicates fhat the scatter points are closely
grouped about the regressed line. The :nean (or average) of tLhe

a'f." arithmetic Y values was computed to be 8.0 /N) and sy' was
~— computed to be 0.190 (biased). Therefore, the grxthmetxc
standard error of estimate indicates that the average deviation
of the observed data from the regressed line is 0,190/8.0 (100)
or 2.24%; an excellent fit.

I The Coefficient of Determination

Definition. The coetficient of determination (r? for simple or
Iinear relationships and R2 for multivariate relationships)
measures the proportion of variance in the dependent variable (Y)
that is explained by the variance of the 1ndependent variable
g (X). Mathematically, r¢ is the ratio obtained by dividing the
explained variation of Y values from the mean of ¥ (caused by
conformance to the reyression line) by the total variation of tho
Y values from the mean of Y. r2, then, is the ratio of the
explained variation of Y divided by the total variation of Y. As
opposed to 8 wh1c9 is an absolute measure (being expressed in L2 '
L the units ofYY), is a relative variable and has no units.
ranges in value from 0 to +1, with a value of 1 showing that all
the variation in Y is explained by X and a value of 0 indicating
that X explains nnne of the variation in Y.

Data Assumptions to Give rZ Mathematical Significance. For r? to
glve an accurute mathematical measure of the correlation between

X and Y, certain assumptions about the properties of both X and Y
values must be made; 1) The Y values for each X value are

(

"
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normally distributed about the re¢ygression line with a constant
variance; 2) X may be expressed as a linear function of Y (i.e.,
X + P + QY); ana 3) The X values for each Y are normally
digtributed about the regression line X = P + QY with a constant
variance,

Computation of r4. It was stated that r¢ is the ratio of the
explained variation of ¥ divided by the total variation of Y.
lhe explained variation of Y is the summation of the squares of
the differences between the computed Y's (Yg’_a"d the mean of Y
Yy, Yo - Yy)*. The total variation in is the summation of
tne gguares ot §hu dn(ferﬁnCws between Lhe observed Y's (Yo) and

Lt mean ot Y, -fyo - Yy)“- Therefore:
2
- )
2 = Z(YC YM
Z(vo - YM)Y (Eq. B-3)

Equation B-3 can be converted to a more usable form
algebraically; however, the conversion is toc lengthy for
presentation here. An cquation is given for r2 for a straight
line (Y = A + BX) that is adaptable for calculator operations;
other equations for r? with ditferent terms are frequently seen.

2 = I_aZY + b )XY - nY2_! (Eq. B-4)
P l
- |
XXZ - ny<? J
tor ¥ = AXB or lug ¥ ¥ loyg A + 13 log X
£ = [dog(a) €Y Logy) risd Y 1ogXTogY)-n(Togv) 2 (Eq. B-4a)
(§f loyy2) - n(logY)?

)
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By telerring to the rogresnston oexanple given bol ow, Eg. B=4a can
~— be computed:

'REGRESSION EXAHPLE

x Y logx  (log x)? lg ¥  (log ¥)2  logk logy
1.4 18.0 0.14613 0.02135 1.25527 1.57570 0.18343
8.0 9.0 0.9030y 0.81557 0.95424 0.91057 0.8617¢6
23.0 6.0 1.36173 1.85431 0.77815 0.60552 1.0%963
48.0 4.0 1.68124 2.82657 0.60200 U.36248 1.0
88.0 3.0 L9448 3.78100 047712 O.aled 0.92073
168.4 43 6.03667 Y.29880 4.06684 3.6819 4.04479

X~33.68 Y=8 n=5 logyY = ,813368
To compute r4, a and b from the least squares best fit line must
be determined. To calculate these variables, the followiug
egquations may be used:

be_ Eq B- 4b b = n{ 2 loyXlog¥) - (¥ logX}( ¥ logy)

n z(log)()2 - (ZJ.og)()2

b= 5(4,.04479) - (6.03667)(4.06004)

5{9.29880) - (6.03667)%

= n
- .{.u.22395 -

(V]
>
¥yl

S

o

1

cr

46,49400 ~ 36,44139

b = -4,32622]

10.05261
b = -~0,4303595

Eq B - 4¢ log a = zlogY-B Zlogx

n




using Eg

r2

2

<

log

log

log

log

w
]

Thus, the least sguares best fit equation for the regression
example is:

YC=21

&
]

[+
L]

9
]

]
[ ]

4.06084-(-0.43036)(6.03667) -

5

4.06684-(-2,59794)

5

6.66478

1.3329572

21,525634

.525694X - .4303595

- 4a to compute rl; \

(1.3329572)(4.06684)+(-0.4303595)(4.04479)-5(.813368)2

3.68191~5(.8133683)2

5.4209237+4(-1.7407138)-5(,6615675)

3

5.4209237

.68191-5(.6615675)

-1.7407138-3,3078375

TS TTTUYTE8191-3.73078375

0.3723724

0.374072

L39915:52

Yy.52¢
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Aus with s | r{ 15 bilased by beiny computed (rom a4 small number of
thPrvatans. A mathematical formula tor adjusting r< for small
sample sizes is:

t¢ (unbiased) 1 = {1 - r¢ (piased)]) N-1

N~-<¢
or,
r2 (unbiased) = r2 i{biased) [N-1}| - 1 (Eg. b-5)
N-2 N-2
from the sample,
r2 = (.9956) (5-1)] - 1
T5-27) 5=2)
r2 = (.9956) |4|- 1 =
2 1 3 .9941

Use of r2. r? was defined as measuring the proportion of the
variation in Y explained by the variation in X, This astatement
is best demonstrated by use of the example presented above. If
the Regression Example data used to compute r2 could be agsumed
to meet the requirements previously cited, the computed ré of
0.¢941 i1ndicates that, within the range of the data, 99.41% of
the variation in unit dirsct labor hours per pound of airframe is
explained by the variation in cumulative numbers of units
produced. This, obviously, is a very high figure &nd must be
viewed with caution begause of the astringency of the assumptions
necessary to compute r< with mathematical certainty.
Nevertheless, where the basic data does meet the statistical
requirements, r< gives a mathematical measure of the degree of
the relationship between the dependent and the independent
variables, within the range of the data.

The Coefficient of Correlation

The coefficient of correlation {r for simple or linear
relationships and R for multivariate relationships) measures the
strength and the direction of the relationship between the
dependent variable (Y) and the indepeadent variable (X). The
sign of r indicates the direction of the relationship. 1If r is
positive, there is a direct relationship. 1If r is negative,
there 1% an inverse relationship. r takes the same sigp as the
slope; if b is positive, r takes the positive root of rf and if b
is negative, r takes the negative root of r2. The coefficient of
correlation is the square root of cecefficient of
determination or, logically, r -'Véaf Note that since r2 varies
between 0 and +1, r varies between -1 and +1, r values of +1
indicate perfect correlation; 0, no correlation bgtween
variables. Inasmuch as r is the square root of r#%, the same
assumptions are necessary for the coefficient of correlation as
for the coefficient of determination, If these conditions can be
assumed to have been met in the Regression Example data, from the
preceding example:

'




ré< = 0.9941
r =/0.5947 = -.9970

This means that there is an inverse or negative relationship e |
between the dependent and independent variables as indicated by ‘
the negative sign of Db,

When discussing the relationship between X and Y in terms of
variation, r¢ is commonly used (since it represents variation) in
preference to r (the measure ¢of the direction of correlation). .
It can be seen that in the range of r = .70, r? is approximately i
.50. The choice of terms to describe the degree of correlation :
can be confusing and misleading as to the true relationship
between the variables unless the distinction between r and r? is
nade, r does not measure variation in Y as explained by the
regression line, r is only valuable in determining whether the
relationghip is direct or inverse and as an indicator of * .7
strength of the association.

Applications of the Statistical Measures to the Cost Imgcry wint x
Curve e

The Standard Error of Estimate. The standard error cf e:=imare

is a useful measure of the cost improvement curve; howeve:s, th# hﬁ
extent of its ugefulnees is dependent upon recegnition of 1ty 4]
statistical limitations. The nature of the derivation aid TN %
computation of s  restrict mathematical measurement of its S &

application to within the range of the criginating data, There
ic no mathematical basis for using s  to measure the reliability
of eatimates extrapolated beyond the data range. But, since s
does give an absolute measure of the deviation of the data from
the line, it follows that more confidence can be placed in an
estimate based on a regression with a proportionally high s_,
Using that logic, the practice is sometimes made of establi¥hing
"confidence intervals"” about extrapolations of cost improvement
curves. Such a "confidence interval® (better termed prediction
interval) 1s shown in Fiqure B-1 wherein thg Egggg spanned by + 2

_____ . .AA

is shown for the extension of 21,52569 323 from 00
t& X = 500, There is, in fact no mathematical method of
certifying that 95 out of every 100 ¥ values between X = 100 and
X = 500 will tall 1n this range. The range is established based
on the assumptions that: 1) The exact conditions that prevailed
during the production of the first 113 units »nf the Regression
Example will remain unchanged for the production of the next 400
anits; and 2) all future Y values have the same characteristics
that were required for the Y values on which calculation of sy §
was based. he standard error of estimate, then, can be used .
¢sstimate tha reliability of projection of a cost improvement

carve,  When the adjusted s was computed for the unit straight
Iine for the Regression Exa%ple, it was found to be .01742

AN TN

{logarithmic) and ,245 (arithmetic) (all expressed in labor hours ol
per pound). It was also shown that the standard error of )
sstimate was oniy 2.244 of the mean Y valve; there.ore, 1t may be '/a\

concluded toat the cutve tits the data very well and that a high )

-y

]
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degree of confidence wmight be placed 1n extrapolation of the '
curve. (Cavution: The logarithmic transformation ot the data .o
generates a bias in all statistical measures. Thus, the analyst =
should not become overly confident just because the statistics '
look "good".)

The Coefficients of Determination and Correlation. Where X, the
independent variable, is expressed in cumulative production
numbers, the measures of correlation give a mathematical
indication of the degree that Y, the dependent variable is
following the cost improvement theory. For the cumulative
average regression of the Regression Example, r? {adjusted) was ‘
found to be in excess of ,99 as was r2 for the unit curve. The )
unit curve was observed to foliow cost improvement theory

slightly better than the cum average.

It is already historicaily established that both unit and
cumulative average labor coste do follow cost improvement theory
closely and, further, choice of the use of the cum ave or unit
curves is not normally based on statistical mecasures. Therefore,
re is most freguently used to measure the degree cf association
between airframe costs and different independent variables. This
uge is particularly importanv in multivariate regression, where
K2 is used to measure the tendency of airframe costs to vary in
accordance with combinations of airframe characteristics (e.g.,
airframe weight, design_speed, and wing surface area). An
example of the use of R4 in multiple regression is that
determination of the deqree of correlation between engineering
costs and electronics complexity, ratio of installed equipment,
and design spead led to establishment of empirical equations for
computation of points on an engineeriny cost improvement curve .
(previcusly considered not to follow cost improvement theory!).
The detailed techniques for use of the coefficients of
correlation and determination in simple and multiple regressions
are too extensive fcr presentation in this paper. 2 RAND report
by G. H, Fisher offers comprehensive exzmples of the use of thase
statistical measurces. The Advanced Quantitative Methods xand Cost
Analysgis Course (QMT 550) presents and develops the concept of
multivariate regression and the appiication of statistical
measures.

SUMBARY: PARY I

Statistical mzasures may be uged to evaluate the fit of cost 2
improvement curves to production data and the degree of
correlation between the variables in the cost improvement curve.
These measures may indicate the relicbility of curve
extrapolations and prov.de a means of choosing the type <f curve "
to regress through production data, [

The standard error of estimate (s ) was defined as an
absolute measure of the deviation of data trum the regression
line, Exprecssed in the same anits a: the dependent variable, the

B-10 d




>tandard error of estimate has a minimum value of G which
1ndicates a perfect fit hetween the data and the regressed line.
Eqs. B~la and B-2a were presented for computing s, from airframe
?rcduction data. Low values of 3, in proportion Yo the mean of

he dependent variable values indicate that a reasonable degree
of confidence may be placed in extrapolations of the regressed
line.

The coefficients of determination (r2) and correlation (r)
were defined as the measures of the variation and direction,
respectively, ot the dependent variable as cxplained by the
independent variable. Eqgs. B-4 and B-5 were presented for
computation of r¢ and r from production data. The measures of
correlation are primarily used to establish the relationships
between airframe cost components and airframe characteristics.

The statistical measures require stringent assumptions to be
made about the criginating data before mathemgtical certainty can
be expressed in their values., Further, s,r r, and r are all
biased by small sample sizes (limited nusbers of observations)
and the logarithmic transformation fo the data.

PART II

ab Vs meemao U
urce of the Cost Impiovement Juive

1 Meagu 'y
Statistical Measures to Production Data

~)

Statistical analyses are widely used to measure the accuracy
and predictability of the cost improvement curve and tn establish
empirical equations for development of cost improvement curves.
In using statistics for this purpose, it is necessary to
recognize that statistically derived resulte may be misleading.
Several factors make applicatior of statistical technigues to the
cost improvement curve difficult; failure to recognize and
compensate for these factors can lead to misinterpretation of
20st improvenent curve results,

Assumptions Necessary to Apply Statistical Heasures with
Mathematical Certainty.

The statistical measures presented in Part 1, Appendix B,
i.e., 8y’ r4, and r may be applied with mathematical certainty
only whe¥e the production data from which the measures are
computed meets stringent criteria. Generally, the observed
values of the dependent variable (Y) for any independent variable
(X) must represent random samples trom a total group of values
that are distributed "normally"™ about a mean value of Y which
l:es on the true regression line.

Further, the "poputations® of ¥ values at each X must have a
a--viation that 1s constant and measurable tor all values of X
considered, Basically, the preceding statement means that the P
—anponent production cust tor a given unit of production that is ™




i."-ll

ased 1n a regression must be considered a random selection from a
series of possible costs evenly distributed about some *true®
cost for each unit. The distribution of the "possible costs® for
each X may be closely grouped or widely dispersed but the
distribution must be uniform and identical for each X. PFor
application of r¢ with mathematical certainty, essentially the
same assumptions must be made about the X (units of production)
values. Where production costs from several airframes are used
in order to develop an average or standard cost i1mprovement
curve, the cost values of all the airframes at a particular unit
of production are assumed to represent random selections from a
uniformly distributed totality of costs.

Generally, the assumptions necessitated for mathematical
certainty of the values of the standard error of estimate are not
80 stringent as those required for the coefficients of
determination and correlation, since the latter reqguitre X values
to be random and normally distributed. In either case, the
assumption that component costs per unit not only are ncormally
distributed but have a constant variance within that distribution
for all values of cumulative production is a brocad assumption to
make. It is almost guperfluous to note that large errors can
result from using eqguations based on the above assumptions when,
in fact, the populations of Y values are not normal or have
different variances.

Small Sample Sizes. A particularly vexing problem in applying
statistical measures to airframe production data is the
difficulty of obtaining sufficiently large numbers of observed
costs that are applicable to the relationship being measured or
established. When statistically measuring the characteristics of
a "population” (airframe production costs), the probability that
the values of statistical measures are accurate goes down sharply
as Lhe sample size¢ decreases., Ezekiel and Fox present an
excellent graphical comparison of the reliabilities of values of
r for sample sizes ranging from 5 to 100, As an example, for a
sample size of 5, where the indicated value of r (adjusted for
sample size) is .90, one time in 20 the true value of r may be as
low as .50. The standard error of estimate is egually unreliable
for small sample sizes, Where a cost improvement curve is fitted
to production data for a specific airframe at a point early in
the production run, small sample sizes are unavoidable and the
risk of misleading statistical values must be evaluated and
accepted. Where empirical equations are being developed from
historical data for establishment of predictive cost improvement
curves, the sample size may be increased by including data from
aircraft that do not necessarily have the same characteristica as
the aircraft to be estimated, 1In establishing empirical
equations in the Planning Resgearch Corporation repnrt

(te be used for estimating future airframe costs), in order to
obtain an adeguate sample size, it was necessary to include
production data from such aircraft as the B-50 and F-86,

Further, the data base includes all types of aircraft (i.e,,
cargo, bowmbers, fighters, trainers, recjprocating engine, jet,

o
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subsonic and cupersonic), primarily for this same reason. It is
recognized in the PRC report that inclusion of data from obsolete
aircraft is not desirable and that equations for estimating
bombers, for example, would be more reliable if based on bomber
production data only. PRC concludes, however, that these defects
are outweighed by the advantages of a larger sample size. As in
the case of assuming normality of distribution, use of small
sample sizes or samples swelled to adegquate size by the inclusion
of data that may represent another "population® of values can
lead to erroneous or misleading values for statistical measures.

gse of Logarithaic Ejuations. As shown in the example in Part I,
the arithmetic standard error of estimate (s,') differs in value
from the logarithmic standard error of eatimlite (s , since the
latter measures the proportionate deviation of theY&ata from the
regression line. When the regressed unit line was extrapolated
to the 500th unit, s, femained at approximately 2.253% of the Y
value or approximateiy 0.03 labor hours per pound; whereas, the
absolute value of s,' (adjusted) was approximately 0.25 labor
hours per pound or 500%49reater. It is recognized that
transforming data logarithmically sozetimes has the effect of
causing statistical measures te "look good®. This is
particularly true in the cost improvement curve where
extrapolated Y values are usually small and application of the
logarithmic standard error of estimate to the extrapnlated values
resvlts in a small "prediction interval®™. It is important to
note that statistical measures based on logarithmic data may have
different characteristics than the same measures based on
arithmetic values of the same data.

Projection of the Cost improvement Curve, Predictability and
Reliability

The factors atffecting application of statistical measures to
airframe production data represent difficulties encountered when
using statistical technigues within the range of the data.
Statistical technigues can be uveed to evaluate extrapolated
curves but there is no mathematical certainty in the results. It
is almost universally recommended by statisticians that curves
should never be extrapolated beyond the range of the data and,
if done, should be done only with the utwmost caution.
Nevertheless, for a variety of obvious reasons, estimates into
the future are vital to every major industry; particularly the
airframe industry where the majority of production is done under
long term contract with the Department of Defense. The cost
improvement curve is used by both the airframe companies and the
Department ot Defeanse as a tool for estimating future airframe
costs; therefore, some criteria for determining its reliability
a3 an estimation of future airtrame cgsts is necessary and the
stagistical measures discussed (syr 1% and r) are frequently
usaeda,

P

o

L4

Iy




6o~

Wwnere 8 and ré are to be used to measurw the reliability of
cost improv!ment curve projections, all of the assumptions
previously cited concerning the characteristics of the production
data used to compute s, and r¢ must be considered. In addition,
it must be assumed tha¥ all the conditions that existed at the
time the cost improvement curve was established from the
production data remain unchanged throughout the range of the
curve extension. Some of the factors that affect the shape and
position of the cost improvement curve have been presented. Many
of these factors are the result of changed conditions occurring
after the airframe production was in progress (e.g., engineering
changes). Changes in the rate of production, significant
technological advances, and changes in price levels are
additional factors that represent changed conditions and serve Lo
invalidate estimates based on projected values., If, however,
conditions are assumed to remain unchanged, s, and r? can be used
effectively to indicate the reliability of esfimates based on
cost improvement curves.

The uses of s and r2 depend upon the type of estimate to be
made. For long ange systems cost estimates and estimates of
changes in force mix, the gtatistical measures are used to
indicate the validity of the eguations which establish the cost
improvement curve as the basis of the estimate, Where the data
obtained in the initial stages of a production run are used to
torm a cust improvement curve for estimating the cost of futurce
units, s, and r2 are used to estimate the “goodnesas of fit”™ of
the curvé and thereby indicate the reliability of the curve
extension.

Once the decision has been made to extrapolate from a data
base, it is desirable to determine some prediction interval or
range of Y values for the projected curve. It is sometimes held
that prediction intervals should increase in range as the
extrapolated X values increase in distance from the mean X value
of the data base. However, it is also recognized that
extrapolations are more reliable where there is a historical
basis for establishment of a trend. 1In the airframe industry, it
is firmly established that such a trend exists in the unit cost
decrease for increases in cumulative units produced. Thas
approach offers justification for a fixed prediction interval
based on unchanged cunditions. Were the expanding interval used
for extensive projections, the iaterval would become so large as
to be meaningleas for cost estimation purposes. The arithmetical
standard error of deviation is suspect for the same reason.

Some studies have been made on the reliability of the cost
improvement curve for airframe estimation. In a RAND study based
on World War 11 airframes, the average absclute error in cost
estimates was found to be 25%; however, the estimates were made
using industry average slopes rather than individual slopes for
each airframe. 1In the PRC report, using the multivariate
eqguations developed, 16 airframes were estimated and the
¢stimates compared against actual cost. The mean of the actual
total costs was found to be 97.8% of the mean of the estimated
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total costs; and the average error per total cost estimate
approximately 8%, The total cosat estimates benefited from
compensating error in the cost component estimates (which had
greater average errors per estimate); nonetheless, the results
indicate that the cost improvement curve is a useful estimating
tool.

The most important requirement in using the cost imp:ovement
curve as a tool for airframe cost estimation is that the
estimator {(or cost analyst) be thoroughly familiar with not only
the curve, but all pertinent aspects of the airframe industry.
As with most other estimating equations and techniques, the
potential for error is great, and the predictability and
reliability of the cost improvement curve is, in large part,
dependent upon the judgment with which it is used,

SUMMARY: PART II

One of the primary uses of the cost improvement curve in the
airframe industry is as a tool for cost estimating. Statistical
measures provide a means of measuring the reliability of that
tool, In applying statistical measures to cost improvement
curves, certain restrictions must be recognized, The data on
which the curve is based must conform to requirements for a
"normal® population, small numbers of cobservations tend tou

introduce error, lecgarithmic equations tend to make curve-data TN
fits look good, and the observations may be distcrted by being ‘
correlated with each other. T

Where cost improvement curves are projected, no mathematical
certainty can be placed in the values obtained from statistical
measures. If conditions in effect at the time the data was
observed remain censtant, however, the statistical measures
provide an indication of the confidence that can be placed in
cost improvement curve extrapolations. Nevertheless, the most
important requirement in use of the cost improvement curve is
that the user be familiar with the complexities of airframe
production, as, in the final analysis, the judgment of the
estimator duetermines the reliability of the tool.
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*B* VALUERS ARD COHVERS1ON FACTORS FOR SLOPES BETWEEN 60 AND 99

PER CENT SLOPE

60
61
62
63
64
65
66
67
68
69

APPEND1X C

"b“
VALUE

-.736966
-.713118
-.689659
~-.666575
~.543856
~.621490
~.599462
~.577766
-.556393
-,535332
-.514573
-.494110
-.473933
-.454031
-.434402
-.377069
-.358453
-.340076
-.321928
-.304006
-.286304
-.268817
-.251540
-.234465
-.217593
-.200314
~.184423
-.io8123
-.152001
-.136063
-.120294
~-.104697
-.089267
-,073996
-.058894
-.043942
-.0:9147
-.014500

“b+1

(COKWVERS FACTCR)

.263034
.286882
.310341
.333425
.356144
.378510
.400538
422234
.443607
.464668
.485427
.505890
.526067
.545969
.565598
.584962
.604073
.622931
641547
.659924
.678072
.695994
.713695
.731183
.748450
.765535
.782407
.799086
.815577

Avanaa
«0J1017 7

.847999
.863937
.879706
.895303
.910733
.926004
.941106
.956058
.970853
.985500

(49
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APPENDIX D

TRUE LOT MID-POINTS

Rule-of-thumb mid-points may be sufficiently accurate for
most cost analysis forecasts, but when a ygyreater degree of
accuracy is demanded, the true-lot-mid-point calculation permits
more precision, The rule-of-thumb provides that the mid-point
chosen should be “half the way"™ if the first lot is less than 10
units; but "1/3 the way" if it is composed of 10 or more units.
Actually, neither is exactly right. If the ratio values for the
first 10 units for an 808% curve are added, the total is 6.315384,
When this is divided by 10, the average is .6315384, which is
close to the Boeing Table ratio value for the 4th unit (.64).
Since the value of .631538 falls between the 4th arnd the 5th unit
(which has a ratio value of .595637), interpolation* will yield a
unit of 4.2 as having a ratio value of .631538, The true lot
mid~point in our illustration would therefore bhe at 4.2 units
when the lot is composed of 10 units, When using the 1/3 rule,
the mid-point would have been at 3.3; while the 1/2 rule would
have produced 5.

Consider the first lot as having 20 units. 1In this case
the true-lot-mid-point would be establisi ad at 7.45 units;
calculated as in the previous case. This represents 37% of the
20 unites; vhereae in the previous case of 10 units for the first
lot, the true lot mid-point was 4,2 or 42%, The conclusion to be
reached is that the larger the gquantity in the first lot, the

closer to the 1/3 point will be the true lot mid-point.

Instead of adding the unit values to determine the true-
lot-mid-points, it would be easier to look up the cumulative
total in Part B of the Improvement Curve Tables. For ezample, if
a gquantity of 15 were considered for the first lot and 70% curve
the Tables state a cumulative total ratio value of §.273895.
Dividing this by 15, we have an average lot value of .418260.
Turn to Part A of the Improvement Curve for the 70% curve and
note that this value falls between units 5 and 6, By
interpolation we would get a more €xact answer ¢f 5.4
representing the true lot mid~point.

g% nnita
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True-lot-mid-points can be obtained as well for other than
first lots by a similar process of calculation, Take, for
example, a lot representing units 81 through 100, a lot of 20
units and a 78% curve. Find first the cumulative total value for
all units through the end of the preceding lot, i.e., the
cumulative total value for X = 80, which is 24.997156. Next find
the cumulative total value for all the units thru the last unit
in the lot under consideration, i.e,, the 100th uanit, which is
28.979078. Now subtract 24.997156 from 28.979078, which is
3.981922 (the cumulative total ratio value of the 20 units under
consideration). Divide the difference by 20, which is ,1%9096,.




Finally, look 1in Part A of the Improvement Curve Tables for
the 78% curve and note that the ratio value above falls between
the 90th and the 9ist unit. Interpolation yields a unit number
of 90.25. Note that this is very close to the rule-of-thumb mid-
roint of 90. *This is arithmetic interpolation and is inexact
but the difterence between two successive unlts is usually not
significant.

The added degree of exactness which true-lot-mid-points
provide may be ot real significance only for the consideration of
the tirst lot. However, there are occasions when exactness 1s
demanded. Such occasions often occur during negotiations when
di1fterences of opinions due to rule-of-thumb measurements can be
solved only by exact calculations. It should be remembered,
though, that exactness in mid-point calculations may be cancelled
by inexactness in slope and first unit value calculations. When
an exact slope is determined by formula and an exact "a" value is
obtained, it is then appropriate to ase a true-lot-mid-pcint to
achieve over-all exactness.

Consider again the e¢xample above which yielded a trve-lot-
mid-point of 89.62, If the value for the first unit were 860,
the true-lot-mid-point calculation produces a total value for the
lot of 3,433; whereas the rule-of-thumb mid-point would produce a
lot value of 3.,428. This is only a slight difference. but if we
take one of the preceding examples of 20 units in lot number 1
aud an 80% curve, the true-lot-mid-point was determined at 7.45
units. If the first unit had a value of 860, as above, the true-
lot-mid-point calculations would result in a lot value of 9%,017;
whercas the rule-of-thumb result would be 9,348, 1In this case
the difference 1s quite significant, and when a whole program of
vroduction is evaluated lot by lot, the sum of differences may be
substantial,

There are several computer programs available which will
-alculate a least-squares line, Nonetheless, in plotting data,
<nowing the true-lot-mid-point may substantially assist the
analyst in deterwining the type of curve involved--especially
when the slope i 1n the high 80's.

Listed velow in Table D-1 are the true-lot-mid-points for
tirst lots ot 1-¢5 units and slopes of 70-30.
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UNIT

OOAUNA Wi -

1.00
1.317

3.65
3.95
4.25
4,45
4,85

6.32
€.60
6.89
7.18
7.47
7.75
8.04
8.32

TABLE D-1

TRUE LOT NMIDPQINTS - UNIT THEORY

1.090
1.37
1,73
2.07
2.40
2.72
3.04
3.35
3.67
3.97
4,28
4,58
4,88
5.18
5.48
5.78
©.07
6.37
6.6h
6.95
7.24
7.93
7.82
8.11
4.40

V.00
1.37
1.73
2.07
2,40
2,73
3.05
3.37
3.69
4.00
4.30
4.61
4,92
5,22
5.52
5.82
€.124
6.42
6.71
7.01
7.30
7.60
7.89
g8.18
8.47

PERCENT

K]

1.00
1.38
1.73
2.08
2.41
2.74
3,07
3.39
3.70
4,07
4.33
4,64
4.95
5.25
5.56
5.86
6.6
6.46
6.76
7.06
7.36
7.66
7.95
8.25
8.55%

1.00
1.38
1.74
2.,u8
2.42
2.75
3.08
3.40
3.72
4.04
4,36
4,67
4.98
5.29
5.60
5.90
6.21
6.51
6.82
7.12
7.42
7.72
8.02
8.32
8.62

1.00
1.36
1.74
2.09
2.43
2.76
3.09
3.42
3.74
4.06
4,38
4.70
5.01
5.32
5.63
5.94

s Arn

Q.42
6.56
6.87
7.117
7.48
7.78
8,09
8.39
8.69

/93
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TABLE D-! (Cont'd) -
TRUE LOT MIDPOINTS - UNIT THEORY (Cont'd) .
UNIT PERCENT o
— ;
76 17 i8 9 80 81 2
1 T.00 1.00 1.00 1.00 1.00 1.00
2 1.38 1.38 1.38 1.39 1.39 1.39
3 1.74 1.74 1.75 1.75 1.76 1.76
4 2.09 2.10 2.11 2.11 2.12 2,12
5 2.44 2.45 2.45 2.406 2.47 2.48
o 2.77 2.79 2.80 2.81 2.62 2,83
7 3.1 3.12 3.13 3.15 3.16 3.17
) 3,44 3.45 3.47 3.48 3.50 3.51
9 3,7h 3.78 3.80 3.82 3.83 3.85
10 4.08 4.1 4.13 4.15 4.17 4.19
1M 4.41 4,43 4.45 4.48 4.50 4.52
12 4,72 4.75 4.78 §4.81 4.83 4.66
13 5.04 5.07 5.10 5.13 S5.16 5.19
14 5.36 5.39 5.42 5.46 5.49 5.52
15 5.67 5.71 5.74 5.78 5.82 5.85
16 5.98 6.02 €.06 6.10 6.14 6.18
17 6.30 6.34 6.38 6.42 6.47 6.51
18 6.61 6.65 6.70 6.74 6.79 6.83
i9 6.52 6.57 7.62 7.06 7.1 7.18
2 7.23 7.28 7.33 7.38 7.43 7.48 ~~
21 7.54 7.59 7.65 7.70 7.75 7.81 »
22 7.84 7.90 7.96 8.02 8.08 8.13 iy
23 8.15 .21 8.27 8.34 8.40 8,46
24 8.46 8.52 .59 8.65 8.72 8.78 .
25 3.76 8.83 8.90 8.97 9.03 9.10 .
P,
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- TABLE D-1 (Conl'd)
~ TRUE LOT MIDPOINTS - UNIT THEORY (Cont'd)
UNIT PERCENT
82 83 84 85 b6 87
1 1.00 1.00 1.00 1,00 1,00 1,00
2 1.39 1.39 1.39 1.39 1.40 1.40 .
3 1.76 1,77 1.77 1.77 1,78 1.78 '
4 2.13 2.13 2.14 2.14 2.15 2.15
5 2.48 2.49 2.50 2.51 2.51 2.52
6 2.84 2.85 2.85 2.86 2.87 2.88
7 3.18 3.20 3.21 3.22 3.23 3,24
8 3,53 3.54 3.56 3.57 3.58 3.60
9 3.87 3.89 3.90 3.92 3.94 3.9%
10 4.2 4.23 4.25 4.27 4.29 4.31
11 é.55 4.57 4.59 4.61 4.64 4.606
12 4.88 4.91 4.93 4.96 4.98 5.01
13 5.22 5.25 5.27 5.30 5.33 5.35
14 5.55 5.58 5.61 5.64 5.67 5,79
15 5.88 5.92 5.95 5.98 6.02 6.05
16 6.22 6.25 6.26 6.32 6.36 6.39
17 6.55 6.59 6.62 6.66 6.7 6.74
18 6.88 6.92 6.96 7.00 7.04 7.08 .
19 7.20 7.25 7.29 7.34 7.38 7.42 N
20 7.53 7.58 7.63 7.68 7.72 7.717 —
8 « 21 7.86 7.91 7.96 8.01 8.06 8.1
~ 22 8.19 8.24 8.30 $.35 8.40 8.45
23 8.51 8.57 8.63 8.68 8.74 8.79
24 8.84 8.90 8.96 $.02 9.08 9.13
25 9.16 9.2 5.29 9.35 $.41 9.47
®
e 1
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TABLE D-1 (Cont‘'d)

TRUE LOT MIDPOINTS ~ UNIT THEORY (Cont‘'d)

UNIT PERCENT

88 89 30
1 1.00 1.00 1.00
2 1.40 1.40 1.40
3 1.78 1.79 1.79
4 2.16 2.16 2.17
3 2,53 2,53 2,54
6 2.89 2.90 2.91
7 3.25 3.26 3.28
8 3.61 3.63 3.64
9 3.97 3.99 4.00
10 4.32 4.34 4.36
N 4.68 4.70 4.72 ‘
12 5.03 5.05 5.08 .
13 5.38 5.41 5.43 g
14 5.73 5.76 5.79
15 6.08 . 6.1 6.14
16 6.43 6.46 6.49
17 6.77 6.81 6.85
18 7.12 7.16 7.20
1y 7.47 7.51 7.55 B =
20 7.81 7.86 7.90 , :
21 8.16 8.20 8.25 T :
22 8.50 8.55 8.60 R
23 8.85 3.90 8.95 A
24 9.19 9,25 9.30 =
25 Y.53 9.59 9.65
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APPENDIX E
IMPERFRCT CURVES

Academic exercisces tend to present data where the points aof
a relationship fall on a straight line without deviation. Such a
situation exists only in the ideal, and since the ideal rarely
exists, it is pecegsary to co sider situations where the points
of relationship are less tharn the ideal. Even though companies
may use a strajght line for planning mmnpower usage, the outcome
usually is a broken line when connecting points. In fact, a
company would be suspect if it showed its labor hour costs to
fall on a straight line without deviation. However, since
deviations are expected, this fact means that an analyst must use
a concept of normal relationship. This means that an imperfect
curve is not as accurate a predicting device as a perfect line of
relationship. Thus the analyst must establish a line of best
fitl

After the historical data have been plotted, the analyst
should observe whether a straight line would reasonably fit the
data. For example, in the following graph it is obvious, when
connecting the points in succession that the single straight line
is not the best fit line:

'\‘
T.abor Hours e >
Cost R
)
FIGORE E-1 Units

0\

<
Labor Houras * \
t'ost

Units

FIGURE E-2
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1t appears in the preceding two figures that segmented lines fit
the data best, These sjtuations may arise dus to unusual
circumstances and mu<t bhe recognized as such when they occur. In
such an event, a sing! straight line would be wisleading.
However, our theory c¢. 3¢ cosi improvement curve siates that
there is a constant relative decline for a production rur.. This
means a line of best fit must be drawn to establish the constant
reiationship. In most cases, an over-all straight line will fit
the data adeqguately, but in a few instances it may be necessary
to construct segmeated lines,

Even though actua. data, when plotted or lcg—-log paper, do
not fall on a straight line, a fitted line can be constructed so
that the deviations are minimized both above and below such a
line.

For example, plot the tollowing on log-log paper:

HOURS PR UNIT UNIT NUMBER
640 7
630 10
480 15
440 25
320 40
FIGURE E-3

3 gstraight iine of hest fit can be drawn gquite easily by
drawing a line threugh the midpoints of straight line segments
between successive points. This can be done when the horizontal
distances between points are approximately egqual. Even though
points Go not alternate above and below a straight line, theve
must not bhe many continuing points either below or above to be a
usable straight line.

As another example, plot the following values on log-lag

______

HQURS PER_UNIT UNIL NUMBER
9,200 9
8,600 it
8,600 13
8,400 17
7,800 20
7,600 35
6,803 40

FIGURE E-4
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The plotting should indicate a straight line relationship,
and, without a great deal of expericnce, an analyst could readily
draw a line of best fit., As a check on accuracy, the student
should have drawn a line of best fit passing through 9,000 labor
hours at unit 9 and 8,000 at unit 18,

Lines drawn by inspection or eye-sight are usually adequate:
especially when there are small deviations of the actual points
from the straight line. Such a line can be used for purpose of
projection. 1In the example above, the prediction for the 60th
unit would be approximately 6,600 hours per unit.

However, suppose that the actual production continued
uninterrupted beyond the 40th unit and that the actual hours per
unit shown on the records were 6,400 hours for the S0th unit and
6,000 for the 60th unit. In this case the analyst might well
consider the effect of the more immediate experience whan
projecting the more immediate future. Since the last 3 points
weve all Lelow the average line, the analyst might conclude that
if there were 10 or 20 (or as many as 50) more units to follow
that they would continue the new trend. But if in predicting 400
units to follow the 60th, the analyst would consider the ovar-all
average line as being more conclusive,

There are instances when more accuracy is desired than a
line of best fit by inapection can produce. When high values are
involved, a difference of 1% in sglope estimatinon may make &
sizable difference in estimating program costs. A mathematical
best fit line can be constructed by using the method of least
squares to fit the line. To find a least squares line of best
f£it, the formula for the cost improvement curve, Y = AXP. must be
transformed into a linear form, or:

log y = log a + b log X

To find the logarithmic least squares line requiresg that
the following two simultaneous linear equations be solved:

\lmv-nlna a+bY1oa x
t(logy xlog x) = log azlogx+bl,log x*

As a practical matter, if this kind of precision is
rejuired, there are usually several cost improvement curve
computer programs available that, among other things, will
calculate a best-fit, least squares line. The mathematical
solution to the above simultanecus linear equations is included
in Appendix A.

The idea of slope is somewhat of a misnomer. The solution
for "b" in the gbove equation relates to the expcnent of the
equation y = ax”, while slope relates to the rate of learning for
doubled guantities., The relationship between these two is shown
in Appendix C. The first column jives the slope and the second
column gives the corresponding "b"™ value. The third column is a
factor used in converting from one type of curve to another, The

E-2




l third column is also known as "b+1" when working with the
Northrop Construction,
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APPENDIX F

An Introductory Vocabulary: Words and symbols that cause trouble
in cost improvement curve
discussions.

woRD

Unit Number: Symbol X. 1In general a simple idea--the sequential
number of the unit through the production process.
Generally the first unit through is unit 1, the
second, unit 2, etc. Sometimes if X would be
ambiguous, some other letter is substituted, say N.

Lot No commonly accepted symbol. A group of units that
go through the production process as a set =-- costs
are generally accumulated to the lot, not to the
unit,

Cumulative: No generally accepted symbol, Cumulative implies
all units through the production process from units
1 to X (or 1 to N) inclusive,

Cumulative

Units: Sometimes the written abbreviation CU is used. The
oral abbreviation (jargon or idiomatic phrase) cum
units 1is practically universal. It means the
number of units that have been made or; in
predictions, the number of units that will have
been made by the end of some gpecified lot.

Cost: Symbol Y. 1in cost improvement curves always a
direct cost, frequently in real tetms (hours,
pounds of material), if in dollars or monetary
units, it must be in constant dollars.

Unit Cost: Symbol ¥x. The cost of a specified unit - the

resources used to make that unit. Y10 means the
cost of anit 10,

Cumulative
Total: Symbol CTx. Means the total cost for all units

from 1 to X inclusive, (Tg; Means the cost ¢f the
first five units, Y.I t Yy +t ¥y + Y, + Yg,

Sometimes written CT.,. where N means the sare as X,
simply a unit number which limits the size of the
problem,

7y
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Cumulative
Average:

Lot Cost:

Lot Total
Coat:

Lot Average

Cost:

Slope:

Rate of
Learning:

Symbol ¥x, Means the average cost for the first
X units, The cumulative total divided by the
number of units - Y. means (Yj+¥p+Y3+¥4+¥c)/5.
Y90 Means the cumuldtive total c<dst of thé first 20
uﬁ9ts divided by 20.

No generally accepted symbel. Uscally implies the
total cost of a lot, some specified set of units,
and only occasionally means the first X units.

Symbol TC, , Means the cost of units 'f' to 'l'
xnclu51ve,'$nd only in the case of a first

production lot will '£' be 1, TC. ., means the
cost of a five unit lot, units 6 gb ?0 inclusive,

Y5+Y7+Y3+Y9+Y]0.

Symbol Yg /. Means the total cost of the lot
divided by the lot size, in general Yp, " '
TCh L/(L-(F=1)). Yg,610/5.

Sometimes abbreviated $ or SL. The percent by
which the cost at unit X must be multiplied to qet
the cost at unit Za.

No generally accepted symbol. Rate «f learning is
100-slope, the percent reducticn from

Yo to Yo,, (or ¥, to Yau).

Rate of learning = ¥x = ¥2x or ¥x - ¥2x

Yx Yx
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APPERMDIX G

NOTE ON IRTERFOLATION

Interpolation is simply using some system of ratios to find
values between {(never beyond) the values in a table. Usually
linear interpolation is adequate, nonlinear interpolation is at
begt left to mathematicians, Linear interpolation involves
finding a correction factor from a ratio then applying that
correction factor to a tabular value and getting the desired value
between the tabular values.

Two bases are explained using Table 5-3 (Chapter 5) as a
source of the problem. Assume we need the indi:fference factor for
A cost improvement curve with an 62.3 percent slope, 2% premium is
the level. PFrom Table 5-3 we find a 2% premium:

82% slope 14,964 @ 2% premium
83% diope 14,081 @ 2% premium

Arithmetic interpolation is simple, 82.3 is 3 tenths of the
difference between 82 and €3 so we take .3 of the difference
between 14,964 and 14.081 or .3(14.964-14.081) = _3(+.833)=+.265.

This is the correction factor and we apply it to 14.964 and
fih get 14.964 - ,265 = 14,699 as the factor we use. Technically we
~ LLave solved the rati~ problem:
A =
B D

where A = 82 - §2.3; B = 82 ~ 83; C is our factor and
D= 14,964 - 14.081:

=.3 = C C = AD/B

= -_.3(.833)/-1
= ~,2649/-1 = _264Y

and with the factor we got 14.699. We subtracted because the
factor is decreasging.




1f, instead of arithmetic we had based our interpolation on

the exponents for 82%, 82.3% and 83% slopes and proceeded as -

follows:
b FACTOR (from Table 5-3)
-.286304 14,964
~.281036 o
-.268817 14.081
From the ratios A C
B D
we get, A = -.280304 - (-,281036) = -.005268
B = ~-.286304 - (-.268117) = -,017487
D = 14,964 - 14,301 = _883
so the problem is:
-, 005268 = or T = ,005268 (.883)/-.017487 —
-.017487 .833 Py
C = .266
hence, 14.964 - ,2606 (again the factor is decreasing so we

subtract C, had factor been inc-easing, C would have been
negative}) or the factor for 82,.3% slope is 14.698 as predicted in
the test. The difference is trivial, 1 unit in a thousand.

INOTB: Cost Improvement Curve slopes are typically presented
and/or appiied Lo two decimal places only; i.e,, 82% slope, not
82.3% slope. This is because cost data is typically not available
to validate accuracy cof slope computations beyond 2 decimal
places,

x.aw 2
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APPENDIX H
CALCULATION OF COST IMPROVEMENT CURVE WITHOUT TARLES

When Improvement Curve Tables are unavailable, it may be well to
understand the basis of their construction. This will enable one
to calculate any "Y" value for any given X" value by formula.
The basic formula for this purpose is ¥Y=XP. For the cost
improvement curve application, we know that "b" will have a
negative value since it is a downward sloping line. Since
Improvement Curve Tables are ratio values, we let "a" equal 1. We
now have a formula which states Y = (1) (X™DP) or ¥ = X™P, when X
= 1; Y = 1, but when X=2, Y=2-b., Since L is exponential, the
formula must be expsessed in logarithms: LY = (LX)(-b). If we
measure at unit number 2, the Y value will depend upon the slope.
For example, for an 80% curve Y = .8 at unit 2; for a 70% curve Y
= .7 at unit 2, etc, Therefore, we could say L.8 = (L2)}(-b) for
an 80% curve. So, -b = L.8/L2 (or, generalizing we may say
b=LS/L2 when LS is the log of the slope we have in mind). For an
80% curve, then we can calculate for the b value.

L.8 is 0.0969101 and L2 is 0.301030. Substituting in the

formula we have b = -,096910 which gives us a value of -.32192
for b. We can now return to our earlier formula, ¥ = X"P and find
our ratio value for any X for a particular slope.

As an esxample, suppose we want to find the ratio value for
X=15 for an 80% curve. We know the b value for 80% slope
is .32192, Our formula would then be:

y + x~+32192 or LY = (LX)(-,32192).

Since X = 15, we look up tne log of 15 which is 1.,176091,
Substituting, we have: LY = (1,176091)(-,32192) = ,378617.
(-.32192) + -.378617. Since this is a negative value we obtain
the cowpliment which is ,621383, The natural number is therefore
.4182 which is the ratio value for unit 15,

Appendix C contains a table of “"b" values for each per cent
slope from 60 to 99, thus simplifying the calculation by merely
referring to the applicable "b" value for the corresponding slope.
The only calculation remaining is the multiplication of this value
by the log of any X and converting to the natural number,
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APPENDIX I

There ate a4 number ot Cost lmprovement Curve computer
software packages available to the analyst. Several of these
packaycs are available on the time share system, the Boeing
Computer System (BCS). Others have beecn developed in-house,
Still others have been developed by individual organizations for
use on the mini-computers. Listed below are several packages
locally available along with the OPR and a telephone number should
the reader desire additiornal information on these packages.
Please note: CORPULTBR SOFTWARE PACKAGES DO NOT ANALYZIE YOUR
DATA -- YOU, THE ANBLYST, MUST ANALYZE THUE DATA. Only after a
thorough understanding of what your data represents should you
select and use a software package. Do not merely respond to
computer prompts and blindly accept the computer output.

S50URCE OPR TELEPHONE

BCS AFIT/LSQ AV785-6280

Burroughs Cost AFIT/LSQ AV785-6280
Curve Programs Prof. Jeff Daneman

Z-100 Cost Curve ASD/ACCR AV785-8583
Programs Capt Arthur Mills

PROGRAMS CONCEFPT

ICLOT Program fits a Unit Cost Improvement

Curve to average laber hours or cost
for up te 200 lots.

ICPRO Program computes projected values on
a Unit Cost Improvement Curve when the
slope and the value of one lot ot one
unit are known.

CALOT Program fits a Cumulative Average Cost
improvement Curve to average labor hours

or <cost for up to 200 lots.

CAPRO Program computes projected values on
a Cumulative Averaye Cost Improvement
Curve when the slope and the value of
one lot or one unit are known,

NOTB: 3Some of these programs use true-lot-mid-point, some use
rule~of--thumb; some of these programs use weighted regression
(weighted by lot size), some do not. Be sure to recad the software
documentation to insure what algorythms are being used. N
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