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I. Introduction '.
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0,1
1.1 Introduction ':Ei
Qj Classical signal detection and estimation involve ,
ol N
- centralized signal processing. Traditionally, a single gf
B N
' sensor is employed for observations and the data is 4
processed at a central processor. More recently, ,9
\ ..Q
k surveillance systems are employing multiple sensors for 'i
[ l,:
obhservations to improve system perforsance parameters such A3
ﬁj as reliability and speed, and also to increase the coverage g.
! RS
-m and the number of targets under consideration. If there is o
-
M no constraint on communication channel and processor n
13 bardwidths, complete observations may be brought to a f;
1
% central processor for data processing. In this case, the Q;
7 L)
K )
E signal processing is still centralized in nature as shown in '£
ﬁ Figure 1.1. The theory of centralized signal detection and ﬁ
S; estimation is very well understood and the salutions to :g
& oy
* problems such as optimum Bayesian detection, Neyman-Pearson ‘
x detection, minimum equivocation detection and many Ny
i 4
fﬁ estimation problems are available in standard textbooks [1]. ;
& ~
= The goal in this report i{s to consider some signal '_
i :'. it
¢ detection and parameter estimation problems when the signal ﬁ’
l'l -J‘
% processing is not centralized in nature. Multiple sensors g:
| <
which may be spatially distributed or located at one
X
1 ’
(]
k
Pl
w - ; W MY P 1*‘\1' ’ ‘\"\l N GO f‘\ \-'l,\;.\-}\r"\:
.. .A’. Sy .‘u' ;', Tev) .', ". "l e o ARG ESLTLN
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location are employed for making observations. The sensors
have signal processing capabilities and some or all of the
processing is done at the sensor itself. Therefore, such
systems performs distributed computation as opposed ¢to
centralized computation. In the fully distributed system
shown in Figure 1.2, all the signal processing is performed
at the sensors and the inference is available locally. In
some other distributed sensor systems; where a global
inference is desired, partial results are transmitted to a
data fusion center where they are appropriately combined to
yield the global inference as shown in Figure 1.3. Some
other distributed sensor network topologies which involve
hisrarchical structures have also been studied in the
literature [61]. It swshould be pointed ocout that there are
many practical reasons for deploying multiple sensor
surveillance systems with distributed computation. These
include cost, reliability, survivability and limitations on
commwunication bandwidth. As pointed cut previously, the
classical approach to signal detection and estimation has
dealt with centralized problems and analytical solutions are
readily available. The classical theory needs to be
extended to be able to solve distributed hypothesis testing
and estimation problems. The goal of the work, reported in
this report, is to consider and obtain analytical solutions
to several distributed detection and parameter estimation

problems. In the next two sections, we introduce the

notation and terminology and set up the distributed
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detection and distributed parameter estimation problems

respactively. We also briefly discuss the relevant

literature on the subject.

LI
.

.“7;' o

In this report, we shall consider two different

e
Lol

distributed hypothesis testing configurations. The first

5

o T}

P

one is the fully distributed system shown in Figure 1.2. In

A

this system, all thae signal processing is performed at the

sensors and the inference is generated locally. We will

AR
SrEr 2l

.
¥

refer to this distributed detection configuration as the DD

praoblem throughout this report. In the second system of ;;
Figure 1.3, partial results from the sensors are transmitted :\::
over bandlimited channels to the data fusion center where :iz
they are combined according to a fusion rule to yield the g&
global inference. This distributed detection with fusion EE‘
~
configuration will be referred to as the DDF_problem Lf
throughout this report. It should be pointed out that the :%
DDF problem can be reduced to the DD problem by a suitable §§
choice of the fusion rule and cost functions. Sﬁ
@
In Figure 1.4, we present the basic block diagram of a Eg}
distributed detection system. This block diagram includes Es‘

both the DD problem and the DDF problem. The basic
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Y '
2 s
a0 M
o 3
&4 't
oy components of the problem are as follows: NG
‘E:?\ .
e 1. A source which generates an output. The output iﬂ,
ii‘t
3 could ba one of M possible cholces. These cholices are '&
K0 :
‘-f'.ff referred to as hypotheses, and are denoted by ’
= HosHis-..sHm—1. The a priori probabilities of the =
A N
o hypotheses are denoted by P, = P(H,)y § = Oyl,...,M-1. "-1
i o
a::. O
’ 2. A probabilistic transition mechanism that can be 1

X
!
o viewed as a sechanism which, based on the knowledge of the :::}
;!" .'.‘
;:: true hypothesis and some probabllistic law, chooses a point :'::
¢ g N
Oy ()0

u in an observation space. 3
=‘ 3
%:‘ 3. An observation space, consisting of points in an ;::
;l ' A
;.‘._ n x N dimensional space. Each point is represented by an ),

. observation vector Y, w7
‘ I‘.-
3
e ¢
;‘ Y = (YaTsyYeTseeearyn™)T ::
t E
0
X where y. is the observation vector at the detector i, E‘\-

. X
f.:' i = 1,25...9sN. Each y. in turn is given by 'ﬂ't
..; Ya®™ ( YaasYamseeoryYrn)' i=1,2,...3N o,
) :::
w NP
N where n is the number of observations at each detector. e
A &
¥ -
! Without loss of generality, we have assumed that the number
i: of observations is the same at each of the detectors. The :'_ i
\ N
U -
:: observation vector has a known nN-dimensional conditional {:
4 :,\
. density function p(Y|Hj)y § = Opls...,M-1. »

i)
N
8 ‘.f
'l'.,
hih
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i 4. A decision rule, u, = g(y.), for esach detector i, g’
éi i = 1s25...3N. Aftear observing the outcome iIin the p

l;: '

observation space, each detector uses this rule to guess as o8

. .

M)

ﬁ: to which hypothesis is present. Each decision maker will ﬁ
Y o
Qj assign the points in its own observation space to one of the .ﬁ

" l‘_.'
- hypotheses. The vector consisting of the local decisions
- )
e ~
:'.' "111 b. d.mt.d by 5’ i-.o’ ! = (u.'u.’c...uN)Ta ':
37 « M
i? o~y
".. .‘\'
* 3. A data fusion rule u = f(x) which is used by the o
ig data fusion center to declare as to which hypothesis is “'
L) Y

9 Y. !
ﬁ present on the basis of the vector x. Note that the data (A}
v W)
(Y Dly® ¢
‘E fusion rule does not exist in the DD probleam. od
; K
W "
X The block diagram and the notation introduced above A
) I
5 will be used in Chapters 2, 3, 4 and S where we will solve TJ
W .:bs

some distributed detection problems. Next, we reviesw some -
I i
E;‘ of the reported work on distributed detection. =

' 1.2.2 Previous Work s
) 3
e .
W Some recent work on the detection problem with multiple }:
3. -

\ Y
" sensors has been reported in the literature (e.g.f 3-181). Z’
W S

Tenney and Sandell (3] extended the classical Bayesian
L .,"
: decieion theory ¢to the case where they considered the DD }'
¥ ”,
» problem . This extension does not follow from the classical E;
A [,

theory in a straightforward manner because the decision

-
5

" LY
? rules at the individual detectors are coupled. Sadjadi [4], N
A ° - \
‘ <
) treated the problem of optimum detection with N o~
D) A -“
- -
‘ decentralized sensors selecting among M possible hypotheses,
‘U'
] 9 =
., ’
; ¥
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ks

g %
s e
o R
:‘;E: with no data fusion. Further work along these lines has ‘::
"".": been performed in (35,46]). Lauer and Sandell (3], considered '
jlf_;:‘ the Bayesian detection of signal waveforms in the presence ":
:;Eg of noise. Ekchian and Tenney (6], formulated the detection :
“‘L':f problem for various distributed sensor network taopologies. -.,.l
!’::i Kushner and Pacut [7] conducted a simulation study of a
3’§ specific distributed detection problem. Teneketzis (8,9] :
i':: has also solved some interesting decentralized detection 1
w:, problems, namely a version of the Wald problem and the "
;::: quickest detection problem. Tesitesiklis and Athans [10], ::
;:s: have considered the computational complexity of ';
N decentralized decision problems. Their results point to the }-’
‘ inherent computational difficulty of the problem and suggest E:
T that optimality may be an elusive goal. Conte, D’Addio, X
,::’ Farina and Longo (111, have considered the design and "
,;; performance evaluation of optimum and suboptimum multistatic E
?‘? radar receivers. Their suboptimum structure is a special .
'.s case of the DDF problem that we shall be considering in this \
:':., report. GStearns [(12] considered different combining schemes :
:: in order to determine as to which achieves the best possible :
4 receiver operating characteristic (ROC). Some related work
%:: which has been reported from a control standpoint has been z
b reported.  Sandell and Athans [131, and Radner (141, 2
;;r' considered the decentralized static linear quadratic f:\
.‘ Guassian (LQG) problem and derived appropriate decision E,'.‘.
:.. rules. Other information structural problems were studied :
gy by Ho (13,16,171. Sandell, Varaiya, Athans and Safanov :;;
: » .
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o 181, have surveyed the decentralized control methods for RS

;‘!' S

K large scale systems. 1

R

ﬁ? In the next section, we introduce the notation and .?

"1| . "

.ﬂ

K5 terminology for the distributed parameter estimation C:
U

..
m
Balar

-

L)
problem. We also discuss the relevant literature on the "

et !
[ »
:P sub ject. :4
::} :: !
@ bex
B 1.3 Distributed Parameter Estimation 3
.::i ',
¢ (]
12:: 1.3.1 System Description and Terminology :‘.‘
i . :é
R A detailed block diagram of a distributed parameter 2
s

0 s
:s estimation system with fusion rule is shown in Figure 1.95. o
%) &
‘E Local parameter estimates are obtained at the individual ;'
K -

. L

| &

sensors and are transmitted to the fusion center where they

0We
W ;
& are combined to yield the global estimate. We will refer to :v
‘!
?' this distributed parameter estimation with fusion structure ﬁl
)
|
as the DPEF _problem. The basic components of the problem }'
o are as follows -
o v
W hd
..I
RY 1. A parameter space;,; consisting of points which :?j
aﬂ correspond to the random parameter, a, to be estimated. For
’! :\
5 the single parameter case, it corresponds to segments of the i.
e -~
@ line —®« < a < +o. The probability density function of the w
=
P random parameter, a, is denoted by p(a). s
3 Y
! b
" 2. A probabilistic transformation which maps the w
ll '\
f parameters to an observation space. X
L]
) &
N I
3 1 Y
L] -
; <
I ¢
' )
.*‘.6" u'. l'l“a"".t !\ -’!".’0 .h ‘ -:\::
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Py 3. An observation space consisting of points in an

Yy
YY)

n x Ndimensional space. Each point is repressnted by the

v 3 A
$$ observation vector, Y, which is i:
ot LY.
‘l L} >,

o 3

:Q Y= (!‘Y'x-T’...'an)T ?

,“

& where y, is the observation vector at the estimator i. Each v
& .

! 4
%a ¥Yi» in turn is given by ¥s® (YassYamreeasYan)Ty where n !
[/ «
b is the number of observations collected by each estimsator. —&
;i Without loss of generality, we have assumed that the number r$
l.'

‘ 4
?‘ of observations is the same at sach of the estisators. V:

(] t
! 'y
e The observation vector has a known conditional density ]!
X i
) function 4:
L l.>
i v
g PIY|a) = PlyisYmseeeryn|a) o
:’.0 -,

'
) 4. An estimation rule & = h.(y.) at each estimator i, ;:

7 0
é i = 1,24...3N. Each eatimator uses its own estimation rule $ﬁ
¢ «
. to map its observation to an estimate. We will assuse
\.‘ “. (]
" that entimator {, { = 1,2,...N, does not have knowledge of ﬁ
: 2
" the observations at other estimators j, J +t. J = 1s2s.+.9N. ﬁL
l‘.. '.:

The vector consisting of the local estimates will be [
VE denoted by &ﬂ
;-: h 2 _:-'
£ h = (ha(!x)nh-(!-)...-:hu(!u))c -:‘
"'n
. S. A combining ruled3 = fe(h) = fe(l13asr...rdn) s
L) -
: which, based on the values 3.y 3er...» and 3n Qgives the j:

s

global estimate of the parameter a.
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.
o
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The block diagram shown 1{n Fig. 1.3 and the notation
introduced in this subsection will be used in Chapter 6
where we will solve some distributed parameter estimation

problems. Next, we briefly review some reported work on

distributed estimation.

1.3.2 Previous Work

Most of the work reported in the literature has dealt
with decentralized state estimation probless. Borkar and
Varaiya (19]), considered asymptotic agreement in distributed
estimation problems. In their case, sach of several agents
updates its estimate and transmits it to a randomly chosen
set of the other agents. They showad that the common limit
which ring members agree upon depend upon the order in which
estimates are transmitted. Teneketzis and Varaiya (201,
studied the consensus problem in distributed estimation with
inconsistent beliefs. They considered the case when two
pecple’s estimates of the same random variable are
avallable, and discussed convergence of the estimates to the
sane value. In [21), Chang and Tabaczynski considered
multisensor state estimation with applications to the target
tracking problem. Willsky, Bello, Castanon, Levy and
Verghese (22], considered combining and updating local
estimates and regional maps. The estimates may be generated
at different locations or at different times. They
emphasized the conceptual similarity between many problems

in decentralized control and in the analysis of random

% '}

i’
| .-.-
LY

bd

E; .
[
W
A%

s

."l{i'\‘i\J
AN LL 5

2 h ]
LR

Y
oL

s._s{-. ARBA "P ¢ ‘:. ‘,{

LN

o i’ ’
RN
SRS )

a7

X,




fields.

In (23], they developed a framework for the study

of ;untraliz.d estimation problems where the decentralized

estimation problem is imbeded into an equivalent scattering

In (241, they derived algorithms for different

problem.

and

mapping problems in a unified framework. Castanon

Teneketzis [23), obtained a distributed processing algorithm

:ﬂ which recovers exactly the centralized conditional

distribution whan only the sufficient statistics are X

i communicated. Washburn and Teneketzis in [(26] analyzed tha

Varshney

hybrid state estimation problems.

performance for

and Varshnaey [(27], have considered recursive estimation with

uncertain observations in a multisensor environment.

In the next saction, we present the report '3

organization.

b
. Xy
SRR

7o

oy
A

ﬁ; In this report we consider some distributed detection

L&,

X problems as well as distributed estimation of random

L4 o e R Y

v parameters. Optimal decision rules and fusion rules are

f} derived for the distributed datection problems considered. K

Similarly, for the distributed parameter estimation

problems, optimal local estimators and combining rules are -~

obtained.

In Chapter 2, we present the distributed Neyman-Pearson

an optimum decision

detection problem where we design

the decision

when the fusion rule is known,
15

system. First,
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% 2
W
35 rules at the individual detectors are derived so as to ::
gt )
N minimize the probability of miss (or to maximize the ;
I' Y
ﬂq probability of detection) under a constraint on the :fi
iy N
3& probability of false alara. Next, when the decision rules :j
4y
o at the individual detectors are known, we derive the optimum .
Wy fusion rule using the same criterion. We also discuss the :r
‘o) o
i overall solution where we simultanecusly obtain the optimum o7}
48 o
1t .
45 fusion and decision rules. g
. "
$: In Chapter 3, we treat the probles of distributed e
A i3
b‘ Bayesian detection with data fusion. The optimum decision :
vk
Y
rules at the sensors and, the optimum fusion rule are :’
. K
\J ]
:f derived. Several special cases such as the independent t:
’ )
¥ by
3? observation case and the identical detector case are fﬂ
» .y
1 ' -
" discussed in detail. ‘!
LN :’
::,« -u:
ﬁ. In Chapter 4, we present two schemes to be used for
) .

' Ny
3& distributed postdetection decision making. :
N %
; In Chapter Sy, we solve the minimum equivocation :
" s
s detection problem for the DD and the DDF systems. Optimal :j
b decision rules at the individual detectors for both systems !)
L . .::_-
2 and, optimal data fusion rule for the DDF problem are "
i derived. Our criterion is to maximize the mutual :}
- N
"y information (or equivalently to minimize the equivocation) L
18, -'
! between the input and the output. Ree
% | %

] Y
x In Chapter &, wae consider the distributed parameter s

estimation problem when multiple estimators are used and a

-~ .:-"_J_J.. -_a

; .
S"w

::'.l::.'l W)
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M combining rule is emplaoyed to aobtain the global estimate. »J

»
W Optimal combining and estimation rules are derived. e

O ”
59 it
:::’ In Chapter 7, wae summarize the results and also present 7y
g w

-

some suggestiaons for future research.
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Y 11. Neysman—-Pearson Detection Using Multiple Sensors "
Z’*:(?‘ X
ki 2
2.1 Introduction

;i:;' :
§6 The theory of signal detection using a single radar is 5&
él very well understood [1,21. The Bayesian approach to the ;’
‘ﬁ‘ optimum detection problem requires the knowledge of the a

;ﬁ‘ priori probabilities and the costs. An optimum detection W
%; rule is then obtained which minimizes the average cost of :
gs detection. For most radar detection problems, the Bayesian g‘
ik‘ approach is \inappropriate becauss the required information, E
§$ .., a priori probabilities and costs; may not be T‘
;; available. For this reason, the Neyman-Pearson criterion, Qﬁ:
'5 which does not require the above knowledge, is employed ;3’
i, extensively in radar detection systems. Under this ig
'h criterion, a constraint is placed on the probability of i
;\ false alarm and, the probability of detection is maximized E
iﬁ {or the probability of miss is minimized). The detection éi
: rule thus obtained is used for signal detection. !{
f: In this chapter, we develop the Neyman—-Pesarson decision

2 theory for signal detection using multiple radars. We i'
'{ assume the structure shown in Figure 1.3, i.e, individual i}
: decisions from the radars are fed to a data fusion center :¥
o .

which ylelds the global decision. A constraint on the

R A 0 M."""‘

:“v.‘.- *"“"‘:':'.“v: ‘E f:‘f-\fr\-‘ '¢."‘-" o

\’fﬁ".' "'- 1'
'H‘_ .,"-_- ‘-$\ "
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probabllity of false alarm of the overall system (global :"
.
decision) is placed and the probability of miss of the
o
::‘ overall system is minimized. Q
' G
ot
X In Section 2.2, we formulate the problem and define the 4
::. notation and terminology. In Section 2.3, we develop the NN
b o
E::‘ Neyman-Pearson decision theory when multiple sensors are :::
iy v
() h
::' used for surveillance. We consider the problem of binary ;
) hypothesis testing using multiple detectors. First, when o
W N
::. the fusion rule is known, decision rules at individual :‘;
e NG
" detectors are obtained. These rules are functions of the "
i 8
data fusion scheme being employed and are; in general, :‘:.,-
l-'{
% coupled. Secondly, when the decision rules at the detectors oY)
d ',"-'
wl are given, the optimum fusion rule is derived. The overall 1:'.-‘
| 3
4 solution to the problem is also presented. Special cases of
o d
[ "AND" and "OR" data fusion rules are considered. A specific '.:::
e s
W, example is presented in Section 2.4. Finally, the results -
. are discussed in Section 2.95.
SN
~ v
a .:_-.
g 2.2 Proplem Statement RN
j 8
> :-‘ A
y We consider a binary hypothesis testing problem with :: v
( -
L o)
the following two hypotheses: ;:
Pl
H Ho 1 Target is absent, and o
] LS
.‘:\
(2-1) \
'.‘ Hs 3 Target is present. ,-'.'-‘-
' X o
.
1 ,
. 3 o
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We consider the system structure shown in Figure 1.3 where a

B data fusion center is used along with the distributed

SeNeors.

The cbservations at the i*" detector are denoted by y.,

i=1,25...9N. We further assume that the joint conditional

y probability density function PlYisymr..corym|Hs)s §j=0,1, is :
)
% known. Each detector employs a decision rule gQ.(y.) to make o
KX 3
) a local decision u, , i=1,2,...sN where A
N R
A "0::!
v
o o if detector i decides Ho =0
D o
" u, = (2-2) 0
é 1 if detector 1 decides H: g%;
- S
) i =1 ial seesN .{‘:S'
: ‘;'\,
h
[
- The data fusion center determines the overall or global {}‘
f§ decision for the system, u, based on individual decisions, )
- &0
1-: i «@y . :.b
g 2]
) um=- f(u"u-l-olIUN)n :-':‘.
| N
, &}'\
. NN
.: As an example of data fusion rules, we present the “AND" and “I~
' [
e “"OR"” data fusion rules for the special case of two detectors NN
N (N=2) in Table 2.1. The global decision u is simply a 27y
' el
Boolsan AND or OR of the Boolean variables u, and us. Other R
ol
. data fusion rules involving other Boclean operations on N
f_.
A varjables {(u.,), can be formulated, ®.g., majority logic. ;ﬁ,
o e
Later in this chapter we will consider "AND" and "OR" fusion oy
rules as examples. It should be pointed out that these e
o
e
20 N
;:ﬁ
. 1
-\-
g .-'. B R e i <:,~:f-:-'~;~'-cf~:::~'f N A
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fusion rules are not necessarily optisum. The derivation of
optimum data fusion rules for wmultiple sensor detection

systems is also considered in this chapter.

The goal of this Chapter is to develop the
Neyman-Pearson decision theory for detection systems with
multiple sensors. For this, we define the probability of
false alarm Pe, the probability of miss P., and the

probability of detection Po of the overall system
Pe = Prob(u-l'Ho)
P = Prob(u-0|H‘)
Pp = Prob(u=1|H;).

The probability of miss and the probability of false alarm
for individual detectors can be defined in a similar manner

and are denoted by Pn,. and Pe,, i=1,8,...,Ny respectively.

Two problems are considered here. In the first one,
assuming the fusion rule is known, we find the decision
rules at the 1individual detectors which minimize the
probability of miss Pny under the constraint that the
probability of false alarm satisfles P.fa. In the second
one, when the decision rules of the detectors are given, we
derive the fusion rule to satisfy the same condition on Pe
and minimize Pu.. In the next section, we employ the

Lagrange multiplier method for the solution of the problems.
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2.3 Distributed Neysan-Pearson Detectjion

e.3.1 Optisum Decision Ruies

We consider the binary-hypothesis Neysan-Pearson

detection problem with N sensors. In this subsection, we

first assume that the observations at the individual

-

detectors are statistically Iindependent and, that the

e
-

o

conditional probability densities ply.|H,)» i=1,2,...,Ny

-
y T
S

J=0,1, and the fusion rule f(uijuas...sun) are known. HWe
wish to maximize Pp (or equivalently minimize Pn) under the
constraint that Pr satisfies the inequality Pela.
Following the approach taken §in classical Neyman-Pearson

analysis, we form the function

F® Py + L [IPr - «l

whaere L is the Lagrange multiplier.

We assume that the fusion rule s not necessarily
determainiatic. In order to be able to express P. and Pn in
terms of the probability of false alarm and the probability
of miss of the individual detectors, i.e. Ps."s and Pm.’s,

we define the following quantities

X = (UirUmrcearUe)Ty & vector whose slemants take
values zero or one, represanting the decisions of the

individual detectors.
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Ma = | | Prs | | €1 -Pre) =P (x| Hidi
8o N

Fxy = | | (3 = Peyd | | Prw = P (x | Ho) §
So Sa

Pux = Prob( u-kl n)
where,
So = gset of all j, j N and u, = 0

6: = get of all k, N and ue = 1

Then; we may express P. P as follows

e
'h!.?

P = Z Pox Mx

‘J{{""

A8 5 4
-" t;';'l-'ff

Pe =

2l
s

?‘-( )

where

&,

P

I{.I . 2
Z

L B susmation over all possible vectors x.
»

s 27

L

o

£

Substituting P~ and Pn in (2-4), I can be expressed as

F = Pox Mx + L (X Pyx Fx - a2
x x

. N
O o o )
\“fu'\n'\lu" LN




o R
bl':
v
;;',i‘, Expanding (2-9) in terms of Pn. and Pe.y the probability of
o,
: miss and the probability of false alarm of the p*" detector
,E:" respectively ( § = 1,2,...»N)» " becomes
g
...l'
':f: no " »
F= Py t Pox Hx + (1 =Ppn) : Pox Mx
) had ot
e
',’ "o LR Y "
I $ LG = Pra) TPy Fx + Pra LPux Fx - ) (2-10)
e o ol
. where
4,
l‘
e
¥ ” - -———
M= | | Prms | | €1 = Prw) = Pix"|Ha) (2-11-a)
:: ”» ”
" So 5.
o
4 " - ——
& Fx = | | (1 =Peyd | | Prc = P(x*|Ho) (2-11-b)
" "
X So 5;
o
>,
" "y
Pux =Py ji= 0,1 (2-11-c)
Un =j
X* = (UspUmpesorUu—2tlpsrreecrin)d™ (2-12-a)
)
-. »”
:;‘ So = 8o where u, is excluded (a-12-b)
and,
‘ ”
r S, = §: where u. is excluded. (2-12-c)
)
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We can write (2-10) as

»"no [ X3 " [ 3 ”

F ®» Py £ ( Pox = Pox) Mx + T Pox Mx
Y x

"v P ?‘ . ‘rfﬁ"l'?-‘.-’-"!'!

&

”a no no »”

+ L Py, : (Pax — Pix) F; -a + t Pix Fx? (2-13)

PV

Then, I can be expressed as

P’
8§ %

L]

I % Crpe P *+ Kipu *+ L L Cosi Peu = a

2R,

where

ro (2%

[}
2 "3‘Po; - Po;)
k]

w

"
N
w.
5

[ ] "1

Mx Pox

” » no

Fx (Pix = Pix) (2-13-c)
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It should be noted that §{n the above formulation system-

l.‘ ';
L

wide performance is being optimized rather than the

T

performance of each individual daetector. The decision rules

)

S8

obtained in this manner will not; in general, be the same as

the ones obtained when the detectors are treated

independently of each other. In fact, the decision rules at

KA As
ey

the individual detectors and their computation will be

s
Y% %

coupled. Now we proceed with the solution of the problem.
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While deriving the decision rule at one detector, it would

SRS

be assumed that the decision rules at all other detectors

VA @

v & C
AN

" have already been obtained. The decision rule at this

'\ detector will be obtaind in terms of the decision rules at

I
o
'S

the other detectors. A simultaneocus solution of the N

A

.o
. e
)
ol

) equations obtained in this manner will yield the desired

.o = .
. "

B

. 1"’
e

decision rules.
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-
.
..l.'.'
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L9,

-y Assuming that Cni. and Cw. are not zero, we may rewrite (2- -‘§

) AN

X 14) as \aDy
) )

o ¥
‘:‘ ul
r L Cmw & - Ka Kan F

. ———m Py + e [ mpn - —— ] + =], 2,...9N \'.‘::
S Crene Cram Cen Cran ::;:
&~ -
\q' ( E - l 6 ) \{.-

L% ": "'.

R
Note that Cour Chn and K;,u/Crie are all functions of the !!

. .
N fusion rule and the other detectors and are thus independent s

R “ :__....
. of the p®n detector. Since K1./Cun is independent of o

detector p, we can ignore it during minimization. Also, we

2 AN
* let, N
> N

RN

. ~ L)

r ',\n\ -
———- (2-17-a) Y

, G R
# S

1 -:::,

t L e
) "ol

0 ~== Con = Lun (2-17-b) Ny

- CHDl .

; EQ;
4 2
v .'_:I
) and, AR
‘. o - Kaw '::

Ay | ————m——— (2-17-c)
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We then have "
Fo ® Prw + Lee (Prp-anl o= 1,2s...4N (2-18) ;'.
41
Minimization of . yields the following likelihood ratio o
N
test (LRT) at the N°" detector 3
}h
4

Ha

Plyw|Ha) > L Cen .

Q..(y..) B e oo — Ln 8 ——e—ee - tu (2_19) A
Plyn|Ho) ¢ Coe by
Ho ::\

where t. is the soluticon of

. - vy -

[
P—'.- = I p(ﬁ..l“o) dnﬂ = al‘ " = lla.-...N (2-30)

t. s

W~

-~

! o
X Observe that the threshold of the ¥°" detector is a L
function of the fusion rule and also the probability of &i

J ‘J'\
Ny false alarm of the other detectors and thus, the other g:
thresholds. A

.~. -J-
‘.J'
Repeating this procedure for all the detectors, we will uj
s get N nonlinear equations in N unknowns. A simul taneous ;f
v, .
solution of these equations yields the set of thresholds !

EN

3 which minimize the probability of miss of the overall system -ﬁ
N -
'i under a constraint on the probability of false alarm of the 5:

overall system. It should be noted that in the special case

when the ainimal solution (s at the end point of the
28
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Q;i‘ observation interval, the Lagrange multiplier method fails.
ioH
:::: In such a situation the above procedure must be modified.

For {llustration purposes,; we present the quantities

s
E‘. defined previously for the case of ¢two detectors and, we
”
" obtain specific results for the fusion rules "AND" and

o..

“"OR".

oy

d“'

o

o Two-Detector Neyman-Pearson Detection

)
o Puss = Prob(u-klu;-i. Ue™j) 19jek=0,1

‘

’0

:b Moo ® Pri Prae

!.:.

Y

" Moy = Pril{l = Pua)
0
:\ Mo = Prel(l - Pra)

. d
) Maa = (1 - Pual)(l- Puni) _‘
o ~
)' '-:
; Foq = (1 - PP:)(I - Pr-) o
‘ ;x
'. N
. o
For = (1 = Pei1)Pwram ®

S,

s

b

- F;g - Prn(l - PF-)

N

Y

) Fii. = Ppy Pra

"

‘: P = Pogo Pri Prue + PogaPmi (1 - Prme) + Poioll- Pri )P e

~

N

+ Pois(l = Pmi)(]l = Puna)
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Pr = Pigg (1 = Pr1)(1l - Ppa) ¢+ Piaal(l = Pri1)Pra
¢ Piss Pes Pra + P13g Pri(l = Pra) “
Crs = Pra(Poga = Paas = Posa + Pois) + (Poax = Pois) e
Crs ® Pea(Piga = Pios = Piag ¢ Piia) ¢ (Piio = Pige!
Kis ® Posa Pra + Pora(l = Pra) o
Kas ® (Piogs ~ Pioo)Pea ¢+ Piog
2 Cra ® Prs(Pogo = Poos = Poia + Pors) + (Poio = Pois)
Cra = Pe1(Pioo = Pioa —Piia + Pi111) + (Pigy = Pigeo) -
W Kas ® Pioo(1-Pri) + Pi10Pwrs = (P1rio0 ~ Pico)Pri + Pioo gy
"AND" _Fusion Rule
) This rule requires that "
Poce = 1 Poia = 1 F
Pigo = O Piio = O -
Poas = 1 Posa = O LA
“ Pios = O Piaa = 1. »
Therefore,
Crs ® 1-Pm, -
Crs = Pr, 145 1eg=1e2 &
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The two LRT's and the corresponding equations

thresholds for the “OR" fusion rule are

'i"n"if'bt{{'ﬁ d

o

(2~-22-a)

x

RN

14?

I P (2 |Ho) df2, = (2-22-b)

t.

2

..l’&f .?
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-
¥
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-

Zook

2.3.2 Optimum Fusion Rule

o
’

o

In the previous subsection, we derived optimum decision

21

rules at the individual detectors when the fusion rule is

%

X

initially specified. The optimization criterion was the

minimization of the overall probability of miss under a

- AR
.533

l‘ l-l.
27

probability of false alarm constraint. In this subsection,

P

iy

we obtain the oaptimum fusion rule when the individual

. '.-',.

\(1

detectors (decision rules) are specified, using the same

.
J‘.J

-
4 &

optimization criterion. We consider the binary hypothesis

ry
Y

problem as stated before.

oS

We consider the system structure of Figure 1.3. We

Pis

RS i g

-,,l“

assume that the conditional joint probability density

function ply, .y..y;.....xN|H,). ji= 0,1 is known. Each

!

detector employs a decision rule g.{(y.) to make a 1local
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&; decision uiss i=1,2,...4Ns where t;i
®»

.'

Bﬁ o if detector i decides Ho )

X & f

o u, = (2-23) :\=

-
-
-
-9

if detector { decides H.

=
A

{.
[}

2

Yy The data fusion center determines the overall or global

~
) 4 *y
f.)

-,
'l
-
.

Y decision for the system, u,; based on individual decisions

',l'.-’

i.e0.y

W r

i Yy

N o

4 us= f{ussUms.eertn) (2-24) oA
yJ t
F) )

¢

8

y Assume that the decision rules for the individual -

Y

y detectors are known. As before,; the probability of E:
h -’:\
- miss, the probability of detection and, the probability of i{
fd false alarm of the overall system may be written as :f
) s
k) i\ .:"-:
- P = L Pox Pxs (2-23-a) -

x =T

r

" Po = L Pix Pxs (2-23-b) DA
» 9 ..‘-
ﬁ ) bii
| 5 .ﬂd . n_:-
5 e
7 8 _
e Pr = L Pix Pxo (2-2%5-c) 7
e x o
s . ‘.- 3
(u -'\-.
., where -]
3 Nt
’, [ ]

. Pux = Plusk|x) k = 0,1 (2-26-a) 508
L. - -N
o \--.h

and

o,

Pxs = P(x|H,) i = 041 (2-26-b)

-
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As before,; the function to be minimized is

Fr®sPu+L [ P -al (2-27)
or equivalently, the function to be maximized is

F=Ppop-L L Pe - al (2-28)

where L is the Lagrange multiplier. Substituting for Po and
P~ in (2-28), we get

FmgZ Pag Px: - L [Z Ptx‘ P;;o -x ) (2-29)
x x

Now, expanding F as a function of a specific value of

Xy X* =2(Us " )Ua®r...3Un")y We may Tewrite (2-29) as

F = Px™ Px®s = LT Pix”" Px" - a*"1 + K(x*=) {2-30)
where
x®*” = g - I Pxx P)go (2-31-a)
Kdax™
K(!-) = Z Plx Px; (2-31-b)
Nt
and,
L & summation over all possible values of x except x*
xax”

We wish to maximize F by varying P.x" when the probability
of false alarm satisfies P» < aa. This problem is equivalent

to maximizing P:x" Px*": under the constraint P,x" Px"o fa*’.
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oy Dividing (2-30) by the constant Px*., we have

W

N F> = Pax® = L* [ Pix® = @ 1 + K" (x™) (2-32)
W

.

'| where

::d:

& F* = F /7 Px", (2-32-a)
?I’

l‘

" L* = L Px®o / Px"» (2-32-b)
o a* = x**/ Px“o. (e-3e-c)
P

B

W and,

o

X

e K*(x*) = K{x*) / Px"a (2-22-d)
0

e K’(x") is a constant in P,x". Equation (2-32) represents
&

! the equation of a straight line in P.x". The maximum is
" achieved by setting P.x" as follows

Pix™ = min (a®,12

"

¥ >

) 1 L= (2-33-a)
<

b P ix" = (o]

\

Yy or

h

, Pix™ = min ( a=y1)

:‘ Px*s >

K T - L (2-33-b)

) Px®o <

i

X Pix” = O

W

\

1)
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For esch value of x* we get one equation. Therefore, we
have a total of 2 equations. This set of equations
specifies the optisum fusion rule so as to ainiamize the

probability of aiss under the probability of false alaras

conatraint P» & a.

Now; we present an efficient search procedure to

implesent the above result.
Search Procedure

1i- Compute the quantities Pyx. / Pxo for all possible
values of x. Arranga these quantities in a decreasing

order. Denote this ordered sequence by (f.), m = 1,2,...,2"

where @ = Px™, / Px™o. Define a sequence (o.)

corresponding to (A.)y where 0. = Px™, / Bm.

e- et k = 1,

”~
Form the sum < = I on.
m=]

Compare B to «.
If &< < ay set k = k + 1 and go back to step 3.
Set Pix™ = 1 for all m ¢ k-1,
Pix™ = au and,

Pixy™ = 0 for all
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where
Ay = (aa - .u-‘) /Pnko.

This procedure is {llustrated with an example in the next

section.

Now, |if we assume that the observations at the
individual detectors are conditionally {independent; the

solution to this problem is given by

P:g- = min ( a*,1)
>
L
<

= 0

In the next section we present two examples, where the
case of two detectors is considered. In the first one, We
assume that the fusion rule is known and we solve for the
optimum decision rules at the two detectors. In the second
one, we solve for the best fusion rule when the detectors

have already been designed.

2.4 Examples

Example 2.1

Let us assume that the observations at both detectors under

the two hypotheses are exponentially distributed, i.e.,
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R
R
W
"
)
‘.;e Plys|Ho) =  expl-y.) Y120  i=1,2 (2-35-a)
o)
i;'i
0 otherwise N
b e
) %
9 PlysiHs) = (1/0.) exp(-ys/0.) y,20 im1,2 (2-35-b) 3
i =4
28,
. 0 otherwise
"y
]
P
;:' where the signal to noise ratio (8NR,) (i=1,2 is given by
\
L3
SNR, = 6, -1 i=1,2
W
.‘.
A and,
]
l.|
l:|
©:. > 1
- We should note that the above is an approximate model for
]
e several radar problems. e.g.» i{f a square law envelope
“
detector i{s used for narrowband Gaussian signal and noise,
: the output follows the exponential law [28, P.15-101. The ::':j;:
\ i"-.-
e likelihood ratios at the detectors are given by iy
" .
; P(ys/Hs) (1/70,) exp(-y,/6,) ;4-:
" Raly,) = = 2
Y P(Ys/Ho) IXP(-YA) :: .
4 X
W N
= (1/0.) exply,(1-(1/6.))1 i = 1,2 (2-36-a) 2
\ :":
. N
] q’\
‘ The LRT is gj.,
s Ha ]
> =
N (1/70,) expl{y.(l - (1/6,))) t. ~
3 < N
~ e 2
) N
4 'n'
\ oA
: 38 X
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LG

X & ]
::: "g
- or vy
s, Ha v,
] >

A yal1l - (170,01 In(t,0,) "
a0 < W)
W N

X Ho L,
..‘. R

L or

“ o
o Ha o
‘:l‘ > et l":.'
o Ya ——=——== IN(t.0.) = ¢t°, i=1,2. (2-36-b) W
‘f!, < 0, -1 . ::t'
W Ho i
o %
: .
Y where t. can be expressed as a function of t’, as 3
. %
~~ t, = (1/70,) exp(t " (1 - (1/0,))) i=5,2 (2-3&6-c) 'P
=
2 :
y The probability of false alarms and the probability of miss NN
=N
[ for the two detectors are given by ey
Q" .
3 . nN
[N » S
D ~Ys -t’. e
[ Pry = [ ] dy, = e o
¥ !
i\ }\ h
5 tos )
b
" 9; (9./(1—0;)) -::'-'
k - cxp[ - com——— 100, t.)] = (@, t.) RN
) 0, -1 ‘j._
’:: :./-:'.
P, -3 = S
i=]1,2 (2-37-a) o
\ e
# o
\ and, J\ﬁ
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-r.“u-
v o
3 o
' [
!* '1_;:"
n e
1:: t°. .:J'
o Bl
;:: Prs = (1/€,) expl{-y./6,) dy, = 1| ~ exp(-t’,/0.) ,g.
. o "I.
B 0
KN l.".i.
»:n: 1 (1/7(1-6,)) POy
:|: - 1-.)(9[ - e=—= 1n(0, t;)] = 1 - (0.%,) 2
% 0.-1
. Cs
) i=1,2 (2-37-b) >
i:, ‘
¥ N
N From (2-17), the two thresholds also satisfy the following oy
o 0
sets of equations by
t
ta ‘“
N ]
:" ‘ﬁ.‘
B a - Kai )
R Pry = ————e—e i=1,2 (2-38) )
LY Y
X Ces .
0 ]
:::1 and, -;.‘;
:" \-$'$-
" NN
o) L Cws -
ty = i=1,2 (2-39) e
‘N Ces e
), \"‘-
:l, o
" v
:'.‘ A simultaneous solution of the above equations yields the ‘.j
‘.'n 5
desired thresholds. The solution requires the knowledge of 2
3 o
;:' the fusion rule. Next, we consider the “"OR" and "AND" ;'.:
b 2
" fusion rules. ’
3 >
n “OR"_fusjon rule :Q‘,
! &
o .Y,
" .3\
:: In this case, R
h o —,'
! Crs = 1 = Pry, = 1 - @xp(-t’,) ,’;_'.:j
: i
\ Cos = Pry = 1 - @xp(-t’,/0,) 1 g3 1,5 =12 =
l. ]
; Kas = Pry = @xp(-t’,) L
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We substitute the above into (2-38), we get

a - Kas

Py, 8 ccccaa-

.

OOl A

i=1,2

Ces

plr RPN

DLTNRI-T

(2-40-a)

1,j=1,2

Y 3]

a = Pe,
[ R
l - PF K}

Pes

g UV cann A
fnmuh\.dnh v.-\n-\ LNF-W\IH..\I\-.,\L,
~ [ ]
2 +»
] -
(o] 3
3 "
) o
4T} .
-~
[ ]
£
»
o
o c
PS s
L »
[} L]
- J
- 4
b
c
L
-y
+ ~
- 4]
-
-y
]
-
[
0
-
~ -l
@
Y -
Q ]
g N~
i PH -
- o
~ ]
(o]
4 g
1]
[] ~
-
» W »
-t [ ]
] > [+ ]
a -t
-t [ "
- 4 (1]
ST T i et

»

st Ll

(2-41)

- Pm,

- Pra

)}
tg ——————— = ¢,

Pra

Prea

RN LRGN

A

i=1,2 in (2-41) and

and Pras

for tis Prao

(2-40-a), we get

Substituting

1 - exp(-t'a)

1

1 - exp(-t " a/Oa)

- gxplt’a{(l-(1/6a))1

o=

- ""

1 - axp(=-¢t’,)

e AN

(2~-42—-a)

s - axplt’;(1-(1/0,))1
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- ot

a - expl{(-t'a)

exp(-t’,) = (2-42-b)
1 - exp(-t'a)

O

Next, let exp(-t’;,) = A, and exp(-t'a) = Aay, and substitute

in (2-42-a) and (2-42-b), we have

) Ay
S

I-A- I—Ax

(1-1/0Oa) (1-1/0,)
O= (Aa - Ae) 0,(A, - A,)

e

(d
-_o

As a numerical example, let 0,=2, 6s=4, and o« = .25 and

solve for Aa. We get the value of As that corresponds to

the optimum salution such that

o~ ot

Ae = 0.175

]

- -
it o™
LA % Na
Pl

and, the value of A, is

!

A, = 0.09090%0

. ot )
RAANAL &

which lead to the following values of t°, and t'._

Ry YOS
P oYy

¢

t°, = 1.742969

o=
s

t'ma = 2.3978933

o
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with a value of P = 0.24671711. We show the ROC for this
problem in Figure 2.1. Next, the "AND" case is presented.
in this case we have a situation where the threshold is at

one of the end points.

“AND" Fusion Rule

In this case,; we have

Crs = Pry, = exp(-t°,) 1hi Srj=1,2 (2-45-a)

Cos = 1 = Py = @xp(=t",/0,) igj isj=1,2 (2-45-b)

From (2-39), we have

Cna tl CN- t-

Cea Cra

or

(1 = Pra) (1 = Pmi)

- (2-46)
Pra te Pea ta

Substituting (2-36-c) and (2-45) into (2-46), we obtain

axp(-t a/On) Om exp(-t",/0,) -

exp(~t'a) explt’al(l-1/0a)1] exp(=-t’,) explt’.(11/04)1]

(2-47)

which leads to the condition ©,=6..

Since in general, 6, + 6y we conclude that the minimum

corresponds to the end points. 6Solving this problem we find
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that Pwm = Pue and; Pr = Peg from where we can solve for the
value of t°, (and t’a) . We show the ROC for the case when

©,=2 and 8a=4 in Figure 2.1.

EXAMPLE 2.2

Assume that the probabilities of false alarm and aiss
af the two detectors with independent observations; which

have already besen designed, are given by
Pes = 0.3, Pra = 0.4y, Pny = 0.2 and; Pna = 0.295.

We wish to find the optimum fusion rule which ainimizes the
probability of miss of the overall system when the system’s

probablility of Talse alarm satisfies P < 0.21.

For this example, using Faos Fois Faior Fiair Mooy Moas
Mio and M,, (the quantities defined previously), the
ordered sequence (#.2 and the corresponding x™ are tabulated

as follows

f: = = = 3, x* = (11)7,

P — = e - 1.111, x= = (10)7,

“3 - = - °t535| !’ = (01)7,




L)
L)
1
L}
3,

RS
ST IS
NN

W,
TSN

s P T T T e TR
R_‘_‘.‘_‘.:\\: AN AE RS M S .-\:.\-r RN
"l

ORI

At

.2 x .25 0.05

RBo = ————mmmm = —~-——= = 0.119 and, x“ = (00)7,

-7 x .6 c.42

where x™m

(1,751 e™)7., We then have

§1 = 0.12,
$~- = 0.18 and,
&, = 0.28.

Since the value of P, that we want 1is 0.21, from the
procedure outlined in the previous section we conclude that

0.21 - 0.12
Piis =1y, Pijgo =14 Pion = 0 and, P;n; = ————=———u—— = 0.5.

This fusion rule yields the value of P. to be 0.3.

2.5 Discussion

In this chapter, we have considered the signal
detection problem when multiple sensors are used for
surveillance and a global decision is desired. Local

decisions are fed to a data fusion center where a global
decision is obtained based on a given fusion rule. The
Neyman—-Pearson criterion for signal detection is used for
system optimization. A constraint is placed on the
probability of false alarm and the probability of miss of
the overall system is minimized. When the fusion rule is

given, the decision rules at the individual detectors were
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W derived. The decision rules and their computation at "y
. ®
f‘ individual detectors are coupled. We have considered the >
-~
W special cases of "AND" and “"OR" fusion rules. We have also ﬁ#‘
§ ) ]
W AR
’. presented two examples for illustration. While computing é}‘
;S the decision rules, one may obtain multiple solutions. Only
[/
the feasible solutions are ¢to be kept. The optimum fusion
9, rule, when the decision rules of the individual detectors
? are known, was also derived. It should be pointed out that
\!
A
s solving equations (2-19) and (2-34) simultaneously, in the
v case of independunt observatiorns, solves the problem of
; finding both, the optimum fusion rule and the optimum
)
:, decision rules at the individual detectors. A solution cf
.' similar equations, in the case of dependent observations,
W vields the overall solution ¢to the problem with dependent
:' observations.
K
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II1. Distributed Bayesian Hypothesis Testing

3.1 Introduction

Bayesian hypothesis testing problem for centralized
systems has been dealt with extensively in the literature
£13. Given the a priori probabilities and conditional
densities of the observations for sach hypothesis, fixed
costs are assigned to sach possible course of action. Then,
optimum decision rules are derivaed so as to minimize the
average cost. The resulting decision rule is a likelihood

ratio test.

There has besn some recent effort to extend the
Bayesian hypothesis testing formulation ¢to the case of
distributed sensors. Tenney and Sandell (3], have solved
the binary DD problem for the case of two sensors, i.e.,
they have treated the distributed detection problem without
a fusion center. The cost assigrwment may reflect the effect
of fusion but the design of a fusion rule has not been
considered. The work has bean sxtended by Lauer and Sandell
to detection of signal waveforms in noise in (31, They have
also briefly considered some more genaral situations such as
the dependent observations case. Sadjadi ([4), extended
Tenney and Sandell’s work, 31, ¢to include multiple

hypotheses and wmore than two sensors for the DD problem.
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The contribution of the work reported in this chapter is to
present a generalized Bayesian formulation of the
distributed detection gproblem. The formulation may be used
to obtain solutions to both the DD probles as well as the
DDF problem. Thus, previous work becomes a special case of
the work reported here. In addition, we consider soase
special cases such as the case of independent observations

and identical detectors in detaill.

In Baction 3.2, we formulate and solve the binary
Bayesian hypothesis testing problem for the DDF system. In
Section 3.3, wa extend the study to ¢the case of M
hypotheses. In Section 3.4, we present some special cases.
In particular, we present the solution for the case of
independent observations. Special attention is paid to the
case of binary hypothesis and identical detectors. Examples
and some numerical results are presented in Gection 3.S.
Section 3.6, contains-a discussion of the results obtained

in this chapter.
3.2 Distributed Binary Hypothesis Testing with Data Fusion

3.2.1 Problem Statement

In ¢this section, we consider the binary Bayesian
hypothesis testing problem where we have two hypotheses H.
and MH,. We consider the system shown in Figure 1.3. which
is also reproduced as Figure 3.1. Each datector i, based on
its observation vector Ys ® (YiasYamreeesYan)T makes a
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decision u,y { = 1,2,...»N. Each decision, u., may take
the valus O or 1, depending on whether the detector i

decides Ho or H..

The probablility of false alarm and the probability of
detection of detector | are dencted by Pe.., and Po.
respectively. The aoverall probability of false alarm and
the probability of detection are denoted by P. and Pp
respectively. The global decision, u, is made, knowing the
decision vector containing the individual decisions, i.e.,
x = (UyyUmrsserUn)T. We assume that the global decision,
u, depends only on the decision vector x, and does not

depend on the observations at the individual detectors.

The goal of this section is to develop the theory of
Bayesian hypothesis testing for the DDF system, 1.e., design
the optimal system (obtain both the fusion rule and the
decision rules at the individual decision makers) so as to
minimize the average cost. The Bayes risk function that

we wish to minimize can be written as

1 1
Re = I ECsy P, P-(decide H‘|H, is present) (3-1)
im0 j=0

where C,, is the cost of deciding H. when H, is present and
P, is the a priori probability of hypothesis H,, i,§j = 0,1.

Throughout this chapter,; it will be assumed that C., and P,

P N .r,_ % LN ‘«-,:::" 3-_ :‘*f: :)\ "“
$ ..;C: -?:,;S -. o"u o J.N:‘\’\f"‘x‘ ": '-7.




are known. We can rewrite (3-1) as

Re = Coo P. Pr(u-O'Ho is present)

AN + Cio P. Pr(u=1|Ho is present)
i 4+ Cox Pa Pr(u-OlH; is present)
+ Cia Py Pr(u-llﬂ; is present),

'1':' or,

P m.titutiﬂo 1-Po for P,

Re Pr ( Po(Cio — Coo)) +
Cox(l - Po) + CooPo

x or,

R Re Cr Pr — Co Pp + C

where

Co (1 = Po)(Cos = C44)

Ny L3
PP ol bt T -

and,

‘4. A
>,

C = Cos (1 - Po) + Coo Po.
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and rearranging

a0 Sl Sl L0 ANl bl S Sl A

(3-2)

X Re = Pol(Coo(l - Pe) + CioPr) + P3;(Co1:(1 - Pp) + Ci11Pp)

(3-3)

(3-3), we have

Pp ((1 - Po)(C.‘ - Co;))

(3-4)

(3-3)

(3-6-a)

(3-6-b)

(3=-6-c)
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B
dy '
l
::’ Throughout the discussion, we will assume that making a :
", wrong decision is more costly than msaking a correct declision ;
:::. i.e.,) \:
:::‘ 4
':::' €Cio ?» Coo ‘1:
‘,‘i' :l:
a‘ and, (3-7) :’\
x l.}ﬂ
N By
™ COi > C.. \:\
Y a0
8 N
v
pal” *
i which imply that C- > O and Co > O. Before we continue, we v
) o {
3 need to define the following two sets of conditional L,.‘ 'i
d e~
‘. probabilities, ol
]
1 -.'. )
r‘., -~
N P(x|Hs) = PlussUms-.ooun|H,) (3-8-a) 5
% i~
i 3
. which is the probability of deciding u, at the first 5!
- "'
O detector, us at the second detector,..., and un at the N°*" -;:
A I
* o
:: detector when H, is present, j,uijsues...run = 0,1. .;:
N ol
>
o P(u-i'_:_g) - P(u-i|u”u......uu) (3-8-b) __’
: £
. which is the probability of making a global decision i, when :;.;"
e -~
e
_. the individual detector decisions are usjuss-..rumr where ;
: irusyusseccesun = 0,1, ':":
N Ny
;:j Thus, the probability of false alarm can be expressed as '~"
& '-.-.'.
" Pr = I P(u=1|x) P(x|Ho) (3-9) o
: . o
. :-:::
o LN
:..-
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and the probablility of detection is

o
Y v e
v

LIS}

Po = L P(u-llg) P(g'H;) (3-10)
n

i

<,
N

-y
L

) Bubstituting (2-9) and (3~-10) into (3-3), we have

B
h ]

A Re = Co T P(u-1|5) P(5|Ho)
ﬂ.' x

i =z

3
)
"

)

>/
:"‘{ P4

n

by 3 7

gD
2 2 - P

- Co I Plu=1|x) P(g'H:) + C (3-11)
x

-
d

Next, we proceed with the solution to the DDF problem.

<

X
o0

' Ay

3.2.2 Optimum Systems

& -
et P

F ('.:..:{,.,.
¢ "-', | (-

nss
-

In First, we assume that the detectors have been designed

-
I
b
Pd

N and we obtain the fusion rule which minimizes Re. The
result is presented in Theorem 3.1. Then,; we assume that o
) the fusion rule is known and we derive decision rules at the IR

Q individual detectors which again minimize Rs. This result

is presented in Theorem 3.2.

LN WL
A
e % N S S

Theorem 3,1

< 1
N

Given the decision rules at the individual detectors ,

vl

« 1

“r e
A

the following fusion rule ainimizes the risk function for

the binary DDF problem oo

- i !
N

Py
PO,

e
: Plus1|x)=1 R
> Ce "-‘,‘

<l pfu — for all «x (3-12) o
) P(glﬂo) < Co g
Plu=1|x)=0 A
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The mainimum risk; Raminr is

Remin = C - X [ Cp P(;'H;) - Co» P(g'Ho)J (3-13)
6

where
8= ( x 3 (Co P(5|H,) - Cw P(glﬂo)J 20 ) (3~-14)

and C, Co and C» are as definaed before.

Proof

We assume that the detectors in Figure 3.1 have alresady

been designed, i.e.; for a given observation vector Y,
Y ® (yaTpy@ seeccryn)y

the decision vector x = (U ;jsues...r un)”;, and the conditional
probabilitiy densities P(x|Hs)y § = Oy1, are known. Let
X" = (U”319U%are3U"n)T be Oone out of the 2™ possible
decision vectors. Then, Ra from equation (3-11) can be

expressed as

Re = P(u‘l'g’) (Cr P(x"|Ho) - Co P(!"H.)J + K(x*)

(3-17)

where
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a0 Py
{5 I
g K(x®) = I P(u=1|x) [Cr P(x|Ho) - Co P(x|Hi)] +C 5
Xdexo v
iy (3-18) o
l,li‘ u* !
."" .‘ {]
R N
o (3-17) is the equation of a straight line in Plu=]|x®) where ‘
S
o the slope 18 (Cr P(x"|Ho) - Co P(x~|Ho)) and, K(x~) is a by
O Y,
;:: constant in P(u-l|g'). S8ince we have assumed that the costs EJ’:-
Wi M3
‘:‘!' Cis are preassigned and the detectors have already been ;
o designed, the quantities C.s P(x“|Ho), Co and P(x~|H.)are ‘:;.’,_.
' \wl
) known. P(u-x'!;’) is a probability, and it takes values in ::
[’
'.l
oy (0»1). In order to minimize Rs, we must have
4, “-r
: A
> P(u-lp_(,') = 0 if the slope is positive and, =
4' ) v \
: !
X Plu=1|x®) = 1} if the slope is negative. i
F
.'r' ::-'
\ Ors w5
i‘.. ;‘-:
> P{u=1|x*)=0 o
. Ce P(x"|Ho) = Co P(x=|H,) o] (3-19) _.
) < -
Plum]|x=)=1 -~
[ ,‘;\,‘:
L} o
Sy
" At
" Using the cost assumption given in (3-7), (3-19) is .
e o
{ equivalent to NJ'
, ot
' )
v Plusi|x=)=1 s
- P(!.IH‘, > Cr l::‘f‘
N QIX®) & —ceeceee —— (3-20-a) o)
v P(x"|Ho) < Co -
® o
", Pusl|x=)=0 o
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(3-20-b)

which represents the fusion rule for any decision vector x.

Now; we obtain thae value of the minimum risk; Remine.

Substituting from (3-20) into (3-11), the risk function can

be written as

Remsn = C + I (C» P(;lﬂo) - Co P(g'H;)) (3-21-~a)
]

Remin = €C -2 (Co P(!'H;) - C» P(!lHo)) (3-21-b)
-

-~

where

6= ( x | Q(x) > Ce/Co 2.
We remark that for all x in § (CpP(5|H.)—Cp P(5|Ho)) is

nonnegative and therefore, Reain < C.

Iheores 3.2

Given the fusion rule u = f(u sumses.rln) qnd the
conditional densities ply.syes...rywm|Hs)» § = 0,1, the

decision rule at the jp*" detector, p = 1,25...9N, which
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minimizes Ry is given by

uu-l
>
Plyn|Hs) T Id!“ Ax* PUX*|Y*) Co PLY™|ymsHs)
.1g <
I” Un=0

P{yn|Ho) Z Id!“ Ax" P(x"|Y") Cr pY™|¥ssHs)

!D‘
x.‘
(3-22-a)
where
Y* = (Ya oY@ scccr¥Yru—a pYner saes sYn") 7y {3—-22-b)
E N [~ ]
Ax" = P(utll;u) - P(u-l|5»). (3-22-c)
and,
3
Xpa = (UspUmpacastpu®™ipeaartind™ e (3-228-d)
Proo

We can expand Rs given in (3-11) in terms of u., the
decision of a specific detector K, # = 1,2,...yN. HWe then
have

Re = C + I...Z ((P(u-1|u,....un-1....un) x

Us = s el
except u,.
[CrP(UisecrUnmly.crun]Ho) — CoP(uis..run=ly..sunjH:))
#(P(u-l|u;....uu-0....u~) x
CCrP(U1seerstn=0p.crun]Ho) = CoPluip..crun=0;..9un|HaI1)2

(3-23)
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For notational convenience, we define the following
V.'
e
o
1
0 s
b e & (UspooarUnuSjpeecrun)’ = x j = 0,1 (3-23-a)
I Un=
D)
.' .l
:!‘ !_" = (un....u..-”u..-”....un)"’. ({3-23-b) _\.
B, ; _'-.‘
b AN,
L "
?tv and, :\'::‘
, L]
'y -
z ® summation over all possible values of u. such ::"::
’ x* ~)
’ R
: that i 4 M. 1:1-;-
" o~
‘ ' (3-23-c) s
" T
i o
X Then, (3-23) becomes RYE
Q) Mo
»‘. Y
1 l.’l‘ 1
3 1 3 ¥
[/ Re = C + I( P(u=1|xn) [Cr Pixu|Ho) - Co P(xu|Ha)] =
x* s
” L g
) At
‘o] o o ° _’\:
s + P(u=1l|x.) [Cr Pixu.|Ho) - Co P(xn|H1)1) ;-j:-:.
(3-8‘0) ;:.(
1 ’\'f\’
\ o 3 ":J‘t
Using the relationship P(x.|H,) = P(x*|H,) - P(xu|H,)» in Ay
N
'._\."\.
(3-24); we rewrite Re as g
b o “.
y Re = C + X( P(u-1|5,.)[Cp P(_)_("'Ho) - Co P(g(_"'H;)J .~
" !D‘ ‘_:.".--
2 e
- 1 o Y 3
j +[P(u=l|x,.) - P(u-1|5..)ltc'- P(xu|Ho) - CoP (% |H2)12
p]
N (3-25)
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3
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. o
[
° 1
= X
- 4
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K » ]
e | e
, | o
g
{ ]
PO .“%W%WMM e X, o

lg,) [Cw P(g”'Ho) - Co P(g“IH;)] + C

Ci = Z P(u=}
!D‘

(3-26-b)

Then, Rs may be written as,

(3-27)
(3-28)
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(3] ”
b o

[ —
>

0 Q

I

1 -~

x! >!

a x;

L 1 8

Q

"‘ oy, i

X ]

L« ¢

1 -~

N x i
X

] —
x!

[ ] ~

[+ 4 [+ 8

But

where

1 b Tl N
FRAATS 9

21 e LTS

>! -~
o
.- L}
o |
m
A
]
+»
:
]
-4
e
)
(]
0
-t
a
.
o
a
.y
(o]
[ ]
.
8
>
o
=y
[ ]
.
[+ d
[ 4
»
c
L]
]
£
4
(]
wd
———y, D=
S

Pl S

PO

PR
R R

of weach

that the decision

assumption

earlier

Recall our

Therefore,

detector depends only on its own observation.

may write

N

(3-30-a)

'] P(Us'!s)

im=

v =

P(x
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and,
3
P(x,'Y) = P(u,-j|yu). P(5”|yﬂ) j = O,1 (3-30-b)

Substituting (3-28), (3-29), and (3-30) into (3-27), we have

R = I dyn P(Uu-l‘Yy) { zZ I dY” Ax* P(&“'Y”)
xﬂ
Y y»
=~ [Ce p(!lHo) -~ Cp p(X|H,)J)

(3-31)

At this point, we assume that all the detectors except the
pt" detector have been designed and obtain the decision rule
at the p=" detector so as to minimize Rs. This procedure
will be repeated for all of the N detectors. A simultaneous
solution of the resulting N nonlinear equations will yield
the desired result. From (3-31), we obtain the decision

rule at the p*" detector as

P(uu-llyu)-o
>

Z" jﬂg“ P(;“'Y”)[Cg p(!|Ho) - Co p(!lH;)J dy» ‘ 0
3 y* Plun=1|y.)=1
(3-32)
But
p(Y|Hj) = p(!”'y,,H,). p(yulH,) (3-33)
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Substituting from (3-33) into (3-32), we get the following

decisior. rule

Uu=]
>
p(!uIHx) z Ax” Cop P(!”l!") p(!"lyu.H;) dy»
x* <
y~ u.=0

p(Yn|Ho) z I x* C» P(g”ly“) p(X“IYuvHo) dy”

(3-34)

It is clear from (3-34) that P(up|x”) can be either O or 1.

Thus; we have a non randomized decision rule for each

detector.
Q-E.DI

The overall solution to the binary Bayesian DDF
problem, i.e., obtaining the decision rules at the
individual detectors and the fusion rule which jointly
minimize Rey, is obtained by solving N equations of the form
(3-34) and 2™ equations of the form (3-12) simultaneously.
We remark that the above equations are coupled and
% nonlinear. It is a difficult task to solve them when N
becomes large. The case of Iindependent ob--rv;tionl is
discussed later in Section 3.4. In this case, the equations
are easier to deal with and the decision rules at the
individual detectors become classical 1ljikelihood ratio

tasts.
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In the next section, we generalize the results to the

case of N detectors and M hypotheses.

3.3 Generaljzation to M-ary Hypothesis Testing
3.3.1 Problem Statesent

In this section, we consider the Bayesian DDF problem
fllustrated in Figure 3.1, with N decision makers and M
hypotheses, HoyHiy...p Hm-1. Each decision maker i, uses its
observation vector y., to make a decision u., i=1,2,...sN.

Depending on whether the 1*" decision maker decides Ho»

=9
[ n :

AR
S S

L g

MHiseoos OF Hm—1» Uy, may take the values Oyly...5 or M-I

- T
205

respaectively. Knowing the decision vector x, which contains

14~ 7
-
£ % 5%

}
I

the decisions of the individual decision msakers; {.@., x =

[

~ V-
’\
o )

(UirUmseeorun?’y the global decision, u, is made. This

global decision may again take the values 0,;1,2,...s Or M-1.

-

It does not depend on the observations at the individual

LS
r{-:' J
o

decision makers. Here, we develop the theory of Bayesian

TN A
P

5 %]

hypothesis testing for the generalized DDF system, i.@.,

"o
A

obtain baoth, the fusion rule and the decision rules at the

In.

O Sl

individual decision makers so as to minimize the average

£ 7

A ]

LA A AN

cost Rs. Now; we state a lemma that we will use for the

o 2

solution to our problem in the next subsection.

OO
L4
»

v, "l (I

Lemme 3.}

(2 Q‘l.l [
RN

M-1
Let F = I P, C. where C. are known positive constants
i=0

FAE A

,.
XA

S

0y

R
AT
h. *H}P’t

’l':.l.! AN WS




i A Gt St e CURE LT RLIE N

R d LE LT T e W e

"n-1
and P, satisfy T P, =1 andy, P, 2 0. The sinisum value of
i=0

Fs Farrns is equal to Chiny where

Camsrn = Min (C..C;.....Cn--;)

This ainimum F....» is achieved by setting

1 for Ci = Casvn
Pg-

0 otherwise

3.3.2 Optimum System

The generalized result is stated in the following

thearem

Theorem 3.3

Assume that the costs C.,, i,j = 0,1,...4M-1 and the a
priori probabilities are known. For the Bayesian DDF system
of Figure 3.1, the optimum fusion rule and the optimum
decision rules at the detectors are obtained by salving the

following sets of squations simultaneously

1 {f Cm"<C.* for all i, §=0,1,...4M1,
and + m.
P(u-mlg’) =
0 otherwise.

for all x*, x* = (UL yUe™ s e rsUn®™)T)y UL" = Osly...oM-}
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if I.(h) £ I.(m) for all m, such

TN
sy

b4

oK
"ot

that hP and hem = 0ylp...9M~1

L~

otherwise

” - 1.2...-.N

- M-1
Ci= I cg, P(’_(.'H’, P(HJ)
=0

¢ﬁﬁ.,

and,; I.(h)is given by

.
) '*
L% 8,
} ¥ 0,
\:l. "l
[} -2 )

M-1 M-1

Inth)= T z p(Y"'HJ) I dy* P,C.,
1=0 j=O

24 A,

A Lol

54’ ‘I

”»

3
“w Z tP(u-i|5u)-P(u-i|5,)J Pix*|Y*) p(!"|x,.H,)
5.‘

Rfl'ﬁﬂ

%W % e 2
L
r s

Proof

Wi,
sl

L

In this case; we write the Bayesian risk that we wish

‘.. ‘.- 7’
Yl

to minimize an

A
T
S

M=-1 M-l

Re = I Z C.; P; Pr (decide Hi|H, is present)
im0 j=O

¢

2@ 5

1{/
FNA Y

v »
<

Y
4

)

M1
I P(u-ilﬂ,) P, Ct.’
=0 |
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oA
Y where again, C,, is the cost of deciding H. when H, is ey
:n'? :._"
v‘f.', present and, P, is the a priori probability of hypothesis
;;:; Hys 19 = Oply.c.oM-1. Recall our assumption that the CVON
(] o '0 ;
OA::} global decision; u;,; does not depend on the observations. It N ':
":.“ '|
& ',
-’,:: only depends on x. Therefore,; we may write 0
w S,
o 2t
R P(u-ilH,) = I Pr(u-llg) Pr(n'H.) . (3-36) Rt
':‘, b ﬁ ‘
,;:. - >

1

Substituting (3-34) into (3-33) , we have

’,
3

& :"\
,t:a" M-1 M-1 : 3
N Re = L I I Plusi|x) P(x|H,) P(H,) C., (3-37) Pty
x 10 §=0 X
Yy . .
o oy
N Next, we proceed with the solution to our problem. :ﬁ'
)
U <V
::'.: First, obtain the optimum fusion rule which minimizes Re. :ft
# ¥
o %\
vy Optimum Fusion Rule 7.
;.,. 1'.'1
R o
‘:: While deriving the fusion rule, we assume that the E;‘.'
\ %'
o decision makers have already been designed. Therefore, ¥
D '\'
:.:' P(x|H,) is known for all possible decision vectors x, ﬁ:,
‘ A
Ly ~
" X = (UisUmr.ecortin)T. Lot x* = (U;")Ue"r.c.sUn")T be one of '.:-"‘;
‘o
. )
X the M~ possible decision vectors. Separating the terms Y
e, ol
: which depend on x* in (3-37), Rs may be expressed as ;Ef.
- e
'h: ;"::'
A M-1 M-1 : o
£ Re = I Plu=i|x=) I Clu=i,H,) P(x*|H;) P(H,) ®
; i=0 j-O >
o X
l' .'-.\
s X
o M-1 M-1 Y
5 im0 xipxs j=0
. R
& (3-38) I
?_‘J'
)
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%_ In squation (3-38), C,,y P(H,) and P(5|H,) are known
l“
K
R for all i,j such that i,j = O,1,...,M-1 and all vectors x.
i% Therefore, the second term does not depend on P(u=i|x*) and,
i...
:5 minimizing Ra® with respect to P(u= |g’) minimizes Ra, where
&
X
o M-1 M-1
00 Re® = Z P(u=i|x®) I C., P(x"]H,) P(H,) (3-39)
f. i=0Q j=0
K
R
¥ Now, applying the result of Lemma 3.1 to our problem,
w where
W
W
;:n‘ M~-1
" Ci= £ Ciy P(x"|H,) P(Hy) (3-40)
oy J o
o
é‘ X
ol Remi~n is achieved by setting Pl(u=m|x®) = 1 for the value m NN
Y
of u for which C.,* is minimum. In this case the value of S,
o
‘o Remi~ is ®qual to C.*. Thus, the optimal fusion rule is :3i
> NN
, A h
N 1 1f Cn" £ C.= for all i such that %
M My
1-0,1.---5"-1 and i+ﬂl ,‘
0 Plu=m|x®) = N
0 Y
o otherwise (3-41) !
¥ N
!
s This last equation states that, for any decision vector
L%
i X* =(Us"ysUar...rUn")y the fusion center decides that H. is
-
Y, present where C.” = min(Co®sC1®s.rcsCn-1"2.
'
M) Next, we obtain the decision strategies at the
'
y individual decision makers. We obtain the decision strategy
| at the p*" detector, K = 1,25...9N. While deriving the
u!
2 decision strategy at the p*" detector, p = 1,8y...)N, we
" 67
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assume that all the other detectors have already been

designed.
Optisum Detectors

Recall that Rs is given by (3-37). We reproduce it

here
M=-1 M-1
i=Q =0 x

In terms of M, the p*" detector, Rs may be rewritten as

M-1 n-1 M-1 * -
Re = L ZP,C, Z z [P(u~i|5»> P(g.lH,)] (3-42)
i=0 j§=0 k=0 *
K
where
8,” - ‘ut.u..-...u,a—;.u..o‘l--l.“N)T ‘3-"3-.)
=
Ky = (Ut'u.lno-OUu-klo-c.un)T (3-‘03-b)
and,
[ 3
Z ® summation over all possible values of x.. (3-43-c)
[ 3
K

Recall the assumption that, oach detector’s decision
depands only on its observation and that it does not depend

on the hypothesis present. Therefore; we write

P(x|H,) = I P(x'!) p(Y|H,s) dY (3-44)
Y
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similarly,

=
n|H

P(x

mﬂﬁhﬁ-
FL2 e oA

R R RS L bl

& |II‘
3%

Yn

b4

Bl s

(3-46)

- I ay” P(x*|Y¥Y") p(Y*|ynsHs)

CNEA Ay
B i
1 Ilfd
qr-.i...-fk- P

were defined in (3-2) and (3-29)

S
e Wall
L 3
2
L
1
>
[
[
3
£
-.P'

e,
ﬂﬁfaﬂdﬁ..
ALALALS TRER LRSS

respectively and,

e 1
Y 5N
.\f--f\-'\f o) \l .

-1
)

(3-47)

P(Um'Ym)

a=0

o

Pix»|Y*) =

LLLYR LY
R Y
WRREENRR

interchanging

into (3-42) and

(3-46)

Substituting from

..:.---
P,
SRR
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oy summation and integration over y., we may rewrite Rs as

.'F'}

-
v

n
P

r
.

e M-1 M-}
oy Re = I z Plusmk|yn) plyn|Hs?
W j=0 k=0

"y Yn

-
< S

Jnk

M M-1 "
s ~ I P, Cis I Plusijx.)
'\': i=0 x*

.e n J P(_);“l!") p(!"ly_,..H,) dy

!l.' !D‘
Wy (3-48)

o We have the following relationship,

I dy’- P(u’a-k|Y’A) p(y;-l“,).[ dy~ P(x"l!") p(!”’y...”,)

) ”n
.d Y Y

i I Plu.=k|y.) p(y,|H,)J POx*|Y*) plY"|ywsHs) dY

g Y - if kej

h=0

4 (3~-49)

%* _

' M-1

4 (1 = Z Plusmh|yx)) plys|Hs) |POx™ | Y*)p(Y™|ymsH,s) dY
A

if k=j

. :{'-':.' -)l 2

Using the above equation; Re can be expressed as

P

','.I.l-l-l
NAND

L

s Yo )

Re = K(h) + Ra(h) (3-30)
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b where e
0 0
‘:5:' M-1 M-1 s "&
o K(h) = I | plyn|Hs) I P, Ciy I Plu=i|x.) A
X =0 1=0 " ho's
i y * o
) Y A
e
k‘ L}
‘o::. - I dy P(;(_"IX") p(!"'!nu”,) (3-3S1-a)
‘:"a -.':h ]
~,:'. !u l-\,.'\ b
. o A )
X ’J"h. \
s'; and, ot
2 ]
! .
B M-1 M-1 M-1 A
! Re(h) = T I Pluw=h|yw) ply«|Hs) I P, C., o
i j=0 h=0 1=0 s
:0:: hgj ¥ :.,
" NS
3 \-
::'l 3 " ":::
' « (X [P(u*i|xu)-P(u-i|__x,.)J) dy P(),s"ly") P‘Y"l!rvH;) ';.-"
X" -
'.‘ Y" - A
; ! 3
f‘.:: (3-51-b) ::.Ef-:
'.l By o/
“ o
We remark that, K(h? is a constant independent of e
." '
l:’ Pluu=h|y.). Then, minimizing Re with respect to P(u.=hjyw.) ':'_'.
| r",,-'
> is equivalent to minimizing Ra(h). we define I.(h) as ,’.;:}
)
: DA
P M-1 M-1 .
N I.th)= E I ply.|H,) | dY* P,Cs, R
¥ im0 j=0 o
4 y* o
r A
b s " e
N w T CP(umi|X)=P(usi|x)] P(x*|Y*) p(Y*|ynsHs) 2.
e x" o
'. .:;\:.‘
Y (3-32) o
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il Substituting from (3-92) into (3-31), we have
al
R
M-1
N Re(h) = dys p P(u,-h|y,) Iu(h) (3-33)
o h=0
ol
:::= Y h+j

Therefore, it is possible to minimize Rat(h), and

:5 consequently Rs, by choosing the following decision strategy

0..'

ha for the decision maker p, p=1,2,...sNs

1

Yﬁz 1 if I.(h) £ I.(m) for all m such that

‘\j {1

o him and hym = Opl1y...sM-1

W Plun=h|y.) =

"W (3-34)

b o otherwise

. o

;f~ Repeating this procedure for all of the N decision ;;

‘.?Q (Y
makers, a total of N equations is obtained. Simultaneous =

. sl

E\ solution of these equations yield the decision strategies at 2{'

) IR

;\ all decision makers which minimize Rs. ﬁ:;

B ; ‘

oy Again, note that these decision strategies are ﬁy’

h LA

) N

)y nonrandomized. The equations are coupled and highly Qf‘

! e

3, nonlinear. Therefore,; the solution is not straightforward. .:'

TR

Ny This problem becomes easier if we assume that observations 3;‘

¥ eY

y at all decision makers are independent of each other. This iﬁ

A ~ ,r\

' latter case is discussed in the next section. e

' A

N S

o Overall Solution %

j ",

[ P:-'

% The overall solution to the M-hypothesis Bayesian DDF f}'

problem with N decision makers, i.e., obtaining the decision N
72 lﬁk
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o MW
s rules at the individual decision makers and the fusion rule Eﬁ
0" :hﬂ\
E‘,.' which minimize Rs, is obtained by solving N equations of the bt
-5.' :"* :
}& form (3-34) and MY equations of the form (3-41) o
O
0 simul taneocusly. ’
% @.E.D. g
1:" ‘ . '::l
i; :
.é In the next section, we consider the Bayesian DDF %
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problem when the observations at the decision makers are éy
1N .
% independent of each other, and some other special cases. Qﬁ
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3.4 Special Cases

<l AR TR

N
e I,
In the previous section, we obtained the solution to O
. |
e, the DDF problem with M hypotheses and N decision makers so %E:
’l A
B as to minimize the Bayesian risk. The solution consisted of -ﬁ,
3 M + N equations which must be solved simultansously to
e
] yield the decision rules at the individual decision makers
> and the fusion rule. We noted the computational difficulty .
) e
in obtaining the solution due ¢to the coupling and x:i;
& e
i nonlinearity of the equations. This computational :ﬁy
. o,
b difficulty 1is reduced considerably by invoking the e
b .
‘ independence assumption on thes observations i{.e., }ﬁ:
4 N o
, P(Y|H,) = l| Py [Hs) (3-33) @
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™ Next, we present the soluticn to the Bayesian DDF QE;
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problem with independent observation. C
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3.4.1 Independent Observations

1f the observations at the decision makers are
independent, the detectors become threshold detectors and

the solution to the problem requires solving the following

equations

if Co* < C.® for all § such

that i*ﬂ and M|i L O.l.....ﬂ—l
P(u-m|x“) =

otherwise (3-56-a)

2 (Us™)Uarecsln®™) T, U™ = 031,...9M-1

;.."I . o
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if I,.(h) £ 1,.(m) for all m such that

s

R o

hm and hem = Oy1s...,M-1
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O otherwise

i

= 1,2,...9N (3-36-b)
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- l-T (1 = Pey) TT Pewx
" "
So S,

Mx* = [| Prms || (1 = Prw?

»"

'™
So S,

Dx = ll (1 = Ppy) &| Pox
1

Fy» = ll (1 = Pey) lT Prw
1

P,x = probability of deciding j

and,

Iy
Sos S1y So and 5, are given by (2-6) and (2-12)

Note

detector p is k and

K = 1,85.009N

”

that the solution

problem requires the solution

e
are 2=

out of
grows very

tractable,

identical detectors with independent observation i.e.,

P(Y|H

possible fusion

these. It

rules
is clear
rapidly with N.

we next cobtain the

_N
) = ( H,)?
3 lllp Yt| s
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X is

of the binary Bayesian DDF

of 2 + N equations.

and we must

that the number of fusion rules

In order

solution for

when the decision of

given, ky;j = 0,1

to make the problem

(3-60-c)

(3-60-d)

(3-60-e)

(3-60-1)

and,

(3-60-qg)

There

select one

the case of

(3-61-a)
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and,

p(yk|H,) = p(yh|H,) for all hyk} heyk = 1,2,...sN
J = 0,1
(3~61-b)

3.4.2 ldentical Detectors

In ¢this subsection, we continue with the binary
hypothesis testing problem. We assume that the detectors
are identical with independent observations (3-61-a)
and (3-41-h) and obtain the optimum decision rules at the

detectors and the optimum fusion rule soc as to minimize Rs.

Since the detectors are identical,; it is obvious that
all of the detectors should have the same thresholds and,
consequently, the same values of probability of detection
and probability of false alarm. i.e@.y Pps = Pp, and Pe, =

Pe, for all i,j such that i,j = 1,2,...yN. Thus,

Pxxs = P;;, for all x. and X such that Xa and X
have the same number of ones.

(3-62)

For notational convenience; we define

@, = Prob( decide u-1|5 cantains j ones) 3§ = Oyi,s...sN

(3-63)
Therefore, for a given value of the threshold at the

detectors, the fusion rule is given by the following set of
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equations,
Qo=1
N >
C(l-pp)/(1-pw)] L (stage O)
<
Qo=0
Qi=]
(N-1) >
(Po/pe) [(1-pp)/(1l—pe)]d L (stage 1)
<
@.,=0
Q.=
i (N-3) >
(po/pr) [(1-pp)/(1-pw)] L (stage N-i)
<
Qi=0
Qre=1
N >
(Po/pw) L (stage N)
<
Qn=0
(3-64)

where po and p- are the probability of detection and the
probability of false alarm of the individual decision makers

respectively, and L = (Ce/Cp).

Since we assumed that the threshold is known, po and pr
are also known. We claim that the optimum fusion rule in
this special case reduces to a "K out of N" fusion rule.

Next, we justify this choice of the fusion rule and obtain

the optimum value of K.
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. "K out of N" fusion rule
ot
;? It 1i»s well known that the receiver operating
2y )
!
.g’ characteristic curves (ROC’s) of optimal detection systems
o
are convex ([12]. The ROC's of the individual detactors in
al
3 an optimal system are also convex. Moving down in the set
&o of equations describing the fusion rule, (3-64) i.e., from
o
stage i to stage i+1, § = 0y1,...5N-1, we notice that we are
) multiplying the left hand side term by (po/pe)(1-pe)/(1-po).
fg From Figure 3.2-a, we sese that (po/pe) 2 1, and from
. Figure 3.2-by, we observe that (1-pp)/(l-px) £ 1.
: Therefore, (po/pe)l(l-pe)/(1-po)] is always greater than or
)
S equal to unity. Thus, if the left hand side term becomes
‘ greater than the right hand side term at any stage i,
'{ i=0,1:25...9N~1, the left hand side term will remain greater
]
? than the right hand side term for all further stages, i.e.,
)
* for all j such that § 2 i. Therefore,
Ky
0
::i B, = Qi1 =Quup =,.." @y =1 (3-63)
(]
0
W,
' which is clearly a "K out of N" fusion rule. ’2:
N Next, we obtain the optimum value of K, Koper which 5&:
“« \.::\ ¥
g minimizes Rs for the "K out of N" fusion rule. e
] e o Ry 1
. Optimum Value of K Ny
' NS
iy
’ Using a "K out of N' fusion rule, the probability of ?55'
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detection Pp is given by

N N i N~-1i
Po=Z () (po) (1 - ppo) (3-66-8)
i=K 1§

and the probability of false alarm Pe

N N i N-§
Pe=Z () (pw) (1 - pw) (3-66-b)
i=K §
where
N N !
() 8 cemccace- (3-66-c)
i 1! (N-i1)¢
and,
ni = nin=-1)(n-2)...(2)(1) (3-66~d)

Substituting (3-66-a) and (3-66-b) into (3-8), for any value

K’ of K the risk function; denoted by Ra(K") is given by

N N i N-§ i N-}

Re(K’) = Z ( ) [Celpwr) (1 - pw) - Colpo) (1 - po) b )
imik® §

+ C (3-67-a)

Eimilarly; Ra(K'+1) can be expressed as

N N 1 N-{ i N-§

Re(K'+1) = I () [Cel(pwr) (1= pr) -~ Cplpo) (1- po)]d
imK*+1 §

+C (3-67-b)

First, we will show that Re(.) has a single ainisum.

If it 1is a decreasing function or an increasing function,
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X then clearly it has a single ainisum at one of its end ;:‘u-
'y d '
ey ?\
;::'. points. Otherwise, it remains to be shown that it has :E:
U 3
W .
’g:'f exactly one decreasing part and one increasing part implying :
o5 that it has a single minimum. To show this, we examine the _‘:\
By ™ ) [N
e sign of (Ra(K’+1) - Ra(K’)}, or equivalently, the sign of R
4 ,.u_,_:.
%‘ F(K*), where RN
o N K* N-K"’ K’ N-K’* W
')-I Re(K’'+1) - Rep(K’)= ( ) [Col(pp)(1l- pp) - Crlpe)(l-ps) 1] ‘
e K’
§ (3-68-a)
.
and,
-r-l
P K’ N-K* K’ N-K’
FIK®) = [Co(po) (1 - po) = Coilpr) (1 - pr) 1
e
: (3-68-b)
:‘,: The function F(.) can be used to express the nature of the
\)
‘J function Re(.) as Tollows
oy
’ Re(K") < Re(K’+1)
At F.\::
3 F(K™) o (3-69) )
b3 < s
AN ~
Re(K’) > Re(K’+1) 2
K T
W Now, let :::
N g
o e
s K* N-K’ *
Q(K*) = (pp/pe) [(1 ~ pp) /7 (1 - p=) ] (3-69-a) '_*
/ pGe
ﬂ~ \
:. Then, (3-69) is equivalent to 5
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" Re(K') < Re(K’+1)

>

W Q(K*) (Cr/Co) = L (3-70)
i <

@ Re(K') > Ra(K’+1)

WK Let K" be the first value of K (K increasing from O to
a N-1), where Q(.) 2 L. Then, using arguments similar to

those used previously, we conclude that Q(K) > L for

X
&

2L

) all K > K*. This means that Rae(.) has a single minimum > )
% N
:: and K" is the value of K which minimizes Re(.). Let us W :f
D, 4%
! denote this value of K by Kepe. B
N :J';:l‘
$ t‘:“a-
'3 Now, we Tind the value of Kege- We compare Q(K®) to ‘::f:;
[ N
4 L. We rewrite (3-70) o
‘B

N Re(K’) < Rp(K’+1) N
) W]
- RY
N K" N-K* > N
: RIK’) = (pp/pr) [(1-pp)/(1=-px)] L (3-71) -_Lv:
Ry < oy
) s
F Re(K’) > Ra(K'+1) o
- Taking the log of both sides, (3-70) becomes

i Re(K’) < Rp(K’+1)

. K® N-K* >

” log{(po/per) [(1l=pp)/(1l=-px)] log(L)} (3-72)

Y <

»

Re(K’) > Ra(K’+1)
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Rearranging (3-72), we have
K°log{(po/pw) (1l = pe)/()l - pp))
Re(K’) < Rp(K’+1)
>
+ N log((l - po)/(1 - pwx)2 log(L)>
<

Re(K’) > Re(K’+1)

(3-73)

which may be written as
Re(K’) < Rapl(K’+1)

> N
K*log{(po/pr)(l-pw)/(1-po)) log{LL(1-p&)/(1-pnl)] 2
<

Re(K”) > Re(K’+1)
(3-74)

;‘:‘\‘
W
%

Since po 2 pr and 1-pp £ 1-pey 10Q{(po/pr)(l=ps)/(1-po)? is

<A

nonnegative and therefore, we can divide both sides by this

R
-

term without affecting the sign of the inequality. Then,

s

(3-74) becomes

X X2
L4

Re(K’) < Re(K’+1)

-

> log CLL(} = pe)/(1 = pp) ™2
Kl

o2

< log ((po/pel)(]l - pe)/(1 - pp)?
Re(K’) > Rp(K"+1)

logCLL(l - pw)/() - pp)I™

log{ipo/pe)(]l - pr)/(1 - pp))
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" Thus, Kees is given by

o f N*" ] if N= 20
oy Kepe = (3=-77)

Rx (v} otherwise
D where r ] is the ceiling function.
e Overall Solution

The solution to the overall problem i{.e., optimum

decision rules at the detectors and optimum fusion rule, can

g G G ]

be obtained by solving equations (3-98) and (3-77)

_~..,~

simultaneously.

In the next section, we present an example.
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3.5 Example
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In this section, we consider a binary Bayesian

N
LA O

oYy

hypothesis testing problem using two detectors for
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illustration. As in Example 2.1, we assume that the
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observations at both detectors are independent and

x,

-

exponentially distributed, i.e.,
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3

exp(-y,) if vy.20

Cl
3 s
o a

Plys[Ho) = i=1,2  (3-88-a)
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otherwise

P
lo]

oy 4 “\ 1‘\,“.
A

85

[P B ) 3
P
ybig

o
R,
sfela
.

s,

o

!
oy g
u#ﬁpzsimnjas’

AL .

®
.
Y %y

1]
.
>

«
L4

Y Y N
Wt \f?d?x-ﬂ %
DRI ‘

)
e

7 n'.t"-
o




(170, )exp(-y. /0, if y.20

im1,2 (3-88-b)

otherwise

Here, we will design the DDF system, i.e., obtain the
optimum fusion rule and the optimum decision rules at the
detectors, so as to minimize the Bayesian risk Ra. Recall

from (2-36-a) that, the likelihood ratios at the individual

detectors are

P(Y;'H;’ 1
Qa(y,) = = exp (y.(1-(1/6,))2 i=1,2
p(y;lHo) 9,

(3-89)
and the likelihood ratio tests (LRT) are

In(t, 0,2 = ¢,°

(3-90)
The probability of miss and the probability of false alarm
at the individual detectors are given by,

(1/7¢(1-8,))
Pmy = 1 - (6, t.) i = 1,2

(0./7(1-0,))
Pry = (6, t,) i = 1,2 (3-91-b)
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rule are,

Pra(Pioo (Piio - Pigo?

Pma (Pooo

(3-92-a)

Pei (Pigo (Piox — Pigo)

(Pom - Po;;)

Pn:(POQQ

(3-92-b)

™
-

I

"' Plg_;'l

{ 1 - Po, Poa >

. L (3-93-b)
4 1 = Pes Pra <

) Pon-Q

-
X

L (3-93-c)

G

D,

- L (3-93-d) .
; Pea Pra < T
3 P1211=0 ek
& N
where L is given by r:ﬂ
y Q?:
. MY
b Cr Po (Cic - Coo) e
\ L = . (3-94) "
Co P: (Cos — Cia) ‘-
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In Figure 3.3, wa present the ROC curves for this
example with 6, = 2 and 6. = & for the two known fusion
rules “"AND" and "OR". Note that the ROC curves are the same
ones as shown in Figure 2.1. It is clear from these curves
that the "OR" fusion rule is better. For the same example
as above, Figure 3.4 shows the ROC curve for the optimum DDF
system. Each point is obtained by deriving the optimum
decision rules at the detectors and optimsum fusion rule.
The optimum ROC is the same as the one obtained bu using the
“OR". Then, it is clear that, for this example,"OR" is the
optimum fusion rule. Figure 3.5 shows the ROC curve for the

optimum DDF asystem with 0.=6 and OGe=8B.

1t should be noted that, in general, the optimum fusion
rule is not necessarily the "OR" fusion rule. It can be any
nonrandomized fusion rule, e.g.» for the case when 6, = 2,
O = 40 and high value of Po, the optimum fusion rule is the
decision of the second detector i.e., u = us. The same is

true for the case whan (0,,0s) = (2,98).

Next, wa obtain the optimum value of K for the "K out
of N* fusion rule which minimizes Rs. In this example, 20
detectors are used (N=20). These detectors have independent
identical exponential distributions. For different values
of 6, we plotted Rs’ (Ra’= Ra-C) as a function of K and
obtainad the value of K at which Ra is minimum. Then, we

compared it with the value of K obtained using equation

(3-77). In all cases, the two results agreed with each
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other. For example, in Figures 3.6, 3.7, 3.8, and 3.9 we
show the Re’ vs. K curves for Po = 0.6 and (t°,0) = (2,2),
(652)s (7,4) and (10,4) respectively. In Figure 3.6,
Kope = 4, in Figure 3.7y Kape = 1, in Figure 3.8, Kope = 3

ands in Figure 3.9, Kope = 2.

3.6 Discussion

In ¢this chapter; we have presented a generalized
approach to the problem of distributed Bayesian hypothesis

testing with data fusion. It should be noted that with a

v
>--

proper cost assignment and a proper fusion rule, the DDF

oy
[q
“‘5\‘, ’

system can be reduced ¢to the DD system which is thus a

Y

‘.l

special case of the problem considered in this chapter.

A
"_'ls
LN

Minimum probability of error is widely used as an

1,
L.'n

<
LaCs

optimization criterion in the design of optimum detection

.5
'\{l ;l

~ systems. For this criterion, we can obtain the results by

«,

o,

simply setting the costs appropriately. It is to be noted

.,
r
Y

that, in general, the fusion rule does not have to be "AND"

Ls (‘.

<,

or "OR". The fusion rule may be any nonrandomized rule.
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In the next chapter, we apply the results obtained in

PRe
Ay
V)

’l

this chapter to an interesting problem 1in radar signal
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g

detection namely, double threshold detection.
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Ty IV. Double Threshold Detection With Distributed Sensors o
o g
\ 4.1 Introduction o
3 A postdetection integration technique known as double s"‘
h:: threshold detection is often employed for target detection \;“
.E. in radar systems. Greater detectability can be achieved by ;\f_.’:'
A using predetection integration. But due to simplicity and .:'i
:!’ cost, postdetection integration is often implemented even :‘:'::
i1" though its performance is slightly poorer. '.:E‘
W R
s A block diagram of the double threshold detection system :{
‘:‘é is shown in Figure 4.1, [21]. Qut of N waveform envelope :EE
s samples coming out of the matched filter corresponding to an ':E E
& N pulse train, the number of signals that exceed a first .t:l—L
' threshold, T’y at the sampling instant is counted . If this é\“::\
:‘ number is equal to or greater than a second threshold , K, E::‘
. the target 1is declared present. For single sensors, this \
technique has been analyzed 1in [2, 31-361]. The system ,,._.,;
'3‘ optimization criterion used is the Neyman-Pearson criterion. :EE
3 1t should be ocbserved that the double threshold detection fﬁ
>, system and the binary DDF system with identical detectors -
considered in Gection 3.4.2 are annlozgous and the results
- obtained in GSection 3.4.2 can be employed to obtain the ;‘_._
: results for the double threshold detection. From our ,‘,‘SEE
. results in Chapter 3, the values of the two thresholds, ;E"E:
‘o

- namely, K and T (T is related to T° through the likelihood ‘¥
ratio), are given below \-;;':
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satting
to zero.

in the likelihood ratio test
(E-EB) []

1-p+ N
otherwise
T

L (=m—emme)
l-pp

the derivative of equation

Ty and setting the derivative squal

log

the observation vector

observation vector
sample is obtained by solving the equation obtained

Po = the probability of detection of an element of the
the optimum value of K is given by,
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L is the Lagrange multiplier.

[ne]
The value of the threshold,

for any

after taking
(6Pp/8Py) =

Then, T is given by

Than,




AN,

i
A-n N

AN LRSS

N N (i-1) (N-§i-1)

Cre =L () [(pm (1 - pw) { i - Npe)l
i=K 1

N N (i-1) (N=-i-1)

€co = () Cpo ( 1 - pp) (i - Nopol)d
jek i

The probability of false alarm for the detection system is

equal to «, i.e.,

Pre = x.

Recall that the probability of detection and the probability

of false alarm of the detector were given in (3-66).

Naxt, we extend the above result ¢to the case when

multiple sensors are employed along with a data fugion

center. Two schemes are proposed and system parameters are

obtained for each of the schemes.

4.2 Postdetection Integration With Distributed Sensors

In this section, we propose two alternate schemes for
post detection integration when distributed sensors are
employed. These schemes differ in the bandwidths required

for channels connecting the sensors and the fusion center.
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Scheme 1

The block diagram of the first scheme is shown in Figure
H.2. Each detector i, receives an observation vector y,,
i = 1,28...sN. Each observation vector consists of n
components. We assume that each detector compares esach
slement of its observation vector, Yasy i = 1,8,...9N,
J = 1,8 ...3n; to a threshold 7T,°. If the ;j*" elesent of

the observation vector at the i{*" detector exceeds the first

threshold , we set the the j* element of the decision

C AN
I. L

AL

vector of the 1i*" detector equal to 1, i.e., u,, =1,

P
s
;J't
Pl

¥
a

i = 129...9Ny 3 LIS S - PRy . Otherwise,; we set u,, = O,

R
VY
<

Thus,; ®sach detector i, { = 1,2,...,N has an n-dimensional

decision vector u.» Uy = (UsasUsepeerUanl!’y associated

Pl
]

e

with it. Note that without loss of generality , we have
assumed that each observation vector y, consists of the same
number of elements. Each individual detector sends \its

decision vector, u., to a data fusion center where a global

v %
Cs

[

x,
[l

decision, u, Iis made using a fusion rule. The ¢lobal

e
Ps

P4
[y

decision is based on a decision vector x which is obtained

LA
10
L4

N A
LR
-l ‘l
»

by concatenating the decision vectors u.y i = 1,2y...:N,

i.@., _:-;:E
2= (UzasUs@ereerUrniUpriplUeercoylimnyeecrling stinesy o o stinn? T :,‘;-:"
(4=&) - -.‘]
.o
S
Next, we present the thresholds at the individual ::;:
AR
detectors and the fusion rule. The results are obtained ﬁéh

directly from the results of Chapters 2 and 3. We treat the
101




g d Socaxraod L T % L M A W) Pt el ML G Y S YA R R RN A
2 (Rt e ] W A T W e A WL A @ e )
™ . . 4 I S faotrnrs BN P LA AL PRk os AR
P aals AAXSAS ..n.A..n AL = A rtre et SN N Bk BEFINLL N T »

l. Ll
D W
=]
: @
i L
S [3]
< w
4 :
A M
> z 9
F u— (72}
-
4 o ]
¢l )
b g
- D
. 4 hort
~
‘ o
» N L-“
b >l o a
» [ ] L &0
» H [ ] c c
e -l
- ® [ J [
% c 4 ° & =]
- [ ] [~
E m ° 3 b c > ..m
o > = > 2 - g
8 E Vnw (& L] " IV
2 e 3l o @
= o
by’ e &
- h -
, Q
v, N S &
3 > : o o
1 e —
2 : = by o o
\ o = o
o
Y]
: n
: - o
3 y— -
=V 5 "
o . 3} -
; Q °
kK -~
i =)
60
wd
: ()
mﬂ.ﬂﬂﬂ VTSI s S e s s SSTERES, T EEL R AEPAr rry  TRIFANIS o RRARIONL VoSSBT | RRANAIRE



> I

b Ty T &

LRI TN LTI PN PLOUTON "o W LK PO ALY NN T N N “Ra®” pa 8° 4 A" VUYL X pup-gte At ate 402 ala sl ‘BA Y Call e tal ‘ol ral, vato Fal tal *aly

problem as a system with nxN detectors. The goal here is to
design a system which wainimizes the probability of miss,
when the probablility of false alarm is constrained by
Pe = a $ &a’. In this case, the optimua fusion rule is given

by

Pax”" = main {(a*,1)

1 L (4=7)

Pxx. = 0

and, the threshold in the likelihood ratio test is

Crns
T oL - (4-8)
Coane s
where
a* = ¢ — T Pax Pxo (4-B—-a)
Kpx®

andy Pix»y Pxo are given in (2-3). Cmuny and Cen, are given
in (2-19) except that the subscript jj corresponds to the
jer element of the decision vector of detector By

’.- 1...-'" .ndj ’- 1'...’“-

Scheme 2

The block diagram of the second schese is shown in
Figure 4.3. In this scheme, sach datector acts as a double

threshold detector. Based on its own decision vector
103
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Uis Ma = ( UsasUsrmpseerlan ?Ty it uses a second threshold

to make a decision usy i = 1,2,...3N, which is sent to the

data fusion center where a global decision , u, is made.

The function to be maximized in this case is the following

= Pp - L [P - al (L-9)

or esquivalently,

= Z Paix D; -L I Z PLA F; -« J (4-10)
x x

where P, and P~ are the global probabilities of detection

and false alarm, raspectively. P.xy Dx, and Fx were defined

esarlier in (2-5). For any specific decision vector x*, the

fusion rule is given by

Pix” = min (a®,1)

>
1 L (4-11)
<
Pix* = 0
where
(4-11-a)

a" = g -~ L P;o Pgn
x+x’
and
L = === (4-11-b)

Px"a

The second threshold K, for detector M, B = 1,25,...)N is
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of the observation vector of detector p
the observation vector of detector p

Prr = probability of false alarm of detector p
- 0 B ——cmmem———

Pox = probability of

Prr = probability

given by
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such that u.
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PR NLILN N

) Pon (1-Pon}

M3
(YR

Crn
Con
»
CP» = L Fn (P;n - P:;)
X
”
CDu L Z DK (P;x - P‘;)
X

= L
6c = set of all j, such that u, is an elesent of x and

Pox = probability of detection of detector j
6. = gset of all k,

”
S0 = So where u,. is excluded

»
6, = §, where u, is excluded.
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The first threshold, t,., of detector p is given by

n (i-1) (n=-i-1)
Corin = () {prn (1 - prn) (i - n pen)) (4-26-a)
1=K, §

n n (i-1) (n—-1-1)
C'oiu =L () [(pon (1 - pown) (i = n ponl)l (4-26-b)
=K,
and,; prn and po. are the probability of false alarm and the

probability of detection of an element of the observation

vector of detector j.

The overall solution to the problem is obtained by
solving (4-11), (4-12) and (4—-25) simultaneously. In the
special case where the detectors are identical, we could
view it as a triple threshold detection system, where the

equations become easier to solve.
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e V. Distributed Minimum Equivocation Detection A

1.' - I

1L

é S.1 Introduction

]

e In statistical decision theory, a variety of criteria

i

)

ﬁ: are used for the optimization of detectors. For example, in

the Bayesian formulation a fixed cost is assigned to each
possible course of action and then, the average cost is
minimized. In applications where such costs are available

and are meaningful, Bayesian cost formulation provides an

$ 25550

;-

excellent choice for system optimization. However, this may

s? not be the case in all applications. In some applications, ;:
;% our interest may be the amount of information that we are E:
? able to ¢transfer, e.g.» in telephone chanmels we are E:A
;f concerned with the amount of information transmitted rather
than the nature of the information 1itself. In such
N situations, cost may be a variable and entropy-based cost
P functions may be more meaningful.
.i In this chapter, we shall use entropy based cost
f functions and derive optimum multisensor detection systems.
2 For single sensor detection problems,; Middleton [29], used
:; such a criterion for the design of an optimum decision
1 system where he ainimized the squivocation between the input

and the output. In the naxt section,; we will review some
basic information theory definitions. We will alsc show the

correspondence between the classical binary detection system
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and, the binary communication channel. Then, we present the

results for the single sensor case. In 6Gection 5.3, we
solve the minimum lquiv9cntlon detection problem for the DDF
system. In Section 9.4, we present the solution to the
minimum equivocation detection problem for ths DD system.

In Bection 5.5, we present a numerical example.

S.2.1 Basic Information Theory Defini

ions

In this msection, first we briefly present some
definjitions from {information theory [41, 42], which will be
used in the rest of this chapter. lLet x and vy be two
discrete random varjables taking values from the sets
{(X2a2XeresecrXm) ANd (Yisyejr...rYy~n) respectively. Let Pixm)
and P(y,,) denote the associated probability measures and
P(x,'yn) and P(Xmyy~) denote the conditional and joint

distributions respectively.

The entropty hix), which measures the uncertainty about

% is defined by

hix) = E (log [1/P(x)]1) = L P(x) log (1/P(x)}
X

(3-1)

The conditional entropy (equivocation) h(x|y). which
measures the uncertainty about x given y, is given by

h(x'y) = E (log [l/P(x'y)J) = L I Pix,y) log [l/P(x|y)]

L 4
(3-2)
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The mutual information, I(xjy), is the amount of information

provided about x by y and is defined as
I(xpy) = hix) - h(x|y)
Also, we have the following relationships
I(xty) = I(ysx)
= h(y) = hiy|x)
® hix) + h(y) = hix,y)
where hi(x,y) is the entropy of x and y, defined as

hix,y) = E (log [1/P{(x,y)])) = £ I P(x,y) log [1/P(x,y)]
Xy
(5~-5)
S.2.2 Correspondence Between Detection Theory and

Information Theory

Block diagrams of a classical binary detection system
and a binary communication channel are shown in Figure 3.1.
We observe the correspondence between the two problems as
follows. The source in the detection problem can be viewed
as the information source in the {information transamission
problem. The boxed part of the detection problem
corresponds to the channel of the information transmission
system. The decisions in Figure S.1.(a) may be looked at as
the output of the channel in Figure 3.1.(b) The probability
of deatection, Pp, the probability of miss, P., and the

probability of false glarm; Pe, in the detection problem are
111
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equivalent <o the transition probablilities for the

information transmaission problem as indicated in Figure 3.2.

In this case, the input is a random variable H which may

assume one of the two values Oor 1, ( H= 1 corresponds to

the hypothesis H, being present i = 0,1)., The output is the

decision random variable u which may again assume the value

, T
p of Oor 1. Therefore, the transition probabilities are 2395'
AT

¥ given as follows. ':{:;-
¥ o f NS ‘

L J;

o,

The probability of deciding "“0" when a "0" is sent,

i

S

L&

P(u=0|H=0), is

ll' o,
h

5

h
'.I

o

P(u-OlH-O) = 1-Pn. (S5—-6-a)

Similarly,

L}
N
Pt d

P(u-J,HIO) = P (3—-6-b)

N

\

AL
S"\

.-':‘-‘-
['é

»

P(u-0|H-l) ® Pn=1 - Po (S—&-c)

[

by )
N

.I
SN

N

AN

« q
f\
i
L}
)
v

.-i’.r. K

A AR

P(u=1|H=1) = Pp (S-6-d) :?Z}

:-..f::
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: As indicated earlier, in this chapter we will consider FQ’L
! '.\f'.':
( detection problems where we ainimize the equivocation o
\ B
' between tha input and thm output. Throughout this chapter, Eﬂié
we will denote this probles by thae MED problems. in this Eé;\

A

case, wa are interested in sinimizing an average cost, where q;;y

pUatRY,

the cost is not a constant but, is a function of the a inff
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posteriori probability of H given u. This cost function is

CluyH) = - (3-7)

Recall that, the average Bayesian risk is defined as

Re = E{(C(u,H)?2 (5-8)

where C(u,H) is a constant for a given pair u and H. For
the MED problem, the average cost is the conditional entropy

of H given u, {.e.,

h(H'u) = ( log L 1 / P(H|u)]) (5-9)

Knowing Po and P,, our problem is to obtain decision rules
50 as to minimize the average cost h(H|u) which |is
.qpivnl.nt to the problem of maximizing the mutual
information I(Hju). This 1is obvious from the expression

which relates I(Hju) and h(H|u). i.e.,
I(HIU) = h(H) - h<H|u) (35-10)

and, realizing that h(H) is constant when the a priori
probablilities Po and P. are known. Thus, the minimization

of equivocation is egquivalent to the maximization of I(Hju).

Later on in this subsection, we conclude that the point
(Po,Pr) corresponding to the detection system which
maximizes the mutual information, lies on the receiver

operating characteritic curve, (ROC), of an optimum Bayesian
115
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detector. In order to prove this result, we first need to

prove the following theorem.

Theorem 3.1

Given the a priori probabilities P, and P., then for
each value of the probability of false alarm P« (or
probability of detection Po), the minimum mutual information

Imin(H3u) is achieved at the point where Pp = Pe.
Proof

For the channel model shown in Figure 5.2, the mutual

information I(Hju) is given by

I(Hju) = £ I P(Hyu) log ( —=—===—- b (5-11)
Hu P(H)

and the a posteriori probabilities are the following
P(um0) = Pg (1 - Pe) + (1 - Po) (1 - Pp)
= Qo (5-12-a)
and,
Pluml) = Po Pe + (1 - Po) Po
- a, (5-12-b)

where Po and P, are the a priori probabilities, P(Ho) and

P(H;) respectively. In Figure 5.3, we show a typical sketch

of the mutual information as a function of P, and P. for
' 116
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Probabilities
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given a priori probabilities. Gubstituting from (5-12) into e

(35-11) and cancelling terms, we get

1 - Pe
I(Hju) = Po (1-P») log
Po (1-Pe) + (1-Po)(1-Pp)
P
+ Po Pe lo (-] ey
Po Pr + (1-Po) Po e

7

7

I-Pn

Y
Yy

+ (1-Po)(1-Po)  log

Po (1-Pr) + (1-Po) (1-Pp) L]
-‘" ‘n-.' .‘
Po xﬁ}{
+ (1-Po) Ppo log ;‘
Po Pr + (1-Po) Pp R
SN
(5-13) g
R\

Depending on the value of Po, It is known that the maximum

AR
> o
W ey

l

of I(Hju) is achieved by setting both Pn (Pn = 1-Pp) and Pe,

to be either "0 or "1",

i..n’ PF = PH = O or PF = PN = la :-[‘::f\
-:;‘\-::"-
I(Hju) is a concave upward function in the transition e

LY

probabilities P(u'H) (refer to Theorem 1.7, [41],

v
Y
.

for

s
;, l. " g
-DEN

detalils). Thus, for a fixed value of P. (or Py), I(HjJuU) is

4'1!

s
concave upward function in Pp (or Pe), as shown in Figure -iai
S.4. Therefore; for a given probability of false alarm P,, ;:n;
of P f{or a given value of probability of detection Pp, of };;‘
Po)y if a minimum exists and is interior to the interval i%i‘
(0,1), ¢the value of P which minimizes the wmsutual gQ$,
information [(Pex;:,Pn) is obtained by setting the derivative ;;E
of I(.) with respect to P, equal to zero. Taking the EEE
derivative of I(.) with respect to Po, we have %
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]
4
)
K
)
_’
K §1(HJU) Po (1 = Pes)(1 - Po) Po Prs (1 - Po)
s @ ¢ -
P éPo Po (1-Pm3) + (1-Po)(1-Pp) Po Pei + Po(1-Po)
o
o
! i -~ Po
2 - (1-Po) log
i Po (1-Priy) + (1-Po)(1-Pp)
9,
K>,
>, (1 - Po)Pop (1 - Po)(1 - Pp)
I + -
;" Po (1 - Pp)
ol (1 - Po)® (1-Po)
3 +
4 Po (1-Pe,) + (1-Po)(1-Pp)
K,
; Po .
. + (1-Po) log -
) Po Prs + (1-Po) Pp .'::-"__-'
- iy
':s""."
h (1 - Po)® Py Pt
¢ - (S5-14) AR
. Po Pra + (1-Po) Pp ~
7 e
a et
. Rearranging (3-14), we obtain :_:.r:j‘
o . .':::::-‘
| S§1(Hu) Po [PoPo - PoPes + (1 = Pp)] '
> ——=meweee & (1] - Po) log ( p)
N &Po (1 = Pp) [Po - PoPp + PoPe,)
X
[)
4 (S5-185)
.‘ ek
W Assuming Poy, P, + O, the right hand side term is equal to R
R
g zero if the argument of the logarithmic function is equal to R
@
i ll ic.o. E?::-::"
R
o
DA
: (1 = Pp) [Pp ~ PoPo + Po Peal :J’;'..'_
v -1 (5-16) NS
Po [PoPp = PoPes + (1 - Po)l B
';\J.»\ "
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M Po [Ppo -~ Pr:] = 0O (S-16-a) “‘.
:
04 Since Po 4 Oy we have
N
\’
" Po = P, (5-17)
’ Q.E.D
e

Now we show that the ROC of the optimum detector which

maximizes I(Hju) is in the shaded area of Figure 5.5, which

<

is the region betwesen the ROC corresponding to the optimum

Bayesian detection rule and the Pp = P+ line.

AL

o

We use the following properties of the receiver

operating characteristic curves (ROC) of optimum detectors

.
PAT ST W

1. The ROC curves for optimum Bayesian detection

” systems, lie in the area above the line Pp = Pe, and

L9%%
L/
ff'.‘l

>, 2. These ROC curves are always convex cap.

b

) In Figure S.6, we show some typical ROC curves

R P
'l -
.

associated with different decision rules for a given

H detection system. Curve (1) represents the ROC

%
1

corresponding tc the optimum detection rule {(using the

L
"‘-;n

Bayssian forsulation). Curve (2) is the inverted ROC (121],

Pl
a8, ’\’
A

o

o
7,
® -y

which correspordds ¢to the worst detection rule. Therefore,

'1'

P s

‘ the ROC corresponding to any detection rule for the system

(e ]

l.’!

has to be within the region encircled by curves (1) and (2).
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For all detection purposes, for a given value of Pr we

[N
.

! would like to maximize the optimum probability of detection ;?35
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" Po. Mutual information is a symmetric function in Iits ti ]
." :-'.-\.‘:: |
:ﬁ transition probabilities, {.e., the value of I(Hju) at any ;Qﬁff
N point A, with coordinates (PwiyPoir)s such that A, is above ®
s Qb
a the Po = P, 1line, is also achieved at a point Ae with ng.
) v
o coardinates (1-Pe;:1-Pp,:) below the Po = Per line, 1i.e., & &
0y WY
K/ I(PpeyPp) = 1(1-Pe,1~Po). Therefore, we restrict the study -
; ALY
p% to ROC curves above the Po = P line, i.e., the ROC curves AN
" RN,
) T e
ﬁ_ lie in the shaded region of Figure 3.93. EROR
: . ) J‘ '.!q\
24 ROC’s corresponding to nonoptisum decision rules will ':
) e
1 have all or a part of the curve below the ROC corresponding E&ﬁ
N A
: to the optimum decision rule as shown by curves (3) and (4). 5~;
.% Therefore, for any given probability of false alarw Peqd, i§:~
) D
154 . J_'..__'.
Lj such that Pe, € (0,1), the corresponding probability of S,
0. ﬂ .:.:_" -
detection on curve (1), Pon.: (on the optimum ROC) and the ’}E
Y A
“: one on curve (4); Popis (on & nonoptimum ROC) satisfy the :5
%] l‘.‘ h
X following e
At

F

4
~J
e 2

_; for all Pe, such that Pe, € (0,1), Ppr+ 2 Ppira NS
3 R
Finally, since I(Hju) is a concave upward function in Pp for ':fx
NN
o« A
a given value Pe, of Pry, and the minimum value of I(Hju) is i
. bl Sl
N achieved by choosing Pp = Pp,y then for values of Pos such dhﬂ
s, oy
. . ”
- that Po 2 Peyy I(HJu) is an increasing function in Po. o
::' :"\"
Therefore, if Po, 2 Pow. then 1(PeiyPo,) 2 I(Pm1sPou) i.@., o
~ TN
:t for a fixed value Pe,; the corresponding value of Pp ;Q:
ﬁ obtalned using the Neyman-Pearson criterion maximizes ﬁ{i
a "‘:"\‘ :
I1(Hju). Therefore, the pair (Pp,P-) which maximizes I(Hju) e

lies on the ROC of the optimum Bayesian detection system.
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0 Next, we present the solution to the detection problem Uﬁi
[ :-:\f
} using one sensor for the minimum equivocation criterion. 'Fhﬁ
0 " ¥ ‘
My 3.2.3 Single Sensor Minimum Equivocation Detection NS
04 :"‘V’ (
e ":"‘: ‘
) As pointed out earlier, the classical detection %ﬁf‘
; problem, utilizing a single sensor which minimizes 'Y;;
! T
A o
r, equivocation has been solved in (2791]. To validate our ﬁﬁh
Y M)
1 K,
N approach, in this subsection, we apply 1t to the single jfag
{
. detector problem and verify that we obtain the same result. ;{g
Q) N
S
X Later on 1in this chapter, we will extend this work to 32;:
' “-’:.
o distributed multisensor situations. e
Pttt
| o«
\ UG,
In this problem, given ¢the a priori probabilities Po :}Euv
: A
L and P,, and the conditional densities p(y|H,) i=0,1, the .ftu
o WA
W Wl
objective is to find the optimum decision rule which - ¥
) D '- e
N maximizes the mutual information I(Hfu) (or minimize the -}{t
- :-:'-."'b
: equivocation h(H|u)). Ry
D Yy
- DA
L We consider the system (channel) shown in Figure 5.2. TR
' N
We recall that the optimum decision rule which maximizes the }ﬁi‘
! N
" mutual information I(H,u) has its operating point (Pp,Pr) on .bﬁf
" the ROC of the optimum Bayesian detector which is a AT
. ROt
threshold detector. Thus, the optimum MED detector can be RO

]
-: [

implemented as a threshold detector with the following :5“
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likelihood ratio test

Ha
p(Z'Ha) >

Rly) & ~—cmeme t
Py |Ho) <

Ho

Also Pp and P are given by

+0

Po = P(u-l'Ha) - I P(Q]|H,) dQ (S5—-19-a)
t

+o

-

Ca L. & ';/k“v\ I

Py = P(u-1|Ho) - I P(fl|Ho) df (3-19-b)
t
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The mutual information is given by (S5-13), or equivalently

l;l’I""l
: .

I(HSu) = Po (1 - Pe) log (1 - Pe) = Po (1 - Pe) log oo

rL
Y

= (1 = Po) (1 = Pp) log @c + Po Pe log Pw
= (1 =Po) Pp 1log @1 + (1 = Po) Pp log Po

+ (1 = Po) (1 - Po) log (1 - Pp) - Po Pe logo,

(5-20)

where co and «. are the a posteriori probabilities, given in

(3-12). Taking the derivative of I(Hju) with respect to Pe,
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and setting

A5
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§Po
——- ¢ (3-21)
6Py

S
o
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Y
e %
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and rearranging the result, we

Q
=
%

A
>

S§1(HIQ) , 1 - Pr
........ ® - Po log ====== 4+ [ Po ¢+ ¢t (1 - Po)llog ao
Pe

ot

—"n
[
3
1

1 - Po
- ¢t (1 - Po) log ====== = [Po + ¢t (1 - Pol)llog aa
b Po
B (S-22)

Setting this derivative equal to zero and, solving for ¢, we

P

et

c..

EARN
P
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get

A 58
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{‘il‘:":’\ A S

2

= Po [ loglac/a,) - logl((1-Pe)/Ps)]

¢
]
*
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7
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s
o1,

(1 = Po) [ loglac/ai) — log¢((1-Pn)/Pp)]

II.(
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(3-23)
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Since Po and P~ depend on t, the right hand side is also a

-".r’
Y e S
LR AP

‘

function of ¢. After solving for ¢, Po and P~ can be

L

S,

et

Lol
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obtainad. 1t can be shown that the value of t in (5-23) is

o LY
j. 'r'.'.: o

the same as obtained by Middleton [29) and Gabrielle [371].
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(e Next, we solve the MED problem for the DDF system.
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In this section, we consider the binary hypothesis

'
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testing system shown in Figure 1.3. We assume that the
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observations at different detectors are independent. We
find the optisum fusion rule and the optimum decision rules
at the individual detectors which maximize the asucual

information I(Hju).

Again we assums that the global decision; u, depends
only on the present decision vector x and that the decision
u, of detector § depends only on its own observation vy,
i=1,28y...sN. We will use the result obtained in Bection
5.2y i.0.y, Pp and P, for the system which msaximizes the
mutual information correspond to a point on the ROC of an

optimum system with mainimum Bayesian risk .

Using the results of Section 3.4 for {(ndependent
observations, we conclude that the detectors used are
threshold detectors. First, we assume that I(Hju? is a
function of a variable v, belonging to an interval (a,b)
and, we find an equation in v which can be solved to yield
the maximum of I(HJu) with respect ¢to v. Then, we assume
that the detectors have alrsady been designed and we obtain
the optimum fusion rule which maximizes I(Hju). After that,
we assume that the fusicn rule 1is known and we obtain the
optimum decision rules at the individual detectors so as to
maximize I(Hju). Finally, we obtain the overall solution,
i.e., we obtain the optimum fusion rule and the ‘optlnun

decision rules at the detectors which maximize I(Hju).

As we mentioned earlier, before we proceed with the

solution to the problem, we present the following theorem.
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Theorem 5.2
\i
:'. Let J{(Hju) be the mutual information between the random
N
»
R variables H and u. Let v be a variable such that v € (a,b).
s and I(Hju) = f(v), (the mutual information is a function of NN
b \.“:'.':‘\-
' v). The extremum (maximum or minimum) of I(HJu) is obtained “:_-,:
.T‘. NI
K - by solving It
:‘ I is increasing in v 32,, "
8 ,,»&-‘
o
- > SN
"n ‘Pp P~ h:\
P; (C; T - Co; ) ——— - Po(Coo - C1o) -—— = o] I has an '
& sv év extremum AN
. < \'.-‘4-::
»t ."-"-
- NN
- I is decreasing in v R
L. -.:,\"\
- N
P
o (S-24) TRIN
: where :j::'::
- I\ n.‘ ..
.n \".“‘
. P(u,syH,) PNSEN
Cs, = log ( M i) = 0,1 {3-25) -
P(u,) P(H,) LS
. v\-“ P
. rS P
N ’,.-{‘-{
e
. Proof r:::::
St d
) (2 a8 4
e
3 The mutual iinformation I(Hju) is given by (5-4). The ACRES)
._'_\'_';._
logarithmic cost function is given in (3-23). Rearranging ::E:;\
. N
I(Hju) and substituting C.,, is; = Os1, into (5-4), we get RROS
. I(HIu) = Po (Cs0 = Coo) Pr = Py (Cos = Cia) Po + Po Coo ey
s o
+ P,Con (5-26) :-.:,'_-\.
-
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. Aot
E,' Let v be a variable such that v € (a,b), and I(Hju) is a it
) )
w.li l’
:w:: function of v. The value Vaexs 0of v, where the mutual l‘ .:!',
K )
n information has an extremum ( if the extremum exists and v
:."; €(ayb) ), is obtained by setting the derivative of I(Hju) C\"
) AN
) OAOAY
e with respect to v equal to zero. Taking tha partial :‘};}’._
¥ EREN,

\ . A Y
b derivative of I(Hju) with respect to v and rearranging the "“',
:‘.{, result, we get :{ o

\ WA
N e:.j__
g S1(Hpu) &P §Po A
Bt e = F(dv) + Fo (Cio = Coo) === = P, (Cor =~ C1,1) ~— i

év év dv '..‘-‘E""
R o
k) ‘5"&7) ;;‘f\
: o
* where ~';'-,,. ‘
W, :"'}

4 éCio éCoo 6Con 8Cas e
‘-: F(8v) - Po ( —- - ) P = Py ( - - ) Po -::\"
o , v &v sv &v i\_'.-::
i ':::S'\
A i 6Coo 8Coa 9'1'\

+ Po =—=——m + Py ————- (5-28) [
< v v N2,

. n’::-’.- ,
2 nS
; hUSAY
L2 or equivalently ~:-::-‘-
:‘.. ' .-“
) ! | Ralh }

a
6Coo 6Cos FP:
‘ (V) W mme—e £ Po (1 — Ppl)] ¢ ——e=—e L P, (1 - Po)] s

" v év ey

! 6Cio 6Caa
F * ————— Po Pw ¢+ =—~—= P, Pp (5-29)

) év év
"yl
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consideration.
been designed.

has an extremum
to

I(Hju)

solution

( Coa
§Pxn
st = Po ( cOo —C1o)

=——===- becomes
dv

6P»

————= - P,

S1(HIW)

the
have already

system under

Then,

~ Coa)
is a decreasing function in v

>
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»
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c
wt
a
9
[ ]
'
[¥)
c
-t
c
L]
[ ]
-l

proceed with
detectors

I(Hju)
I(HIW)
we have the desired result.
we
the

SI(HW)
cmm——meee ® Py (Cio = Coo)
({Csa

§1(HIu)

—————— e P‘
Figure 1.3 shows the

SI(H3u)

Now »
First, we solve for the optimum fusion rule.

which is equal to zero.
But, the following is always true

and thus,
assume that
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. further assume that the final decision, u, depends on the Al
T O
% decision vector x and not on the observations. The
" objective is to obtain the fusion rule, i.e., find P.x*, the
l|‘
f probability of deciding u = 1, when the present decision
by
N vector {8 x" = (U;"yUua"r..-run")", a specific value of x.
. Recall that the probability of detection Po, and the
EY probability of false alarm P» are given by
B
W
2 Pp = % P;x Px; and Pr =L Pln P;o (3-34)
. = x
: Let the variable v, defined earlier, be the probability
’3 P.x"y and (a,b) be the interval (0,1). Then, (5-32) becomes
i’
e
v
N SI(H3u) éPop SPs
L TTETT T w P, (Ciza - Co1) ——=—- - Po (Coo -Ci0) =————-
o ‘P;x- ‘P:x. ‘Pln-
2 (5-39)

Substituting from (5-34) into (5-35), we have
S§I<(HJu)
Y e = P, (Ciza = Coa) Px®*r - Po (Coo —-Cio) Px"o

(35-36)

which is in general non zero. Thus, we have the following

, decision rule

Set P:l- = 1
>
P, (Cax = Coi) Px®"s = Po (Coo -Cio) Px"o (o]
<
Set Psl. = O

(3-37)
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(5-39-a)

Al

P(u-ing)

log

e

e
o ST

-
o
]
g ]
[ 3
-l
»
-y
+
wd

o

X

ol

[ ]

3

1 8
[
0

>
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(3-39-b)

1

2

P(u‘l'Hg)
P(u-i'H,)

Therefore,

u-l I,‘
> :H.mwa

P(U'lll’) = ]

g, A AR

(5-40)

- CO‘)

(Ciaa

Pa

Px*",
Px*o

P(u-1|5') = 0

the

rules at

the optisum decision

wa fTind

N.Kt.

I Ty

detectors.

t

Optimum Decision Rules

s

'+

We

known and we find ¢the

is

rule
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We again consider the system shown in Figure 1.3.
the fusion

assume that
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-;‘ L3 .'.
::;‘g :‘-?-
;-": decision rules at the individual detectors. While deriving {{-;.:
A RNAY
it .
::..' the decision rule at detector py K = 1,2,...:Ny we assume ;’.;:
[N -A -

, that other detectors have already been designed. Using the -
W A
) WO W
" seme approach used in finding the fusion rule and, setting ﬁ,
- o s
B Ve Pew and (ayb) = (0,1), the derivative of I(Hju) with -;%’"
b ; 1
respect to Pe,. is given by
" N
5 :::ﬁz'.;
" SI(HpW) éPo 6P~ g
Mo ~===—=-= = P, (€11 = Cos) ====- =~ Po (Coo = Cio) ==——- )
W 6P, 6Pp, 6Ppm, 1 '
oo (5-41) i,
‘ b Using the chain rule, we have ::E
‘\:{ ~
0 éPp éPo s
. = tn (S-42) B
,-2 ‘Pp Y ‘Pp.. :.‘:‘_:’-
o3 B
\ Ao

": where we have used the result obtained previously, {.e., the .:::-',

\ A

detectors are threshold detectors and the fact that \“_“
": '.-.':. :
v \ l*‘l*‘
L t. = 8Ppun/6Prn NN
N _«2.)-,
o
- » wy
{- ..‘.i
Bubstituting (5-42) into (5-41) , we have w
5 e
3 -—====— ®= P, (Cas = Cos) ===== t. = Po (Coo = Cio) -——= X
nJ ‘PF.. ‘Ppp ‘PP.‘ I\I"
p L 3
. (5-43) TS
: Betting (5-43) equal to zero and solving for t., we get :
.. y
{ Po (Cio = Coo) =—===== \‘::.’,-‘.
$Pw. N
. t = (5-44) N
; éPo AR
') Pr (Cox = Ci3) ==—=m—= N
$Pos )
\ N
) I
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As expected, the expression of t. obtained here has the
same form as the one we found in the Bayesian case, except
that here C., i, = 0,1 are not constants. We get N
coupled, nonlinear equations, which sould be solved

simultanecusly to yield the desired result.

The overall solution to the problem, i.e., finding the
optimum decision rules at the individual detectors and the

optimum fusion rule which maximize I(Hju) (or minimize

L4

s

h(H|u)) can be obtained by solving 2™ equations of the form

~§ (5-40) and N equations of the form (5-44), simultanesously. o
/ NS
v N"\.’

Many solutions may result. Only the ones which correspond b{’~

to the absolute maximum of I(Hfu) (or minimum of h(H|u)) are

e

to be kept.

NS "‘.

el

L7

| -5—

5.4 Distributed Minisum Equivocation Detection

In this section,; we find the optisum decision rules at

ToE on §

7. the individual detectors which maximize the mutual

.
P A

information, I(H§x), for the system shown in Figure 5.7.
The binary hypothesis testing problem is considered and, the
~ observations at the individual detectors are assumed to be
ﬁ independent {.e.,

'. _._N \_\‘r
. PY|H,) = l' Plys|H,) (5-45) ~n
) L

vs,
Yt Yy
LR R )
R
"'.'
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We recall that in this case,

given by x = (U jsuUmrsssrin)’ where u, is the decision of

detector 1§, im],2,...9N, and the decision of each detector

only deperxis on its own observation.

First, we wil)l show that, each detector should use a

likelihood ratio test (threshold detector). Then, wa will
derive the expressions which yield the optimum threshold at
the individual detector. Later on in this section,; we will
present a suboptimum solution to the problem considered in
Bection 5.3. In the suboptimum solution, we will solve the
problem of optimizing the mutual information in two separate
stages, i.e., in the first stage, we maximize I(Hix) and

then in the second stage, we maximize I(xju).

Next, we will show that for the detection system shown
in Figure 3.7 with multiple uensors and minimum equivocation
criterion, the detectors are threshold detectors. Before we
consider the general case of N detectors (N > &) y we

consider the case of two detectors.

In this case, we use an approach similar ¢to the one
usaed in the previous section. First, we show that if Pe,,
Pre and Ppe are given, the value of Pp, which minimizes
I(Hx) is equal to Pey. Then, we use the convexity property
of I(HIx) to show that the pair (Pr,yPn,), 1 = 1,2, which

maximizes I(Hix) is a point on the receiver operating

x is the decision vector and is

a5,
folel e
Py

Je )
)
o o
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characteristic curve (ROC) of the optimum threshold
detector, using the Bayesian formulation. Then, we find the

thresholds which maximize 1(H,x).

Consider the channel sodel shown in Figure 3.8. The

transition probabilities are

P(Ux-ODUC-OlHo) = (] = Pws) (1 - Ppea) (3-4b&-a)
P{u,=0,us=0|H,) = (1 =~ Ppi) (1 - Ppe) (5-46-b)
P(u;'Opue-l|Ho) = (1] -~ Pei1) Pra (3~46-c)
P(u.=0,ue=1|H:) = (1 ~ Pp,) Ppe (5~46-d)
P(ui=l,ua=0|Ho) = Pr1 (1 = Ppa) (S-46-e)
P(ui=l,ua=0|H.) = Pp, (1 - Ppe) (S5-46-1)
Plu,=1,ua™1|Ho) = Pr. Pre (5-46-9)
and,
Plu.=1,ue=1|H:) = Po. Ppe (S-46-h)

The output probabilities P(x = 00), P(x = 01), P(x = 10) and
P(x = 11) are denoted by Goos Gois ®ioc &aNd &, respectively.

They are given by

Goo = Po (1= Ppri)(l — Pege) « (I = Pol(l ~ Ppis)d{(1l - Ppe)
(S~47-a)

Gos = Po (1 = Pey) Pre + (1 -~ Po) (1 - Poi) Poe
(3-647-b)
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e

; %io ™ Po Pra (1 = Pre) + (1 - Po) Ppas ()} - Ppe) .-':.r:.r

] l-\f\

B AN,

Y (5-47~c) IR,
e and, !:'!‘
R o,

;I,. Gas = Po Pwa Pra ¢+ (1 - Po) Pps Pom '-:.\:‘

KA (5-47-d) PR

i . “.r}-

. L} ' .~
) The joint probablilities are et
5 P(u;=0,ua®0yHc) = Poll = Pey) (1 — Pra) (S-4B-a)

o
™ P(u,=0sue=OsHs) = (1 = Po)(l = Ppi) (1 — Ppe) (5-48-b)

.'.

?. P(u,=0,ue=l,Ho) = Po (1 = Pr.) Pre (S-48-c)

R
e
) P(u,=0O,ue=l H,) = (1 - Po) (1} - Pp:) Poe (5-48-d)

2
N P(ui=1l,ua"0,Ho) = Po Pes (1 = Pra) (5-48-e)

A

P(ui=l,ue=0,H,) = (1 - Po) Pn: (1 - Ppe) (5-48-1)

> e
-’: :.‘:: "
" P(u,=1l,ue=l,Ho) = Po Peri: Pre (5-48-g) .:-_."::.
™ AD,

by o

and, s

3 e
4 P{us=l,us=l,sHi) = (1 -Po) Pps Poe (5-48-h) =
Y N

".\'.'- ]

) -

' where again Po and P, are the a priori probabilities, and ey
g Pr, and Pp, are the probability of false alarm and the .
X probability of detection of detector &, 1 = 1,2. -
™ .

Substituting (%-46), (5-47) and (3-48) into (5-4), I(HIX) '“6'
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I(HIx) = =P IOQCPO) + prPP.lDQ(PoPP;PP.)

2

+ (1-Pri1)(1-Pra)log{Po(l-Pr,)(1-Pra)?

+ (1=Pe, )IPralog{Po(1~Pr, )Pread

+ Pr;(I-Pp.)lﬂg(Poprg(l-PrQ)) ]

+(1=-Po) L (1-Ppi1)(1-Ppe)log{(1-Po)(1-Ppi1)(1-Ppe)?

N - V] L
. b ]
Pl

o A Y]

P L

+ (1-Ppi: )Poelog{(1-Po)(1-Ppi)Ppa)

P A4

+ Ppi(1-Ppe)log((1-Po)Ppi(1~Ppae))

—
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s .
I A R Gy

+ Ppi1Ppelog((1-Po)Pni1Poel)-1l0g((1-Ps)2]

= [acologlaco) + Go1l10Q{xo1? + &i1o0l0Q{xi10)

log{axi12 1

+ X112

(5-49)

Taking the derivative of I(Hix) with respect to Pe,, we get
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SI(HIx)

————~=- = - Po log{ —====== 3} + Po (1 - Pra) log —-——--
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(35-350)
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Betting Pra. = Po, and cancelling terms, we have ;?“q
S
Al
§I(Hsx) 1 - Pr, 1 - Ppa -:Jn: |.:
——————— » P, log{ -==~=== ) + Po Pmra log(-~==-===) A
§Pw, ' Poa Po. .‘!{
Pes = Pp, :i‘il"'
i.
1 - PD)
+ Po (1 = Pre) log{ —-——-—=——- )
Poa
l - PD;
- (loq (== }3] (- Po + Po - Po Pre + Po Prg]
PD!
= 0 (3-81)

We conclude that the point Per, = Pp: torresponds to at

least a lo_a) minimum for given values of Pr;y Pre an Ppe.
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Sirce IT(Hix) is convex {in Po, {Theorem 1.7, [411), this
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minimum is the absolute minimum of I(Hix) for given Per,:y Pre

and Ppe. Similar argument is valid for the second detector.
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Using this result and an argument similar to the one in the

[ 3 ‘n.wlﬁ ¥
S

previous saction, it can be shown that the maximum JI(Hix) is

R erds
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achjeved by setting the (Pr, and Po,) 1i=1,2 as points on the

&
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ROC of the optimum threshold detectors of detectors 1 and 2
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with Bayesian criterion.

L
.

N-Detector Case

The same argument may be used for the general case of N
detectors, N 2 2. He conclude this subsection by saying

that the detection system which maximizes [(Hjx) has |its

opearating point (Fp,Pr} on the ROC of the optimum Bayesian
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independent observations the

case of

in the

detector and

threshold detectors.

would be

detectors

DD System

S5.4.2 Optismum

which

we fTind the thresholds

subsection,

In ¢this

maximize I1(H}x) for the DD system shown in Figure 35.8.

EXPRCALE

the

threshold detectors,

for the

that

recall

We

probability of false

and the

probability of detection Po,

i=1,25...sN are respectively given by

alarm Px,

(5-52-a)

i = 1.2.....N

and,

R R ot sl pA =

(3-52-b)

i- lya'o-oIN

the

is

and Q.

threshold of detector |

is the

where t,

likelihood ratio defined as

(5-53)

i = 1,2.--..“

|Ha)

Plys

Ri(y,) = ————-

4475 %

P(XS|H°)

For each detector the likelihood ratio test is the following
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and,

éPp,

t, = —————

(35-53)
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Detector Case

Two

is given by (3-49). Taking the

case, I(H}x)

In this
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and

result equal to zero

setting the

Rearranging (35-36),
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solving for t., we get
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optimum thresholds which maximize the mutual information.
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use ¢the same

case of 3 detectors, we may

the

In

’ f.r-.f.

Defining ax = a.iueus 88 the probablility of the

procedure.

is then,

the expression of t,

output vector x = (U jsue ua)™,

o RADOA N
P e T T
M) \--.. I. N

e

P

(5-58-a)
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1 - Pm, Kooco
Ki = log (-==———- ) = (1 - Pra)(l - Pra) log ————-
Pes & 3100
Qoo Soio0
= (1 - Pem) Prs log ——=— + Pre (1 = Pwea) log ———-
Rio01 X110
%o11
- Prm Prs l0g ———- (3-38-b)
Ra11a
and,
1 - Ppa Gooo
Ke = log (==——====) = (1 - Ppal){(1l - Ppa) log -———-
Poa X100
Koo Roiro0
- (1 - Ppe) Poa» 109 ——== 4 Ppe (1 - Ppa) log ———
%101 X110
o1 1
- Ppe Pp» log ———- (3-358-c)
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Similar expressions are available for ta= and ts. Solving
the resulting three equations simultaneously ylields the

optimum solution.

General case

Ina similar manner, for the case of N detectors shown

in Figure 3.7, we get the following expression for the
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':'44 1 = Pen no M3
= Po [ log { ——===== ) - 2 Fl log ( ax 7 ax 21 s

;"l' Pes ot '*::
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‘,:l‘ 1 - Pou " HO M1 \:-::
;‘:' (1-Po) [ log { ———===—) - I Dx log € ax Zax )] “.S;
"¢ Pos x i
o (5-59)
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’\ where Fx and Dx are defined in (2-11) and I 1{is the
(l'l. x

qﬁ summation over all possible decision vectors x. Therefore,

\

!
;} we have N nonlinear coupled equations. Solving these :
4 ¢

) >
&- equations simultaneously yields the optimum solution, i.e., ! ®
) 259
_E optimum decision rules at the detectors to maximize I(H}x) :;ﬁf
" D
}j (or minimize the equivocation h(H|5). We may get many gi:f
. ..,
(™

L
'y

solutions, only the feasible solutions are to be kept.
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-1 S5.4.3 Suboptimum Solutjon for the DDF system
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When we considered the DDF system with N sensors in NN
’ o
; Section 3.3, we concluded that a simultaneous solution of bﬁc
» A
o N + 2" coupled nonlinear equations is required. This is a :f}(

o, e
& difficult task especially when N becomes large. In this o~
D . Pt
o) A

section we consider a suboptimum solution where we optimize ﬁ;:
S
o
the system in two stages , 1.e., first we maximize I(Hgx) .f:::
: @
_ and then, maximize I(xju). BN
. '."_’-‘.
. G
: o
o Maximization of I(Hix) has already been considered in :A;.
- A
Y. o

Section 5.4.2. While maximizing I(xju), we assume that the

detectors have already been designed, i.e.» the
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probabllity of x = (U,j,UepeccrUn)T I8 known for all x which
makes h(x) a constant. We wish to maximize I(x,u) (or
minimize h(§|u)) for the system shown in Figure 5.9. We use

the following expressions of l(xju) and h(5|u)

I(xju) = hix) + h(u) - hix,u) (5-60-a)

and,
h(x|u) = hixy,u) - h(u) (5-60-b)

Minimizing the equivocation is equivalent to
simul taneously minimizing hi(x,u) and maximizing h(u), if
possible. We recall that h(x,u) is a convex downward (cap)
function in P(x,u). Thus, for a given value of F(x) the
absolute minimum for hi(x,u) is achieved by setting P(u|5) to
be either "O0" or "1". A corresponding maximum of h(u) is
possible by choosing the values of P(ul;) which set P(u=0)
and P(u=1) as close as possible to 1/2, because the absolute
maximum of h(u) is 1 for P(u=0) = P(u=1) = 1/2. Note that
it is desirable to set u = 0 when x = (0,...,0)" and u =1

when x = (1,...,1)7.,

Let us consider the question if it is possible that the
maximum value of I(xju) (or minimum value of h(5|u)) is
achieved at points where P(ulx) ar@ not set ¢to be O°'s or
1's, @.g. by setting P(u) such that Plu=0) = P(u=l) = }/2
which maximizes h(u), and set P(ujx) accordingly, or any
other possible combination. In answering this, we refer to

the fact that since h(g'u) is convex downward function in
149
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the transition prababilities, it has to achieve {ts maximum
at a point where the transition probabilities form a
combination of "“0°s" and "1°s”". Therefore, P(u|5) can take
the values zero or one only, (for all possible combinations,

(0,1) hixyu) is the same).
3.5 Numerical Examples

Example 3.1

In this example, we consider the same system as
considered in the example of Section 3.5. The system has
two detectors with independent observations given by (3-88).
We will design the system (both DD and DDF) so as to minimze

the equivocation between the input and the output.

Recall that {{n this case, the detectors are threshold
detectors. In Figure 5.10, we present the ROC curve for
this example (DDF system) when ©, = 2 and e = 4. Again, in
this case the "OR" fusion rule is superior to the "AND"
fusion rule. We also show the curve of I(Hju) versus Po in
Figure 3.11. Figure 5.12 shows the curves of t,° and te’
versus Po, where t.’, i = 1,2, is the value of the threshold

at detector i, i= 1,2 as defined (3-90).

For the DD configuration, when (0,,06a) = (2,4), the
curve of I(Hix) versus P, is shown in Figure 35.13. The
curvaes of ¢t.° and t=’ are shown in Figure 3.14. When

(0,40) = (3,6), the curves of t.° and ta' are shown in
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I(H;u) Versus P0 for Exomple 5.1 and (Ql.ﬂz) = (2,4).
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(DD Configuration)

Flgure 5.14 t'l and t'z Versus PO for Example 5.1 and (f\l.'.\z) = (2,%)
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For the one-sensor case and 6 = 35, the curve of I(Hju) N
is shown in Figure 5.18 and the curve of ¢t is shown in ]

Figure 5.19.

Example 5.2

Now, let us assume that it is desired to maximize
I(x$u), for the system shown in Figure 5.9. We are givun

the following probabilities

e 1 1
P(u,=m0,ue=0) = ——, P(u=0,Uuexl) = ——~—, Plur=l,um,=0) = ———
S 13 S
and,
1
Pluy=l,ue~]l) = ———,
3

We maximize the mutual information I(xju) by setting
the following probablilities which swt the output

probabilities close to 1/2

Pooo = 1, Poos = 1y Poio = O and, Poss = O

This implies that
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0 V. Distributed Bayesian Parameter Estimation

K 6.1 Introduction

The Bayesian approach to the estimation of random
paramaters in a centralized framework is well known [(1]. In

this chapter, we consider the same problem in a distributed

b framework. Local parameter estimates are obtained at the
»
" individual sensors and are transmitted to the fusion center
Wy,
) whare they are combined to yield the global estimate. S,
. Almost all of the work reported in the literature on t;
. >
Ko distributed estimation, deals with decentralized state 2§
estimation problems (19-26]. Here we develop the theory of
<
:' decentralized random parameter estimation.
o
E In Section 6.2y, we formulate and solve the Bayesian
» estimation problem for the DPEF system. Three different
\‘
g: criteria are considered: the minimum mean-square-error
-
5 (MMSE) criterion, the absclute error criterion and the
- uniform cost criterion. In Section 6.3, we present the
Ca
" solution for the case when the combining rule is assumed to .i_
2 be linear. Section 4.4 presents a simple numerical example. '*;f
LG
- In Section 6.9, we present a brief summary of the chapter. fﬁ%ﬁ:
. Zﬁ::_::i
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* 6.2 Distribyted Bayesian Paramseter Estipation with Estimate ®
Y
A

§E : : -».'{
" 6.2.1 Problem Statement )
" e -
e In this section, we consider the Bayesian DPEF problem, .:;’.:-'_._:
e RGN
:'.j where the abjective is to estimate a random paraseter "a" :;»'_’,':','_:
o RPN
‘ with a known density function pla). The parameter a is 5"‘;'
. o 5% ot
: definad on segments of the real 1line. We consider the :;:J'
im .f“ﬂ' '
\ system shown in Filgure é.1. Each local estimator receives a :"_'-‘,‘1_1&*
\;,ﬂv 3
¢ set of observations dencted by an observation vector. t"\
A i’,‘\}":
oy
-} '.:\'39-
’ Yy = (YeasYrmeeoecrYan)' 1 = 192r...9Ny :ﬂ:-f::
- N
. where n is the number of observations at each estimator and F'FE
A A f‘:'.ﬂ'.‘ '
- N is the number of local estimators. Then, based on its ,’.‘:.:',’.
A\ "o
: observation vector, y., the 1i°*" local estimator estimates ';‘_:';‘;5
Fh 2
the parameter a, by assigning a point, & = h,(y.) in the ’,r

-, LY A, -
~ "J'_'-'_:
N parameter space. The estimate combiner at the data fusion ;-\.;’_-Z;:-.
p. ,\)\.(':
3 center collects the estimates from the individual (local) Ej;;_‘,’.:
A estimators and generates a global estimate 3, of the -.. ~
,; ARG
; parameter a. This global estimate 3 depends only on the -'_.'_-:-'_-'_-
) :-f:.:f;-:
) estimate vector h = (hs(yi)sha(ye)s..-shulyn))T. s
M Py

i
The goal of this section is to develop Bayesian e
u.',,.:_:.'

estimation theory for the DPEF system, i.e., design both the ::‘_-lj-'.

\.-".f:'

optimal coambining rule and the estimation rules for the :‘":'

local estimators so aa to minimize the Bayesian risk, R, :’.-.f,-.’

'J'.‘-" o
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given by
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R = E(C(a,a)) (6-1) L.
g vy >
W -
-
f where
1)
h
) C(a,3) is the cost of estimating a as &.
o
W
)
f The risk R may also be written as
bt ‘o +o
.‘ R = I d.I dy C(.'a(hx(!;)uh-(!-)....phu(!n)) p(l.!)
g
e -o -
:1 (6-2)
g where ~]
D Sep *l-
n 2 . . . :\J\ .;t
e p{a,Y) is the joint density function of the parameter a '§ﬁ$
] and the observation vector Y. ;t!l
= r..:-'-'-":'
T
) The cost functions that we will consider in this ﬁ%ﬁ“
- ':"\'-(‘.:
N chapter will be functions of the error, ac(Y) defined by Jﬁ;ﬁl
3 ac(Y) = a-&. Three different cost criteria will be el
“‘:‘:.I:'
4 considered. The first one is minimum mean-square-error }xéﬁ‘
.'.-\‘.:.‘_J‘_
' (MMSE) nwhere e
...
K Clac)=(a-8)* (6-3-a) g
p, The second one is the minimum absolute error criterion, 3;f
where RN
et
R
AR
K Clac) = |a-3| (6-3-b) NN
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the DPEF
for each
above. Next,

h;(y;)
minimize R when the

solution to

rules

We obtain the combining rule
as to

obtain the
0

is to
the estimation

1'2.---'N'

«* +8
+o

and,

=

[
sc as to minimize R.

-+
+

The risk function can be expressed as
futlh)

T is a suitably small interval.
R = I da J dY Cla-3(Y)] pla,Y)
R = J da I dh Cla-a(h)1 pla,h)

The objective
we proceed with the solution for each of the cost functions.
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cost function is one of the functions discussed

and,
problem
estimator i,

X, !4...(#)*#»1. , : . . \nﬁ.-\.,\x.h,\.» -N --....-J\
e O B B e O ¥ > L d ; . e p ;