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ABSTRACT

A review of recent results associated with exactly solvable
multidimensional nonlinear systems and related Guestions of direct

and 1nverse scattering 15 given, N -
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In tnis lecture ¢ review of S5 recunt resu S 2550014080 wivn >
exdctly solvanle myultidimensiondl nonlinedr systems will pe grven. 4?‘
‘)
The motivation for much of th1s work hds come v1a what s commonly -
}‘
referred to 4s the [nverse Scattering Transform (1.5.7., 45 a )
reference see, fOr example, "4). [ST 15 a metnod 10 solve certain g‘
nonlinear equaticns by 2ss0Ci1ating thym wilh apPRropriate compatiple U
1inear equations, sne of wnich 15 igenti1fred as @ scattering prodie T EaRe s~
and the others(s) serves to fix thel*time evolut10n™5f the scattering "
EE
data. /(//_——— l:':
’
In one spatial dimension the prototype problem is the (Kqv)
equation -= 4:
(1) ‘ o
U * 6uu su o= 0. t.',
- Py
The KdV equation 15 compatible with : .
v!x * u(x.t)v = v (2) bl :’-r%::'¥
. <
Ve * (v‘ul)v - (sec2u)v, (1) . ;:;
- . . - ~ N (Y
eV e T Ve implies (1). Equation (2) 1s the Schrodinger A:
scattering problem, A the eigenvalue ( v= const. in {3)). The \;
solution of (1) on the line: -ecx<mfor initial values u(x,220)
vanishing sufficiently rapidly at 1nfimity 15 obtained Dy studying t=e o
‘v
associated direct and inverse scattering prchiem o0fF (2} ang usirg 3 R
o,
10 fix the time evolution of the sCattering data. It turns out tnat ‘:f
o
the inverse problem amounts to solving a matrix Riemann-Hilbert k
boundary value problem (RHBVP) whose jump discontinuity depends ?.
explicitly on the scattering data. Calling Ai-kz.v(x,k)'u(x.k)e-‘kl jZ:
the RHBVP takes the following form, ?j
{v,-w J(x,t.k) = u_(x,0.5 (k) V(x,t.k) on - 4
=1, [kfe= (a) '
where v
2ikx ‘ 9
Vix,t,k) - rik,t) e 77, a(k) = -k, Is{k:kel}, and ,  are the 5:.’
) h
limiting boundary values as [mk:0= of meromorpnic functions 1n the N
>
upper (+) lower (-) half plane. (4) may be converted 1nto a iinear
integral equation by taking a minus projection and the potential 1s "
b )
q.:.
EE
I\
)
=
o,-
‘v
VAL OO
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reconstructed vie .'1
N ° - .

gie,t) ® - 'l f;é (kox,t,-k) Va2 wjax (s)

where the contour 15 tawen above all poles of r{k.t}, of whicn thure

15 4l MNST @ firily ~umder, lJ ] uJ. ,,J,o 3 o2 lieeaNl e

scattering gate.  ttv reflection coefficrent, riv.t) evolves simply
n time 2 WE I g sean gy
8ik‘t o RO ,':.'
k,t) = r(k,0) e (6]
The above scheme may De extended so as to sOlve 2 surprisingly -
large number of i1nteresting nonlinear evolution equdtions. There ére

two scattering problems of particular interest in one dimension:
(1) Scalar scattering prodlems:

n .
n nej - .
dv e ¢ u.(x) ¢ v e i e
A S
faced TIERTT MR oLy
vix,k), u,c¢€ N
(Vi) First order systems - generalized AKNS TP

«

« &

. v
»
«

.alx) € €N U s grag (o) oe™)

MACNEIRYS
<. 0. e
£

[l " .
a" Jvegyv
{

- M T ey
Via an approprrate transformation the inverse problem associate with

~{1), (11} can be expressed as a matrix RMBVP of the form (4). The
potentials u_ ,Q can be shown to satisfy nonlinear eviution equations

by aapendfnqdzo (1), {11) suitadble linear time evolyti0On equalions.
One then finds that the scattering data V(x,t,k) evolves simply 1n
time., wWell known solvable nonlinear equations include the Boussinesq,
* modified KdV, sine-Gordon, nonlinear Schrodinger, and three wave n-
teraction equatrons. The reader may wish to consuylt for exam9192° -¢]
for a detailed discussion of some of this material.
It is most significant that these concepts can pe generalized to
2 spatial plus one time dimension. Here the prototype euqatian 1s
the Kadomtsev-Petviashvili (K-P) equation:
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which 1s the compatibility equation between the ‘nllowing linear prcs- A
. »

lems:

o

Y Vax * uix,y,t)v = 0
X

v s 4y - *> -;Z
. o o BuY, J(Ul ‘ i

W Bx v e vy 2 0 (5

{y s const.). we shall consider the question of solving (7) for
u(x,y,0) decaying sufficiently rapidly 1n the plane eyl yz - =
Physically speaking, toth cases 02 s -1 (KPl) CZ s +] (KPI]) are of
interest. Whereas KPl can be related to & RHBVP of a certain type
{nonlocal; see ref.J}) KPI1 turns out to require new ideas. Letting

: 2
v @ -(x,y.k)e‘kx * Kyle

g =0p ¢ ial. R 0. Then there exist functions u bounded for all -
x,y satisfying . - 1 as (k| = = However such a function turns out
to be nowhere analytic in k, rather it depends nontrivially on both .
the real and i1maginery parts of k = (kR . ikI). .t ;(x.y.kR.k:).
In fact L satisfies a generalization of & RHBVP - namely a
7 (DBAR) prablem where . satisfies,

du Al
;:' ‘-“(‘r)’oiorkl) V(‘vakR»kx) (o3 .
where 2. %(st K 5%—) and Y has the structure L
2k R I dalxay kpakagg)
sgn(ko)e .
v(x'y’kpvkx) = . :R! ‘(kR'kI)
g Ky
2{x,y kgokerin) = (x = 2y w){(€q = Kp) = -2(x = 2y ;—)ko
R*7I00 SR 0 R
2¢, :I
: s - — /
I - S T P (1)

(11) may be converted 1nto a linear integral equation by employing
the generalized Cauchy formula.f(ka,kl) 1s viewed as the (“nonphys:-
cal” data, 1.e. 1nverse scattering data: 1.e. 'nverse data) and tre

potential is reconstructed via

A A GO S S AT AT R R,
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u(l.y) s 2_—‘ : 1] “("y'SO'kI)v(x"'kﬂ'kl)ddekI' (.Z -~

v 3
For K-P :ne evolutron of the data obeys (y = $1k” n (9))

T . 2 2 )
- Vol fee, - SkS . )T Tl
R N C R L

K
D
where ko * kR —R— . ks kR . \kI. e b e .

Similar 1geas apply to Migher order scalar problems

(1i1) T R L
oo — A : —
— 2y ax" J'Z 3 al"‘J

where: v, us € ¢ and to first order systems

1 - "1 - Yﬁ - Ml P g
(iv) e S q{x,y)v = 0 ot .
. . . o ;
where: v.qctN’N.J'dtag(J]....,JN), 3V, i r g withg . 0. e e s .
[nterested readers many consult reference4a’b for associated details.
The notion of & extends to higher dimensional scattering and 1n- )
verse scattering problems. However as we shall mention, gespite the
fact that the anverse scattering problem 1s essentially tractable
there does not appear to be any local nonlinear evolution equations 1n .
dimensions greater than 2 « 1 assoctiated wit™ myltidimensional gerer- _f.
alizations of (iii) or (iv). A - -:::
Our prototype scattering prodlem will be i ~_,;:}
) o~ .k‘ﬁ'.
ov, + av *+ u{x.y)v = 0 "
y ®
n 82 n >
L= . xe R, veR. (14) A
TIER: i
3 A
Letting 2 :,:
ik- k c B
Ve o(xy.k)e' yle .
n o
k'kR"kI‘ ket .::-.
n -',\
Ld - "
k-x = ijj’ c *cp*ic Ny
1 o
N

&’

Then there exist functions . bounded for all x, y satrisfying _-l. 35
lkj |- @ 3+ 1,....,n. Whencp # 0 uturns out to be nonanatytic 'r

vo..ok, ) oanc
n Il' Ir\

each of the variadbles k, 1.e. u*u{n,y.kp .. kg , &
1
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satisfies a . problem linear 1n . in each of the variasies &, 1.2,
o
satisfies an equation of the form,

o

_.:1: BN s ],..., :
. J(.) J ] n 0

J

where T (u) s an appropriate linear integral operator which depends
only on one scalar scattering function T : %j = T, [T] TeT(ko,ky ,€) T e et
¢ being (n-1) integration parameters in the nonloca1 operator T The
inverse problem is redundant, i.e. we are given T(kg,k 1+€)(3n-1) para-
meters) and we must reconstruct a local potential u{x,y)(n+l para-
meters). A serious issue is how to characterize admissible inverse
data T, i.e. data that really arises from a local potential (small

generic changes in T(kR,kI,c) cannot be expected to arise from a e A o,
local potential u{x,y)). Insight into this question is obtained by oo
requiring azu/aiiaij . z»zl./aijau?i (i # §). The form of this NS e
constraint is given by .
e gt
LM = w(T) (16)
where z;j is a linear operator and ii‘ a nonlinear (qQuadratic) non-
local operator. Details can be foung 1n5a.b] Equation (16) can e
integrated and this integrated version may be used 0 reconstruct N
u(x,y) as well as give a characterization for admissible scattering HA S

data: T(ka.kl.c). However (16) also indicates why simple local
nonlinear evolution equatiors have not been associated with equation
{8). Namely i1n the previous lower dimensional (2+1 and 1+l) problems
the time evolut1on of the scattering data obeyed a particularly simpie
equation, (e.g. 1 'u(kR,kl)T However in this case such a simple flow

will not de mainta\ned - due to the nonlinear constraint (16).
These ideas can be generalized to first order systems:

n
av v

{v) =+ c L J, = =qv
oy J'l J elJ

N
v, o¢e € .JJ arag(J’, .JJ)
k L
Jd.
j 4 JJ' kKt g

Py . R
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with similar results obtained Again the scattering cata sat:c- -

f1es a nonlinear constraint. In general, there 15 N0 compatible loca!

x

nonlinear evolution equalion associated with {v). However when cer-
tain restriCctions are put on J_] then the constraint eguation pecomes
Tinedr and the $0-calivd N wave 1nteraction €Quatlons 2re compatiple
with the system (v).  Nachman and Ab1o~1tzsa] showed tnat at most, tre . e g e
system would be j+l! dgimensional, and F0k356D] showed that 1ndeed the R
system is reducible to 2+l dimensions by a transformation of independ-
ent variables (characteristic variables).
Beals and Coifman have given an alternative but similar formula-

7a,0]

tion 1n the scalar case.

There is an n-dimensionai problem which also fits withan =~ - = . e A
the framework of [ST: The so-called generalized wave and generalized ‘ '
sine-Gordon eugation (GWE and GSGE). These equations arise in the
context of drfferential geometry and serve to extend the classgcal re-

. h A sl

sults of Bicklund for the sine-Gordon ecuation to n-dimensions - .
The n-dimensional Bickiund tranformation is given by:

¢ (o
dx’XAX'A'va v
o .
o nhere
4
" ax r: X a - -
) oo WXy
; 1 ¥y
? Aij . ei(z)a‘jdxj.
5, . R,
g =_1_,_1.ldx_-_1____llﬂ,' 1<, <n, (18)
1) a“ ‘”j J alj axJ 1 - -
and a = {a. ¢ R™". Equations (17-18) reduce to the Backlun¢ trans-

1-]'
formation for the generalized sine-Gordon equation (GSGE) when

s (2) s (2P e (28, - 1)/2z, (19)

1

and for the genera)ized wave equation {GWE) when

S T w R TR 4 T e w4

g (z) = -(1-12)/22 T AM2). (20)

The compatibility condition required for the existence of solu-
tions to these Backlynd transformations results i1n a system of second-.

Y

.
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order partial gifferential equations for an 0rinOECoNal n x r matr .
in (17) which 15 @ function of n ingependent variatles

a4 = wa_.}
AR
g = d(xl“Z"""n)' The eQuation has the form
ER AT VA B A WAt
a ali }xi X alk I
da,. ™
. :- ; —%- 5!11 Qxl : 351131J- LINE S TN
kpig ey, Tk k
@ L] ad da
3—:- &1 oi1 a : 3‘11 ’x“{' i, J, k distince,
k 13 7 ey ko %
i By 8y
hd R L | S 1)
S TR

c = 0 for tne GWE.
¢ = | (GSGE}, the orthogonal

where ¢ = ] for the GSGE and
We observe that when n * 2 and

matrix a = {a, .} given by

sin

]
[~

cos %u

ces

~ofe—
[

=sin % J

for the function v * u(x,t) reduces tne GSGE to the classical sine-

Gordon equation (x = -1),

u,, - ull-tsin u = 0. (23)

tt
On the other hand when n = 2 and < = 0, then with (22} the GWE reduces
t0 the wave equation (23). wWhen n > 3 the generalization of the
wave equatians discussed here 15 nonlinear.
The Bicklund transformations (17) described above are in fact

matrix Riccati equations. Linearizations of such a system can be

performed in a striaghtforward manner (see for examp\e9 ). Intro-
ducing the transformation
x el (20)

where U, V and n x n matrix functions of Xyees

.. e
A oy

X, the following linear -
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system 1§ deduceg: v
au 0 4 U

av at B v

with the components cf A&, B given by (18). Compatidility ensyres img:
1

the orthogona) matrix a = JaiJ} satisfies the GSGE with (15) ang Gaf
with (20). Alternatively, 1f we call

O

the following linear system of 2n o.d.e.'s are obtained:

2V LR
E‘J XAjw - Cjw. (26)

where AJ. CJ are Zn x 2n matrices with the block structure

0 i 0 0
J C. = i (27)

%4 .
aj 0 3

>,
[]

Here & ., % are n x n matrices having tne following structure:

J A i) J

-ny >~
ec, -
3, = ae N
J J =
N

. . 0

where ej * (ej}ik 1s the unit matrix ..
1 i k=g, )

(e} . = (29) .

3
Ik 0 otherwise,

.
[N s

"i"n' s 0

and in component form " takes the form

7
L}
I

.
-
2

(1-¢

!
\

ad ¢a

e k‘)Il' ETEA €y - (14 )El' 3711 Yy O
; Ik M M EERLITE S IS

In (28) a 's the orthogonal matrix R™ = SO(n) associated with the Gut
when & =) and with the GSGE when & é(z « 1/2), s %(z - 1/1}, and

is the matryx (30}): Rn - Hn(R). yj . YJ = 0. Equations (21) arise

IR 4

.
-

.
PP

P
¢

Y.

J o
as the compatibility condition assocrated with (26). More explicitly, ;{1
for the GWE the scattering problem takes the form [y = vix,i!] "

v L,
— s i A (31) "
oK, .AAJW * CJW l A
J " d
A

P‘h
L
l.\«
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'ﬁ solving the n-dimensional GWE and GSGE reduces o the study of the
- scattering and 'nverse scattering associated with a coupied system of
i n one-dimensional o.d.e.'s. This 1s in marked contrast to other
5 attempts descrided earlier to isolate solvable (local) multigimensional
tf nonlinear evolution equation which are compatibility conditions of two
S Lax-type operators, e.g.,
~: ,
i Le® ay {36)
vy My {37
where L 15 a partial drfferential operator with Zhe varrable t enter-
n ng only parametrically. Although as we have seen nonlinear evolut:ion
N
i
.
“
“
&E&:;f;{' ﬂ#;ij R S A R A A A I I A e L AN :
2 TN T I T3S VAR A N, A A A A Y Ve g,y .A:'-A";!:\.A}MT':\:\:' "‘.':\i"‘:',‘:"i‘ \‘f\f§'f§':§f~:‘f-i':{{\’

)
~
.

] .-

and €. given by (27,30).
i
For tne GSGE the scattering proplem for . = .(x,2) takes tre

form
e eta) [° a4,
J 2
aJe1 0
0 (I-el)aj\
« 3 (2) )w*cju (33)
t
aj(l-el) 0 )
(2}, «{z), CJ given above, Or equivalently
v, 2 g . ;
where T
0 ua
-BJ * Y, oy diag(+l, -1, ..., -1). [3%)
a:u 0

-

InaJ 1t 15 shown how these linear problems may be viewed as a girec:
arg inverse scattering probiem for the GwE and GSGE. Namely tne

Cirect and inverse problem may be soived for matrix potentials, de-
pending on the grthogonal matrix a, tending to the identity sufficrent-

ly fast in certain “generic” directions. It should be noted that
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equations 1n three 1ndependent variadles can be assoCra’ed with s, ¢~ !
Lax pairs (e.g. the K-P, Davey-Stewdrtson, three wave interaction ~
equations, etc.) little progress via this route has been made 1n more ;j
than tnree dimensions. As discussed earlier one has o overcome a \:

Serigus constraint '1nnerent in the scattering/INverse scattering

; oy,
S %)

theory for nigner dimensional partial gifferential aperators in - ot
order to be able to isolate associated solvable nonlinear equations, ‘
i.e, the scattering data generally satisfies 2 nonlinear eguation R
(e.g. (16)). Tne analysis associated with the GWE and GSGE avoigs i -
these difficulties since the GWE and GSGE problems are simply a

compatible set of nonliﬁiar one-dimensional o.d.e.'s. The results

in {8] demonstrate that the initial value problem is posed with

o v
o,

:
£
%
:
V. s

given data along lines and not on (n-1) dimensional manifolds. TR e o

Similar 1deas apply to certain n-dimensional extensions of the so- f-4;yﬁ;¢njgrﬁ;g_..;’
called anti-self-dual Yang-Mills equations {SDYM). In9 it is o ) 4;2
shown that these multi-dimensional nonlinear equations are associated _mlm,w.

with compatible two-dimensional linear systems. Broad classes of
solutions may be calculated by the = method. Since the overall com-

o 8.

patidle linear systems are coupled two-dimensional equations, the

0,

scattering data does not satisfy the nonlinear constraint discussec by

>

earlier, Cemer cwnn e e

Finally we remark that there 15 a class of nonlocal eguations R ‘~

- - A

which can be reduced to exactly solvable equations. [n the context of o

' multidimensional nonlinear equations perhaps the most interesting )

example is -

2 . e

. (UM = -3 ¢

(Ut Yyxx * 2 i.'u)ll)x U.V)" -

l where -

@ i

’! () (xoy,z,t) = 2o WNGE o (39) )

| . IR T | %

f and { denotes the Cauchy principal value integral. (38) s reducec NG

-

: to the K-P eugation NG

| (w, *w = 1(we) ). - 3w (20) N

| t XXX x’x Yy X

. via the transformation I
| w = u’\qu. .

Detatls and other examples are given in [10].
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