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EXECUTIVE SUMMARY

BACKGROUND

Pseudonoise (PN) spread-spectrum communication systems that distribute
signal energy over a wide bandwidth possess low-probability-of-intercept
and antijam capabilities. The required power gain for signal detection is
obtained using a filter matched to a PN sequence known to the sender and
receiver, but not to a potential unfriendly interceptor. Within the spec-
trum of the wideband signal employed there may lie strong narrowband inter-
ferers (including jammers); such interference is particularly troublesome
at HF frequencies, where many narrow communication bands with considerable
pover are present. In order to realize the full performance advantage of
such a spread-spectrum system, a receiver must suppress this interference
prior to matched filtering with the appropriate PN sequence.

PURPOSE

The estimation and suppression of strong narrowband interference can
be carried out through the use of frequency-domain filters in real time.
The required finite Fourier transform of the time data is generally per-
formed using basis frequencies that are integer multiples of the reciprocal
of the time period over which the measurements are made. As a result of
the spreading effects of the sidelobes of the sin(x)/x function, which is
the Fourier transform of a rectangular time window, considerable energy
from non-basis frequencies in a narrow band may be distributed over basis
frequencies outside the band. Conventional approaches often suppress the
sidelobes by weighting the time data before performing the Fourier trans-
form. This results in data distortion prior to the suppression of any of
the interference and in the sacrifice of some frequency resolution.

This paper develops an approach in which the N unweighted time-domain
values of a sampled band-limited signal plus interference and the N Fourier
amplitudes are treated as the components of a vector in an N-dimensional
space. The subspace that best fits strong narrowband interference in a
least squares sense is excised. Such an approach accounts for and sup-
presses the sidelobes of a narrowband interferer.

RESULTS

It is shown that one may associate a unit vector in the N-dimensional
space mentioned above with each frequency in the continuous range of fre-
quencies less than the Nyquist frequency and may select any subset of N-
orthogonal vectors from this set for a basis (coordinate axes). Although
the basis may correspond to the usual choice of frequencies that are
integer multiples of the sampling frequency divided by N, an infinite

idq




number of possible frequency "reference frames" exist. Any unit frequency
vector has components along the coordinate axes that are determined by the
central and side lobes of the sin(x)/x function. The projection of the
data vector along any unit frequency vector is the finite Fourier transform
for that frequency. The "Fourier vector" for any frequency is defined to
be the corresponding unit vector multiplied by the Fourier amplitude.

Assume that there are J positive frequency interference bands within
which the basis frequency Fourier amplitudes exceed a predetermined noise
threshold and a total of K such basis frequencies within these bands, where
K << N. (The initial noise threshold should be set high enough to satisfy
this requirement -- then lowered after the interference thus identified has
been suppressed.) This report approximates the continuous range of frequen-
cies in positive frequency band j by L(j) frequencies, resulting in a total
of L frequencies in the J bands, where N >> L > 4K. (The lower limit here
is established in an appendix.) The subspace V of the N-dimensional space
that best fits the Fourier vectors for these L frequencies and the corres-
ponding negative frequencies in a least squares sense is then obtained.

The desired subspace V is found to be determined by the eigenvectors
belonging to the M largest eigenvalues of two L x L real symmetric matrices,
where M ~ 2K. By projecting the data vector onto the subspace orthogonal to
V, the amplitudes in the interference bands are made negligible compared to
the noise threshold and the sidelobes of these bands are simultaneously
reduced.

CONCLUSIONS

The methods described here should lead to considerable improvement over
conventional approaches (i.e., the same amount of narrowband noise excision
will lead to much less signal degradation and the same amount of signal
degradation will result in much more narrowband noise excision), but the
degree of improvement is presently unknown. This enhancement should be
particularly useful in a high-noise environment with many closely spaced
strong narrowband interferers. It is believed that the processors becoming
available will make the required digital processing feasible in real time.
Although the vector space approach was developed with a PN spread-spectrum
communication system in mind, it should be possible to adapt this approach
to other systems.

RECOMMENDATIONS

It is recommended that testing be performed to compare the performance
of vector space methods with conventional methods for excising narrowband
interference. The specific system and hardware requirements to implement
vector space signal processing methods must be identified and compared to
the requirements for known frequency-domain and time-domain approaches.
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SECTION 1

INTRODUCTION

1.1 BACKGROUND

There is considerable interest in the military applications of pseudo-
noise (PN) spread-spectrum communication systems because of their low-
probability-of-intercept and antijam capabilities [1,2]. At MITRE, in par-
ticular, wideband (~1 MHz) systems of this type are being investigated for
HF communications [3-5]. In such systems the required power gain for
signal detection is obtained using a filter matched to a PN sequence known
to the sender and receiver -- but not to a potential unfriendly intercep-
tor. Although this type of processing reduces the effect of narrowband
interferers, the system performance can be improved significantly by sup-
pressing the most powerful interferers of this kind prior to matched
filtering [6].

Narrowband interference can result from narrowband communication
systems that lie within the band of the spread-spectrum system or may be
caused by intentional jamming. Its estimation and suppression can be
carried out adaptively in the time domain [6,7] or through the use of
frequency-domain filters in real time [8]. The latter approach appears to
be more promising, but the design of suitable interference suppression fil-
ters is subject to problems resulting from the distribution of some of the
energy from a narrow band in sidelobes [9,10]. This paper develops a vec-
tor space approach in which the subspace that best fits strong narrowband
interference in a least squares sense is excised; such an approach suppres-

ses the sidelobes that complicate conventional frequency-domain methods.

An adaptive time-domain technique requires finding the parameters of a

model that is based on assumptions concerning the nature of the interference
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and how slowly it is changing. On the other hand, since the spectrum of
the PN sequence is relatively flat across the wide band that is employed,
it is easy to recognize strong narrowband interference in the frequency
domain -- a filter is designed to suppress the amplitude at all frequencies
at which its magnitude exceeds a predetermined noise threshold. At MITRE,
analyses and experiments involving HF interference in wide bandwidths have
shown that frequency-domain methods can achieve impressive signal-to-

interference improvements over time-domain methods [5].

The required finite Fourier transform on the time data is generally
performed using basis frequencies that are integer multiples of the recip-
rocal of the time period over which the measurements are made. Consider-
able energy from non-basis frequencies in a narrow band is distributed over
basis frequencies outside the band as a result of the spreading effect of
the sidelobes of the sin(x)/x function, which is the Fourier transform of a
rectangular time window. This spreading effect complicates the problem of
interpreting the frequency continuum and of designing filters to excise the
interference. It is common to suppress the frequency sidelobes by employ-
ing time-domain windows that weight the data prior to performing the finite
Fourier transform [9,10]. This is accomplished, however, at some sacrifice
in frequency resolution and by distorting the data prior to suppressing the

interference.

This paper takes a new approach to the interference problem by empha-

sizing that the continuous range of frequencies

I
o

0
SEST
in a band-limited time series can be treated equivalently. The fact that

there is only a finite number N of time observations spaced at intervals

T o (B2

5 b means that one is working in an N-dimensional vector space. Each
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frequency is represented by a specific direction in this space, but only N
such frequency vectors are linearly independent. Any subset of N ortho-
gonal frequency vectors can be chosen as coordinate axes; and, although the
usual choice is frequencies that are integer multiples of (NTO)—I, there
are an infinite number of equivalent frequency "reference frames." Side-
lobes result from the projections of vectors associated with other frequen-
cies onto the coordinate axes. The rules for designing filters for narrow-
band interference suppression should take into account the vector subspace
that best fits the continuum of frequencies in such a band and should be
independent of the particular frequency coordinate axes chosen. This paper
employs a least squares method to determine that subspace and then projects
the data vector onto the subspace orthogonal to it. It is worth pointing
out that the independence of phenomena from the particular coordinate frame
used has played a major role in the development of physics in this century
(5]

The discussion in this paper is restricted to the theoretical back-
ground and the mathematical formalism for the vector space approach, and
examples of its practical application are not given. Although considerable
improvement in performance is expected over conventional frequency-domain
methods, the signal processing requirements will be greater. The degree of
improvement and the specific system and hardware requirements must be iden-
tified in future work.

1.2 OUTLINE OF THE PAPER

Sections 2 through 6 are concerned with the development of a vector
space theory for a time series and its Fourier transform. Sections 7
through 10 address the problem of considering the subspace spanned by

strong narrowband interferers when designing a filter to suppress them.
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Finally, Section 11 presents the results and conclusions and makes recom-
mendations for future work. Appendix A evaluates an integral that is
approximated by a sum in Section 7 and gives arguments concerning the

number of terms that must be included in the sum.

Section 2 considers a band-limited time series (e.g., a radio signal
plus the background noise and interference) that is defined over all time
and reviews the sampling theorem for such a time series and its Fourier
transform. Section 3 shows that the sampled time values can be regarded as
the components of a vector in an infinite-dimensional space, with each time
corresponding to a different orthogonal basis vector in this space; i.e., a
different coordinate axis. A Fourier transform is a transformation to a
nev basis corresponding to the continuous range of frequencies with magni-
tudes less than the Nyquist frequency, but does not change the original
data vector. Each frequency has a unique vector associated with it that is
orthogonal to all other frequency vectors, and the component of the data
vector along this direction is the Fourier transform for that frequency.
The time and frequency bases are therefore two different ways to express

the same vector, i.e., the same information.

Actual measurements are confined to a finite time interval, so Section
4 points out that this is equivalent to mapping a data vector in the
infinite-dimensional background space into an N-dimensional space. In
fact, N of the time basis vectors in the original space and the correspond-
ing coordinates are mapped directly into the new space, while the remaining
basis vectors are mapped into the null (zero) vector and all information

about them is lost.

On the other hand, as Section 5 demonstrates, the effect that the
mapping onto the N-dimensional space has on the frequency basis vectors is
different, since all frequency vectors are changed by this mapping. Every

such vector representing a specific frequency in the infinite-dimensional
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space has an image in the N-dimensional one and, as mentioned earlier, in
the latter space one can choose any subset of N orthogonal frequency vec-
tors as a basis. Section 6 demonstrates how an arbitrary data vector in
the N-dimensional space can be expressed as a linear combination of the N
vectors in any one of the infinite number of possible frequency bases. The
coordinates for the basis chosen can be found by means of a finite Fourier
transform. With any frequency one can associate a "Fourier vector," which
is the finite Fourier amplitude for that frequency multiplied by the unit
vector associated with it, and the N-dimensional data vector can also be

expressed as an integral over all the Fourier vectors.

Although in practice only real time series are of interest, Section 7
addresses the problem of excising a single strong narrowband interferer in
a complex time series. This is because a "single band" in a real time
series actually consists of one in the positive frequency region and an-
other in the negative frequency one, so the problem is first simplified as
much as possible. Suppose there are K basis frequencies in the band, such
that the Fourier amplitudes for all of these frequencies have magnitudes
exceeding the noise threshold N . After calculating the Fourier vectors
for L frequencies in this band, where L is at least four times larger than
K (as discussed in Appendix A), but much less than N, we find the subspace
of dimension M ~ K that best fits these L Fourier vectors in a least
squares sense. After this subspace is excised by projecting the data
vector onto the subspace orthogonal to it, the Fourier amplitudes for fre-
quencies in the band all have magnitudes much less than N_, and the side-
lobes of this band are also suppressed. The required subspace is deter-
mined by the eigenvectors corresponding to the M largest eigenvalues of an
N x N Hermitian matrix. However, in Section 8, it is demonstrated that

this is transformed easily into an L X L real symmetric matrix problem.

Section 9 then generalizes the results to a single interferer in a

real time series, and in Section 10 it is shown how to suppress an

1-5




arbitrary number of interference bands. The subspace excised is the one
that best fits L Fourier vectors in the positive frequency interference
bands and the L complex-conjugates of these Fourier vectors. (The latter
are included to account for the negative frequencies.) Some expressions
are given for the 2L x 2L real symmetric matrix whose largest eigenvalues
and corresponding eigenvectors must be found. Finally, it is shown that

the problem can be re-expressed in terms of two L x L submatrices.

Note that our treatment of the infinite-dimensional time series from
which the finite-dimensional data measurements are taken assumes that the
Fourier transform exists, whereas in the literature it is often assumed
that such a Fourier transform does not exist [10]. Although such assump-
tions may require a different theoretical treatment of the mapping from the
infinite-dimensional space to the N-dimensional one, the final results

should not differ from those in this paper.
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SECTION 2

SAMPLING OVER INFINITE TIME

2.1 BAND-LIMITED TIME SERIES

Let g(t) be a real time series (e.g., a radio signal plus background
noise) that is a function of the time t and for which the Fourier transform
G(f) is defined as a function of the frequency f. Only band-limited func-

tions such that
G(f) = 0 for |£| > F /2, (2-1)

where F, is a positive frequency, will be considered in this paper. The

Fourier transform and its inverse are given by

G(£) = JF;(t)e_jzuftdt (2-2a)
and
F,/2
g(t) = J c(fyed 2™ty | (2-2b)
AL 79

respectively. The fact that g(t) is real leads to the usual condition:

G(-f) = G*(f) , (2-3)

wvhere the asterisk indicates complex conjugation.

Let h(t) be another such band-limited function with the Fourier trans-
form H(f). The inner product of g(t) and h(t) is defined by

2-1



(h,g) = (gh) = [ h(og(t)de (2-4a)

F,/2
= J H*(£)G(£)df , (2-4b)
“F, /2
and the norm of g(t) is
lgll = (g,2)*"? (2-5a)
e 172
- J Ig(t)lzdt] (2-5b)
= 1/2
F,/2 .
= [ leoPag| (2-5¢)
L2

2.2 SINUSOIDAL TIME SERIES

A sinusoid having a frequency F, such that F /2 > F, > 0 can be writ-

ten in the form

w, (1)

Aacos(ZHFat = i) (2-6a)

s, [cos(ercos(2nr, 1) + sin(g,)sinczm, 0] (2-6b)

where the phase $ satisfies

2n> ¢ 20,
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and where A is a real positive constant. The generalization of the Four-

ier transform in Equation (2-2a) to such a function is

(-]

IEXG R (2-7a)

- ]

e, (£)

]

n
MI '3>

[e-j‘l’,s(f CF) + el tas(E s Fa)] , (2-7b)

vhere &8(f) is the Dirac distribution (which is often incorrectly called the
Dirac delta function). In addition, the inner product in Equation (2-4)

generalizes to

--]

(w,w) = .fw,(t)u\,(t)dt (2-8a)
= (A,A /2) cos(®, - & )8(F, - F) , (2-8b)

so two such sinusoids are orthogonal if either

P B.Fy

or if

g =8 =g /2 or + 3n/2 .

However, since the right-hand side of Equation (2-8b) is not defined for

F . =F, such functions do not possess norms like that in Equation (5).
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2.3 THE SAMPLING THEOREM

The famous sampling theorem [12] says that it is sufficient to sample
a band-limited function such as G(f) at the rate Fs in order to obtain com-

plete information about it. The sampling interval is

T, =178, (2-9)
For the sampling times

t o=kl & =0y el w2 e e g (2-10)
one defines

g =8kT)) k=0, +1, +2, ... . (2-11)
Let us also introduce the function

0; £< —FO/Z ]
Xf) = ¢ 1 3 B2 S ELF /2 (2-12)

0y B8 € E

According to the sampling theorem, one can replace Equation (2-2) by

G(f) = CKf)TOEZ: g e I, L (2-13a)
=
with the inverse relation
F,/2
g, - I G£)eI 2™ Toge v kL0, 1, £ 2, . . . . (2-13b)
“F, /2
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The inner product in Equation (2-4)
(h,g) = To(h’g)T ’
0

where

(h,g);

T
0
~Eq42

The norm in Equation (2-5) becomes

el = 975 1lelly

where

= 1/2
) sl
——®

Eia/2

ey,

=B

can be rewritten in the form

1 I H*(£)G(£)df .

1/2

0
(W) | lece) et

(2-14)

(2-15a)

(2-15b)

(2-16)

(2-17a)

(2-17b)

The sampled time series represented by the sinusoid in Equation (2-6)

is
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)
f

= ®, (KTy)

Acos(2nF kT, - ) ; k=0, 21, + 2, . . . (2-18)

Corresponding to the result in Equation (2-13a), the Fourier transform in
Equation (2-7a) can be replaced by the discrete-time transform

©

0,(5) = DT, ) e It (2-19)
k=-w
and this is still equal to the right-hand side of Equation (2-7b).
In place of Equation (2-8) one now has
(w,,0) = To(w,,0)p (2-20)
0
where
@
(“%’“k)T =§E: w0, (2-21a)
B
AaAb
= —Z-T—COS(‘I’a w q>b)6(Fa e Fb) . (2—21b)

2.4 COMPLEX TIME SERIES

The real time series g, in Equation (2-11) can be regarded as a

special case of a complex time series



X, =x(kT)) k=0, +1, +2, ... ,

where x(t) is a complex band-limited function of the time.

time Fourier transform is written
[+
XeE) = cxf)TOZZ:xke‘JZ"kTof :
k=-
and the inverse relation is
F°/2

X, = I o) i T SO S T S A
“F, /2

Since, in general,

in contrast to Equation (2-3), one usually has

X(-f) # X*x(f) .

(2-22)

The discrete-

(2-23a)

(2-23b)

(2-24a)

(2-24b)

The generalization of the inner product in Equation (2-15) for any two

band-limited complex time series x, and y, is
@
*
(Y;X)T = [(X;Y)T ] =Zytxk
0 0
k=-o

F /2

1 8
-1 J Y*(£)X(F)df .
°_F,/2
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SECTION 3

INFINITE-DIMENSIONAL VECTOR SPACE FORMALISM

3.1 TIME REPRESENTATION IN C°

The preceding section discussed the values g, of a real band-limited
time function g(t) sampled at times kTo, k=0, +1, +2, . . . , where
1/2T, is the Nyquist frequency. It is possible to regard the g,'s as the

components of an infinite-dimensional real vector g [13,14], i.e.,

g=(---,g_1,g°,g1,.-.)- (3-1)

The inner product in Equation (2-15) can be viewed as the scalar (or dot)

product of two such vectors [13,14]:

(h,g)y =h''g= Z h,g, - (3-2)

Ve shall refer to this infinite-dimensional vector space with the scalar

product defined in Equation (3-2) as R".

If only the time representation of such a series were going to be con-
sidered, there would be no need to introduce a complex vector space, since
one measures only real time series in practice. But, in order to also be
able to consider the usual frequency representation, in which there occur
complex amplitudes, one must work in an infinite-dimensional complex vector
space Cc”. The complex time series in Equation (2-22) defines an infinite-

dimensional complex vector

X o= (b o vy X_yy Kgy Xy o000 ) (3-3)
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From Equation (2-25a), the scalar (or dot product) is

g = [@ng Jo - yeex (3-42)
0
= EE: yix, - (3-4b)
k=—o

The norm of x can thus be written:

14,79 -
il = peex] ™ = ) ] (3-5)

Let us introduce a set of real orthonormal vectors

e(k) = (. p WO, el el ¢ 5w W )R
R0, # L, # 2, « » « 3 (3-6a)
in € such that
e (k) = Sjk 5 de om0 &Ly =25 5 5 & (3-6b)

Thus, e(k), for a specific value of k, is the vector with a one in the kth
position and a zero in all other positions; such a vector represents an
infinite sampled time series with the value 1 at time t = kT, and the value
0 at all other times t = 1T, with 1 # k. The vectors in Equation (3-6) are
orthonormal because
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(e(j),e(k))To = e(j)-e(k) = &, ;

ok 2l £l b By o ww (3-7)

For an arbitrary vector x in C°, Equation (3-3) can now be written:

[- -]

X = 2{: e(k)xk . (3-8a)
==
with the inverse
Xy = e(k)x k=0, 21, +2, . . . . (3-8b)
The infinite set of linearly independent vectors in Equation (3-6) is
said to form an orthonormal basis for C , and the %, s are the coordinates

in this basis. For a particular value of k one can call e(k) the unit vec-

tor in the k-direction. The complex conjugate

-]

X* = 2{: e(k)x¥ (3-9)

ke-w

of the vector x is also a vector in this space. O0f course, for a real time
series represented by the vector g in Equation (3-1),

g =g = j{: e(k)g, (3-10a)
that is,
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geg 1 k=0, 83 £2 ¢ (3-10b)

3.2 FREQUENCY REPRESENTATION IN C”

In order to have a basis corresponding to the complex Fourier ampli-
tude X(f) in Equation (2-23a), let us define the complex vectors e(f) by

e(f) = Of) zz: e(k)eI 2T L (3-11a)
k=~

The inverse transformation, which is similar in form to Equation (2-23b),
is

F,/2
oy =0 | se Pt s e 0wl By o a0
-F,/2 (3-11b)
The vectors €(f) satisfy the relations
e(-f) = ex(f) (3-12a)
and
(e(f'),e(f))T = ex(f')-e(f) = &£)6(f IF 8(f-f ) . (3-12b)
0

From a comparison of Equations (3-8a) and (3-11la), it is clear that, for

F,/72 2 |£| > 0, €(f) represents the complex time series

0™ sk = 05 2l .2 5 85w (3-13)



The vectors &(f) are also a basis for C°, since when Equations (2-23b)
and (3-11b) are substituted into Equation (3-8a), the result is

F,/2

% J €CE)X(E)AE | (3-145)
“F, /2

with the inverse
X(f) = Toe*(f)-x . (3-14b)

Equations (3-8a) and (3-14a) are two different ways in which to represent
the same vector x in C°. Just as the sampled time values x, are the coor-
dinates of x in the basis e(k) ; k=0, +1, +# 2, . . . , the Fourier
amplitudes X(f) are the coordinates in the basis &(f) for FO/Z 2 f > —FO/Z.
Note that when x is expressed as in Equation (3-14a), we have, in place of

Equation (3-4),

F,/2

(g = yex = = | TROXENE (3-15)
4] 0
“F,/2

as in Equation (2-25b).

3.3 POSITIVE AND NEGATIVE FREQUENCY DECOMPOSITION
An arbitrary complex vector x can be written

X = %(+) + X(=) (3-16)
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vhere

F,/2

i) = Jg €(£)X(£)df 5150

contains only positive frequencies and

0
x(-) = I e(£)X(£)df (3-17b)
Fi/2
F,/2
- I ex(£)X(-£)df (3-17¢)
0

contains only negative ones. In general, the vectors x(+) and x(-) are

independent of each other, and they are always orthogonal, i.e.,

(x(—),x(+))To = X(-)*x(+) =0 . (3-18)

The result in Equation (3-14) is, of course, still valid when the time
series under consideration is represented by a real vector g, as in Equa-
tion (3-10), but the Fourier amplitude G(f) is now subject to the con-
straint in Equation (2-3). One can write

F,/2

g= | e(BHGDHIE (3-19a)
<P /2

with the inverse
G(f) = Toe*(f)°g . (3-19b)
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We can still decompose g into a positive frequency part g(+) and a

negative frequency part g(-), as in Equations (3-16) and (3-17):
g = g(+) + g(-) . (3-20)
But now, because of Equation (2-3),

g(-) = g(+)* . (3-21)

3.4 REPRESENTATION OF A SINUSOID

To conclude this section, let us consider a real vector W in o

representing the sinusoid in Equation (2-18). Thus,

w = j{: e(k)wﬂk (3-22a)
k=-o
= A, EZ: e(k)cos(2nF kT, - ¢, ) (3-22b)
k=-
At lie i
- 5 e e ¢t ] (3-22¢)
The scalar product of two such sinusoids can then be written
(wa’wb)T = wa.wb
0
AaAb
= o1 cos(¥ - ®INFE, —- F.J (3-23)

0
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as in Equation (2-21).

The vector w can be decomposed into a positive and a negative fre-
quency part as in Equation (3-20), i.e.,

W =o(+)+el-), (3-24)
vhere
w (+) = A, (+)&(:F,) (3-25a)
- 2{: e(k)w , (+) . (3-25b)
k=-®

Here we have used

A -
As) = et (3-26a)
0, (£) = A, (£)et)2EKT, (3-26b)
These vectors satisfy
W ()% = w (+) (3-27)
and
(0,2, 8, () = @, ()% @ (2) = A, (IA(DEE, - ) (3-28a)
(0,4, (N = W+ a4 ) =0 (3-28b)
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SECTION 4

FINITE TIME SERIES

4.1 TIME REPRESENTATION IN C"

Actual measurements of a band-limited time series are made over a
finite time interval and not over infinite time, as the sampling theorem
assumes. Since there is only a finite number N of samples, one is mea-
suring the components of a vector in an N-dimensional space. This section
discusses the time-domain mapping from the infinite-dimensional vector
space C* considered in Section 3 to an N-dimensional one, and Sections 5

and 6 discuss the effect in the frequency domain.

Suppose we are interested in the complex time series

%y 5 0k N = L, (4-1)

where it is assumed that N is even. These values can be regarded as the
components of a vector X in an N-dimensional complex vector space g
[13,14]:

X = (xo, L xN_l) . (4-2)

Just as the scalar product in C~ was defined in Equation (3-4), the

scalar product of two vectors kX and ¥ in ¢ is [13,14)
(3,%), = (PE = 9% (4-3a)
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= Z YEx, (4-3b)

vhere the components of ¥y,
Y, s 0k <N-1,
are also taken from an infinite time series.

The norm or length of % is

1/2

-1
1/2
lklly = [oex] - lekl2 : (4-4)
=0

For a basis in C" one may employ the real vectors

&) = (1,0,0, . . . ,0),
é(1) = (0,1,0, . . . ,0) ,
. (4-5)
é(Nil) & (00,0, -+ « « gl) -
These satisfy the properties required of an orthonormal basis, i.e.,
(&(3),&(k)), = &(j)-&(k) = &, 5 0 <j,k <N-1. (4-6)



Thus, X may be written:
N-1
X = j{: é(k)x, , (4-7a)
k=0

with the inverse

x, = &)k . (4-7b)

4.2 MAPPING OF VECTORS FROM ¢~ To CV

One can formally define a map M from C* to ' by requiring that

v | e 0 g
e(k) — (4-8)
0 s k >2Nork <0 .

A
~
A
=z
|
—

An operator M that will perform this map is defined by

N-1 ©
M= }{: é(j)mjke(k) z (4-9a)
j=0 k=-=
where
8, 5 0 <3k <N-1,
my, = (4-9b)

0 ; k>Nork<O.

Another way to write Mis simply
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%= Z é(k)e(k) . (4-10)

This operator transforms a basis vector in C” to one in C" in the following

wvay:

N-1
M-e(n) = Z &(j)m,, e(k) |-e(n)
j=0 k=-w
N=1 ®
= e(j) Z L [e(k)-e(n)]
j=0 k=-
N-1 ®
- ) & Z M 8yn o
j=0 k=-=

so, when use is made of Equation (4-9b), we find that

é(n) ; 0 <
M:-e(n) = (4-11)
0 ;s n 2Norn<2O0,

A
=]
IA
=z
|
-

which is the desired result.

For an arbitrary vector x in c® having the form in Equation (3-8a),
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With the aid of Equation (4-11), the result is
Mx = %, (4-12)

wvhere % has the form in Equation (4-7a). We can say that M is an operator
from C* te C" -- note that it does not affect the N components of x given
in Equation (4-1), but it destroys all information about the remaining

. «
components in C .

The map from C” to c" is not one-to-one. Suppose x and x' are two

different vectors in C° having the property

7 g
X Xk—

0; 0 <k {<N-1,
(4-13a)

arbitrary ; k D Nor k < 0 .

Then

X =x", (4-13b)
so there is no way to distinguish between x and x’ using only the N mea-
sured components of the time series -- x and x’ have the same image in & s
In fact, given any vector x in C”, there is an infinite number of vectors
x’ in C° such that

> <A S

5 . . N
but with the same image in C as x.
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The above treatment is still valid when only real vectors having the

form of g in Equation (3-10a) are considered. Thus

g=-Hg (4-14a)
N-1

. Zé(k)gk (4-14b)
k=0

is a real vector in C'. There is an infinite number of real vectors g’ in
c” such that

g #8, (4-15a)
but for which
g =g . (4-15Db)

Suppose that x and y are any two vectors in C” that are orthogonalj;

i.e., which satisfy

(Y,X)To =0. (4-16a)
In general,

(¥,%), #0, (4-16b)

i.e., the images of x and y in c" are not necessarily orthogonal. On the

other hand, suppose that x and y are not orthogonal in C”, i.e.,

(y,x)p #0 . (4-17a)
0



It is possible that

(¥,%), = 0 . (4-17b)

4.3 OPERATORS IN c"

An arbitrary operator ﬁN in ¢" has the form

—

N-1

N
B, = }E: }{: &(j)by,ek) , (4-18)
]

=0 k=0

where the numbers
b ; 0 <j, k {<N-1,

ik i

which are generally complex, can be regarded as the elements of an N x N

matrix:

Eue [bjk] . (4-19)

When B, operates on an arbitrary vector X in CN, it is easy to verify that

one obtains a new vector ¥ in (o:48
¥ = By % , (4-20)

that has the form
y = Z:é(k)yk ) (4-21a)
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vhere

e =§Z: bea® 5@ £ SH =10, & (4-21b)

If the elements of the matrix b are real, then én is a real operator and,

given an arbitrary real vector g in CN, the vector
h =B, g (4-22)
is also real.

A particular example of such an operator is

N-1 N-1
I, - }Z:é(j)sjké(k) (4-23a)
§=0 k=0
N-1
= }E:é(k)é(k) . (4-23b)
k=0

It is easy to verify that, given any vector x in c%,
I ‘% =%, (4-24)

so in is the identity operator in o



SECTION 5

FREQUENCY BASES FOR A FINITE TIME SERIES

5.1 FREQUENCY BASIS MAPPING FROM C” to C"

The results of the preceding section will be rewritten in the fre-
quency representation, and the consequences that a mapping onto a finite
time interval has in the frequency domain will be analyzed. 1In this sec-
tion the discussion will be confined to the basis vectors in the frequency
domain, and in the next section the frequency representation of an arbi-

trary vector will be considered.

Equation (3-11a) defines the frequency-domain basis vectors €(f) in
c”. If such a vector is mapped to CN, using the operator M defined in the

preceding section, we obtain

&(f) = M-e(f) (5-1a)
N-1 .
_ O(f)Zé(k)ernkTof : (5-1b)
Rab

It follows that the scalar product of two such vectors is

e (f ) &(f) (5-2a)

(&(£'), 8(£)),

Ne(f)e(f )D(f - f) , (5-2b)

]

vhere
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DEEY = %-Egze'jZ““Tof (5-3)

is a cyclic function of f with period F,.

The function D(f) can be written in the form

D(f) = exp[-j(N - 1)nT £]D°(f) , (5-4a)
where
sin(mNT£)
P*(E) = Nsin(mT, B) et
0

approximates the behavior of the function sin(x)/x in an N dimensional

space. This function has the properties

D(-f) = D*(f) (3-5)
and
F,/2
NT, [ DE - €)D" - £aE" = e - £) (5-6)
F 1

It has a maximum at £ = 0, where

D°(0) = D(O) =1 , (5-7a)

and, more generally,
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D°(KF,/N) = Zsk,m p B =G e v o a (5-7b)

-

It is worth noting that

w
D°(f) = ZE:U(f +nF)) , (5-8a)
Nn=-®
where
51nnNTof
U(f) = TNT (5-8b)

is the Fourier transform of

( NTo
0 ,t(-—T,
1 NT0 NT0
U(t)=<NT°;—2—StST, (5-8c)
NT
0
0 ;T<t

That is, D°(f) is a frequency-aliased [12] version of U(f), which results
because the function u(t), which is not band-limited, is sampled at the
rate F . Since other properties of D°(f) have been frequently discussed in
the literature [9], we will not go into much detail here or provide any

figures. The region

F F
N LS <
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is frequently called the main lobe of D°(f), while the kth sidelobes are
given by

F, F,
kg~ < |f|<(k+1)N—-,

vhere

1
IA
-
IA
o=
1
-

5.2 UNIT FREQUENCY VECTORS IN C"

Whereas the vectors €(f) and e(f') in C" are alvays orthogonal for
£ # f', their images &(f) and t(f') in C" do not generally have this prop-
erty, according to Equation (5-2). 1In fact, from Equation (5-7b) it fol-
lows that (f) and t(f') are orthogonal only when

fof =g ik=sl, 22, ..., (N-1). (5-9)
From Equations (5-2) and (5-7a), the length of &(f) is
172
e [l = [reH-an] - W . (5-10)

Since the scalar product of #(f) and &(-f) is
(&(f),&(-f)), = &(f)-&(-f) = N&£)D(2f) , (5-11)

&(f) and &(-f) are not, in general, orthogonal.
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It was pointed out in the previous section that any vector in C" is
the image of an infinite number of vectors in C°. Since there is an infi-
nite number of different vectors in C” that, like e(f), map into ¥(f),
frequency loses the unique and unambiguous meaning that it has in infinite

time. For example, one of the vectors €' (f) # &(f) that maps into ¥(f) is

N-1
e (f) = CKf)EZ:e(k)ejznkTof (5-12a)
k=0
F /2
- &()NT, I e(£ )D(E - £)df . (5-12b)
“F, /2

Instead of using the vectors &(f), it is convenient to introduce unit
vectors Y(f) defined by

1
W) = — &(£) (5-13a)
N’
o LilvetE) (5-13b)
N’
N-1
= CKf)-l-jE:é(k)ernkTof : (5-13¢)
Jﬁﬂk:O

These are unit vectors, since

[wE) ||, =1 - (5-14)
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Furthermore, the scalar product of two such vectors is
(WE),WE)), = AH)(£ )D(f" - £) , (5-15)

so D(f - f') can be regarded as the complex cosine of the angle between
in') and ¥Wf). These vectors satisfy

Y-£f) = V() (5-16a)

and

(™£),o(-£)), = &£)D(2f) . (5-16b)

5.3 ORTHONORMAL FREQUENCY BASES IN C"

. N . .
Since C is an N-dimensional space, we can choose N orthogonal vectors

from the set

F0
wE) 5 [£] <5

as an orthonormal basis -- there is an infinite number of possibilities.
To obtain all possible orthonormal bases, let us first consider the set of

frequencies

£ = (5-17a)



Note that

(4]
"
|
(2]
—
IN
~
IN
o=
1
—

is an orthonormal basis; i.e.,

(UE)),AE D), = ¥ (E))UE) = §, 5 0

Because of Equation (5-13c),

N-1 _
W) - L% e(nyed?™Toty
N

The inverse of this equation is

’

; O

s

k

[VaN

I

Sk Z/ =1 4

(5-17b)

(5-18a)

(5-18b)

(5-19a)

(5-19b)

(5-20a)



WE e 2Ty 0 ¢n¢nN-1. (5-20b)

Vith the aid of Equation (5-15), it is easy to show that, for an arbi-
trary choice of basis frequencies,

N-1

Wf) = &f) wak)n(fk =) 5 (5-21)
k=0

This relation enables us to express the unit vector ¥(f), which is parallel
to the mapping of the frequency vector €(f) in C” into the space CN, in

terms of the N unit vectors \ka) chosen for a basis. Here D(Tk - f) is the
complex cosine of the angle between the basis vector iKTk) and the arbitrary

frequency vector Wf). A consequence of Equations (5-15), (5-19b), and
(5-21) is

N-1 N-1
}E:D(f - E(E, - £) - }E:D*(E; - )D(E, - £)
k=0 k-0
=D(f - £) , (5-22a)

a special case of which is
N-1
§£:|D(E; - EF =1. (5-22b)
k=0

After multiplying Equation (5-21) by NT D(f - fj), integrating over f and
making use of Equation (5-6), we find that
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F /2
0
WE,) = NT, I WED(E - F,)df ; 0 <j SN - 1. (5-23)

i
—FO/Z
From the above equations, it also follows that

F,/2

W(E) = NT, O(f) J WE IDCE - £)df . (5-24)
“F./2

5.4 SELF-CONJUGATE BASES

For an arbitrary choice of I in Equation (5-18), the set of vectors

W-E) = v(E) ; 0<k ¢N-1, (5-25)

differs from the original set. This is not of any concern as long as we
are considering arbitrary complex vectors, but, when our interest is in
real vectors, it can be very desirable to have the set of basis vectors
equal to its complex conjugate set; that is, for the basis to be self-
conjugate. One way to guarantee this property is to choose f = 0, in which
case the set of basis frequencies is given in Equation (5-17) -- this is
the basis almost always used in the literature. 1In this case there are two

real vectors,

WEy) = W(E,)
(5-26a)
wa/z) = i’k(fN/z) ’

N/2 - 1 positive frequency vectors,
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WE) 5 1Sk<F-1, (5-26b)
and N/2 - 1 negative frequency vectors
- N
WED) = W-£y ) = W(f ) i3+ 1 <k SN-1 (5-26¢)
Equation (5-20) can, in this case, be written
N-1
WE,) = -lZé(n)er“nk’N s 0<k <N-1, (5-27a)
N
n=0
and
N-1
atn) = J-wak)e‘ﬂ““k’“ W B & . (5-27b)
Wk=0

Another choice of ¥, such that the basis vectors and the complex con-
jugate set are identical, is

= Fo
f = N (5-28)
In this case, the basis frequencies
F
0 N
. (2k+1)-2—l‘-1-'0$k$7_1'
fk = y (5-29a)

SN -2k -1) 5ri 3 Sk SN-1,
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satisfy

] ] N
fy vy = - £, 3 0<k( - 1 (5-29b)
The basis now consists of the N/2 positive frequency vectors
9 N
WD) 5 0 <k g - I (5-30a)
and the N/2 negative frequency ones
= ] i ] ] N
ME D) = M-£,_, ) = W(E, _,_,); 7 <k <N-1. (5-30b)
Equation (5-20) can now be written
N-1
3 .
i(fk) = _l_zzzé(n)ejnn(2k+1)/N .0 ¢k ¢H -1, (5-31a)
IN"
n=0
and
N-1
- ;
&0y = —Iwak)e‘J’m‘Zk*l)/N S W BN ~ 1 . (5-31b)
J'N_‘k=0
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SECTION 6

FREQUENCY REPRESENTATION OF A FINITE TIME SERIES

6.1 BASIS FREQUENCY FOURIER AMPLITUDES

It has been shown that the frequency-domain basis vector €(f) in C”

has the image

g(f) = IN'WE)

@ N .

in the vector space C to which actual measurements correspond, where %(f)
is a unit vector, and that one can choose N of the vectors Wf) for an
orthonormal basis. This section discusses the frequency-domain represen-

. . . N
tation of an arbitrary vector in C .

When Equations (3-11b) and (5-20b) are substituted into Equation
(4-10) for the mapping operator M from C* to c", the result is

N-1 F, /2
M= IN'T, 2{: J WEOID(E, - £)ex(£)df . (6-1)
o e

When this operator is applied to a vector X in C” expressed in the fre-

quency representation, as in Equation (3-14a), we obtain

%= ) WEOXE) , (6-2a)

vhere the discrete Fourier amplitudes i(fk) are given by
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F,/2
0
X(E) = I [ DE, - HX(HE 5 0 <k <N-1. (6-2b)

“F,/2

Thus, just as Equation (4-7a) gives the time-domain representation of the
vector k in C", Equation (6-2) gives the frequency-domain representation
using one of the frequency bases given by Equations (5-17) and (5-19).
From Equation (6-2a),

X(£,) = W(E)%x; 0 <k <N-1. (6-3)

Note that the scalar product in c", which was introduced in Equation (4-3),

can also be written

N-1
(¥,%), = Z?*@k)i{(i) ; (6-4)
k=0

When Equation (5-20b) is inserted into the right-hand side of Equation
(4-7a), we also find that

N-1
XE) - 2= }E:xne‘Jz"“Tofk ;0 <k <N-1, (6-5a)
N
n=0
which has the inverse
= _
X, = - zzji(f;)er"“Tofk ;5 0<n<N-1. (6-5b)
W=
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The two cases of special interest are for the basis frequencies f, in Equa-
tion (5-17) and for the basis frequencies %k in Equation (5-29). In the

former case

HE ) = —Jl_—lzxne‘ﬂ’“‘k’” B AR SR~ T (6-6a)
N
and
N-1
% & #Z T el RS (6-6b)
N
k=0

while in the latter case we have

N-1
Xty = szne‘”‘“(z‘“l)’” 70 Sk @il -4, (6-7a)
N .
n=0
and
N-1
x = == ) x(F)edMEDN g p N (6-7b)
N
n=0

If ve are considering a real time series g, and its vector §, instead

of Equation (6-2) we have

N-1 |
= wak)é(fk) , (6-8a)
k=0
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wvhere

F,/2
0
G(E,) = W' J D(f, - £)G(f)df ; 0 <k <N - 1. (6-8b)

~Fy/2

Because of Equations (2-3) and (5-5), we find that

Gx(E,) =G(-£) ; 0 ¢k <N -1, (6-9a)

so it is convenient to use one of the two sets of basis frequencies that is
jdentical to its complex conjugate set, i.e., either the set in Equation
(5-26), in which case G(f,) and G(f

N/2) are real and

GR(E,) = GCE, ) # 1 €k <

] b4

= B (6-9b)
or the set in Equation (5-30), in which case

Gx(f,) = G(f

N
donx-1) 30 Sk £ o= 1. (6-9¢c)

Othervise, if wve use an arbitrary choice of basis, each of the amplitudes
G(f,) for N/2 <k <N -1 is a linear combination of the complex conjugate
amplitudes for 0 <k < N/2 - 1.

6.2 FOURIER AMPLITUDES FOR ANY FREQUENCY

Let us nowv return to the case of an arbitrary complex time series. In
order to excise narrowband interference, we will need to know the component

of X in the direction of ¥Wf), i.e.,
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X(f) = S(f)'% , (6-10)

an expression that has the same form as Equation (6-3) for the basis fre-
quencies. If we write % in the time representation as in Equation (4-7a)

and use Equation (5-13c) for %f), we have

N-1
X(f) = o(f) —l—EE:xke‘Jz"kTof : (6-11a)
N =0

On the other hand, if we express % in the frequency representation, as in

Equation (6-2a) and make use of Equation (5-15), we find that

N-1
X(f) = CKf)}E:D(f = B IXE) - (6-11b)
k=0

Thus k(f), which we shall call the finite Fourier amplitude for frequency

f, can be obtained from either the time series components x using the

K
finite Fourier transform in Equation (6-11la) or from the discrete Fourier

amplitudes i(fk) for the basis frequencies using Equation (6-11b).

Equation (6-2b) is an expression for the discrete Fourier amplitudes
for the basis frequencies in terms of the Fourier amplitudes in C~, but
there is no way one can solve for the latter. This equation does tell us
that the amplitude for any of the basis frequencies is a supposition of
both positive and negative frequency amplitudes in c”. If it is substi-
tuted into the right-hand side of Equation (6-11b) we find that

B 72

0
%(£) = N &(f) J D(f-£ )X(£’ )dE" (6-12a)
_F,/2
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F,/2
- NT e(f) | D(E-£1)X(E)af" (6-12b)
5 /2

A special case of the above is

F,/2
%) = N1, [ D(F, - DX (6-13)

I 12

Vhen the above equations are substituted into Equation (6-2a), we find,
with the help of Equation (5-21) that

F /2

0
£ - N j (£)X(£)df TESTha)
F, /2
F,/2
= i, f (E)X(E)AE . (6-14b)
“F,/2

6.3 FREQUENCY PROJECTION OPERATORS

The unit operator in introduced in Equation (4-23) can be written, in

the frequency representation
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I, - 2{: WE )8 W (E)) (6-15a)
k=0 I-0
N-1
= ) WEIW(E) - (6-15b)
k=0

Another operator of special interest is the projection operator

P (f) = W)W (f) . (6-16)

. . a . N .
Given an arbitrary vector X in C', consider the vector

%(f) = P (f) % (6-17a)
= WE)[S(E) K] (6-17b)
= WEX(E) , (6-17¢)

We see that %(f) is the projection of the vector X in the direction of the

unit vector %(f) corresponding to the frequency f£. Since k(f) is the

finite Fourier amplitude for frequency f, we shall refer to X(f) as the

finite Fourier vector for that frequency. Because of Equation (5-21)

where

N-1

%(f) = Zwﬁ)k(f;ﬁ) : (6-18a)
k=0

X(£;5) = D(E, - £)X(£); 0 <k <N - 1. (6-18b)
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The properties of projection operators are discussed in reference 14.

6.4 POSITIVE AND NEGATIVE FREQUENCY AMPLITUDES

In Equations (3-16) and (3-17), we saw that an arbitrary vector x in
C” can be written as the sum of a positive frequency part x(+) and a nega-
tive frequency part x(-), where x(+) and x(-) are orthogonal. The image of

x(+) in C" is

R(+) = Mox(z) . (6-19)

N-1
®(x) = ) WXz, E) , (6-20)
k=0
wvhere
F /2
X(+,F) = W J D(F, - £)X(£)df ; 0 <k <N -1, (6-21a)
0
and
F,/2
X(-,E,) = I D(E, + E)X(-£)df ; 0 <k <N -1 . (6-21b)
0

This result resembles Equation (6-2b), except for the restriction on the

range of integration. In fact, k(fk) is related to the amplitudes above by
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tion
x(+)
just
tive
tion

have

Ty =R, BE) 4 MB35 0 Sk gl - 15 (6-22)
Although only positive frequency amplitudes in C” contribute to Equa-
(6-21a) and only negative frequency ones to Equation (6-21b), both

and kx(-) have components along all of the frequency basis vectors, not
the positive frequency basis vectors in the case of x(+) and the nega-
frequency ones in the case of %(-). Furthermore, in contrast to Equa-

(3-18), which tells us that x(+) and x(-) are orthogonal in C”, we

(R(=)yk(+))y = X(=)*-k(+) (6-23a)
N-1
. ZE:I}(-,E;)]*Q(+,E;) (6-23b)
k=0
F,/2 0
- N I df J df X%(£ )D(E - £)X(f) . (6-23¢)
0 -F,/2

Thus, %x(+) and X(-) are not generally orthogonal, and there is no way we

can determine these two vectors from a knowledge of only X%, but when

D(t’

- f) is small for the range of values for which X*x(f') and X(f) are

large in Equation (6-23c¢), we can determine them approximately.

into

It is ambiguous to talk about decomposing an arbitrary vector X in "

a "positive frequency" part and a "negative frequency" part. Suppose

we make some choice of basis vectors Ik for a particular choice of T in

Equation (5-18) and consider another choice

£, -F +f ;0<k <N-1, (6-24a)




vhere

ZI o"!!

>T >0; F #¢£. (6-24b)

It follows from Equation (6-11b) that

N-1
X(E,) = ZD(Fk -EOXE) ;0 sk gN-1, (6-25)
n=0

Ve see that each amplitude i(f;) is a linear combination of all of the
amplitudes i(fn). There is no decomposition of the two sets of amplitudes
into subsets of "positive frequency" and "negative frequency" amplitudes
such that the primed amplitudes of a given frequency sign are a linear

combination of only unprimed amplitudes having the same frequency sign.

6.5 SINE WAVES

To conclude this section, let us look at the effect that the projec-
tion into a finite time series has on the vector ®w, in Equation (3-22)
representing a sinusoid with a frequency F . The projection of @ onto c”

is

b, = Mow, (6-26a)
N=1
= Zé(k)cos(ZnF‘kTo - 6) (6-26b)
=0
A, i ¢ 54
- Wit + S (6-26¢)
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and the scalar product of two such sine waves is

o)y = *i

AaAb
N— {cos [(N—l)n’I‘O(Fa - F) - (¢, - ¢b)]D°(Fa - F,)

+ cos [(N-1)MT,(F, + F,) - (6, + ) ]0°CE, + Fb)} ,

Consequently, the length of & is

1/2
e, ] = Jnga{l + cos [Z(N—l)rfroFa - 2¢a]D°(2Fa)}

(6-27a)

(6-27b)

(6-28)

The length of W therefore depends on both the frequency F, and the phase

¢,, except when D°(2F,) = O.
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SECTION 7

INTERFERENCE EXCISION IN A COMPLEX TIME SERIES

7.1 NARROWBAND INTERFERER IN AN INFINITE TIME SERIES

Before the excision of an arbitrary number of narrowband interferers
is discussed, the problem will be simplified as much as possible by allow-
ing only a single interferer. Since a single interference band for a real
time series actually means two interfering bands, one in the positive fre-
quency region and another in the negative frequency one, this section and
the next one will consider a single narrowband interferer in a complex time

series.

The finite time series in which we are interested is taken from the

infinite band-limited series

X, =s, +b ;k=0,2+1,+2, ..., (7-1)

vhere

;s k=0,

I+
-
I+
[yS]

k

is the signal and

H k = Or 1) 27 L A I

+
I+

is the narrowband interference. For the purposes of this paper, the signal
is a pseudonoise sequence. The random noise with which one is usually con-
cerned can be included in the signal and will not be discussed. The Four-

jer transform of this time series has the form
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X(f) = S(f) + B(f) , (7-2)
vhere X(f) is expressed in terms of the series x, by means of the discrete-
time Fourier transform in Equation (2-23a) and where S(f) and B(f) are

similarly related to s, and b, , respectively.

The spectrum of the signal is spread throughout the frequency range

and is relatively flat. We assume that B(f), on the other hand, is essen-

tially zero outside a narrow frequency band

B, 2f£ 2F, (7-3a)
vhere
Fy
5= >E,. >E >0 (7-3b)
and
Fy
F2 - F1 <L 5o (7-3c)
That is,
0 0 S " F,
B(f) = { B(f) ; B, $E<F, (7-4a)
0 I A



and

B(f) =0 ; £ <O . (7-4b)

7.2 NARROWBAND INTERFERER IN A FINITE TIME SERIES
In practice, of course, we measure only the finite time series
X, =5, +b 3 0<k <N-1, (7-5)
and ve knov only x,, not s, and b, separately, for this time interval.

After choosing one of the basis frequency sets allowed by Subsection 5.3,

ve have, as a result of a finite Fourier transform,

KGE,) = SCE Y+ BE % 3 0 b SH =1 . (7-6)
Here é(fk) is the Fourier transform of the finite series s, and é(fk) is
that of the finite series bk, but, of course, we can only calculate i(fk)
and not é(fk) and ﬁ(fk) separately. The corresponding vectors in C" are

X=8+b, 7-7)

vhere the time and frequency representations of X are given by Equations

(4-7a) and (6-2a), respectively, and where, similarly,

N-1 N-1

§ = zz:é(k)sk E zz:i(k)é(f;) ; (7-8a)
k=0 k=0 '
N-1 N-1

b - zz:é(k)bk - zz:i(k)é(f;) . (7-8b)
k=0 k=0
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The discrete Fourier amplitudes i(fk) in C" are related to the contin-
uous amplitude X(f) in C° by Equation (6-2b). Likewvise,

F,/2 .
0
S(F) = W [ D(E, - )S()E; 0 <k <N -1, (7-9a)

-F,/2

but, because of Equation (7-4),

F
B(E) = W Jgo(f; - f)B(f)df ; 0 <k <N - 1. (7-9b)
Fy
A consequence of this last equation is that the narrow interference band
defined by Equations (7-3) and (7-4) contributes to all of the amplitudes
é(fk), not just to the amplitudes for those basis frequencies that lie in
the band. In fact, even though the integral in Equation (7-9b) is over a
small positive-frequency range, it results in a contribution not only to

the "positive frequency"”" amplitudes fk such that

0 S fk S f(N/2)-1 d.

but also to the "negative frequency" amplitudes. All of this is a result
of the finite width of the central lobe of D(f) and of its sidelobes.

7.3 THE EXCISION PROBLEM

Let us suppose that some noise threshold N, has been established such
that



N >> IS(E)] 3 0<k ¢<N-1, (7-10)

and that we wish to excise interference that exceeds this threshold. It is
not necessary to be concerned about narrowband interference whose peak
amplitude is comparable in magnitude to that of the signal, since its power

will be small. We assume that there exists some narrow band of basis fre-
quencies T, :

E 2B 2E ¢ (7-11a)
wvhere

F, _

= B (7-11b)
and

== = Fo

By = iy K, (7-11c)
such that

IBCE)| 2N, ; J <k SK. (7-11d)

Although the data enables the calculation of only the amplitudes i(fk) in
Equation (7-6), and neither é(fk) nor é(fk), within this band,

RE) 2 BEY 3 FERER 5 {(P-A5

We cannot excise the interference simply by putting




X(E)=0;J <k <K, (7-13)
because a great deal of power in the narrowband may be distributed among
basis frequencies outside the range in Equation (7-11a). Therefore, there
may be a number of basis frequencies outside that range for which ﬁ(fk) is
not negligible compared to S(fk). A method is needed to account for the
contributions that non-basis frequencies in the band make to basis frequen-
cies outside of it through the integral in Equation (7-9b).

Ve know from the discussion in Sections 5 and 6 that any choice of
basis frequencies allowed by Equations (5-17) and (5-18) is appropriate.
Clearly, the rules employed to design a filter to suppress the interference
and the results of applying this filter should not depend on the basis
chosen. If the rule in Equation (7-13) is applied for a particular basis,

it cannot be valid for any other basis.

The rule in Equation (7-11d), strictly speaking, is basis dependent.
This is because, even if Equation (7-11d) is not satisfied for any value of
k, it is possible for some amplitudes ﬁ(f) for frequencies lying between
the basis frequencies to exceed the noise threshold -- any such frequency
is a possible basis frequency in some other basis. It will generally be
sufficient to test the basis frequency amplitudes only, but, if one wishes
to be more particular, the amplitudes for the frequencies halfway between

the basis frequencies can also be checked.

7.4 LEAST SQUARES FORMALISM FOR THE INTERFERENCE SUBSPACE
We will seek the subspace of the vector space c" that best fits the

narrowband interference, and we will then delete this subspace to suppress

the interference. In this subsection a least squares formalism for finding
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the subspace is given, and a matrix solution is found in the next subsec-
tion. Finally, in Subsection 7.6 we will show how to excise the inter-

ference by projecting the data vector onto the subspace orthogonal to it.

We know from Section 6 that one can easily evaluate the Fourier
amplitude i(f) for non-basis frequencies. We can, by such calculations,
find some range of frequencies such that, in place of Equations (7-11) and
(7-12) we have

|X¢£)| = |BCEY| 2N, 5 F, > £ 2F, , (7-14a)
wvhere

el By B E (7-14b)
and

B 3R, E, . . (7-14¢)

In practice, we need only an approximate knowledge of F2 and Fl. (As a
matter of fact, in order to be certain that the interference band is prop-
erly suppressed, one may wish to include some frequencies for which |X(f)|,
although very large, does not satisfy Equation (7-14a) -- then Pz may be

larger than ¥, and F, smaller than f _,.)

1

Let us nowv choose some number, say L, of frequencies in the range in

Equation (7-14), where
N> L>K-J+1, (7-15)

and let us label these frequencies as follows:
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¢ fip=mlasan e gl; (7-16a)

where

L awmdm Pis .38, 5% 2 . (7-16b)

The exact number L and the correct way to choose these frequencies will not
be decided in this paper. It is argued in Appendix A that L should be at
least four times larger than K - J, i.e.,

W55 b a3y =1 . (7-17)

In fact, the frequencies may even be selected so that they are equally
spaced, by dividing the interval between the frequencies F, and F, into
L - 1 equal parts. But the formalism to follow does not depend on the
specific method by which we choose the frequencies in Equation (7-16), and

we will leave it to practical experience to make the final determination.
Using either of Equations (6-11), we can now calculate

X(¢4,) =B(s) ;1 <p<L. (7-18)

According to Equation (6-17), the Fourier vectors in c" for these frequen-

cies are
R(4.) = W4 )X($) = W$IB($) ; 1 <p <L . (7-19)

The vector i(¢p) is the projection of the data vector % onto the direction

of the unit vector iK¢p).



Let us consider an arbitrary complex unit vector G and the projection

operators [14]

P () = aax , (7-20a)

o~
2
~
e
~r
[0}
[
|
2 -R!
2
~
(=]
~r

(7-20b)

P (8)%(4,) = Q[a*-%(4)] (7-21a)

is the projection of i(¢p) onto the direction of 4, and the vector
) = %(¢,) - u[ux-x(9))] (7-21b)
is the projection of i(¢p) onto the subspace of g orthogonal to 4.

Let us now ask: What is the vector u such that the sum of the squared

distances

L

0 =il JH - 2

N o= g uplPN(u)-x(tbp)I (7-22a)
p=1

is a minimum? Here H, is a weighting factor that will be briefly discussed
below. The vector @ that answers this question is the best fit in the
least squares sense to the subspace defined by the interference band fre-
quency vectors in Equation (7-19) [15]. This is the same as asking for the

vector @ such that the sum of the squared distances
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L L

A= Zup B (8)-%(9) |’ =Zup lax-x(4) |’ (7-22b)
p=1 p=1

is a maximum.

Equation (7-22b) should be regarded as an approximation to the
integral

F
A= Jgdf|ﬁ*-i(f)|2 (7-23)
F1

over the interference band, where the frequencies F1 and ?2 vere defined in
Equation (7-14). If the frequencies ¢p are chosen to be equally spaced,
with

¢, =F , (7-24a)
¢ = F, , (7-24b)
the simplest possible choice for the weights M, in Equation (7-22) is

SL‘ly

u = { (7-24¢)
0 s p=1L.

If one employs some other numerical integration scheme, with or without
uniform intervals between the ¢p's, then the appropriate weighting factors
My > 0 should be employed [16]. The integral in Equation (7-23) is
straightforward but tedious to carry out, and the result is given in

Appendix A, which also contains a discussion on the lower limit for L in
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Equation (7-17).

Our reason for using an approximation instead of the

exact integral is that this allows us to greatly reduce the size of the

matrix whose largest eigenvalues we must find, as will be shown in Section

8.

7.5 SOLUTION OF THE LEAST SQUARES PROBLEM

According to Equation (6-18), we can expand each of the vectors R(¢5)

in terms of its components along the basis frequencies:

N-1
%(¢) = wapmp,ﬂ) ;
k=0

wvhere

1

X(¢,E,) = D(E-9)X(¢) ; 0 <k

Ve can also express any unit vector

basis frequencies:

Thus, in Equation (7-22b),

L N-1
A=
p-1 k=0

a

) b BRI

(7-25a)

IN

N-1;1<p¢<L. (7-25b)

in terms of its components along the

(7-26a)

(7-26b)
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It is possible to write the last equation in the form
K« UKD , (7-27)

where K is an N x N matrix having the elements

K =

- W X( ,E X4, E)) (7-28a)

™=

=1

o

L
. il 2 ra
= ZE:upD(fk - ¢p)|X(¢p)| D(¢, - £,) 3
p=1

DR R, 1 E R . (7-28b)

Here U is the column matrix

=t
]

y (7-29a)

and the + symbol, when used as a superscript on any matrix, indicates the
Hermitian conjugate or adjoint matrix, i.e., the complex conjugate of its
transpose. Thus,

U = [Ux(Ey) UX(E)) . . . UR(E,_ D] (7-29b)
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From Equation (7-28a), we see that the elements of K satisfy

K, =K& 5 0<k, 1 SN-1, (7-30a)
SO K is Hermitian, i.e.,
B B G (7-30b)
Since K is Hermitian, all of its eigenvalues
%h 1 1 <a N, (7-31a)
are real [13,14]). Let us arrange them in decreasing order:
N Zd 2 s el e (7-31b)
The corresponding eigenvectors
0°(E,)
o - [UED |1 caen, (7-32a)
PR . )
satisfy
KU = AU® ;1 ¢a SN, (7-32b)

Eigenvectors corresponding to different eigenvalues are always orthogonal,

and for equal eigenvalues they can always be constructed so that they have
this property:
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Y0P - 8.7 1 SuBSN. (7-32¢)

. . N .
Each of these eigenvectors corresponds to a vector in C, i.e.,

8" = ) WEI(F) ;1 5agh, (7-33a)

and, because of Equation (7-32c¢),
(@*)%2® = 8,51 <o BIN. (7-33b)

The column matrix U in Equation (7-29) and the corresponding vector

in Equation (7-26a) may now be written

N

U= quﬁ“ ; (7-34a)
o=1
N

d = quﬁ" , (7-34b)
o=1

where the coefficients

K = (U = (6")*d ;1 <agN, (7-35a)

satisfy

N
Z|'<u|2 =1. (7-35b)
o=1
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When Equation (7-34a) is substituted into Equation (7-27) and use is made
of Equation (7-32), one finds that

N

A = Z [ T (7-36a)

o=1

From the definition of A in Equation (7-22b), it cannot be negative;

therefore, the N eigenvalues in Equation (7-31) satisfy
A 20 a1 G SN s (7-36b)

Examination of Equation (7-28) shows that K is a singular matrix and that

only the first L eigenvalues are nonzero. Therefore,

A, =0;L+1<aglN, (7-36c¢)
where we recall that L, the number of frequencies chosen in the inter-
ference band, satisfies equation (7-17). Equations (7-35b) and (7-36a)
give us the answer to the question asked in connection with Equation
(7-22a): A’ has its minimum value when @ is equal to ﬁl, the unit vector

corresponding to the largest eigenvalue, A\, of K.

The eigenvalue problem can actually be simplified, because it is easy
to show that K is equivalent to a real symmetric matrix. This will not be
discussed here because we are going to transform the problem into one in-

volving an L x L matrix in the next section.
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7.6 PROJECTION ONTO THE ORTHOGONAL SUBSPACE

It has just been found that A is maximized when G is equal to the unit
vector &' corresponding to the largest eigenvalue of the matrix K. This
choice of @ simultaneously minimizes A in Equation (7-22a). Let us recall
that A’ is the sum of the squared projections of the vectors i(¢b) in the
narrowvband onto the subspace of 5 orthogonal to @. As a result of this

latter projection, Equation (7-21b) says that we are left with the vectors
Py(G')%(4)) = %(¢) - @' [(8")*%(4)] ; 1 <p <L . (7-37)
Suppose one now asks for the vector @ such that the sum of the squared
absolute values of the projections of the vectors in Equation (7-37) onto
the subspace of v orthogonal to @ is a minimum -- the answer is ﬁz, the

eigenvector corresponding to the second largest eigenvalue of K.

Let us now consider the projection operator

M
P, = ZP (8%) = Z (7-38)
o=1

which is the sum of the projection operators defined by Equation (7-20a)
for the eigenvectors belonging to the M largest eigenvalues of k, wvhere M
is some number that is less than L, the number of nonzero eigenvalues. Let

Cg be the M-dimensional subspace of e spanned by the M vectors

3 . . M . .
i.e., an arbitrary vector in C, can be written as a linear combination of

these vectors [l14]. We see that C: is the M-dimensional subspace of g™
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that best fits in the least squares sense the L frequency vectors i(¢p) in

the interference band. The vector
P % - Zﬁ“[(ﬁ“)*'i] (7-39)

is the projection of the data vector % in Equation (7-7) onto C:' The
method by which C: has been constructed means that it will include most of
the contributions that the sidelobes from the frequencies ¢p make to the

basis frequency Fourier amplitudes outside the band.

Let us define ﬁg’" to be the subspace of C' that is orthogonal to C:'
Thus, the operator

PO =I-P (7-40a)

N

is the projection operator onto Cg’"; i.e., the vector
= Pk = % - ZE:G“[(G“)*-i] (7-40b)

is the orthogonal projection of the data vector onto Cg_n [14]. This is
the subspace of c" of dimension N-M that minimizes in the least squares

sense the effects of the narrowband interference on the data.

The representation of 2° in terms of the basis frequencies is

CE) 5 (7-41a)
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wvhere the components

X(E) = w(E)x" ;0 <k <N-1, (7-41b)

are the Fourier amplitudes with the interference from the narrowband sup-
pressed. Because of Equations (6-2a), (7-26a), and (7-40b),

M N-1
X°(E) = X%(T,) - Zﬁ“(fk)zlﬁ“(fln*i(fl) 0 Lk LN = E . (7-42)
=1 1-0

What criterion determines M, the dimension of the subspace to be
excised? Since, according to Equations (7-11) and (7-12), the original

criterion for defining the interference band was

XeE 3] 28 2 F LK XK, (7-43)
we should choose M to be the smallest number such that

X4E )| <N, 3 T ¢k SR . (7-44)
Strictly speaking, one ought to verify that

|%°(¢,)| << N, 51 <p <L,
but, in practice, this will almost always be the case when Equation (7-44)
is valid. If one is particular, one can check this relation for frequen-

cies that are about halfway between the basis frequencies. (See the re-

marks in the last paragraph of Subsection 7.3.)
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The time series

0
X, » 0

I

k < N-1,

with the interference minimized is now found by means of the inverse

Fourier transform of the amplitudes ko(fk)

i
—

o _ 1

e (fk)erm'rofk

; 0 <n <{N-1. (7-45)

>
k=]
]
”M
[i}
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SECTION 8

SIMPLIFIED MATRIX SOLUTION

8.1 TRANSFORMATION TO A SMALLER MATRIX PROBLEM

It has been shown that the problem of excising a single narrowband
interferer in a complex time series involves finding the largest eigen-
values and the corresponding eigenvectors of a Hermitian N x N matrix. But
N, the number of time samples in the series of interest, is generally a
very large number. In this section it will be demonstrated that the prob-
lem can be transformed into one involving a much smaller real symmetric

matrix.

According to Equations (7-11) and (7-12), the problem is to excise a
narrowband in which K - J + 1 basis frequency amplitudes exceed the noise
threshold N . By some criterion yet to be definitely established, we have

chosen L frequencies

in this band, some of which may coincide with basis frequencies, and have
calculated the corresponding Fourier amplitudes and Fourier vectors, which
are given in Equations (7-18) and (7-19). As stated in Equation (7-17), L
is much smaller than N. The subspace that best fits the Fourier vectors
for the L interference frequencies is given by the eigenvectors corres-
ponding to the largest eigenvalues of the N x N matrix K defined by Equa-
tion (7-28). However, K has only L nonzero eigenvalues, so a transfor-
mation that changes the problem to that of finding the eigenvalues and

eigenvectors of an L x L real symmetric matrix will now be employed [15].
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Because of Equation (5-4), Equation (7-28b) for the elements of K can
be written

L
K, = &E, - f;>§{2upo°(f; - 4,0 [XCo) ['D°(, - E)) (8-1)
p=1
where
Uf) = exp[-3(N - 1)nT,f] (8-2a)

has the property
Of - £7) = YUEYYE) . (8-2b)
All of the terms in the sum in Equation (8-1) are real.

Let us define a real N x L matrix i; fuiees

X - [xkp] : (8-3a)
with the elements

X, = VoD°(F, - ¢)[X(¢)]| ;0 <k <N-1;1<p<L. (8-3b)
The transpose X" of X is the L x N matrix with the elements
=X B OEREN~- L3l KD 2L s (8-4)

pk kp =

We also introduce the N x N diagonal matrix Z given by
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Buse = 8 UE) 3 O KMl 3N ~ 1 a (8-5)

Therefore,

K = 2xx72% . (8-6)

When one inserts this result for K into Equation (7-32b) and multi-

plies both sides from the left with X'Z* , the result is

(XTX)(XTZ4U%) = A (X"2%0%) ; 1 < « <L . (8-7)

Let us define the column matrix

Vl
3} V3
vio= | . 1 S €6, (8-8a)
VL
by
s 1 s52
V¥ = —=—X2*" ;1 <« <L . (8-8b)
i

Ve define the L x L real symmetric matrix H by
B = B0, (8-9a)
so Equation (8-7) becomes

BV = AV ;1 <agL. (8-9b)




Consequently, the problem of finding the largest eigenvalues of the N x N
Hermitian matrix K has been reduced to that of finding those of the L x L
real symmetric matrix ﬁ, where L << N. The eigenvectors V" can be chosen
to be real and, according to Equation (7-32),

(V)™ = 8, ;1 <o BSL . (8-9¢)

8.2 INTERFERENCE EXCISION IN THE NEW FORMALISM

Once one knows the eigenvalues and eigenvectors of ﬁ, one can easily
determine the column matrices ﬁ“, whose components are required to minimize
the interference, as shown in Section 7. The required relation, which
follows from Equations (7-32b) and (8-8), is

D o e PR 5 T L KD (8-10a)
X
That is,
L
SO i 1 = @
FE) - — C(fk)ZEZXkPVP 1 0<k<N-1;1<agL, (8-10b)

gives the basis frequency components of the vectors @ that best fit the

subspace spanned by the Fourier vectors i(¢p) in the interference band.

The above allows us to rewrite Equation (7-42) for the Fourier ampli-

tudes io(fk) with the interference suppressed. Let us define

v;v;
; 1 <pyqg L. (8-11)
A

a

P

M
Toq = VMg X)) [[X(o) | Z
o=1
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In addition, we introduce

L
T, - chp - ¢ OD(E, - ¢)T
p=1
L
= WE, - 4>q)Z:D°(f'k -
p=1
0 <k <N-1;1<q¢<L
and
L L
B = Z ZCH’P - ¢q)D(fk = MW gD (W, - £)

o
"
[y

=]
L
—

I
~
~~
(= ,]
x
I
ol
S’
r\/]r
r\/]r
o
[«]
~~
|
x
I
<
e}
N’
=]
e}
[Ye]
o
o
~~
&
I
Mo
s

Then the results can be expressed in either the form

N-1
X°(E) = x(E) - Z:—‘Mx&l) g 10
1=0

8-5

(8-12a)

(8-12b)

(8-13a)

(8-13b)

(8-13c)

(8-14)




or the form
x°(E,) = X(§,) - Zrkpi(%) s 0 <k <N -1, (8-15)

Note that the effect on the basis frequency Fourier amplitudes i(fk) out-
side the interference band depends on

Ip(E, - ¢p)| i kdJor k>R Lsp €L

The elements of H in Equation (8-9) are

T
Hpq = }E:kaxkq =1<p,q <L . (8-16a)

But, because of Equations (5-22a) and (8-3b),

Ho o= Tuou (X)) | D°(o, - o) [X(e )| 5 1 <pyg <L . (8-16b)

As was discussed in Subsection 7.6, one needs to find only the M lar-
gest eigenvalues and the corresponding eigenvectors of ﬁ, vhere M is the
smallest number required to satisfy Equation (7-44). Note that the Fourier
amplitudes i(¢p), vhose magnitudes appear in the matrix elements of both K
and H, can be expressed as linear combinations of the basis frequency

amplitudes by means of Equation (6-11b):
N-1

X(4,) = ZD(¢p -EIR(E) s 1 <p L. (8-17)
k=0
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Here the coefficients D(¢p - fk) are subject to the conditions in Equation
(5-22b). Since

K-J+1K<K<N

of the basis frequency amplitudes exceed the noise threshold, M might be at
least as large as this number. Because considerable interference power is
distributed among the basis frequencies outside the band, M could possibly
be a little larger than K - J + 1. On the other hand, if some of our
interference band actually includes sidelobes, M may be smaller than this

number. In general, we can only conclude that

LR R, S, [ (8-18)

8.3 TWO EXAMPLES

In this subsection, we will discuss two trivial examples that illus-
trate two extremes. In the first case the contributions of the non-basis
frequencies in the interference band to basis frequencies outside the band
are completely ignored, and in the second case these contributions are
given too much weight. Since the examples are for illustrative purposes
only, the rule about L being at least four times the number of basis fre-
quencies in the band will be ignored and L will be set equal to that num-

ber; i.e.,
L:K—J+1.

In the first example, we choose the L frequencies in Equation (7-16)

to be equal to the basis frequencies in the band; i.e.,
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¢ = ; 1 <p<K-J+1. (8-19a)

p J=1+p
Consequently,
¢p = ¢q E fJ—1+p T tJ-14q T fJ—1+p = fa-1+q
Fo
= (g3 1 <pg <K-J+1, (8-19b)

wvhere the definition of the basis frequencies in Equations (5-17) and
(5-18) has been employed. But, from Equation (5-7b)
[=]
D (¢p = ¢q) = D(fJ_1+p - fJ_1+q) = Spq il €psg SR =34 1 o (8-20)

The specific values assigned to the weighting factors M, are not important
here. Therefore, in Equation (8-16),

H =8

pa = S X (F_ ) 5 1<pagR-T 41 (8-21)

J-1+4+p

Thus, H is diagonal and its eigenvalues are the squares of the absolute
values of the basis frequency Fourier amplitudes: ), is the largest element
of ﬁ, A: is the second largest, etc., with )k—3+1 the smallest element.

Although an arbitrary ordering of the magnitudes of the elements in
Equation (8-21) can easily be handled, in order to simplify things as much
as possible (and because it does not affect the final result) we will assume
that

A = u_|X(E WL g agr-Fals (8-22)

J-1l4+a
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A consequence of Equations (8-9b) and (8-21) is that the eigenvectors in

Equation (8-8a) have the elements
-8 slxa, pek-a+1 ; (8-23)

P «p

Let us choose the dimension of the subspace to be excised to be
M=bh=K = Jsl .

Then, Equations (8-11) and (8-12) yield the results

qu . 8pq ; 1 <p,qg <K-J+1, (8-24a)
T;q = Sk'J_1+q v 0 kiGN =L 3¢l Qig &R = T+ 1 5 (8-24b)

Finally, according to Equation (8-15), the Fourier amplitudes with the

interference excised are
X(£) ;0
() = 0;J
2ED 3 K

-1,

.
’

IN AN

(8-25)

=
IAN IA N
~ R «

’
EN-1,

+
=

.
’

a result that does not depend on the particular ordering chosen for the
size of the matrix elements in Equation (8-21). Here we have the unaccept-
able approach discussed in connection with Equation (7-13): the amplitudes
for the basis frequencies in the interference band are set equal to zero
and there is no effect on the remaining basis frequency amplitudes. Thus,
choosing the frequencies in the interference band to be equal to the basis
frequencies in the band results in no weight being given to the contribu-
tions that non-basis frequencies in the band make to basis frequency
amplitudes outside of it.
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The second trivial example we will discuss is that in which the fre-
quencies chosen in the interference band are halfway between the basis

frequencies. Instead of Equation (8-19a) we now choose

)

¢p = fJ_1+p + N 1 <p<K-J+1, (8-26)
where use has been made of the fact that the interval between basis fre-
quencies is FO/N. Equations (8-19b) and (8-20) are still valid, but, in
place of Equation (8-21), it is found from Equation (8-16) that

F
A 0 2
B = B 00 |X(fJ_1+p + W)l 1 1<pgq EK=-J =1, (8-27)

Therefore, H is also diagonal in this example.

As we did in Equation (8-22), we shall assume that the magnitudes of

the elements of H above are ordered such that

CaK-J+1. (8-28)

. Bt oo
A, o= u |X(E *W" |

Je-l+a

This leads to the previous result in Equation (8-23) for the elements of

V¥. If we once more choose

=
]

L=K-J+1,

we find from Equations (8-11) and (8-12) that

qu = Spq 17 1 <p,q<K-J+1, (8-29a)
'rkq=D(Fk-¢q);ogkgw-l;lgqu-J+1. (8-29b)
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It follows from Equation (8-15) that the Fourier amplitudes with the inter-

ference from the frequencies in Equation (8-26) excised are
K-J+1
X(f,) = x(E,) - Z D(E, - ¢.)X($) ; 0 <k <N -1, (8-30)

p=1

In the above we have

S e

{N sin[(J D e B )&]}—ll ;

GeRIR=Tsl Cpechalud. (8-31)

ID(E, - ¢ =

These values are close to the peaks of the sidelobes of the function D(f),
so in this example too much weight is given to the contributions that

non-basis frequencies in the band make to basis frequencies outside of it.
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SECTION 9

INTERFERENCE EXCISION IN A REAL TIME SERIES

9.1 NARROWBAND INTERFERENCE IN A REAL TIME SERIES

In the two preceding sections it was shown how one can excise inter-
ference due to a single narrow band from a complex time series. Those
results will now be generalized to a single interference band in a real
time series, which means that there is such a band in both the positive and

the negative frequency regions.

The measured time series is taken from the following real series in

infinite time:

8k=Sk+bk;k=0;ilin;---; (9-1)

vhere both the signal Sy

was the case earlier, random noise can, for the purposes of this paper, be

and the narrowband interference bk are real. As

included with the signal, which is a pseudonoise sequence. The Fourier
transform has the form

G(f) = S(f) + B(f) , (9-2)

but novw the negative frequency amplitudes for G(f) are related to the posi-

tive frequency ones by Equation (2-3). Similarly,

S(-f) = s*x(f) , (9-3a)

B(-£f)

B*(f) . (9-3b)
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In the positive frequency region B(f) is still given by Equations (7-3) and
(7-4a), but the negative frequency values of B(f) are now given by Equation
(9-3b) instead of by Equation (7-4b).

As in Equation (7-5), one actually measures only the finite time
series

;0 <k SN-1, (9-4)
and knows only g,, not s, and b, separately. Because the time series is
real, it is convenient, as discussed in connection with Equation (6-9), to
use either the basis frequencies f, in Equation (5-17) or the basis fre-
quencies fk in Equation (5-29). Since the former basis is the common
choice in the literature, we will use it in the rest of this paper, so the
correct finite Fourier transform and its inverse are given by Equation
(6-6).

The above choice of one of the two special bases described in Sub-
section 5.4 might at first seem to violate the requirement that both the
rules for suppressing the interference and the results should not depend on
the particular basis chosen. Actually, the discussion that follows could
be formulated in terms of any of the bases allowed by Subsection 5.3, but
at the expense of some added complexity in that discussion and in the equa-
tions. Since in practice it is desirable to use one of the two bases that
are equal to their complex conjugates, it would not serve any purpose to
use the more complicated expressions in the rest of this paper. As long as
wve strictly adhere to the vector-space techniques for interference excision
described in Sections 7 and 8, the final result for the vector g° with the
interference excised is independent of the frequency basis employed. Our
use of a special basis is similar to the manner in which an elementary par-

ticle is sometimes described in its rest frame or in which two such
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particles are described in their center-of-mass frame, even though the

theory itself is fully relativistic [17].

The basis frequency Fourier amplitudes are, as in Equation (7-6),

G0E) = SEE) o BUE) ¢ 0 Xk X W= 1 . (9-5)
These amplitudes é(fk) satisfy Equation (6-9b) with é(fo) and é(fn/z) real.
similarly, S(f,), S(f,,,), B(f,), and B(f, ,) are real and

- . N

S*(£,) = S(f,_,) i 1 Sk <y-1, (9-6a)

- N

B(E, ) = BOE, P 3y Lk gg~11 (9-6b)

As in Equation (7-7), the corresponding vector in the N-dimensional space

N .
C is

g=&+ b, (9-7)

The discrete Fourier amplitudes é(fk) are related to the continuous
amplitudes G(f) by Equation (6-8b), with a similar relation between é(fk)
and S(f), as given in Equation (7-9a). However, because of Equation
(9-3b), Equation (7-9b) is replaced by

F -F
2 1

B(£,) = W' |[ p(g, - HB(OAE + [ DCE, - HBEE
F F,

1

(9-8)




Therefore, both the positive frequency integral and the negative frequency

one contribute to all of the basis frequency amplitudes.

9.2 MATRIX FORMALISM

Just as we did in Subsection 7.3, we can establish some noise thresh-
old N that is much larger than the signal amplitude over the entire fre-
quency range. It is also once again assumed that the interference exceeds
this threshold at the basis frequencies in some narrow band given by Equa-

tion (7-11), but now, instead of Equation (7-11d), we have

IBCED| = [BCE,_ )| 2N, 5 J

IN

k <K. (9-9a)
Equation (7-12) is replaced by the relation
G(E,) »BCE) | TERER s HN=RK R EN=T . (9-9b)
Ve chose L frequencies in the positive frequency band, just as was

done in Equations (7-15) and (7-16), and in addition, we must employ the

negatives of these frequencies:

¢p = —¢p_L ; L+1 <p <£2L . (9-10)

Equations (7-18) and (7-19) for the positive frequency Fourier amplitudes

and Fourier vectors are replaced by
G(¢) =B(¢); 1 <p <2, (9-11a)
vhere

G(#,. ) =G*(¢) ;s 1 <p <L, (9-11b)
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and
(9,) = W4,)G(9) = A9 )B(Y,) 5 1 <p <2, (9-12a)
wvhere
£C¢

Lep) = B¥(9) 5 1 <p L. (9-12b)

Similarly, instead of Equation (7-25), we have

N-1
B0 = ) WEDE(8,E) 5 1 <p $2L (9-13a)
k=0
vhere
G(é ,£,) = D(f, - $)G(¢) ; 0 <k <N-1;1¢p 2L . (9-13b)

Our goal, as it was for an interference band in a complex time series,
is to find the subspace that best fits the interference, and we can proceed
directly to the approach outlined in Section 8. The matrix H in Equation

(8-9a) is now the 2L x 2L real symmetric matrix
H =T ; (9-14)

Here the elements of the N x 2L real matric G are given by the following

generalization of Equation (8-3b):

Gy, = YWD°(E, - ¢)[G(8)] 5 0 Sk <N -151¢p g2, (9-15a)
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wvhere
G =G, 1<¢k<y;1<pgL, (9-15b)

G =G g1 &p &E . (9-15¢)

0,L+p 0,p =

Ve have also used the fact that the weighting factors Hy satisfy

u u ;1 <p<L. (9-16)

L+p ~ 'p =

Thus, the elements of H are

N-1
Hpq = ZGkPqu (9-173)
k=0
= Yuu G4 )| D°Co, - ¢)[GC(¢)| 5 1 <pyg <2L . (9-17b)

As was the case in Sections 7 and 8, the eigenvalues of H are real and

non-negative, and we order them so that

N2 202 Ays 20 s (9-18a)
The corresponding eigenvectors V* are the solutions of the following gener-
alization of Equation (8-9b):

BV = AV® 51 <ag2L, (9-18b)

where the eigenvectors satisfy the orthogonality relations

(VWP - 8

aﬁ;

1 {o,B<2L . (9-18c)
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In this case the V*’s are column matrices:

i £ G 8 2B . (9-18d)

9.3 CONSTRAINTS ON THE EIGENVECTORS

Because of Equation (9-15), the elements of ﬁ, defined by Equation
(9-17), have the property

H = H H
S e Ry a* ;1 <p,q <L . (9-19)

H H = H
L+p,q p,L+q L+q,p

This relation may be written in the form
H = CHC , (9-20a)

where the real symmetric matrix C has the elements

c =8

- himee B b 1S Bl ISk« (9-20b)

and is its own inverse.

Vhen one multiplies both sides of Equation (9-18b) on the left by é,

the result is

H(CV™) = A (CV) 51 < o < 2L . (9-21)
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Consequently, CV* is also a solution of Equation (9-18b), and, if the
eigenvalue A occurs only once, CV* must be equal to V* times a factor +l.
On the other hand, if )a is a multiple root of the eigenvalue equation, we

can construct the eigenvectors so that V* and CV” are so related. We thus

have

Vo 0 ) L L, (9-22a)
that is

v:+p=iv:;1gng;1ga52L. (9-22b)

Half of the eigenvectors have the above property with the + sign and the
other half have this property with the - sign. We shall return to this
matter in Subsection 10.4, where it will be demonstrated that the problem
is equivalent to that of finding the eigenvalues and eigenvectors of two

L x L real symmetric matrices.

The generalization of Equation (8-10b) for the components of the unit
vectors G° that best fit the subspace spanned by the Fourier vectors §(¢p)

in the interference band is

2L
'y yl o
U(fk)=—W—c(fk)E G, VI ;0<k<N-1;1<ag2l, (9-23a)
« p:l

vhere ﬁ“(fo) and U*(f. .) are real and

N/2

o s N
BHGE ) = PUTCE, * 5 L xS 7- 13 1l € &< 2L« (9-23b)
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Consequently, the vectors

N-1
1" = }E:&ka)ﬁ“(fk) i 1 <a<2L, (9-24a)
k=0

are real and satisfy
Fod® = & 57 1 X e <20 - (9-24b)
Equation (9-23) requires that

K SR B Gl G (9-25)

Vi, = (V)% 5 1 <p

L+p

Consequently, V* is real when it satisfies Equation (9-22) with the + sign

and imaginary when it satisfies that equation with the - sign.
9.4 INTERFERENCE EXCISION BY ORTHOGONAL PROJECTION
As in Subsection 7.6, we choose M vectors @° belonging to the M

largest eigenvalues of H and project the data vector g onto the subspace

orthogonal to these vectors, obtaining
M
g =g- }Z:a“(ﬁ“-g) : (9-26)

Equation (7-41) is replaced by

N-1
g - zzjﬂxfk>é°<fk> : (9-27a)
k=0
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wvhere the components
GME ) = WE P 4 O XK XN -, (9-27b)
are the Fourier amplitudes with the interference suppressed.

Instead of Equation (7-42) we have

M N-1
6°(£,) = G(£,) - Zﬂ“(fk)Z[ﬁ“(fl)l*iz(fl) ;0 <k <5, (9-28a)
o=1 1=0

and the remaining amplitudes can be found from

=

6 (£,) = G (£, )I* 5 37+ 1 <k SN -1, (9-28b)

Because of Equation (9-23a), we can replace the above equation by

N-1

G'(f,) = G(f,) - zz:eilé(fl) p %k &M - (9-29a)
1-0
or by
2L
¢"(f,) = G(f,) - EE:TiPé(¢P) ;0 <k SN-1 (9-29b)
p=1

In the above equation
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2
=]
T, = U, - ¢q>§E:D = 8. # O S EW - 1 5
p=1
1 €4 € 25 (9-30a)
2L
g, = 2231;q0(¢q -£);0<k1<N-1, (9-30b)
q=1
where
. . v
T, = TH M IG(¢p)|IG(¢q)IZ e 1 <p,q £2L. (9-31)
o=1 o

These results generalize Equations (8-11) through (8-14).

As in Subsection 7.6, M is chosen to be the smallest number such that

e ) & u, 5 F sk gE, (9-32)

for the basis frequencies in the positive frequency part of the band. The
corresponding relations for the negative frequencies will then be satis-
fied. (See also the comments following Equation (7-44).) Then the time

series

g, » 0 <k ¢N-1, (9-33a)

with the interference suppressed is found from the inverse finite Fourier

transform:
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=2

-1
1

N

- j2mk/N

g, = G’ (f,)e s 0k €W =l . (9-33b)

Ing

For the reasons discussed at the end of Subsection 8.2, M is expected to be
approximately equal to 2(K - J + 1), the number of basis frequencies in the

interference band.
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SECTION 10

EXCISION OF MULTIPLE INTERFERENCE BANDS

10.1 GENERALIZATION OF PREVIOUS RESULTS

The results of the last section can now easily be generalized to
include any number of interference bands in a real time series. Some
relations will be given for the real symmetric 2L x 2L matrix H whose
largest eigenvalues and corresponding eigenvectors must be found and also
for its submatrices. Then it will be shown that the problem is easily

transformed into one involving two L x L matrices.

Ve can continue to write the real finite time series in the form of
Equation (9-4). The finite Fourier transform satisfies Equations (9-5) and
(9-6), and the corresponding vector in the N-dimensional space c" is given
by Equation (9-7). However, Equation (9-8) is replaced by one with the

required number of integrals over the different interference bands.

As was the case earlier, we establish a noise threshold N_ that is
much larger than the signal amplitude over the frequency range. Suppose
that we are able to distinguish I different bands such that in the positive

frequency region, Equation (9-9) generalizes to

G(f,) = B(f,)
4 1 d, SE SR L La I (10-1a)
l6(£ )] 2 N,
where
N
oK P YRy B e B BT 50 (10-1b)
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For the negative frequencies the amplitudes are the complex conjugates of

the corresponding positive frequency ones.

Just as we did in Equations (7-16) and (7-17), we choose b frequen-

cies ¢p in positive frequency band a, where
N> L >4K -J)+1;1<agI. (10-2a)
The total number of such positive frequencies in the interference bands is
I
L = 2{: L, . (10-2b)
a=1

Let us also define

AR (10-3a)
a
Ea = EZ:Lb L eI =1 5 (10-3b)
b=1
L,=L. (10-3c)
Thus,
positive frequency band a = (o, : b . +1%p 85 « (10-4)

As in Equation (9-10), the negative interference frequencies are:

¢ = —¢p_L vl 4 1 € p 2l (10-5a)
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so
negative frequency band a =

={¢p:L+La_1+1_<_p_<_L+-I:a]. (10-5b)

The procedure outlined in Equations (9-11) through (9-33) for suppres-
sion of a single narrow band in a real time series is still valid, the only
exception being that Equation (9-32) is replaced by the requirement that M
be the smallest number such that

Ic¥ge J ) B, ¢ 0 Lk §K 48 €a QR (10-6)

a

We now expect M to be approximately equal to

i
ZZE:(K‘ -J, + 1)
a=1

Instead of trying to excise all of the interference at once, it is
probably best to initially assign a very high value to N_, because the
strongest interferers may have sidelobes that exceed or are comparable in
magnitude with the amplitudes of less powerful interferers. Once the in-
terference bands with the largest amplitudes have been excised, one can
lover the value of N and repeat the procedure a number of times. In this
vay the real symmetric 2L x 2L matrix whose largest eigenvalues and corres-
ponding eigenvectors must be found can be kept small enough for practical

calculations; i.e., one can assume that L << N.
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10.2 DECOMPOSITION OF THE MATRIX H

Equation (9-17b) is a particularly useful form in which to write the

elements of the 2L x 2L real symmetric matrix H. Let us define

symmetric matrix

by
D =D°(¢p—¢q);15p7QS2Ly

pq

and the diagonal matrix iy by

To = &g W IG(O) |5 1 <pyg g 2L .

Then
HsThT.
Note that, as was the case for H in Equation (9-20),

D& BHE;

Pe &T6 =

Q

The matrix C may be expressed in the form

Ot
=t

-t
Ot

10-4

the real

(10-7a)

(10-7b)

(10-8)

(10-9)

(10-10a)

(10-10b)

(10-11)



vhere iL and 6L are, respectively, the L x L unit and zero

larly, the matrices H, D, and T can be written

_ [y e
H = = o )
| H(-) H(+)
_ bee Bey
= o - )
| D(-) D(+),
i"= i"f+) -61' ’
| 0, T(+) |

vhere all of the L x L submatrices are real and symmetric.
According to Equation (10-9),
H(+) = T(+)D(+)T(+) .

From Equations (9-17) and (10-5a),

Hpq(i)

ugng [GCe,) | 0°Ce, * o) 6o |
=H () ;1 <pa L.

qp

Similarly, according to Equations (10-7) and (10-8),

D, (+) =D_ (+) =D°(¢ T ¢) i1 <pq<L,

matrices. Simi-

(10-12a)

(10-12b)

(10-12c)

(10-13)

(10-14a)

(10-14b)

(10-15a)




and

Lo = 8, e 5 1 <pyag <L . (10-15b)

10.3 FURTHER DECOMPOSITION OF H
Let us employ the notation

3 1 <p <L, , (10-16)

to designate the frequencies in positive frequency band a, wvhere 1 <a <1I.

The real submatrix ﬁ(+) above may be written:

R(1,1) B(1,2) . . . BQL,I))

B(2,1) B(2,2) - + = B(2,I)

H(+) = ; (10-17)

.

B(E, 1) BEL2Y & » » H(I.T)

wvhere, from Equation (10-14), the elements of the L x L, sub-submatrix
ﬁ(a,b) are

HPq(a’b) = upuqlé(¢:)| D°(¢; - ¢:)Ié(¢:)| (10-18a)
=H _(b,a);1<p<Ll, ;1<q¢<L, . (10-18b)
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Therefore,
H(b,a) = H'(a,b) ; 1 <a,b < I, (10-19)
so the matrices ﬁ(a,a) on the diagonal of ﬁ(+) are symmetric.

Similarly, the submatrix ﬁ(—) has the form

3,1y Ja,2) . .. 3,0
. T2 A% J62.2Y . o« v 162, T)
H(-) = . 2 i i (10-20)
W15 JC.2) . . - :J(I,I)J
vhere the elements of the L, x Ly, sub-submatrix J(a,b) are given by
= a [} a a 2 b
Jyq(@ib) = 4upuq IG(¢p)| DG * ¢p)IG(¢q)| (10-21a)
= Jqp(b,a) FLEPKE Hl &9 & L . (10-21b)
As a result,
J(b,a) = J™(a,b) ; I <a,b <1, (10-22)

so the matrices J(a,a) on the diagonal of ﬁ(—) are symmetric.

Just as we did for ﬁ(+), we can write b(+) in the form
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D(1,1) D(1,2) . . . D(1,1)]

D(2,1) DEZ,2) & » + DC2,T)

D(+) = : (10-23)

@(1,1) D(I,2) . . . D(I,I)

wvhere the elements of the L, xL, sub-submatrix ﬁ(a,b) are

D (a,b) = D°(¢% - ¢7) (10-24a)
= qu(b,a) 5l Kip £ L, 1 <q¢X L, . (10-24b)

Here we have
D(b,a) = D"(a,b) ; 1 <a,b <I, (10-25)

so the matrices 6(a,a) on the diagonal of 6(+) are symmetric.

Similarly, one can write b(—) in a form like that in Equation (10-20):

E(1,1) E(1,2) . . . E(1,I)]
B6Z, 1) B(2:2) = « B(Z:D

D(-) = , (10-26)

@(1,1) E(I,2) . . . B(T,I)
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vhere

E ,(a,b) = D(4) + ¢)) (10-27a)
= Eqp(b,a) KB hE R TS ST & (10-27b)
Once again we have the property
fth,a) = B fa,b) 3 1 € 2,0 €T (10-28)
and the matrices ﬁ(a,a) along the diagonal of b(—) are symmetric.
Finally, let us write for I(+):
[ T(1y 0¢1,2) . . . O(L,D))
) ORS 1y BEEY & 5 s OCZTH
TCid = ; 3 : , (10-29a)
_6(:'[,1) 6(1:2) 5 . il i";I) |

vhere 6(a,b) is the L, x L, zero matrix and where the diagonal matrix f(a)

has the elements

L@ = & Tuile(e)]; 1 <pq <L, . (10-29b)
Then, according to Equation (10-13),

H(a,b) = I(a)D(a,b)T(b) ; 1

IA

a,b <I, (10-30a)

J(a,b) = I'(a)E(a,b)I(b) ; 1

I

a,b {I. (10-30b)
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10.4 TRANSFORMATION TO L x L MATRICES

Let us introduce the unitary matrix

) I
Ba=ind = A (10-31a)
427 [=51, 1.

the inverse of which is

R T (10-31b)

A similarity transformation on H with this matrix yields the equivalent

real symmetric matrix

R = gHS™ | (10-32a)

wvhich has the form

. RO
R = |. . ’ (10-32b)
0  R(-)
where
R{&) = Bls) & HE=) . (10-32¢)

Thus, the problem of finding the eigenvalues and eigenvectors of the 2L
x 2L matrix H has been simplified to the corresponding problem for the two
L x L matrices §(+) and ﬁ(-).
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In fact, when Equation (9-18b) is multiplied on the left by S and use
is made of Equation (10-32a), we find that

B & AW 31 % @x PL ., (10-33)

« - -

where
et L e gL . (10-34a)

has the form

. v (+)
w“ = " H
Ve (=)

[y
N
R

N
N
(ol

(10-34b)
In the above Q“(i) is an L x 1 column matrix. Because of Equation
(10-32b),

RV (2) = AW (+) ;1 S <2L . (10-35)

o -

It follows that each of the eigenvalues A of H is either an eigenvalue of

§(+) or an eigenvalue of ﬁ(—). In the former case,
R(OVE(+) = AV (+) , (10-36a)
Vi(-) = 0, (10-36b)
wvhereas in the latter case
R(-UT(-) = A V(=) (10-37a)

Wi (+) = 0. (10-37b)
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The inverse of Equation (10-34a) is

e S5 s 1 RO (10-38)

If Xh is an eigenvalue of ﬁ(+), wve then have

1 W (+)
e ' (10-39a)
27 | V()

But, if }a is an eigenvalue of ﬁ(—),

o | e
V' = }%:- o : (10-39b)
L

If ve choose the eigenvectors ﬁ“(i) to be real, which is always possible,
then the eigenvectors in Equation (10-39a) are real and satisfy Equation
(9-22) with the + sign on the right, while the eigenvectors in Equation
(10-39b) are imaginary and satisfy Equation (9-22) with the - sign on the
right -- exactly half of the 2L eigenvectors of H have the former proper-
ties and the other half have the latter properties. This result is in
agreement with the properties of the eigenvectors of H that were discussed
in Subsection 9.3.

Because of Equation (10-13) we can write

R(x) = T(+) [B(+) & D) [T+ (10-40a)
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That is,

Pq

Roq() = fnn[6¢o) [[0°Co, - o) = 0°(4, + 8 ]IGCo0 | 5
1 <pyq <L. (10-40b)

The results just obtained are useful when employed in association with
Equations (9-29) through (9-31) for the Fourier amplitudes Go(fk) with the
narrowband interference suppressed. It was pointed out in connection with
those equations that we need only the M largest eigenvalues of H and their
corresponding eigenvectors such that Equation (9-32) is satisfied. Let us
suppose that, of these M largest eigenvalues, M  are eigenvalues X (+) of

ﬁ(+) and M_ are eigenvalues %h(—) of ﬁ(-), where
M =M +M . (10-41)

Then, Equation (9-29b) can be written

L

i) = B8 Z (5,68 + 1, (6x8,)] 5 0 <k < T, (10-42a)
p=1

G°(£,) = G%(£,_ ) s T+ 1 Sk SN-1. (10-42b)

Here

L
T, () = UE, ¥ ¢p)z o, - o a0 » 0°0E, = 9T D] 3
q=1

gckigN~-141<p <k, (10-43)
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wvhere

T (&) = un, |é(fp)||f;(¢q)|[9qp(+) + squ(-)] 3 & € pog £, (10-44a)
M
S WS (£)VE (1)
2p(2) = Z X 1 <pyq L. (10-44b)
o=1

10-14



SECTION 11

SUMMARY AND DISCUSSION

The main results of this paper are as follows:

a. The N measured values of a band-limited time series (e.g., a radio
signal plus interference) that has been sampled at the Nyquist
rate can be regarded as the components of a vector in an N-
dimensional space. Each frequency in the continuous range of
frequencies less than the Nyquist frequency is represented by a
specific unit vector in this space, but only N of these vectors
are linearly independent. Any subset of N orthonormal frequency
vectors can be used as a basis (set of coordinate axes). Multi-
plying the unit vector for a particular frequency by the finite

Fourier transform for that frequency yields a Fourier vector.

b. Filters to suppress narrowband interference should not depend on
the particular frequency basis chosen; that is, the rules for
designing them and the results obtained should be the same (at
least, within a reasonable approximation) regardless of the fre-
quency coordinates employed. The goal should be to excise the
subspace that best fits the continuous range of Fourier vectors in
a narrow interference band, thus accounting for the sidelobes of
the band.

c. To find the desired subspace for an arbitrary number of narrowband
interferers, this paper has employed a least squares approach.
One looks for the unit vector such that the sum of the squared
absolute values of the projections of the Fourier vectors in these
bands onto the subspace orthogonal to that unit vector is a mini-

mum. This requires finding the largest eigenvalues and the
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corresponding eigenvectors of an N x N Hermitian matrix. (To sup-
press the interference, the data vector is projected onto the
subspace orthogonal to these eigenvectors.) A simple transfor-
mation makes it possible to reformulate the eigenvalue and eigen-
vector problem in terms of much smaller real symmetric L x L

matrices, where L << N.

This paper has given a theoretical treatment of the narrowband inter-
ference excision problem and has not discussed the practical application of
the vector space methods described here. Although considerable improvement
in performance is expected over conventional frequency-domain methods for
suppressing narrowband interference, the degree of this improvement is
presently unknown, and testing must be performed. (The signal-to-
interference improvements using vector space methods should be particularly
significant in a high noise environment with many closely-spaced strong
narrowband interferers.) The specific system and hardware requirements to
implement vector space signal processing methods must be identified and
compared to the requirements for known frequency-domain and time-domain ap-
proaches. Although these requirements will certainly be greater for vector
space methods, it is believed that the processors becoming available will

make the digital processing feasible in real time.

Many other questions remain to be addressed. For example, how many
frequencies in a narrowband (the frequencies ¢p in Equations (7-16) and
(10-4), that is) should be used, when proper consideration is given to the
degree of accuracy desired and to the computational requirements? This
question is part of the problem of determining the numerical method to be
employed in approximating the integral in Equation (7-23), including the

choice of the weighting factors .

The application of the vector space approach to narrowband inter-

ference suppression is not necessarily restricted to the least squares
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technique discussed in this paper, and approximations requiring less signal
processing should also be investigated. It should be possible to reformu-
late more conventional frequency-domain filter design techniques in terms
of the results in Sections 5 and 6 and the principle that such techniques
should be independent of the particular frequency basis selected. This
would provide a better theoretical understanding of such filters and

suggest methods for improving them.

The motivation for the investigation reported in this paper was the
excision of strong narrowband interference in a pseudonoise spread-spectrum
communication system, in which case the spectrum of the PN sequence itself
is relatively flat and such interference is easy to recognize. It should
be possible to adapt the techniques described here to other systems in

wvhich strong narrowband interference is present.
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APPENDIX A

EVALUATION OF AN INTEGRAL

It was pointed out in Subsection 7.4 that Equation (7-22b), which one
seeks to maximize by the proper choice of the unit vector G, should be re-
garded as an approximation for the integral in Equation (7-23). That inte-
gral will be evaluated in this appendix, and it will then be shown, by

comparing the result to that given by Equation (7-22b), how we obtain the
restriction

L>4K -J) +1 (A-1)
in Equation (7-17).
The same steps that led to Equation (7-27) make it possible to con-

tinue to write A in that form, where now, however, in place of Equation
(7-28) one has

N

3 D(E, = BY[XEE) ["DeE = B 5 0 Sk EN = 2 5 (A-2)

~
=
[
{]
| —y ™|

]
-

Because of Equations (5-4) and (6-11b),

K., = exp[—j(N = LYWL CE, - £

, + b - ?1)]5<*(fi)o‘i’j“5<@j) ;




vhere

F.
2

035y = | dF D°CE - ED°(F - TD(E - FO0°(E - F)
F‘-1

0 <4,j,k;1 <N~-1 . (A-4)
The identity

1 _ _cota-cotb
sin a sin b ~ sin (a - b)

leads to the result

[sin(x - x,) sin(x - xj) sin (x - x,) sin(x - xl)]'1

= A(i;j,k,1) cot(x - x,) + A(j;i,k,1) cot(x xj)

+ A(k;i,j,1) cot(x - x.) + A(l;i,j,k) cot(x

X,) » (A-5a)
vhere
A(133,k,1) = [sin(x; - xj) sin(xi - %) sin(x, - xl)]—1 . (A-5b)

Vhen Equations (5-3), (5-4), and (A-5) are substituted into Equation (A-4),

the result is

1 ﬁ;
0 ur = =5 | 9F [PCE3135.0,1) + PCE3531,K,1)
8N P
1
+ P(£5k;1,3,1) + B(E;151,5,00] . (A-6)
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In the above expression

4 2N
P(f;i;3,k,1) = A(i;j’kvl)z Zam(n) X
m=1 n=1
x sin{2mT (f - £) + NB_(i;j,k,1)} , (A-7)
vhere
2;1<n<N-1 ,
o (n) = o(n) = og(n) = ¢ 1 ; n=N j (A-8a)
O; N+1<n 2N,
0;1<n<N-1 ,
a4(n) = -1 H n =N y (A—Bb)
-2 ; N + <n 2N,
and
B (1;3,%,1) = W (E, + £, - E, - E) , (A-9a)
B,(1;3,k,1) = ML, (E, - £, + £, - E)) , (A-9b)
By(i35,k,1) = M (E, - £, - E + £, (A-9c)
B, (i;3,k,1) = wr, (3F, - £, - - E) . (A-9d)

After carrying out the integration in Equation (A-6), we obtain

Q(i)jkl = 8_14-[R(i;j’k’l) + R(j;i,k,1) + R(k;i,j,1) + R(13i,j,k)] , (A-10)
N




where

| sin[nTon(F; - F;)]
R(i;j,k,1) = A(i;jyk’l) Z Zam(n) .o X
m=1 n=1 8

x sin(nT_[n(F, + F,) - 2nf ] + NB_(i3j,k,1)} . (a-11)

Equations (A-3), (A-5b), and (A-8) through (A-11) give us the elements of

the matrix K when the integration is exact.

Suppose we decide to evaluate the approximation in Equation (7-22b) by
using equally spaced interference frequencies ¢p in Equation (7-16). To
simplify, we shall assume that F, and F, in Equation (7-14) coincide with

basis frequencies; i.e., in Equation (7-11),

B, =t 3 (A-12a)

]
]
h

(A-12b)

The following results are easily extended to the general case in which this

assumption is not valid.

Let us divide the intervals between basis frequencies in the inter-

ference band into P equal parts, so that in Equation (7-16)
L=PK-J)+1. (A-13)

Thus, from Equations (5-17) and (5-18),

fp = L)k,
P J NP
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F
. ﬁl(J " Bgl) TS S S T N (A-14)

Ve can still write the elements of K as in Equation (A-3), but now, instead
of Equation (A-6), we have

P(K-J)+1
1 S aityis
ijkl = 8—42 M, [P(‘#’p;l;J»k»l) + P(¢,3331,k,1)
N
p=0
¢ BCO,5k3E,3,1) + PC83154,5,00] (A-15)

The simplest possible numerical integration scheme involves setting the
weighting factors Hy equal to the values given in Equation (7-24c). The
result has the form of Equation (4-10), but instead of Equation (A-11) we

now have

4, N sin[nT,n(F, - F,)]
R(i;jrkrl) = A(i;j7k91)Z Zam(n) T NP Sin(m/NP) X
0

m=1 n=1

x sin {nT [n(F, + F,) - 2nf ] + NB_(i3j,k,1)} . (A-16)

In practice we expect to have approximately 10° pseudonoise sequence
bits equal to one data bit, so we should have

N > 10°

Therefore, in Equation (A-11), which is the exact result, almost all of the
contribution comes from the smallest values of n and for n > 10° the terms

are small. For such values of n
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If

P4, (A-17)

we can use the approximation

; m mm 3
sin [IW)~W’nSIO

in Equation (A-16). Under these conditions the nth terms in Equation
(A-11) and (A-16) are approximately equal. Furthermore, the above choice

for P guarantees that

]
IA
=

for all values of n in Equation (A-16), with the equality holding only for:
n = 2N. Consequently,

sin ()

always increases in value as n increases. (If P is smaller than 4, the
larger values of n might give significant contributions to Equation (A-16)
and the result there would not be a good approximation to Equation (A-11).)

Thus, Equations (A-13) and (A-17) give us the result in Equation (7-17).
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