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let (en, n=0,1,2,...} denote a stationary sequence and define

nn- nnx{cl,...,cn). Under suitable conditions it is possible to prove
results of the form

nP({l > un) T <<= P(Hn < un) > e_eT (0<T«@) (1)

where O € ® £ 1. The parameter & was termed the extremal index by

Leadbetter (1983), though the concept had occured earlier in papers of
Newell (1964), Loynes (1965), O'Brien (1974a, 1974b) and Davis (1982).
Por a general overview of extremes in stationary seguences, see

Leadbetter, Lindgren and Rootzén (1983).

It is possible to define an exceedance point process N, on (0,1},
such that N, (s,t} is the number of exceedances of the level u, among (Er:
ns < r € nt}. Convergence of (N,} as n’mo is studied by Hsing, Hisler and
Leadbetter (1988). One of their main results is that, if a limiting
point process exists, then it must be compound Poisson. The atoms of this
limiting process correspond to clusters of exceedances. Somewhat parallel

results have also been abtained by Alpuim (1987).

A natural interpretation of e is that 1/6 is the main cluster size in
the limiting point process. Hsing et al. were not, however, able to prove
this without making additional assumptions. The following example shows

that the result is false without such assumptions.

‘or
: 7 »
J
The example is a regenerative sequence of the form ]
)
3-1 i -
fn=¢4 for EN; €n <L N; (21) (2) .
o o n/
where ty Codee
and/er
lal

(i) cj, j21 are independent with a common distribution function F

NI




satisfying P(1) = 0,
(ii) Por j>1, given Nl""’“j—l' cl....,cj with m < cj ¢< m+1l, the
probability of the event Nj- i is qp . Here (dpj. m>1, i>1} is a sequence

of probabilities with qu;> 0, Lj qpj = 1 for each m.

In words, the process remains in state {; for a random number of time
epochs determined by the probability distribution q,;(i>1) with m = [ ci],

and then moves to a new state which is independently chosen from P.

Ietpm-P(m<cj < m1l}, "m"zi iqmiandsupposeu=£pmum<m.
Then p is the mean recurrence time of the process. The process may be
made stationary by a suitable choice of distribution of N;. It may also
be regarded as a function of a Harris chain, and may therefore be treated

by extreme value arguments of O'Brien (1987) and Rootzén (1987).

Now let us specify (qp;} to be

sy

(m—-1)/m, i=1,

G = { i/m , i=m+1, (3)

o, otherwise .

Then Hp = 2 for allm, and so 4 = 2 also. Let (un,nn} be a sequence of

thresholds such that n P(cl > un) 2 T, Ocr<m,

Proof. By Theorem 3.1 of Rootzén (1987), for 6 > O and &'= & + 1/n we

have

[p(M, < x} - P(¢, < x)n/“| < 26' + P(|vy/n - 1/2| > 8) (4)

where v is the number of regenerations up to time n. By choosing &=&.,> O




appropriately and setting x = w,, we deduce

-T/2
P(M.n £ x})>e
as required.
Proposition 2. The exceedance point process N, converges to a simple

Poisson process of intensity ;, as n 3 o.

Proof. This follows from Theorem 4.2 of Hsing, Husler and Leadbetter
(1988). Positive recurrent Harris chains are Strong mixing (¢f. O'Brien
1987), and hence satisfy the mixing condition A(un) used by Hsing et al.

Por a suitable sequence (rn} satisfying r, » @, r,/n > 0, let

n
rn rn
(i) =P{(L Xq,5=3]| L Xu,i >0} 3=1.2,... (5)
i=3 i=3

where Xn,i is 3 if ¢; > u,, O otherwise. Let m(j) = lim m (]j) for j=1,2,.
nJw

The theorem of Hsing, Husler and Leadbetter asserts that the point process
N, converges to a compound Poisson process with compounding distribution

m{-).

However, under (3) it is easy to see that n(j) = 1 for j=1, 0 for

j>1. Hence the limiting process in this case is simple Poisson, with a

mean cluster size of 1. This completes our description of the example.

L
Prom a statistical point of view, the most natural way to estimate
the extremal index is via the point process of high-level exceedances.
Such a procedure was in fact proposed by Smith (1984). The example here _.1
reveals a possible fallacy in this procedure, though it may not be
possible to do much about it in practice.
L J




— K @B * = =

Bemaxks.
1. what is going wrong is the lack of tightness of the sequence
(qm-_, i>1) as mIw. In a similar way it is possible to construct an

example of the same phenomenon for any 6<l1. Hsing et al. show that the
-1
extremal index is in general given by © = lim (Ej m.(3)} . so what is at
n

issue is whether

s

LIm(i)>L3Jmi) as mw . (6)

A\l

This is false for the example considered here.

2. It is possible to exhibit other kinds of extremal behaviour by
taking other sequences (q,;}. Por instance, if Hp > ® we very easily
obtain an example of a process with extremal index 0. Taking this one
step further, if q,; » 0 as mw for each i but the distribution (qg,. i»1}
converges under some renormalisation to the distribution of a continuous
random variable as miw (example: take q,; = 1l/m for i=1,2,...,m), then the
point process N, does not converge but a suitably renormalised sequence
converges to a compound Poisson point process with continuous compounding
digtribution. Such behaviour is admitted in the general theory of Hsing,

Hisler and Leadbetter, but they do not give any examples.

Acknowledgement. This work was carried out during a visit to the Center
for Stochastic Processes, University of North Carolina. I am grateful to

Ross Leadbetter, Tailen Hsing and Teresa Alpuim for helpful discussions.




REFERENCES

Alpuim, M.T. (1987), High-level exceedances in stationary processes with
index. Preprint, University of Lisbon.

pavis, R.A. (1982), Limit laws for the maximum and minimum of stationary
sequences. 2. Wahrsch.v.Geb. €], 31-42.

Hsing, T., Husler, J. and Leadbetter, M.R. (1988), Limits for exceedance
point processes. To appear, Prob.Thy.Rel.Pields.

Leadbetter, M.R. (1983), Extremes and local dependence in stationary
sequences. Z.Wahrsch.v.Geb. §5, 291-306.

Leadbetter, M.R., Lindgren, G. and Rootzén, H. (1983), Extremes and
Related P ies om S ences and Series. Springer Verlag,
New York.

Loynes, R.M. (1965), Extreme values in uniformly mixing stationary
stochastic processes. Ann.Math Statist. 3¢, 993-999.

Newell, G.P. (1964), Asymptotic extremes for m—dependent random variables.
Ann.Math,Statist. 35, 1322-1325.

O'Brien, G.L. (1974), Limit theorems for the maximum term of a stationary
process. Ann.Probab. 2, 540-545.

O'Brien, G.L. (1974b), The maximum term of uniformly mixing stationary
processes. Z.Wahrsch.v.Geb. 3Q, 57-63.

O'Brien, G.L. (1987), Extreme values for stationary and Markov sequences.
Ann.Probab. 15, 281-291.

Rootzén, H. (1987), Maxima and exceedances of stationary Markov chains.
Adv.Appl.Prob., to appear.

Smith, R.L. (1984), Threshold methods for sample extremes. In Statistjca
Extremes and Applications, ed. J. Tiago de Oliveira, Reidel,

Dordrecht, 621-638

i@

¥, J

L @




pr——— e

Tt TRy T T Ty Tt TTaAT

T

‘g8 "Bny ‘S[EUOIIdUN] PIZI[eISUSB jo souds

B uo uojIWNbe [B}IUIINFIIP O1ISRYS01S 8dAI-ujAeBuE] Y ‘EwOIIN "] pue andusyiiey ‘o

‘g8 "Bny ‘xepuj [Wwe1lIxe oyl Bujuiaduod olduExaieIUNCO Y ‘YIjus ‘1YW

‘g8 'Bny ‘Lijsudiug

dumf (@00 Y2}4 smIpew wopuel uj ss3d0ld uojsn]oxa sBuvs opia B UQ ‘uANVYd I -

‘88 Aol

*S[9pOw MU SWOS PuUV AGAINS Y :59650001d SIQUIS JO SVIBVISURII S[QISSIUPY ‘SjUNqUE) ‘§ °

*g8 A1nf* ‘*saouds

JUe[ONU JO s[enp ul suojienbs uoysnyjig ‘isedioy “T°Y§ "GWOITN ‘1 randueiiiey ‘9

-gg Aey *(11) senenb uj suojiwwixoidde ojjjyell Iy31y ‘Astoy "L ‘Aeiwg A -

‘g8 °ady ‘seinsesw wopusl UOSS10J Aq UIATIP uOlIenba [BIIUMIIFFIP

21359Yo01§ pen[wA—vouds Jee[onu y ‘uejuwreiqnswmney °§ pue ndusiyiwy D ‘Apavy 'O °

‘g8 °4ady ‘sessedozd
@IqQISTAIP A193JUIJUI JO UOTIBI[IOSO @Y1 UQ ‘PASUISOY ‘[ puv UW[ON °d °f ‘SIUNWD) °§

‘g8 ‘ady ‘SUOTIDTJIISAL UOTIV(]}OS0 Pliw Jepun sasuanbes
ad juyod p

Aleuojjels 103

gg -ady ‘sweiqoid teeujl pesod-y[} JOj SIITWIISI [BUOJIDUNJ UQ ‘wiofrig ‘% -

‘gg Jup ‘sessedoid umjssne) AISUOIIUIS

JO SUOJIOUNF JOIDIA JVIUITUOU JO UOCFINQTIISIP Bulitwy] ‘ung ‘DL Pue OH "O°H °

uQ ‘usiedoBepusy S pue J9139qpwe] “H'N

YIRYT

‘1€8

'§8 "JU ‘suojieqaniiad
YBnoayy SUBYd AONJEY JO SUOIINGIJIISTP AJBUOIIEIS JO uojIwIndwod eyl ‘Auny [ f -

‘88 "qe4 ‘[eiB3aul ©1qRIS-D djJiisumis

oldii|mw ® jo [je1 eyl jo uojieniea’ djjoidufse uy ‘ed[nzg ‘[ puw Lfs)jupolowes °H *
‘88 'qad ‘'suoiienbe UOIIN[OAS DIISWD0IS PINIEWA

20uds JEBS[ONU jJO SSB[D B JO SUCJINJOS PIZI[RILGUINH °‘VZ]IS0J0NH °H°] puw uosaw] ‘y°q -

‘g8 ‘'qQe4 ‘sassodoad

AA97 pue uossiod 031 1dadses yila uwolywaSejul eldiirny ‘eSinzg ‘[ puw Bisquariwy 'O

‘88 "q4d ‘sess9d01d-yose 03 suojiwojidde Yija uojienba 9OUIILIIIP OJISTYD0IS B 0F
SUOFINOS JO JNOTABYIQ [WRIIXT ‘SOFIA 9P ) PUD UPZI00Y "H *AOJuUsady 'I'S ‘Uvey op T °
‘88 "qa4
‘eduds [BUOL3IOUNJ pazjlewiaual ® UO UOJIENDe UTASBUE] Yl JO UOCTINIOS NBIL ‘VWOIFN '] *
-Juadde 01 '-jouy 23D)Is0ANIINY [

"g8 ‘ue[ ‘Bujiel[]j OSIOU 2IJYM SAJIIPPER ATPIJUI} U] UOIIVIONdX® [BUOTIJPUOD
oYl jo s9yitedoid sseuyioouwg ‘Jw{jpusivy “T'Y pue Jndumiiie) 'O ‘OXONH “d'H

‘g8 ‘wel ‘sjuamaidul AJPUCIINS

Y114 $9552001d S1QEIE IB[IWMIS-J[96 JO SISSB[D oa] ‘wuifewy "} puv SjUNqER) S -
‘18 o9 ‘SUOIINQIIISIP JO SI[IwBj Palepso puw se(ni Bujddois ‘seyiwg

*18 °33Q °'siIomisu BujInandb pue $9553D0Id ADNIVY JO S[WUO)IDUNJ UOSS|Od ‘0Z0JI9S “4°M

-xeadde 03 ‘-1ddy -doud 233STYOIS L8
*oa( ‘XOpU} [WNAIIXP YITA $20uInbIs LivuojiEis Ul SOOURDIIOXS [8Ae] YBIH ‘windiy LN

c{uoyIviaassi) 18 "AO) ‘sessedoad
91qeis £q peonpujl se.insuvaw Jo uojj(sodmodep enBsaqa uo Apnis y “senbawy N

*18 'AON '$9562001d AIBUO]lILIS J0) SOINFEI WOPUBL SOUUPIIOXP Oyl UQ °‘JI13eQpee] “¥U'N
*(pesiasy) g8 unf ‘suojiwojidde ewos yija [81323U] SINSEIW]Q JO0IDIA Y ‘YIPNOH "D

*18 130 ‘uojjwmzixoidde uossjod
b 3 dep 103 K10aY3 en[wa ewalixy ‘yites “T'¥

L4

JO POYIoW USYD-UISIS Y3 BVIA 3

‘18 3190 ‘'uojaenbe jwey oYy puw ‘Jolid yiooms ¥ Yaja
$60503d JOUI[) W JO IJTIP OY3 JO3 $188]1 [VjIusnbag ‘ng "X puw O] ")) ‘suowis ‘9

‘18 *3190 °‘Suojienbe [VIIUMILIIIP O3 suolwd]idde
$1] puUe $IUSFOTJFFP00 UOISNJIIP 93BI2UIBID Y3 A uojIenbe uww]leg pewioy ‘Iyesifng N -

raeadde 03 ‘A33111qOQodd “UUY "8 "1deg ‘meJI00Y] IIWI] [BIIUSD
oYl uj @5ueBisAucd JO S21VI PUe S31JI8WM UCTINTOAUOD ‘YIPNL “J'[ pum Aspowy “1°§

‘18 3dag ‘STeA9] @dued]IjuBis PIAISSqO pus sa[nJ Buyddoig ‘ieyawg f
*18 "1dag ‘uojiwzijuend pue Bujidues Aq $19311}3 jO UOIVINAmO) ‘nIBOJ[2030) "H'Y °

18 '1deg 'sessedoad [qISIAIP A]e1juljul urwied jo seliiedoid yawd ug ‘yxsujsoy ‘f -

*18 *3deg ‘S[J¥3 UCJINTOAUOD JO UCTIVWEIST ‘SUNSI(IA '3 -

YL

t-4

‘612

‘812

WAL

‘912
114

B 414

‘€1e

414




