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Abstract: The numerical procedure associated with the inverse method
of Peggion (1987) is described. The model equations are formulated on a
spherical-shell coordinate system. The method is applied to a limited atea
of the basin of the Greenland-Iceland-Norwegian {(GIN}-Sea, using clima-
tological and historical data from the Generalized Digital Environmental
Modelp of the Naval Oceanographic Office, Washington D.C.
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1. Introduction

An inverse method designed for calculation of absolute velocities from hydrographic
data was described recently as a preliminary study of an investigation intended to
provide an understanding of the large-scale, climatic features of the ocean (Peg-
gion, 1987; hereafter referred to as Part I). Although the method has a large range
of applications, it has been developed with particular attention to the Greenland-
Iceland- Norwegian (GIN} Sea, and to the aims of the SACLANTCEN research
program in that region. We present here the description of the numerical proce-
dure, specifically designed to apply the inverse method of Part [ te the GIN Sea
area.

In order to free the theoretical setting from complex mathematical frameworks,
the model of Part | was referred to a cartesian coordinate system centred at some
reference latitude and longitude that locally approximates the spherical shape of the
Earth. In this metric the effects of sphericity are retained by approximating, f, the
radial component of planetary vorticitv, with a linear function of the latitudinal
coordinate. This approximation, known as the d-plane approximation, is valid
for regions of limited horizontal extent (compared to the Barth's radius) located
at low. and mid-latitudes. At high Iatitudes or in polar seas the approximation
breaks dawn, and different approaches are necessary. For this reason, the numerical
procedure described in this report, is referred 10 a spherical-shell coordinate system.
Since the scale of the vertical motion is small in comparison with the radius of the
earth r, the distance from the centre of the earth is replaced by the constant r
alone, and the vertical variable indicates the vertical distance above the surface.

The use of the different coordinate systemn does not alter the physics and validity
of the model described in Part I. It merely implies a different forinal presentation
of the model equations, which does not affect the assumptions and conclusions of
Part I. Thus although in Sect. 2 we rewrite the fundamental equatiuns of Part 1
in the new coordinate system, we retain the same notations of Part I as much as
possible in order to maintain the similarities hetween the twno mathematical models.

Section 3 contains the executive summary of the numerical code. Section 4 includes
some applications of the method in the GIN Sea region, using climatological and his-
torical data from the Generalized Digital Enviromental Model (GDEM) developed
by Tr. Davis and described in Colborn et al. (1980). Finally, Sect. 5 summarizes
and discusses this study

~r-
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2. Reformulation of the model equations

The main equations of the inverse method of Part I are formulated here in a
spherical-shell coordinate system (¢, A, z) where ¢ is the latitude, X is the lon-
gitude, and : is the vertical coordinate and is zero at a bottom reference level and
increases upwards. Thus the model equations (2.1) of Part [ (hereafter referred to
as (1-2.1) are

i

foe - —— . (2.1a)

por cos @

1
fu=-—ps, (2.1b)
poT
0=-p,—gp, (2.1¢c)
(ur + (cos du)y) + w, = 0, (2.1d)
rcos¢
! + ! + 0 (2.1e)
do—p o — .

r‘cosd)upA P Pe T WP ' ¢
f = 2Qsing, (2.1f)

where r is the radius of the earth, the suhscripts ¢, A, and > dennte partial dif-
ferentation, u = rcos @ dA/ dt is the eastward velocity, v = rdg/ dt is the poleward
velocity, and w is the vertical velocity. The variable p is the hydrostatic pressure
associated with the density distribution p, and pg is a density constant of reference:
f is the Coriolis parameter; g is the gravitational acceleration; and 2 is the angular
speed of rotation of the earth. The bottom of the ocean is taken to be at = = h(A, ¢),
and the mean sea surface displacement at the reference level z = H. Equations (2.1)
are satisfied in the domain V = {¢p <@ < ¢, g <A <A, h<:z< H}

Following the formulation of Part I, the velocity field is decomposed as follows:
(w,v,w) = (u' + up, 0" + vy, w' + wy)

where (u', v/, w') are the solution of

) q : o9 [
v — ds, o 1z,
/ PO"C(’S‘D/!: @ f Pn’/h fot

ful, = v’ - Y, (2.2a)
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and the bottom velocities (up, vy, W) are given by

1
~fup {Pb)x, fuw, = /'E"(Ph)d’v

- por cos @
flwy): = Bvy + Y, (2.2b)

where py, is the pressure at the hottom associated with the geastrophic velocites

Up, vp; B = fo/r; and Y = g/(portcos@)(pa(z = h)hy - polz — h)Ry). Here
the parameter 3 is assumed not to be constant as in Part [, but as a function of
latitude.

From Eqs. (2.2), the vertical velocities 1’ and 1wy, are specified as follows:

U'/ -

'

3 [
- vidz, (2.3a)

fin

1 1
wy, = -—( —uphy + —vh, @ iz h)r;,> . (2.3h)
f \rcose r

Finally, the master equation (I-2.8) for the pressure at the hottom is specified as

follows: |
a {puiy b {pu)s F, (2.4a)
rcoso r
where
1 1
a =(pet hep. - Ar(z hip.). b Ay b)),
r r (’('l\::)
| , 1, ,
F = - fpy (_——"“ Pyos TU Py W l’:) . (2.4b)
reoso r

Following the formulation of Sect. 3 of Part I, the variational principle (I-3.4) in
the new coordinate system is transformed into

H 1 i 2 1/2
J(p) = (/ / ( apx + —bpy - F) r? mscpdorl,\d:) = min, (2.5)
n Jp \rcos¢ r

where D = {¢g < ¢ < ¢, Ao = A <. \1}. The existence and uniqueness of the
solution of (2.5) depends on the assignement of houndary conditions. In similarity
with the mode] formulation of Part I, we require that the pressure at the bottom to
be zero on 3D. Thus, the Euler's equation associated with the variational problem
(2.5) is given by

L'(p)- 0
p=0 on 8D, (2.6a)
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where

2
taTpaha ,

(b cos opale + (c'paly 1 (TPr ) F7. (2.6b)
cos @

L(p)-

The superscript « has the sanie meaning as in Part I and

N H N H N H
a’ = L(')k/ erazdz, b = Lek/ epbids, o = (')k/ Crarbydz,
k=1 h k=1 h k=1 h
N H
Fr = ZO,,/ (e Fi)y - (@rcosobeFi)g) s (2.6¢)
k=1 h

Once more, the assigned boundary conditions in (2.6a) are arbitrary and do not
restrict the validity of the model.
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3. The numerical program

The numerical scheme chosen in the treatment of the model equations is hased
on the - entred difference method, using a staggered grid as illustrated in Fig. 1
Al 1. ‘he assumption of geostrophic balance suggests the nuse of a grid where

th: location ot the 1 and v velocities are inverted, we have chosen the C-grid of

Grammeltvedt (1969) ' cause it is the one most often used in large-scale dynanics
models. Furthermore, sinee measuremr nts - seawater propertios are moie frequent
and more reliable for the upper levels of the ocean, a variable vertical grid in which
the distance between two levels is a function of height i< int:»duced. To preserve the
accuracy ~f the -cheme, value. of any given function at any mesh point between
two consecutive levels (not necessarily the middle puint) is computed by linear

interpolation.
[ ]
pi.]ﬂ
x x
>
Pioa, v, By o o6 0o 0 0 ¢
X n LY x x
. e o & & ¢ o
o L [ ] X x X x x
Py Uiy oy Vo P o o 060 0 0
X X X £ x
. . o ° 0 0 0 o
V b X x x x
) )
'|—1.|—1 11 [|.|—1 ® o 0 0.0 o
X LY x x x
° ® 0o 0 0 0 0
pi‘1—1
Fig. 1. Numerical grid showing horizontal positions where density and

constituent distibutions ate ssumed to have been measured, and the positions
where either the bottom pressure, p. and the velocities u, and v are computed
The range of the horizontal indices is as follows:

Puyt (t=1,...,NY +1, j=1,... . NY + 1),

Pe (t=1,....,NX, ) =1.....] NYY) ithe effective inner pointsi,

U, (t=1,....NX, j—2...... NY).

vy (p=2,... . MY, ;= 1...... YY),

w,, (t=2,....NX, ) =2, ,NY) ‘computed at density points
-5 -
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Assume that the density and constituent distributions are known on a horizontally
regular mesh of (N.X t 1)« (NY t 1) « NZ points, where (N.X + 1), (NY { 1),
and N Z are the number of stations on the \, ¢. and > axes, respectively. When
the domain of interest does not include land points the observational grid contains
NX x NY inner mesh points at which the bottom pressure might be computed.
Because of the presence of cross-derivative terms, the numerical formulation of
the problem (2.6) involves nine adjacent bottom-pressure points. To preserve the
accuracy of the centered difference scheme, the coeflicient of the differential operator
{2.6a) are computed at the grid points as llustrated in Fig. 2. Finally, when no land
pats are present, the variational principle (2.5} is rediced to a set of ¥ X » VY
eguations for an equal numiber of unknowns:

P, P \ m 1, BAYAY (3.1

The boundary ronditions applo-d for the solution of the differential equation (2.6}
are generalized as follows. In the presence of apen honndaries, values of the pressure
pr are assigned In the presence of rigid lateral bonndaries, the no-slip boundary
condition {1 u v s given  Phic implies that the normal derivative of
e vanishes at the coasts Finalive the lifferennial problem may be written in the
traditional matrix forn:

i (3.2

Finding the solution of a hnear algshrane cquation system of large order might be
a challenging numerical task  While in principle there are standard methods for
solving such problems, the diftienltios are torally practical and stem from the cost
of computer caleulations and the loss of aceuracy by runoff errops. Thus, Eq. (3.2)
was solved using solver routines from mathematical compnter libraries available at

SACLANTCEN
The input variables necessary for the application of the program may be categorized
as follows:

1) Data input  this includes seawater property distribution fields, obtained by
analysis of direct measurements;

{i1) Weighting functions-- as described by (1-3.10h) and specified as input bhe-
cause they are directly related to the definition of the data distributions;

(it} Geometry specification  deseribing the hasin geometry in terms of the Cori-

olis parameter and topography.

The constituent distributions and topography are <pecified at the same column of
the grid system.
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Fig 2 Numerical gridd showing the

locations where the hottom pressure and
the coefficient of the differential Eq. (2.6a)
are computed. The range of the indeces of
the coefficients is as follows:
al, =1 UMYX
] 1,....NY)),
Blc (1. NN,
oL NY L
(@™ PV, (1 -1, N

The final forcing of (2.6a) is alse computed
at the pressure points

-3
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4. Applications

[n this section we apply the method to a portion of the GIN Sea region  Althongh
one would like to attempt a solution for the global general circulation of the whole
region, at the present time it seems appropriate to deal with only a limited amount
of data. Hydrographic stations are taken from the GDEM climatolngical and his-
torical data. More specifically: the salinity and temperature distributions for the
suminer and winter seasons are considered; data are given on 0.5 - 0.5 horizontal
grid at 24 reference levels; density distribution is computed from the equation of
state of Millero and Poisson (1981); Since the mode! formulation neglects haund.
ary layer dynamics, as was observed in Part I, only data below 100 m depth are
considered.

Figure 3 shows the bathymetry of the domain of the numerical experiments. The
region is crossed in its North-South extension by a ridge dividing the western shallow
[celand Plateau from the eastern deep Norwegian Basin. The region is alsn crossed
by the northern portion of the Polar Front. This front separates the warm high-
salinity waters of the Norwegian Basin which are of North Atlantic origin (the
Norwegian Atlantic Water) from the polar cold low-salinity waters of the Iceland
Plateau (the Polar Sea Water). Because of these features, the domain is suitable
for testing the numerical model in the presence of strong gradients of hoth the
topography and the constituent distributions.

4.1. THE SUMMER SEASON

Figure 4 shows the constituent distributions at the upper level of the numerical
model. As expected, temperature is more sensitive to the mixing and diffusion
processes than salinity. Moving northwards, the temperature front loses strength,
but the salinity distribution is a more uniform function of latitude. The resultant
density distribution indicates that the Polar Front turns eastwards at around the
69th parallel. A latitudinal section of the constituents {Fig. 5) shows that the
Norwegian Atlantic Water is dynamically constrained within the Norwegian Basin
by the topographic features.

The velocity, resulting from the inversion, follows this same pattern. Where the
salinity and temperature gradients are hoth strong, the surface poleward jet is
more marked (Fig. 6a). However, in the northern part of the region. the jet turns
eastwards, along the edge of a meander of Polar Water. The dvnamics are even
less clear on the eastern side, perhaps due to the fact that all the constituents
exhibit evidence of a gyre of Polar Water, but at different locations. Below the
thermocline the velocity pattern is quite different (Fig. 6b); there is a thin and
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weak poleward jet following the eastern side of the ridge, but the general flow is
everywhere southwards. A latitudinal section of the poleward velocity indicates
that the polar jet is mainly confined to the upper levels, with the How reversal
occurring at about 100 m from the surface. On the Ieeland side, the cirenlation i<
more barotropie with the gvre extending down to the hottom (Fig #e)

1.2, THE WINTER SEASON

During the winter season, the Polar Front appears to he tore unifort with Bt
than during the summer months (Figo 710 AH the constitnent dictributions show
the location of maxitum gradient at around 6°W Maoreover, a Tatitadinal cpoes
section indicates that the region is horizontally and svertically more homeogengeons
than during the swnmer season. In winter, the North Atlantie Water i< eolder
and less salty, smoothing the differences with the Polar Water, which s hasieally
unaltered {Fig. 8).

The resultant velocity field indicates that the sumer ooleward yet has <peesol i
a wide current which covers the whole castern side of the region, and penetratos
into the Ieeland Plateau in the corthern part. Fquallv, the southern flow is more
evident and expanded in the western region (Fig 9ar Below the thermocline, at
abont 1000 m depth, the western southward How maintain: e hasiec fearnres at
the surface, while the dynamics below the poleward cuerent icomoee complex In
the proximity of the ridge. at the sonthern bonndary, there s still o weak, thin
poleward rurrent which goes northwards along the western side of the ridge, hut gs
reflected back on the eastern side and feeds the retorn deep flow of the Norwegan
Basin (Fig. 9b). A latitudinal section indicates no substantial vertieal Bifforepens
between the cold and warm seasoins (Fig. 9c). The polewar! current ts oswntially
confined in the upper 300 1 of the castorn region.

- 12 -
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