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Final Report =-- H. Flaschka
Statement of the Problems studied

1) The structure of integrable and nonintegrable dynamical systems
in the complex domain was investigated. The object is to relate
singularities of solutions in the complex domain to the behavicr of
solutions for real time.

2) The Poisson geometry associated with various dynamical systems
was studied. One wants to understand the connection between
integrability and the existence of multiple Poisson structures.

3) Work continued on the analysis of the phase-space geometry of a
particular dynamical system, the Neumann system. The goal is to
understand the symmetries that underlie integrability.

These are all long-term projects. The research is continuing (with
students and collaborators) and while the results have been presented in
lectures, the final papers are not yet written.

Results

1
1) a) The Painleve analysis for Nahm's equations was carried
out. This is a rather intricate system arising in the theory of

monopoles. The computation relies on representation theory of sl(2, T).
(To be published)

1
b) In collaboration with Y. Zeng, the Painleve analysis for

]
generalized integrable Toda lattices was carried out. The Painleve data

are given Lie-algebraic interpretation. (This work will be completed in
China in May 1988.)

¢) A student, M. Zou, has used complex domain techniques to
prove nonexistence of analytic integrals of perturbed Toda lattices. He

]
has also found various new examples relevant to Palinleve analysis:

]
nonintegrable systems with the "weak Painleve" property, integrable
systems with polynomial Hamiltonian but nonalgebraic first integral,

ete. (This work will form part of his Ph.D. thesis, expected by Spring
1989.)

2) a) A student, P. Damianou, has constructed an infinite set of
Poisson structures on the Teoda lattice puase gpace. This is a new

example, which does not fit the hypotheses used in other work on bi-
Hamiltonian structures. (A paper is being written.)

b) In collaboration with T. Ratiu, it was shown that the
simultaneous resolution of simple singularities is a momentum map. It
turned out that this result was known in representation theory;

a
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detailed study of the Poisson-geometric implications (not known) is to
be part of Damianou's thesis.

3) 1In collaboration with N. Ercolani, the Neumann system was
related to the geometry of Kummer varieties. This was published.
Further connections between this geometry and the formalism of Hirota
equat}ons are still under investigation.

Publications and papers in progress

N. Ercolani, H. Flaschka, "The geometry of the Hill equation and of the
Neumann system," Phil. Trans. R. Soc. Lond. A 315, 405-u422 (1985)

H. Flaschka, "Remarks on integrable Hamiltonian systems," submitted
for publication.

H. Flaschka, Y. Zeng, "Lie—algebraic Kovalevskaya analysis for the
Toda lattice," in preparation.

\
H. Flaschka, "Painleve property of Nahm's equations," in preparation.

Also, Ph.D. theses of Pantelis Damianou and Maorong Zou, in progress.

Scientific personnel

N. M. Ercolani, Assoc. Prof., Dept. of Mathematics,
University of Arizona;

Y. B. Zeng, Assoc. Prof., Dept. of Mathematics,
University of Science and Technology of China
(visiting scholar at Univ. of Arizona, 1985-1987);

P. Damianou Ph.D. thesis student, Dept. of Mathematics,
University of Arizona
(partial support on this contract);

M. R. Zou Ph.D. thesis student, Dept. of Mathematics
University of Arizona
(partial support on this contract);

H. Nadelhoffer First-year graduate student, Dept. of Mathematics
University of Arizona
{(partial support on this contract).
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Statement of the Problem Studied.

Coherence and chaos in partial differential equations was studied, with
particular emphasis on (1) the damped-driven sine Gordon equation and (2) an
optically bistable laser cavity. In addition, the propagation of rapidly
oscillating nonlinear integrable waves was investigated.

The principal results about propagation in an optically bistable ring
cavity may be summarized as the identification of the interplay between
coherent transverse spatial structures and temporal chaos in the
characteristics of the laser beam. We were the first to study transverse
effects in an optically bistable laser cavity with the natural nonlinear
evolution equation of the system. Solitary wave profiles were shown to be
the fixed points of an infinite dimensional map which describes the system;
these solitary waves form the basis of a projection method which reduced the
infinite dimensional map to a two dimensional one, from which the physical
characteristics of the fixed points were deduced with extreme accuracy; two
competing instabilities (propagational through the nonlinear cavity versus
feedback) were identified and analyzed; a chaotic response was identified
and its features connected to these instabilities. The above study was
carried out in one transverse dimension. At the end of the grant period, a
two dimensional study was initiated which is still in progress.

References (1, 3, 5, 13, 17; Ph.D. thesis, H. Adachiharal].

Principal machematical results on the damped-driven sine-Gordon

T mp 4n o8 AD W

equation include (1) a numerical study of low dimensional chaotic attractors

with coherent spatial structures, including dynamical system diagnostics of

their time series, and direct numerical measurements establishing that the
attractor is well co-ordinatized by a faw nonlinear normal modes; (2)
complete analytical identification of all homocliniec structures for the
integrable sine-Gordon equation; (3) direct numerical detection of
homoclinic crossings along the chaotic attractor of the full system. This
study is a first in two respects: the first complete mathematical
classification of all homoclinic structures for an integrable pde and the
first direct numerical correlation of these objects with the chaotic
attractors of the perturbed pde. At present we are using the mathematical

expressions for these homoclinic structures in analytical (as opposed to
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numerical) studies. References [2, 4, 5, 6, 8, 9, 10, 11, 12, 16, 18, 19,
22].

-~

Principal mathematical results about the propagation of rapidly

el

oscillating integrable waves which were obtained during the duration of this

grant include (1) the identification and derivation of a Hamiltonian

-
- -

structure for the modulation equations and (2) a study of the process by

-

which singularities are smoothed by dispersion through the injection of

-
e e

additional degrees of freedom into the field. Current work is in progress

D XIS

with N. Ercolani and D. Levermore. [References 7, 14, 15, 18, 20, 21, Ph.D.

—

thesis, Jin Shan].

o3
- T T T o~
T T

‘.
~

b s g 2 y e MR N N L Y, oy 0 A SRR L TS Lot 3]
Wt A L SRR T L T A R A A 2 A R A S U N A AT S AN LIS RO 5‘.*?“”»‘.‘3 I ey’
N . i AR~ ) K RN ENL b PN



; YR . R - . b’ 1
T R L T N W I Lo 04 ata-gha ot tnc stasata  iTaV Say (ar fan Gac et bat fad Beb gt Gat 2t -pa0tp 0%%

References

"Solitary Waves as Fixed Points of Infinite Dimensional Maps in an
Optical Bistable Ring Cavity", (with J.V. Moloney and A.C. Newell),
Phys. Rev. Lett. 51, 75-78 (1983).

"Chaos and Nonlinear Modes in a Perturbed Toda Chain", (with A. Bishop,
K. Fesser, and B. Holian), Phys. Rev. A 31, 2728 (1985).

"A New Class of Instabilities in Passive Optical Cavities", (with J.V.
Moloney and A.C. Newell), Phys. Rev. Lett. 54, 7 (1985).

"The Origin and Saturation of Modulational Instabilities", (with N.
Ercolani and M.G. Forest), Physica 18D, 472 (1986).

"Chaos and Coherent Structures in PDE's", (with A. Aceves et al.),
Physica 18D, 85 (1986).

"Coherence and Chaos in the Driven Damped Sine-Gordon Equation:
Measurement of the Soliten Spectrum", (with A.R. Bishop and E.A. Jverman
11), Physica 19D, 1 (1986).

"Oscillations and Instabilities in Near Integrable PDE's", (with N.
Ercolani and M.G. Forest), Lect. Appl. Math. 23, 3 (1986).

"™™odulational Instabilities ¢f Periodic Sine-Gordon Waves: A Geometric
Analysis", (with iI. Zrcolani and M.G. Forest), Lect. Appl. Math. 23, 47
(1986).

"A Quasi-Periodic Route to Chaos in a ilear-Integrable PDE", (with A.R.
Bishop, M.G. Forest, and E.A. Overman II), Physica 23D, 293-328 (1986},

"Phase-Pulling and Space-Time Complexity in an AC Driven Damped One-
Dimensional Sine-Gordon System", (with A, Mazor and A. Bishop), Phys.
Lett. A (1987).

"Homoclinic Orbits for the Periodic Sine Gordon Equation", (with N.
Ercolani and M.G. Forest), to appear in Physica D.

"A Quasi-Periodic Route to Chaos in a Near-Integrable PDE: Homoclinic
Crossings", (with A. Bishop and E.A. Overman II), Phys. Lett. A 127, 335
(1988).

"Solitary Waves as Fixed Points of Infinite-Dimensional Maps for an
Optical Bistable Ring Cavity: Analysis", (with H. Adachihara, J.
Moloney, and A.C. Newell), J. Math. Phys. 29, 63-85 (1988).

"Hamiltonian Structure for the Modulation Equations of a Sine-Gordon
Wavetrain", (with N. Ercolani, M.G. Forest, and R. Montgomery), Duke
Math. Journal 55, 949-983 (1988).

"On the Weak Limit of Rapidly Oscillating Waves", (with L. Chierchia and
N. Ercolani), Duke Math. Journal 55, 759-764 (1988).

5




b e P

PR )

s

w4,

V. b0y Bty b

B g @Y 8% R0 8 pad” B Bad Bat Bal a0 020 1a% 0% 600" 02° et do¥ B2t @a¥ 0a¥ §a" At 2" Vg a7 R’ k2t 0p7 o6a” Vet 0pT ia¥alin tat 0h g8 iy g

16.

17.

i8.

19.

20.

21.

22.

"Geometry of the Modulational Instability. Part 1: Local Results; Part
2. Global Results", (with N. Ercolani and M.G. Forest), submitted to
Memoirs AMS (1988).

CONFERENCE PROCEEDINGS

"An Infinite Dimensional Map from Optical Bistability Whose Regular and
Chaotic Attractors Contain Solitary Waves", (with J.V. Moloney and A.C.
Newell), in Chaos in Nonlinear Dynamical Sys*ams, ed. J. Chandra (SIAM,
Philadelphia, 1984).

"Oscillations and Instabilities in Near-Integrable PDE's", (with N.
Ercolani and M.G. Forest), Lect. Appl. Math 23, 3 (1986).

"Modulational Instabilities of Periodic Sine Gordon Waves: A Geometric
Analysis", (with N. Ercolani and M.G. Forest), Lect. Appl. Math. 23, L7
(1986).

"On the Construction of Modulating, Multiphase Wave Trains", Prcce=dings
of Conference on Nonlinear Oscillations, University or Minnesota, 1955,
eds. D. Kinderlehrer and M. Slemrod (1986).

"Weak Limits of ionlinear Conservation Laws with Oscillating Datu", In
Proceedings of Conference on Nonlinear Oscillations (with G.
Papanicoloau and L, Tartar), University of Minnesota, 1985, =d¢s. D.
Kinderlehrer and . Slemrod (1986).

"A Quasiperiodic Route to Chaos in a Near Integrable PDE" f‘witnh A.
Bishop, M.G. Forest, and E.A. Overman II), Proceeaings of Lus ilamos
Conference on Spatial Coherence and Temporal Chaos, 1987, Physics 23D,
293-328 (1986).

¢

S e =



R e M N R L N N N N R T o W AR o A R T O R O O T O IR Y e Ty s Ow L% A% A% %" 02 %AR Yot Al f a1 a8

) d ;
N
. N3
- Copy. available to DTIC does not .
permit fully legible reproduction 3
h 3
” -
. .
b )
) X

DARTTOTRAT I SR TR Ty e i

I

b
i..

e

t

. : i
' Aishep, Alan Thare e, Luc ﬂ
T11 Greuo Sonnrtoent of Matherot o ¥

Les Alamoes lztionsl Loboro-ory Cornepie="ellon Universico f

) Los Alamos, lew Tloxice  DUFLE Plutoburesn,  Ponnav)veni s W

[

~ . DR i . \

Chiercntiy, Luigi ;

) Depnrtment of ataematics é

¢/0 Jurgen K. osor
Tideen Toch Hoehschule

/ Zentrum Math =200 he
Y Zuricr, Switzorland

Calad

Fereost, CGrecory 77,

epartment of “othomation ‘
Ohio State Univorsity

) Colurbus, Thio L3 1D

azor, Avreoaam

Los ale Tationio Labor ey 3]
+ T ~ex 1. . 5, .“

PR P N
D .'
v e‘

N (3
' Neiony, ro . !
. R )
Semartr o ay o Dhece !
. ‘ ' H
Herict-wats Urniversivy

Riccarton, Ddinhuran Y9004 Lo

Scortl g, U,

Al o) - 4
EC e M e X 2

“ontcomeryv, Lichard

i Department of *inthamation (7
MIT )

. “e . -~ *;

Cambrid;e, Vosarcnusestos a01?0 v

. [

3,

1 .
] 4\,?

Overnan, i'dward &, 7]
Department of atnenstios i
Ohio Soate Urivorsity Y
Zolumbus, Mhio 410 \

Papanicolonu, “ooree O, b
Depertmont ¢f ™ thematices ¢
Courant ‘nstitute - Low York Univerajty :

281 Meprar Stroot v
Mow York, ew York 17010 ,'5
c:'

R O O O A O G N O N O O A TR O S O OO OO NG OGO DOOADA LA I D 5w OO DR A ST D8, ORI O N DS




Copy avaflable to DTIC does. not
peumit fully legible reproduction

PAPERS FROM THE PERIOD 1984-1987 FOR ARMY GRANT

The main contributions during this period were:

1. A scries of papers developing a method for obtaining macroscopic equations for describing the
dynamics of patterns. # 1,7, 12, 13, 19, 20, 21

ii. A serics of papers on nonlincar optics. # 2, 4, 5, 8, 9. 18, 22, 23, 24

ili. Some new ideas on Turbulent transport. # 6

2. Non-predictable behavior i partial differential equations. Proc. o
1 |

. Convection potterns 1 large aspect ratio systems,  Physice 1010 209-325 (1984) (witl: i
Cross).

£

F o Workshop on Instabilitics

in Continvous Mcdia”, Interassociation Committee on Mathematical Geophysics, Interna-
tional Union Geodesy and Geophysics, sponsored by IUGG, National Science Foundation,
Dec. 3-7, 1984, Venice (with D. McLaughlin and J. Moloney).

. Reflections from solitary waves in channels of decreasing depth. J. Fluid Mech., 153, 1-16
(1985) (with C. Knickerbocker).

. An infinite dimensional map from optical bistability whose regular and chaotic attractors con-
tain solitary waves, in Chaos in Nonlinear Dynamical Systems, pp. 94-119. Ed. J. Chandra,
SIAM (1984)(with J. Moloney and D. McLaughlin).

. A new class of instabilities in passive optical cavities, Physics Review Letters, 54, 681 (1985)
(with D. McLaughlin and J. Moloney).

. Chaos and turbulence; is there a connection?, Special Proc. of Conf. on Mathematics Applied
to Fluid Mechanics and Stability Dedicated in Memory of Richard C. DiPerna, published by
SIAM, 157-189 (1986).

. The shape of stationary dislocations, Phys. Letters., 113A,5, 289 (1985) (with D. Meiron).

. Chaos and coherent structures in partial differeniial equations, Physica 18D, 85-112 (1986)
(with A. Aceves, H. Adachihara, C. Jones, J. C. Lerman, D). McLaughlin, J. Moloney).

. Two-dimensional spatial patterns in ring cavities (with D. McLaughlin and J. Moloney), to
be submitted.

. The Hirota Conditions, Journal of Mathematical Physics 27, 2016-2021 (1986) (with.Yunbo
Zeng). .

. Soliton Mathematics, SMS NATO Advanced Study Institute, Vol. 103 Published by the Univ.
of Montreal, survey article pages 9-116 (1986) (with T. Ratiu, M. Tabor and Z. Yunbo).

. Benjamin-Feir turbulence in binary mixture convection, Physica 23D, 345-361 (1986) (with
H. Brand, P. T.omdahl).

. Evolution of the Order Paramecter in Situations with Broken Rotational Symmetry, Phys.
Letters A118, 67-73 (19S6) (with H. Brand and P. Lomdahl).
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24,

26.

Nonlinear Tunneling Through Random Media (with J. G. Caputo, W. Faris, C. N. Newman
and M. Shelley), to be submitted.

A Unified Approach to Painlevé Expansions, to appear Physica D (December 1987). (with M.
Tabor and Y. Zeng).

Lax Pairs, Backlund Transformations and Special Solutions for Ordinary Diforentind Fona-
tions, to appecar Nonlinearity (with J. D. Gibbon, M. Tabor and Y. Zeng).

Chaos and Turbulence. Proc. Wood's Hole Sutnmer Seminar in Geographical Fluid Dynamics
on “Shear Flow Turbulence”, WHOI-86-45, 90-103 (1986).

Solitary Waves as Fixed Points of Infinite-Dimensional Maps for an Optical Bistable Ring
Cavity: Analysis, to appear in Journal of Mathematical Physics (with H. Adachihara. D. W.
McLaughlin and J. V. Moloney).

The dynamics of patterns: A survey, Springer Proc. in Physics, Proc. Conf. o “Pronasntion
in Nonequilibrium Systems™ at Les Houches 1987, Springer-Verlag Publisher - ius7).

. Wavenumber selection of convection rolls in a box. accepted Physics of Fluiic Lottors, cwith

W, Arter and A. Bernoft).

21. Numerical simulation of Rayleigh-Benard convection in shallow tanks, accepted for Physics of

Fluids, (with W. Arter).

. Trajectories of Surface Waves at the Interface between Nonlinear Dieletrics (with A. Aceves

and J. Moloney), submitted to Physics Review Letters.

. Reflection, Transmission and Stability Characteristics of Optical Beams Incident at Nonlinear

Dielectric Interfaces, accepted Journal Optical Society of America B. Special issue on Nonlinear

Waveguides. Eds. G. L. Stegeman and R. H. Stolen. November 1987. (With A. Aceves, and
J. Moloney).

Fixed Points and Chaotic Dynamics of an Infinite Dimensional Map. Chaos, Noise and Frac-
tals, pp. 137-186, Eds. E.R. Pike and L.A. Lugiato, Adam Hilger (1987) (with J.V. Moloney,
H. Adachihara, D.W. McLaughlin).

. Binary mixture convection ncar onset. In preparation (with H. Brand, J. Powell and B.

Zieeinska).

A Calculus curriculum for the nineties. Proccedings NRC-MAA “Calculus Curriculum” Qc-
tober 1987, (with D. Lovelock).
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