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THE RAILGUN AND ITS POWER SOURCES

INTRODUCTION

The possibility of accelerating masses by the "rallgun" principle
has been proposed for military purposes a number of times in the past century.
A source of very high electrical power is necessary, however. The lack of
such a source was one of the chief reasons why attempts to put the principle
into practice were unsuccessful until recently. The objectives of the work
reported here to investigate the power source requirements of rail type
electromagnetic launchers (or "railguns") and to investigate in detail a power
source which seemed especially suited to them.

Background

Figure I shows the principle of the raligun.

x A

E xx xxxxx xxx xxx i

Rails

L • AL

Magnetic Field J Projectile 2

Fig. 1. Principle of the Railgun.

The force due to the current crossing its own magnetic field at the projectile
causes the projectile to accelerate along the rails. The projectile does not

i'



have to be a conductor because a plasma arc can be introduced behind it to
carry the current (1i. To accelerate a mass of S grams to a velocity of
10 km/s in I millisecond requires a current of about 500,OOOA at a peak powe-
of about 1 GW.

Using the Canberra Homopolar Generator, which is the largest such
machine in the world with a peak power of 1 GW, J.P. Barber, working :nder
R.A. Marshall at the Australian National University, In 1972 showed that the
rail type electromagnetic launcher is feasible 121. This revived military
interest in it and also that of space launch and fusion researchers (3-51.
Since 1979, railguns have been built at a dozen or so places in the USA and at
the Materials Research Laboratories In Melbourne, Australia (61.

Prior to the innovations of Barber and Marshall, raliguns were
thought of as adaptations of ordinary machines. The early inventors had no
concept of the hypervelocity applications which are now the major reason for
pursuing their development. The early patents show elaborate mechanical
details of the gun construction, but very little about the power source.
These inventors seem to have thought that generators or batteries could be
readily arranged as power sources (7-91.

During World War II a serious attempt was made in Germany to develop
electric guns as anti-aircraft guns, and as an alternative to the V2 rockets,
based on the ideas of Fauchon-Villeplee 1101. When the calculations were done
for an anti aircraft gun, it was found that the power source posed a
formidable problem. It was found, for example, that the connections from the
generators
would require too much copper for the gun to be practical. Later attempts -o
build railguns were also foiled by the power source problem, until that by
Barber.

Plan of the Report

The work in this Report falls into three broad categories.

Firstly, the rallgun itself is studied in terms of its efficiency,
which, when it is low, is a major factor in determining the size of the power
source. AS the power source and its load - the railgun - must be much more
integrated than is the case with other electrical apparatus, familiarity with
the railgun is a valuable basis for dealing with the power source problem.

The railgun study is presented in Chapters 1 and 2.

Secondly, In Chapter 3, the power sources that are being used and
developed for railguns are reviewed. They are compared, especially in regard
to their masses.

Chapters 4 to 10 of the Report deal in detail with a battery and
pulse transformer scheme, which seems to naturally suit the railgun. The
transformer design Is most important, and its study takes up about a third of
the whole Report.

2



CHAPTER I

FORCE AND ENERGY IN THE RAILGUN

This Chapter deals with the force on the projectile in the railgun
and the energy available to propel it. From these considerations we can
proceed to a model for estimating the efficiency of the railgun.

1.1 Force upon the projectile and the method of virtual work

The projectile acquires some of the energy that is supplied to the
circuit of the railgun. It does so through the force exerted on current
carriers that cross between the rails. In principle, the force may be found
from the integral of J x B through the volume where the current crosses
between the rails, and where J is the current density and B is the magnetic
flux density due to the current in the rails.

In practice it is very difficult to perform the above calculation
and instead the expression:

F I '1 II2

is used. In this expression, F is the force, I is the railgun current and L"
is loosely defined as the high frequency inductance per unit lenah of the
rails, or the inductance gradient, and is often also denoted as a-. The
numerical value for L' is often obtained by measuring the inductance of the
rails at a frequency reckoned to be typical of the rise time of the current as
the projectile moves over new sections of the rails and then dividing that
inductance value by the length of the rails.

Equation (i.1) is a very convenient means for estimating the force
on the projectile. The velocities obtained from experimental rallguns often
indicate that the actual force on the projectile is much lower; sometimes
only one third as much. The difference is often ascribed to friction or to
leakage of the plasma arc past the projectile. However, it is worthwhile
examining the background to Eqn. (1.1) to discover what other factors may
affect its validity. Not only may this enable the force to be estimated more
accurately, but the results may enable us to see how to improve the efficiency
of the railgun.

upon reference to text books, e.g. Seely [I], it is found that Eqn.
(i.1) is obtained by applying the "method of virtual work" to circuits
containing inductance. It is further found that the method of virtual work is
actually concerned with energy changes associated with movements of current
paths and not directly with forces. If the proper endrgy change to be
associated with a movement can be determined, the force on the part that moved
can be found by dividing the energy change by the amount of the movement. In
symbols, therefore, the force is yielded by:

3



F - - (1.2)
x ax

where W denotes energy and the partial derivative notation indicates that the
portion of the energy change properly associated with an x direction movement
is used to obtain the force in the x direction.

The proper Identification of the energy changes is necessary for
correct force calculation. This is possible when the movements are completely
known and are so slight that the circuit geometry is practically unaltered
(hence the term "virtual work").

Let us apply the general method used in the virtual work
determination of force to the railgun but with consideration of processes that
occur in addition to projectile movement. As In text book virtual work
derivations, the energy supplied to the circuit must divide Into three
categories, viz. that which is stored in the inductance of the circuit, that
which is dissipated by resistance and that which is "associated" with the
movement of the projectile. With reference to Fig. 1, let:

I - constant current,
R - resistance of the rails and the projectile,
Ax - movement of the projectile in time At,

and AL - increase in inductance in time At.

In considering the energy supplied to the system, we must take AL to
be the inductance change as seen at the points where voltage E is measured.
Equating the energy supplied by the power source to the three categories
within the railgun yields:

EIAt - 1 AL + I2RAt + AW (1.3)
2 a

where AW is the energy associated with projectile movement and includes, or
is entirily composed of, he 2 energy acquired by the projectile while it
moves Ax in time At, and - I AL is the energy stored in the increased
inductance. 2

Since the current is constant, the voltage E is:

E - IA + IR (1.4)

At

(We strictly should consider R to vary by AR, but the result is the same).

Substituting in (1.3) yields:

AW 12AAWa - - I AL (1.5)
a 2

4
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Eqn. (1.5) shows that the source supplies a quantity of
energy, AWa, above the amounts stored and dissipated, and the amount depends
on the inductance change AL. Because such a quantity of energy appears
whenever the inductance of a circuit is altered, let us call AW the
"associated energy" of the Inductance change. It is equivalent ato the "free
energy" In chemical reactions [2).

If we are sure that all the energy AW is utilized in causing the
projectile to move, then we may divide AWa by tfe movement Ax and so obtain
the force, F', on the projectile as:

I 2 Ax 16

Equation (1.5) shows that the increment AW is equal to the increase
in stored magnetic energy of the rails, assuming that the current is
constant. In the event that all of AW becomes increased kinetic energy and
the resistance of the rails is negligitle, the efficiency of the constant
current railgun is at Its maximum value, viz. 50%. (Higher efficiency may be
obtained by allowing the current to decline, so that the stored energy of the
rails drives the projectile. This is equivalent to utilizing a long barrel i.
a powder gun to extract as much energy as possible from the expanding gas.)

In an actual railgun there are several reasons why some of the
associated energy, AW ,may be unable to cause projectile movement. For
example, some of the fotal inductance change may be due to effects in other
directions when the projectile Is located a distance Ax further along the
rails. inductance is a function of the location of all the current filaments
Into which the current may be divided. Certain dimensions, e.g. the rail
dimensions, may be characteristic measures. In general, we should write:

L - L(x,y,z), (1.7)

where x,y and z are the characteristic dimensions, and from which:

aL aL aL
AL - AX + R- Ay + -A&z (1.8)ax ay 3z

Only the term - Ax measures the energy change that takes place in the x
direction and tKerefore the force in the x direction should be written as:

F'.1 12 aLF'" -- ~ x ' (.

2 ax

If, while Ax changes, Ay and AZ are each zero, i.e. the y and z coordinates of
every filament of current instantly assume t f same'values as all other
places and these values do not change, then - is the same as . Only under
these conditions is Eqn. (1.6) the same as Eq. (1.9).



Because the current is actuatly diffusing, there are Ay and Az
components to the inductance change. The issue is whether they are

significant changes compared to the Ax changes. By introducing diffusion we
make y and z coordinates of the current filaments functions of time. Since
the diffusion time at any location is the time after the projectile has passed
that location, the y and z coordinates and the total inductance change are
complicated functions of x and time (and of the rail dimensions).

Even if the Ay and Az variations are eliminated for one reason or
another, Eqn. (1.9) does not necessarily give the force on the projectile, for
two further reasons.

Firstly, if the current has penetrated the rails, part of the
inductance change in the x direction will be due to flux within the rails.
This flux does not cross the current that passes behind the projectile and so
cannot contribute to the force on it.

Secondly, when the projectile moves, there is disconnection and
reconnection of current paths. With each disconnection and reconnection there
Is an inductance increment and an "associated energy". In switched inductor
circuits it is known that energy is lost, presumably in the creation of sparks
which carry the current until it has transferred to the new path. In the
railgun, and especially in the case of the plasma arc driven rallgun, we have
to consider the possibility that some of the associated energy is lost in
spark production and in other ways in the plasma.

Ideally, all the associated energy should become pro-.ctlle energy,
and the force should be given by Eqn. (1.6). If only P !raction, f, of the
associated energy becomes projectile energy, we can express the force, F, on
the projectile in terms of Eqn. (1.6) as:

r _ 2 AL f1.0A
2 AX

Factor f may be defined to take into account all the loss mechanisms
that we have considered.

In terms of the commonly used expression, Eqn. (1.i), we have:

AL
L-f-x.

Ax*

The interpretation of AL is considered further in Chapter 2.

1.2 Comparison of energy changes due to switching and sliding

As stated in the previous section, it is known that when the
inductance of a circuit is changed by switching, as In Fig. 2, there is a loss
of energy. In the railgun the inductance is changed in small increments by
sliding. It will now be shown that switching and sliding are the same in that



the "lost" energy of the switched circuit is the same in magnitude as the
"associated energy" that arose in the energy balance analysis of the rail-gun.

L1  L 2

IS

Fig. 2 Circuit with inductance changed by switching.

By applying the constant flux linkage theorem (3) to the circuit in
Fig. 2, the current, ', immediately after switch S is opened is found to be:

''- I -

. 1)
LI

V -IL, + L 2 '

where I is the Initial current in inductance LI .

The difference between the initial and final stored energies gives
the energy, AW, lost in the switching:

1 2 L1L2AW l 1 I.12)
2 L L 2 '

Now suppose that the Inductance L2 is a small value, AL, compared to
LI , so that the inductance change is similar to that considered in the sliding
circuit of the railgun, and so that the current is practically constant.
Substituting AL into Eqn. (1.12) yields:

AW 1- AL (1.13)
2

Eqn. (1.13) has the same value as Eqn. (1.5); i.e. the "lost" energy
of the switched inductor circuit is the same as the "associated" energy of tne
sliding circuit of the railgun.

The conclusion from this result is that some or all of the eneLgy
that would be lost in the sparks produced in the switched inductor circuit
becomes the kinetic energy of the projectile when the inductance is changed by
sliding in the railqun circuit.

I.



Since arcing is deliberately introduced in the plasma arc railgun,
the above result also leads to the question of how the associated energy
becomes projectile energy. This is considered in the next section.

1.3 Propulsion mchanin with a plasma arc

rhe propulsion force on a solid conducting projectile is easy to
explain. It is the same as on any metallic conductor - the J x B forces which
act on the electrons are transmitted as electrostatic forces of attraction to
the positively charged bulk [4]. If the plasma arc behaves as an
incompressible conducting fluid, direct transmission of the J x B forces could
take place as in solid conductors. If, instead, the plasma behaves like a
gas, either direct transmission via electrostatic forces or indirect
transmission via particle collisions could take place as set out in the
following paragraphs.

Direct transmission of the J x B forces via electrostatic forces
could take place in a gaseous plasma as follows. The electrons, the principal
current carriers in the plasma, are driven by the J x B forces to the :ear
surface of the projectile, causing it to become negatively charged, as shown
in Fig. 3. Electrons would continue to accumulate at the rear surface of the
projectile until the force of repulsion, due to their field, equals the J x B
force which pushed the electrons. When this equilibrium condition is reached,
the force of repulsion constitutes a "solid" connection between the J x B
force on the electrons and the projectile, causing both electrons and the
projectile to move together. The positive bulk of the plasma follows the
electrons by virtue of the attractive electrostatic forces, so the plasma
accelerates with the projectile.

Plasma, Projectile,
polarised negatively charged

Fig. 3. Propulsion of projectile by repulsion force of negative charges.

In the above explanation, the bulk of the plasma particles are
simply dragged along by their attraction to the electrons and play no part in
the propulsion of the projectile. If the current could be carried behind the
projectile by a beam of electrons the propulsion would still occur. Also, the
conversion of the net associated energy to propulsion energy is 100% efficient
because it occurs through the action of the J x B forces upon the mass of the
projectile.

i8



Alternatively, it is conceivable that the J x B forces upon the
electrons may first accelerate the positive ions of the plasma, ar the
positive ions cause the propulsion of the projectile. The positive ions may
cause the propulsion by charging the projectile as described above, or they
may propel it by colliding with it. If the energy is first supplied to the
positive ions, it may also be distributed via interparticle collisions amongst
the degrees of freedom that are available.

Propulsion by collisions with the rear of the projectile is, in
other words, propulsion by gas pressure, and, if this is the case, the arc
driven rallgun works like an ordinary gun, except that it uses electricity
instead of explosives to provide a high pressure gas. An important
consequence of the gas propulsion model is that the maximum velocity is
determined by the speed of sound in the plasma, as opposed to a maximum equal
tc the speed of light for particles directly driven by J x B forces.

By a simple application of the kinetic theory of gases, an estimate
can be made of the efficiency of propulsion by particle collisions, and hence
also an estimate of the factor "f" for use in Eqn. (1.10).

Again, it is convenient to consider a constant current railgun,
because we may suppose that since the J x B forces are then constant, the
plasma that pushes the projectile is evolved at constant pressure. If the
specific heat of the plasma at constant pressure is Cp, the heat supplied from
the associated energy, AQ, is:

AQ - N C AT (1.14)
P

where N Is the number of moles of the plasma and AT is the temperature rise.

If the pressure is P and the volume increase due to projectile
movement Is AV, the work done is:

PAV - MRAT (1.15)

where R is the universal gas constant. But, from basic kinetic theory of
gases, C- fR + Cv, where Cv is the specific heat at constant volume.

.. PA- - Nc - c )AT (1.16)p v

From (1.16) and (1.14), the efficiency, V, of the propulsion Is:

C - C
Work done at projectile - (1.17)
Heat energy supplied C '

9



or, V 1 18)

C
where y is the ratio of the specific heats, 

--p

v

We now have to consider the value of 7 for the plasma. From the
kinetic theory of gases, we know that 7 depends on the number of ways in which
energy is free to divide (i.e. the number of degrees of freedom). If the
plasma immediately behind the projectile consists only of ionized particles,
all particles are influenced by the J x B forces and their motion must be
largely in the ± x direction, i.e. along the line of motion of the
projectile. In this case the gas is "one dimensional" and has the
value 7 = 3.

If on the other hand, there are a great number of neutral particles
(produced for example by vapourization of the surface, with only a small
fraction becoming ionized to provide current carriers), the energy from the
J x B forces will be distributed in all directions by numerous interparticle
collisions before arriving at the rear surface of the projectile. In this
case the value of 7 would range between 5/3 and unity, depending upon whether
the plasma particles were monatomic, with only 3 degrees of freedom, or
pol-atomic, with a large number of degrees of freedom.

Substituting 7 - 3, 5/3 and unity into Eq. (1.18) yields:

- 0.67, 0.4 and zero.

On the basis of this simple gas propulsion theory, at most 67% of
the associated energy, AW , could become projectile energy. Factor "f" would
have a maximum value of 0.t7.

In thermodynamic terms it is the free energy of the plasma which
accelerates the projectile. The associated energy is, in these terms, the
free energy of the electrical circuit and, depending on where the inductance
changes occur, some or all of it is added to the plasma. The addition of this
energy to the plasma causes it in turn to release free energy. The portion of
the added energy which does not in effect become projectile energy raises the
internal energy of the plasma and thereby raises its temperature.

In this discussion of the plasma arc several important factors have
not been included. For example, there is ohmic heating of the plasma, which
must raise its pressure and contribute to the projectile acceleration. Also,
at the high temperatures (30,000 K) in the plasma, energy is radiated away
rapidly. These factors are especially relevant to the gas pressure propulsion
model.

Altogether, the points raised show that the plasma arc method may
vary between very effective and very ineffective.

10
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CHAPTER 2

RAILGUN EFFICIENCY

This Chapter has two major objectives.

One Is to estimate the energy loss due to current distribution upon
the rails.

The second objective is to develop efficiency expressions for
railguns, including segmented and distributed energy stored railguns that have
been proposed to reduce resistive lotses. From such equations the reduction
in size of the power source needed for the more complex guns can be balanced
against the complexity of their construction.

2.1 Introduction

The overall efficiency of the simple railgun shown in Fig. I is a
few percent. This is tolerable for small launchers, such as for experimental
work, but limits the scale of their use. Spaceship launching, for example,
might not be practicable because of the large size of the power source that
would result from such a low efficiency.

It is important to quantify the various factors that affect
efficiency because even small improvements are important when the efficiency
is low. An improvement from 1% to 2% halves the size of the power source for
example.

One reason for low efficiency of railguns is the 12R loss in the
circuit. The further that the projectile has moved from the breech in Fig. 1,
the greater is the resistance through which the current must flow. The rail
resistance is higher than the d.c. resistance because the current flows mostly
near the rail surfaces.

Another cause of low efficiency is the energy stored in the magnetic
field of the rails. As was found in Ch. 1, when the current is constant the
quantity of energy stored in the rail field is the same as the associated
energy, AW , and in this case the maximum efficiency of the railgun is 50%.
Some of thl rail magnetic field energy may be recovered by using long rails
and allowing the current to decline, or by the "distributed energy store"
scheme (which will be discussed later)

Another possible loss, particularly relevant to plasma arc guns, may
be due to gas particle propulsion of the projectile, as discussed In Ch. 1.

A more subtle cause of energy loss, also introduced in Ch. 1, is the
Inductance change in places other than immediately behind the projectile.
These inductance changes are determined by the distribution of the current.

i 11



The work in the following Sections is particularly aimed at the
effect of current distribution on inductance losses and the resistive losses
as the current diffuses. The procedure is lengthy and complex and models have
to be construed such that calculations are possible.

Firstly, the energy losses associated with current distribution that
were introduced in Ch. 1 and embraced in factor "f" are expressed in terms of
"propelling" and "uncoupled" fluxes.

Secondly, the factors that determine current distribution at various
parts of the rails are discussed, leading to the selection of three current
distributions for rail inductance loss estimates.

Thirdly, the "propelling" and total inductances are calculated for
these current distributions, and, in turn, factor f is calculated.

Fourthly, rail resistive loss equations are derived for both
diffusing current and fully penetrated current, for breech supplied, segmented
and distributed energy store railguns.

Finally, various losses are combined to yield efficiency
expressions. These are evaluated for a particular example and discussed.

2.2 The -propelling- and -uncoupled' fluxes

If the railgun rails are thin, as indicated in Fig. 1, all the flux
of the current passes into the space between them and is crossed by the
current where it passes from one rail to the other. All the J x B forces
caused by current crossing flux act on the projectlle. Alternatively, we can
see that when the projectile moves distance Ax the flux increase is entirely
located in the area swept out by the projectile. The inductance
increase, AL, and the corresponding associated energy, AW , arise directly at
the projectile and it is possible for all the associated energy to become
projectile energy.

In Fig. 4 the rails are shown wider than in Fig. 1. Flux may now
exist within the rails, as well as between them, depending on how the current
is distributed.

12
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AL

Fig. 4 Internal rail flux and the "propelling" flux.

The internal flux contributes to the Inductance of the rails and to
the associated energy AW , but since it is not behind the projectile it cannot
produce force on the projectile.

It will become clearer later that the term "internal flux" is not
precise enough to describe the flux which does not cause force on the
prolectile. A better term is "uncoupled flux".

Only the flux which is behind the projectile in Fig. 4 can cause
force upon the projectile. It is convenient to call this the "propelling
flux". This flux is very nearly what is called the "external" flux of a
conductor.

Since the total flux linkages are the sum of those of the propelling
and uncoupled fluxes we can define the inductance change, AL, in terms of
propelling and uncoupled inductance changes i.e.

AL - ALP + ALu , (2.1)

where AL is due to the flux linkages of the propelling flux, A# , and AL is
due to tRe flux linkages of the uncoupled flux, A# . The readerpis remlnaed
that the inductance change, AL, is actually the change at the breech while the

projectile moves distance Ax.

By comstrison with Eqn. (1.8) it is apparent tgtt AL_,s some or
all of the term - Ax whileL is made up of the terms - Ay + - Az and
possibly a fractfon of the - Xx term.

The associated energy change, AWa , in terms of AL and AL is:

13



AW (AL + &L 12 2.2)

a 2 p u

The energy which the projectile may acquire, AW , is the portion due
to dL i.e. the maximum value of AW is:

p' p

AW = - 1AL 12, (2.3
p 2 p

and the force on the projectile, F, is:

F - I ALp 12 2.4)
2 Ax

In Ch. 1, a factor, "f", was introduced to account for the reduction
of the associated energy available to the projectile with the result that tne
force could be expressed as:

1 AL 12F fx -:
2 Ax

From the foregoing equations it is apparent that a value of f is g:ven by:

AL
f--- (2.5AL

The portion of the associated energy that does not get distrirbted
via the pro3ectile force must be wasted. Because the energy must be
distributed via the forces it causes, and these forces are where current
crosses flux, the uncoupled flux portion of AW must be dissipated in
stretching and twisting the rails.

2.3 Force factor and efficiency

Let us now generalize the force factor, f, and relate it to
efficiency. The application of this factor yields the actual energy available
to the projectile, and hence the actual force upon it. Various effects
contribute to f. we have discussed the effects of current distribution and
the plasma arc. If the current distribution factor is 0.9 and the plasma arc
factor is 0.67, the compound value of f is 0.9 x 0.67 = 0.603.

To get the act'al kinetic energy that the projectile gains, further
reductions In f must be made to allow for effects such as friction, plasma
leakage past the projectile and air load ahead of the projectile.

Factor f is not constant throughout the acceleration, but, for
practical application of the notion, we shall suppose that a realistic average
value can be ascertained.

14



If AW is the actual kinetic energy gained by the projectile, the

associated energy change is -, where the value of f Is the overall value.

In the case of a constant current, reslstanceless railgun, the source must

supply twice the associated energy (because it must supply an equal amount of

stored energy). The increment of energy supplied by the source, Aws, in this

case is:

2AW
AW = P (2.6)

s f

AW

and the efficiency, I A-W is:
s

f (2.7)

Thus, if the value of f is 0.603, the maximum efficiency of the
railgun Is 30%. Because of resistance, the actual value will be lower.

2.4 Current flow in the railgun

The manner in which the current is distributed within the rails and
over their surfaces determines the proportions of the uncoupled and propelling
inductances. The distribution near the projectile Is of particular interest
because it has most effect on the propelling inductance and hence on the
propulsion force and factor f.

Although the current streamline flow has been discussed amongst
railgun researchers, the only published diagram is an intuitive sketch by
Marshall (I]. In this and the following Sections the physical and
mathematical aspects of electromagnetics that seem pertinent to the current
distribution will be reviewed. This work is a preparation for selecting
current distributions for the calculation of propelling and total inductances.

At all times the general relationship between magnetic field

intensity and current must hold, i.e.:

V x H - J + aD (2.8)
at

where H is the magnetic field intensity, J is the conduction current density

and D Is the electric displacement (2). Taking the curl of Eqn. (2.8) and
substituting J - oE where a is the congctivity and E is the electric field
intensity, and substituting V x E - , leads to:

2 H a2H

V 2H - a - a - (2.9)
at 2

where , is the magnetic permeability and is the permittivity of the medium

in which the current flows.
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Eqns (2.8) and (2.9) may be separated into two simpler cases
corresponding to non conducting and conducting mediums.

In a non conducting medium, such as the space surrounding a pair of
parallel rails, a - 0 and Eqn. (2.9) becomes:

2 2
V2H a- (2.10a)

at
2

It is well known that the solution to this equation, for a pair of rails (i.e.
a transmission line) having inductance, L, and capacitance, C, per unit length
is a travelling electromagnetic wave which propagates energy with velocity
1/4LC - l/4pe, the velocity of light in the medium around the conducting rails
(2).

aD
In a conducting medium, J >> T, and Eqn. (2.9) becomes:

72H -o H (2.10b)

This is well known as the "diffusion" equation (2,3,41. It represents the
physical process whereby concentration3 spread out to eventually become
uniform distributions, simply because a greater number of particles Is likely
to move from the more dense regions to the less dense regions than vice
versa. In electromagnetics diffusion is complicated, compared to, say, heat
diffusion, by the requirement to satisfy induction and circuit laws.

The rate of spreading out by diffusion is dependent on 1/4ap and is
very much less than the velocity given by the analogous term, l/4cp in the
wave propagation case. The rate of spreading by diffusion also varies
as 1/4t, where t is the time from the start of the process; hence it
diminishes with time, in contrast to the constant velocity of pure wave
propagation.

Another important aspect of diffusion is that the diffusion equation
does not specify the initial distribution, but only the manner in which It
changes from its initial state to a final state.

In regions where both J and - terms exist, Eqn. (2.9) applies and
its solution may be regarded as containing both wave propagation and diffusion
components.

Let us now consider how the current in the rails moves with the
projectile. At first sight it seems that the railgun circuit must obey only
Eqn. (2.10b) because it has no capacitance. In this case current and magnetic
field variations would occur only because of diffusion. This cannot be the
case at the projectile, though. Diffusion is too slow for the propulsion
velocities attained and in any case is only a redistribution process and
cannot account for the propagation of the total current values to the new
portions of the rails. Note that diffusion includes J x B forces on electrons
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in the rails, so we cannot imagine the rail current to propagate in the same
manner as the projectile.

current must therefore propagate with the projectile by travelling
wave means. Let us consider how this may come about given that the projectile
(or plasma arc) may be a perfectly conducting short circuit.

The first point to note is that even though the projectile may be
perfectly conducting, the flow of current at the rail/projectile interfaces is
not a continuous process. The current flowing In and on the rails may be
envisaged as many parallel filaments. When the projectile moves through its
own length every filament of current in that region must cease flowing and be
replaced by a new filament. The interruption causes high frequency induced
e.m.f.s. in the projectile region. Because the inductance of the circuit is
increased as the projectile moves, the new filaments must be established in a
circuit of greater inductance. The sliding surfaces are thus equivalent to a
great number of switched inductor circuits, such as Fig. 2, Ch. 1, in
parallel. Filaments near the front may readily transfer to new contact points
that arrive as the projectile moves forward. Filaments at the rear of the
projectile, however have to overcome a greater inductance change.

The second point is that when the projectile moves distance Ax and
increases the circuit inductance by AL, it also increases the capacitance
which the rails would have if they were of the same length and open
circulted. It is tempting to suppose that the rear most current filaments may
continue their conduction via this capacitance increment, due to induced
e.m.f.s., and so constitute a displacement current component which, together
with the AL component, results In a travelling wave.

In short, the above two points suggest that the current follows the
projectile because the projectile movement switches In L and C transmission
line parameters and causes high frequency excitation.

If we imagine the projectile to be extremely thin, then when it
moves forward it interrupts all the current. It is easy to appreciate in this
case that the rails are then open circuited and the current must flow via the
rail capacitance and reach the new projectile position by travelling wave
means. With a longer projectile (or plasma arc) the displacement current and
conduction current processes are probably intermingled and Eqn. (2.9) applies.

Even for perfectly steady D.C. conditions energy must be transmitted
by electromagnetic waves. The apparent magnetostatic condition can be
explained by a standing wave type of superposition (5].

The foregoing study leads to the same general picture of current
distribution as that proposed by Marshall (see Fig. 5), viz. that there are
three regions, A, S and C.

A: Just behind the projectile, the current distribution is the high
frequency electromagnetic wave distribution. It is essentially the
"end effect" high frequency distribution of a short circuited
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transmission line because electromagnetic waves move much faster
than the projectile. Marshall includes the current distribution
over the actual projectile in region A because it is velocity in-
variant also.

B: Further behind the projectile, the end effect is negligible and the
current filaments are established with the infinitely long
transmission line distribution.

C: Further yet behind the projectile, there are no displacement current
components and only diffusion occurs, eventually resulting in
uniform current distribution.

Fig. 5 Current flow pattern in railgun (Marshall)

2.5 Inductance in the projectile region Is minimized

In the previous Section it was decided that the current is
established near the projectile by high frequency propagation. The next step
is to find the current distribution which relates to electromagnetic wave
propagation.

Electromagnetic waves travel with velocity v--# Since -- - - = c
the velocity of light, which is the maximum possible vel o y in the4L-  4-iC
medium, it follows that the product LC has the minimum possible value, i.e.

(LC) min - (2.11)2
c
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Electric charge, however is always distributed over conductors so as to
produce the minimum capacitance (61. The minimum value of LC therefore occurs
when L is also least. The inductance in the projectile region is therefore,
per unit length,

L - (2.12)

c2C

where c is the velocity of light and C is the capacitance per unit length,
both for the medium surrounding the rails.

It follows that the current in the projectile region Is distributed
over the rails so as to minimize the inductance. It also follows that one way
to find the current distribution would be to find the distribution which
yields the minimum inductance.

There is another way in which we can deduce that the inductance near
the projectile will be minimized. This is from the logical argument that the
current in the railgun circuit will arise along the paths of least opposition,
i.e. minimal inductive reactance.

Inductance is least when there is no magnetic field within the
conductors. This is because the external flux is not affected by current
distribution within the conductors as much as is the internal flux. The total
Inductance, i.e. the sum of the internal and external inductances, is
therefore least when the current is distributed so that the internal flux is
zero. The important conclusion that follows from this is that If the
inductance is minimal, then all the flux is external, and hence is
"propelling" flux.

2.6 Initial resistance in the projectile region

For there to be no internal flux, the current must be a surface
current. This implies infinite resistive opposition unless the conductor has
zero resistivity. The argument that current will distribute such that the
opposition is least leads to the conclusion that there must be some
penetration of real conductors and therefore some internal flux. We shall now
develop this idea to obtain a simple estimate of the current penetration.

As the current penetrates, resistive opposition will diminish while
the inductive opposition will increase owing to the internal inductance. This
suggests that the minimum total of these two effects will occur when they are
approximately equal i.e. when:

RI A - (L I), (2.13)dt I

where R is the effective resistance, I is constant current and Li is the
changing internal inductance. This can be seen by imagining the cross over
region of the graphs of the two effects, remembering that since the external

19



flux links the whole cross section, it produces the same back emf, i.e. same
opposition, in every filamentary circuit and so cannot affect the current
distribution. Eqn. (2.13) is also, of course, Ohm's Law, but the minimization
interpretation seems more appropriate in the present context.

Suppose that the current is spread over a length t where it passesW a
from the rails to the projectile, When the projectile moves distance a the
current experiences the associated inductance change. If L' is the internal
inductance per unit length in this region, due to current pinetration, and
if At is the time to move distance ta, Eqn. (2.13) becomes:

R L i a (2.14)
At

where R is the effective resistance of length t .a

i.e. R = L' v (2.15)I

where v is the projectile velocity. Since we have defined f - L -
Eqn. (2.15) can be expressed in terms of the total inductance per
unit length and the fraction of external inductance as:

R x (1-f) L' v (2,16)

where L' is the total inductance per unit length in the projectile region.

As an example, consider a pair of rails, 1 cm x I cm in section
spaced 1 cm apart with a total inductance of 0.5 pH/m, of which 90% is
external inductance. If a projectile travels at I km/s between these rails,
the rail resistance in the projectile region is given by Eqn. (2.16) as
50 pg. Depth of penetration can be calculated if some assumptions are made
about the current distribution. Thus if the projectile is a 1 cm metal cube,
we may take - 1 cm and we may calculate an equivalent depth of penetration
as if the current all flows on the inner sides of the rails. For copper
rails, the result in this case is an equivalent depth of penetration equal to
0.68 mm. If we imagine that current to be distributed over all four sides of
the rails, the skin depth is 0.17 -Mn. Although we have picked figures for the
sake of example and the parameters in Eqn. (2.16) are actually interdependent
and not able to be separately selected, the resultant values for depth of
penetration are similar to those obtained from the usual expressions, such as
Eqn. (2.22), and hence suggest that f - 0.9 is a realistic value.

2.7 The diffusion equation and depth of penetration,

Diffusion is the only electromagnetic process affecting the current
distribution some distance behind the projectile. As was discussed in Section
2.4 it obeys the expression:
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7 H - H -.

at

The resistive losses decrease as the current diffuses. An equivalent depth of

penetration of current is commonly used to estimate the resistive losses. We
shall require such an expression to calculate the rail losses. The depth of
penetration is also a guide to the internal inductance, and hence to factor f

type of losses.

We shall now demonstrate that a simple derivation of depti of

penetration consistent with Eqn. (2.10b), follows from the ideas in the
previous Section.

Based upon the idea of minimization of force opposing cuarent flow,
it was suggested that current penetrates the rails such that RI =- T(L I),

where Li is the internal inductance of the rails. This expression can be

shown to be a form of the diffusion equation.

H'.dH d1H h

Fig. 6. Current and flux penetration of rail.

Consider the expression

d
Ri - (Li i) (2.
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for the small element of the rail shown in Figure 6, in Which current and flux
axist in the aaded area of the rail. Replacing R by d and
dt (L I) by -, Eqn. (2.17) becomes:

ii de

oh dy dt

Application of the general law fHdt- I to the element yields:

dH - i/h, (2.19)

while # may be written as fHedy. Equation (2.19) becomes:

t dH d-_ y . d- JfHtdy. (2.20)

Differentiating (2.20) with respect to y yields:

d2H dH
d- 2 H.Go, d, 

(2.21)dy2  dt'

which is a one dimensional form of the diffusion equation.

The depth of penetration, 6, Is the equivalent depth of conductor,
measured from the surface as indicated in Figure 6, in which the current,
uniformly distributed, experiences the same resistance as is calculated from
Ri - it (Li i). Because S Is an equivalent depth, its value depends on its
exact definition, however it is always of the form:

- t (2.22)
Go

where t is the time for which current has been flowing and a is a factor which
depends on the definition and on the time function of the current waveform
(7). The usual way of evaluating S is by substituting the waveform time
function into the diffusion equation, together with boundary conditions. The
procedure is lengthy. Equation (2.22) can, however, be derived in a
simplistic manner from the general one dimensional form of tne diffusion
equation. Thus, Eqn. (2.21) can be written as:

I dt dy. (2.23)

Let us now make the assumption that -H is constant. 'This enables Eqn. (2.23)
to be rearranged as:

ftdt - f'(f. dy)dy. (2.24)
0 2
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t 2

i.e. t (2.25)

or S - 1.414 -- (2.26)
OP

which is of the same form as the well known expression (2.22) given above.

Equations (2.22) and (2.26) yield a - 1.414. A more rigorous
derivation, referred to in Sect. 2.10.11, yields a - 1.772.

It must be emphasized that depth 6 does not prescribe where the
current and flux exist. It is simply a dimension which is compatible with
changing flux and current assumed to exist in the location where it is
calculated.

2.8 Inductance equations

In this Section expressions for the propelling and total inductances
for three conceivable current distributions are set out. Inductance
expressions for rectangular rails are tedious to derive and are cumbersome. A
few specialists have derived expressions for rectangular sections for
particular purposes 18,91, but it is necessary to especially derive most of
the expressions of interest for the railgun, in particular for the propelling
inductance.

2.8.1 Selection of current distributiona

To calculate inductance it is necessary to know how the current is
distributed.

In the preceding Sections three factors that bear upon current
distribution were discussed, viz. that current is initially distributed such
that the inductance is a minimum, that with time it redistributes and that it
cannot flow in an infinitely thin sheet on the surface because the resistance
would be Infinite. Three current distributions follow from these factors.

Firstly there is the distribution for minimum inductance. We have
deduced that electromagnetic wave propagation involves the minimum
inductance. It also involves the capacitance of the rails and this enables
the current filaments that yield the minimum inductance to be located by the
"electrostatic analogy" [101. By this it is meant that current initially
flows in the same places as where charge accumulates on the rails when they
are considered to be the plates of a capacitor. The physical reason for this
Is that the electric field component of the wave plac,.s the mobile charges in
position on the surface and it is these charges which also move along the
surface as current. Kerrisk III has used a numerical procedure to calculate
the inductance of pairs of rectar.gular rails based upon a method for finding
the electrostatic charge density distribution. He has fitted an empirical
equation to the inductance values of a range of rail cross sections and
spacings, thereby enabling the minimum inductance to be readily calculated.
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Since electric charges are distributed on conductors so as to
produce no internal electric field, there can be no internal magnetic field
either. (Time varying fields must have both magnetic and electrical
components.) The magnetic field is thus entirely external to the conductors,
as was previously argued for the minimum inductance case, and the minimum
inductance is also entirely propelling inductance.

It also follows that the minimum inductance is approached at high
frequency, since it is known that high frequency currents do not diffuse
substantially into conductors.

The next current distribution of interest is a uniform surface
current over each of the sides of the rails. The reason for considering this
distribution is that the minimum inductance distribution is a non uniform
surface current that has infinitely dense current at the corners of the rails,
as shown in Fig. 7. Because of very high resistive opposition, it may be that
the current takes up a more uniform distribution, although still very near the
surface.

Magnetic
laid

Surface
Current
Density

Fig. 7 Flux and current distribution for initial inductance, redrawn from

Kerrisk's work.

It might seem that uniform surface current is actually more likely
because it would minimize the resistive opposition whilst the flux is all
external. All the flux, though, would not be totally external. Part of it
passes within the conductor, as shown in Fig. 8(b). These lines cause greater
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back e.m.f. in the filaments that they link than if the flux is completely
external and hence, except at D.C., must reduce the current in that region.
These flux lines, therefore, behave as "internal" flux, since truly external
flux induces the same back e.m.f. in every filamentary circuit within the
conductors.

(a) (b)

Fig 8. Flux lines around rail (a) with current distributed so as to
produce minimum inductance (b) with uniformly distributed surface
current.

Nevertheless, if the inductance for uniform surface current is not much
greater than the minimum Inductance, then the decrease in resistive oppositicn
may outweigh the increase in inductance so that current takes up a more
uniform distribution. The high currents and the randomly located arcing
contacts may increase the extent to which this happens in railguns.

The other current distribution is that for full penetration of
current, which gives a measure of the greatest effect possible due to the
distribution of the inductance into propelling and uncoupled parts. It could
only occur in railguns with thin rails, or slow or very long railguns.

Mention should be made of a current distribution which is taken to
exist by some authors, vIz. that the current is distributed over the inner
sides of the rails 12,191. Near the projectile it is taken as a current
sheet on the inner surfaces and further back it penetrates the rails from
those surfaces.

The reason for considering such a distribution is that high
frequency currents flow on the inner sides of parallel plate transmission
lines. The spacing of such transmission lines is small compared to the
height, though, and they are only a rough approximation to the railgun
geometry, This can be seen from the current profiles in Fig. 1, drawn from
data given by Kerrisk [111. For the typical railgun geometry in Fig. 7, about
half as much current flows on the outer rail surface as flows on the inner
surface.
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Of the three distributions that we have selected it is necessary :o
derive the propelling inductances for the uniform surface current and fully
penetrated current and the total inductance for the uniform suzface current.
For the total inductance of fully penetrated current we shall use an
expression given by Arnold t131 and for the minimum inductance we shall use
Kerrisk's expressions.

2.8.2 Propelling inductance of a pair of parallel current sheets

We begin by calculating the propelling inductance of a thin
rectangular sheet circuit as shown in Fig. 9. The method is to calculate the

F

Fig. 9. Rectangular current sheet circuit.

force, F, exerted on the current sheet crossing the rails and to calculate the
inductance from:

L' . 2F (2.27)1 12

Equation (2.27) is the virtual work equation rearranged to give the
"propelling- inductance.

Before proceeding, it is convenient at this point to discuss the
differences between internal and uncoupled, and extirnal and propelling
inductances. The terms internal and external inductance imply that flux lines
are entirely Inside oz entirely outside the conductor. If there are lines
that are partly internal and partly external, as shown in Fig. 8(b), then some
of these lines will interact with the cross sheet current and so increase the
propelling inductance and the internal inductance. The difference due to
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these lines is small, but for accuracy we use the terms "propelling" and
"uncoupled" rather than "external" and "internal".

The uniform current sheet rails provide a test of this theory; the
flux lines which are not entirely external in this case link the same
proportion of rail sheet current as the proportion of cross sheet current.
Calculation should show that the total and propelling inductances are the same
in this case even though there is some internal inductance.

Let us consider the sheets in Fig. 9 to be an assembly of
filamentary currents, such as in Fig. 10. To find the force on a cross

Fig. 10. Filamentary model.

filamer,t, such that carrying current j, due to the current i in the bottom
filament, we require the vertical component of the flux density at points
along j, due to i. From Fig. 11, it can be seen that if the flux density at P
on j is B, the vertical component is B-.w

do

PP

// NB vector
W h

Filament radiusr -! S e-
r

Fig. 11. Field at a point on filament I due to filament I.
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The magnitude of the field at a point opposite the end of a filament of
current Is half that which it would be if the filament continued
,ndeflnite~yi because of symmetry (Fig. 12). The magnitude of B at P is
therefore 4.--

P

Fig. 12. Field at P is due to equal contributions from symmetrically located
current elements on either side.

The elemental force at P is, from the general law, force = BIdt,

A0
i
p s

dF - - - ds. (2.284ww w

Substituting s2 + h2 = w2 and noting that the force on the current 7 is
doubled because of the go and return of current i, we obtain for the total
force, F, on j:

-- S+r ds, (2.29)2w r s + h2

where r is the radius of the filament of current i. We next extend the
integration to obtain the total normal force, due to the current i, on the
whole current sheet. To do this replace ) by - dh, where I is the totalthif
current uniformly distributed over height H, and integrate. This gives:

F - - f ( - ) ds dh (2.30)
o r + h

2

or:

S 2 2 2 2F [h tn((S+r) + h
2 ) - h tn(r + h

2 , 
+4wH

2(s+r) arctan(--) - 2r arctan(-)]n H
(S+r r h-o 2.31

Finally, we sum the forces on the cross sheet due to all the filaments such as
1, by writing i - H dh and integrating Eqn. (2.31). Since a filament at
height h produces force on cross sheets of height h below it and height (H-h)
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above it, it turns out that the integral must be doubled to get the total
force, F, i.e.

r2

F = f H (h tn((S+r)
2  

+ h
2
) -h n(r

2  
+ h

2

+ 2(S+rarctan(8: r ) - 2r arctan(-)ldh (2.32;

Sr

Evaluating (2.32) yields:

2
((1 ( s+r)

2

F ___ ( -_ t n(H + (S+r)
4W 2

H

- (I- (r/H) 
2
) tn(H

2  
+ r ) + (S+r)2 tn(S+r)

2

H
2

2 S+r) H+

- (r/H)
2  

tn r
2  

+ 4 ( - arctan( )
H S+r

- 4(r/H) arctan(H/r)]. (2.33)

Allowing the filamental radius to diminish, and converting to inductance by
expression (2.27) yields:

L' - - 4(S/P) arctan(H/S) + tn(I + (S/H)2) - (S/H) 2n (1 + (H/S)2 (2.34)
p 2v

Equation (2.34) is therefore the propelling inductance per metre for the
uniformly distributed current sheets shown In Fig. 9.

At the beginning of this section it was deduced that the propelling
inductance and the total inductance should be the same in this case. In the
Appendix the method of geometric mean distances is used to obtain the total
inductance for a pair of parallel current sheets. The result, (Eqn. (23) of
the Appendix), is the same as Eqn. (2.34) and shows the deduction to be
correct.

2.8.3 Force due to current sheets on tops and bottoms of rails

To obtain the propelling inductance for current uniformly
distributed over the surface of a pair of rectangular rails, we require the
sum of the forces on the cross sheet due to current sheets on each of the 8
sides of the rails. Equation (2.33) will do for 4 sides; setting r - 0 gives
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the force for the inner sides and setting r - W, the width of the rails, ;qves
the force for the outer sides (Fig. 13).

W S W

Fig. 13. Rectangular rails with uniform surface current.

To obtain the force on the cross sheet due to the top and bottom
current sheets on the rails it is necessary to use Eqn. (2.31) and integrate
in the direction of the width W, with r as the variable (Fig. 14).

W S W

Fig. 14. Top and bottom current sheets.

K

Let the current distributed over the lower surface be K, i.e. i - K dr; we
then have from Eqn. (2.31) the force, F, on the cross sheet:

o~IK 2

F - ' jw [an(H
2 

+ (S+r)
2
) - tn(H

2 
+ r

2

0

(S+r) +arctan(--) - 2 - arctan(-)) dr, (2.35)H S+r H r

where I Is the total cross sheet current. When evaluated, this yields:

oIK 2 2 2 ($w2 (sw2 ._

i0 K H2+ (S+W) 2 S H 2+ (s+W) 2 (s+W) 2HF - - (in ) + - in( ) + - arctan(-)F 2 2 W 2 2 WH S+WH + W H + S
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H arctan( S+) - arcan( ) w arctan(i)
W H W H H W

$2
- 2 arctan() - 1 arctan(l)) (2.36)

2.8.4 Propelling inductance of uniform surface current upon
rectangular rails

Using correctly proportioned values for the side and top/bottom rail
currents, Eqns. (2.33) and (2.36) can be combined to give the total force on
the cross sheet and hence, by Eqn. (2.27), the propelling inductance of a
uniform surface current upon rectangular rails. In this case it is
appropriate to refer to the inductance as the propelling inductance since not
all the flux that passes externally crosses the space between the rails. In
Fig. 8(b) it can be seen that the partial flux linkages on three sides are
such flux lines. The equation for the propelling inductance becomes:

o W H
2 

+(S+w)
2  

S H
2 

+ (S+w)
L - - [in( + +- ,n(

p 2w H+W H2 + 2 W 2 2

(S+w H +WH

arctan( )+ arctan(L-) -1aca(!(sW) H+ H S+ H H

+- arctan(() §i arctan(!!) _- -a arct()
H w WHS W artnH]

+ o2 HW((- (!+W)') in (12 + (S+W)2) _ (wH)2 rnw 2

2wW+ H

2

W H SH H

* 4 (! Wc)t arctan( rcan) - 4 H arctan I

OH S+w2 2 2 2

* arctan( ) + tn(+ + (1))2) (2.31)

2H H+ H H

H 2

where H 1s the rail height, W the rail width and S is the eparation between

the rails and where the current on the top and bottom of the rails is - and
the current on the inner and outer sides is H as p H+W

H+W as proportions of the totalcurrent.
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2.8.5 Propellinq inductance for current uniformly distributed across the
whole rail cross section

The propelling inductance for this case is obtained by integrating
the current sheet expression, Eqn. (2.33) over the width, W, of the rails
(Fig. 15). The term 12 in Eqn. (2.33) is due to the product I x I, one I

W S W

r I

dr j

Fig. 15. Integration to obtain propelling inductance for current uniformly
distributed across rail cross section.

referring to the cross sheet cu rent and the other to the sheet current. We
now replace the latter term by j dr to obtain the force of an elemental
current strip of width dr. The total force is thus:

F -I - (S+r) 2 ) en(H
2 

+ (S+r) 2

0 H
r S+r)2  2 (r)2 r2

(1 - () 2) en(H + r 2 ) + 2L ,n(s+r) 2 2 n r 2

HSr H 2 Hr r(.8

+ 4 (S+r) arctan(-+ H) - 4 1 ) arctan(-)] dr (2.38)
H S+r H r

Evaluation of Eqn. (2.38) yields, after laborious integration by parts, for
the inductance:

L' -." [,n(H + (S+W)2  + tn(H
2 

+ (S+W) 2)| P H2 + W2

3 W2

2SW 3SH2W 2 HW

M sw t(l + (-) ) + - tn(l + (-) )

3H2W 3H
2
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+ 2 H (arctan( ) - arctan(!))
3 W H H

2 2 H W2 H S 2 2

* ((S+W) arctan(-) - W arctan(-)) - rn(H 2 
+ S

2 )

WRS+W W

S
3  H 2H S

2

+ - ,n(i + (-) ) - - - arctan(-) - 2 _ arctan(-)] (2.39)
3H2S 3 W H WH S3WH

2.8.6 Total Inductance for uniformly distributed surface current

Firstly, it is necessary to select a method for calculating the
total inductance. By calculating the work done when two filamentary circuits,
such as shown in Figure 16, approach each other, it is shown in text books
(14] that their inductance is given by:

ds ds 2(2.40)
L 4 - Ci 1C2 r

which is called the Neumann integral. We can consider a circuit with a real
conductor to be made up of filamentary circuits parallel to each other. The
magnetic energy of the circuit is the total work done in bringing all the
filamentary circuits together and the corresponding total inductance is
obtained by evaluating Eqn. (2.40) for every pair of filamentary circuits. :n
general it is only practical to evaluate Eqn. (2.40) by numerical methods.

Fig. 16. Filamentary circuits - Neumann integral.

If the filamentary circuits are long compared to any distance r
between them, as for pairs of parallel conductors, the "geometric mean
distance" method, due to Maxwell, transforms the integration to a routine
process. As is shown in Appendix 1, the inductance expression for two equal
conductors becomes:

L - nR - n R 1 (2,41)
12 11
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where R 12 is the geometric mean distance between the conductors and Rl is the

geometric mean distance of each conductor from Itself. This is the method
that we shall use.

The task is to calculate R12 and Ril for rectangular rails with
current uniformly distributed over their surfaces i.e. as if the rails were
very thin wall sections. This is done by combining the basic equations for
the geometric mean distances (GMD) of each side of one rectangle, from the
other to obtain R1 2 , and from its own sides to obtain RI. There are, thus,
16 contributions to each of R 2 and R,, (Fig. 17), viz.:

for R11; GMD of each line from itself 4 cases
GMD of parallel lines 4 cases
GMD of lines at right angles 8 cases

for R1 2 ; GMD of parallel lines 4 cases
GMD of lines in the same straightllne 2 cases
GMD of lines diagonally displaced 2 cases
GMD of lines at right angles 8 cases

w S w

HED 2 aii
3 7

Fig. 17. Thin wall rectangular section for total inductance calculation
with uniform surface current, geometric mean distance method

Calculation of R1,

(I) The GMD, R, of a line of length a from itself is given by Rosa and
Grover (15] as in R - in a - 3/2. The rectangular section H x W has
two lines of length W and two of length H, for which the basic
equations are:

in R - in W - 3/2 (2.42)

en R - in H - 3/2 (2.43)

(Ii) For parallel equal length lines Rosa and Grover give an expression,
which for the lines 4 from 2, 2 from 4, separated by W and of length

H yields:
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w 2 2 2(2 W
in R - (-) en w + 1/2 ( I ) mn(H' , W

2
) + 2 - arctan(-) - 3/2. 12.44)

H 2 -H H W

For the GMD'S of lines I from 3 and 3 from 1, W and H reverse tnelr
roles in Eqn. (2.44).

(iiI) The GMD of lines at right angles to each other does not appear to
have been published and is derived in the Appendix. :" is (putting
S - 0):

12 , 2) _ W 2 H 2 W,in R - - (WH in(H arctan + + H arctan -, (2.45)
2 WH W H

The symmetry of this equation makes it applicable to all eight

combinations 1,2; 2,1 etc.

When these equations are combined according to the rule [16]

AB in RAB + CD in RCD +
inR- AB + CD +

where R is the composite GMD of a system comprised of lines of lengths A and 3
with a GMD of RAB, lengths C and D With a GMD of RCD etc., we obtain:

in R - (W 2n W + H 2tn H + WH tn(H
2 

, W) (W+H)
2

11 (W+H)2 2

+ (W+H) (H arctan(-) + W arctan(-))] (2.46)
H W

Calculation of R1 2

(I) Equation (2.44) applies to the parallel lines of the two rectangles
but with W replaced by S for lines 2,8 and by S+W for lines 4,8 and
2,6 and by S+2W for lines 4,6 (Fig. 17).

(ii) For lines in the same straight line i.e. 1,5 and 3,7 the equation
given by Rosa and Grover (151 is used, viz.,

in R - in nW - 1 -*- 4 (2.47)

12n 60n

S +W
in which n - .

(iII) For lines that are parallel but diagonalll,displaced, i.e. lines 1,7
and 3,5 the following equation, derived in the Appendix, is used.

2 2
2n R - -L [((S+2W) 

H  
n(H2 + (S+2W)) - 3W2 + 2HS arctan(-)

2W
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- W, H 
2  

_ - 2 
2  

2)

+ 2H (S+2W) arctan( - 4H (S+W) arctan --- - (- - ,n(H2 +s
H H 2

+(H2  _ (S+W) 2 mn(H 2  + (S+W)2 1 (2.48)

(iv) The lines at right angles in this case are separated by distances S
and S+W and there are 4 cases of each separation. The following
equation applies to separation S and is derived in the Appendix:

fn R - ( [H(S+W) fn((S+W)
2 

+ H 
2
) - 3WH

+ 2 .S W 2 SH-

+ H arctan(-- -) + (S+W) 2 arctan( ) HS tn(s2 + H2 )
H S+W

- H2 arctan(-) - S
2 

arctan(-)] (2.49)H S

Many terms cancel when combined to give the composite value for tn R
substituting the composite values for tn R and fn R into Eqn. (241)
yields:

it 0 2
L - Is t n S + 2(H-S) (S arctan(-) - H arctan(-))

42(W+H) 2 2 2

- 6H
2 
+ 2(S+W)

2 
tn(S+W) + 2(H

2 
- (s+w) 2 )n(H

2 
+ (S+W)

2 )

+ 4(S+W) H (arctan(-) - arctan(-)) + (+2W) tn(S+2W)
S+W H

+. 2W 2(fn(S+W) (_.I_)2 _ I (_.I 4) - 3W
2 

_ 12HW12SS+W 60 S+W

- 2HS In(S2 + H
2
) + 2H(S + 2W) tn((S+2W)

2 
+ H

2

+ 2 arctan(S+2W) + 2(S+2W) arctan(-)
H S+2W

- 22  2rtn -- 2 2s'3 2

4(W
2 en W + H

2 n H + WH tn(H
2 + w ) - -(W+H)

2

2

+ (W H) (H arctan(-) + w arctan(-)))
H H
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• S+2WH
+ 2(S+2W) H (arctan(---) + arctan(- ), (2.50)H S+2W

where L is the inductance In Henries/metre.

2.8.7 Total inductance for uniform current across section

The inductance of rectangular sections with the current uniformly
distributed across the section has been derived by Gray (16]. The equation is
more complicated than Eqn. (2.50). Arnold [131 developed the following
approximate equation, which is generally accurate to within 1/2%.

L - n[4.48(a + 5) + ( - 2.41a + a2.3' 1 (2.51)

(1 + 1.340 + .601.5

where a - - and S S
W+H H

2.8.8 Kerriak's equations for minimum inductance

Xerrisk's equations for the minimum inductance of rectangular rails
are t11l:

L [ [A + B tn(F 1 )] en(F 2 ) PH/m, (2,52)

where F - I + a (i) + a (-) (-)

1 OH 2 H H

F2 - b + b (-) + b (-) + b (-) (-)2 1 2 H 3 H 4 H H

A - 0.4406410

B - -0.0777133

a1  - 3.397143

a2 - -0.0660307

b - 1.007719

b - 2.743651

b -3  0.0220931

b - 0.2637392
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2.9 Inductance equations - results and discussion

The inductance equations given in the previous section are tabulated
and graphed on the following pages. These results enable several ideas that
have been put forward to be assessed, viz.,

(i) that the initial inductance is the minimum total inductance,

(ii) the range of "f" values that occur owing to internal inductance,

(ili) the possibility of the current taking up a different distribution to
that which gives minimum initial inductance.

The tables and graphs (Fig. 18) show that Kerrisk's equation does
give initial inductance values lower than the total inductance values of
either the uniform surface or fully penetrated currents. (Kerrisk states that
his equation is not applicable to the case Wi - 0 and is generally accurate
within 7% (II]).

The values of "f", defined as propelling inductanceThe ale of "f" deine as ___ _______ ...... are plotted in
tottI inductaiceFig. 19 for uniform surface and fully penetra ed curren s. Railguns generally

have rails with W/H in the range 0.2 to I with an approximately square bore,
i.e. S - H. The graphs show that for such geometries f is in the range 0.8
to 0.95 for uniform surface current and 0.65 to 0.9 for fully penetrated
rails. Full penetration of rails with H = W would only occur in very slow
railguns, though, i.e. f - 0.65 would be the worst case.

Two factors have been raised as influencing the current distribution
- the minimum opposition principle and the initial location of surface
charge. According to the minimum opposition principle, current will arise, as
the projectile sweeps over new sections of rail, such that the opposition due
to both resistance and inductance is least. The rail surfaces ahead of the
projectile, however, are charged by the voltage drop across the projectile (or
plasma arc) so that initial current flow in determined by the location of the
surface charges. One way to combine the factors, as noted before, is to
consider the initial charge locations as the boundary condition for the
location of current in the solution of the diffusion equation, which is
compatible with the minimum opposition principle. According to this scheme,
current would diffuse inwards with the same pattern as on the surface,
gradually overlapping from all sides until the distribution becomes uniform.
Resistance opposition, though, will all the time be favouring uniform
distribution in all directions. The issue is how much penetration will occur
before the current becomes substantially uniformly distributed at the
surface. In the railgun, other factors may have a role also. The transfer of
current to the projectile or plasma arc is a violent process, something of an
electrical storm. This may stir up the initial distribution so that at least
on the inner surfaces of the rails, the current is uniformly distributed. The
writer has examined railgun rails to see if there is bvidence of preferential
arcing towards the edges of the rails in accordance with the minimum
inductance distribution. The examination showed only a uniform feathery
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Inductance tabulation, Rectangular rails, #H/m.
S/Hw/ H

.1 .2 .5 1 2

Minimum .1 .105 .187 .365 .556 .187

Inductance .2 .103 .181 .353 .536 .758

Kerrisk .5 .097 .170 .327 .496 .699

Equation (2.52) 1 .093 .159 .303 .456 .640

2 .090 .150 .279 .413 .575

0 .110 .202 .407 .628 .885

Propelling .1 .097 .179 .367 .576 .A24

Inductance .2 .088 .163 .339 .537 .778

Uniform Surface .5 .072 .134 .284 .460 .682

Current 1 .058 .109 .234 .387 .586

Equation (2.37) 2 .044 .083 .182 .305 .474

0 .110 .202 .407 .628 .885

Propelling .1 .100 .184 .377 .588 .837

Inductance .2 .092 .170 .352 .554 .797

Fully Penetrated .5 .075 .141 .297 .477 .700

Current 1 .059 .111 .238 .392 .591

Equation (2.39) 2 .042 .080 .175 .296 .462

0 .111 .202 .407 .628 .885

Total .1 .140 .211 .385 .583 .823

Inductance .2 .156 .222 .376 .556 .782

Uniform Surface .5 .206 .253 .371 .517 .712

Current 1 .259 .293 .380 .494 .656

Equation (2.50) 2 .323 .345 .404 .485 .608

0 .110 .201 .408 .629 .885

Total .1 .163 .242 .423 .625 866

Inductance .2 .204 .273 .436 .621 .849

Fully Penetrated .5 .286 .337 .461 .611 .808

Current 1 .360 .395 .485' .600 .762

Equation (2.51) 2 .430 .452 .500 .588 .708
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- Total LH
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Fig. 18. Inductance of rails, oH/M, plotted from expressions given in
Section 2.8.

U7.S. - uniform surface current
F.P. - fully penetrated current

X - minimum total Inductance
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Fig. 19. Graphs of factor f, computed from inductance tabulations.
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pattern across the width of the rails exposed to the plasma, i.e. supporting
the uniform surface current theory.

The extent to which the above factors cause initial departure from
the minimum inductance distribution and hence affect the force on the
projectile depends on the increase in inductance that is incurred. If the
inductance increase for uniform current distribution is slight, the resistance
and arcing influences may cause this distribution to be favoured. By
examining the ratio of the minimum to total inductances we can gain an idea of
the relative ease of current flow under minimum inductance conditions and
hence the likelihood of more uniform current distributions.

Ratio of minimum inductance to total Inductance

(1) Uniform surface current

H/H sIh
.I .2 .5 1 2

.1 .75 .89 .95 .95 .96 .97

.2 .66 .62 .94 .96 .97 .98

.5 .47 .67 .88 .96 .98 .98
1 .36 .54 .80 .92 .98 .99

(il) Fully penetrated current

W/H S/H
.1 .2 .5 1 2 5

.1 .64 .77 .86 .89 .91 .93

.2 .50 .66 .81 .86 .89 .92

.5 .34 .50 .71 .81 .87 .90
1 .26 .40 .62 .76 .84 .89

The ratio tabulation shows that for railgun geometries (W/H in the
range 0.2 to 1 and S/H = i) the minimum inductance is 96% to 90% of the total
inductance of a uniform surface current, i.e. the inductive opposition of a
uniform surface current is 4% to 10% greater than the minimum.

It follows that if a more uniform current distribution reduces the
resistive opposition by more than 4% to 10%, the total opposition will be
reduced and the more uniform distribution will occur. Examination of the
current distribution for minimum inductance (Fig. 7) suggests that
redistribution of the current peaks at the corners would reduce the resistive
opposition by about 10%. .Bearing in mind the arcing and high current
densities In the railgun It Is therefore suggested that the current is
initially established with a distribution that is somewhere between that for
minimum Inductance and a uniform surface current.
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Conclusions

We have used the uniform surface current distribution as a
convenient model from which to estimate the effect of a more realistic current
distribution than the ideal surface current distribution that gives the
minimum inductance.

Relatively small inductance differences were found between the
surface current distributions, for railgun geometries. On the assumption that
current flows such that total opposition is minimized, it is concluded that
current is initially distributed more uniformly than for the minimum
inductance. The factor f is likely to be in the range 0.8 to 0.95, depending
on rail geometry.

The values of f referred to above are those in the immediate
projectile region. Current penetration increases with distance behind the
projectile and the rail inductance increases. The associated energy of the
inductance increase behind the projectile is lost, as discussed when this work
was commenced, and hence the value of f due to current distribution effects
during the whole acceleration period is lower than the above values.

Even if the current initially has very nearly the minimum inductance
distribution, so that f - I at the projectile, the diffusion of current behind
the projectile will cause a lower value of f.

The effect of current distribution is least for thin rails;
therefore railgun rails should be as thin as other factors, such as heating
and strength, allow.

2.10 Efficiency equations for railgun configurations
2.10.1 Loss mechanlsms

The losses in the railgun itself (i.e. not including the power
source) may be put into six categories:

(i) the magnetic energy stored by the rails, which limits the efficiency
of the simple constant current railgun to 50%;

(ii) the magnetic energy of flux that is not coupled to t e projectile
and

(iii) an equal amount of associated energy (included in factor f);

(iv) the resistive heating of the rails;

(v) the voltage drop across the projectile (or plasma), measured as the
muzzle voltage of the railgun;

(vi) friction and windage, which may also be included in the factor f.
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The energy required to accelerate the plasma is also generally lost,
but this loss is not included in the above list, i.e. the plasma is taken to
be negligible in mass compared to the projectile.

2.10.2 IMroVed railguna

To improve the efficiency of the simple railgun shown in Fig. 1, two
variations have been proposed. The first, due to Hawke 117], reduces the
resistive losses by breaking the lony rails into a series of short rails, each
with its own power source, as in Fig. 20. This is called "segmentation".
Clearly, the resistive losses in all except the short section of rail
containing the projectile are eliminated. The other variation, due to
Marshall and Weldon (181, uses power from sources distributed along the length
of the rails, each source being switched on when the projectile passes it
(Figs. 21, 22). In this scheme, called the "distributed energy store- scheme,
the currents from the individual sources are not constant, but decay to
zero. The currents from all the sources, however, sum to an approximately
constant current in the region of the projectile, so giving the desirable
constant acceleration. As well as greatly diminishing the resistance loss,
this scheme, by allowing the current to collapse to zero, automatically
recovers the field energy of the rails. Marshall and Weldon suggest that :nis
scheme would have an efficiency of 70% in space launch applications. Both
these variations also improve the factor f, because there will be less time
for current to penetrate and give rise to internal inductance at any section
of the rails.

*owar Scum*c

Fig. 20. Segmentation of rails (Hawke).

Irer currnt fl

__ Power Source
Inductors

Fig. 21. Distributed Energy Stores (Marshall, Weldon)
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Sum of Currents

I Individual Store
Currents

Distance from Breech

Fig. 22. Currents in distributed energy store scheme.

In the following Sections, equations will be derived for the efficiency of the
simple and improved rallguns, taking into account the losses listed above.
Constant current is assumed for mathematical simplicity.

2.10.3 Simple condition for high efficiency

The extent to which resistance is a problem in attaining high
efficiency can be determined in a simple manner. As far as the power source
Is concerned, the electrical energy that becomes kinetic energy of the
projectile, is dissipated. If the projectile is accelerated by force F and
has velocity v, then:

Fv - R E12 (2.53)

where RE is a resistance which dissipates the same power as the projectile
gains and I is the rallgun current. Since F - 1/2 L'12, where L' is the
propelling inductance per unit length, we obtain:

REQ - 1/2 L'v (2.54)

This equation can be used to deduce the permissible resistance of
the rails and power source, since for an efficient gun, these should be much
less than REn. If a 5 gram mass were to be launched at 10 km/s from rails
with L" - 0. pH/m, REQ would have a maximum value of 2.5 x 10- ohms. The
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resistance of the rails and power source should be much less than 2.5 X 10
- 3

ohms for high efficiency. Owing to the current flowing near the surfaces, it

is difficult to make the rail resistance low except by using short rails.
From this we can conclude that for high efficiency the acceleration must be
high. Note that the equivalent resistance relationship holds whether the
current is constant or not.*

2.10.4 Current penetration model

In Section 2.1 it was shown that the resistance may be deduced by
equating the resistive and inductive opposition forces and that this is a
solution of the diffusion equation. Depth of penetration of the current, for
resistance calculation, can be an equivalent depth of a convenient current
distribution. For the railgun it is convenient to suppose that the current
penetrates from the inner rail surfaces as a uniform layer of cross-section d
x H where d Is the depth of penetration and H is the height of the rails (Fig.
23). Hawke [19] and Barber 112J have used such a model previously. Actually,
as has been discussed, the current is distributed all around the rails and the
assumed distribution cannot be used for calculating rail inductance.

1 2 3 n-1 n N
S I I In-I 1 I tn I

Breech e Projectle Muzzle

___o

X

S

Fig. 23. Parameters used in equations.

* The ratio of the Inductance to the equivalent projectile resistance at any

instant has the curious property of being equal to the time for which the
circuit has been switched on, in a constant current railgun. If the
projectile has moved distance x from the breech, the inductanze is L'x and

L'x L'x
R2 Q f/2 L'V

but with constant current the force is constant and hence the acceleration Is
constant and

x - vt

where t is the time for which the acceleration has proceeded. Hence, - - t.
REQ
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2.10.5 Resistive loss in a portion of the rails

Consider a portion of the rails between distances s and X, as in
Fig. 23. The current has penetrated depth d at distance s from the breech and
the resistance of the elemental slice of width ds is given by:

dR - pds (2.55)
Hd

where p is the resistivity and H is the height of the rails. In Sect. 2.7 it
was shown that the depth of penetration, d, is given by an expression of the
form d - e /- where t is the time for which current has flowed, a - - is the
conductivity and , is the permeability. P

The time for which current has flowed at a slice is the time elapsed
since the projectile passed it. Let this time be denoted by r i.e.

t-t -t (2.56)x 5

The energy loss in the slice at distance s, AWs , is therefore:

Aw s - X -s(r)-z dl das (2.57)

0

Since the current is constant, the acceleration is nominally
constant and we may put ds - a ts dts, where a is the acceleration, The total
energy loss between distances s and x is the sum of the losses of all the
elemental slices in both rails and is given by:

AW . 212a(,, 1/2 j [ X s (,)-12dJ t dt (2.58)
t 5 5

5

is 12a ( 12t 5/2 t t /2 ts 5/2

(s- [ -A (I - ) 3/2 ( - - (2.59)
15He x 2t t t

Putting ts - 0 we obtain the total resistive loss, WR, in both rails
up to the time that the projectile reaches distance x:

16 A 2a 1/2 5/
__ (pi) t 5/2 (2.60)R 15 He x
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Equations (2.59) and (2.60) enable us to obtain the loss in the
portion of the rails from distance s to x as a fraction of the total loss from
the breech to x:

Rail loss from s to x AWR
Rail loss from breech to x W -

5t t 32 t 5/
-5 ! (I- s)3/2 + (i- 1) 5/2 (2.61)
2 t t tx x x

Eqn. (2.61) becomes much more useful when expressed in terms of the distances
reached at times t and t .. Consider the rails to be divided into N equal
length sections by marks as indicated in Fig. 23. The energy lost in the nth
section is obtained by putting

(n-1)s nS
N I N

where S is the total rail length, from which, since the acceleration is
constant, we have

t 3 t n- 11/S n-i -) (2.62)

t x  tn  n

Eqn. (2.61) becomes, on substituting Eqn. (2.62):

AW R Rail loss in nth section as it is traversed by projectile

w R  Rail loss in all sections to end of nth

5 ( i - 1)- 12 )31/2 + (i - ( - )2 )5/2 (2.63)
2 n n n

AW R 5 (n-3/2or, W - 4 (n)3 , (2.64)

WR 442

using (I - 1)1/2 1 _for n > I.
n 2n

As an example of the use of Eqn. (2.64) let us find the loss in the
final 10% of the rails of a simple railgun, compared to the total resistive
loss from the time that the projectile was at the breech. To do this, put n -

10 in Eqn. (2.64). The result is that 2.8% of the total resistive loss occurs
in the last 10% of the rails.

As the projectile accelerates the depth of penetration of the
current decreases in the portion of the rails containing the projectile. It
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is important to know whether the resistive loss increases or decreases
compared to the energy gained by the projectile. Using factor f to denote tne
effective force on the projectile due to flux distribution and factors such as
friction and air load ahead of the projectile, the energy gained by the
projectile in the nth portion of the rails, AW , is:

p

AWp -- f L' 12a t2 _ t2_ ) (2.65)p 4 n n-i

where L' is the average total inductance per unit length and tn_ 1 and t. are
the times at which the projectile enters and leaves the nth portion of the
rails. Kqns. (2.60, (2.62), (2.64) and (2.65), together with

v 2Mvn n
t - - (2.66)
n a fL' i2

where vn is the velocity at the end of the nth portion, enable us to obtain:

AWR Rail loss in nth portion as it is traversed by projectile

AW Energy gained by projectile in nth portionp

16 ( Mn" 1/

3 16 Mvn ) (2.67)
3HsfL'z fL'n

or, alternatively:

AWR  16(P) 1- / 2 
(fL') (SM) 1/4

NAw (2.68)
p

Eqns. (2.67) and (2.68) show that the energy lost in resistive heating in the
portion of the rails containing the projectile diminishes as n, I.e. as
distance from the breech, increases. This means that the shorter time spent
by the projectile in traversing equal length portions outweighs the effect of

shallower current penetration.

2.10.6 Rail lose coMarlons - breech supplied rallgun

In formulating an efficiency equation for the breech supplied
railgun the following relationship is required:

W R Rail loss from breech to distance x

w Projectile energy at distance x
p
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F-

Eqn. (2.60) together with Wp - 1/2 f L'1
2x yields:

WR 6 (2MV PO 2 (f L') - 3/2 (2.69)

W 15HaI Xp

Another relationship of interest for the breech supplied gun is:

AWR Rail loss in nth portion as it is traversed by projectile

wR (t ,t ) Rail loss in all portions during same time
R -1, a

This is obtainable from Eqns. (2.60) and (2.64); the result is:

R (2n) /2 (2.70)
w R(t ,-'t n ) n)WR n-I tn

According to Eqn. (2.70) the resistive loss in the tenth equal
length section is 22% of the loss in the whole of the rails during the time
that the projectile traverses the tenth section, for example.

2.10.7 Rail loss comparison - segmented railgun

Equation (2.64) shows that if the power source could always be
connected to just the 10% of the length of the rails that contains the
projectile, the rail losses would be reduced to 2.8% of those in a gun powered
from the breech. Such segmentation would require very short segments near the
breech. The total rail loss for a gun constructed with N equal length,
separately supplied, segments can be obtained by summing Eqn. (2.59) for all
segments. Together with Eqns. (2.60) and (2.64) this enables the reduction in
rail loss due to segmentation compared to a breech supplied gun to be
calculated.

WR(N) Rail loss, segmented railgun, N equal segments

WR Rail loss, breech supplied gun

n n) 5/2 5 (n)-3/2

N 442

-- (N) -5 4 (n)- / (2.71)

442 n.1

Substituting (n)- 1/4 . (N)4/ 5 Eqn. (2.71) becomes:
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'IR (N ) --9/20 2 .72 )

R 442

Eqn. (2.71) predicts that for a railgun with 20 equal length, separately

powered, constant current segments the rail loss would be 23% of that of a
breech supplied gun. For 100 and 1000 segments, the losses reduce to 11% and
4% respectively.

For efficiency calculations we require the ratio:

WR (N) Rail loss, Segmented railgun, N equal segments

W Projectile energy

This is obtained by multiplying Eqn. (2.72) by Eqn. (2.69).

The result is:

WR(N) " 3i6 (fL,)-3/2 (SvIp#1 (N)-9/20 (2.73)W 3HaI
p

2.10.8 Rail losses - constant resistance per unit length

If the rails are thin, or the acceleration is slow enough, the
current will be uniformly distributed across the rail cross section and the
resistance per unit length will approach the d-c value. It is also of
interest to know hftether uniform resistance per unit length would be
advantageous, if it could be attained by some special rall construction. Let
the resistance of the rails be R' ohms/m. When the projectile is distance x
from the breech, the rail resistance measured from the breech is 1/2R a t ,
since we are assuming constant current and hence constant acceleration. xThe
energy dissipated in the rails up to time t x is therefore:

WR I' t'. (2.74)
R  x

If we consider the rails to be divided into N equal sections as in
Fig. 23, the energy dissipated while the projectile moves over the nth section
is:

t
& ' a n (t

2 
- t2  ) dt, (2.15)WR 2 atn t  n-i

n-I
or

AWR  . 2 a t3  11 3( 1 2 h L) 3/2 , (2.76 )
R 6 n n n
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where tn is the Jime2at wqich the projectile reaches the end of the nth
section. Since - I a t is the energy lost in the whole of the rails up to
the end of the nth section, we have:

AW R Rail loss in nth section as it is traversed by pro]ectile

WR  Rail loss in all sections up to end of nth

- 1 - 3(1 - 1) + 2(1 - 1)3/2' (2.77)
n n

AWR 3 12
or -2.78)

WR  4 n

Eqn. (2.78) predicts that the resistive loss in the final 10% of the rails s
0.75% of the total rail loss, compared to 2.8% in the case of diffusion
proportional to t1/2 .

Eqns. (2.72) and (2.77) and Wp -1/2 fL'1 2x lead to:

W R Rail loss from breech to distance x
W P Projectile energy at distance xp

- R' Mv (fL'I)
2  

2.9)
3 x

AWR Rail loss in nth section as it is traversed by projectiie

AW - Energy gained by projectile in nth sectionP

R' M V
n (f LI)-2 (2.80)n

R' (SM) )/2 (fL,)1/2 (2.81)
I Nn

(using Eqns. (2.65) and (2.66) also).

Rail loss in nth section as it is traversed by projectile
Rail loss in all sections in the same time

AWR 1- (2.82)
W R(t n_1, tn 2n
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According to Eqn. (2.82) the loss in the final 10% of the rails Is only 5% of
the loss in the rest of the rails during the same time, If the resistance per
unit length Is constant. For the diffusing current case, Eqn. (2.70), the
result was 22% i.e. the loss in the final 10% was relatively much greater.

Summing Eqn. (2.76) to obtain the losses in N equal length segments
and using Eqn. (2.74) we obtain for a segmented railgun:

WR(N) Rail loss, Segmented railgun, N equal segments
WR  Rail loss, breech supplied gun

3 (1) 3/2 n (1) 1/2
4 Nr n-1 n

which becomes, substituting 2 N/2for the sum of the series for large N,

WR (N) 3
R 3 (2.84)
W 2N
R

For N - 20 the sum of the series is 1.70 N1/2 and Eqn. (2.83) predicts that
the rail loss would be 6.4% of that of a breech spplied gun (compared to 23%
obtained for current diffusion proportional to t 2).

For the ratio

WR(N) Rail loss, Segmented railgur, N equal segments

W Projectile energyp

we obtain:

WR (N) 2R'MVN-"N (fLI) -  
, (2.85)

W N
p

by multiplying Eqn. (2.84) by Eqn. (2.79).

2.10.2 Other 10e comparisons

In Section 2.10.1 five losses were listed in addition to the
resistive losses discussed in the previous Sections - the stored magnetic
energy that is coupled With the projectile movement and that which is not, the
associated energy which is not coupled with the p:i)jectile and friction and
windage, and muzzle voltage losses.

The total magnetic energy, WM , at distance x from the breech of a
simple railgun is:
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WM - 1/2 L'12x 2.86)

This includes both the energy of the flux that couples the projectile and that
which does not. Since the projectile energy is W - 1/2fL'I'x,

W
M- - 1 (2.8-7)
p

As was discussed in chapter 1, the associated energy, Wa, equals the
total magnetic energy WM. We have supposed that only fraction f of the
associated energy becomes projectile energy, therefore the total wasted,
including that which is dissipated in friction and windage, is (1-f) Wa and

(I - f)W (I ) 2a f 1/2 L (288)
w p 1/2 f L ' 2 1 2 ' f (.

The muzzle voltage in guns With conducting projectiles Is usually
negligible (less than 1OV). In arc driven guns the voltage is in the range
200V to 300V for typical currents, i.e, 200kA to 500kA. The resistance of the
arc is therefore around 1 mQ, which means that the energy dissipated in the
arc is comparable to the energy gained by the projectile, especially at low
velocities. If the arc voltage is VA, the ratio of arc energy to projectile
energy is:

WA 4VA

W fL'vI (2.89)
p

where v Is the velocity at any point in the gun. The expression applies to
breech supplied or segmented guns.

2.10.10 Effilcency expressions

The efficiency, V, is:

Projectile energy
"Projectile energy + losses

i.e. W I1
M (1-f)W a  WR WA

W W W- W
P P P p

which becomes, substituting Eqns. (2.87) and (2.88)

f f(2.90)

2 f wR A

p p
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Equation (2.90) Is applicable to breech supplied and jegmented
railguns, upon substitution of relevant expressions for F and i.

p p

The chief difference between segmented and distributed energy store
railguns, so far as efficiency is concerned, is that the magnetic field energy
is recovered, i.e. there is no loss WM to be included. Putting WM - 0 yields:

f 
(2.91)S- f WR  f A

p p

Equation (2.91) may be applied to the distributed energy store railgun with a
,segment" defined in terms of the number of energy stores which contribute to
the region of substantially constant current behind the projectile.

Throughout the development of these equations we have taken f as
constant. As was discussed before, f must have a variable part because it
includes the effect of flux penetration of the rails, which has the same t 2
dependence as resistance. To allow f to be a variable would make the
derivations too difficult. We therefore take f to be an effective value,
found by experiment.

W R  WA
Substituting for - and - in Eqn. (2.90) yields:

p p

(a) for current diffuslon proportional to )tlme:
, (Breech supplied) -

4 /(2.92)

2 64 ) (L,)3/2 4v,5 I f Lv

where v is the exit velocity.

(N segments) -

4V (2.93)

16 MVN Ps /2 -3/2 -9/20 4VA

2 + - ) (L-) (N) + n
351.1 f vNI

where vN is the exit velocity at the Nth segment.

(b) for constant resistance, R', per unit length of gun:
q (Breech supplied) -

f -(2.94)

2 4R'Mv (LI)-2 A
3 f L'vI
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V (N segments) =

fV 2.95)

2 R' MVN -2 VA
2 + (L'I) +LI

Nf L'VN I

(c) for distributed energy store railguns, the equations are the same as
(2.93) and (2.95) but with the 2 at the left hand end of the
denominator replaced by 1, and N is the number of equivalent
segments, i.e. the total number of energy stores divided by the
number of stores connected to the region behind the projectile where
the current is substantially constant.

2.10.11 Example calculations and discussion

To evaluate Eqns. (2.92) and (2.93) the value of a is required,
where a s the factor which adjusts the general skin depth relationship
d = a '_i for the particular case. As rioted before, the skin depth is an
equivaltnt depth and need not represent the actual distribution of current.
Instead, the current may be considered all to flow on the inner surfaces.
Barber [12,221 considers this applicable to the rallgun and gives

d - 4"
-2  

(2.96)

from which a - 4w - 1.772, compared to a - 1.414 by the simple evaluation in
Sect. 2.7. As the current redistributes, the value of a will change, but as
with factor f, it would be too complicated to allow a to be a function of time
and location along the rails.

Suppose that a mass of 5 grams is to be launched at 10 km/s from a
railgun with the average total inductince per unit length, L' = 0.5 pH/M;
copper rails for which p - 1.72 x 10 at room temperature; rail height =
1.25 cm and arc voltage - 200V. Eqns. (2.92)-(2.95) give the tabulated
results. R' - 1.502 mO/m is used for the constant resistance per unit length
equations because that is the value which gives the same efficiency at_500 kA
and f - 1 as in the equations for current penetration proportional to 4t and
so gives a common reference condition.

In the tabulation, figures are substituted into Eqns. (2.92)-(2.95)
in the same order as given above in those equations to enable their relative
proportions to be seen. Two efficiency figures are given, (1) for systems in
which the rail field energy is not recovered and (ii) for systems in which it
is recovered. In the tzbulations for segmented guns, these values could be
taken as the upper limit for distributed energy stores guns with an
appropriate number of energy stores (eg. 4 or 5 per "segment"). In the last
two tabulations, the temperature is considered to have risen near to the
melting point and the resistivity is taken as 4 times that of the room
temperature copper.
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Inspection of the tabulations shows a wide range of efficiencies;
from less than I% to 69%. Five factors stand out.

(i) The dominance of the factor f. By virtue of its definition, the
efficiency cannot be higher than f. The value of f must be greater
than 0.5 for high efficiency. In small railguns, e.g. I cm x I cm
bore f is = 0.25. The figure improves with bore size, presumably
becase friction forces diminish relatively.

(ii) 20 segments is a sufficient number to reduce the resistance loss
term to a magnitude similar to the sum of the other loss terms. A
greater number of segments would not increase the efficiencies
greatly. Ways of reducing the arc loss, for example, then become
necessary in order to make further gains in efficiency.

(iii) Constant resistance per unit length does not generally result in
much higher or much lower efficiency than diffusing current; except
in the case of breech supplied rails that are very hot, where
diffusing current has lower losses.

(iv) The higher the current, the higher the efficiency. This is because
the acceleration is higher and the time for losses to accumulate in
the rails and arc is less, for a given final velocity.

(v) By taking the ratio of efficiency for segmented railguns to that for
breech supplied railguns, the reduction in total energy and hence in
total power source size can be estimated. From the tabulation, for
diffusing current (i.e. the practical situation), the power source
size is in the range 1/3 to 2/3 that required for breech supply. To
attain this reduction, however, requires 20 power sources in the
case of segmented designs and perhaps 100 in the case of distributed
energy stores (allowing 5 stores per "segment"). The complication
of so many stores, including the means of switching them into
circuit at the right moments, makes the reduction in required energy
a questionable achievement.

since segmentation and distributed energy stores reduce the rail
losses, they will be of most value where the rail losses would otherwise be
the dominating losses. An example might be where, as a breech supplied gun,
efficiency would be 1% and segmentation or distributed energy stores might
raise it to 10%, thereby reducing the power source size to 1/10 and justifying
the complexity.

Lower acceleration designs would also benefit, since they would
require longer rails and a longer time in order to obtain a given velocity.
Space launch applications might be such an application; several seconds
rather than 1 ms being required to attain say 8 km/s, on account of the
limited launch forces which the cargo could withstand.

It must be observed that the diffusion efficiency equation cannot be
used when the current has diffused to greater than the rail width. After that
time the resistance per unit length becomes constant, i.e. Eqns. (2.94) and
(2.95) apply. The relatively slow acceleration space launch is again an
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Efficiency Tabulation: Sg accelerated to 10 km/s Room Temperature

f Diffusion . 4t Const R/m

I - 500 kA, Breech Supplied, p - 1.72 x 10
- 8 

ohmn-m

1 __________________1
1 .25 .34 2 - .25 .34

2 + 1.602 + .32 2 + 1.602 .32

.5 .11 .14 .09
2 + 2.266 + .32 2 + 3.204 + .32

.25 .25 .05 .06 .25 .03 .03
2 + 3.204 + .32 2 + 6.408 + .32

I - 500 A, 20 Segments, p - 1.72 x 10
- 8 

ohmn-m

1 1
1 .37 .59 10+3.41 .692 + .368 + .32 2 + .120 + .32

5 .. 18 .27 .20 .32
2 + .520 + .32 2 + .240 + .32

.25 .25
.25 .08 .12 .09 . 4

2 + .736 + .32 2 + .481 + .32

I - 250 kA, Breech Supplied, p - 1.72 x 10
- 8 

ohm-m

1 .17 .21 1 .11 .12
2 + 3.204 + .64 2 + 6.408 + .64

.5 .07 .08 .5 .03 .03
2 + 4.531 + .64 2 + 12.816 + .64

.25 ________.25
.25 .03 .03 .009 .0 9

2 + 6.408 + .64 2 + 25.632 + .64

I - 250 kA, 20 Segments, p - 1.72 x 10
- 8 

ohm-M

1 1
2 + .736 + .64 .30 .42 2 + .240 + .64 .3 .53

.5 .5
.5 .14 .19 .16 .24

2 + 1.041 + .64 2 + .481 + .64

..252.06 .08 .25 .07 .10
2 + 1.472 + .64 2 + .962 + .64
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Efficiency Tabulation: 5g accelerated to 10 km/s - Hot Rails

f Diffusion . 4t I I Const R/m q 9

I - 500 kA, Breech Supplied, p - 4 x 1.72 x 10
-  

ohm-m.

1 1
1 .18 .22 .11 .13

2 + 3.204 + .32 2 + 6.408 + .32

.5 ________.5
5 .07 .09 .. 03 .04

2 + 4.531 + .32 2 + 12.816 + .32

.25 .25
25 .. 03 .03 .009 .009

2 + 6.408 + .32 2 + 25.632 + .32

I - 500 kA, 20 Segments, p - 4.172 x 10
- 8 

ohm-m

1 1
1 .33 .49 1.39 .642 + .736 + .32 2 + .240 + .32

.5 .15 .21 .18 .27
2 + 1.041 + .32 2 + .481 + .32

.25 .25
25 .. 07 .09 .08 .11

2 + 1.472 + .32 2 + .962 + .32

example. In long, slow acceleration guns, segmentation and distributed energy
stores could be used to improve factor f, by preventing current diffusion, but
this would be a marginal benefit since f includes other effects as well.

Finally, it can also be seen that if the efficiency of the gun with
a breech supply is a high proportion of the maximum allowed by factor f, then
little would be gained by segmentation or distributed energy stores.

As was indicated at the beginning of this Section, the losses
related to the power source have not been included in tne above treatment. In
particular, the energy remaining in the storage inductor of the power source
will be dissipated when the projectile leaves the gun unless there is a
recovery means. Without a means to conserve this enezgy the efficiency of the
gun plus power source system may be only a fraction (q.g. 1/3) of the values
calculated above.

Since the distributed energy store scheme allows the energy of its
storage inductors to fully discharge into the gun, it is much less affected in
this regard.
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APPENDIX I TO CHAPTER 2

INDUCTANCE CALCULATION BY GEOMETRIC MEAN DISTANCES

The geometric mean distance method is useful for calculating the
inductance of parallel conductors when the filaments of current are known to

be uniformly distributed over the whole cross section, i.e. strictly speaking

it applies only to D.C. Although the method is referred to in the works of

specialists such as Grover, Rosa and Grover and Higgins [20,15,21), they do

not explain it from fundamentals. The best explanation that the writers have

found is that by Gray (161 in 1893, upon which the following development is

based.

Consider two long, parallel conductors, A and B, whose cross
sections have areas S1  and S2 as shown in Fig. 24.

A

S1  ds,

X,,Y

122

Fig. 24 Cross sections of long parallel conductors.

The conductors form a circuit in which current y flows. Consider filamentary
areas located at x1 ,yI in A and x2,y2 in B to form a circuit. We now
calculate the flux that links this circuit due to another filamentary current
located in A at x' y' and having an area dS'. The fu density, at a
distance r from a straight filament of current I is 2-r" Therefore the flux
linking the filament at x1 ,y1 is:

Plo Tds, d2r SI 1 -.dr per unit length, (i)

where r' is the distance between xl,y' and x1 ,Y. Th.e flux from the filament
at xj, yithat links the filament at x2 ,Y2 is:

- -
r  

i J per unit length, (2)
2w 1 r

12

where r' is the distance between x',y' and x2,y2. 'The flux that passes
throughlhe area between the two fiiaments that form the circuit is:

11o7 ds, d r ( 3 )
2wS -

1 r2

so
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N Ao7dS1
i.e. - g (in ri - ,n ri,) (4)

2iS 1 2 11

The total flux linking this filamentary circuit due to all the filaments in A,
doA , is: -

d F (in r - in ri) dS' (s)A -2wS i2 A
I A

A similar equation is obtained by considering the flux that links this
filamentary circuit due to the current in B, viz.,

do P (in r' - n r' ) ds (6)
B 2vS2  21 2

We next calculate the stored energy of the circuit, using the fact that
inductive energy is given byl/2 I 0 where I is the current and # the flux.
Since the curr' . in every filamentary circuit is the same in a filament
In A and its return filament in B, Y- dS1 - '- dS 2. The energy, dW, of a

filamentary circuit can be written ai: 2

P O T d S 2 n r l d s Is f
dW 1/2 T D( [d f in rS- - in r dS

TO get the total Inductive energy, W, we Integrate:

W o . [ 2_ f f ,n r dsI ds2  I r nj ds' ds1

4w 1S2 B 15 A 1 S 2 A A 1

d 1- ds dS dS (8)

2 2 (,nr)

12 B B

Now write: SIS 2  n RI2 i en I rwe12 dSI ds 2  (9)

2

W-I-t--R- f--f-Ai n r dS dS (- mn0)~d

S SSn R n r1 dS 2 dO ()

2 B A S ASA
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substituting (9), (i0) and (ii) in (8) yields:

2

W7 Pma [2 A R 1 (:2)
4w 12 11 22

2Wfrom which, since L n --i, we obtain:

7

L - 0 12 fn R - nR - nR (1)
2w 12 t 11 1 22

The integration of en r type of terms in (9) - (11) is the same as the
logarithm of the produci3of all r I values,

I.e. f f ,n ri. - (,n r.)

- tn (r11  r12 .r 13 .... rNN)

The latter term can be written in R (N  where

N2

-(r 1 1 . r12 . r1 3  r NN

i.e. R is the geometric mean distance of all the points in an area from every
point either within the area that it is itself part of, or from an outside
area. These cases correspond to R11 and R22' and R12 respectively.

If the conductors have the same cross section, R11 - R2 2 and Eqn.
(13) becomes:

Fo
L - - In R - n R 1 (14)

T 12 t 11

Since (13) and (14) give the inductances of parallel thin tubular conductors
or radii R and R2 2 separated by distance R12 between their centres, it can
be deduced that the geometric mean distance is a transformation from other
shapes to equivalent tubular geometry.

As three examples, the geometric mean distances of lines at right
angles and of lines of equal length that are parallel but diagonally displaced
are derived, and the inductance of a pair of parallel thin strip conductors is
found.
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Lines at right aaqles (Fig. 25)

H

UI

Fig. 25 Lines at right angles, separated.

Gray (161 gives the GMD of a line of length a from a point P, distant p from
one end as:

t n R [a mn(p2 + a 
2 ) 

- 2a + 2p arctan(-)] (is)
p

which, substituting H for a becomes:

in R - (H en(p + H2 ) 
- 2H + 2p arctan(-)] (16)

p

To extend this equation we integrate with respect to p

I.e. nR- (H en(p
2 + H

2 ) - 2H + 2p arctan(-)I dp (17)
2W.R p

- (Hp in(p + H 
) 

- 3Hp + H
2 

arctan(P) + p arctan(H)-)S+W
2WR P S

- I- H(S+W)en((S+W)
2 + H2 ) 

- 3H(S+W) + H2arctar(+W
2WH H

2 H 2 2 (S

+ (S+W)
2 
arctan(-) - HS tn(S

2 
+ H

2 ) 
+ 3HS - H arctanl)

S +W H

- 2arctan()] ()
S
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Equal parallel diagonally displaced lines (Fig. 26)

H

Fig. 26 Equal parallel diagonally displaced lines.

We require the sum of the logarithms of distances between points such as P,Q.
on the lines of length W, displaced H vertically and S horizontally.

The GMD Is given by:

n R - 1 2 fWW in [H2 + (r + s t) 2 dt dr (19)

2W 0 0

Integrating with respect to t yields:

in R - -- S (r + S + W) in(H2 + (W + S + r) - 2W
2W o

+ 2H arctan (r + S + W) (r + S) tn(H
2 

+ (r + s) 2)
H

2H arctan(--)l dr (20)
H

which when integrated with respect to r yields:

in R - 1 H (S+2W)
2 

_ H
2 ) 

tn(H 2  (S+2w) 2 3W 2 2HS arctan(-)
2W2  2 H
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+ 2H(S+2W)arctan (s+2w)- 4H(S+W) arctan(+) - (H
2 

- )tn(H
2 

+ S
2

H H 2

2 2 2 + 2
+ (H - (s+w) )en(H (S+W) )H (21)

Inductance of parallel strips (Fig. 27)

Let the strips have height H and be separated by distance S, i.e. as
in Fig. 9. Eqn. (2.44) in sect. 2.8.6 for parallel equal length lines gives
the value for in R12 to be used in Eqn. (14), by putting S for W, i.e.

in R - (1)2 in S + ,(1- ) en(H 2 + S2 ) + 2 - arctan () - 3/2 (22)
12 H 2 H H S

Fig. 27 Parallel strip conductors (or current sheets).

For In R I we use the equation for the GMD of a line from itself (Eqn. (2.43)
Sect. 2 .8.) I.e. in ft - in H -3/2. Substituting for in R2 and
in R in Eqn. (14) yields: 12

L - A, [1 )2 in S + 1/2(- ( 2) ,nlH
2 

+ S
2
) + 2 1 arctan 0i) - ,n H)

i.e

A0o 45- H n 52 S 2 ,n H+ 2
L - g - arctan(-) + n(l + (1)

2
) _ (-) in(I + C!)2), (23)

2V H 5 H H 5

which is the same as Eqn. (2.34) of Sect. 2.8.2. This shows that the total
inductance and the propelling inductance are the same for this case.
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CHAPTER 3

A REVIEW OF PULSED POWER SOURCES FOR ELECTROMAGNETIC PROPULSION

The power sources being used and proposed for railguns are described
and discussed in this Chapter, especially in terms of the energy delivered per
unit mass. An overall pulse energy density of at least 1 kJ/kg is considered
to be necessary for railguns to be at all comparable with powder guns.

It is shown that the mass of a system that stores kinetic energy in
some form can be simply estimated and that about 10 kJ/kg is an upper limit
for metal structures.

The battery and pulse transformer scheme is introduced and shown to
have potential advantages.

3.1 Features required of a power source

3.1.1 Quantity of energy required is IM or more

For masses up to a few grams the chief reason for electromagnetic
propulsion is to obtain velocities greater than those possible with light gas
guns i.e. greater than about 8 km/s. For masses in the kilogram range there
is military interest in attaining velocities of about 3km/s, about twice the
present artillery velocities. There is also interest in accelerating masses
of the order of tonnes to about 1o km/s for space launching.

For the reasons discussed in the previous chapters, the maximum
efficiency of actual guns Is likely to be in the range 10% to 30%. Allowing
50% efficiency for the transfer of energy from the power source to the gun
indicates that the power source (an inductor) that finally operates the gun
must be supplied with 7 to 20 times the kinetic energy that the projectile
acquires. For the three applications mentioned, the energies required at the
final stage of the power supply system typically become 1MJ, 100 MJ and
hundreds of thousands of megajoules.

3.1.2 Final component of power source must be an inductor

The important contributions which Barber made were the realizations
that rallguns should be operated with a constant current and that the final
component of the power source should be an inductor. A constant current
produces a constant acceleration force and lowest overall stresses for a given
final velocity. An inductor current source automatically provides the e.m.f.
necessary to maintain the current against the rising resistance and back
e.m.f. presented to it by the gun. voltage sources Puch as capacitors would
give extremely high (and destructive) currents initially, but the current
would fall rapidly and the acceleration would fall even more rapidly.

66

.. ,ami m m m • ma mmB m mmmm m m m mKm



1

3.1.3 The ANO homopolar generator power source

Having identified the inductor as the final component, the power
source problem is how to charge the inductor and connect it to the railgun.
The homopolar generator scheme devised by Marshall and Barber at the
Australian National University [Fig. 281 shows that this can be a complicated
task.

S, R,L

HPG

SWITCHING

SLUG RAILGUN

RAIL SWITCH R2

COTTON WOOL
DECELERATOR

Fig. 28 MW Railgun power source.
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Fig. 29 The inductor used in the ANU railgun. The inductor, which Is now
located at the Materials Research Laboratories in Melbourne, has an
inductance of approximately 20 pH. It is approximately 2m long x
I m dia and Is constructed from 4.3 x 4.3 cm hollow aluminium
with 7 turns effectively, each "turn" consisting of 4 turns in
parallel. At the maximum operating current of 500,OOOA it stores
2.5 MJ.

The homopolar generator (HPG) charges the inductor, L, via switch Si
and the "rail switch" which is itself a short, large bore railgun. The
"switching slug" in the rail switch is restrained mechanically (e.g. by pins)
while the current builds up. The HPG is equivalent to a large capacitor and
its energy transfers to the inductor in a quarter of a cycle of the resonant
period of the inductor and the equivalent capacitance of the HPG. When the
current reaches the desired value the switching slug is released and switch S2
is closed. The switching slug accelerates along the rail switch and, when it
crosses the gap, current flows via the rails and projectile. At a pre
determined time, before the projectile reaches the muzzle, switch S3 is closed
so that the inductor is short circuited and dissipates the remaining energy in
itself. Resistor Ri is to limit the short circuit current of the HPG while S2
is closed until Si is opened. Resistor R2 absorbs the energy of the rail
field, thereby preventing muzzle damage from the arc that would otherwise
arise.

The system can be simplified if the remaining energy of the inductor
and the HPG is allowed to dissipate in the muzzle resistor R2. Ri, S2 and S3
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can then be omitted, together with the associated synchronizing requirements
of the switches. This simplification applies particularly to the case of a
homopolar generator that stores only enough energy for one shot. If a large
HPG is used, as for a rapid multishot gun, the more complex arrangement is
necessary.

In principle it is possible to return the energy of the inductor and
rail field to the HPG, since the inductor and HPG form a resonant pair. To do
this, RI and S2 would be omitted. The rail field would be recovered by
replacing R2 with a shorting switch and omitting S3.

The HPG must be brought up to speed, either by running it as a motor
or by means of another motor. If electricity is used for the purpose, a
powerful source of electricity is necessary to bring the HPG up to speed
within a few minutes. A powerful source of electricity Is also needed to
supply the field of the HPG particularly if it is to be run up to speed as an
electric motor. The full "power train" is therefore long and much more
complicated than the rallgun itself.

3.1.4 Features of an ideal power source

In contrast to the practical system just discussed, we can list the
features of an ideal system. Ideally a power source should:

(i) have simple switching with no need for synchronization i.e. one
switch only and that a closing switch;

(ii) contain its own prime energy store, e.g. chemical fuel;

(iII) have high power and energy densities so as to be low In mass and
volume;

(iv) be reliable and safe, so that despite high power density the risk of
destructive release of the energy is low (a fuel made up of a two
part mixture with the parts well separated and brought together in
just the required amounts when required, for example);

(v) be low cost.

Bearing In mind the above points and the practIcal HPG system we can
say that the power source problem is how to charge the inductor and connect it
to the railgun in the simplest and most compact manner.

3.1.5 Desirable power source pulse energy density

Although the advantages of railguns, such as high velocity, may
justify them even if they are considerably more massive than powder guns, it
is obviously desirable that their total mass be as low as possible. In
particular, the power source mass should be as low as possible.
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By examining the performance of powder guns an estimate can be made
of the desirable minimum quantity of energy per unit of mass which a rauigun
power source should deliver in a single pulse. The tabulation below lists t.e
projectile energies (muzzle energies) compared to masses for the smallest to
the largest powder guns [1,21.

Muzzle energy Mass Muzzle energy/MassPowder gun g/g
J kg J/kg

Colt 45 477 1.13 422

Winchester 270 3905 3.63 1080

M14 7.62 mm 3562 4.1 869

155 mm Artillery 8.e5 x 106  12,372 715

16" Seacoast 364.5 x 106  454,000 802

The tabulation shows that greatest muzzle energy to mass ratio
is about I kJ/kg. Assuming the gun pulsion to be about 30% efficient, tne
energy released by the powder is abou 3 kJ per kilogram of gun mass. we can
use this value as an indication of the energy to mass ratio, i.e. energy
density, which railgun power sources should attain to be comparable with
powder guns. Assuming further that the railgun itself has a muzzle energy to
mass ratio of lkJ/kg, the following values are obtained for the muzzle energy
tn mass ratio of the system comprising the railgun and power source.

Railgun Power Source Railgun Muzzle energy/Mass
Efficiency Energy Density Energy Density (Total system)

25% 1 kJ/kg 1 kJ/kg 200 J/kg
3 kJ/kg 1 kJ/kg 429 J/kg

50% 1 kJ/kg i kJ/kg 333 J/kg
3 kJ/kg 1 3J/kg 600 J/kg

The railgun tabulation shows that for rallguns to approach the
performance of powder guns, power source pulse energy densities in the range 1
to 3 kJ/kg are required together with rallgun efficiencies in the range 25% to
50%. As the study in Ch. 2 shows, such efficiencies are very optimistic.
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We can conclude that the power source should deliver at least 1
kJ/kg for the total railgun mass to come within a factor of 2 of that of a
revolver with the same muzzle energy.

3.2 Capacitor based power source

A capacitor based power source can have two important advantages,
viz. a simple circuit and a luw mass inductor. The capacitors themselves,
however, are massive.

3.2.1 Large mass and simple circuit

Capacitor banks can power raIlguns because they can discharge energy
at the rate of megajoules In tens of microseconds. Whilst their power density
is extremely high (105 w/kg) their energy density, between 100 and 200J/kg, is
an order of magnitude less than is desirable. Even for the lowest energy
applications of railguns, the capacitor bank must have a mass of several
tonnes. Nevertheless capacitors are useful for small scale launchers because
they can transfer their energy quickly to an inductor via the railgun and
thereby permit particularly simple switching (Fig. 30).

S' L

MUZZLE
c S2 DUMP

IRAILGUN 
RESIST

Fig. 30 Railgun with capacitor power source

The capacitor in Fig. 30 is selected so that its quarter cycle
resonance period is a small fraction of the time to accelerate the
projectile. The capacitor is charged to a voltage that stores the energy
desired in the inductor and switch Si is closed. Current immediately flows
via the inductor and the railgun and reaches its quarter cycle peak before the
projectile has moved far. At this time all the energy has transferred to the
inductor and the voltage across the capacitor is zero. Switch S2 is then
closed to Isolate the inductor, which thereafter drivem the projectile with
the desirable approximately constant current. Both S1 and S2 are active only
as closing switches and hence triggered spark gaps and Ignitrons can be
used. Only the closing switch S2 needs to be synchronized, but the timing is
not critical.
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There must of course be a prime energy source from which to charge
the capacitor in the first place. If the charging is to be done quickly this
source must be powerful and hence massive, as was mentioned in regard to HPG
systems.

3.2.2 High voltage liiLLtation

To launch a 5 gram mass at 10 km/s in one millisecond from a railgun
with an inductance of 0.5 pH/m would require an inductor of about
16 pH charged with about 2MJ of energy at a curren of 500 kA. If we allow
i00 ps for the quarter period transfer time of the capacitor energy to the
inductor, a capacitor of 250 pF would be needed, charged to 125 kV. This
example shows that the simple capacitor scheme may require impractically high
voltages. A voltage of 125 kV is close to the limit for which capacitors can
be constructed and poses great safety and technical problems, such as in
protective fusing and charging.

In the railgun application the capacitor is infrequently used and
since it is clamped when the voltage reaches zero it is not subject to reverse
voltage. Under these conditions it could be constructed to store energy at
about 200 J/kg and so to store 2MJ the capacitor bank would have a mass of
about 10 tonnes.

The problem of the high voltage required on the capacitor -- e
overcome by using a larger capacitance to store the energy. This, owever,
means that the inductor must be charged before it is connected to the
rallgun. That makes the capacitor similar to the HPG and brings us back -
scheme similar to Fig. 28.

3-2.3 Low mas inductor

The higher the voltage from which an inductor is chargea, the
smaller can be its mass for a given loss in the conductors. Smaller
conductors can be used because, although their resistance loss 13 higher, -'e
higher voltage charges the inductor in a shorter time. Since capacitors
operate at very high voltages compared to HPGs (which typically have voltages
of 100V), the Inductors for capacitive power sources are much less massive
than for HPG power sources. The massiveness of the capacitors themselves
nullifies this advantage, though.

3.2.4 Limitations to the energy density of capecitors

If capacitors are to be used for other than low energy rallguns
their energy density needs to be increased to at east 1 kiJ/kg i.e. a factor
of 10 improvement is necessary.

In considering the energy density of capacitors it must be realized
that their energy density is not an absolute value but is the value compatible
with a certain lifetime under certain conditions. In railgun service the
lifetime is the number of discharges and the chief conditions are the voltage,
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the time for which the capacitors are required to hold voltage before being
discharged and the degree of voltage reversal before clamping is accomplished.

(I) Simce capacitor life varies with voltage according to (voltage)
- K

where K is in the range 5 to 7, the decrease in life with voltage is
rapid [31. Increasing the voltage by 25% beyond the rated value,
and so increasing the energy density by 50%, may reduce the life to
25% of the rated life.

(i1) The life of a capacitor depends upon the time for which it must
withstand electric field stress and this includes the charging and
holding time as well as the conditions during discharge [41. The
capacitor should be charged quickly and immediately discharged to
obtain the rated number of discharges. In railgun service it may be
desired to hold the capacitors charged for several minutes prior to
discharge, which would directly reduce the number of discharges
prior to failure.

(III) Another factor to be borne in mind is that the likelihood of
dielectric breakdown due to randomly distributed faults increases
with area, and therefore with the capacitance. This is important in
regard to capacitor banks as well as to individual capacitors, Aince
the whole bank fails if one capacitor fails. As an example, the
maximum energy stored In a single capacitor appears to be 1o kJ with
a 90% survival rate after 105 shots with zero voltage reversal
[5). 100 of these capacitors would be required in parallel to
obtain IMJ and 10 of them could be expected to fall before the 105

shots were obtained. On average there would be a failure every So4

shots. Since capacitors fall by internal short circuit, the energy
of the rest of the bank may discharge into the failed capacitor,
with destructive effects on busbars and other capacitors, unless
protective fusing is carefully devised and installed.

From the preceding discussion it is evident that no further trade
off of life can be made to increase energy density of capacitors for railgun
service*. Increased energy density must come about through improvements in
one or both of two basic factors, viz. increased electric stress for the same
lfe as at present and increased dielectric constant.

There are two limitations to the electric stress in capacitors; the
dielectric strengths of the insulating materials and corona. These factors
presently limit the average dielectric stress In capacitors to 100 to
200 V/m [61. To increase the energy density by a factor of 10 would require
the average electric stress to approach 600 V/pm. Such electric stresses are

Such trade offs can be made for capacitors in other service.
Defibrillator capacitors store 400 J/kg. They have the highest energy
density of any capacitors. They are rated at 5000 shots with 95%
survival. The maximum storage time is 60 seconds and they are small
(approx 1 kg).

.73

i4



presently only attained as the intrinsic dielectric strengths over small
areas.

Corona occurs in two ways - through the degradation of the
dielectric materials (especially at sites where there are impurities or
faults) (71 and, more importantly, at the edges of the foil electrodes (8).

To obtain an energy density of 1 kJ/kg through increased electric
stress evidently requires practically perfect dielectric films in large areas
and practically perfect impregnants to eliminate all water and air and new
construction techniques that will reduce electric stress concentrations at the
foil edges. Perfluorocarbon impregnants have been recently claimed to be near
perfect impregnating liquids [9].

The paper, plastic and oil combinations presently used for energy
storage capacitors have dielectric constants in the range 2-5. If the
dielectric constants could be increased for the same dielectric strengths as
the present materials have, higher energy densities could be obtained. There
is a difficulty with this option, though, because high dielectric constant
goes with ease of polarization, and the easier it is to polarize a molecule
the easier it is to remove electrons, i.e. to cause ionization and corona.
(101.

Taking into account the facts that multi megajoule capacitor banks
require hundreds of individual capacitors and that for operational reasons a
large part of the capacitor life must be used up in charging and holding
voltage, the 90% survival life of each capacitor needs to be 106 discharges to
ensure 10 trouble free railgun shots. Ennis (111, after considering the best
existing materials and design strategies, concludes that the attainment of
even 200 J/lb (440 J/kg) with a 106 shot life is unlikely.

Overall, we must conclude that unless unforeseen breakthroughs in
materials occur, capacitors can be considered only for small, infrequently
fired, railguns.

3.3 Flywheel based machines - Inertial storage

3.3.1 Flywheel*

Flywheels can easily store energy at densities in excess of the
I kJ/kg rate which we have nominated as the minimum for a railgun power
source. The tensile strength of a flywheel determines the amount of kinetic
energy that it can store. Using carbon fibre/epoxy composites, flywheels can
store energy at 300 kJ/kg i.e. thousands of times more densely than capacitors
(12). Metal flywheels cannot store energy as densely as can the new
composites because their density is much higher but their tensile strength is
much the same. (Steel or beryllium copper flywheels can store up to 66 kJ/kg
(131.)

To make use of a flywheel it must be incorporated within an
electrical generator and there must be a means of bringing it to speed. The
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need to place windings on it or to use brushes reduces the speed at which it
can be used. These necessary features cause the energy density of the overall
system to be far less than that of the basic flywheel.

3.3.2 omopolar generators

For about 20 years the homopolar generator has been recognised as
equivalent to a large capacitor which is able to store energy with the same
density as does a flywheel. Intensive development of these machines has been
undertaken at several places in the last 10 years, especially at the Center
for Electromechanics, University of Texas [141. The principle of the machine
and one of the developmental models at the University of Texas are shown in
Fig. 31.

SBRUSHES

CONTACT

VOLTS

APPLIED FELO COIL
TOROUE. SLO

T CONTACT

UNFORM
MAGNETIC ,
FEL

C;ONOUCTIVE

PRINCIPLE

v MJ MACHINE 'Weijon)

Fig. 31 Homopolar generator.

From the diagram of the principle, the two major features of the
machine can be seen. Firstly, since it has only one turn the output voltage
is low. Secondly, the machine can deliver high current, fast rising pulses
because it has only one low resistance, low inductance turn and because the
armature reaction is small (the field lines of the radial current paths on the
flywheel with brushes all around the rim are concentric circles at right
angles to the exciting field). The field of homopolar generators may be
separately excited or self excited. If self excitation is used the machine
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and its load are interdependent and a critical speed must be reached before
the machine will generate (15). The output characteristic is no longer like
that of a discharging capacitor.

The rotors of the machines cannot take advantage of the energy
storage potential of modern composites since they must be made of metal to
conduct electricity and furthermore their peripheral speeds must be lower than
about 500 m/s because of brush limitations.

A most difficult aspect of homopolar generator development has been
that of collecting the high current which they can produce. Mercury and
liquid sodium-potassium jets appeared to have the ability to collect current
from the whole rim surface, but have many problems 116). Marshall has shown
that copper graphite brushes, similar to those used in car starter motors,
work satisfactorily for rubbing speeds up to 200 m/s, even though they may run
red hot for the second or so that current is collected (17). According to
Marshall, the important point is that sparking be prevented by maintaining
sufficient pressure on the brushes. For the highest current, fastest
discharges, the flywheel rim should be covered with brushes. The need to
mechanically actuate the brushes and hold them with the correct pressure adds
to the complexity of the machine and to the operation sequence of Fig. 28.

Taken toiether, the rotor and brush properties enable currents in
the range 105 - 10 A to be obtained from machines in the 5-10 MJ range.
Megajoules of energy may be discharged into a low inductance, low resistance
load in tens of milliseconds (18].

The most serious limitation of the homopolar generator in the
railgun application is that its output voltage is ordinarily less than about
iOoV. This low voltage (or alternatively the large capacitance of the
machine) means that the time to transfer the energy to the rallgun inductor is
long, and unless the inductor is wound with massive conductors, most of the
generator energy will be wasted in 12 R losses. Attempts to overcome the iow
voltage include transformers 1191, superconducting windings to raise the
exciting field to 6 Tesla (201 and multiple rotors connected in series (21].

The incentive for building flywheel type machines is that they
appear to have the potential for much higher energy density than capacitors.
Unfortunately, when all the necessary parts are considered, the improvement,
although significant, is disappointing. For a start, it is necessary to
supply a magnetic-field, and as can be seen from the machine in Fig. 31, the
flywheel becomes a small part compared to the iron and copper that surrounds
it. The flywheel of the machine in Fig. 31 has a mass of approximately 1
tonne (223, hence, when it stores 10MJ its energy density is 10 kJ/kg. From
the drawing of the machine we can estimate its total mass at about 10
tonnes; hence its overall energy density Is only about 1 kJ/kg i.e. about
five times that of capacitors. When we take into account the fact that it may
deliver only half its energy into an inductor which is many times the mass of
an inductor into which a high voltage capacitor would de1.iver most of its
energy, and the mass of the apparatus needed to bring the machine to speed,
the advantage over capacitors diminishes to a factor of only two, with a great
deal of operational complexity added.
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Another example is a relatively high technoloqy design 1201. The
machine in this case stores 1OMJ at about 14 kJ/kg in two counter-rotating
aluminium rotors and uses superconducting coils fed with liquid helium to
establish a field of 6 Tesla. From the dimensions given we can estimate its
mass at about 40 tonnes and consequently its energy density at 250 J/g.

The degrading effect of the iron and copper that does not rotate
prompted Marshall to devise a machine in which the field coils are set into
the flywheel and very little iron is needed in the frame for the flux return
path [231. The rest of the frame can be of aluminium instead of iron. Such a
machine, the AIR (all iron rotating) or compact homopolar generator, has been
recently completed at the University of Texas and stores 6.2 MJ with an
overall density of 4 kJ/kg. This development has led to other concepts wh:ch
in theory could treble this figure [241.

Even If these new machines eventuate, the energy density of the
total system may still not exceed 1 kJ/kg. The low voltage (soV) of the
compact HPG results in an inductor with a mass of 1.5 tonne (the same mass as
the machine) that must be cooled with liquid nitrogen in order to store the
energy of the HPG with 50% efficiency (25). Thus, for the inductor and HPG
the stored energy is 3.1 MJ from a total mass of 3 tonnes, or I kJ/kg. When
we include the mass of the power source required for the field and
auxiliaries, such as a 200 HP electric motor, the energy density is less
again.

3.3.3 Ordinary large alternators

Ordinary or modified alternators have been used under virt.-a:.y
short circuit conditions to produce up to 20 times the normal rating of tne
frame size. Manufacturers of large circuit breakers use machines in t is way
for testing their products. Up to 3 gigawatts can be produced for a few
cycles [261. The energy densities are less than those of homopolar machines,
though, because their rotors cannot be run to store the same energy densities
owing to the windings and slots. Also, IL DC is wanted expensive
rectification is necessary.

3.3.4 The cmpa~ sator

The "compulsator* Is a machine recently Invented at the University
of Texas especially for pulse production 12)1. It combines in the one machine
the flywheel storage principle and an inductor to which the flywheel energy is
transferred. The transfer from the flywheel to the inductor takes place by
"magnetic flux compression".

Consider a conducting loop with inductance Li and current Ii, as in
Fig. 32 (a). Suppose that a uniform pressure is applied around the
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(a) (b)

Fig. 32 Magnetic flux compression.

circumference of the loop so that it decreases in diameter. The small loop
has a smller Inductance, L2 , than the large loop. If the compression is
quick so that 12R losses are negligible, the flux linkage remains constant.
Thus we have Lii i - L212, and since L2 < LI , 12 is greater than I, and in
particular the stored energy of the small loop, 1/2 L212

2 is greater than that
originally present In the larger loopL The quick compression has resulted in
an energy magnification in the ratio L the Increase coming from the work
done by compressing the loop against te J x B force present on it.
(Analogous to whirling a stone on a string and pulling it towards the centre
against the centrifugal force - the kinetic energy and the angular velocity cf
the stone increase).

The way that the compulsator employs this principle Is shown in
Fig. 33.

Wo
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0
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T, ma
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erna"as Predicted output pulse of a
proposed fOGMJ machm&

Fig. 33 The principle of the Compulsator (Weldon 1978).
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The machine has Identical rotor and stator windings which are
connected in series via a slip ring. The output is obtained from the other
ends of these windings. When the turns are parallel, with the current in the
same direction in each, the circuit has maximum inductance. If the rotor
moves to thelother parallel position in a time that is very short compared to

Lthe initial - value for the circuit, the flux linkages will be conserved. In
this position the currents are in opposite directions and the inductancedecreases to about 2.5% of its value at the first position. The current and

the energy of the windings could therefore increase by a factor of 40, in
principle, during the rotation from one position to the other. The mechanical
energy of the rotor is converted to magnetic energy through the work it does
in moving the rotating winding against the J x B forces. At this stage, the
machine Is equivalent at its output terminals to an inductance charged with
perhaps megajoules of energy at hundreds of thousands of amperes. The
machine, however, continues to rotate, the inductance increases and the
magnetic energy returns to the rotor and the current pulse is "switched off",
and so on. In Fig. 33 there is shown the current pulse calculated for a
machine which stores 108 MJ in its rotor.

During the millisecond or so that the machine is equivalent to a
charged inductor it could conceivably power a railgun. In particular it could
do so, in principle, at least once per revolution and a repetition rate of
tens of shots per second appears possible. With the machine rotating, one
closing switch to power its field would be all that is necessary for the whole
power train.

A fundamental difficulty exists in the application of this idea
though. In order for the flux compression principle to work the machine must
generate an initial current, via the raligun, as a normal generator. Since
the railgun is virtually a short circuit early in the acceleration this seems
possible. However, during the flux compression stage, the rate at which
energy is extracted should be much less than that at which it is stored. If
high power is supplied to the rallgun during the compression stage, the flux
compression will be degraded. The degradation will increase with the velocity
of the projectile because the equivalent resistance of the raligun increases
with velocity. From the flux compression view point, the best way to operate
the machine is to use a switch to short circuit it until the compression is
complete and then to open the switch so that the current flows via the load.
That, however, would defeat one of the attractions of using the compulsator to
power the railgun. Another possibility is to ensure that the rallgun power is
small compared to the compression power, but that means using an otherwise
over sized machine and hence degrading its energy density. If the compulsator
and the railgun are designed together a resolution of the conflict is
apparently possible 1281; although, from the sinusoidal current versus-time
plot given in the reference indicated, it seems that not much flux compression
takes place.

The energy densitY of the compulsator in terms of the energy which
it can deliver in a pulse is low. The mass of a machine which would store
105MJ in its rotor is given as $7.6 tonnes [291 i.e. -.23 kJ/kg. But less
than 10% of the rotor energy could be delivered In a single pulse, which gives
an effective single pulse density of 123 J/kg, about the same as for
capacitors. The justification for the compulsator as a rallgun power source
therefore has to be its potential for rapid, repetitive shots.
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3.4 Explosive magnetlc flux compression

For about 30 years magnetic flux compression by means of explosives
has been used, to generate megagauss magnetic fields and megamp currents.
Explosive magnetic flux compression has also been used to power ra!iguns
[30). In the simplest form the explosive destroys the generator and so the
generator is one shot. Reusable types have been proposed [31).

Explosives are attractive as pulse energy sources because they
release megajoules of energy per kilogram in microseconds. The energy 's
firstly released as heat. The heat must be converted into kinetic energy of
the current carrying medium which compresses the flux.

A simple example of the technique is the strip generator (Fig.
34). The chamber, which is formed into a single turn coil at one end, is

DETONATOR

STRIP GENERATOR (FOWLER)

SINGLE SHOT.GENERATOR DESTROYED
HIGH EXPLOSIVES

+ + COMPRESSED~FLUX
INITIAL FLUX CREATED BY
CAPACITOR DISCHARGE LOAD COIL

COMBUSTION CHAMBER
(METHANE I AIR)

AMEATUN )CATCHER PULSAR GENERATOR (COWAN)

COIL GAS COMBUSTION OR PROPELLANT

RE-USABLE MULTISHOT

STARTING ENERGY IN
CAPACITOR BANK

0 CROWBAR WHEN ARMATURE COUPLING
IS MAXIMUM AT EACH COIL

Fig. 34 Pulse generation by flux compression.

initially charged with current by discharging a capacitor bank into it at the
other end (321. The explosive strip is detonated and it shorts together the
open end of the chamber so that the current circulates. The explosion
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progressively compresses the chamber as indictted by the dashed section. The
compression process is rapid compared to the R value of the chamber at any
stage (in theory) and therefore flux linkages are conserved. The force of the
explosive, in moving the chamber walls against the magnetic field force,
causes a portion of the energy released by the explosive to become magnetic
energy in the single turn load coil. A variety of configurations has been
tried. Helical designs (33) for example enable the ratio of Initial to final
inductance to be large (100:1) and hence should produce a greater energy
conversion.

The "Pulsar" device shown in Fig. 34 is an attempt to produce a
reusable explosive flux compressor (311. It uses a piston (also called an
armature), which may be metal or plasma, to increase the mutual inductance
between Itself and a conducting coil. A circulating current is induced into
the piston and magnetic energy is created by the action of forcing together
the like poles of magnets. A variety of fuels (diesel, natural gas, petrol)
may be used to drive the piston. A capacitor bank is required to create a
magnetic field in the first section, but thereafter the sections induce
currents into the succeeding sections and create the required magnetic
field. The "Pulsar" is claimed to be suitable for producing pulse energies of
10 MJ and above, and as a power source for railguns.

The proportion of the heat energy of the explosive that becomes
electrical energy is only about 5% in devices constructed so far (341. From
the literature on flux compression it seems that there are three main reasons
for the low conversion efficiency. The first is that the conversion of the
heat energy to kinetic energy is at best only about 40% (351 (although the
temperatures are high enough to give a Carnot efficiency of about 90%).
Secondly, although in principle the extremely rapid compression obtained with
explosives reduces the time for 12 R losses, it also means that the generated
current is confined to the conductor surfaces and the resistive losses are
high. Since most of the current increase occurs towards the end of the
compression, the 12 R losses increase rapidly as the compression proceeds
(temperature rise of the metal surface, including melting or even
vapourization is reported (361). Thirdly, a fundamental conflict exists
between the need for compression to be quick enough to reduce I2R losses and
the conversion of all the kinetic energy of the moving part (371, because as
the kinetic energy is extracted the moving part slows down. The compression
process must have a slow ending in the presence of high currents if the
majority of the kinetic energy is to be converted. Owing to I2R losses the
maximum magnetic energy must occur while there is still considerable kinetic
energy. In the case of the "Pulsar" the excess kinetic energy can pass out of
the system, but in one shot devices it shortly destroys the generator itself.

Since about 5% of the heat energy becomes magnetic energy, the
explosives energy density is effectively about 100 kJ/kg (hydrocarbon fuels
must have the correct amount of air supplied e.g. as compressed air). The
containment structure however, greatly degrades the overall density. In the
self destructive types only the final portion of the apparatus must be strong
enough to contain the delivered energy. On simple 'ressure vessel
calculations it is unlikely that the energy density for this portion can
exceed about 2o kJ/kg. The capacitor bank needed to charge the generator with
an initial current must be included too. If the energy gained from the
explosive is 100 times that supplied by the capacitors, since capacitors at
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best store about 200 J/kg, the overall energy density cannot be greater than
20 kJ/kg. Considering the other masses necessarily present also, the overall
energy density even of the self destructive explosive magnetic flux compressor
cannot exceed about 5 kJ/kg. The nondestructive "Pulsar", because its entire
structure muft survive the explosion, must have much greater associated masses
and hence a lower overall energy density.

Marshall has recently [381 investigated a reusable flux compressor
in which a sliding armature progressively reduces the number of turns in an
inductor. The compression is carried out relatively slowly (15 ms) but this
allows the current to fully penetrate the conductors and the resistive losses
turn out to be only about 10% of the stored energy of 50 MJ. The overall
energy density is only about 3 kJ/kg even in this almost lossiess flux
compression process.

3.5 Minimum mass of energy stores

3.5.1 Force is required to contain kinetic energy

To introduce this Section let us discuss the fundamental necessity
for there to be containment forces associated with stored kinetic energy.

According to Newton's 13t law, force is present whenever the motion
of a mass is altered in magnitude or direction. If a set of moving particles
is constrained to remain within a fixed volume, forces must be exerted on tne
particles to change their direction of motion at the boundaries of the
volume, since the moving particles have kinetic energy, we can say that a
force is necessary to store their kinetic energy within the volume.

The description above is the basis of the kinetic theory of gas
pressure, but let us apply it more widely. A flywheel, for instance, stores
kinetic energy within its spinning volume. In this case the direction of the
particles is changed gradually all the time by the centripetal force, and we
can say that it is the centripetal force that constrains the kinetic energy of
the flywheel to remain within the spinning volume. The expression for stored
magnetic energy, viz. 1/2 2LI 2 , has the same form as that for the stored energy
of a flywheel, viz. 1/21e . This suggests that magnetic energy is a form of
kinetic energy, stored as if by a flywheel, and that the J x B force on
current crossing its own magnetic field is, like centrifugal force, the result
of "particles" being constrained to move around curved paths [39].

3.5.2 inlnmu mass of kinetic energy stores

The power sources that we have considered mrake use of kinetic ener;y
in some form. The notion that kinetic energy can be contained within a finite
volume i.e. can be stored only if there are forces which change the direction
of the moving masses, enables the minimum mass of thL container to be
calculated. The minimum mass and stored energy relationship has been
attributed in the literature (401 to the Virial Theorem by Clausius, but, as
we shall show, the results are directly obtainable from the boundary force
notion.
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(I) Consider a volume of gas at pressure P in a container of

length t and cross section A. (Fig. 35 (a)).

j t t j Area A.z

El1
(a) 0

Fig. 35 Kinetic energy stores. (a) gas, (b) magnetlc c) flywhee.

Suppose that the walls are rigid so that they do ncot zend ,t 3:e

held in place by three struts at rlcht angles to each other. The mass zf '-e

strut of length is given by:

M - p As ,

where p is the density of the strut and As is its cross sectional area. 2.t

-he cross sectional area of the strut equals the force on the wall z..- e =

t.e tensile stress, a , in the strut, which leads to:
5

where V, - is the volume of the container of gas. From the kinetic

theory of gases, the kinetic energy associated with one direction in a gas is
/2 PV; therefore (3.2) can be written:

M - 2pW, 3.3

where W is the kinetic energy of the gas In one direction. Since the same
result is obtained in each direction, equatlon (3.3) also yields the mass

the three struts where W is the total kinetic energy (3/2 Pv), assuming the

struts all have the same density and tensile stress.

(li) For the case of a magnetic field contained by surface currents as
indicated ij Fig. 35 (b), the magnetic energy is Pv, since the
pressure, 2i_, is the same as the energy stored per unit volume. We obtain in
this case:

8:
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w.ere w s the stored magnetic energy (/2 LI
2).

:1:: Let the portion of the thin rimmed flywheel associated with each
spoke have mass M (Fig. 35 (c)). The kinetic energy, W, of mass M is:

W - 1/2MR2 .
2
,

which may be written as!

W - 1
/2 F R, (3.5)

where F is the centripetal force on the spoke. The mass of the spoke is given
by

M - p R A s , (3.6)

where p is the density of the spoke and As its cross section, which may be
written:

p R F,: 

,a
s

where o is the tensile stress in the spoke. Using (3.5), we finally obta :7 :5

2 p
s

where M is the total mass of all the spokes, W the total kinetic energy -f
rim and o the tension in the spokes.s

The above results give the minimum masses for the ctniiz.
may be halved if the struts become plates and support biaxial te's.
of uniaxial 411. If compressive forces are also caused by -le .
as in a solenoid by the flux lines as they bend over at the e7 s
mass is required (421.

For general estimates it can be stated that tIe - .- -

system that stores kinecic energy is given by M - w, e e
of the containment structure, oa is the tensile striss ati5
energy.

As an example, high tensile steel, s-:esse "
kJ/kg. If there are compression forces as we- s -
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masses not directly working to hold the energy, the energy density of the
assembly is degraded. As these factors are invariably present, it can be seen
that it is hard to attain an overall energy density greater than 10 kJ/lkg.
Knowing this, and the basic cost of raw materials, the minimum cost of a
system can be estimated from the total stored energy [431.

Note that we are referring to the energy contained in the volume
enclosed by the structural mass and not its own elastic energy, which is very
small. Steel, for example, at 300 Mpa has a strain energy of only 30 J/kg.

3.5.3 Inferences concerning the ultimate energy density of capacitors

Energy storage in the dielectric of a capacitor is simple in concept
- the energy is stored by the work that the applied field does in displacing
electrons and polar atoms and molecules within the material. In principle the
limitation to capacitive storage is the ability of the atomic nuclei to hold
electrons as the applied field is increased. This simple model predicts
dielectric breakdown at electric fields which would give peripheral electrons
their ionization energies within interatomic distances. Since ionization
energies are of the order of 10eV for good insulators and the distances are
about I0- 10 m, it predicts breakdown field strength of the order of 1011 -
V/m. If this were the case, then by working capacitors to 1/10 of the
dielectric breakdown, energy densities of I MJ/kg would appear to be possible,
based upon materials with a dielectric constant of 2 (electron polarization
only at such high field strengths) and a density of 1 g/cm 3 .

In fact the intrinsic breakdown fields of dielectrics have maximum
values of around 109 V/m at which the stored energy density is about i0
kJ/kg. For the reasons discussed in Section 3.2.4 even this value far exceeds
energy densities attained in practice.

Dielectric constants very much greater than 2 at fields of 109 V/m
are probably unlikely because high dielectric constants require materials with
highly polar molecules, and such materials tend to have lower breakdown
strengths than non-polar, low dielectric constant materials.

The reason why intrinsic breakdown fields are such a small fraction
of those required to directly ionize an atom is considered by von Hippel,
Frohlich and Whitehead (441 to be that a few conduction electrons are
inevitably present due to a variety of causes. Calculations b Frohlich show
that if such electrons are present, then at fields of about 10 V/m they will
gain sufficient energy in between collisions to eventually ionize the
dielectric atoms and produce a gas discharge type of breakdown.

Capacitive storage involves forces upon the charges and in turn upon
the electrodes and the dielectric and mechanical strength must be considered
as well as dielectric breakdown. In a similar manner to the derivations at
the beginning of this Section it can be deduced that tfe mass, M, of the
dielectric of a simple parallel plate capacitor is:

M -W (3.9)
c
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where p is the density of the dielectric material, W is the stored energy
and o is the compressive stress in the dielectric.

c

Equation (3.9) is the same as Eqn. (3.4) for the containment of
magnetic energy, except that the stress is compressive. Stresses upon the
metal electrodes and their masses must also taken into account in obtaining
the overall energy density. The result is that mechanical strength
considerations probably set an upper limit of 10 kJ/kg for capacitive storage,
regardless of the limit due to dielectric breakdown.

3.6 Battery and pulse transformer concept

Except for capacitors, all the power sources discussed In the
previous sections are still being developed and except for the homopolar
generator the development has a long way to go. At best the overall energy
density of these systems may be 5 times (HPGs) to 20 times (explosives)
greater than for capacitor systems, but are much more complicated. The
compulsator and the reusable flux compressors have yet to be proven in real
railgun firings. Explosives are a very compact primary energy store but pose
handling and storage problems which detract from one of the possible
advantages of the electric gun, viz. that it can eliminate explosives.

A method of supplying power to a railgun that does not seem to have
been investigated is one based on batteries and a pulse transformer, as shown

in Fig. 36.

Rsilgun

E Projectile

NI -- ,- - - - -- -- ---- Secondary
.urrent
Pulse

Fuse

Primary Glows

Current

Time

Fig. 36 Battery and pulse transformer Power source.

In the battery and pulse transformer scheme the switch S is closed
and the current in the primary rises to a pre selected value, at which time
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the fuse, F, blows and rapidly interrupts the primary current. A current that
is N times the primary current arises in the secondary during the rupture time
of the fuse. The secondary current passes through the conducting material of
the projectile and the secondary becomes the charged inductor that is needed
to power the railgun.

Provided that the system works as described, it comes nearer to the
ideal system described in section 3.1.4 than do the other systems. Firstly
its switching is simpler; there is nothing more to the power train than is
shown in the diagram. No switching is involved on the high current side.
Whilst it involves an opening switch in addition to a closing switch, no other
switches are necessary. The opening switch design is simplified (a fuse) by
the low current to be carried and interrupted on the primary side. The energy
necessarily dissipated in the opening switch can in principle be reduced to
zero by tight primary to secondary coupling.

Secondly, batteries are a compact means of storing energy. Lead
acid batteries have one of the lowest energy densities yet in 1 tonne they
store 100 MJ. Batteries can therefore be used to store sufficient energy for
many shots and so can be regarded as the prime energy store.

Thirdly, use of the transformer reduces the mass of the batteries so
that the scheme is competitive with the other systems. This is because the
primary charging time is much longer than the secondary discharge time. For
example, to accelerate the 5 gram particle mentioned in Section 3.2.2 to 10
km/s in one millisecond, using a lead acid battery connected directly to the
rails, would require at least 1000 tonnes of batteries. Using a pulse
transformer with a primary charging time of one tenth of a second, the battery
mass is reduced to 10 tonnes, 'he same mass as was calculated for a high
voltage capacitor system. If e charging time was one second, the battery
mass would become I tonne, whi. would be comparable to that of one shot
destructive explosives systems.

Fourthly, the energy is contained safely in chemical form in the
batteries, which may be subdivided Into many small units so that an internal
short circuit does not produce destructive release of the total energy, much
more easily than for capacitors. The transformer is inherently much safer
than machines with rapidly rotating flywheels.

Finally, the cost of the system should be low because the batteries,
fuse and transformer, once they are understood and developed for the
particular purpose, are very simple devices.

Because the battery and pulse transformer scheme has not received
any attention for electromagnetic launching, and because it has some
attractive possibilities, It is investigated in detail in this Report.
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CHAPTER 4

GENERAL C6NSIDERATION OF THE BATTERY AND PULSE TRANSFORMER POWER SOURCE

This Chapter is the beginning of the investigation into the battery
and pulse transformer power source for the railgun. The requirements and
advantages of the scheme are examined, for the scheme as a whole and in terms
of the main components, viz. the transformer, the battery and the fuse (or
opening switch).

The scheme is compared with a battery-inductor scheme tha- is free
of problems that are due to the transformer, but the low current of the
transformer is thought to be a more important advantage.

The Brooks Coil is used to estimate the overall pulse energy
densities that may be achieved. It is found that 1 kJ/kg can be approached
provided the battery can supply I kW/kg and the transformer is cooled to the
temperature of liquid nitrogen.

Because of the major influence of the power density of the battery
upon the total mass, the maximum power density of lead-acid batteries is
estimated in a detailed study.

4.1 LImitations of the pulse transforr schem

In Ch. 3 a number of advantages of the battery and pulse transformer
power source were listed. There are, however, limitations. The transformer
itself introduces three parameters which must have acceptable values for the
scheme to work, viz. the high voltage that is induced in the primary, the
coupling of the primary and secondary and open and short circuit conditions
required for the secondary.

4.1.1 High voltage across the primary

The voltage which is across the secondary while it discharges into
the railgun also appears across the primary, stepped up according to the turns
ratio. The voltage across a railgun with an inductance of o.S pH/m and a
current of 500 kA is at least 2.5 kV when the projectile reaches 1 km/s, so
If the transformer has a turns ratio of 100, the primary voltage is at least
250 kV.

Dielectrics such as those used for capacitors can withstand
i00 V/pm, so in principl, about 0.25 cm thickness of Ruch material would
suffice for insulation. Polythene has been reported to withstand 1MV RMS/cm
for 40 minutes without breakdown (1). The short rime (milliseconds) for which
the high voltage pulses would be present in the pulse transformer decreases
the likelihood of breakdown.
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Breakdown of air around the primary, unless it actually damages the
insulation, would not affect the pulse transformer performance because the
great majority of the secondary energy would discharge into its own circuit.

The high voltage across the primary though ultimately limits the
number of primary turns, which otherwise could be as many as desired to reduce
the primary current. Where there is danger of high voltage breakdown,
protective spark gaps might be installed across the primary to prevent damage
to insulation.

4.1.2 Coupling between primary and secondary must be tight

It is well known that it is difficult to open a switch in an
inductive circuit carrying high current because of the arcing which occurs.
The reason for the arcing is that the magnetic energy of the circuit must be
disposed of before current flow can cease. If the circuit contains a high
power source of electricity there is danger of current continuing to flow via
the arc, which in effect has short circuited the switch, until sufficient
destruction occurs to interrupt the current.

In the pulse transformer the short circuited secondary ideally
absorbs all the magnetic energy of the primary, thus eliminating the opening
switch problem because the opening switch (the fuse) does not have to
dissipate any of the stored magnetic energy. This situation would only occur,
though, if the primary and secondary were perfectly coupled i.e. all the flux
of one winding linked the other winding.

In Chapter 5 it is shown that the energy, WSW, which is not
transferred to the secondary, and hence which must be disposed of on the
primary side when the fuse opens, is:

WSw " (I - k2 ) W1 ,

where k is the degree of coupling of the windings and WI is the stored energy
of the primary. Exploding type fuses can be reliably designed to dissipate
energies in the tens of kilojoules range (2). If a fuse which could dissipate
10 kJ were to be used to transfer 1 MJ from primary to secondary, the above
equation shows that k would have to be at least .995, which is extremely tight
coupling.

The upper limit to the energy which the scheme can handle is thus
determined by the degree of coupling attainable and the ability of fuses (or
other opening means) to dissipate the energy which cannot be transferred.

It is also evident that the design of the transformer so as to
attain a high degree of coupling is a most important c¢nslderatlon.
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4.1.3 Open and closed circuit requirements of the secondary

WhIlst the primary is being charged with the secondary closed, as
indicated In-Fig. 36, current will flow in the secondary by normal transformer
induction. In fact, if the secondary were perfectly coupled to the primary
and if the secondary also had zero resistance, the primary would be rendered
non inductive and would not store energy at all. Ideally, during charging of
the primary, the secondary should be open. At the moment when the fuse opens,
though, it Is vital that the secondary be closed otherwise all the primary
energy will dissipate in the arc, possibly with destructive consequences,
especially should the arc be maintained and the entire energy of the battery
be discharged through it.

Since the secondary current that is induced during the charging of
the primary flows in the opposite direction to that which which flows when the
primary circuit is opened, a diode may be used to automatically provide the
open and closed functions. In plasma driven guns this diode might be a small
expendable device placed across the railgun breech instead of a short
circuiting foil. The destruction of the diode would then be the means of
initiating the plasma arc. Synchronized mechanical switching of the secondary
can also be imagined but would have to be incorporated without introducing
stray inductance, which would degrade the coupling of the secondary circuit to
the primary.

In Chapter 5 it is shown that the problem is in fact not too
severe. So long as the secondary has a time constant which is short compared
to that of the primary, the primary can be charged with very little effect
from the closed secondary, and with relatively little induced current in the
secondary. In the railgun application the secondary does have a short time
constant compared to the primary, because its operating time is only
milliseconds, whereas the primary must have a time constant of a second or
so. Thus, it is possible to have the circuit operate as in Fig. 36.

4.2 Transformer versus Inductor

4.2.1 Basic equivalence of battery/transformer and
battery/inductor schemes.

The pulse transformer enables the current from the battery to be
reduced to a small fraction of that needed to power the railgun. This
requires the battery to be of series 7onnected units which produce a
relatively high voltage. Instead, the units could be connected in parallel
and used to charge the secondary directly with the high current, as shown in
Fig. 37. This is the battery-inductor scheme and would be free of the
limitations of the transformer discussed above.
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Fig. 37 Simple battery-inductor power source

To compare the two schemes we note the following two points.

(i) By cutting the primary of the transformer into N equal parts and
connecting the parts in parallel with the secondary, the transformer
could be converted into an inductor with the same mass as the
transformer, the same inductance as the secondary and with virtually
the same time constant as the transformer primary.

(Ii) By dividing the battery into N units connected in parallel its
voltage is reduced to - of the battery voltage in the transformer
scheme.

12

Because the inductor resistance is reduced to (L) times that of the
original primary, the maximum current from the rearranged battery and coil is
N times the original primary current. The battery and transformer scheme
could thus be rearranged as the battery-inductor scheme and charged in the
same time as could the transformer primary and therefore would have the same
ability to reduce the battery mass. There is no fundamental advantage of one
over the other. The transformer system has the practical restrictions
discussed in the previous section. The requirement for high degree of
coupling means that the transformer design and construction is much more
difficult than that of the inductor,

There are several requirements of the practical implementation of
the inductor scheme though, of which the pulse transformer is free, and these
may be more troublesome than the pulse transformer requirements. These are
discussed in the following sections.

4.2.2 Inductor achai requirem moans of disconnectinq the battery

The inductor scheme cannot actually be as simple as shown in
Fig. 37; it requires a switching system similar to that in Fig. 28, so that
it is possible to disconnect the battery. The battery, so far as stored
energy is concerned, is like a homopolar generator which stores far more
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energy than is extracted for a single shot. (it does not of course behave
like the HPG in the sense that the HPG is similar to a capacitor.) The need
for a switching system that enables the battery to be disconnected can be
appreciated by considering the simplest battery/inductor system, shown in
Fig. 37.

In Fig. 31, the battery charges the inductor to the required
current, whereupon the switch S is opened and the current is diverted into the
railgun. When the projectile leaves the muzzle of the railgun the energy
remaining in the inductor and rails of the gun will cause an arc. Since the
separation of the railgun rails is of the order of centimetres, it is possible
that the arc will not cease to conduct simply by dissipating the energy
remaining in the inductor. If the arc causes virtually a short circuit across
the rails, the inductor may become recharged (which would only take a second
or so) and so fuel the arc. The discharge could conceivably continue until
the battery had exhausted its energy, dissipating hundreds of times the e;ergy
of a single shot in the system and probably destroying it.

The design and operation of shunt switch S2 and the series switch Si
and resistor R1 shown in Fig. 28 are not simple; they must carry currents of
hundreds of kA and be synchronized with each other and the rallgun
operations. SI and S2 must be certain to work because of the destruction
which might ensue if they fail.

To minimize the ability of the battery to sustain an arc its voltage
should be as low as possible (e.g. 1OV). Low voltage means that it would take
longer to charge an inductor and the inductor mass must be increased to give
it a correspondingly longer time constant.

4.2.3 Transformer scheme does not require a rail switch

The switch across the railgun In the battery/inductor scheme has the
same requirements as in the HPG scheme, i.e. it must shunt the railgun for the
time required to charge the inductor and then must divert the current into the
railgun. Marshall and Barber's rail switch would therefore be suitable. In
contrast, the secondary of the pulse transformer is rapidly charged during the
explosion of the fuse and so can be charged via a short circuiting foil across
the railgun breech in a similar manner to the high voltage capacitor powered
railgun.

Although the rail switch is a proven practical means (31 of
diverting the inductor current into the railgun it must suffer some damage at
its trailing edge each time it is used. This is because there must be an arc
between one rail and the conducting leaves at the trailing end of the
switching slug as they break contact and switch extra inductance into the
circuit at the railgun gap (see Fig. 28). Maintenance or replacement of the
switching slug is therefore necessary. Even if the rail switch were to work
for a large number of shots without attention it -is a considerable
complication to the breech region of the railgun.
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4.2.4 Batteries can be conveniently located in transformer scheme

In the inductor scheme the leads from the battery to the inductor
must have resistances in the micro-ohms region to carry currents of hundreds
of kA without excessive voltage drop. Consequently the leads must be massive
busbars and the battery must be adjacent to the inductor so that they are as
short as possible. The magnetic forces on them must also be considered as the
forces could be of similar magnitude to those in the railgun.

The greatly reduced current in the transformer scheme enables the
leads to be much less massive (e.g. i/i0) and enables the batteries at the
same time to be located further away (e.g. 10 times as far). These are
important practical advantages; it should be remembered that the massive
busbars required was one of the reaons why the attempt to build an electric
gun in Germany was abandoned.

4.3 Overall system energy density

4.3.1 Interaction of battery, Coil and charging time

Although batteries store energy very compactly, (e.g. 100 kJlkg for
lead-acid batteries), the energy can be released only slowly. The slow
release of the energy means that batteries must be regarded as sources of
power and their effective pulso energy density in a pulse type of application
depends on the duration of the pulse. A battery which can deliver power at
OOW/kg, if used in 1 second pulses, has an effective pulse energy density of

100 J/kg. If it is used in 10 second pulses it has an effective energy
density of IkJ/kg. Since the mass of a system must be greater than that of
the battery alone, the overall system pulse energy density cannot exceed that
obtained from the battery.

The greater the length of time for which the primary of the pulse
transformer can be charged, the greater will be the effective pulse energy
density of the battery. The length of time which can be selected for the
charging is limited by the coil time constant; very little energy is stored
after about 3 time constants. Long charging times require correspondingly
long coil time constants, i.e. a low coil resistance and therefore a more
massive coil. Long charging times are undesirable from the operational
viewpoint because they limit both the response time and the firing rate of the
railgun.

From the previous two paragraphs it is apparent that there is a
maximum energy density that is attainable, because the coil mass must be
increased In order to reduce the battery mass.

4.3.2 Examples based on Brooks Coil

To convert the above ideas into figures we can suppose that a Brooks
Coil is charged from a battery. The Brooks Coil is not suitable as the
primary of the pulse transformer, but as it has the longest time constant for
a given mass it will yield the maximum values for overall pulse energy
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density. If suitable values cannot be obtained with the Brooks Coil they will
not be obtainable with any other winding form. (The Brooks Coil is further
described in Ch. 6).

Gr6ver (4) gives the mass of the Brooks Coil in terms of its time
constant as:

w - 0.05027 73/ 2 kg (copper, at room temp.)

where w is the coil mass and r is the time constant in milliseconds. If we
select the time constant as 1 second, the above equation yields a coil mass of
1.6 tonnes. To store 1MJ in this coil In I second using a battery capable of
charging the coil at an average rate of I kW/kg would require I tonne of
battery. Thus we would have I MJ stored in the coil from 2.6 tonnes of
battery and coil, or an overall energy density of 384 J/kg. This energy
density is intermediate between that of capacitors and the advanced homopolar
generator (remembering that the HPG uses a liquid nitrogen cooled coil). If
the battery also stores 100 kJ/kg and the efficiency of charging is 50%, about
50 shots could be fired before it was necessary to recharge the battery.

Commonly, lead acid batteries are reckoned to deliver only about
100W/kg; 10 tonnes of such batteries would be needed to charge the coil with
I MJ in I second and the overall energy density would drop to 86 J/kg i.e.
somewhat less than that of capacitor systems. Alternatively, I tonne of
batteries capable of 100 W/kg could deliver I MJ to the coil if its time
constant was increased to 10 seconds. In this case the coil would have a mass
of 50 tonnes and the overall energy density would be only 19 J/kg. Obviously,
it would be preferable to increase the mass of the batteries, because, as well
as yielding a greater overall energy density, a greater number of shots (500)
could be fired and with a more rapid response (I second instead of 10
seconds).

Instead of increasing the coil time constant by increasing its mass,
the time constant could be increased by a factor of 1, compared to room
temperature, by cooling the coil with liquid nitrogen. Thus, cooling the 1.6
tonne coil would increase its time constant to 7 seconds. In this case 1.4
tonnes of batteries capable of 100 W/kg would be needed to charge the coil in
one time constant, yielding an overall energy density of 330 J/kg. The
improvement in energy density must be balanced against the complexity of the
cooling. Using liquid nitrogen cooling, a coil with a time constant of 1
second would have a mass of 90 kg. Together with a battery capable of
charging it at an average rate of 1 kW/kg for I second, a I MJ system would
have an overall mass of 1.09 tonnes and hence an energy density of about 900
J/kg, I.e. about the same as the advanced H.P.G. system.

The energy density of the 1.6 tonne coil used to store 1 MJ is
600J/kg. Based on a typical strength of copper, the theory in Chapter 3
predicts that 10 kJ/kg is possible. The mechanical st.;ength of the coil is
therefore under utilized. For the 90 kg liquid nitrogen cooled coil, the
energy density is about 11 kJ/kg i.e. the mechanical strength is well
utilized.
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In the table below, the various options are summarized.

Summary of 1MJ Brooks Coil and battery combinations

Charge time C Battery : 100 W/kg Battery I kW/kg

- Coil Mass Energy Overall No of Overall No of

Time Const. Density Batt. Batt.Mas Energy 1 MJ Mas Energy 1MNJ
Density Shots Density Shots

1 sec. 1.6t 600 lot 86 500 it 384 50

Room Temp. J/kg J/kg J/kg

1 sec 90 kg 11 lot 99 500 it 900 50

LN2 cooled kJ/kg J/kg J/kg

7 sec. 1.6t 600 1.4t 330 70 140 kg 575 -7

LN2 cooled J/kg J/kg J/kg

10 sec 50t 20 it 20 50 100 kg 20 5

Room Temp. J/kg J/kg Jlkg

The discussion in this Section leads to the conclusion that

batteries capable of at least i kW/kg together with liquid nitrogen cooled

-oils are necessary to yield pulse energy densities that approach 1 kJ/kg and

are comparable to those of advanced HPG systems. With batteries capable of

100W/kg, the charging times must be ten times longer and the overall pulse

energy densities are comparable to those of capacitor systems.

4.4 Batteries

It is evident from the previous Section that the battery has a great

bearing on the performance of the pulse transformer system in two ways, viz.

as a prime energy store which determines the number of shots and as a source

of high power electricity that suits the transformer.

We shall now examine these aspects in relation to lead-acid

batteries, especially power density.
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4.4.1 Safe, low mass prime energy store

The railgun power source problem includes the provision of
sufficient energy for a large number of shots, i.e. it includes consideraticn
of the prime energy store. Except where the prime source of electricity is
also provided for other purposes, e.g. the electricity grid, its mass must be
included in the overall mass of the railgun system.

There are three forms of energy storage which may be utilized for
the railgun; these are fuels, explosives and batteries. They all store
energy in chemical form, which is to say by means of the inner forces of
molecules, and this is much more compact than storage in flywheels and
capacitors.

The most compact storage Is in hydrocarbon fuels, which, provided
they are burned in air breathing engines, can be reckoned to store energy at
40 MJ/kg. Taking into account the efficiency of diesel motor generator sets
(20 - 25% (51) about 8 MJ of electrical energy can be obtained from each
kilogram of hydrocarbon fuel.

Explosives store several megajoules per kilogram, which may be
converted to electricity by flux compression devices as discussed in Ch. 3 or
by explosive MHD generators (61 (which appear not to have been examined for
railguns). The low conversion efficiency of these methods (z 5%) means that
only about 100 kJ of electrical energy can be obtained per kilogram of
explosive.

Batteries (and fuel cells which are presently impractical) are in
principle ideal devices for storing energy for electrical systems because they
convert chemical energy directly into electrical form without additional
apparatus and with 100% efficiency. Lead-acid batteries store about 100
kJ/kg, which is one of the lowest energy densities of all the various types of
batteries.

On the above figures, It requires the same mass of explosives as of
lead-acid batteries to obtain a given electrical output. Since the safety
problems associated with the storage of say 1 tonne of explosives are vastly
greater than with I tonne of batteries, to say nothing of the complexity of
the conversion system associated with the explosives, batteries are
preferable. The batteries must eventually be charged, but this can be done at
a low rate over a long time, and hence by means of a small motor generator
set, from hydrocarbon fuel at the rate of 8 MJ/kg.

Unfortunately, ordinary motor generator sets cannot provide the
power to charge railgun inductors In a short enough time. This is the whole
reason for the developments discussed in Ch. 3, and is further examined in
Sect. 4.5. The conclusion from this discussion Is, therefore, that a mass of
batteries sufficient to provide enough energy for a burst of shots and a tank
of hydrocarbon fuel, together with a small motor generator, comprise a prime
energy source of high power electricity which Is safe and as compact as
possible.
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4.4.2 The pulse power density of lead-acid batteries

Although batteries, together with a small motor generator and a fuel
tank, yield a safe and low mass prime energy store and the pulse transformer
system has sfmple switching, the most important measure is the energy which
the pulse transformer system can deliver per shot from its total mass, i.e.
the pulse energy density.

The work in Section 4.3 shows that for a battery based power source
to attain an energy density of 1 kJ/kg the battery must have a power density
of at least 1 kW/kg. This calls for "high rate" discharge batteries. Such
batteries have been developed, for military purposes in particular [7]. The
silver oxide-zinc battery is a notable example; it has energy and power
densities at least four times those of lead-acid batteries (81. The most
practical battery to consider in this study is the lead-acid battery because
of its availability and low cost and because it appears to have the potential
for high rate performance.

From elementary theory the maximum power delivered by a battery
occurs when the load resistance equals the battery internal resistance. This
is complicated by the effects of the chemical reaction which cause the battery
voltage to decrease rapidly when it is heavily discharged.

Information about the power produced by commercial lead-acid
batteries loaded to the above condition is not generally available and often
is not known by the manufacturers. A value of 100 W/kg is spoken of, based
upon the most common high rate application, viz. cranking of engines, for
which a typical specification is 350A for 30 seconds and a terminal voltage
not less than 7.6 V at -18C. A battery which meets this specification has a
mass of about 24 kg.

There is also little in the literature concerning the maximum power
density of batteries. The present interest in electric vehicles is raising
the matter because a power density of 100-200 W/kg is required to give
electric vehicles adequate acceleration and hill climbing ability (91. In the
case of electric vehicle batteries, these figures must be achieved in
conjunction with high energy density (200 kJ/kg) and long cycle life (1000
cycles). These requirements, long cycle life in particular, could be
sacrificed in the case of a railgun battery. The writer (DRS) found four
instances where high rate power densities of lead-acid batteries are reported
in the literature.

(I) The "Cyclon" cell, 600 W/kg maximum power density. Duration not
given (10).

(ii) Aircraft starting battery, 24v, "Chloride", 400 w/kg for 50 seconds
at 1.42 volts per cell 111, which implies 470 W/kg maximum power
density.

(Iii) Experimental electric vehicle battery, 650 W/kg maximum power
density, duration not specified (121.
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(iv) Experimental electric vehicle battery, 440 W/kg maximum power
density, duration not specified [9).

To determine the power density of batteries for periods of seconds, the writer
short circuited various types of automotive starting batteries and recorded
the battery voltage and battery current. Fig. 38 is a typical record,
although the results vary greatly from one battery to another. (More results
and discussion are given in Chapter i0).

Fig. 38 9 seconds short circuit test on Exide "Torque-Starter" battery.
Lower trace is the battery current (80OA/div), upper trace is the
battery voltage (4V/div). Time is I second/div. Battery voltage
prior to test is shown for the first second of the trace. Battery
mass = 14 kg.

From Fig. 38 it can be seen that the current diminished to about
half its initial value after 9 seconds. The average current during the first
second was about 1500A, and since the battery voltage fell 10.5V the internal
resistance was about 7 mg. The maximum power from the battery for the first
second would therefore be about (6.25)2/7 x 10- 3 = 5.58 kW, or about 399 W/kg,
since the battery mass was 14 kg. The average power density during the 9
second discharge would be about 300 W/kg.

The tests carried out showed that automotive type batteries can
deliver energy into matched loads at rates in the range 2!0W/kg for 10 seconds
to 1 kW/kg for 1 second. These batteries are the products of designers in
pursuit of high cranking power at low temperature for the automotive market
and the short circuit currents at room temperature are more or less accidental
results from that effort.
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The above tests carried out by the writers upon the newest types of
automotive starting batteries and the published values up to 650 w/kg suggest
that a lead-acid battery could be constructed to have a maximum power density
of 1 kW/kg for several seconds.

4.4.3 Factors limiting the high rate discharge of lead-acid batteries

We shall now review the theory relevant to high rate discharge of
the lead-acid battery anl then apply it to estimate its maximum feasible power
density.

Electrical energy is released at the rate of 600 kJ/kg from the
substances that actually react in the lead-acid battery. The overall energy
density of the battery is about 100 kJ/kg because the active substances are
not fully used due to polarization and because of the need for electrodes with
which to collect the current and the need for a container. If all the
molecules of the reacting substances could contact each other simultaneously
their entire mass would react simultaneously with the production of a pulse of
electrical energy at the rate of 100 kJ/kg. If this condition could be
attained, 100 kJ/kg electrical pulses could be produced in times similar to
those for explosive reactions.

Let us now consider the reactions in the lead-acid battery and
identify the factors which prevent such a rate.

When the external circuit of the battery is closed, electricity is
produced by the complementary need in the chemical reaction for electrons and
H+ ions to be given up at the lead plate and supplied to the lead dioxide
plate. The reactions are (131:

Pb + H 2SO 4  PbSO 4 + 2H
+ 
+ 2 e-,

at the lead, or negative, plate; and

PbO 2 + H 2SO 4 + 2H
+ 

+ 2e- 4 PbSo 4 + 2H20,

at the lead dioxide, or positive, plate (via intermediate reactions).

The electrons reach the positive plate through the external circuit
and the H+ ions reach it by passing, as current, through the electrolyte.

There are two basic restrictions to the rate at which the above
reactions may proceed. One is the rate at which eleitrons and H+ ions are
able to reach the positive electrode. The resistance of the circuit,
including the resistance of the lead, lead dioxide and electrolyte, determines
this limit. The other restriction is the rate at which lead and electrolyte
ions arrive by diffusion at the electrode - solution interfaces of both plates
from the bulk to replace those that have been used up, or in other terms, the
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rate is determined by the equilibrium concentrations at the electrode "double
layers" 113).

Thq lead sulphate, which is produced in solution at both electrodes
and is immediately deposited as crystals, impedes the diffusion of lead and
electrolyte ions from the distant regions to the interface region and also
increases the electrical resistance. Until the proportion of lead sulphate is
relatively high (60-70% of the active materials converted), which is towards
the end of the battery's useful discharge capacity, the lead sulphate does not
greatly increase the ohmic resistance [141. When the battery is nearly fully
charged it has a negligible contribution to ohmic resistance.

The effect of lead sulphate on diffusion is more serious. In
particular it inhibits the passage of lead ions (Pb+') from the active
materials and into solution [15]. The degree to which this limitation occurs
depends upon the nature of the electrodes; fine pores become blocked. The
lead sulphate is deposited with many cracks and imperfections rather than as a
uniform layer and it is not until the active masses are largely converted that
it virtually prevents the passage of lead ions.

Water is produced at the positive electrode, as well as lead -
sulphate. The water dilutes the acid, which must have a specific gravity
greater than about 1.1 for the reaction to proceed. The water also increases
the electrical resistance of the electrolyte, approximately doubling it if the
battery is deeply discharged. As with the lead sulphate, the water has the
greatest effect in fine pores. Calculation shows that the volume of
electrolyte required is about 18 times that of the lead dioxide. Long, narrow
pores would be depleted of acid before the active material at the pore
surfaces had been used up, and furthermore, diffusion between the liquid
within such pores and the fresh electrolyte outside them would be slow.

We now have to consider the relative importance of the above factors
in the context of maximum rate discharge for periods of seconds, with such
time between the discharges that diffusion reestablishes the acid
concentrations.

The limiting effect of the lead sulphate upon the diffusion of lead
ions can be distinguished from that upon the diffusion of the electrolyte.
The release of divalent lead ions (Pb++ ) from the tetravalent lead ions
(Pb +..) of the lead dioxide electrode requires the supply of electrons and
thus can only occur when the battery is delivering current. Electrolyte
diffusion, however, can take place when the battery is allowed to rest.
Therefore, If lead Ion diffusion Is the limiting factor the battery will not
recover when it is allowed to rest, even though the electrolyte specific
gravity is adequate.

The above discussion leads to the conclusion that while a battery
has useful capacity, electrolyte depletion must be the factor that causes the
current to decline from its initial, ohmically deternAned, value. At the
positive electrode, not only is the electrolyte used up, but water is formed
as well. We therefore conclude that for maximum rate discharges for periods
of seconds (e.g. up to ten seconds), the positive electrode needs particular
attention.
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The current waveform in Fig. 38 can now be explained. While the
battery was at rest before the test, the ion concentrations in the electrode
interface regions reached their maximum values. The initial current peak is
limited only by the ohmic resistance of the circuit, and exceeds the rate at
which the ion concentrations can be replenished. The current declines for
about a third of a second towards an equilibrium value. The generation of
water, and, to a lesser extent, lead sulphate, continues to reduce the
diffusion rates and the current continues to decline, but at a slower rate.

The water also causes the electrolyte resistance to increase, but
for short duration discharges the resistance increase is too small to cause
the current to decline.

4.4.4 Design and performance of a high rate lead-acid cell

We shall now estimate the power density of a lead-acid battery
constructed to minimize the rate reducing factors that we have just discussed.

Firstly, the ohmic resistance must be low enough that the power
density can attain desirable values. Most of the resistance is due to the
electrolyte, so the electrodes should be as close together as possible and of
as great a surface area as possible. The increase in resistance due to
dilution by water can be prevented by providing enough acid to prevent the
S.G. falling below about 1.2, starting with an S.G. of 1.3.

Secondly, diffusion must be maximized, i.e. the electrolyte must
have easy access to the active materials, especially at the lead dioxide
electrode. Since pores restrict the access, we shall suppose that the
electrodes are thin foils upon which the active materials are formed as thin
films. This means that large areas are needed for capacity, but large areas
are consistent with low electrolyte resistance. Porous structures are used to
give high capacity in a small volume, so to gain high diffusion rates we
sacrifice energy density. A compromise might be to use a surface with a short
bristle like structure.

According to Vinal, each AH of charge (i.e. each 3600 Coulombs)
produced by a lead-acid cell consumes [16]:

Pb 3.866 grams, having volume 0.341 c.c. (S.G. - 11.34)
PbO 2  4.463 grams 0.476 c.c. (S.G. - 9.4)
H2SO4 3.660 grams 2.815 c.c. (S.G. - 1.3)

from which it yields:

PbSO 4 11.32 grams 1.797 c.c. (S.G. - 6.3)
H20 0.672 grams 0.672 c.c. (S.G. - 1)

Additional H2SO4 must be provided to prevent its S.G. falling below
1.2. Calculation shows that 18.4 c.c. are required to be provided instead of
just the 2.815 c.c. actually consumed (17].
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Dividing the above volumes by 3,600 yields the average thicknesses
of the substances per coulomb per cm2 (i.e. per 2 J/cm2 from a 2V cell):

Pb . 1 .0 A
Pbo2  1.3 A
Electrolyte 51 p

PbSO 4  2.5 p (each electrode)
H20 1.9 j (PbO 2 electrode)

The thinness of these average layers confirms the feasibility of thin foil
construction with formed active surfaces.

A cell with electrodes of 1 m2 and the above thickness of active
materials could produce an electrical pulse of 20 kJ, in principle. If there
was lmm of electrolyte between the electrodes and the Pb and Pbo 2 layers were
increased to 20 p and 26 p respectively, 400 kJ could be obtained from about
1.8 kg of active materials. Let us now check the performance of such a cell
in terms of ohmic resistance and diffusion.

The resistance will be approximately that of the electrolyte, taking
the electrolyte resistivity as 1.3 0-cm yields 13 pQ for the cell resistance,
which could dissipate 308 kW from the 2V cell and in principle could discharge
the cell in 1.3 seconds. The ultimate power density as set by ohmic
resistance is thus about 75 kW/kg, allowing 2.2 kg for electrodes, extra
active material and a container, and thus a total mass of 4 kg.

Diffusion will greatly reduce the above power density. With the
large area thin film electrodes that we are assuming the high rate limitation
is chiefly due to electrolyte depletion at the positive electrode, which has a
greater need for electrolyte than the negative electrode (161 and at which the
electrolyte is diluted by the production of water. An estimate of the rate of
diffusion from the bulk electrolyte to the water layer can be obtained from
the following expression (161:

0 - D AC (a/)

in which Q is the quantity of electrolyte diffusing per unit time; D is the
diffusion coefficient (at least 1 x 10- 5 cm2/sec); AC is the difference in
concentration between the water and the bulk electrolyte (0.3 gm/c.c.); a is
the aggregate area into which the electrolyte is diffusing (101 cm2 ) and t is
the depth of the pores through which the diffusion occurs. The thickness of
the PbO 2 layer, if solid would be 26 o; allowing for extra material and that
the PbO 2 is in fact a porous thin layer let us suppose t to be effectively
50 A. Substituting in the above expression yields Q - 6 gms/second. Since
the positive plate consumes nominally 3.660/2 - 1.83 gms per 7.2 kJ of
electrical energy, diffusion to the positive plate could support a discharge
of 23.6 J per second.

In this calculation we assume that the water produced at the
positive electrode is the single most important rate limitation; allowing for
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other factors let us derate the above figure to 20 kiJ/second i.e. 20 kW.
Allowing the resistance of connections to be such that half the power is
dissipated before reaching the terminals, the maximum delivered power is
10 kW.

Since the useful mass of the active materials is 1.8 kg, the total
energy produced is 400 kJ. Assuming a total mass of 4 kg for the cell, we
finally obtain an energy density of 100 kJ/kg and a maximum power density of
2.5 kW/kg, which diffusion could support until the 1.8 kg of active materials
had been used up, i.e. for 20 seconds.

The diffusion calculation upon which the above result depends refers
to still liquids. Other factors may improve the transport process by
agitating the liquids, 3.g. convection due to heating by the high rate
discharge. It may be possible to assist diffusion, e.g. by vibrating the
electrodes.

From the foregoing study it appears that it is possible to construct
a lead-acid battery with a maximum power density of 2.5 kW/kg when dilution by
water at the positive electrode is the chief limitation i.e. for several
seconds before there is significant production of lead sulphate. If the lead
sulphate can be deposited so that it does not greatly interfere until the
active materials are mostly used up and the quantity of acid is sufficient
that its resistance does not alter greatly, 2.5 kW/kg may be attained for 20
seconds. This performance may be at the expense of other desirable
properties, cycle life in particular.

4.5 Motor-generator instead of batteries

4.5.1 Power density of motor-generator sets

If motor-generator sets had power densities greater than those of
batteries, it would be preferable to use a motor-generator set to charge the
transformer primary. Investigation of this possibility showed that motor-
generator sets are unlikely to exceed 250 W/kg for I second times and
therefore cannot compete with batteries.

The above figure is obtained as follows. The maximum power from a
tuned up ordinary car engine is around I kW/kg (181. From suppliers catalogs
a "ball park" figure of 100 W/kg applies to generators, continuously loaded.
If such a generator under maximum power condition could be overloaded for
1 second to deliver 500 W/kg, which is unlikely, since the study in Ch. 3
Indicates that specially constructed flywheel machines are necessary for such
an output, the overall power density when coupled to the engine mentioned,
would be 250 W/Ig.

That 250 W/kg is a generous assessment of motrr-generator sets can
be seen from the figures for an actual motor generator set, rated for 30 kVA
continuously, and which has a mass of 1100 kg. The 1.5 second rating for this
set is A5 kVA, or 40 W/kg, and is only 50% above the continuous rating. The
designers of this set stated that they would not dream of applying a load to
it equal to its internal resistance [19). Whilst the generator might stand
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such a test, the mechanical shock transmitted to the engine might break the
connecting shaft or the crankshaft. The engine would have to be fitted with a
large flywheel in which the desired amount of energy was stored, and decoupled
from the engine when the electrical pulse was required. That, of course,
brings us baek to flywheel machines, discussed in Ch. 3.

4.5.2 Response time limitation of motor-generator

Since a motor cannot go from off to full load at full speed in a
fraction of a second, it must be running at the full speed prior to the demand
for full power by the generator. If the time of the firing demand is unknown,
the motor must run continuously at full speed with a fuel injection system,
able to instantly supply the fuel for full power, synchronized with the firing
demand. This is especially important if the system is not provided with a
flywheel in which the energy for a shot is stored.

Batteries, however, can remain idle for long periods (e.g. a year)
with no consumption of fuel and yet instantly supply full load power.

4.6 The primary opening switch

4.6.1 The mechanism of energy transfer

The purpose of the fuse, or other means of causing the primary
current to cease, is to transfer the magnetic energy of the primary to the
secondary. The energy transfer actually takes place through a chain of
events. When the fuse commences to operate its resistance rapidly increases
and the energy dissipated in it diminishes the stored energy. The primary
current and the primary flux fall and the portion of the falling flux that
links the turns of the secondary induces within the secondary an e.m.f. The
secondary is charged by this induced e.m.f. and acquires energy from the field
of the primary with which it is mutually linked.

Since the secondary will dissipate in its own resistance the energy
that it receives, the secondary resistance must be small enough that the
energy is not dissipated as fast as it is received. This means that the
primary current Must fall in a time that is short compared to the secondary
time constant.

From the foregoing it can be appreciated that the important action
of the fuse is to cause a rapid enough fall of primary current. The energy
will be transferred to the secondary whatever means is used to bring about
such a fall of primary current. Opening a switch across a capacitor in series
with the primary would suffice, provided the capacitor and the effective
inductance of the primary during transfer has a high enough resonant
frequency. An advantage of this method over fuses is that the capacitor would
not have to be replaced every shot, as does a fuse. Another method that has
been proposed to replace fuses is to use liquid nitrogen cooled wires (201.
The wires are rapidly heated to a sufficient resistance, but not exploded, and
so can be used repetitively, carbon filled polymers are another possible
reusable fuse material (211.
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4.6.2 Opening time, unergy, voltage and resistance of the switch

since the acceleration time in typical railguns is about a
millisecond, the energy of the primary should be transferred in about
100 ps and the time constant of the secondary should be several
milliseconds. The resistance introduced into the primary should therefore
cause the primary current to fall to zero in 100 ps.

We have previously discussed the fact that the energy which does not
transfer to the secondary must be dissipated in the opening switch, and that
the amount of energy is determined by the coupling between the primary and
secondary. If the current is assumed to fall linearly with time during the
opening of the primary, and we know the energy to be dissipated, we can
estimate the average voltage across the switch. Thus, if the primary current,
I, is 5000A and is reduced to zero in t - 100 ps together with the dissipation
WSw - 10 kJ in the switch, then

IWs = V 1 t,
sw 2

from which the voltage, V, across the opening switch is 40 kV.

From the above expression, we see that the shorter the opening time,
the greater the voltage which the switch must withstand during opening.
Opening times which are unnecessarily short compared to the secondary circuit
requirement should be avoided because of the high voltage across the switch.

With 40 kv across the fuse at 5000A, its resistance would be 8
ohms. When the resistance has reached 80 ohms all but i% of the energy would
have transferred to the secondary. This shows that it is not necessary for
the fuse to attain what is normally considered an open circuit.

During the transfer of energy from the primary to the secondary, the
turns per volt are not the same for each winding. If the primary energy
transferred to the secondary in 100 ps was 2 MJ, and if the secondary current
was 500 kA, the secondary voltage would be about 80 kV. If the turns ratio
was 100 and the same rate of change of flux affected each winding, the primary
voltage would be 8MV. The rising current in the secondary, however, induces a
counter e.m.f. in the primary which reduces the primary back e.m.f. to 40 kV.

4.6.3 Fuses and vacuum arc switches

The major challenge in the design of the opening switch is to absorb
the energy that cannot be transferred without the switch breaking down and
reclosing the circuit. Fuses are an effective means of doing this because the
energy is got rid of by using it to destroy the switch.

The actual mechanism by which the fuse works is that the energy to
be dissipated converts the metal of the fuse to a vapour at temperature and
pressure conditions such that the vapour is a poor conductor. The vapour Is
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condensed in a medium (e.g. sand) so that it is too dispersed to conduct. Tne
basis of design is to select the mass of metal such that its vapourization
energy equals the energy to be dissipated. If there is too much metal, it
will not be properly vapourized and if there is too little, the excess energy
will ionize the vapour (22].

Fuses, in the form of exploding wires or foils, have been developed
over the past 30 years for the transfer of energy from one inductor to another
in thermonuclear fusion experiments. Designs which can absorb 70 kJ have been
reported £231. Wires exploded in water have been reported to withstand 1.3
kV/cm for milliseconds (24] and 16 kV/cm for microseconds (25).

Unless an opening switch is placed across the fuse to divert current
into it, the fuse design must be such that it does not commence to rupture
until the desired current is reached. This requirement seems to be able to be
met, in general, because the fuse action culminates in a rapid positive
feedback process. The more the fuse heats, the higher its resistance becomes.

A switch which could function upon an electrical command as either a
closing switch or an opening switch would be preferable to the closing switch
and fuse in Fig. 36. Because there is a general need for reusable
opening/closing switches in inductive-circuits, attempts are being made to
devise such switches. The vacuum arc switch being developed by Gilmour 1261
is an example (Fig. 39).

"" ANODE

CATHODE MAGNETIC
INS.JATOR FIELD COL

IGNITER
ELECTRODE

Fig. 39 High voltage arc interrupter (Gilmour)
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To turn the switch on, a pulse is applied@to the igniter
electrode. The igniter electrode has a metallic film deposited on it which
enables it to generate a plasma and conduct between cathode and anode. As an
opening switch, it works by the magnetic blow-out principle. A pulse applied
to the field coll sets up a magnetic field which causes forces on the current
carriers travelling between anode and cathode. These carriers must in effect
climb a hill, in the process causing a large voltage between anode and cathode
and absorbing the circuit switching energy. Eventually the carriers
(presumably mostly electrons) strike the anode. The anode thus is the
structure in which the energy is ultimately given up, as heat.

4.7 Previous use of pulse transformer method

Although the pulse transformer concept for generating a high pulsed
current is simple, it appears to have been investigated only a few times. The
writer has found only three accounts in the literature.

The first attempt was by Peter Kapitza at the Cavendish Laboratory
in 1924 [27]. He wanted to use the high current from the secondary to produce
a nigh magnetic field in another coil. He did not analyse the factors
involved and evidently tried to use mechanical switching. He found it
impossible to prevent sparking and the loss of all the energy and abandoned
the idea.

The next use of the idea seems to have been by Walker and Early at
the University of Michigan in 1957, 58 (281. They did not analyse the factors
involved in detail, but successfully produced a 117:1 current step up
transformer to transfer 105 kilojoules to a load at 525 kA. Walker and
Early's papers (28,293 are frequently cited, hence the pulse transformer
concept must be widely known. The reason for their papers being frequently
cited is probably that they established several basic practical features of
inductive storage, e.g. the economic advantages with coil size, the use of
flywheel machines to store the energy with which to charge the coils and the
use of mechanical switches in parallel with exploding wire fuses to transfer
energy.

The third account of the idea was given (30) in 1979. The objective
in this case was to generate megavolt pulses at powers of 1011 watts by
dumping the stepped up current in the secondary into a resistive load. The
pulse transformer is not suited to this because of the stepped up voltage
across the primary, and the idea was not actually put into practice.

None of these attempts, it seems, was based on a detailed study of
the power supply, switch and transformer interactions.

4.8 current transformer concept

We have discussed a number of problems and advantages of the
transformer scheme and similarly of the inductor scheme. A method ol
obtaining the advantages of each is shown in Fig. 40, in principle.
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1. Charge coil

2. Apply Short circuits

Ralgun

3. Cut turs L

Fig. 40 Current transformation using one winding.

Firstly, the coil is charged with current, I. Secondly, the busbars
of the railgun are shorted across the turns as shown in the second diagran.
The coil has a very low resistance so that the circulating current is not
affected by the busbars. Finally, the turns between the shorting busbars are
severed. The current in each of the turns diverts via the busbars and
redistributes via the turns on the other side and continues its flow around
the N turn circuit. The current through the railgun, however, is NI.

The effect is that the turns are charged with current when in series
and discharged in parallel, corresponding to the way in which capacitors are
charged in parallel and discharged in series to obtain high voltages.

If the coil connections could be remade and the busbars removed, the
current would resume its path through the coil alone. In this way the energy
of the coil could be tapped.

The method retains the low current charging of the transformer.
Since the same winding is used for both low current charging and high current
discharging, it has in effect perfect coupling. There is no primary into
which a high voltage is induced during the discharge into the load. Because
there is no need to consider degree of coupling, the coil can have convenient
geometry; in particular so as to be as compact as possible and to not produce
external magnetic field.

The difficulty with the idea is in the switching. A set of make
before break contacts can be imagined. The problez is the same as for the
inductor scheme where the rail switch is used, except that the current is
subdivided into perhaps 100 parallel paths which must be separately
switched. The disconnection of the battery is not as difficult as with the
inductor scheme because it is done at low current.
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CHAPTER 5

ANALYSIS OF THE PULSE TRANSFORMER CIRCUIT

In chapter 4 an overall view of the pulse transformer system was
presented; in particular it appears competitive with advanced H.P.G. systems
in terms of energy density per shot, given a not unreasonable improvement :n
the pulse energy density of batteries. The finer details of the scheme are
now studied. Firstly, in this Chapter, the discharging and charging processes
are analysed mathematically, irrespective of the actual form of the
transformer. Secondly, in Chapters 6 and 7, the geometry of the transfor-er
is considered.

5.1 Energy transfer (discharge) equations

5.1.1 Circuit parameters

The equivalent circuit of the pulse transformer system is shown 'a
Fig. 41.

S
t 0M

R, L L 2

VC _ T 0 NLL

Fig. 41 Circuit for analysis of pulse transformer scheme.

The primary and secondary self inductances are L1 znd L2 and 1 is
the mutual inductance. RC is the resistance of the primary circuit, including
that of the voltage source VC , when switch S is closed. RL includes the
secondary and load resistances and LL includes the busbar and load
inductances.

The fuse, or other means of opening the primary circuit, is
represented by the switch S and parallel resistance RD. It is impossible to
define RD mathematically, as it depends on the switching means and may have a
strong Interaction with the other circuit parameters. We shall suppose that
from the manner in which a fixed value of RD affects the discharge, the role
played by the switch resistance can be adequately inferred.
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In the following Sections the circuit will be analyzed, firstly,
a simple manner, and then rigorously by network analysis. The complex
expressions from the rigorous analysis are then simplified and their physL3a
meaning is discussed.

5.1.2 Simple analysis

For the simple analysis we assume that RD has a large enough value
that, when the switch is opened, the primary current falls to zero virtually
Instantly cimpared to the time required for appreciable energy to dissipate in
the secondary circuit. In this case the flux linkages with the secondary are
conserved while the primary current falls to zero. Let the current in the
primary be i1 (t) - i (o) just prior to the opening of the switch. Then:

Mi1 (o) - - L2  i2  (o)

I.e. i2 (o) = - (o) (5.2)

eL 122

where the flux linkages with the secondary prior to switching are given by
M; (o) and I2 (o) is the secondary current immediately after swltching.

Since M = k4LIL 2  (5.3)

where k is the degree of coupling between the primary and the secondary,

L1

1 (o) = - i (0) k 4L- (5.4)
21 L2

If the transformer windings are geometrically similar, then:

- N1 - .5)
L2 N1

where N1 and N2 are the primary and secondary turns, and so:

N
12 (o) k - k 1  (5.6

The energy transferred to the secondary, W2, is:

W2  - 1/2 L 2 (1 2 ( - 1/2 k
2  L (i (o))2 k2 W (5.7)

where W is the primary stored energy just prior to t - 0. The energy lost
during the switching, WSW, is:
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w sw W1 - W2 (1 - w 5,8)

The energy lost is dissipated in the resistance RD since RD was assumed to
have a relatively high value compared to Rc.

Equations (5.7) and (5.8) show that the coupling factor determines
the energy transferred to the secondary and the energy which the Switch must
dissipate, as was discussed in chapter 4.

5.1.3 Rigorous Analysis

The simple analysis is independent of the value of the circuit
resistances and gives no measure of how quickly the primary should be opened.
These are the reasons for carrying out a rigorous analys.s of the circuit.
The analysis is in terms of the circuit time constants and thereby Includes
the circuit resistances.

Applying Kirchoff's voltage law to the primary and secondary at time
t - 0+ , i.e. immediately after the switch is opened, we obtain:

di di
vC  . (RC + RD)I, + L1  - M dt (5.9)

di2  dil

0 - Ri 2 + (L +L)-- - (5.10)
L 2 + L +2 dt dt

Taking Laplace Transforms and using the initial conditionsV

ii (0
+ ) 

- i(o), 12(o
+ ) 

- 0, and letting i(o) R, i.e. the final value of
the current which would flow if the primary were Rharged for a long time prior
to t - 0, we obtain:

L1 SM2
Vc{[ s(+ + L +) -R -

I (S) " C C 2 2 (5.11)[SL 1 + (RC + R )](S(L L + L2 ) + R L - S2M

L MVC
SM(V ( + R ) - -- (SL + (Rc+,R D)

I 2(S) - 2 (5.12)
ISL 1 + (Rc+ R)(S(LL + L2) + RLI - S2M

1 C D L 2

.... mi i l i-H l I illii1l1



Let---- T+ L T L2 + LL, To  where To and TI are the primary
1 Rc + RD, 2 - RL , 0 RC

circuit time constants prior to, and after, t - 0 and Ti2  s the secondary -:7e

constant. Let k
2 

_ L (L2 + L ) i.e. the coefficient of coupling between tne

primary and secondary iirults
2
rather than of the transformer alone. Wlt.

these substitutions we obtain:

(S + - s + s22

(s) l i1(o) o~ +(5.(1+3))-

T T 2T1 T2

1 1
T T l

S(S) (5.4)
L + L 2  S+ _-)(S + -_) _ S2k2

TI T1 T2

Since k
2 

S 1 the roots of the quadratic expressions are real. We obtain next,

factorizing the expressions:

I (S) 1 11 (o) (S + 7 )(S + a)

S(S + a)(S + 0) (5.15)

1 1
I I

M2 0(oI(LL L (S + ((0 + ) (5.16)

2 1 1L +__(_+___ 7

w h e r e [ _ ( _ + _ _ ) t 4 ( ( I + T -2 4 ( I - k 
2

where T I T 2 T I2T1I, - - 1 2(5.1 )

2 (1 - k )

and y, a are given by the same expression except that T1 Is replaced by T o -

Using partial fractions and taking the inverse transforms we finally obtain:

I (t) (o) [-& + e-at + ( e-Ot] (5.18)
a$ -0(0-a) $ap

1 1

2(t) 1 (L0) L2 )  0 1 I le-at - t  (5.19)

i1 (o) (a + a) 2e ) (0t)
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Owing to the need to evaluate 7, , using (5.17) it Is not
possible to deduce much by inspection of equations (s.1s) and (5.19). They
can be readily evaluated by computer and the results presented in tables or
graphs. A compact mathematical expression that is easy to evaluate and
interpret is more useful than tables or graphs. In addition, we really need
the expressions to directly use the values of To, T1 , T2 and k rather than an
obscure function of these variables.

By noting some relationships between the roots of quadratic
expressions we can obtain reasonably good approximations to (5.18) and (5.19)
in terms of the desirable variables. The relationships are:

1 (5.20)

(i - I2 ) T T2

- 1 (5.21)(1 - Ic2 ) ToT 2

1 1 2 1 0 T 2

and; if (j + _)2 4(l - k'
)  

(5.22)
TI  T2  T1T2

an L 1)2 >>4(1 - k 2  (5.23)
1 0 + 2 oT2

1 1
then, T1 T2

1 2 (5.24)
I - M

2 '

1k

(5.25)
T1 + T2 '

1 1

T T 
(5.26)

1 - M
2 '

6- 1 (5 .2 7 )

Before utilizing these approximations let us investigate their
degree of accuracy. Suppose we desire the error in a, a, y, I to be less than
5%. Taking into account the effect of the square root on errors we deduce
that if
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+ - 20 (1 - (5.28)
T1 T 2  TIT 2

T2 2

i.e. if k
2  

Z 0.9 52 1 .29)20 T IT 
2

then a, B will be estimated by (5.24), (5.25) to within 5% (Likewise for
, except that To replaces T1.)

Let T2 - m T1 in (5.29). Then, (5.29) becomes:

m +-
k 2  > 0.9 - m (5.30)

20

From this last equation we can deduce that for m 18 or m a and will
be estimated by (5.24) and (5.25) for any value of k2. 18

This means that if T2/T 1 and T0 /T2 are greater than 18 then no
matter what the value of k2 we can substitute the simpler relations for

,, 6, , within 5% error bounds.

1.2 I I I V - I I

1%

0.8

k(2

0.4 5%

0
0 2 4 6 8 10 12 14 16 18 20

T,/,or To /T2

Fig. 42 Values which k2 must exceed for errors In estimates of a , 7, 6 to
be less than 5% or i%.

Fig. 42 shows graphs of the values which k 2 must exceed for 5% and 1% error
bounds, as functions of the time constant ratios.
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To estimate the errors that might apply to the pulse transformer
analysis it is necessary to know k

2 
and the ratios T2/T1 and To/T 2. In Ch. 4

it was found that k
2 

should be at least 0.99 for ease of switching; Figure 42
shows that in this case the errors in a, 0, 7 and 6 will be less that 1%
irrespective of the time constant ratios. Since the switching must be
completed in a time that is short compared to the secondary time constant
(T2/T1 = 100, e.g. T2 - 10 Ms, Ti - 100 As) and since the time to charge the
primary is long compared to the secondary time constant (T /T = 100, e.g. To
- 1 S, T - 10 ims) it can be seen from Figure 42 that a, 0, 7 and 6 will be
accurate to within a few percent for even very low values of X2.

Using Egns. (5.20) to (5.27) together with the assumption that T2/T1
and To/T 2 are very much greater than unity, Eqns. (5.18) and (5.19) can be
written as:

t
2 2 

t
TI TI(I -k ) 

2 
TI T2

i (t) i(o) (+e + -e 1 (5.31)
1 1 T 0T2

t
T- 2 - rL 1TI(I - k T2

12 (t) i (o) 4L L e - e (5.32)

Eqns. (5.31) and (5.32) are plotted in Fig. 43, taking the primary

discharge time to have a normalized value of unity, and T2 /T1 and To/T 2 each
L Nequal to 100, and 4L__--__ + "L 10 (the ratio of primary to secondary

turns). LL + L 2  N2

For the time ratios stated, I (t) and I(t) will always be accurate
to within a few percent.

5.1.4 Discussion of discharge equations

As was made clear before, the derivations in this Chapter are based
upon RD being constant whereas in fact RD varies greatly with time. The
equations cannot, therefore, give accurately the values of the currents.
Their principal features, however, should be a good indication of the
influence of circuit parameters. By Inspection of the above equations and the
graphs, we can draw the following conciuslons.
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'lgure 43. Primary and secondary discharge currents of the pulse transformer.
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(i) The primary current has three components. The first component,

Tof1 o , is very small because the switch resistance soon becones

much larger than the circuit resistance. The component is simply
due to the fact that whenvthe switch is opened the current supplied
by the battery becomes + R eventually.

The second component is the dominating one for most of the
discharge. It shows that the time constant of the primary during
discharge is diminished by the factor (I - k2 ). A high coefficient
of coupling therefore speeds up the transfer of energy in a nanner
which is not obvious without this analysis.

The third term shows the influence of the secondary discharge. :ts
effect is negligible during the actual transfer of energy to the
secondary because T1 /T2 << 1. In the case of a fuse, RD would
become virtually infinite at the end of transfer of current to the
secondary and therefore the effect of the third term on the primary
current is virtually zero.

In view of the above discussion we can further approximate the
primary current by the expression:

t

11(t) ( 1Co) e (5.33)

(ii) Equation (5.33) can be further approximated by:

i I(t) = iI(o)(I t ) (5.34)

This is because an exponential waveform Is approximately linear with
time for the first time constant.

The significance of this approximation is that it enables us to
easily estimate the voltage induced across the primary, while the
fuse is opening, as was done in Section 4.6.2.

(Iii) The energy dissipated in the primary during switcning can be found
using Eqn. (5.33);

i.e. Wsw - I' (RC + RD ) l 2(t)

2t
T (1 - I2)

- (RC + RD ) 1 2 (o) " 1
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- (RC + RD) 11
2 (O) 2

L
1 2 1 k2

D )  o 2Rc + R D)

i.e. Wsw 2" (1 - k2 ) LI1 12(0) - (I - k( 2 W- .

This is exactly the same as obtained previously (Eqn. (5.8)) and
testifies to the validity of the approximations involved in
obtaining Eqn. (5.33).

(Iv) The equation for the secondary current can be written:

t
2 tT(- 2 )  

-- T

i (t) 1 (o) k - I e - e T , (5.35)
2 1 N2

since 4- 2 if LL << L2 and the geometry is the same for both primary
L +L 2  N 2

and secondary (i.e. so that primary and secondary differ only in the n.mbers
of turns).

Owing to the rapid decay of the first exponential term, shortly
N

after t - 0 the secondary current becomes . k i(o), which is the same as
obtained by the constant flux linkage method.

The rise of the current is controlled by the first term with the
effective time constant T, (I - k2 ). The second term represents the discharge
of the secondary energy in the load and is of no consequence during switching,
so long as T2 >> T 1 (1 - k

2
).

5.2 Physical Explanation of Transfer of Energy

The mathematical methods used so far enable the transfer of energy
to the secondary to be plotted instant by instant. They do not, however,
explain why it occurs. The foilowing discussion shows how the mutual induced
voltages control the exchange of energy. In this treatment the coeffIcients
of coupling of the primary and secondary are individually designated. This
enables changes in current, voltage and energy to be identified with primary
or secondary flux changes. In the preceding analyses It was only possible to
use the composite coefficient and therefore the Indlvidual effects of the
windings could not be identified.

Fig. 44 shows the equivalent circuit for this discussion. Current
(o) circulates in a zero resistance primary which is coupled to a shorted
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zero resistance secondary. The permeance of the flux path of the primary is
P1 and that of the secondary is P., as used by Fitzgerald and Kingsley [1].

NIP N2P2

k, k2

Fig. 44 Circuit for analysis based upon physical events.

The fraction of the flux of LI that effectively links all the turns of L2 is
k, and the fraction of the flux of L2 that links LI Is k2 . N1 and N2 are tne
primary and secondary turns, respectively.

The variable resistor represents the fuse or other circuit opening
means. When some resistance is introduced the inductor L, loses energy and
current i, diminishes. Consider the effect of a decrease Ai in the primary
current. The accompanying change of primary flux causes an Induced voltage in
the secondary and hence a current &i in the secondary. Due to the combined
effects of AlI and Ai 2 the flux linking the primary decreases by A#,, where

N4 - - N 1 4P I + k2N2A2P 2 . (5.36)

The voltage induced in the secondary is:

N2 Aim
e 2 A# Im(5.37)At

where - - k N Ail P is the mutual portion of the flux change arising
from AI1

1
Tn time

1
At. Noting also that for Inductors I - in general, we

obtain:

• t N2 ICi lPl

A e&t 2 1 1 (5.38)
2 L2
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whIch becomes, by substituting :, N2 P2

2 N P

2 2

Equation (5.39) can now be substituted in 5.36). Te result :s

-0, - NI AlIP (1 -k 1 k2). '5.40)

Since L - I=I in general, this expression can be written as:

L' N 1 2P1 (1 - k 2) - L1(i - k ). 5.4:)

This is the incremental inductance during the transfer of energy to the
secondary. If the primary time constant is T1 then the effective time
constant during switching is T (1-k I 2 ) which is the same result as obtained
previously, since 1 2 - k The implication of (5.41) is that if k1 = K 2 =

then the inductance of the primary would be zero during energy transfer and so
no matter what the rate of change of current there wouid be no induced voltage
in the primary and hence a switch could be opened without any arcing.

Equatlon (5.39) will now be developed into an expression for the
secondary current. From elementary electromagnetics, kIPI - k2P2

N
Al - k 2 -Al1 (5.42)

2di2(t)

Putting Al2  dt At, etc and allowing At - o and integrating gives:

t di2 N dil
dt k I2  '- d dt

integrating and inserting the initial conditions 12 (t) - o, i(t) - i,(o)
gives:

N 1
I (t) " k2 N2 (i (t) - 1 (0)) (5.43)

2 2 N 2 1 1

As t . . all the energy in the primary is dissipated or transferred to the
secondary and so i, -. o. Finally, therefore:
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N1

I - -(0). (5.44)
2 2 N 1

This is the same equation as obtained by the previous methods except for one

thing, viz., the coefficient of coupling that is effective is that due to the

secondary, and has nothing to do with that of the primary. As was implied,

this method has the advantage of being able to reveal this. If the

coefficients of coupling are equal, as is usual, then the result is of no

practical significance. Configurations will be described for which they are

not the same and then Eqn. (5.44) does have a practical application.

By comparing the terms of Eqn. (5.43) and (5.35) an expression for

the primary current can be deduced, viz;

t

T k2

k IN(t) - I(o) k e 1
2N

2 22 N 2

Since we have deduced above that k - k 2, we have:

t

T (I - k
2
)

This is precisely Eqn. (5.33) and is a valuable check of both the physical and
mathematical analyses.

Equation (5.44) shows that the secondary current Is independent of

the degree of coupling which the primary has with the secondary. Even if ki
were zero, current would be induced in the secondary, according to (5.44). it

seems contradictory that current, and energy, could be transferred to a

winding to which it is not coupled. Let us, therefore, calculate the energy

in the secondary, using Eqn. (5.44).

12L2_1/2 k 2 I2 1 2(0(52 112o/2 222 -/2 2 k2 N 2  1

But, L2 - N2
2 

P2

L 2 -12 N 21 2(
1/2 L2 N2

2 21 11 (o),
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and, since k2P 2 - kip I ,

1/2 L 2 2 - k Ik2 1/2 .2 2(o.

Also, N12=PI L1 .

1/2 L212
2 . klk 1/2 L (o), '5.45)

i.e. the energy transferred to the secondary is 1/2 k2 L 1 2o, where
k2 _ k1k2, which is the usual result. No energy could In1 fact be transferred
if kI is zero, but, according to (5.44) current would still flow in the
secondary. The somewhat artificial nature of k and k2 and the resolution of
the above difficulty will be discussed in Section 5.3.

The preceding paragraphs show that by the process of induction the
primary energy does actually transfer to the secondary. In addition we can
see that:

(i) As stated previously, the role of the switched in resistance is to
cause flux change. Other ways of causing the flux to change would
also transfer energy. For example, capacitors, reverse voltage,
change of permeability and change of coupling factor might be used.

(ii) The secondary current is not completely accumulated until the
primary current has decayed to zero. There is no way of
transferring the k1k2 portion of the primary energy and keeping a
current flowing in the primary of such a value as to save the
portion of primary energy which is not transferred.

(iii) The accumulation of the secondary current depends upon the secondary
resistance being low enough that the first induced increments of
secondary current have not diminished significantly before the
primary current decays to zero.

(iv) The energy transferred is not the same as the energy in the mutual
field of jhe primary. The initial mutual field energy is 2
k1 1/2 L1 1 (o) whereas the energy transferred is k1k2 

1/2 L 111 (o).

5.3 Coupling factors

5.3.1 Simplified model

The coupling between the primary and secondary of the pulse
transformer is such an important parameter that it is necessary to be able to
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evaluate it numerically for various transformer designs. To do this
rigorously is extremely difficult except for certain idealized cases.

The model upon which the treatment in the previous section is based
is one in which the flux of each winding is considered to consist of a portic-
whJ-h links all the turns of both primary and secondary (the "mutual" flux)
and a portion which links only the winding from which it arises (the "leakage-
flux). Such a model is set out in detail by Fitzgerald and Kingsley (1. in
connection with iron cored transformers and enables the degree of coupling
between one winding and another to be expressed as the ratio of the mutual
flux to the total flux. The situation is actually more complicated,
especially in air cored coils, because each turn of each winding produces flux
which links the other turns of its own winding In varying degrees and the
turns of the other winding in varying degrees.

The simple model is still applicable, though, because it gives the
correct induced e.m.f.s., which are the overall effect of the flux linkages,
however they are actually distributed. This can be shown as follows. Let the
back e.m.f. of a primary of N1 turns be El and the induced voltage in a
secondary of N2 turns be E2. The ratio of the average e.m.f. per turn in each
winding, e.g.

2 IN2E2/2

E2 INI

for the secondary to primary ratio, can be written as:

d #lm

dt
d #1

dt

which, since the time changes are the same for each e.m.f., has the value:

Im

which is the usual definition of coupling factor kI . The flux *mmay be
conveniently be regarded as the mutual flux in the simple model and

flux #1 may be conveniently regarded as made up of the mutual flux and the so
called "leakage" flux.

For the toroidal transformers proposed in the following chapters the
simple model is in fact applicable because the fluxes can be clearly separated
into mutual and leakage portions.
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5.3.2 Relationships between self inductances and coupling factors

In Sect. 5.2 the use of idealized coupling factors k, and k2 led to
:he conclusion that it was possible to induce current into a coil from another

coil even though none of the flux of the inducing coil links the second coi-

(Eqn. 5.44), although no energy could be transferred. The difficulty is
resolved by showing that the self inductances and coupling factors are

related, as follows.

Firstly, let us define the coupling factors in the usual (idealized)

fashion:

k IM- (5.46)1 1m

and similarly for k2 , where # denotes the average flux per turn of the

primary and # denotes the average flux per turn which the primary induces

into the secondary.

Let M 2 be the mutual inductance of the secondary, due to current
in the primary land similarly for M2,

),

Ne2 0m N2 k 1
2n2 1 1

N 
2.e. M - I L 5.47

12 i i 1

Similarly,

N1

M k-I L (5. 48)21 N 2 
2  2 '

Now M12 - M2 1 always. This must be so to satisfy conservation of energy
(21.

L 2 N2 • . - --- (5 .49)
L N I k2L1 N1 2

Equation (5.49) resolves the difficulty in Sect. 5.2 because it
shows that if ki is zero while k2 Is not zero, then either L2 is zero or L1 Is

infinite. If L2 is zero the secondary does not exist and if L1 is infinite

the primary can never be charged i.e. either way there can be no energy in the
secondary.
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Further conclusions can be drawn from Eqn. (5.49).

(i) The ratio of the coupling coefficients must be constant no matttr
what the separation or orientation of the coils may be. This is
because the self inductances, Li and L2 , are not affected by the
placement of the coils, I.e. L 1, L2 ' NI and N2 remain constant inEqn. (5.49).

(ii) The maximum proportion of the energykstored in one coil that can be1 2

tranferred to the other is given by k or --, selected such that the

denominator has the largest value. T is is 1because the maximum
value tat k or X2 may have is I and because, as shown

abov , 1 gust remain constant. Hence, the maximum value of kck2 )s

I x - or _ x 1.
k2 k1

(iii) For maximum energy transfer, the windings must have the same shape
factors. This follows from the fact that L1 and L2 may be expressed
as L1 - N12 A and L2 = N 22B, where A and B are shape factors (or the
permeances) which have the dimensions of length. We thus have:

L2  N 2
- = (-) 1( .oL I N A'

which, using Eqn. (5.49), yields:

k1 B - - -(5.51)
2

From (ii) it follows that for maximum energy transfer, B - A. (Further
consideration shows that the shapes must be identical in size and form and
coincident In space.)

5.4 Coaxal-toroldal transformer geometry

Coaxial cable with a tubular inner has a flux distribution which can
be clearly separated into parts in accordance with the theory just presented
(Fig. 45(a)). Since no flux can exist within a hollow cylinder carrying a
uniformly distributed current, the flux of each conductor is entirely external
to that conductor. The flux of the inner is clearly divided into two
portions; that which is between the inner and the outer and which therefore
links the inner only and is therefore leakage flux, cnd that which surrounds
both the outer and the inner and is therefore mutual flux. All the flux of
the outer, however, surrounds both outer and inner and therefore there is no
leakage flux of the outer.
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(Secondary)
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Leakage Flux

FLUX OF THE INNER
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(Primary)
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III - t,'t1;

FLUX OF THE OUTER

(a) (bi

Fig. 45 Coaxial toroidal transformer.
(a) Fluxes of coaxial tubes. (b) Transformer with similar flux
distribution.

A transformer which incorporates the coaxial cable flux distribution
is shown in Fig. 45 (b). Assuming that the primary turns function as a
cylinder with uniformly distributed current and that the ratio of the major to
minor diameters is large enough that the flux at any section is the same as
that due to long, straight conductors, the transformer flux distribution is
the same as that of the coaxial tubes. In particular, the coupling
coefficient of the secondary, k 2 , is unity. Using Eqn. (5.44) we obtain

i - j- 1 (o) (5.52)

in the shorted secondary when the primary is opened, i.e. exact transformation
in the ratio of the turns.
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5.5 The charging of the primary

From a theoretical point of view the primary should be charged with
the secondary open to prevent secondary current during the charging. From a
practical point of view it would be simpler to charge the primary while the
secondary is shorted. In the following Section various measures of the
efficiency of charging the primary while the secondary is open are
developed. In the Section after that the possibility of introducing
resistance into the secondary to permit charging with a closed secondary is
examined.

5.5.1 Secondary open

When an inductor is charged all the energy initially supplied is
stored, I.e. the charging Is 100% efficient. As the charging proceeds, energy
is dissipated In the resistance of the inductor and by the time the inductor
is 90% charged most of the energy supplied has been dissipated in the
resistance. We seek an optimum charging time which combines high efficiency
of charging with the storage of a large fraction of the total energy which the
coil could store if charged for a long time.

During charging with the secondary open the charging current can be
written as:

t
V T

1 - ( - e 0) (1 - e 
-n

) (5.53)1ft R C (I-e -1(INF)

where
VCi1(INF) - i-, i.e. the final value of i (t)

and, n - number of timeLconstants for which charging has proceeded
i.e. n - T where To - -I. (See Fig. 41).

Let W0 be the energy supplied by the voltage source, VC, up to any
instant. Then,

W - jt V I1 (t) dt

. LlIl 2 (INF) (n - 1 + e- n) (S.54)
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If W I is the stored energy at any instant, then the efficiency of charging is:

S ( -n)2
-- = (5.55)

Wo 2(n- + e-n )

The fraction of the maximum energy, W(INF) , that the inductor can store for a
given voltage, is at any instant given by:

Wl -2n -n
- 1+ e - 2 e (5.56)W (INF)

The ratio of the energy supplied to the maximum stored energy is:

W0 -2 (n - I + - n ) (5.57)
W(INF)

These expressions are plotted in Figs 46 and 47. Fig. 46 shows how
the energy supplied, Wo , rapidly exceeds the stored energy if the charging
persists beyond one time constant. Fig 47 shows the efficiency of charging
and the fraction of maximum possible stored energy as functions of charging
time. The fraction of final current is also shown.

51
4

3

2

W1 IM INP

0 0.4 ID 1.2 1.6 2.0 2.4 2.8

n t I/To

Fig. 46. Effectiveness of charging an inductor. W0 is the total energy
supplied after n time constants, WINF is the maximum possible stored
energy, W1 is the energy stored after n time constants.
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Fig. 47 Effectiveness of charging an Inductor, wIs the efficiency of

/w

charging. 0

0.8

Wi/WO 0.4

0

0 0.2 0.4 0.6 08 1.0

W1 /W /

Fig. 48 Effectiveness of charging on inductor, showing rate of change of
efficiency against fraction of maximum possit~ie stored energy.

The crossover point in Fig. 47, at approximately 1.2 time constants,
is the point of simultaneous Maximum of efficiency of storage and of the
fraction of maximum possible stored energy. At this point the current Is
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approximately 70% of its maximum possible value and the efficiency of storage
and the utilization of the coil's storage capacity are each about 50%. This
is not necessarily the optimum charging period, however, because W1 /w and
WX/W(INF) vary nearly linearly over a broad range of t/To values. Fig. 48
shows that initially the losses increase more rapidly than the stored energy
but that from about 0.7 of a time constant to 2.5 time constants the rate of
losses is smaller and remains approximately constant. This is because the
stored energy immediately increases with the square of the current but the
losses require time to accumulate. From about 3 time constants onwards the
rate of the losses rapidly exceeds the storage rate. This is because the
current and hence the stored energy remain almost constant with time whereas
the losses continually increase.

It is desirable to have a single factor which measures both the
efficiency of charging and the utilization of the coil's energy storage

capacity. The product of the two factors, !, and-1 - I is proportional to aW 0  (INF)'
measure of the energy density of the charging source and the transformer.
Firstly, we note that the mass of the charging source is proportional to the
power it must deliver and also to the total energy required. The basic pulse
transformer scheme minimizes the mass on account of the power requirement. we
now seek to minimize the mass by reducing the losses as much as possible, and
hence reducing the amount of energy which must be stored. Since Wo is the
total energy supplied by the charging source per pulse, we have:

W - CM,

where C1 is a constant and MC is the mass of the charging source.

Secondly, as discussed in Chapter 3, the maximum energy which the
transformer can store is a function of its mass, therefore:

W(INF) " C2MT,

where C2 is a constant and MT is the transformer mass.

Let us now consider the product:

-x C
Wo W(INF) C1 C2 MC MT

If we define an equivalent mass, MEQ, as:

MEQ - 4M,M (5.58)

then:
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wI  w I  w
W W W ,MEQ w0 W(INF)

since C1 and C2 are constants.

w w,
Thus, from the product of the factors Wl and w can obtain aW0 W(INF)'

composite factor for the energy density of the charging source and tne
transformer. Fig. 49 shows how this factor varies with charging time.

0.6

0.4

0.2

0 0.4 0.8 1,2 16 2.0 2.4 28

w
Fig. 49 Plot of stored energy density factor, M  scaled to vC-C = 1.

Figure 49 Indicates that to fully utilize the mass of the system,
the charging should proceed for at least one time constant. Further charging
does not degrade the utilization of the mass until the resistive losses
greatly exceed the rate of storage of energy, after more than 3 time
constants.

Another way of measuring the optimum charging time is by considering
the average useful power during charging. In order for the voltage source to
be capable of charging the primary in the exponential manner assumed, it must
be capable of maintaining its terminal voltage until it delivers current
i1(INF). If the supply voltage is constant the power versus time graph will
have the same shape of graph as the current (Fig. 47). The fraction of the
energy that is stored is the useful energy and we may consider a ratio defined
as

W /t
- (5.60)

V CI 1IINF)
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to be a "power utilization" factor. It measures the average power of the
stored energy compared to the necessary power capability of the voltage
source.

The maximum storage capacity of the coil can be expressed as:

W ([ F 1/2 L i1 
2

(11F) - 1 i(INF)

VC 2

1 1/2 L (C)
1C

..e. W(INF )  
1
/2 To VCII(INF) (5.61)

Using (5.60) we obtain:

w
PU - (5.62)

2n W(INF)'

Fig. 50 is a plot of (5.61). The curve reaches its maximum value of 0.2036 at
1.25 time constants, and to make the maximum use of the necessarily installed
power capacity of the voltage source charging should continue for at least
this time. (For comparison, if the voltage source was used to deliver power
to a resistive load instead of the inductor, the power utilization value would
be 0.5, I.e. when the load was matched to the internal resistance of the
voltage source.)

0.3

0.2
PU -'

0.1 /

0

0 0.4 03 1.2 1.6 2.0 2.4 2.8

n t/To

Fig. 50 Plot of power utilization factor, P.U.
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On the basis Of Figs 41, 49 and 50 we can conclude that charging for
about 1.2 time constants is optimum, because it is a long enough time for the
energy density and power factors to approach their high values while
maintaining the energy efficiency high also (approx 50%).

Three points are worth noticing, in conclusion.

(I) The discussion assumes that the voltage of the power source remains
constant during charging. This means that the internal resistance
of the voltage source must be included in the value of RC used in
the equations. However, if the internal resistance increases during
the charging, e.g. due to polarization in the batteries, the current
curve will flatten earlier and the optimum charging times will
shorten.

(ii) The problem of finding an optimum charging time is fundamental and
would not be eliminated if the coil resistance could be greatly
reduced, e.g. by using superconductors. Because RC includes the
resistance of the voltage source and the busbars, reduction of the
coil resistance to much less than these other resistances has little
effect. Also, if the voltage source resistance was negligible, the
voltage source could power the railgun directly, without the pulse
transformer.

(ili) When an exploding wire fuse is used to interrupt the primary the
resistance will increase during the charging and the optimum
charging time will be shortened, as in (i). If the effect of :he
fuse were too limiting, it would be necessary to short it with a
parallel switch until the desired current was reached, an
undesirable complication.

5.5.2 Secondary Closed

The study of charging with the secondary closed requires the
solution of the circuit equations for Fig. 51.

t- 0

RC

VCV " N 2)

Fig. 51 Circuit for closed secondary charging.
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di (t) di() R

c i RC + L1  dt M dt (5.63)

di (t) di (t)

0 - (t) R + L 2 -M (5.64
2 2 2 dt dt (.4

Taking Laplace Transforms and using the facts that initially ±I and

12 are zero, one eventually obtains:

1 _1
V T2 T
t C 1 2 -t 2 -at

1 L (t) - 2 T ( - A) e 6(_f - ) e ] (5.65)

1

and (t) - Vc k e
-
7t - e-at (5.66)

2 (i - k 2)(H - A) LL2

where k 2 M and 7 and a are, as before, given by:

C(_ . _) ± W((L_ +I )2 4(1 - k 
2

T 0 T2 T 0 2 ToT2 ]
7,6 = 2, (5.17)

2(1 -
k 
2

L L
and T - and T " -2.

0 R C 2 R2

By applying the approximation technique in Sect. 5.1.3 we can

obtain:

TO t
T0 T2_ t

2 T T +T
((t-)k) 20 e 0 2

IfCt) I il (INF ) T + T 2 T 0 T 2 (5 .67 )

and
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------------

1 1
+2

i1 t 0 2TIc- -t
N2 TO + T2 I 2
2 Is 0 2 e I k 1 ( .8i2 (t) 2i(NF) T e -e 1. (5.68)

1+-
TT

As before, the accuracy of these approximations depends upon the T2 ratios.T2

The content of these equations parallels that of the equations obtained for
discharge of the primary energy. The primary current consists of a steady
state term and two transient terms. The secondary current consists only of
two transient terms. One of the transient terms contains the factor
(I - k2 ) which, for high k, causes it to rapidly decay. For k I we can
therefore approximate the currents by:

t

i I(t) :: i INF) [1 T T---- e 0 ] (5.69)

T
0

N(6

II(INF) N2 To + T2and 12(t) 2 2 e 0 (5.70)

0
T2

In the proposed pulse transformer system the ratio T.w0ll be large,

T2

at least 10. (The charging time, and hence To , will be at least 100 ms and
the discharge time will be typically I ms. If the short circuit resistance of
the secondary is about 1/10 of the rail plus projectile effective resistance
then T 2 = 10 ms) If the turns ratio is 100 then from (5.70) we obtain:

t
T

1 2 (t) % 9 i1(INF) e

since i(INF) would be in the region of 5,000 A (in order to give a
current of approximately 350,000 A in the secondary, which is typically
required for electromagnetic launching) the peak Induced secondary current,
due to charging, would be about 45,000 A. This is not large compared to the
working current of 350,000 A and may be tolerable. Typically, the charging

Ttime would be about 1 a and - a 100. In this case the secondary current

would be only 5,OOOA, i-e. the same as the primary current.

1 3 5
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To assess more accurately the effect of the shorted secondary -pon
charging it is necessary to calculate efficiency factors as was done for
charging with the secondary open. Since the effect is most pronounced for
i2 values less than 10 the full expressions given by equations (5.65), (5.66)T2
and (5.17) are used.

The quantities to be calculated are:

Wi Stored energy of primary

W(INF)  Max. possible stored energy

f Vc i I dt - f RC 11
2 

dt - f R2 2
2 

dt

1/ L1 12 (INF)

W
- Efficiency of charging

0

fvC 1 dt - fRC 1
2 dt - fR212

2dt

JVc i Idt

w
(ii) -- - Energy density factor

MEQ

W1 W1
"W(INF) - Wo'

and (iv) P.U. - Power Utilization Factor

W

2n W(INF)

The results of these calculations are sh6wn in Figs. 52-56. In all

these plots k - .99. The curve parameter is the ratio and the dashed
T2

curves are for the secondary open i.e. the limiting curves as -2 approaches

infinity.
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n - t/ To

Fig. 52 Primary and secondary currents, i1 (t) and 12(t),drnchgi .
To obtain actual 12(t)/11INF) value, multiply value from graph by
NI/2

0.3 I

0 2 "~~~K sec 0/c -- -------

022

0.1

/ '-T0 /T2 values

0
0 0.4 0.8 1.2 1.6 2.0 2.4 2.8

t / T,

Fig. 53. Power utilization during charging.
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Fig. 54 Efficiency of charging.
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Fig. 55 Fraction of maximum possible stored energy.
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t / To

Fig. 56 Energy density factor.

The graphs of primary and secondary current (Fig. 52) Show that at
t 0:

(i) there is a current step, and

(ii) the magnitude of the primary current step equals that of the
secondary current step for unity turns ratio. Inspection of the
approximate expressions (5.69) and (5.70) shows that this is to be
expected in general, for, at t =0:

11(t) 1 (INn) -I T 2  1(INF) T

T 0 T 2

I.e. I1I (t) - i2 (t) when N/1 N -1.1

The factor 1+ To gives the height of the initial step, approximately.

TO ' 1/, 2alueIT

For ,2 and 5 this expression gives initial step heights of 0.5, 0.333
and 0.167. These values are very close to the actual values in Fig. 52, which
were obtained by computation using the complete current expressions.
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A final point to note about the current curves is that the curve for

- 5 does not differ greatly from that for the secondary open, i.e.T 2 Tfor . .. Therefore, if values of about 10 can be attained, as seems
T2 T2

likely, the effect of the secondary being closed during charging will be
negligible, so far as the storage of energy is concerned.

Examination of the other graphs confirms the above conclusion. In
all lases, after charging the primary for about 1.2 time constants,
he 2 - 5 curve reaches at least 70% of the secondary openTcurve. The lowest

figur is for the efficiency of charging. If the value of Tis 0 then the
efficiency of charging becomes about 85% of the open secondaiy value and all
the other factors are around 90% of the open secondary values.

5.6 Physical explanation of closed secondary charginq

There are two features of charging with a closed secondary that are
quite different to charging with the secondary open. Firstly, there is a
sudden step in the primary current instead of it rising gradually from zero
(Fig. 52). secondly, efficiency of energy storage is initially very small,
(Fig. 54), whereas when the secondary is open it is initially at its maximum.

The initial step in the primary and secondary currents, and their
magnitudes, can be explained by simple transformer theory in which the primary
current is divided into two components. One component is the magnetising
current and the other is the reflected load current of the secondary. The two
portions are related by the requirement that the magnetising current must
change continuously in such a way that the back e.m.f. of the primary is the

voltage drop across the transformed resistance, (!1)2 R2 ' of the secondary.

Initially, the magnetising current is small and primary circuit may be
regarded as purely resistive. The primary current, 11, therefore rises
immediately when the primary is closed to the value given by:

v

i I- N1  2 (5.71)

R + (-) R
C N 22

N 2
where R 2 is the equivalent resistance of the primary. The above

equation may be rearranged as follows, using the fact that 2) and
V ' N N2  L 2denoting 1C'by i (INF), Z by T2 and aby To:RC 1 R2 R

- I(I{NF) 1 11 T i(INF) (1 - T (5.72)
I+-- I+-

T2  TO
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Equation (5.72) Is the same as (5.69) at t - 0 and therefore justifies the

above explanation. Furthermore, Eqn. (5.72) multiplied by gives the
secondary current, and is the same as Eqn. (5.70) at t - 0. 2

The second feature of closed secondary charging, viz. that the
efficiency of energy storage is initially very small, follows simply from the
fact that the circuit is initially virtually purely resistive and the energy
is dissipated instead of stored.

To maintain the secondary voltage constant, and hence the secondary
current constant, the rate of change of primary flux must remain constant.
This would require the magnetizing portion of the primary current to increase
linearly with time; the voltage drop across RC , the primary resistance,
though, means that the voltage across the primary inductance would diminish as
the current increases. The secondary voltage and secondary current must,
therefore, decrease with time. As the secondary current diminishes, so does
its corresponding component in the primary current. The voltage drop across
RC therefore diminishes, allowing the voltage across the primary inductance to
increase. This interaction between the secondary current and the primary
current slows the rate of decrease of the secondary current, and explains why
the primary and secondary time constants are the sum of those of the
individual circuits in equations (5.69) and (5.70).

Since very little of the energy supplied initially is stored, the
effective inductance of the primary is initially very small, when charging
with the secondary closed. The magnitude of the initial inductance can be
found in the same manner as in Section 5.2. in summary, a flux change A# in
the primary causes a secondary voltage which produces a cancelling flux ciange
k.k 2 A. so that the net change in primary flux is (1 - k I 2) A# . Since A# is
tie flux change which the primary self inductance produces for current
change Ail, the initial equivalent primary inductance, L(EQ) is:

L(EQ) - (I - k 1 k2 ) L1  (5.73)

where L1 - is the primary self inductance. If the coupling factors kik 2
are high, L(E ) is small.

Primary resistance, as explained above, and secondary resistance
cause the secondary current to diminish from its initial peak. The voltage
induced back into the primary then reverses and causes primary current to rise
more slowly than when the secondary is open. Thil can be seen In Fig. 52. If
the secondary has a short time constant, such as 1 - 10, as can be seen in
Fig. 57, the equivalent primary inductance approaches its normal value after
about one time constant. If the primary and secondary time constants are the
same, about 5 time constants are required.

The variation of the equivalent primary inductance can be obtained
as follows. Let the inductance of the primary at any instant during charging
be L(EQ); then the stored energy, Wl, is:
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" 1/2 L(E Q) 2 2 (5.74)

i or LIE ) 2 l (tl)
~~- -- ( - ) s1 6

Lr (EQ) - 1 1 1(INF),2 (.6L1 W(INF) I t)

Fig. 57 shows the results of calculations of this quantity for k - .99. Curve
T

parameters are T ratios.

1.2

10
0.8 5

L(Eo)/Lj

0.4

0
0 0.4 0.8 1.2 1.6 2.0 2.4 2.8

n = t/To

Fig. 57 Equivalent inductance of primary with secondary closed.

With k 4 4Elk - 0.99, the value of L(E) at t - o is obtained from

LL

Eqn. (5.73) as: 12L

L(E() (1 - k ) 1i - .992 - .0199
L 12

This value is too small to show on the graphs, but the calculation print Out
gives .0199, i.e. equation (5.76) agrees exactly with equation (5.73).
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The value of W1 in equation (5.76) is calculated from:

- stored energy- Energy supplied by voltage source, (fvclIdt)

- Energy dissipation RC,(fIi 2(t)Rc dt)

- Energy dissipated in R2, (f12
2 (t)R2 dt).

The full expressions for i1 (t) and 12 (t) were used (Eqn. (5.65), (5.66) and
(5.17)). The evaluation is thus an elaborate check on Eqn. (5.73).

Other values of k were fed into the program used to evaluate Eqn.

(5.76) and the results, for t/To  .01, o - .2, were:T
2

k - .8, (1 - k1k2 ) - .36, printout - .3629

k - .4, (I - k1k2 ) - .84, printout - .8400

These values confirm Eqn. (5.73) at t - 0.

5.7 Simary

In this Chapter we have studied the discharging and charging
processes in depth. We have used routine circuit analysis and we have used
physical insight to justify and corroborate the mathematical results.

This work leads to the following conclusions.

I. Since the three pulse transformer time constants, To , T1 and T2 have
ratios T 0/T2  1 00 and T 2/T1 = 100:

(I) simplified expressions adequately describe the primary and
secondary currents;

(ii) the primary can be charged while the secondary is closed,
with negligible effect on efficiency of charging or on the
railgun.

2. The proportion of energy transferred to the secondary is klk 2 times
the primary stored energy.

3. The inductance of the primary during its discharge is (1 - klk2)
times its self inductance. This means that The voltage across the
primary Is greatly reduced by a high degree of coupling.
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4. The optimum time to charge the primary for reasons of energy

efficiency, minimum mass and utilization of the charging source
power capability is about one primary time constant.

5. The simple notion of mutual and leakage fluxes leads to correct
results.

6. There is a simple and important relationship between self
inductances and degrees of coupling.
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CHAPTER 6

ASSESSMENT OF VARIOUS TRANSFORMER GEOMETRIES

The objectives of this Chapter are to compare several basic winding
geometries and methods of forming the secondary in terms of their time
constants relative to the conductor mass, the degree of coupling between the
primary and the secondary and the mass of conductors needed to contain the
stored energy.

The analysis and discussion by which the objectives are achieved
takes up the first four parts of the Chapter. In the last part the actual
currents, fluxes and inductances of coils with real conductors are considered,
as opposed to idealized coils with current sheet distributions.

The time constant, degree of coupling and streigth parameters are
evaluated for three coil geometries, viz. the solenoid, the "external field"
toroid and the ordinary torold In which the magnetic field is almost entirely
internal.

Degrees of coupling are evaluated for four forms of secondary
applied to each of the three geometries listed above. As there appears to be
no literature concerning the calculation of degree of coupling, techniques
that seem appropriate to these geometries are developed.

6.1 Time constant and masses

6.1.1 Relationship between battery mass and circuit resistances

In Ch. 4 it was pointed out that battery mass is reduced by charging
the primary for as long as possible. This requires the primary winding to
have a correspondingly long time constant and, if the time constant is made
longer by increasing the conductor size, the coil mass increases. The primary
circuit time constant, however, is determined by the resistance of the battery
as well as that of the winding. Before proceeding with the study of time
constant in terms of coil geometry, let us determine the relative importance
of battery and winding resistances upon battery mass.

The primary circuit resistance during charging, denoted as Rc in Ch.
5, is composed of the internal resistance of the battery, R., and the winding
resistance of the primary, Rw.

The peak power, PC(INF)' which the battery would eventually supply
is given by:

P -12 (Rw  + RB) (6.1)
CINF) "I(INF) B

where ilCINF) - + R and v is the open circuit voltage of the battery.
I(N W+RB L

Multiplying each side of Eqn. (6.1) by , where L is the primary
inductance, enables it to be expressed as:
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c(N 2 W (INF) (a a
BC(INF) L B

where W(INF ) Is the stored energy when the current in L, is il(INF).

PC(INF) may also be expressed in terms of the power density, p, of
the battery, where p is the maximum power, i.e. the power delivered to a load
equal in resistance to the internal resistance of the battery, divided by the
battery mass, i.e.:

V

2 ) (6.3)

RBMB

where MB is the battery mass. Note that p Is a constant for a battery
assembled from a given type of cell; it has the same value no matter what the
arrangement of cells in parallel and series.

Expressing PC(INF) as:

2V

PC(INF) - (Rw + B) (6.4a)

and incorporating Eqn. (6.3) yields:

4pMBa3

PC(INF) - (Rw + R) (6. 4b

combining Eqns. (6.2 and (6.4b) yields:

MB  W(INF) R W  2 + --) (6.5)
2L - (R BW

Eqn. (6.5) gives the relationship between battery mass and the
primary winding resistance, RW , and the battery internal resistance, RB. it
shows that one way to minimize battery mass is to reduce RW and thereby to
increase the circuit time constant, as we have discussed. The other way is to

minimize the term (- + 2 + -). This term, graphed as a function of - in
W w

Fig. 5, shows that he battery mass is minimized when the battery resistance
and winaing resistance are equal. Eqn. (6.5) represents a family of curves,
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each curve becoming shallower as RW approaches zero. Rw clearly has the
greatest control.

4

3
RELATIVE
BATTERY 2 - -

MASS

0 2 4 6 8 10

Re Battery Resistance

Rw Widing Resistance

Fig. 58 Plot showing the variation of battery mass akcording to Eqn. (6.5).B

The battery mass is normalized so that when - - i and Rw =
battery mass has unit value. R w

For the condition RB - RW, Eqn. (6.5) may be expressed as:

W(INF)
MB  L1 (6 6)

2R'

which, since RC - RW + RB and 
T o, the primary circuit time constant,

becomes: C

W( INF) (6.7a)

B T p0

Using the exponential relationship for the current reached after
charging for n time constants (Eqn. 5.53), the battery mass may be further
expressed as:
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MB  - , (6.3b)2(1 - e-n(p

or MB 3 T (I - -n)2 (6.7c)

where I is the current and w is the stored energy when the primary current is
interrupted after n time constants. (The derivations in this Section assume
that the battery internal resistance remains constant during the charging of
the primary. They do not apply if diffusion limits the current to a lesser
value than

In this Section we have determined the influence of the battery
resistance and the winding resistance on battery mass. The result, Eqn. 6.5,
shows that the winding resistance has the most direct effect. In Ch. 4 it was
calculated that to increase the time constant of a Brooks Coil from I second
to 10 seconds by increasing the conductor size, the mass would increase from
1.6 tonnes to 50 tonnes. There is thus a large mass penalty in reducing
resistance by increasing conductor size. It follows that an important measure
of the geometry of the transformer primary is its resistance for a given
inductance, or in other terms its time constant, for a given coil mass. Even
if cooking Is used to decrease the winding resistance, a Coil which has a high
basic - ratio is advantageous because it reduces the cooling required.

R

In the following Sections the L ratios and Masses of three basic
m

winding geometries are derived and compared to the Brooks Coil. The
geometries selected are the solenoid, the "external field" toroid and the
ordinary toroid.

6.1.2 The Brooks Coil

Firstly we shall find the relationship between the time constant and
the mass of the Brooks Coil.

The Brooks Coil is known to be the multilayer coil which has the
highest inductance for a given resistance and is a convenient basis for
comparing the designs in the following Sections. Grover, (1), gives the
inductance of the Brooks Coil as:

L - 0.01699aN 2 pH (6.8)

where a is the mean coil diameter (cm) and N is the number of turns. The coil
geometry is shown in Fig. 59.
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Fig. 59 Brooks Coil.

Suppose that the coil is wound from a wire of leigth 1w and iameter
d and that the insulation Is negligible. substituting (S) for N and - for a
and using metres instead of centimetres we obtain: d 2

c5

L - 1.6994 x -- pH (6.9)
2d

4

The resistance of the winding is:

4 pt

R - 4 (6.10)
wd

2

where p is the resistivity of the conductor material. From these equations is
obtained:

5
L(1.6994 x 3,) C

R sp d2
w

which can be arranged as,

L 1.6994 2/3
R 32 2/3 x (Vol of conductor)

4
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d2 32

by using the fact that the volume of the wire, d' is equal to L c .4 4

Taking the conductor to be copper, for which the density is 8.89 x
102 kg/m and the room temperature resistivity is 1.7241 x 10- 8 ohm-metre, we
finally obtain:

(-)R 7.559 x (Mass of copper) 2/ 3 ms, (6.11)
P. BROOKS

where the mass of the copper is in kg and is for a winding at room
temperature. Note that (6.11) is independent of the length and diameter of
the wire, and of the number of turns.

6.1.3 The single layer solenoid compared with Brooks Coil

The inductance of a solenoid is given by:

Kp 0oN2A
L - -(6.12)

!2

where A is the cross sectional area, r D is the diameter, is the length,

N is the number of turns and K is a correction factor for length/diameter
ratio. Using the facts that, for a closely wound solenoid, the length of the

conductor is NwD and the conductor volume is xx2A2 where d Is the conductor4
diameter, we obtain:

L K 0
- x Volume of conductor.

R 4twp

Introducing the resistivity and density of copper yields:

L 6524K x Mass of copper ms (6.13)
R SOL.

where t is the solenoid length in metres and the mass is in kg.

From (6.13) and (6.11) we obtain:

(L/R)SOL (Mass)1 / 3  (6.14)
(L/R)B O = .0863 K x t(.4

T-/)BROOKS

as a comparison of the solenoid and Brooks Coil time constants for coils wound
with the same mass of copper. (They may have different lengths and diameters
of conductors). Since the volume of copper in the Brooks Coil is given by
2 3
4 Eqn. (6.14) can be rewritten as:
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(L/R)SOL Kc
- 3.4846 - (65

(L/R) B)OOKS

Furthermore, it is known (2) that a single layer solenoid has its maximum LiR
value when the ratio of diameter to length is 2.46, and that for this ratio,
K - 0.48. Eqn. (6.15) can therefore be written as:

(L/R)SH. SOL .

1.6726 -(6.16)
(L/R) BROOKS

where "SH SOL" denotes "short solenoid", dnd the equation refers to solenoids
and Brooks Coils wound with equal masses of copper.

To evaluate (6.16) we must first determine a realistic value for the
ratio I. Since the volume of wire in the solenoid equals that of the Brooks
Coil, we have:

N Dd
2 - 3c

3

where Ns is the number of turns on the solenoid. Furthermore, if the solenoid
turns are touching and we neglect insulation thickness:

=-Nd.
s

Combining these two expressions yields:

- (0)/3 (6.17)
t 3N

Substituting 0/t - 2.46 into (6.17) enables Eqn. (6.16) to be written as:

(L/R)SH SOL 1.566

(L/R)BROOKS NI/3
s

which is the desired comparison in a convenient form.

If N s - 100 turns, as would be desirable on the primary of the pulse
transformer, Eqn. (6.18) predicts that the time constant of an optimum short
solenoid used for the primary would be 0.337 of that of a Brooks Coil wound
with the same mass of wire.
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6.1.4 The external field toroid compared with Brooks Coil

In the normal toroid the turns are wound around its minor diameter
and nearly all the flux is internal. If the turns are wound around the ma3or

Jiameter, as shown in Fig. 60, nearly all the flux is external.

2R

Li!

Fig. 60. External field toroid section through minor diameters.

To distinguish the above toroid from the Usual toroidal winding it is referred
to, in this work, as the "external field" toroid. The inner winding of the
coaxial toroidal transformer discussed in Ch. 5 (Fig. 45) is an external field
torold.

An expression for the inductance of the external field toroid is
obtainable from the inductance of a thin walled tube bent into a circle (3],
upon which a uniformly distributed current flows, viz;

a 2 B8R ],( . 9
L R 1oR((1 + (C-) ) en - - 2],0 2R a

where R is the major radius of the toroid and a is the minor radius.

To obtain the inductance for a torold of N turns instead of a tube,
we note that if the turns are closely packed they approximate a current
sheet. If the current in the turns is I, the N turns are identical to a
surface current NI upon the tube, and the magnetic field and energy stored
will be the same also, i.e.

iL 12 L (NI)2

2 (N TURN COIL) 2 (TUBE)
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2
or L(N TURN COIL) -N L (TUBE)'

wrere L represents inductance. The inductance of the external field toroid
with a thin layer of N turns, is therefore:

L N 2 1%P (1 2 a nL- 2.(.1
(EXT TOR) 0 ()2) ,n - 2]. (6.21)

To compare the external field toroid with Brooks Coil we proceed as
for the solenoid. The length of the wire in the toroid is 2vNR, and if the
wire diameter is d, the resistance of the winding is:

4 p (2NR)

wd
2

Po[( + (a__)2)2 in a!-R -21 Nd 2

L 2R a _____

R)EXT.TOR-(= 2( n 4R

2

Since the volume of the wire is 2N*R (w) we can obtain:4

0 21kRR _n 2 ] Vol of wireC-)( + (2) a ______R _

R EXT.TOR 4 2 R

substituting for the resistivity of copper and converting the volume to mass,
and also converting to milliseconds, we obtain finally:

-) - 0.2077 [(I + (-) 
2
) en - _R 2] x Ma- s. (6.22)

R EXT TOR 2R a R

using Eqn. (6.11) for the Brooks Coil gives:

(L/R)ExT TOR 0.0275 ((I + (a ) 2) fn-n R 2] x (Mass)1/3 (6.23)

(L/R)BROOKS 2R a R

as the comparison of the time constants for equal masses of copper windings.

By introducing the volume of the copper in the Brooks Coil, viz 4 c 3 , into
(6.23), the expression is given in terms of as:R
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(L/R)EXT TOR _ a1 - 2 - (6.24)

(L/R) BROK 2R a RBROOKS

To evaluate (6.24), we must determine the ratio c/R. This can be
done by equating the volume of the wire in the torold to that of the Brooks
Coil, as was done in the case of the solenoid. If there are NE closely wound
turns upon the torold then:

2 3
2 NE Rd - 3c

and, If the turns are touching and the insulation is negligible:

N -2v
E d

Combining these two relationships gives:

c 2.975 (6.25)

R N E1/3(R/a)2/3

Substitution of (6.25) in (6.24) yields, finally:

(L/R) 3.299 [(( + (-)2) in !R 2]
EXT TOR 2R a (6

(L/R)BROOKS NE1/3 (R/a)
2/ 3  (6.26)

1.01

0 .8 ' - N E 10 tu rns

(L/R) Ext tor 0.6

(L/R) Brooks 0.4 -N - ,

0.2

0 7

0 -8 12 16 20

R/a

Fig. 61 Time constant of external field toroid relative to that of a Brooks
Coil wound from an equal mass of conductor.

Eqn. (6.26) is plotted in Fig. 61 as a function of And the number
of turns, NE. The maximum value occurs at about - 3, but the peak is quite
broad, especially for large numbers of turns. For 100 turns and values of
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about 5, the time constant of the external field toroid is about 40% of that
of a Brooks Coil wound from the same mass of conductor, i.e. slightly more
than for the short solenoid (34%). The time constant ratio increases as the
number of turns decreases. Because the turns are considered to touch each
other in deriving these time constant ratios, the conductor diameters increase
as the number of turns decreases and the equations do not apply for low
numbers of turns (e.g. 3).

6.1.5 The ordinary (or internal field) toroid

A toroid which has the turns in the plane of the minor diameter may
F be regarded as a solenoid bent into a circle, with virtually all the flux

lines forming closed circles within the winding. The inductance expression
for this toroid, based upon it being a solenoid of length 2wR (Fig. 62) with
the correction factor, K, equal to unity, is:

L 0 ,(6.27)
2R

where N is the number of turns and R and a are the major and minor radii,
respectively.

The flux density actually varies inversely with the radius, r, (Fig.
62). When this is taken into account, the expression for the inductance is
141:

L N 2R [I _ 4(l - (-)2)]. (6.28)

For values down to 2, that is, for all practical toroids, (6.28)a
differs from (6.27) by, at most, 7%. Eqn. (6.28) is therefore adequate for
the purpose of estimating time constant ratios.

a

Turns r

Fig. 62. The ordinary toroid in which the field is virtually all internal.
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Using Eqn. (6.27) and the same methods as in the previous Sections,
we obtain:

()-0.1038 x ma s .s (6.29)
R INT TOR R

where the conductor Is copper and the mass Is in kg. Using Eqn. '6.11) we
further obtain:

(L/R) 1 1OR 05c
(L/R) BROOKS R'6.0

Assuming that the turns are tightly packed and that the insulation
thickness is negligible, and equating the volume of conductor In the toroid to
that of the Brooks Coil, we obtain:

c 2.9146 '6.31
R (N R)1/3'

Ia

where X I is the number of turns on the tocoid. Substituting (6.31) into
(6.30) finally yields:

(L/R) lIfT TOR 1.650 (6.32)
(L/R) BROOKS (NR1/

Ia

112

(LJR) Int tor-

(LIR) Brooks %W. N, 10

tOA

N, 100

Fig. 63. Time constant of internal field toroid relative to that of Brooks

LMas__

Coil h ouo r ompe and qua mass of conucto. UigEn 61)w
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The plot of equation (6.32), Fig. 63, shows that, except for very small
a values, the time constants of the internal field toroid are about half thea
corresponding values for the external field toroid.

6.2 The degree of coupling of several forms of secondary

The major problem with the secondary is how to couple it tightly to
the primary. In this Section, mutual inductance calculations and the theory
in section 5.3 are used to estimate how the form and location of the secondary
limit the coupling. This is done for four forms of the secondary applied to
the short solenoid and the external and internal field toroids. Extremely
tight coupling appears possible by using a coaxial cable form of primary and
secondary with either the short solenoid or the external field toroid.

6.2.1 Basic theory

There is little in the literature concerning the calculation of
degree of coupling. The only method would seem to be to derive the composite
coupling factor, k k2 , from the mutual and self inductances of the coils
concerned. Mutual inductance expressions, however, appear to have been
derived for only single turns and solenoid type coils. In addition, the
expressions are cumbersome.

Another method, though, which particularly suits the toroidal type
transformers, can be 'ased upon the ratio relationship, Eqn. (5.49). This
relationship enables k to be found immediately from the self inductance
expressions for the wiRdings. If one of kI or k2 can be found, the other
value and hence the product klk 2 can be found by means of the ratio
expression. For the toroidal transformers virtually all the flux is known to
be either inside or outside the winding and one of the coupling factors can be
taken to be unity.

From purely physcial reasoning it is evident that perfect coupling
between two coils requires the flux of one coil to link every filament of
current in the other coil in exactly the same manner as it links its own
current. This can only come about if the two coils are physically identical
and occupy the identical space. Furthermore it requires the current to be
distributed over the turns so as to have no internal flux, because internal
flux cannot link any other turns.

The ratio relationship. together with a knowledge of one of the
coupling factors, gives a measure of the extent to which the coil geometrical
requirement is met.

The distribution of current is another matter. The current in the
primary of the pulse transformer is distributed uniformly over the turn cross
section because of the long charging time, whereas the current in the
secondary (which is to be connected so as to be effectively a single turn) has
a transient distribution during the transfer of energy. For the present we
shall assume that the secondary current distribution adequately matches that
of primary and that the winding geometry has the major influence on degree of
coupling. This assumption is justified in Section 6.5.4.
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( ) use of the ratio relationships

The ratio relationships, Eqn. (5.49) and (5.51), viz.:

2 () '1 a 1 B-- "- -I and -

1 1 k2 k2 -A

and the observation that the lesser of Z or 1 gives the maximum value of

kIk2 , and hence of the energy that can be transferred, enable a simple
assessment of the coupling between any primary and secondary to be made.

As an example of the application of the theory, consider two "long"
solenoids, as shown in Fig 64(a).

2R2

2 R , 
m2R2R

-Ii I
122 2

Li~12

(a) M)

Fig. 64 Long solenoids for examples of coupling factor theory.
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Since the solenoids are long, the factor "K" in the expression for
solenoid inductance (Eqn. 6.12) is approximately unity. Eqns. (6.12) and
(5.49) then yield:

k1 R 2VR1 2 2
k 2 R 1k2 t 1

we can immediately state that the maximum possible fraction of stored energyR

which can be transferred from one coil to the other is (R2. This will be

actually attained only if kI or k2 is unity. If R2 is not much greater

than R,, and since the solenoids are also long, very little of the flux of
the inner solenoid will return by passing through the space between the
windings. Thus the inner solenoid has very little leakage flux arid
k will be very nearly 1, and we can state that the value of k 1 k2 is

actually (R-) . obviously, a means of determining how closely kI approaches
2

unity is desirable. This is done later in this Section using a mutual
inductance expression for solenoids.

From Eqn k(6.33) it can be seen that the "shape factors", B and A,

in terms of which k- may also be expressed, are the cross sectional area to
2length ratios of the coils, in other words, the "permeances" of their flux

paths.

The above example clearly applies to the simple model of flux
distribution, where the fluxes can be considered to have "mutualk and
"leakage" portions. In Section 5.3 it was pointed out that the --

£2
relationship applies in general, though. The two solenoids shown in
Fig. 64(b) are an example of a geometry in which the flux cannot be divided
into mutual and leakage paths. Let us imagine that both solenoids are "long",
but one is twice the length of the other, and that they are of virtually the
same diameter.

Since there is no gap between the solenoids, there Is no "leakage"
flux. All the flux of the longer coil links the shorter one and all the flux
of the shorter coil links the longer one. Applying Eqn. (5.49) to this case
yields:

kI 1 R2 / 2

k2 r2 11 f2

As all the flux of the long coil clearly links the turns of the short coil in
the same manner as its own turns over length t2, wededuce that kI - 1 and
therefore that k2 - 1. In terms of the simple equivalent average flux model,
k2 is one half because the equivalent average flux of the short coil exists

only over length t2 and has no linkage with the half of the long coil that
extends beyond it.
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(iI) Internal flux limitation

The internal flux of a winding limits the extent to which its
coupling factor can be unity. The situation is similar to that in the rallgun
where the internal flux of the rails could not act upon the projectile. If
the equivalent average internal flux is *1 and the equivalent average total
flux is #, the maximum fraction of the flux that can couple another winding

Is , which may also be written:

k L-L1  6.34)

(M.AX) L,

where L is the total inductance of the winding and Li is the internal
inductance. For solid, round conductors in which the current is uniformly
distributed, the internal inductance is - H/m, or approximately So nH/m.850
Eqn. (6.34) in this case becomes:

Po
- x length of conductor

S8w (6.25)k (MAX)- I - 8WL(.5

In the pulse transformer, the internal flux limitation applies to
the primary, where the current flows for a long enough time to be uniformly
distributed. The current induced into the secondary flows initially near the
conductor surfaces and there is negligible internal flux.

For a solenoid, for example, the total inductance is given by

KN
2 , tVD

2

L - and Eqn. (6.35) becomes:4t

k(MAX) 1 2KN D (6.36)

In the case of the optimum time constant solenoid, D/t - 2.46 and
K -0.48, yielding:

k I .0.135 ( 7)
(MAX) ' N -

If the short solenoid has N - 100 turns as the primary of the pulse
transformer, kI has a maximum value of 0.9986 according to Eqn. (6.37).

(III) Calculation of coupling between solenoids using mutual
inductance expression

Maxwell derived a fundamental formula fot the mutual inductance, M,
of two equal length, coaxial solenoids, C5), viz.

M - 4w 2a2nn2 t - 2 Awl cgs units (6.38)
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where a is the radius of the inner, A the radius of the outer, I is the common
length and n2 and n1 are the turns per centimetre of the inner and outer
windings respectively (Fig. 65). This expression, together with self
inductance expressions, enables k1 k2 to be directly calculated for equal
length coaxial solenoids.

Fig. 65 Parameters for calculation of k11 2 from mutual inductance of equal
length coaxial solenoids.

In Eqn. (6.38), a is given by:

A-r+e a 1 A3 a4 (1 A5 5 A A

2A 16A2 3 64A4 2 r 2 r7

35 a
6  1 8 A7  4A 3A

I
1

2048 X6 7 7 7 9 11Ar r r

63 a8  5 64 A9  48 A 88 A1 3  143 A15
2x1282 A8 9 9 r9 r11 r13 3 r15 )

231 a10 7 A 1 1 28 A13 416 A15 520 A17 A19. . .. . + .. .+ --__ 221A )

2 10 11 1111 + 13 15 17 19512 A r r r r r

(6.39)
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where r - 4(t2  A

Since M - 4kIk 2L1L2, (6.40)

and, in cgs units,

LI . 4w
2

A
2 
n12 (6.41)

and L2 - 4K2a2n22 1 K2  (6.42)

where KI and K2 are the Nagaoka factors (6], k)k2 can be obtained from:

a)2 2Ao]2(- (1 -]
k k2  A C (6.43)

The tabulation below shows the values of k 1 k2 given by Eqn. (6.43)
as the radius of the inner coil varies from 0.9 to 0.999 of the radius of the
outer coil. The ratio of the coupling factors, from Eqn. (5.49), is also
given, enabling the individual values of k1 and k2 to be found. One
tabulation is for A/t - 1, ie a short solenoid, and the other is
for A/t - 0.1, le a long solenoid.

A/t - 1; short solenoid

a/A kiCk2  k2l/k 2  k2  ki

0.9 0.689924 0.849377 0.901261 0.765510

0.95 0.827280 0.946374 0.934964 0.884826

0.99 0.955707 0.984679 0.985179 0.970085

0.995 0.973098 0.992337 0.990259 0.982670

0.999 0.987473 0.998235 0.994595 0.992839
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A/e - 0.1; long solenoid

a/A k k2  kl/k 2  k2  k1

0.9 0.797181 0.816643 0.988012 0.806853

0.95 0.894933 0.906189 0.993770 0.900543

0.99 0.978013 0.980896 0.998529 0.979453

0.995 0.988709 0.990427 0.999132 0.989568

0.999 0.997317 0.998082 0.999617 0.997699

Table Coupling factors for equal length coaxial solenoids; a = inner coil
radius, A - outer coil radius.

Because of the slow convergence of (6.39) as a approaches A, all the
terms in (6.39) must be used.

The following points can be seen from the tabulation.

(1) Coupling factor k2 is greater than kl, ie the inner is more tightly
coupled than the outer. This was argued to be the case previously,
because the space between the windings contains the main flux of the
outer, which consequently cannot link the inner, whereas only the
weak external flux of the inner passes through it and does not link
the outer.

(ii) Since we desire to have k1k2 at least 0.99 in the pulse transformer,
the radii of the two windings must be equal to within one part in a
thousand, if it is a short solenoid. For long solenoids, the two
radii must be equal to within one part in two hundred, which is much
easier to attain.

k2
(iii) For solenoids the value of isnoasufcetycuremaue

of k k for our purpose, except in the case of long solenoids
With aA 0.99.
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6.2.2 Short solenoid with various secondaries

We shall now apply the theory of the previous Section to the short
solenoid, and the external and internal field torolds with four possible types
of secondary, viz:

(a) a thin sheet;

(b) a layer of turns identical to the primary, but each turn cut and
connected in parallel to output busbars;

(c) a bifilar winding, instead of a separate layer winding, with the
turns cut and connected in parallel to busbars; and

(d) a coil wound of coaxial cable, the inner conductor forming the
primary and the cable sheaths being cut and connected in parallel to
busbars to form the secondary.

Firstly, we shall deal with the short solenoid.

(i) Short solenoid with sheet secondary
It is natural to imagine that a thin sheet of metal, in tight

contact with a primary winding, Fig. 66, would form a secondary with a high
degree of coupling. In the pulse transformer application, the sheet can be
thin compared to the primary, because the secondary need only have a time
constant of milliseconds whereas the primary must be thick enough to have a
time constant of about a second. Walker and Early (71 and others (81 used
thin sheet windings. Walker and Early reported an overall coupling factor
(Ij k 2) of 0.98 and in another case, (9], 0.97 was reported.

TO calculate the degree of coupling we need to know where the
current in a real primary may be considered to flow as a current sheet.
Inductance expressions are derived for current flowing as a sheet at the mean
radius of the turns with correction factors for turn spacing and conductor
size, but this does not automatically mean that the current can be considered
to flow at the mean turn radius for degree of coupling purposes. Examination
of this question in Section 6.5.1 suggests that when the secondary is on the
inner side, as in Fig. 66, the primary current may be considered as equivalent
to a sheet current approximately 1/3 the primary conductor diameter from the
conductor inner surface, and when the secondary is on the outside, the primary
current is effectively a sheet current at the mean radius. Thus, somewhat
tighter coupling will be obtained when the thin sheet secondary is placed on
the inside, because the separation of the primary and secondary is d/3
compared to d/2, where d is the primary conductor diameter.
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Fig. 66. Thin sheet secondary on inner side of short solenoid primary.

In the case of a short solenoid with D/t - 2.46 and 100 turns and a
separation of d/3 between the primary and secondary current sheets, the ratio
a applicable to Fig. 65 is 0.9973. The coaxial solenoid tabulation showsA
that k1 k2 would be about 0.981, which is barely acceptable for high energy
pulse transformer applications. If the secondary is on the outside, the
separation is d/2 and Ik i2 a 0.976.

The above calculation assumes that the length of the secondary is
exactly the same as that of the primary. Because the effective length of a
solenoid varies with its diameter (given approximately by f + 0.45D), the
effect of a difference in length is diminished. A difference of 1%, in the
case of a short solenoid with D - 2.46t, limits kik 2 to 0.995. In order to
not degrade the value calculated in the previous paragraph, the sheet
secondary must match the length of the primary to within i%. In addition to
the question of the active length of the sheet secondary, the current paths
are not exactly defined as with separate turns. The study of the transient
current distribution of the secondary in Section 6.5.4 suggests that the
secondary emfs will have the same distribution as the primary back emfs and
will thus cause secondary current to flow in a duplicate pattern to that of
the primary current. The degrading effect of secondary current paths will
therefore be minimized, provided the sheet secondary is not shorter than the
primary.

(ii) Separate layer winding
The principle of a separate layer winding with its turns cut and

connected to busbars to form a secondary is shown in Fig. 67.
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I

Outer winding

Inner winding

Fig. 67. Identical layer winding with uuter layer turns cut and connected zo
busbars.

The reason for considering such a winding is that it provides each
turn of the primary with a secondary turn that is identical, except that the
outer radius is greater by the conductor diameter. The current in each
primary turn can be imagined to transfer to its matching secondary turn, to
which it is more tightly coupled than to all but the turns on either side of
it in the primary winding itself.

The extent to which the enerty transfers from a turn to an adjacent
secondary turn can be calculated using an expression for the mutual inductance
of coaxial circles, due to Maxwell 110, viz:

Ba_

M - Ava tin L - 21 cgs units, (6.44)

where a and A are the radii of the inner and outer adjacent turns. The
inductance of a turn of wire of diameter (A-a) bent into a circle of radius A
is accurately enough given by:

L . 4rA in cgs units. (6.45)
A A-a

2

Since M - 1k L 2 LALa
, we obtain for the adjacent turns:

8a 2

tin - - 2)
2

a A-a (6.46)
1 2 A 2A 2a

in- in -
A-a A-a
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a 123
If the solenoid has D/ - 2.46 and 100 turns, a - - and Eqn.

A 124'
(6.46) yields c1k2 - 0.782. Although this indicates that the majority of the
energy can be considered to transfer on a turn to turn basis, it also implies
that by no means can individiual turn to turn coupling reach the high values
that we require.

For the windings as a whole, the coaxial short solenoid tabulation
a 123

with = -- 0.992 shows that k1 k2 is around 0.96. It makes no difference
A 124

which side the secondary is on; either way the equivalent current sheets are
separated by one wire diameter.

At 0.96, the coupling factor product of the identical layer windings
is rather low. The uncertainties of length and path of the secondary currents
present with a sheet secondary, do not exist, though. Cutting and connectlng
the secondary turns to busbars must be done without degrading the coupling.
If the secondary conductors are identical to the primary, the secondary mass
is the same as the primary mass, whereas on resistance considerations it need
only be a fraction as massive. Hollow secondary conductors could be used to
overcome this disadvantage.

(iII) Bifilar winding

By bifilar winding we mean winding a coil with a pair of identical
diameter conductors, with the two conductors side by side and touching each
other. The advantage of bifilar winding is that the two windings have
identical diameters, lengths and number of turns and therefore, if each
winding also has the same current distribution, k, = k2 "

However, the two windings are displaced axially by the diameter of
one turn, and, if they are very long solenoids, the the simple equivalent flux
model enables us to say that the degree of coupling of each winding would be

where N is the number of turns. If N 100, then k - k2 - 0.99 and
k1 k2 - 0.98. For short solenoids k1k2 would be less than 0.98 (but always
greater than the fundamental value for two turns that touch, e.g. 0.78 if the
conductor diameter is 1 of the turn diameter, as calculated in the previous123
Section). According to this reasoning, thousands of turns would be necessary
on a short solenoid to obtain k1k2 - 0.999 using a bifilar winding.

A major disadvantage of the bifilar winding is that it doubles the
length of the solenoid and to maintain a particular diameter to length ratio,
the solenoid diameter must also double, resulting in double the length of
winding and double the resistance. As with the layer winding there is the
practical problem of cutting the secondary turns and connecting them to
busbars without degrading the coupling.
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(iv) Coaxial cable winding

The coaxial cable method was apparently first proposed in 1939, In
Russia (11, to reduce the leakage inductance of transformers.* Provided that
the solenoid diameter is much greater than the cable diameter, all the flax of
the outer is external and links the inner i.e. the coupling factor of the
outer is unity (Fig. 66). The flux of the inner, #1, however, has three
components, viz:

,, and o.,

where # Is the average mutual flux which links both the inner and outer,
0 is twe portion in the space between the inner and the outer and #I is the
flux within the solid inner.

Fig. 68 Coaxial cable transformer.

In standard texts 121 the inductance of coaxial cable Js shown to be.

_o do
2rin 2 H/M'

* The idea was first described to the author by W.H. Weldon, University of

Texas.
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for the component due to * 0 and,

00

-H/rn8T

for the component corresponding to *i' where d0 and di are the cable outer and
inner diameters. Altogether, we may write for the inductance, LI , of the

inner:

L m do 1 (6.47)
L1 " -+ RNP°(in d 

+ 4

where N is the number of turns and R is the solenoid radius. When current I

flows in the outer it produces only flux m , exactly equal to the

flux #M which the inner produces. The inductance of the outer, L2, is

therefore -- , or:

d
L L - RNp (in + 2 )+(6.48)
2 1 o d 4

The ratio of the coupling factors, by Eqn. (5.49), is thus:

d
I RNp (in 0 + 4

1 i (6.49)
IC LI

Substituting the inductance expression for the short solenoid for Ll, viz.

L- K , Eqn. (6.49) becomes:

d
k 2(hn d + 4k 1  - - (6.50)

2 K ND

(assuming that the spacing of the inner turns has negligible effect on L1 )
where K is Nagaoka's factor. since k2 - 1, Eqn. (6.50) gives the value of
kIk2 •
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k1k2  0.99 N -IV
\ ----- Solid inner

Tube inner

1 2 do/di 3

Fig. 69. k1k2 for short solenoid wound with coaxial cable.

Eqn. (6.50) is plotted in Fig. 69, for a Short solenoid with
diameter to length ratio (D/t) - 2.46 and K - 0.48. The broken curves are for
a tubular inner and are obtained by omitting the 1/4 term in (6.so). With N =

100 turns k1k2 = 0.996 can be obtained with d0/dI - 1.5 i.e. with considerable
space between the outer and the inner for insulation. The coaxial cable
method clearly has the highest k1 k2 values of the methods examined.

6.2.3 The external field torold with various secondaries

As was discussed in Ch. 5, this form of winding with a secondary has
flux distribution similar to coaxial cable, provided the ratio of the minor
diameter to major diameter is not too great i.e. provided the torold is not
too "fat". All the flux of the outer winding links the inner winding, and the
coupling factor of the outer winding is unity.

(i) Sheet secondary

A cross-section of an external field torold with a thin sheet
secondary is shown in Fig. 70. since the flux is external, tighter coupling
will be obtained with the thin sheet secondary on the outside, as shown, than
on the inside by similar reasoning as in the case of solenoids.

Using the inductance expression for the external field toroid,

viz, L - N2 R(l -)a 2) in -R - 21,
0 2R a
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we have for the ratio of the coupling coefficients:

a 2 8
(i + ( 2) ) n R 2

2R a 21. - (6.51)

k2 a1 2 BR
( (- )) ,n - 2

2R a1

where a, and a2 are the minor radii of the primary and secondary,
respectively. If 1 is 5 and if the thin sheet could be located effectively

2R
a,

d

0 +

ak2

Fig. 70. External field torold with thin sheet secondary.

within d/3 of the position of the equivalent current sheet of the primary,
then, assuming that the N primary conductors are tightly packed so

that Nd = 2va and a2 - a1(1 + j2fJ), Eqn. (6.51) yields - 0.989. Since k21 2 1 3 C
will be very nearly 1, this is also tMe value of kl1k2.

The thinner the torold, the better the coupling; for example
if 8 is 20 instead of 5, Eqn. (6.51) yields ]ck 2 - 0.993.

The internal flux of the primary conductors cannot be coupled to the
secondary; Eqn. (6.35) applied to the external field toroid becomes:

I 1 (6.52)

4N[( + 2]) ) in

and yields kl(MAX) - 0.9986, for - and 0.9992 for - 20. The d/3

separation which results in I values of 0.989 and 0.993, is a much more
severe limit.

1. .. ,1

• m mmm mm~mmm m m



An advantage of the torold over the solenoid is that there is no
length ambiguity in the toroid case. However, this is countered by the fact
that the sheet secondary on the toroid must be cut somewhere to enable busbars
to collect the current.

(ii) Separate layer of identical diameter conductor

The distance between the currents in this case is at least the
conductor diameter, and it makes no difference whIch winding is considered to
be the secondary. Eqn. (6.51), with a2 - al(i + N-), yields for N - 100
turns:

1l R
kI I= 2- - 0.9671 if R- - 5,

2 1

kI k "I 0.9803 if a= 20.
1 2 kc2  aI

As with the short solenoid, the coupling of a separate layer winding

is relatively low, unless thousands of turns are used.

(ill) Bifilar winding

The factor which degraded the coupling of a bifilar winding in the
short solenoid case, viz. the position displacement of one turn at each end,
does not apply to the toroid. The bifilar windings can be identical in all
respects, and, therefore can couple all but the internal flux of the primary
turns. Thus, with solid conductors and -I - 5, klk 2 - 0.9986, for example.

The very high degree of coupling will however be degraded by two
practical considerations, as usual the need to cut and parallel the secondary
turns to busbars, and the extent to which the two windings actually have the
same major and minor radii. With a large number of turns, this last factor
should be minimal, as the mean radii of the two should be very nearly the
same. Noting that the external field torold inductance, for K 5 can be

w nas L - RN2 n R to within a few percent, we can deduce that:written a oN ac ht

k1a2  . k2
2 . ( ) .

(6.53)a1  a1

This equation enables the tolerance on the position of the conductors to be
estimated, as in the tabulation below.
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k a a2

ka2  a - 5 Ia- a- 2

0.990 1.016 1.030
0.992 1.013 1.024
0.994 1.010 1.018
0.996 1.006 1.012
0.998 1.003 1.006

From the tabulation, it appears that - 0.994 could be attained if the
k2

average radii of the two windings are within 1% of each other, e.g. about 2 mm
tolerance in a minor radius of 20cm.

(iv) Coaxial cable winding

To assess the coaxial cable method, we use the inductance expression
for the external field toroid as Li in equation (6.49). The result is:

d
0 1In -+-

1C d 4
a 2, (6.54)

k 2  a1 2 R
N[(I + (-n)) n- 21

2R a1

which, since k2 - 1 is also k1k2.

1.00 R,/-L __ Pa - 20 N "t00

t N '=100 ,.

k,k, 0.99 i i

R/a 5Solid inner
S,' N -10 --- Tube inner

0.9
1 2 d./d 3

Fig. 71. k1k2 for external field toroid wound with coaxial cable.
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Eqn. (6.54) is plotted in Fig. 71. Values of k k2 greater than 0.99
appear easily attained, as in the short solenoid case, with N - 100 t rns.
the values for tabular inner conductors are obtained by omitting the - term in
the numerator of 

(6.54).

6.2.4 The Internal field toroid with various secondaries

The internal field toroid behaves as an infinitely long solenoid.
The factor K in the solenoid inductance equation is unity and the external
magnetic field is zero. When a secondary is placed upon It, all the flux of
the inner winding links the outer; le the coupling factor of the inner is
unity.

(i) Thin sheet secondary

As with the solenoid, the tightest coupling will be obtained with
the thin sheet secondary on the inside, as in Fig. 72.

2R

1k2

Fig. 72 Internal field toroid with thin sheet secondary on inside.

If the radius of the thin sheet secondary is a2, and the radius of the primary
is al (Fig. 72), then using the inductance expression (6.27) and the fact that
k2 is unity, we obtain from the ratio of the inductances that:

k = .22 (6.55)
112 a 1

For an internal field torold jith N tightly wound turns of diameter
d and the thin sheet secondary located - away from the ideal location, Eqn.
(6.55) becomes:

k - 2* R 2 (6.56)
1 2 3N a1
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If N - 100 turns and - 5, £qn. (6.56) yields k1k2 - 0.80 and if - 20,
k1 2 - 0.34. 

a2

(ii) separate layer of identical diameter conductor

The separation between the currents is the conductor diameter and
Eqn. (6.55) becomes:

k R 2 (6.57)
1 2 a1

which for N - 100 and a - 5, yields k1 kc2 - 0.4704.
a
1I

(iii) Bifilar winding

As in the case of the external field toroid, the bifilar windings on
the internal field torold can be identical in all respects and all but the
internal flux of the primary conductors can be coupled. Eqn. (6.35), for the
maximum value of a coupling factor due to the internal flux limitation,
becomes:

-1- Z (6.58)

which yields kI(MAx) - 0.975, which is also the maximum value of klk 2.

(iv) Coaxial cable winding

For the coaxial cable method, we use Eqn. (6.49) with radius a
instead of R, and Eqn. (6.27) for LI, with the result:

d
2 Ra ,n -2 + 1

k -i - (6.59)
2 N

Putting Na 100 turns and E- - 5, this equation gives:
a1

d_ I k

1 0.975
1.2 .957
1.5 .934
2 .906

Since k2 - 1, these are also the values of k1k2.
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Even though the internal field toroid has the benefit of one of the
coupling factors being unity, tt has much lower values of klk 2 than the
solenoid and external field toroid. The secondary busbar connections to the
internal field torold would be cumbersome also, since they would have to be
made around the whole major perimeter.

6.3 Forces and masses of windings in terms of stored energy

So far, In this Chapter, we have examined three forms of windings
with regard to time constant and to their coupling to four forms of
secondary. In this Section we will examine the winding forms in terms of the
masses which they must have in order to have sufficient strength to contain a
given amount of energy.

The need to consider winding strength can be seen from the example
of an external field toroid of 1 m radius and 100 turns, carrying a current of
10,000 A. If the a ratio is 5, the field at the conductors would be about 1.4
T and would cause a force of 700 kgf/m which would bend the conductors inwards
unless a supporting structure were provided.

In Ch. 3, using a simple pressure model, we determined that the
minimum mass of the structure in tension, a, that resists the forces on a

coil storing energy, W, was M - w, where M is the mass, and p is the density
3
5

of the structure. For the winding forms that we have studied we wish to know
to what extent the minimum mass is approached and how much strength the
conductors can contribute, and hence to what extent it is necessary to provide
additional support structure.

6.3.1 Mass of the short solenoid

According to the method of virtual work, the force, F(x) , acting in
direction x on a winding that carries current I is:

S1 2 LF(x) - - (6.6)

Eqn. (6.12), written with an approximation due to Wheeler 113) for
the factor K, gives the solenoid inductance, L., as:

L -ON2

a t + 0.9R'

where N is the number of turns, t is the solenoid length and R is the solenoid
radius. Eqn. (6.61) is in error by less than 4% for a 2.5.

According to (6.60) and (6.61) the radial force, F(R), on a solenoid
is:

1 2 2 2R 0.9R
2

(R 2 0o 1NC + 0.9R 2 I
(t + 0.9R)
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which may rearranged as:

F -1 ] (6.62)r(a) R fti
1 + 0.9-

where W, ~Ls 1 
2 , is the stored energy of the coil.2

Eqn. (6.61) is positive; this indicates that the force acts in the
direction of the radius le is a bursting force (Fig. 73). Let us now suppose
the windings to act as a thin cylinder which resists the burst.ag force.

b 0F

A 40 BL- _--

Fig. 73 Radial forces on solenoid. The force, F(R) given by virtual work,
is the total radial force.

To resist the bursting force, there must be a tension, T, in the cylinder.
Since F(R) is the total radial force on the whole coil, the force per unit
length of the circumference Is iil. The vertical component of the force over

2wR
small arc, R d, is F(L sin# d#. The tensile force, T, resisted at A and B

is therefore:

tf/2 F(R)sin# d*,
2T

0

i.e. T- F-. (6.63)
i
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If the tensile stress in the cylinder Is ot, and cross section is t x b, we
have:

T F(R)
°t " b2t b

The volume of the cylinder wall is 2vRib, and if the density oZ the cylinder
material is w, the cylinder mass, Ms , is w2wRfb and hence:

wRF(R )at - H (6.64)
t

substitution of (6.62) into (6.64) gives:

wW [11 .

at  - [I+ 1 (6.65)

Half the flux of a long solenoid bends over and passes through the
turns before reaching the end [14). The rest curls over the end turns. The
turns therefore have axial forces on them as in Fig. 74. Although the
greatest forces are induced in the end turns, the centre turns have the
greatest forces on them, because the accumulated forces are transmitted to the
centre turns. The axial forces are well known to eventually destroy high
field magnet coils because every time the magnet is pulsed the end turns
receive an impulsive force which causes them to "ride over" the others and to
damage insulation.

The total axial force is obtained from:

F 12 _

2 Y12 I

which, when applied to Eqn. (6.61), yields:

W 1

F H-I-C 1. (.6(,) , - I I + SR/I

The - sign indicates that the direction of the force is opposite to that in
which increases, i.e. it indicates a compressive force. If the turns are
rectangular in section and packed against each other they could resist this
force (Fig. 14). Suppose that this is the case.

178



ir IF

Fig. 74 Axial forces on solenoid. Rectangular section turns assumed for
simple mass estimation.

The section over which the total force, Ft) acts is 2wRb, and hence,

F Oc 2wRb,

where a is the compressive stress experienced by the centre turns.
Substituting w2vRtb for the mass, Ms, enables us to obtain:

woc =-- F(). (6.67)
c M (

Substituting (6.66) gives:

a.w w
aC - --w [I+0. 1 (6.68)
c M I + O.9R/f

We have now obtained a tensile stress and a compressive stress at
right angles to each other. We need a failure theory for combined stresses.
According to the maximum shearing stress theory (discussed further in Ch. 8),
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the sum of at and a at failure is the yield stress in simple tension, ay,
Adding Eqns. (6.65)Cand (6.68) and rearranging yields:

M a w (I+ 2 ]. (6.69)
s y 1 + 0.9R/e

For the short solenoid with maximum time constant, 1.23, and itstt
mass, Mss, is from Eqn. (6.69):

M 1.95 -, (6.70)Mss 0

y

where o is the yield stress of the conductor material.
y

6.3.2 Mass of the external field torold

when the inductance expression for this toroid, viz.,

L - N p R [(1 + _-) 2 )n - - 2
2R a

is manipulated to obtain the forces in the major, R, and minor, a, radial
directions, the results are:

1- (a)2 (2 en R 1)

F 2R a
() + (I)_) en 1 - 2

2R a

a2 SR
1 -() (2 en - - i)

(a)) a en +a 2 - 2
2R a

where W is the stored magnetic energy.

Egn (6.71) is always positive, since R > a, and implies that the
force in the direction of the major radius is a bursting force. To obtain the
tensile stress due to this force, regard the toroid as a hoop (Fig. 75).
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Fig. 75 External field torold model for mass calculation.

The geometry is similar to that for the short solenoid, and, hence

the tension, T, in the conductors at A and B, is:

T-F (R)

The cross sectional area of the wall (i.e. the sum of the cross

sectional areas of the turns) is 2,at, and the stress in the conductors,
t is T/4wat. Since the volume of the conductors is 4 Rat, we obtain a as:

at H- RF(P ) (6.73)

where w is the conductor density, and ME is the conductor mass. substitution
of Eqn. (6.71) into (6.73) yields:

1 - ( )2 (2 n R

1 2R 2 na (6.74)
t ME -i +-A)2)i 2

2R a

Eqn. (6.72) is always negative; this implies that the force in the

direction of the minor radius is a compressive force. As the calculation in
the introduction to this Section shows, It may be large. Unless the
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conductors were specially Shaped to form the wall of a tube, as indicated in
Fig. 75, they could not resist the force and the coil would be crushed. As
this is impractical, We Must Suppose that inner support, e.g. a tube, is
provided. in either case, the force Is resisted by hoop stresses, and the
compressive force, C, across the wall area, 4wRt, is:

C F(a)

Ic -I I(6. 75)

and the compressive stress a ccan be written in terms of the mass of the tube
as:

c M E (a) (.6

Substituting (6.72) into (6.76) gives:

S- (-) 2 ( 2 in !I,- 1)
W 2R -a (.7

E (1 + (A-) ) tn - 2(.77
2R a

trsing o + a as the failure criterion, the mass, ME' of the
external field toroid is obtained from Eqns. (6.74) and (6.71):

2(l - (A_)2 (2 in -- 1)
o or, 2R a 4 (6.78)
E a -,a 2 R

2R a

Evaluation of (6.78) gives:

a E a
y

R _ a

R . 20, M 1.65 i

a E a
y

6.3.3 Mass of the internal field toroid

The inductance expression for this toroid, viz.:

L N aa
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gives the force components in the major and minor radial directions, in terms
of the stored energy, W, as:

2W
F ( - , ( 6 . ,7 9 )

and F 2W (6.80)a n d ( a )  a

The signs of these equations imply that the major radial force is
compressive, while the minor radial force is tensile, i.e. the opposite to
those of the external field toroid (Fig. 76).

Fig. 76 Internal field toroid model for mass calculation.

The tensile forces can be resisted by the hoop shape of the conductors around

the minor radius, but the compressive forces cannot, except in the impractical
case in which the conductors are wedge shaped, to form a solid hoop in the

major radial direction. An inner tube is therefore necessary to resist the

compressive forces, in reality. The tension and compression stresses for the
model in Fig. 76 are:

t  - 2W (6.81)
M 
I

m --

and the mass, HI, is:

H M 3 (6.83)
I18Y

182

-ai



6.4 Discussion

Having studied various primary and secondary forms we are now able
to choose the best geometry for the pulse transformer. The forms studied have
been single layer windings, and a brief consideration of multilayer windings
in this Section suggests that they are not suitable.

6.4.1 Comparison of the single layer winding forms

In the Section on time constants, we obtained the following results
for a winding of 100 turns.

Coll type Time constant, relative to Brooks Coil

0
Short Solenoid: - - 2.46 0.34

R

Ext Field Toroid: - - 5 0.42a
R
- - 20 0.29
a

R
Int Field Toroid: - - 5 0.21

a
R
- - 20 0.13
a

In the Section on degree of coupling, the following results were
obtained for a winding of 100 turns, for four types of secondary.

Degree of coupling: Maximum values of kl-K2

Coll type Type of secondary

Thin sheet Separate layer Bifilar Coaxial cable
(d0/d I - 1.5)

Short Solenoid:

D - 2.46 0.981 0.96 0.98 0.996

ta

E.F. Toroid: - - 5 0.989 0.967 0.999 0.996
a

- 20 0.993 0.98 0. 99 0.998
a

I.F. Toroid: a . 5 0.80 0.47 0.975 0.934
a
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The following results were obtained for the minimum mass required to
store energy, W, if the conductor shearing stress Is its yield stress in
simple tension, and the conductor density is w. y

Coll type Minimum mass

Short solenoid: 1.95 --

y

E.F. Toroid, - - 5: 2.08 wW
a y

-20: 1.65 -Wa ay

I.F. Toroid 3 wW

y

In each of the above categories, the internal field torold is a
relatively poor performer. The short solenoid and the external field torold
have similar properties, except in the case of bifilar windings, where the
external field toroid is much superior. Note that for the bifilar winding on
the external field toroids to have the limiting kik 2 values shown, the
conductor placement would have to be accurate to withln a few parts in a
thousand.

On the above figures, the short solenoid and the external field
toroid, using coaxial cable windings, are equal best choices. Consideration
of some more subtle points, however, favours the external field toroid.

Firstly, the forces are distributed evenly over the external field
toroid, whereas both the tension and compression forces on the solenoid vary
with axial distance from the centre. The compression forces of the solenoid
accumulate so that the centre turns have the greatest force on them. Unless
rectangular section conductors are used, these compression force may cause
conductors to ride over each other, and every time the solenoid is pulsed, the
insulation of the centre turns receives a blow. In addition, the last half of
each end turn of the solenoid is not restrained by hoop stress and tends to
unwind. A restraining structure is necessary for these turns. In the
external field toroid, each turn eXperiences only its own compression force;
not the accumulation of the forces on the conductors around it and therefore
the insulation must bear only the force of ono turn. There is no end turn
problem because the minor radial forces hold the turns in place against their
inner supports and because the beginning and end turns are adjacent to each
other and may be easily coupled to a linkage to complete the "hoop" to resist
the major radial forces.

The second reason for favouring the external field toroid is that
its symmetry is more likely to produce high coupling during the transfer of
energy. The coupling factors which have been calculated assume equal current
distribution amongst the secondary conductors, but initially the current will
distribute so as to produce no internal flux. The external field torold
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practically has this propcrty with a uniformly distributed current, hence we
can expect the transient distribution to naturally match the primary current
distribution. Although, as discussed in Section 6.5.4, the induction process
should force equal current division in the solenoid secondary, the natural
transient distribution would be for current to crowd towards the end turns.

6.4.2 Tension and compression components of coil mass

The expressions (6.69), (6.78) and (6.83) for winding mass, M, are
all of the form:

M - (( + K) + K], (6.84)o

y

where K is a dimensionless factor derived from the coil geometry. In the case
of solenoids K is Nagaoka's factor.

Inspection of the expression in section 6.3 shows that factor
(1 + K) yields the portion of the mass due to tensile forces and factor K
yields the portion of the mass due to compression forces. When K becomes
small compared to unity, the compression portion diminishes and the mass

approaches the minimum value of . This is the same value as was found in

Ch. 3 from quite general considerations.

Putting K - 1, i.e. the long solenoid factor, we obtain

M - 3 W, which is the same as the internal field toroid mass, since thisay
toroid is effectively an infinitely iong solenoid. In this case . of the coil
mass is due to compressive force and 2 to tension force. The shorter the
solenoid, the less is factor K and the less is the proportion of mass due to
compressive force. For the maximum time constant solenoid, K - 0.48, and 19%
of the mass is due to the compressive force. The factor K in the case of the
external field toroid is approximately -1 (Eqn. 6.77). The greater R i e

tna a
the thinner that this toroid is, the less athe proportion of the mass is due to
compressive force. Note that making the toroid thinner does not eliminate the
compression forces; they actually increase, but the tension forces increase
at a much greater rate. Very short solenoids and very thin external field
toroids approach the pure tension, minimum mass given by of.

ay

6.4.3 Nultilayer coils

Multilayer coils, such as the Brooks Coil, are more compact and have
longer time constants than the single layer coils which have been studied.

In the Section on degree of coupling it was pointed out that perfect
coupling requires two coils to be physically identical and to occupy the
identical space. A bifilar winding of many layers of fine wire enables two
identical coils to occupy the same physical space and tlus to have the
geometrical basis for very tight coupling. There is a practical difficulty in
cutting the turns of the secondary winding and connecting them in parallel to
form a single turn secondary. More importantly, the high frequency response
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of such a secondary might be poor. The resistance of multilayer coils is
known to be hundreds of times the d.c. values at frequencies of about a
kilohertz (151. The secondary time constants may be so short during the
transfer of energy that the efficiency would be quite low, even though the
degree of coupling is basically high.

Another limitation of multilayer coils is that intense magnetic
fields act upon the inner layers of, for example, solenoids and cause high
stresses which determine the maximum stored energy, even though the stress in
other layers may be quite low. Thus, for multilayer coils the energy stored
for a given mass will be less than for single layer coils when strength is
taken into account.

Although a more detailed investigation of the above limitations is
necessary to rule out multilayer coils altogether, no further consideretion is
given to them in this work.

6.5 Flux distribution and inductance of real windings

The investigations so far in this Chapter and in Ch. 5 give us a
fairly detailed understanding of the pulse transformer in terms of
electromagnetics and circuit theory and the physical reality of the
transformer. The transformer models used have still been idealized in that
inductance expressions used generally apply to current sheet distributions.
In this Section the effects of using real conductors are examined in four
ways, viz:

(I) the location of an equivalent current sheet;

(11) the flux distribution of real conductors compared to current sheets;

(iii) the inductance of a real coll compared to current sheets; and,

(iv) the transient current distribution of the secondary.

6.5.1 The location of an equivalent current sheet

Perfect coupling requires a winding to have the same flux linking
another winding as links itself. With real conductors there is internal flux
that cannot link another winding; this was dealt with for solid round
conductors in Section 6.2.1. Some of the mutual flux of tho turns may also
not be fully linked to both windings. In effect the windings are separated
and we wish to know what the separation is.

Fig. 77 shows a section of a winding of round conductors with a thin
sheet secondary. There is flux on one side of the windings and none on the
other, so they may be taken to represent either a torold or a long solenoid.
In Fig. 77(a) the thin sheet is on the flux side of the primary and in 77(b)
it is on the other side. The distributed current in the primary causes its
flux density to vary from zero to Bo across the section whereas the flux
density of the secondary rises as a step function.
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Fig. 77 Round conductor primary with thin sheet secondary. (a) secondary on
flux side, (b) secondary on non flux side of primary.

When the thin sheet secondary is on the flux side of the primary,
the flux within the primary cannot link it. With the simplifying assumption
that the primary is rectangular in section, with thickness d, and that the
flux rises from zero to Bo linearly, the flua linkage per unit width within
the primary, obtained by integration, is Bo 3" The primary current can
therefore be replaced by a urrent sheet which gives rise to flux density Bo
and is positioned distance a from the flux side surface of the primary
conductors. Such a current sheet will cause the same flux linkage per unit
width with the secondary as the actual primary current and will also have the
same uncoupled flux linkage.

Wben the sheet secondary is on the zero flux side of the primary, it
has partial flux inkages per unit width with the distributed primary current
to a value of Bo 2' instead of a full linkage of Bod. The linkage is
therefore diminished by Bo d and in this case an equ..valent current sheet for
the primary is located at d/2.
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6.5.2 The flux distribution of N conductors compared to a current sheet

One way to determine the number of conductors needed to approximate
a current sheet distribution is to calculate the flux distribution of discrete
conductors and compare the result with a current sheet distribution. A
convenient conductor system to study is a set of N parallel wires on a long
cylinder, since the internal and external current sheet flux densities are
easily calculated. If the wires on a cylinder have practically the same flux
distribution as a current sheet, then no matter what shape the cylinder of

wires is bent into, its flux distribution will be the same as a current sheet
of that shape.

Fig. 78 shows a cross section of the cylindrical arrangement. The
conductors are symmetrically spaced. Since there is no current within the
cylinder, there can be no complete flux lines within it. If there is flux
within the cylinder, therefore, its vector sum around any path must be zero.
Since the conductors are arranged symmetrically, the flux vectors along radial
lines through the conductors, at equal radial distances (such as at X,Y in
Fig. 78), must be identical. These considerations suggest that the flux
vectors, within the cylinder of wires, must oscillate in sign and complete at
least one cycle over the angular distance between conductor positions.

ist Conductor

Bp(i) 2 nd Conductor

ith Conductor

Fig. 78 Geometry for calculation of flux distribution of a cylinder of
parallel conductors.

189



Fig. 78 shows the field components at a point P, due to the ith conductor.
Each conductor carries current I. The field at P is given by:

B (I) . o .. 1 (6.85)P 2w y"

The radial component, (Bp(r)i), and the tangential component, (B P(e)), are:

0o1 sin(a i - 0o

B (r), = n a 2 0 (6.86)P i 2i 2
Yi

I [x - a cos(e -e H)
B (e) -'- 0 (6.87)
P i 2w 2

Yi

The total component values at P are therefore:

A Ia N sin(e 1- o)
B Cr) - '- (6.88)
P 2w i-1 2Yi

AoIa N Ix/a - cosle - eo)]
B (e) - -- 0 (6.89)P 2w i-1 2

Yi

where y - a2 + x2 - 2ax cos(i-e) (6.90)
i 0

and Bp - (B
2 
p(r) + B

2
P ()1 '2 (6.91)

Although the above equations are derived for point P within the circle, they
also apply to points outside.

To display clearly the manner in which flux accumulates, let us
select N - 6, i.e. a small number of conductors. Fig 79 shows the vector
field
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Fmeld of current sheet

Fild of conductor A alone

Fig. 79 Flux vectors for 6 conductors.

given by Eqn. (6.91), and Figs 80 and 81 are plots of the magnitudes of the
components of the flux vectors as a function of angular position between

conductors. In these plots, a is taken as unit length and 2 is also taken2w
as unity.

, N C0UCTNS 6 ,,"

r 4. Ito., - -

75 . "

I/ t -

0 4

./a.75

-2
,/a o .75 110O0

-~X/ 0.9a* .

0 V/4 V2 3/41

S. (Fraction of angle between conductor Positlons)

Fig. 80 Flux density vector components for internal points (i.e. X < i)*a
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0. (Fraction of distance between conductors)

Fig. 81 Flux density vector components for external points (i.e. > I)

Figure 19 shows that the internal space is filled with flux vectors
which are oriented at all angles between 0. and 360- and rapidly diminish in
magnitude in the central region. The magnitude and orientation of these
vectors must be such that no matter how a closed path is taken, their line
integral is zero. Near the circumference (e.g. at 2 = 0.9) the vectors in
between the conductors oscillate less and point in the same general
direction. The reversed vectors, necessary to make the line integral zero at
a radius just within the circle, are concentrated near the conductors. The
unidirectional tendency of the vectors in between the conductor positions is
the same as that of the vectors just outside the circle i.e. there is no sharp
distinction between the external field and the internal field. The
internal/external field difference is concentrated near the conductor, where,
internally, the conductor field is opposite that of the in between vectors,
and, externally, the conductor field is in the same direction as that of the
in between vectors. At the conductor positions the field clearly curls around
the conductors as if they were isolated.

The magnitude of the internal vectors diminishes rapidly with
distance from the circumference; at 4 - 0.5 their magnitudes are only a few

aapretof the values at -0.9. Even with only 6 conductors, the field

inside rapidly becomes practically zero i.e. rapidly becomes the same as if
there were a uniform current sheet at the circumference.

Also shown in Fig 79 are the vectors for a conductor by itself
(conductor A) at points along a radial line through its centre, and for the
external field which a current sheet of magnitude NI would produce. The
individual conductor fields make the dominant contribution near the
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conductors. Externally, they rapidly become a smaller part of the total field
and internally, they are rapidly cancelled. For example, at a - 0.5, the
total internal field has a relative value of 0.191, whereas the single
conductor field has a relative value of 2. The results indicate that the
external field soon reaches current sheet values, also. At 4 - 1.25, the
field varies between 6.7 units and 3.5 units, compared to a current sheet
(i.e. the average) value of 1 - 4.8 units.

Figures 80 and 81 show how the internal and external field
components vary in between conductor positions. In both cases, the radial
components oscillate in sign, and the peak values are near the conductors, so
as to cause the resultant field to cross the circumference at right angles.
The internal field radial components are similar in magnitude to the
tangential components, near the conductor positions where they cause the field
to curl around the conductor. Externally, the radial components are much less
than the tangential components.

The flux distribution for only 6 conductors clearly settles down
rapidly to that of a uniform current sheet. At 2 - 0.5 and a - 2, the fieldaais almost indistinguishable from that of a current sheet. As the number of
conductors is increased, the mutual cancellation of the internal flux and the
additive effect of external flux will increase. Current sheet like results
will thus approach the circumference rapidly as the number of conductors is
increased, e.g. to a few times as many as six. The minimum number of
conductors that produces a field equivalent to a current sheet in all the
space about the coil will be the number required to cause the field at the
conductor surfaces to be very nearly the same as would be produced by a
current sheet.

Let us now calculate the effect of increasing the number of
conductors. Let us also consider only points on radial lines through the
conductor positions (ie 6 - 0 in Fig. 78). The greatest distortion in the
flux distribution occurs Zt these points, so when the flux density at these
points is close to that of a current sheet, the flux density at all other
points will be very much closer. In the case of the external field the
comparison with a current sheet is given by

BP(N COND) x N (x/a - Cos eII

B N i-i - 2 '(6.92)

P(SHEET) yi

iiand, through the conductor
in normalized units, since BP(SHEET) - 2wx
positions, * - 0. In the case of the internal field, the current sheet value
is zero, andoto measure the extent of cancellation as the number of conductors
is increased, let us compare the field of N conductors with that produced by
an isolated conductor. For a point at distance x from the centre, along a
radial line through a conductor position, the distance from the conductor to
the point is (x-a), and so the field intensity due to that conductor alone is:
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B 0
Pll COND) 2w(x-a)' (.93)

and BP(N COND) N IX/a - Cos 01(B o~ a i-i 2
BP(I COND) -ai y

Eqns. (6.92) and (6.94) are plotted in Figs 82 and 83. Both
diagrams show that when the number of conductors exceeds about 48, the fields
approach current sheet values quite close to the circumference I.e. as x/a
approaches I. The internal field at ' - 0.9 Is only 3%apponlyhes of the field which an
isolated conductor would produce at the same point, and the external field at
the same distance from the other side of the circumference (i.e. X - 1.1) is*aonly 1% above the current sheet value. As these are the worst case flux
density departures from current sheet values, we can conclude that 48 or more
conductors yields a field distribution that is Indistinguishable from a

nlP X
14 -- NN3

N1.4 N-S LOCUS of (leT/ N)

1.0[ tS

1.0 12 1.4 1.6 18 20

x/&. Distance along radial line through conductor position

Fig. 82 Flux density outside cylinder of N conductors compared to current
sheet.
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Parameter , No. of conductort

O.8 - - - -

0.2 - -

0 0 0.2 0.4 0.6 0.8 ID

x/s

Fig. 83 Flux density within cylinder of N conductors, compared to isolated
conductor.

current sheet, except within a few percent of the radius from the
circumference.

Let us next take into account the conductor radius, since this
determines how near to the circumference we can in practice take point P. If
the conductors almost touch each other:

() x - 1 - , for internal points, and,
aHA

()I -1+ for external points.
a MIN

The locus of (I-i) Is plotted on Fig. 83; it crosses the conductor curvesN
at BP(N COND)/BP(I COND) values between 0.1 and 0.14. If the conductors
almost touch each other the field intensity just outside the conductor inner
surface is thus less than 0.14 of the intensity -,ust outside the isolated
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conductor surface, for all practical numbers of conductors. The locus

of (I + -), plotted on Fig. 82, shows that, for all practical numbers of
conductors, the external flux density at the conductor surface is less than 7%
greater than the current sheet value. Since Figs. 82 and 83 represent the
worst case departures, we can conclude that for all practical numbers of
conductors, that virtually touch each other, the flux density In the space
within and without the cylinder is practically indistinguishable from that of
a current sheet located at the mean diameter of the cylinder.

If there is space between the conductors the conductor diameters
must be less than when the conductors touch, and the conductor surfaces become
closer to the mean diameter, i.e., they are in regions where the current sheet
approximation is poorer. If the conductors occupy fraction K of the
circumference, the conductor diameter is a and the surface flux density
ratios, using Eqns. (6.92) and (6.94) are:

Bp(N cOND) (1+-) N (i +-)/a - Cos 1
(N CN) X I; KN 6.5

B N 11 2
P(SHEET) Yi

for the external flux, and,

B N (l - .- )/a - cos e i ]
P(N COND) (I - T_ _.KNi (6.96)

B KN i-i 2
P(I COND) Yi

Eqns. (6.95) and (6.96) are plotted in Fig. 84, from which it can be
seen that for all numbers of conductors greater than about 10 the relative
flux density at the conductor surface is constant. For K - 1, as in bifilar
winding, the external flux density is about 27% greater than the current sheet
value. Using Fig. 82, we can deduce that for as few as 12 conductors, the 27%
increase drops to only 4 or 5%, one conductor diameter further away from the
conductor surface.
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Fig. 84 Relative flux densities at conductor surfaces. K is the conductor
space factor.

The flux distributions have been calculated for conductors that are
exactly symmetrically placed. This may not occur In practice, although if the
space factor is unity, placement errors will be reduced. Errors in placement
might occur because a conductor is not exactly on the circumference, or
because there are random pitch errors, causing conductors to bunch together in
places and to have gaps at others, or because there is a constant pitch error,
causing a gap that is too narrow or too wide.

The writer investigated the effect of pitch errors by modifying the
flux density equations (e.g. by the use of random generacor functions) and
when the programs were run, the results were:

(1) the internal field increases greatly with placement errors,
especially in the neighbourhood Of the smallest gap between
conductors;

(ii) the external field also increases, but not nearly so much, again in
the neighbourhood of the smallest gap;
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(iii) overall, the increase in total flux was small, and in the case of
the external field, the disturbed regions did not penetrate far from
the circumference.

Altogether, it did not seem that inductance would be significantly
altered (i.e. > 1%) by likely errors in conductor placement.

6.5.3 The inductance of an 9 conductor external field torold

The calculations and graphs in the previous Section suggest that the
flux of a cylinder of conductors that touch each other is practically the same
as a current sheet in all the space around the conductors. We expect the same
to be true for other configurations. In this Section we shall calculate the
inductance of the external field toroid, which is the cylinder of parallel
wires bent into a circle, from basic expressions to see show much its
inductance, with N turns of round wire, differs from the current sheet
expression.

The total Inductance, LT, of a winding of N turns consists of two
parts; EM , the sum of the mutual inductances of every turn with every other
turn, and"hLs, the sum of the self inductances of the individual turns. Thus,

N N N
LT " 1 I Ls . (6.91)

If we consider the filaments to carry current In parallel instead of in
series, the current is NI instead of I, where I is the current in each
conductor, and, since energy must be conserved (as was argued in Section
6.1.4), the inductance is the value given by (6.97) divided by N2 . As
N 4 . we obtain the uniform surface current condition to which Eqn. (6.19),
viz.

L- R [(I + (1_)2) m 1_R n 21,0 2R a

applies.

The geometry of the external field toroid for inductance
calculations Is given in Fig. 85. For the mutual inductance calculation we
consider the turns to carry filamentary current concentrated at their
centres. This will not produce quite the same flux linkages as the actual
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Fig. 85 External field torold geometry for inductance calculation.

ab

Fig. 86 Coaxial circles to which mutual inductance expression applies.

distributed current, but the error will be very small, especially for large
numbers of turns. We use this model because there exists a mathematically
exact expression for the mutual inductance of coaxial filamentary circles of
current, [161, viz:

M - 4 2 HI- cF -- IJ pH, (6.98)
C c
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where A and a are the radii of the circles (Fig. 85) and

2 4T

4 (A+a)
2  + B 21

and F and E are the complete elliptic integrals of the 1st and 2nd kinds
respectively, of modulus c.

In Fig. 85, R is the major radius, r is the minor radius, A is the
radius of the ith turn and a is the radius of a turn x positions further
around the minor diameter. From the figure we have:

A - R + r Cos i, (6.99)

and, a - R + r Cos (I + x)@, (6.100)

and, b - r (sin(i + x)s - sin is] (6.101)

where 0 is the angle between conductor positions i.e. 9 - 360/N. Since M12
M21 etf.i, is only necessary to form the sum of half the combinations,
I.e. 2 combinations where N is the number of conductors (circles), and
then double the answer,

The self inductance of each turn should, strictly, be calculated by
Eqn. (6.98) also. However, because the conductor diameter is small compared
to the circle diameter (e.g. 1 0 th ) the expressions:100

A
Ls  A in -, (6.102)

0 rw

where rw is the conductor radius, is accurate enough. The self inductance
term is small compared to the mutual inductance term and errors in it do not
greatly degrade the overall result. Radius A is different for every conductor
position, but calculation shows that we can In fact use the mean value, R, for
A, with small error. Thus,

N
,E, L NpoR tn- (6.103)

w

200



(Exact calculation of (6.102) for the case where - 2 and N - 12 showed that
(6.103) is In error by about 3%. When R - 5 and N - 100, the error is aboutr

0.2%).

The effect of conductor space factor can be simply included because
it Is related to the conductor radius, rw . If the space factor is K, ie the
conductors cover fraction K of the minor circumference, then:

Kwr

rw N " (6.104)

Eqn. (6.91), divided by N2 to yield the "single turn" inductance for
comparison purposes, evaluated using Eqns. (6.98) and (6.103), is tabulated

Ma)/Min Rad. 10
LSH 3.007 PH 2.169 PH 1.189 PH

K 1 0.5 0.25 1 0.5 0.25 1 0.5 0.25

LT 2.911 2.965 3.020 2.072 2.126 2.181 1.087 1.142 1.196
LM  2.602 2.602 2.602 1.817 1.817 1.817 0.905 0.905 0.905
LS 0.309 0.363 0.418 0.254 0.309 0.363 0.182 0.237 0.291

N - 36 Turns

LT 2.964 2.988 3.103 2.126 2.150 2.174 1.144 1.68 1.92
LM 2.799 2.799 2.799 1.984 1.984 1.984 1.034 1.034 1.034
LS 0.166 0.190 0.214 0.141 0.166 0.190 0.109 0.134 0.158

N - 60 Turns

LT 2.981 2.996 3.010 2.143 2.157 2.172 1.162 1.176 1.191
LM  2.871 2.871 2.871 2.047 2.047 2.047 1.085 1.085 1.085

N - 100 Turns

LT 2.992 3.000 3.009 2.153 2.162 2.171 1.172 1.181 1.190
LM  2.919 2.919 2.919 2.089 2.089 2.089 1.120 1.120 1.120
LS 0.072 0.081 0.090 0.064 0.072 0.081 0.052 0.061 0.070

Tabulation of inductance (in microhenries) for I m major radius external field
toroid, for various numbers of turns, N, and space factors, K, normalized to
the single turn value. LSH is the inductance given by the current sheet
expression, (6.19), and LT, LM and LS are the total, mutual and self
inductances for the toroiLds made up of turns.
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below. The total, mutual, and self inductances are given for space factors,
K, of 1, 0.5 and 0.25. The inductance given by the thin tube expression
(6.19), LSH, is also tabulated. The inductance values are for a major radius
(R) of 1 m.

Examination of the tabulation enables four statements to be made.

(i) The total Inductances agree closely with the current sheet
expression. We can conclude that the current sheet expression,
(6.19), is indeed accurate.

(ii) The mutual inductance is at least 90% of the total inductance. The
self inductance portion diminishes as the number of turns is
increased, e.g. from about 10% to 3% as the number of turns is
increased from 16 to 100.

(iii) The total inductance is not much affected by the conductor space
factor. This is because the space factor affects only the self
inductance, which is much less than the mutual inductance.

(iv) Since the inductance values agree so closely with current sheet
values, the flux distributions in the space about the conductors
must also be very nearly the same as those for current sheet
distributions. This supports the previous conclusion that this
should be so for all practicable numbers of conductors, based on the
results found for a cylinder of parallel conductors.

Finally, we should note that the paths around the major
circumference of the torold do not have the same resistance. A path taken
around the inner side is shorter than a path around the outer side. Unless
the resistance or e.m.f. is compensated for each path, the current in each
path is different, in contrast to the uniform current sheet assumption. This
raises the question, considered In the next section, of whether the same
current flows In each turn of a parallel connected secondary of the pulse
transformer.

6.5.4 The transient current distribution of the secondary

In all the preceding work we have assumed that the uniform current
sheet expressions for inductance apply to the secondary as well as to the
primary. In particular we have assumed that the secondary current is divided
equally between the secondary parallel turns. This assumption Is justified as
follows.

Consider a solenoid, which is an example where the flux is
distributed non uniformly through the turns, with a layer secondary, as in
Fig. 87.
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Fig. 87 Non uniform distribution of flux through the turns of a solenoid and
a layer secondary.

The flux that links the central turns of the windings is more intense than
near the ends; therefore the back e.m.f. per turn is greater for these
turns. The same flux (practically) links the corresponding turns of the
secondary (outer layer). Each portion of the primary has a different back
e.m.f. and the same e.m.f. (practically) is induced into the corresponding
turns of the secondary. Since the primary e.m.f. distribution is the result
of equal current in each primary turn, the secondary e.m.f. distribution,
being the same in a geometrically similar winding, implies the same current
distribution as in the primary, i.e. equal current per turn.

The same reasoning applies to the external field torold. The e.m.f.
induced in each secondary turn matches that of its corresponding primary turn
of equal length. The varying length of the turns means only that the turn
resistance will cause the induced current to decay faster in the outer turns.

Let us next consider the distribution of the current upon individual
turns. As with the rails of the railgun, the flux which exteLnally links a
turn induces the same e.m.f. into every filamentary patn in the turn and
therefore cannot affect the current distribution. The current distribution is
determined almost solely by the rate of change of the internal flux of the
current within the turn. As discussed in Ch. 2, this leads to the conclusion
that initially the current will distribute to produce the minimum self
inductance of the turn, which further implies that it produces no flux
internally. (This does not mean that there is no internal flux at all,
because some mutual flux passes through the turns).

Since the zero internal flux condition means that the self flux of
each secondary turn is all external, and only the external flux can link the
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primary, the secondary current Is induced in such a way as to maximize the
flux linkage with the primary, for the given boundary geometry of the
secondary conductors.

Finally, let us examine the extent to which the inductance
expression for the secondary Is, as we have assumed, the same as for the
primary. We have found that the secondary current is equally divided amongst
the turns and therefore the general distribution of secondary current matches
that of the primary, but that on each secondary conductor it is distributed so
as to cause no internal flux, whereas the primary current, owing to the long
charging time, will be uniformly distributed over the conductor cross section
and will produce internal flux. The way in which the current is spread over
each conductor has very little effect on the external flux though, and hence
the turn self inductance and the mutual inductance with other turns are not
much affected. This suggests that, since the magnitude of the current per
turn matches that of the primary, the secondary transient inductance will be
closely given by the same expression as for the primary steady state
inductance.

An assessment of the difference between the inductance expressions
for turns of round wire, under zero internal flux and uniform surface current
conditions, can be made by considering each turn to be an external field
toroid whose major radius is the turn radius, R, and whose minor radius is the
conductor radius, rw. For an external field toroid with N closely packed
turns, the ratio of major to minor radii of a turn, S_, is:

rw

R _ RN

r a'w

where a is the toroid minor radius. If R - 5 and N - 100, 159.
a 5rw

The initial inductance, LO, of an external field toroid in the form
of a thin tube bent into a circle is given by Malmberg and Rosenbluth as
(171:

L R w2 1/ )1/ n + (1/ '
o on- (n + 1/2 )(n + 3/2) P1n+1/)

(6.105)

where L. is the inductance in Henries; R is the major radius; y is the ratio
of major to minor radii, i.e. 7 " P , and Q1 n + / are the first
order, half integral, Legendre functions of thi first and ;econd kind,
respectively; e - 2 for n - -1; and e - I for n > -1., The normalization of
(6.105) agrees with that of NBS tables of functions Pmn e/ and omn tI/ of
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Eqn. (6.19), viz.

LSH - R [(I + ( i)2) nR - 2 ,
SH 0 2R a

gives LSH, the surface current sheet inductance with which to compare Eqn.
(6.105).

Eqn. (6.105) is plotted from values given by Maimberg and
Rosenbluth, together with Eqn. (6.19), in Fig. 88, for R - Im.

3

uJ0

/ L Major Radius - m

1

0

1 2 3 4 5 6 7 8 9 10

MAJOR / MINOR RADIUS RATIO

Fig. 88 Initial Inductance, Lo, and uniform surface current inductance, for
external field torolds.

Clearly, the two curves approach each other for R_ values as low as 10. For
-is given as 2.960 pH, while LsH is 3.h .H Ie a difference of

a~out 1.6%. Since the turns of the cols will have L values greater than
100, it Is apparent from Fig. 87 that the initial andwuniform surface current
inductances will differ by only a fraction of a percent. (The NBS tables of
Legendre functions only cover the range to y - 10; evaluation of (6.105) for

values of the pulse transformer turns requires the generation of these
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functions. This may be done using elliptic integrals, but is a laborious task
which the writer has not carried out).

Since the current sheet and initial inductance values for individual
turns are so close, we can conclude that the initial secondary current
distribution is practically the same as a uniform surface current. From the
study of flux distribution in Section 6.5.2 we know that the field in the
space about the turns will be much less distinguishable from that due to a
uniform surface current than it is near the turn surface. Eqn. (6.19) is
therefore applicable for the total secondary transient inductance and,
multiplied by N2 , to the external flux portion of the primary steady state
inductance.

In particular, the degree of coupling values calculated in Section
6.3 are much more affected by the geometrical factors discussed therein than
by inaccuracy in the inductance expressions during the transfer of energy from
primary to secondary.
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CHAPTER 7

THE FORCE REDUCED TOROIDAL TRANSFORMER

7.1 Problems caused by compressive forces

In Ch. 6 the external field toroid was found to have the best
combination of time constant, degree of coupling and natural strength. The
forces on this toroid are mostly tension, which can be naturally resisted by
the conductors without the need for additional structure. The compressive
forces, however, would cause the conductors to bend because, in contrast to
the conductor shape assumed in Ch. 6, the turns have no structural strength to
resist them. An inner structure, such as a rigid inner tube or a series of
disks, must be provided to support tae conductors against the compressive
forces. Eqn. (6.84) shows that for - - 5 the mass of the inner support wouldabe about a third of the mass of the conductors, if it was made from material
of similar strength and density to the conductors.

Even if the inner support is provided the windings are not relieved
of the compressive forces. The support will prevent the bending stresses from
arising but the conductor materials must still bear the direct compressive
forces while transferring them to the inner support. Each time that the coil
is operated, the conductors and the insulation will impact against the
support. The secondary is particularly vulnerable since it may be much
thinner and hence much weaker than the primary, yet must bear the same forces
as the primary when the primary energy is transferred to it. The coaxial
cable construction is advantageous from this viewpoint because it couples the
strength of the primary to the secondary. The risk exists, though, that the
insulation between primary and secondary will be damaged and cause
primary/secondary short circuits which would immediately destroy the
functioning of the transformer and be extremely difficult to repair. Since
compressive forces could be so disastrous, it is worthwhile examining a form
of winding which reduces their effects. This concerns large coils in
particular, since coil strength increases with size at a lesser rate than its
ability to store magnetic energy. If large numbers of large coils were
constructed, such as thousands of iooMJ coils for a space ship launcher, great
attention would have to be paid to ensure that the life of the coils was of
the order of a century (i.e. equivalent to that of larger civil engineering
works such as dams and bridges).

7.2 Magnetic force balancing

The major radial and minor radial forces of the external and
internal field torolds point in opposite directions (Figs. 75,76). By winding
a toroid so that it produces both internal and external fields simultaneously,
the two sets of forces will partially cancel on the same winding.

With the proper proportioning of the internal and external field
strengths either the major radial or minor radial forces may be practically
cancelled where they arise instead of being transmitted to other parts of the
structure. This is the basis of "force reduced" coil construction. It was

207

k



explored in the 1950's (1,2) for producing "force free" regions in high field
strength tiectromagnets wound with fragile superconductors. For multilayer
coils the winding pattern is very complicated (33 and, to the writer's
knowledge, the idea has not been applied in practice.

Fig. 89 shows how the external field torold can be arranged to
produce an internal field. The conductors are twisted around the minor
diameter while also progressing around the major diameter, in the fashion of a
multistart screw thread. The diagram shows a winding with 4 turns around the
major diameter, with 4 twists around the minor diameter. The coil thus has 4
turns producing external field and 16 turns producing internal field.

Magnetic
Fields

SI Forces

Fig. 89 Toroid with combined internal and external magnetic fields,
resulting in self balancing forces. Winding shown has 4 turns
around the major diameter with 4 twists around the minor diameter,
giving 4 turns producing external flux and 16 turns producing
internal flux.
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It Is impossible to have both the major and minor radial forces
simultaneously balanced to zero i.e. to have a totally force free coil. This
is because, as discussed in Ch. 3, where there is stored kinetic energy there
must be forces at the boundaries of the container.

Let us now consider the force balance in more detail. The internal
field and the current on the inner side of the conductors produce outward
pointing forces and vice versa for the external field. The conductor material
is "pinched" between the outward and inward pointing forces. If these forces
are equal they have no resultant and no structure is required to support the
winding. The internal field provides a "magnetic* former.

The compressive pressure which the conductor material must withstand
is the magnetic field pressure, B2/2po. This is much less than that due to
the total compressive force acting over the thickness of the thin wall tube in
Fig. 75 and in particular is much less than the local high pressure spots that
may damage insulation in the external field toroid.

Reduction of the compressive stress to negligible values leaves the
force reduced coil as an all tension structure. The coil mass will therefore
be the minimum possible, viz EL, as discussed in Ch. 3. The mass reduction
associated with force reduction has been considered an important reason for
employing it [4,5] but has been criticized by others [6,7]. Although mass
reduction Is a valuable side effect, the important reason for considering
magnetic force balancing in the present context is to eliminate the
potentially damaging compressive forces.

To conclude this general discussion on force reduction, three points
may be noted.

(1) The time constant and degree of coupling properties of the external
field toroid are degraded by combining it with the internal field
toroid. To compensate for the resistance increase, the voltage, and
hence the mass, of the battery used to charge the coil must be
increased. To compensate for the degree of coupling decrease, the
ratio of inner to outer diameter of the coaxial cable winding must
be increased and hence the insulation must be diminished.

(ii) The total stored magnetic energy is increased, compared to the
external field toroid, owing to the internal magnetic field.

(iii) The winding is much more difficult to construct than that of the
external field torold.

The benefit of reduced structural compressive forces and diminished
mass must be weighed against the increase In battery mass, reduction in degree
of coupling and Increase in construction difficulty.
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7.3 Basic force reduction relationships

7.3.1 Total inductance expression

The same current causes both the internal and external fields, which
is the same as if there were two windings in series. The two flux patterns
are normal to each other and exist in separate spaces so that there is no
mutual inductance. The total inductance is therefore the sum of the internal
and external toroid inductances i.e. Eqns. (6.21) and (6.27); yielding:

2 NI a)2 a8R+ 21 +7.1
L - N R( 1/2 ) an - - 2(

0 NER2R a

where NE is the number of turns around the major diameter and NI is the number
of turns around the minor diameter. If we imagine the winding to consist of
the NE turns of an external field toroid twisted around the minor diameter as
they progress around the major diameter, then:

NI . NE T, (7.2)

where T is the number of twists. Furthermore, since the pitch of the twists
is 2MR while the distance around the minor diameter is 2*a, the helix angle ofT
the winding, a, is given by:

Na a NI
tan T - a- (7.3)R R N E

Since N, and NE must be whole numbers, not all helix angles are possible fcr a
given A

7.3.2 Force reduction conditions

Differentiating the inductance expression (7.1) with respect to the
minor radius, a, yields:

dL 2 R NI a2 /2 n R)] (7.4)
da 0 N NC~~ E ) R 1 /2  R ( 2  a)(7)

dLFor zero force we require -- 0. Eqn (7.4) yields:
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_ . [(!1)2 /2 ( 1/2 + tn -
1/
2 7.5

NE a a

For R values of 5 and greater (*)2 is at least 10 times the negative term, and
so we have:

i N- _ ft (7.6)

NE  a'
i£

as the condition which will yield zero net minor radial forces on the

toroid. Since NI is the number of twists that each turn of the external fieldNE

toroid must make around the minor diameter, we have the simple rule that to

make the external field toroid have zero net minor radial forces, each of its

turns should be twisted R/a times about the minor diameter. From Eqn. (7.3)

we see that the helix angle is then 450.

Since Eqn. (7.6) is an approximation, the minor radial forces will

not be exactly zero. Eqn. (7.6) represents a slight degree of overtwisting
and when it is substituted in Eqn. (7.4) the result is:

Sd a N (1/2 + tn R (7.7)

da o E 2R a

which is positive, indicating a small tensile force in the direction of the

minor radius.

Differentiating Eqn. (7.1) with respect to the major radius, R,
yields:

dL 2 (1 a 2 SR 1/ ( 2- - 'oN [( -I (- )(an - -i)- '2 (7.8)
dR Po 2R a 2N ER

Setting dR = 0 to obtain the condition for zero force in the major radial
direction, yields:

!N

SN I  - a 2 85f 1/2
N [2 (1 - ( t))(an ! - 1)1 , (7.9)

which is closely approximated by:

N t R + 1)] (7.10)

NE a a
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n 2 and in 8 2.079 2.2R

As an example, for R/a = 5 we have from Eqn. (7.6) that twisting the
turns of the external field toroid 5 times about the minor diameter will
reduce the net compressive forces to approximately zero, and from Eqn. (7.10)
we find that if they were twisted ii times the major radius tensile forces
would be approximately reduced to zero. For numbers of twists between 5 and
11 the coil would be in tension in both the major and minor radial
directions. For numbers of twists greater than 11 the minor radial forces
would be tensile and the major radial forces would be compressive, i.e. the
properties of the internal field toroid would outweigh those of the external
field component.

We wish to retain the long time constant and high degree of coupling
properties of the external field toroid as far as possible. The

N
condition - achieves the objective of getting rid of the undesirable

NE a
compressive forces with the least degradation of the desirable properties of
the external field toroid.

7.3.3 Magnetic energy of the force reduced coil

The energy stored by the force reduced coil is increased because of
the addition of the inductance of the internal field component. Substituting

!- for the condition In which compressive forces are balanced, causes
N a'
iNductance expression (7.1) to become:

L N N2 R (1/2+ (1 + (1_)2) in SR - 21, (7.11)
0 Ea

which can be arranged as:

L a LE (1- 1 (7.12)
2 in -a

where L - A N R((1 + -) 2 in -8 - 21. Eqn. (7.12) is correct to within 2%
E oE 2R a

for - 5.

Since magnetic energy is given by 1/2LI 2 , Eqn. (7.12) can be used to
obtain:

W I + R' (7.13)

2 in- a
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where wT is the total magnetic energy of the force reduced coil and wE Is the
magnetic energy of the external field toroid. Using Eqn. (7.13), the
following tabulation is obtained.

R wT
a wEwE

5 1.311
7 1.257

10 1.217
20 1.170

The tabulation shows that the smaller the values, i.e. the
"fatter" the toroid, the greater is the increase In stored energy compared to
the external field torold. Since the force reduction requires the winding to
have a 450 helix angle, and hence a 41% increase in resistance for given
conductor size, the tabulation shows that we should choose as fat a torold as
possible to compensate for the resistance Increase.

7.3.4 Use of a high pexmabillty core

If the inner of the torold contains a magnetic material which raises
the effective permeability of the internal field toroid component by a factor

L r' the total inductance equation becomes:

2 N (N j) + ( A _)2) - ,n - - 21 (7.14)
0oE 2 N ER 2R a

Differentiating the above expression with respect to the minor radius, a, and
setting the result to zero for balance of compressive forces, yields:

NI  R(

N -a a.15NE 4or

and Tan - 1 (7.16)

41r

,r 0. the number of twists, !, is reduced by a factor of 3 and the

helix angle of the force reduced winding becomes 17.50 inctead of the 450
angle required when 0 - . This would mean that compressive force balance
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would be achieved with a 5% increase in conductor length instead of a 41%
increase and hence would overcome the disadvantage of increased resistance of
the force reduced winding.

Unfortunately, it does not seem that this can actually be done. For
the differentiation of Eqn. (7.14) to apply to the physical situation, the
conductors must move in the medium of permeability p . If a high permeability
core were provided the conductors would, however, still move In free space and

N
hence it would still be necessary to have N a, i.e. the 450 winding.

By providing an inner core of high permeability, though, the energy
stored may be increased without increasing the forces on the conductors. This
is because the extra energy is stored by the core and the core material must
bear the associated forces. Eqn. (7.13) becomes, for an effective inner
permeability pr:

T Or- - 1 + (7.17)
E 2 tn-

a

Eqn. (7.17) shows that for p - 10 the total stored energy would be about 3
times as great as for the frie space condition, with 'a - 5.

Two points to be considered against the use of a high permeability
core are (i) that it increases the total mass of the core and the material
used would have to have a low density to not degrade the overall energy/mass
ratio; and (ii) that the core material must have a resistivity high enough
that the stored energy is released via the secondary instead of within itself.

7.3.5 The nase of the force reduced toroid

Each turn of the force reduced torold Is 41% longer than the direct
distance around the major diameter. In principle its expansion would be
resisted by twisting stresses, and not until the major diameter had increased
by 41% would the stresses become simple tension. If though, the turns are
held together, e.g. fastened to bands at a sufficient number of places, they
will not be able to move independently and the result will be a structure that
behaves like a thin walled tube. we will assume this to be the case so that
we can regard the force reduced toroid as a ring upon which a uniform
expansion force acts (Fig. 90).
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Fig. 90 Structural model for force reduced torold.

The mass Is calculated in the same mariner as in Ch. 6. Let the

total force in the direction of the mfjor radius be F(R) . The force per unit
--(R)

length of circumference is therefore -- and so the vertical component over
(R) 2wR'

a small angular element d: is - - sin # d#. Integrating this expression

give the total tensile force, T, being resisted at A and B, and

T - - . If the cross section of the tube is A and the tensile stress is
a, wewhave

A-T - (R)
20 2wo

R F(R)
and the volume of the tube Is 2wRA - -. If the density of the tube
material is w, we obtain the mass, M,:

M R F
" o P(R).

The force expression, F(R), is obtained by the method of virtual
work,

215

d" = =..,,m i m ,



i.e. F(R) =1/2 id2 dL

dRis given by Eqn. (7.8). substituting the condition for zero minorwhere A
radial forceg i.e. - , "

radEl fr we have:

F 1/ 1 N I I A-) t (I-- 1 1/2(7.19)
F(R) 0 I oNE 2I - aR a 1/27,

which can be rearranged as:

2 _ a( 2 R a 2 R

F =1/2 1 oE ( 2 tn _ _ 2 ,1/2_ (A_) 2(2 n 1- + 1)]. (7.20)
(R R 2R a 2R a

The negative terms on the R.H.S. contribute less than 4% for & > 5. The
remaining terms can be seen to be the same as Eqn. (7.11) i.e. they yield the
total inductance, L, of the force reduced toroid, and so:

12 wT

F 1 I L 1/ TR (7.21)
F(R) 2i/ R L

where WT is the total stored magnetic energy.

Substituting Eqn. (7.21) into (7.18), yields:

w

H-- W. ('1.22)
aT

Following from the previous discussions, this is the result to be
expected for a structure that confines magnetic energy by means of members in
uniaxial tension.

7.3.6 Flux denasities for force reduction

Since force per unit length on a current is given by the product of
the magnitude of the current and the magnitude of the normal component of the
magnetic field intensity, equal forces on a given current imply equal magnetic
field intensities. That the average internal and external magnetic field
intensities of the force reduced toroid are equal is,shown as follows.
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(i) The average internal flux density, BI, of the internal field is
given by:

o N I

B o 1 (7.23)
I 2*R

(ii) The average external flux density, BE, of the external field, is
given by:

po NI

B o E (7.24)
E 2wa

(I) and (ii) follow from the line integral relationship between
magnetic intensity and current linked.

(iII) Substitute the force balance condition NI . N 1 into Eqn. (7.23).
This yields: E a

oNE I

B o 0 (7.25)I 2wa

i.e. BI - BE .

7.3.7 Reason for major radial force

The force reduction condition apparently cancels the forces which
act -ound the minor circumference. The demonstration that the average
internal and external flux densities are equal reinforces this notion. If the
forces were totally cancelled all around the minor circumference there would
be no net force on the conductors at all and consequently no force in the
direction of the major radius as well. From general reasoning, to do with
boundary forces and stored kinetic energy, we know that this could only be the
case in a system where the kinetic energy is unconfined and hence unavailable,
or in a system which stored no energy, such as a non inductive coil.

The reason that there are major rAdial forces is that the magnetic
field intensities areNnoi in fact unifirm, Referring to Fig. 91, the internal

field varies from 01 at A to 22w CR-a) 2: CR + a) at B.
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Fig. 91 Flux intensities at conductors.

The external field is given by elliptic integral functions instead of Eqn.
7.24. only at points C and D do Eqns. (7.23) and (7.24) apply closely and
practically zero force conditions pertain.

Evaluation of the elliptic integral function for the external field
(81 yields, for R/a - 5:

BA - 14.18 units
BB - 6.69 units

i.e. the field strength at B is 0.47 of that at A. The internal field at B
compared to A is " - 0.67. The external field at A is more intense than the
internal field and the nett force at A is in the direction of the major
radius. The external field diminishes more rapidly at B than does the
internal field and hence at B the nett force is again in the direction of the
major radius.

The net force on the conductors under the force balance condition
is therefore always In the direction of the major radius. It varies from
approximately zero at C and D to greatest values at A and B, with the maximum
force being at A. The fatter the torold, i.e. the greater that a is compared
to R, the more accentuated are these effects.

7.4 Degree of coupling - coaxial cable force reduced transformer

In Ch. 6 the basic equation for the coupling coefficient ratio of
the coaxial cable transformer was derived, viz.:
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kI RN po (in do/d I + 1/4)- 1 - (7.26)k 2  LI 1

for a cable with a solid inner, where N is the number of turns related to the
primary inductance L1 , do/d i is the ratio of coaxial cable outer diameter to
inner diameter and R is the radius from which the total length of the cable
can be calculated.

For the force reduced winding, we have to increase the length
by 42 because of the helix angle, 450, of the winding. Using Eqn. (7.11) for

Li, i.e. the force reduced inductance, Eqn. (7.26) becomes:

d
k 42 (en o+ 1/4
I - I - (7.27)

k2 N(I + 2- 8R _ 1.51
E 2R a

If the inner is tubular instead of solid, the 1/4 term in the

numerator is omitted.

As discussed in Ch. 6, on the assumption that all the flux of the
outer, i.e. all the flux of the secondary, links the inner, k2 - 1 and Eqn.
(7.27) yields the maximum value of ki k 2 , which directly determines the
proportion of primary stored energy able to appear in the secondari. Eqn.

(7.27) is plotted in Fig. 92 as a function of d /di for - 5 and - 20,
solid and tubular inners and NE - 100 turns. comparison of the values in Fig.

92

1.000
Tubla Solid

0.998

R/, =/ 20-.
k, 2 mx 0.994 -

0.i9i R/a- 5 --
0.990

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2. 3.0

4/di

Fig. 92 Degree of coupling for force reduced toroidal transformer.
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with thcse for the external field torold show that the degradation in degree
of coupling Is not great. The increased length of cable required for tne
force reduced transformer increases the proportion of primary flux that is not
coupled to the secondary, but this is partly compensated by the increase in
primary inductance due to the internal inductance that is added.
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CHAPTER 8

DESIGN AND PERFORMANCE OF TOROIDAL TRANSFORMER/BATTERY POWER SOURCE

In previous Chapters the charging characteristics of coils, time
constants, degree of coupling and forces have been individually studied. In
this Chapter the results of these studies are brought together and applied for
the most advantageous coil geometry, viz. the external field toroid and its
force reduced form, wound with coaxial cable.

8.1 Management of the variables

Altogether, the following variables have to be amalgamated:

Stored energy W
Major radius R
Primary current I
Battery voltage VC
Number of primary turns

producing external flux E
Ratio of major to minor radii a
Resistance of the primary winding RW
Resistivity of conductors p
Mass of primary conductors MP
Density of conductors w
Stress in primary conductors 0
Degree of coupling kik 2
Efficiency of charging the primary q
Mass of the battery MB
Power density of the battery p
Primary circuit time constant To

Many relationships can be formed between the variables listed
above. The problem is to separate them into suitable given and dependent
variables. By setting a desirable value for one parameter, such as for the
primary circuit time constant or for the number of primary turns, other
parameters may become unacceptable.

In the following Sections equations which permit two design
approaches are derived. Firstly, general expressions for M., I, VC, NE and
are given In terms of W, R, A, w, p and o for assumed values of k k2 and ,.
These expressions can be plotted as families of curves as functions of w and a
with values assumed for the other variables, and from these plots a design
which is a broad compromise can be quickly found. Because the primary
conductor stress, a, is a given variable in these plots, the resulting coil
designs all have a fixed energy density.

The other approach is to directly use equations to fix parameters to
yield certain other desired parameters such as secondary current, TO and NE.
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This is essentially a cut and try approach and the conductor stress, in
particular, is allowed to be determined by other factors.

Another aspect to be considered in design is the support of the
windings, especially the inner support of the external field toroid.
Equations are given for a method using disks to support the conductors against
the minor radial compressive forces of this toroid.

The plots and equations are applied to a range of example designs
from which the most suitable energy range for the pulse transformer-battery
system can be ascertained.

Since overall pulse energy density is the most important common
measure between different types of power sources, it is discussed with the aid
of an expression that shows the influence of various factors.

8.2 External field torold - general relationships

The parameters of most direct concern in the design of a primary to
store a given energy (W), are the primary current required (1), the charging
voltage (vc), the number of primary turns (NE), the primary circuit time
constant (TO ) and the mass of the primary conductors (MP).

In this Section general expressions are obtained for these
parameters in terms of W, R, R, p, o and w.

8.2.1 Assumptions

The work in previous Chapters enables certain relationships to be
assumed.

(i) In Ch. 5 it was shown that the optimum charging time was about one
primary circuit time constant. Let us select the charging time to
be 1.23 To , at which time (Fig. 47) the energy stored is 50% of the
maximum possible and the efficiency of charging is just less than
50%.

The current, I, at this time Is:

I v C
42 Rc

where RC is the total primary circuit resistance and VC is the open circuit
voltage of the battery.

(ii) In Ch. 6 it was shown that the battery mass, MB, is minimized when
the battery internal resistance, R., equals the winding resistance,
R., of the primary. Let us assume this condition. Since
RC - Rw + R., Eqn. (8.1) enables R. to be expressed as:
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vcVC
Rw  - 2 (8.2)

2421

(lii) Let us assume that coaxial cable construction is used, with a solid
inner to reduce primary resistance, and that a ratio of the outer
diameter to the inner diameter of 1.5 gives sufficient space for
insulation between primary and secondary and a suitable value for
the degree of co~pling, k1k2 . Fig. 71 shows that klk 2 would be
about 0.995 for - 1 5 and about 100 primary turns.

a

(iv) According to the discussion in Ch. 6 the secondary current will
naturally divide equally amongst the secondary turns even if there
is no insulation on the outers of the coaxial cable. Let us assume
that the insulation on the outers is 2egligible. Together with
(iii) this implies a space factor of 3 for the primary conductor.

8.2.2 Mass of the primary in term of resistivity, p.

The basic expression for resistance, viz r - where p is the
resistivity, t is the length of the conductor and A is tts cross sectional
area, may be rearranged as:

2
Volume of conductor - AL-- (8.3)

r

substituting for t the length of the external field torold winding, viz
2wRN., and using (8.2) for r and multiplying by the density, w, of the

conductor yields the mass, Mp, of the primary:

8422 R N w p I
MP - (8.4)

For NE we may substitute an expression obtained by rearranging the
stored energy equation W - 1/2 LEI2. Instead of the lengthy expression (6.21)
for LE let us use:

2 R 
LE. p N- (8.5)

which Is less than 7% in error for 5. This error is tolerable for the
purposes of the equations to be derived. Using (8.5) yields:

N2 2W (8.6)E 2 . O Rn

I i n

and, substituting In (8.4) we obtain the mass of the primary as:
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Mp - 164212 wpRW (8.7)
MP we R R8100 VC 1 n a

where p is in f-m.

8.2.3 Mass of primary conductors In terms of tensile stress of
stored energy

In Ch. 6 it was shown that the mass of the conductors can also be
related to the tensile stress, a, due to the stored energy. The relationship,
Eqn. (6.74), can be rearranged as:

MP - ( + - -), (8.a)
aR en-

a

which slightly overestimates the mass.

8.2.4 Power requirement

From equations (8.7) and (8.8) we obtain:

VC I  1642w 2  pR ,
o (1 + en&)

a

where p is in f-m,

or V CI - 1.777 a p R (8.10)
1 + fn

a

where p is in pa-cm.

Together with Eqn. (6.7b), viz.,

vIc

B 2(1 - e-n)p

these expressions enable the mass of the battery to be obtained.
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8.2.5 Primary Current

From the assumptions that the ratio of outer to inner diameter of
the coaxial cable is 1.5 and that the secondary insulation is thin, we can
write for the primary conductor diameter, di:

d 2 2 a (8.11)
i 3 E

From the general relationship r and Eqn. (8.2), we can further obtain:
A

v c (,a) 
2

v" 3"(8.12)

9421 R NE

Substituting for NE from (8.6) and then substituting the resultant expression
for p into (8.9) yields:

(I R ) (1)2 W3/2
R a
in-

9 a
442 1/2 4 R7/2 ( 1/2!(8.13wo aR (in-

(I + 1 W3/2

in-
or I - 14.57 R2 a (8.14)

a R7/2 (n11/2
a

8.2.6 Battery Voltage

Eqns. (8.9) and (8.13) yield the battery voltage, Vc:

02 P R9/2 (n R)3/2
a (8.15)VC - 0.1220 x 10 () ( + ena)
2 
W3/2'

a a

where p is in 0-r.
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8.2.7 Number of primry tUrns

The number of turns producing external flux, NE, can be obtained
from Eqns. (8.6) and (8.13). The result is:

43 en

Na (. 16)
E 9 (1 , .)C-)2 (i +,n)

a a

8.2.8 Primary circuit time constaLnt

The primary circuit time constant, To , is given by:

T . L (8.17)0 R C

Since L- -2-- ' (s.17) can be expressed as:1242

242W
T 0To "V---I1 .8

which, upon substituting (8.9) for VCI, becomes:

-7 (i + en a) W
T a(8.19)
0 2w o p R

8.3 Disk supported external field toroid

It is easier to fabricate an inner support structure in tr. form of
a series of disks on a flexible rod which can be bent into a circle (Fig. 93)
instead of the rigid toroidal Inner considered in Ch. 6.

Whereas the minor radial compressive forces cause only compressive
stresses when a rigid toroidal inner Is used for support, they cause tensile
and shearing stresses in the conductors as well as compressive stresses when
disks are used. In this Section we determine hov closely the disks must be
placed to prevent excessive tensile stress being caused in the conductors as
they bend inwards (i.e. stretch) under the minor radial forces.
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Note that this tensile stress adds to that caused directly by the
stored magnetic energy.

Fig. 93 Disk support for conductors

The magnetic field that encircles the minor diameter causes a
uniformly distributed load on each conductor. The magnitude of this loading,
q N/iM, is given by:

q - 1/2 x magnetic field intensity x conductor current.

For present purposes we shall use the nominal magnetic field strength given by
Eqn. (1.24), although, as has been discussed, the field strength is actually
greater on the inner side and less on the outer side of the minor diameter.
The variation in distance i will tend to compensate for this effect, t being
shorter on the inner side and longer on the outer side. Using Eqn. (1.24), we
have:

oNEI
" 4wa (8.20)
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The situation is similar to that of a uniformly loaded suspension
cable (except that in this case the loading increases as the conductor moves
inwards under the loading, which we ignore). From handbooks III the
increase, it, in the length of a wire stretched between supports separated by
distance t and uniformly loaded (Fig. 94) is:

- (8.21)3 t

_le

q/m

Fig. 94 Uniformly loaded suspension cable.

where f is the deflection of the mid point of the wire.

It can also be shown that the horizontal component, H, of the
tension in the wire is given by [21:

2
H - (8.22)

a f

Eqns. (8.21) and (8.22) can be combined to yield:

HiL ( q' (8.22)246 0

where E - L- is Young's Modulus and a is the tensile stress in the wire due to.1-i
H. If thetwire has cross sectional area A, the stress, I - , is:

S- 2/3 (8.24)
246 A
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Substituting (8.20) for q, we have:

SNoE2t E 1/2 2/3 (8.25

846 T a A

Rearranging (8.25) yields the length between supports for a given
"bending" stress:

246 x 107 a A o 3/ 2 (8.a)NE 12 E 1/2

which, using the expressions in Section 8.2 may be written as:

R
4 

3/2 R

4 R a n -
1646 W a (8-26b)

= R 3 1(/2 "
a XEEW

To obtain the total stress in the wire, the "bending" stress should be
combined with the direct stresses due to major radial tensile forces and minor
radial shearing forces.

At the supports, the compressive force is the total load over tIe
distance t, i.e. q r. The direct compressive stress in the conductor due to
this is:

. qt (8.27)
c td

where d is the conductor diameter and t is the thickness of the disk.
Thickness t must be selected-so that the insulation between primary and
secondary of the coaxial cable winding is not damaged by repeated pulsing of
the coil.

S.4 Force reduced toroidal transformer

8.4.1 Assumptions

Let us assume for the force reduced toroidal transformer the same
charging time, battery resistance/winding resistance and coaxial cable
parameters as set out in Section 8.2.1 for the external field toroid.
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8.4.2 Cable diametera-winding apace

The inner major circumference length, 2,(R-a), limits the space

available for turns. The turns pass through it at an angle to the vertical

given by arctan (R=A). For 1 - 5, this is 38.60. Only on the top and bottx'

do the conductors have exactly 450 pitch angle. On the outer side the angle

is drctan (a_'_a) and for 1 - 5 the outside angle is 520 to the vertical, and
R a

Lhe conductors are more widely spaced. If the diameter of the outer of the

coaxial cable is do then the projected distance of do along the inner

circumference is do 41 + (i - A)2 . Since all the turns producing internal

flux must cross the inner circumference, the maximum number of such turns is

2v(R - a) 8.28)

I a

Using the force reduction relationship N. - a and the coaxial cable inner to

outer diameter relationship d o - I d,, Eqn. (8.28) can be rearranged to yield
the inner diameter:

-wa(1 - a)
4 R

1 3 + - 2

a

The function yields the following values:

4(1 + (I -) I2
R

R function

a

5 .625

7 .651

10 .669
20 .689

INF .707

The tabulation shows that the function is in the range 0.6 to 0.7. Let us

select a factor of 0.6, which will allow a little extra winding or insulation

space for all practical I values. We then haveaav

d 0.8wa (8-30)
i NE
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8.4.3 Mass of the primary in terms of resistivity

The derivation is the same as for the external field toroid, except
that:

(i) the length of conductor is increased by 42

(ii) the approximate inductance expression

L - (RN [En a - l (8.31)

for the force reduced toroid is used.

The expression for the mass becomes:

3242w w P R W.
S R 1) 832)

o VIl (n- +-
C a 2

where W is the total stored energy of the internal and external fields.

8.4.4 Mass of the primary in terms of tensile stress of stored energy

The mass of conductor required to resist the tensile force of the
stored energy for the force reduced toroid with bands so that it behaves as a
thin wall tube is:

wW
Mp - - (8.33)

as shown in Ch. 7.

8.4.5 Power requirement

Eqns. (8.32) and (8.33) yield:

VI 3242 
2  

opR (8.34)

a 2

where p is in O-m,
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or V~I 1 3.554 opR 8

(n- + -)a 2

where p is In pg-cm.

a.4.6 Primary current

From the expressions for primary resistance, diameter of the inner
(i.e. the primary) and the length of the primary conductor, we obtain:

2 2
0.02 VCW 

a
C (8.36)

IR NE

Substituting for NE an expression obtained by rearranging (8.31) and the
stored energy expression w - 1/2LI 2 , and then substituting in (8.34), we
obtain:

(R)2 W 3/2
a

I - 28.62 aR72 Rn !)2 (8.37)

a 2

8.4.7 Battery voltage

using (8.34) and (8.37) yields:

2 R9/2

Vc - 1.242 x 10 7 _R 2 ) /2 (R)2 W3/2 (8.38)

a 2 a

8.4.8 Number of turns producing external flux

Rearranging the expression W - /2LI 2, using Eqn. (8.31) for the
inductance, and using (8.37) yields

o 3

N - 44.1 oR (8.39)
E R )2

a
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8.4.9 Priary circuit time constant

Substitution of Eqn. (8.38) into Eqn. (8.18) yields:

in R 1) w
T Ixi1 a 2 (8.40)
0 4w p R

8.5 Discussion of parameters a, p and
8.5.1 Hierarchy of parameters

The main dependent variables, I, VC , NE and To have been related to
the stored energy, W, and the major radius, R, which are the chief independent
variables, and to the tensile stress, a, due to the stored energy of the
primary and to p, the resistivity of the primary conductor and to P, the ratio
of major to minor diameter. For initial design purposes it is convenient to
have the equations derived in the previous sections plotted as functions of
the stored energy, with families of curves to show the dependence on the manor
radius. This means that we must select values for the variables that remain,
viz. a, p and R. These variables are discussed in the following Sections.

8.5.2 Conductor stress theory

The stresses in the conductors are quite complicated, especially in
the disk supported external field torold. In this case the conductors
experience

(i) tensile stresses due to:

(a) the stored magnetic energy
(b) the stretching caused by minor radial forces

(ii) compressive stresses at right angles to the above due to:

(a) pinch effect
(b) the reaction at the supporting disks

(Iii) shearing stresses due to the minor radial forces

(iv) tension and compression where the conductors bend over the
supporting disks under the action of the minor radial
forces.

The region of greatest stress, and hence the most vulnerable region,
is where the conductors pass over the disks because all the factors are
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involved at these points. The situation is simpler in the force reduced
toroid because, ideally, there are no resultant minor radial forces and hence
no stretching of the conductors, bending, shear and compression that these
forces cause.

The fact that the secondary can be much less massive than the
primary on account of its short operating time also complicates matters. When
the primary energy is transferred the tensile stress which it brings with it
is directly proportional to the secondary conductor mass. If the secondary
mass is one tenth that of the primary then the secondary tensile stress is ten
times the primary tensile stress. In order not to over stress the secondary,
the primary stress must be relative!v low. This does not necessarily mean
that the primary strength is under urilized because the primary should have as
low a resistance as possible, which means that the cipper used for the primary
would have a relatively low proof stress.

In strength of materials texts (31 it is stated that for ductile
materials the maximum shear stress is a satisfactory criterion of failure and
that the maximum allowable shear stress, as max is half the yield
stress, oy, obtained in a simple tension or compression test, i.e.

aoy (8.4w)

s max 2

When the stresses on an element consist of tension, o , in one dlirection ant
compression, ac, at right angles, the maximum shear stress is given by:

1 +0 ) (8.42)s max 2 t c

combining (8.41) and (8.42) shows that the failure criterion in the maximum
shear stress theory becomes:

at + 0 c - 0y (8.43)

Equation (8.43) applies to the region over the support disks with

t and a the resultant stresses of the various effects listed above.

In the region between the disks the stresses on an element are
tension, a , and shear, 0 , at right angles. The m.aximum 3hear stress in such
an element is (4):

"s max " * ((t)2 + (. )2) (8.44)

and hence, using (8.41), the failure criterion is:

t[
2 

+ 402 -y (8.45)
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The maximum of (8.44) will be at the edges of the support disks because the
bending and shearing stress components are greatest at these locations.

For preliminary design purposes it is convenient to suppose that t'e
tensile stress directly due to stored energy and stretching by the minor
radial forces considerably exceeds the other stresses. The failure criterion
then becomes simply at - ay. To allow for the neglected stresses we select
at as a fraction of .. Design of the external field toroid would then
require subsequent checking of neglected stresses and adjustments to the
spacing and width of the supporting disks.

For the force reduced torold we may use a t o where at is due only
to the stored energy, because the other stresses should oe negligible.

8.5.3 Primary and secondary tensile stress and conductor materials

Two factors are to be remembered In the selection of conductor
materials and stresses. Firstly, as mentioned before, the masses of the
primary and secondary differ greatly and the tensile stress directly due to
the stored energy is greatly magnified when the energy transfers to the
secondary. This is because the outer of the coaxial cable is assumed to have
negligible mechanical connection with the inner so far as tensile forces
arising within it are concerned. Secondly, and in contrast to the above, the
coaxial cable acts as a whole to resist the minor radial forces of the
external field toroid because the outer cannot move inwards without
transmitting force to the inner and vice versa. This means that there is no
change in the tensile stresses in the primary and secondary due to minor
radial forces when the energy transfers from the primary to the secondary.

From the above paragraph it follows that we may write:

(i) for the total tensile stress in the primary conductor of the
external field toroid, ait'

a1 t - o1W + OMR, (8.46)

where a 1W is the tensile stress directly due to the stored energy,
W, and a MR is the tensile stress induced by the minor radial
forces;

(in) for the total tensile stress in the secondary conductor of the
external field toroid with a coaxial cable winding, a2t'

0 2t - Ko1W + aMR, (8.47)

where K is the r.tlo of the primary to secondary mass;
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(iii) for the force reduced toroid

G - (8.48)
it 1W

0 2t KGlW (8.49)

since the minor radial forces are negligible.

As a consequence of the magnification of tensile stress transferred
to the secondary, the secondary material should be of high strength. Such
materials will be alloys with relatively low conductivity (20% - 40% of that
of pure copper) but this would not matter, particularly for large coils. For
large coils the primary time constant would be seconds, compared to
millisecond secondary discharge times. The mass ratio could therefore be
hundreds even for secondary conductivities equal to 10% of that of the primary
material conductivity (pure copper). An example of a high strength alloy is
copper cobalt beryllium (2% - 3% Co, 0.35% - 0.7% Be), which has a 0.1% proof
stress of 600 - 800 Mpa and a conductivity 45% - 55% of that of pure copper
(5]. Another possibility is copper with tungsten filaments, which has a .i%
proof stress of 1500 Mpa [51. Iron filaments may also be used. Pure copper
has a 0.1% proof stress in the range 30 to 300 Mpa, depending on the cold
working to which it has been subjected after being fully annealed. (For
copper we take the 0.1% proof stress to be the same as the yield stress, o ).

y

The Most Important consideration for the primary conductor is chat
its conductivity be as high as possible, which means that a low strength, pure
copper be used. Pure copper Is desirable to ensure that the greatest benefit
is obtained by cooling, e.g. with liquid nitrogen. For ease of manufacture
the coaxial cable should not be too stiff, and since most of the stiffness
would be due to the primary, it should be suitably low in strength on this
account also. Let us assume that pure copper with a 0.1% proof stress of 100
Mpa is compatible with the foregoing requirements.

For the external field torold we must divide the primary strength
between the stress aiW, due directly to the primary stored energy, and the
stress oMR, due to the minor radial forces. As an example, we might select

01W , 30 Mpa and OMR - 50 Mpa, leaving 20 Mpa to cover the neglected shearing
and compressive stresses. If the mass ratio, K, were 10, the secondary
tensile stress would be 350 Mpa according to Eqn. (8.47). In this case a
cadmium copper might be selected for the secondary. If the mass ratio were 5O
though, the secondary tensile stress would be 1550 Mpa and it would be
necessary to use a tungsten filament copper for the secondary, or to
reduce o . In the case of the external field toroid, the decrease
in o W could be taken up by increasing aMR. In the case of the force reduced
toroid, the primary strength would have to be under utilized to avoid
overstressing the secondary, or advantage of the situation could be taken to
use a fully annealed copper to benefit ease of manufacture. Alternatively,
the mass ratio could be set to suit the copper avai2able for the secondary.
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6.5.4 Resistivity

The general investigation in Ch. 4 showed that to attain time
constants of around 1 second and overall pulse energy densities of 1 kJ/kg it
was necessary to cool copper conductors to the temperature of liquid nitrogen.

We shall therefore assume that the coils are cooled with liquid
nitrogen with the result that copper conductors have resistivity, p, equal to
0.25 x 10-8 a-m.

8.5.5 The R ratioa

Examination of the expressions in Sections 8.2 and 8.4 shows that
(R) enters directly into those for the current, the battery voltage and the
number of turns. In these expressions it enters as (a)2 and therefore has
considerable control. In all other cases it has much reduced effect,
generally only as in aa'

The R ratio should be as small as possible to maximize the increase
in stored energy of the force reduced winding and to minimize the compressive
forces around the the external field toroid.

On the other hand, the a ratio should be as high as possible toa
increase the degree of coupling, to reduce the mass of the external field
torold for a given stored energy and to enable the force reduction principle
to work as ideally as possible.

The effects in the above two paragra hs are relatively slow
functions of R though and the major effect of can be used to adjust I, VC
and NE.

From preliminary calculations it seems that should be In the range
3 to 10 for the external field toroid and in the range 5 to 10 for the force
reduced toroid. Because of the inductance approximations (8.5) and (8.31) the
expressions in this Chapter should not be used with R < 5

a

8.6 Design graphs

For initial design purposes it is helpful to be abie to select the
major radius which yields the most desirable combination of current, voltage,
number of turns and time constant for a given stored energy. This is
conveniently done by graphs of the equations given in Sections 8.2 and 8.4.
By plotting on logarithmic axes, straight line graphs are obtained. Other
parameters of interest are the inductance of the primary and the magnetic
field at the conductor surface. These parameters are plotted in Figs. 95-102
for - 5 and ' - 10, for both the external field and force reduced toroids.

The graphs have been plotted from the following equations
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Current, I Equations (8.14) and (8.37);

Voltage, VC, Equations (8.15) and (8.38);

Number of turns producing
external flux, NE, Equations (8.16) and (8.39);

Inductance of the primary, L, from L - -W where W is the stored
energy

Primary circuit time constant, To, Equations (8.19) and (8.40)

Flux density, B, Equations (7.24) and (8.6)

The tensile stress in the rimary conductor, o, due directly to
stored energy W, is taken as 30 x 10 pa; p, the primary conductor
resistivity is taken as 0.25 AB-cn (copper at 770 K); w, the primary conductor
density - 9 x 103 kg/m 3 (copper).

8.7 Design examples

We shall now use graphs, equations and other information that we
have derived to make a set of trial designs of coils for energies in the range
100 kJ to 1 GJ. From these trials the interactions of various factors can be
assessed.

8.7.1 100 kJ example design; external field torold, given tensile stress

(i) Initial values from graphs

A 100 kJ railgun system would be a small experimental system,
desirably powered from automotive type batteries. Assemblies of such
batteries could supply currents of a few kA and therefore about 100 turns
would be required on the primary to produce the secondary currents of a few
hundred kA required by small railguns. It is also desirable that the primary
voltage be as low as possible, e.g. 2 or 3 kV maximum, so that safety and
insulation problems are minimal.

As was discussed in Ch. 4 the primary circuit time constant should
be as long as possible in order to reduce the battery mass, a desirable value
being about I second.

From the graphs for the external field toroid with - 5, Figs. 95
and 96, it is found that for W - 105 J a coil with a major radius of 0.5 m

Will have current, voltage and turn values in the desired range. The To graph
shows that the time constant is the maximum for the radii plotted, but is only
about 0.1 seconds.

Subslituting R - 0.5, together with - 5, - 30 x 106 and
p - 0.25 x 10 , into Eqns. (8.14), (8.15), (8.16) and (8.19) yields:
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I - 5,551 A

VC - 460 V

NE - 79 Turns

To - 0.111 Seconds

(ii) Mass of the transformer

The mass of the primary is given by Eqn. (8.8) in terms f the
tensile stress due to the stored energy. Substituting a - 30 x 10, (which
was suggested in Section 8.5.3 as a possible proportion of the total allowable
stress) and w - 9 x 103 for the density of copper conductors, yields:

MP - 49 kg.

Allowing the secondary to have 10% of this mass and the supporting
structure a further 20% yields a transformer mass of 64 kg.

(iii) Mass of the battery

Eqn. (6.7c), for the mass of the battery, viz.

W
MB -

T (1 - e ) p0

where n is the number of time constants for which charging proceeds, and p Is
the battery power density, becomes:

M 2- (8.50)
B TOP

upon substituting n - 1.23 (Section 8.2.1).

To evaluate Eqn. (8.50) we must select a value for p. A convenient
and realistic value for lead-acid batteries constructed especially for railgun
application is I kW/kg for a period of a few seconds (Ch. 4).

substituting p - 1 kW/kg, and To - 0.111s, Eqn. (8.50) yields MB B
1802 kg.

(iv) Overall pulse energy density

From the energy W - 105 Joules and the tote' mass, 1866 kg, of the
transformer and battery, the overall pulse energy density is 54 J/kg.
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(v) Number of support disks

Eqn. (8.26b) enables the spacing between support disks to be
calculated. In this equation a Is the tensile stress allowable due to
stretching under the action of the mln~r radial forces and as suggested in
section 8.5.3 we shall set a - 50 x 10

Substituting values in Eqn. (8.26b), with E - 1011, yie)ds the
spacing, t, between disks to be 5 cm. Since the major circumference of the
toroid with R - 0.5 m is *m, 62 disks are required.

(vi) Consumption of liquid nitrogen

The resistivity, 0.25 x 10-8 1-m, assumes liquid nitrogen cooling.
The charging of the transformer primary is approximately 50% efficient. Since
the winding resistance and battery resistance are equal, half the wasted
energy is dissipated In the primary. In addition the secondary will not
discharge into the railgun with 100% efficiency. Assuming 50% of the
secondary energy is dissipated in itself, the total energy dissipated in the
transformer per shot equals the stored energy, W.

Using the latent heat of liquid nitrogen, 47.6 kcal/kg [61, the
liquid nitrogen consumed per shot is 500 grams.

(vii) Number of shots from battery

Since the efficiency of charging is 50%, the battery supplies 200 kJ
per shot. Assuming the battery is lead acid with an energy density of
100 kJ/kg, a battery mass of 1802 kg could supply 900 shots between charges.
The 100 kJ/kg value for the energy density applies to the 2 hour rate, so the
900 shots could be fired in 2 hours.

8.7.2 100 WI external field torold with improved overall energy density

The above design consists of a small mass transformer (49 kg
primary) and a large mass battery (1802 kg). The reason for these proportions
is that the tensile stress in the primary conductors due to the stored energy
was preset. The conductor mass and, for given R and R values, the totala
conductor cross section was also fixed, and a high resistance short time
constant design was the eventual result.

By allowing the stress to decrease the transformer mass Is increased
and, as Eqn. (8.19) shows, the primary circuit time constant is increased and
the battery mass is decreased.

The following design procedure allows the stress to "float" and
gives flexibility in other parameters, e.g. the secondary current, as well as
the primary circuit time constant.
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Suppose that we desire the secondary current from the 100 kJ
transformer to be 300 kA.

(i) Major radius

The major radius is fixed if a single turn secondary is specified
for a certain energy and current by the relation:

W - 1L I2
2 aS3

where L. is the secondary inductance and Is is the secondary current. since
the single turn inductance Is approximately given by:

R
Ls - is Rn R,

s a

the radius R is given by:

R 2 2W (8.51)

spo. a

Substituting I - 300 x 103 , W - 105 and R 5 yieldsa
R z 1.099 

m.

(ii) To NE relationship

To and NE are parameters over which it is desirable to have control,
e.g. we may wish T0 to be 1 second and NE to be 100 turns, and hence their
product should be 100. By multiplying Eqns. (8.16) and (8.19) we obtain an
expression for To NE which is independent of the stress, 0, viz:

2 x2 R
w R en;T N o 0 n a (3.52)

ToNE 9 (R)2 (

a

Substituting R - 1.o9 together with - - 5, p - 0.25 x 10
- 8 

yields:
a

T N - 42.86.

Let us select TO - 0.5 seconds and NE - 86 turns as being as good a
balance of these parameters as is possible.
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(ill) Stress due to stored energy

The selection of To and NE fixes the remaining parameters,
viz. o, and the mass of the primary. The stress can be found by rearranging
the equations given in Section 8.2, e.g. that for T We find
a - 3.023 Mpa, approximately 1/10 that assumed in the previous design.

(iv) Mass of the transformer

Eqn. (8.8) yields the mass of the primary as 483 kg. Applying t.e
1.3 factor as before yields 628 kg for the mass of the transformer.

(v) Mass of the battery

Eqn. (8.50), with p - 1 kW/kg, yields MB - 400 kg.

(vi) Overall pulse energy density

The energy stored, 105 J, and the total mass of the transformer and
battery, 1028 kg, yield an overall pulse energy density of 97 J/kg, about
twice the value with the coil stressed with 30 Mpa by the stored energy.

(vii) Primary current

The turns ratio, 86, and the secondary current, 300 kA, yield the
primary current as I - 3488A.

(viii) Primary voltage

Eqns. (8.9) or (8.15) may be used. Alternatively, an expression for
v CI in terms of To may be used, viz.

v 242 W

V -"242, (8.53)

which is obtained from the relationships in Section 6.1.1 with n - 1.23.

Using Eqn. (8.53) we obtain VC - 162 V.

(Ix) Number of support disks

Since the stress due to stored energy is only 3 Mpa, we may allocate
extra stress to resist the minor radial forces, e.g. 70 Mpa instead of 5o
Mpa. Substituting in Eqn. (8.26b) yields i - 1.7 m; i.e. very little support
is needed; e.g. 16 disks might be used, simply to aid construction.
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(x) Number of Shots from battery

The 400 kg battery, with an energy density of 100 kJ/kg, would
supply 200 Shots.

(xi) Summary of 100 kJ designs

The parameters for the two 1o0 kJ designs are:

(i) stored energy (ii) Stored energy
stress - 30 Mpa stress - 3.023 Mpa

0.5 1.099 mf
5 5
5.55 3.488 XA

VC460 162 V
NE 79 86 turns

MP49 483 kg
MB 1802 400 kg
overall energy density 54 97 J/kg
No of shots 900 200
No Of support disks 62 16

In the second design the transformer mass exceeds that of the
battery, in contrast to the first design. The total mass though, has reduced
to about half and the overall energy density has Increased from 54 J/kg to 97
J/kg. These designs sugqest that foL an energy of 105 J, the maximum overall
pulse energy density, on the basis of batteries With a power density of 1
kW/kg and liquid nitrogen cooled copper conductors, is about 100 Jlkg.

8.7.3 10113 external field toroid transforme~rs

(i) Design with stress due to stored energy - 30 MP.1

Inspection of the graphs for R- 5 suggests that a major radius of

(a

3 m would yield an acceptable combination of current, voltage, number of turns
and time constant.

Carrying through the calculations as in 8.7.1 yields, for R -3 in:

1 10,500 A
v 1,456 V

NE 173 Turns
To 1.84 seconds
MP 4,900 kg
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M 10,900 kg
Overall energy density - 579 J/kg
Number of shots from battery - 55
Number of support disks - 66

The current from a single turn secondary would be 1.82 MA; this is
likely to be too large and suggests that the secondary should be connected so
as to yield effectively 2 or 3 turns to reduce the current.

(ii) aTo a N selected, stress allowed to float

Following the procedure in Section 8.7.2, we first determine the
major radius from the stored energy and the desired secondary current.
Suppose the current Is I MA.

Eqn. (8.51) yields R - 9.889 m, which is much larger than the graphs
suggest is necessary. Therefore we select a two turn secondary which reduces
R to 2.475 m.

Eqn. (8.52) yields TONE - 211.38; let us select To  2 seconds,
NE - 109 turns.

Continuing as in Section 8.7.2 the design is:

I - 18,349 A
V - 771 V

NE - 109 Turns
To - 2 Seconds
Mp- 4,348 kg
MB  - 10,000 kg
Stress due to stored energy - 33.56 Mpa
Overall energy density - 639 J/kg
Number of shots from battery - 50
Number of support disks - 74 (atM - 50 Mpa)

(ill) summary

In both these 10 MJ designs the energy density has improved
considerably compared to the 100 kJ designs. The number of shots from the
battery has diminished greatly, although 50 is still probably an adequate
number. The fact that the stress due to the stored energy reaches 30 Mpa
together with time constants of about 2 seconds suggests that at higher
energies the stress limit, rather than the time constant, will determine the
coll mass.
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8.7.4 100 NJ and 1GJ designs

(i) Liquid nitrogen cooled conductors (as previously)

100 MJ and I GJ transformers would be useful in space launch
applications, either on earth or in space.

1200 transformers, each storing 100 MJ and delivering 5 MA secondary
current, distributed along a 12 km length of 2 m square bore rails upon a
mountainside, could launch a 1 tonne vehicle into space at 8 km/s, assuming
about 25% of the stored energy becomes kinetic energy.

Alternatively, 120 transformers, each storing 1 GJ and delivering 4
MA secondary current might be distributed along 19 km length of rails, in this
case taking 5 seconds to accelerate 1 tonne to 8 km/s instead of 3 seconds for
the 100 MJ system.

Using the methods in the previous examples the follgwing design
parameters wereRfound. As in previous designs p - 0.25 x 10-, but for the 1
GJ transformer - - 6 instead of 5.

a

100 MJ, 5 MA I GJ, 4 MA

R
5 6

R 3.955 13.88 m
I 50 16 kA
vC 1.02 11.62 kV

NE  100 500 turns
To  5.55 15.22 seconds
MP 19.28 166.68 tonnes
Ma 36.03 131.4 tonnes
Stress, stored energy 75.7 84.1 Mpa
Overall energy density 1637 2873 J/kg
No. of shots 18 6
No. of disks 362 1180
No. of secondary turns 1 2

The trend evident with the 10 MJ designs continues with these higher
energy designs. Time constants of the order of ten seconds are attained with
stored energy stresses that approach the 100 Mpa maximum selected in Section
8.5.3 for annealed high conductivity copper and overall energy densities are
in the kilojoule per kilogram region.

The high stresses due to stored energy, as discussed in Section
8.5.3, mean that a high strength material must be used for the secondary if
its mass is to be no more than about a tenth of that of the primary.
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The high overall pulse power densities are the result of the long
time constants and the calculation assumes that the batteries can deliver
power at I kW/kg for these times.

The low number of shots suggests that the battery mass should be
increased, even though the overall energy density would be thereby
decreased. Additional batteries could be connected in series or parallel.
Either way, the primary would then be charged in less than the 1.23 time
constants that we have allocated and hence would be charged more
efficiently. The number of shots would be increased both through the greater
stored energy in the battery and the increased efficiency of charging.

(ii) Room temperature operation of high energy transformers

If battery mass is to be increased, advantage can be taken of the
situation to operate the transformers at room temperature instead of cooled
with liquid nitrogen. Room temperature operation would increase the
resistivity of copper by a factor of 7, thereby requiring 7 times the voltage,
and therefore 7 times the battery mass for the same current as in the cooled
conductors. The time constant would also be reduced by a factor of 7, so the
primary would be charged more quickly and the system response time would be
faster.

The need for liquid nitrogen is of course eliminated by operating
the coils at room temperature. On the figures used in the 100 kJ example, a 1
GJ system would vapourize 5 tonnes of liquid nitrogen per shot.

The parameters affected by operating the 100 MJ and I GJ
transformers at room temperature become:

100 MJ 5 MA I GJ 4 MA

vC  7.14 81.34 kV
To  0.79 2.17 seconds
MB 252 920 tonnes
Overall energy density 361 879 J/kg
No. of shots 126 46

Note the high voltage, 81 kV in the 1 GJ system, required of the
battery in room temperature operation.

8.7.5 Force reduced transformers

The examples show that external field toroids that store greater
than about 10 MJ and have suitable time constants are also highly stressed by
the stored energy and require a large number of support disks.
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For energies above about l00 MJ the tensile stress due to the store-
energy is a large proportion of the strength of the copper (e.g. 80 Mpa
compared to a proof stress of 100 Mpa for high conductivity copper). This
means that higher strength copper, which has a lower conductivity, must be
used to cope with the stresses due to the minor radial forces, or as in the
examples, the number of support disks is so large that they practically form a
solid inner.

The above results, and the potentially damaging effects of the minor
radial compressive forces discussed in Cb. 7, lead us to consider force
reduced windings which greatly reduce the effect of the minor radial forces
and enable practically all the strength of the conductors to be used to resist
the stress directly caused by the stored energy.

On the supposition that the stress due to stored energy Is 80 Mpa,
the 100 MJ and I GJ designs in Section 8.7.4 with liquid nitrogen cooled
conductors have the tabulated parameters when converted to force reduced
forms.

100 MJ 4.4 MA I GJ 3.7 MA

5 6a
R 4 13 m
I 48 34 kA
VC  2.8 11.9 kV
NE 90 215 turns
To  2.1 7.0 seconds
MP 11.25 112.5 tonnes
MB 95.33 285.14 tonnes
Stress, stored energy 80 80 Mpa
Overall energy density 919 2380 J/kg
No. of shots 48 14
No. of secondary turns 1 2
No. of support disks 16 16

Examination of the tabulation shows that the transformer mass Is
reduced while the battery mass is increased, compared to the external field
torolds. The VCI product is more than doubled, primarily due to the increased
winding resistance which is in turn brought about by the 450 winding pitch.
The time constant is reduced by the increased resistance.

Apart from its main purpose of reducing potential damage to
insulation, the only benefit of force reduced construction is that the inner
structure is minimal. In the above tabulation 16 disks have been nominated,
the number being selected simply as sufficient to aid construction.
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8.8 Discussion - overall pulse energy density

Although different power source schemes have individual advantages
which may suit one circumstance more than another, such as capacitors for low
energy experimental work, they can all be compared on the basis of pulse
energy delivered per kilogram of system mass. From the considerations in
Ch. 3 a target figure of 1 kJ/kg was selected for the overall pulse energy
density for two reasons, viz.:

(i) for railguns to be at all comparable with powder guns,

(ii) for alternative power sources to be comparable with HPG systems.

8.8.1 Values attained by the pulse transformer-battery systems

The example designs in this Chapter yielded the following results.

Overall pulseStored energy energy density

100 kJ 97 J/kg
10 MJ 639 J/kg

100 MJ 1637 J/kg
1 GJ 2873 J/kg

It is evident that the pulse energy density increases with the
stored energy. For energies in the range 100 kJ to 1 MJ the pulse energy
density of the pulse transformer system turns out to be in the range 100 to
200 J/kg, which is comparable to capacitor systems. When the energy exceeds
about 10 MJ the pulse energy density approaches the 1 kJ/kg target and for
very large energies, such as might be used for space launch, it becomes
several kJ/kg.

The energy densities at low energies are only a fraction of 900 J/kg
estimated in Ch. 4 for a 1 MJ system on the basis of the Brooks Coil. The low
figures come about for two reasons, viz.:

(I) the time constant to mass ratio of external field toroids is only a
fraction of that of the Brooks Coil (e.g. 40%, Ch. 6).

(ii) the 1.23 time constant charging time doubles the mass of the battery
(Eqn. 8.50) compared to the relationship assumed in Ch. 4.

With the aid of an expression for overall pulse energy density we
can assess the control that various factors have.
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8.8.2 Expression for the overall pulse energy density

Equation (8.52) for TON E may be manipulated to give an expression
for To that is independent of R. This expression can be used in Eqn. (8.50)
for the mass of the battery, MB, which together With Eqn. (8.8) for the mass
of the primary, multiplied by 1.3 to allow for the inner support and the
secondary, gives the overall pulse energy density of the external field toroid
as:

6 N +(- R
W 28.404 X 10 p (_ )/3 a 2/3 + 1.3w a (8.53)C C (8.53)
M W

2/ 3 p in- 1 + n - n R
a a a

where M is the total mass of the battery and transformer.

Equation (8.53) shows that the energy density increases with stored
energy, as we have found. The increase is because the battery mass increases
only as the cube root of W.

To maximize -, the two components in (8.53) should each be
minimized. The variation with N5 and a is slow. The principal variation is
due to (a),/3 therefore should be selected as small as possible. The
chief limitation to selectln small is the reduction in degree of"Igacoupling. We have selected a = 5 because it yields suitable accuracy in the
simplified inductance expressions and acceptable degree of coupling (section
8.2.1). The use of smaller values e.g. 3, could be explored, using equations
of appropriate accuracy.

The remaining variables, resistivity, p, and the power density, p,
directly affect the battery mass. These are discussed in the following
Sections.

8.8.3 Resistivity - cooling of conductors

Eqn. (8.53) shows that p should be as small as possible, and to this
end we have assumed copper conductors with liquid nitrogen cooling (Section
8.5.4 and Ch. 4).

The example designs show that at the 100 kJ energy level the
resistivity is not sufficiently low, and suggest that small, well stressed,
low energy coils need further cooling, e.g. using liquid hydrogen. At 45 K
the resistivity of copper falls by a further factor of 7 as compared to its
value at 77 K (liquid nitrogen). The 100 kJ system with a stress due to
stored energy at the reasonable value of 30 Mpa had a time constant of only
0.111 s and an overall pulse energy density of 54 J/kg. Further cooling to 45
K would increase the time constant to 0.777s and decrL'ase the battery mass to
257 kg and increase the pulse energy density to 311 J/kg.
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The energy needed to produce the liquid nitrogen or liquid hydrogen
should be included in the efficiency statements. On thermodynamic
considerations (Carnot cycle) it requires 3 to 4 Joules at room temperature to
remove 1 Joule at 77 K (7). In addition, the maximum efficiency of
compressors is about 40% of the Carnot efficiency In the tens of kilowatts of
cooling range (7). Thus at least 10 Joules must be supplied to remove I Joule
at 77 K. For liquid hydrogen cooling about ten times as much energy is
required as for liquid nitrogen 7]. The 1

2
R loss burden suggests further

cooling and the use of superconductors to eliminate it altogether.

At the high energy end of the spectrum the section of the conductors
needed for strength results in acceptable time constants with higher
resistivity and hence with less cooling.

There is obviously a considerable saving in energy consumption and
plant if cooling required is reduced or eliminated. On the figures in Section
8.7.1, 5 tonnes of liquid nitrogen would be consumed for each 1 GJ shot, or
about 600 tonnes in launching a 1 tonne vehicle at 8 km/s. There would be
merit in locating such a space launch facility in the polar regions to take
advantage of natural cooling. For applications in space there would be no
need to cool the coil, rather it would be necessary to heat the battery. The
coil should face away from the sun and the earth, whereas the battery should

be located so as to receive warmth from them.

8.8.4 Power density of batteries

The greater the battery power density the less is the battery mass
and hence the greater is the overall pulse energy density. In this Chapter we
have assumed p - 1 kW/kg because this value appears (Ch. 4) to be within the
reach of modern lead-acid battery technology. It was further shown in Ch. 4
by calculation that a power density of 2.5 kW/kg for periods of a few seconds
to perhaps 20 seconds is basically feasible.

Although a greater power density reduces the battery mass, the trial
designs show that beyond about 10 MJ of stored energy the strength of the
conductors determines that the mass of the transformer be comparable to that
of the battery, when p - 1kw/kg. Reduction of the battery mass will therefore
not be accompanied by commensurate increase in overall pulse energy density.
Another important point, also evident in the example designs with p - 1 kW/kg,
is that at large stored energies the battery mass may in fact be so low that
the number of shots is too few. These points are brought out clearly in the
tabulation below, where the example designs are recalculated using p - 2.5
kW/kg.

The tabulation shows that beyond 10 MJ the qains in overall energy
density are rather small and the penalty in reduced number of shots is great
when the battery mass is reduced. Even at the 100 kJ energy level the gain
from 54 to 127 J/kg for the well stressed coil is onl.- a small improvement
upon the 97 J/kg attained by the low stress 100 kJ design. Applying the
reduced battery mass to the low stress design only raises the energy density
to 127 J/kg, the same as for the well stressed coil.
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Comparison - Batteries with power density - I kw/kg and 2.5 kW/kg

Stored energy 100 kJ 100 kJ 10 MJ 100 MJ 1 GJ

Transformer mass 0.064 0.63 5.65 25.06 216.1 t

Battery mass

(a) p - I kW/kg 1.8 0.4 10 36 131.4 t
(11) p - 2.5 kW/kg 0.72 0.16 4 14.4 52.6 t

O.E.D.

(i) p - 1 kW/kg 54 97 639 1637 2873 J/kg

(ii) p - 2.5 kW/kg 127 127 1036 2533 3714 J/kg

No. of shots

(1) p - 1 kW/kg 900 200 50 18 6
(11) p - 2.5 kW/kg 360 80 20 7 2

O.E.D. - overall pulse energy density.

Number of shots is based upon 100 kJ/kg available from battery at all
discharge rates.

8.9 Alternative design approaches

The diminishing gain in overall energy density and the reduced
number of shots in using higher values of p to minimize the battery mass give
the option of trading battery mass for other advantages.

For example, Eqn. (8.53) shows that the resistivity, p, may be
increased by the same factor as the power density without altering the battery
mass. With p - 2.5 kW/kg the resistivity could be increased to
2.5 x 0.25 x 10- a-m, which would require cooling to 150 K instead of 77 K.
Thus, high power density permits battery mass to be traded for cooling. A
power density of 7 kW/kg would enable the overall pulse energy densities
obtained with liquid nitrogen cooling to be obtained at room temperature.

Other options are to alter the battery resistance/winding resistance
ratio or the charging time of 1.23 time constants that were incorporated in
the design equations in this Chapter. If the winding resistance is much less
than the battery resistance most of the I2R loss during charging is
transferred to the battery, where it may naturally dissipate instead of
evaporating the transformer coolant. If the charging i for less time than
1.23 To the charging efficiency is increased and a greater number of shots Is
obtained from a given battery mass, as well as there being less evaporation of
coolant.
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A battery with a power density of several kW/kg, together with an
energy density several times the 100 kJ/kg assumed in this Chapter, would give
much greater design flexibility and would be the basis for further evaluation
of the pulse transformer scheme.

8.10 Conclusions

The trial designs and discussion lead to the following conclusions.

(I) With liquid nitrogen cooling and batteries that have a power density
of 1 kW/kg for several seconds, the pulse transformer - battery
scheme attains overall pulse energy densities of about 1 kJ/kg when
the stored energy exceeds about 10 MJ.

At low energies, e.g. 100 kJ, the energy density is about 100J/kg.
The only way to increase this value is through lower resistivity,
which implies further cooling, e.g. by liquid hydrogen, but such
cooling would itself be a serious burden unless superconductors were
used.

At large stored energies (I GJ) energy densities of several kJ/kg
may be attained.

(in) Beyond about 10 MJ stored energy, with liquid nitrogen cooled coils,
the conductor size required for strength causes the coil mass to be
the dominating factor in determining overall pulse energy density.

(iII) Batteries with a power density exceeding I kW/kg do not greatly
increase the overall energy density attainable, but permit valuable
trade offs in other parameters, notably in the amount of cooling
required.

A battery with both a power density of 3 kW/kg and an energy density
of 300 kJ/kg (i.e. a factor of 3 Improvement upon the values assumed
for this study) would greatly increase the design options.

(iv) Force reduced construction has no advantage other than having
slightly less mass and mitigating the damaging effects of minor
radial forces at large stored energies.
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CHAPTER 9

EXPERIMENTS - PURPOSE AND DESCRIPTION

The ideas and calculations set out in the previous Chapters were
accompanied by the following practical investigations.

(I) Inductance measurements of rectangular rails.

(ii) Degree of coupling of primaries to various secondaries.

(ill) Force reduction.

(iv) Pulse power density of lead acid batteries.

(v) Model pulse transformer systems.

9.1 Inductance measurements of rectangular rails

9.1.1 Purpose

There were two purposes for making rail inductance measurements,
viz., to verify the expressions for total inductance that were derived and to
infer the extent to which the current distributes initially in real conductors
so as to have the minimum Inductance.

9.1.2 Rails measured

Rails of copper, brass and aluminium were used, according to
availability, simply to make up a size range and not to explore differences
due to these materials. The rails measured were:

w/H = 0 Material H x W x Length (mm) S/H

(C) copper 25 x 0.7 x 1800 0.2,0.5,1,2,5

(ii) Aluminium 21 x 0.58 x 890 1

(ill) Aluminium 25 x 0.58 x 900 0.2

(iv) 20 Way ribbon
cable "rail", 1" (H) x 2660 1

W/H - 0.2

Brass I'/,( x / x 1990 0.5,1
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W/H = 0.5

(i) Copper 10 x 5 x 2900 0.2,1,2,5

(11) Brass 1" X X X 1790 0.5,1

W/H = I

(I) Copper 12.5 x 12.5 x 3610 0.2, 1,2,5

(ii) Aluminium 25 X 25 x 1990 0.5,1

As in Chapter 2, W is the width, H is the height and S is the separation of
the rails.

The 20 way ribbon cable was used to form a thin sheet rail of
parallel filaments across the height dimension instead of a uniformly
ccnducting material. Frequencies used were 10 kHz - 20 kHz and, for the 20
way ribbon cable, 3.63 MHz.

9.1.3 Apparatus and methods

The inductance values for railgun geometries are small
(Z 0.5 xH/m) and are thus difficult to measure accurately. The writer had
access to three instruments and investigated a "phase plane" method.

(i) ESI Videobridge, automatic LRC meter, model 2100

This is an elaborate instrument with programmable current, voltage
and frequency (20 Hz to 20 kHz) test conditions and a video display.
Accuracy, for the conditions selected for the particular instrument, using a
specially constructed test coil, was believed to be ± 2% of the reading.

(ii) Marconi Universal Bridge, Model TF13O3A

With this instrument, the operator adjusts resistance to obtain null
balance of the inductance against a standard capacitance. Frequency is
selectable at 1kHz or 10kHz. Accuracy at 10 kHz is given as ± 0.2% of reading
or ± 0.025% of range, whichever is the greater. In practice the difficulty in
correctly finding the null is a greater cause of inaccuracy in low Q
situations, such as the rails present. For the rails listed above, the writer
believes the Marconi Bridge readings to be within ± 2% of reading.
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(iII) Meguro Denpa Q Meter, Model MQ 160A

This instrument enables measurements to be made in the range 25 kHz
- 50 MHz. An inbuilt air capacitor is adjusted until resonance (indi:ated Dy
a maximum deflection of the 0 meter) is obtained with the inductance oelng
measured. A dial calibrated in L and C at resonance enables L to be read
directly at certain frequencies and scaled therefrom at other frequencies.
stray capacitance across the inductance to be measured is a source of error in
this instrument. Accuracy also depends upon that of the internal oscillator
and the variable capacitor. The frequency was found to be within 1% of dial
setting ard the capacitance value is stated to be within 1% of dial setting.

(iv) Phase plane method

The above instruments all give the inductance for sine waves. At
high frequency the sine wave inductance is the same as the initial inductance
on the assumption that the high frequency "preserves" the current distribution
in a condition near to the initial distribution. The fact that the initial
current rise with time can be represented by a Fourier series with high
frequency components is the basis of this assumption.

The "phase plane" method is an attempt to measure the actual initial
inductance when a rectangular voltage pulse is applied and to demonstrate that
it has the same value as the high frequency inductance. The writer (DRS)
developed the method from an idea publisht.i by Huen [1]. The essential idea,
stated by Huen, is that the time derivative or integral of an exponential
waveform is itself an exponential. Since the current rises exponentially in a
circuit with constant inductance and resistance to which a constant voltage
step is applied, the plot of the current rise against i-' integral is a
straight line. If it is not a straight line, the inductance and resistance
must be changing. Due to diffusion this must occur, and the phase plane
display should in theory display the process. The actual inductance can be
found from the slope of the straight line display. The details of the method,
including the factors that distort the display, are given in Section 9.6.

Length of rails - test frequency

In order to minimize instrument errors and end effect errors of the
rails, it is desirable to use long rails. It is difficult to obtain long,
straight lengths and to accurately separate them to the desired S/H values.
The lengths must in any case be kept short compared to a quarter of a
wavelength so that they behave as lumped inductances Instea'd of transmission
lines. Alternatively, for a given length of rail, there is an upper test
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frequency for which lumped circuit measurements are applicable. From the
equation given in Section 9.6 the reactance of a 2 m length of rails at
7.5 MHZ is about 3% above that which its lumped inductance has.

Ribbon cable rail

According to theory (2) the :urrent should distribute across thin
sheet rails In the same manner, regardless of whether the rails are thin
sheets of conducting metal or consist of parallel filaments as depicted in
Fig. 10, Chapter 2. The 20 way ribbon cable model was constructed to test
this theory.

9.2 Degree of coupling

9.2.1 Purpose

The purpose of these experiments was to measure the degree of
coupling attained in practice between a primary and various secondaries and to
test the methods used in Chapter 6 for Its estimation. It was also desired to
find whether the degree of coupling improved with frequency and therefore is
greatest at the moment that the primary circuit of the pulse transformer
commences to open.

9.2.2 Coils and secondaries used

Five solenoids and one external field torold were constructed, with
secondaries, as follows.

(i) Long solenoid with shorter layer secondaries

This was constructed to test the simple theory set out in Chapter 6,
Section 2.1, by which the value of k1 k2 was found to be equal to the smaller
of the ratios of the lengths of the windings.

The primary was wound upon a 25 mm diameter wooden mandrel with
0.86 mm diameter enamelled wire to give a winding with the length to diameter
ratio equal to 10. Two secondaries were wound over the primary, using the
same wire, with lengths one half and one fifth the length of the primary FiFg.
103). The half length secondary was symmetrically placed over the central
portion of the primary.
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Secondaries

us mm - - -5 mm -25mm die.
Mandrel

252 mm
Primary

Fig. 103 Long solenoid with shorter layer secondaries

(a), construction; (b) actual model.

(II) Short solenoid with thin sheet secondary

Two models were constructed, shown in Fig. 104.

(a) A 160 mm d uneter former was wound with 84 turns of 0.87 mm
dia. enamelled wire as the primary and a 0.12 mm thick copper
sheet secondary. The copper secondary was soldered to form a
cylinder I.e. short circuited. Firstly the secondary was
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placed on the outside, and degree of coupling was measured.
Then the secondary was removed and the primary was unwound. A
secondary was then fitted to the former and the primary was
rewound over it to yield a primary with the secondary on the
inside. The copper sheet secondary and primary were matched
in length to within about one wire diameter.

(b) The above was repeated using a 250 ma diameter former wound
with 56 turns of 2.5 mm diameter enamelled wire and 0.7 ma
thick copper sheet.

Fig 104 Short solenoids with thin sheet secondaries

(a) 84 turn primary on 160mm diameter former
(b) 56 turn primary on 250mm diameter former.

(iii) Short solenoid with separate layer winding

90 turns of 1.2 mm diameter enamelled wire were wound upon a 110 mm
diameter former and a second layer of 90 turns of the same wire was then
carefully wound over the first layer (Fig. 105a).

(iv) Short solenoid with bifilarly wound primary and secondary

100 turns of 1.09 m diameter enamelled wire were bifilarly wound on
a 204 ma diameter former to yield a coil with the diameter approximately equal
to its length (Fig. 105b).

266



Fig. 105a Short solenoid with Fig. 105b Short solenoid with
separate layer winding. bifilar primary and secondary.

(v) Short solenoid with coaxial cable winding

The difficulty in testing this construction was to obtain a coaxial
cable with the inner nearly equal in diameter to the outer, as required for
high degree of coupling. In normal coaxial cable [eg. 50 ohm cable) the inner
diameter is much less than that of the outer. The problem was solved by
pulling the inner and its insulation out of 50 ohm coaxial cable and then
sliding the outer over 2.5 mm diameter enamelled copper wire, which it fitted
very closely.

40 turns were wound upon a 320 mm diameter former, to yield a
winding with an overall length of 20 cm. The coaxial outers were precut to
the length of one turn and their ends were bared, prior to winding the coil.
The winding was done in a lathe, each turn being carefully pulled tightly Into
position and clamped with a clip and screw to the former, until the next turn
was In place. The bared copper outers were tinned and busbars were then
sweated to them. The finished coil is shown in Fig. 106.
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Fig. 106 Short solenoid with coaxial cable primary and secondary.

(vi) External field toroid with bifilar windings

An external field toroid with R - 250 mm and - 5 was constructed
with two 47 turn bifilar windings, using 2.0 mm diameter enamelled wire (Fig.
107). Due to an oversight the turns were all equally spaced instead of each
primary turn being in contact with its bifilar secondary turn. Additional
uncoupled flux to that considered in Ch. 6 was thus introduced. The degree of
coupling was nevertheless calculable (Section 9.6).

Fig. 107 External field toroid with 47 turn bifilar primary and secondary.
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9.2.3 method of seasurig degree of coupling

The method of measuring degree of coupling was to measure the
inductance of the primary with the secondary open (L ) and again with the
secondary shorted (L sc). The degree of coupling, k1k 2 , was then calculated
from:

L SC

1 2  1

This equation is derived in Section 9.6.

The instruments used to measure inductance were the Marconi Bridge
and the videobridge. Frequencies used were in the range 1 kHZ to 20 kHz.

9.3 Force reduction

9.3.1 Purpose

The purpose of these experiments was to demonstrate the presence of
magnetic forces and force reduction in a manner which was visible as well as
measurable.

9.3.2 Method

The method used was to set up two model sections of coils, one
section being that of an external field toroid and the other being similar
except that its conductors were pitched at 45" (Fig. 108).

The parallel wires model, le., the model of the external field
toroid, was designed so that the crushing force due to the external magnetic
field would cause the wires to visibly pinch inwards. The force reduced
toroid model was carefully constructed with the minimum of friction and
restraining structure so that it would be distorted by forces only a fraction
of those present on the parallel wires model.
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Copper termination
disk. free end, with Wooden spacers, Comreson

boss and fixing screw I' dia x 4.9 cm upon spnng Coppe, termination
to set wire tension 3/8"" dia dowel disk, fixed end

20 wires $4/0.076

3"Slotted disks 0P V C covered 06

7 off. 20 slots

End disks

20 holes on 6.3cm

die pitch circle

Fig. 108 Models for force reduction demonstration. The upper model

represents a section of an external field toroid. The lower model

is of a force reduced toroid.

The experiment was made measurable by using the catenary theory
described in Chapter 8 to calculate the deflection of the wires for a given
tension and current. The tension was set by adjusting the position of the
free end copper terminating disk, which was free to slide on the 1/2" copper
tube, and then clamping the disk and tube by means of the fixing screw. A
dial type force gauge with a lever was used to position the disk and measure
the tension. (The copper termination disk at the other end wac soldered to
the copper tube. The 3/8' dowel which holds the assembly together, was
several centimetres shcrter than the overall length, to allow other parts to
slide under the action of the magnetic forces). The deflection of the wires
was desired to be about 1 cm with a current of 100 A in each of the 20
wires. For these conditions, the total tension in the wires was calculated to
be 2.22 kgf. The calculations are given in Section 9.6.
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When the wires of the parallel wire model pinch toward the centre,
the ends are also pulled inwards i.e. the overall length decreases. By fixIng
one end and fastening a pair of micrometer calipers to the other end, the
horizontal movement can be measured. From this and the spring tension, the
work done by the magnetic forces can then be calculated. T.is can be used to
calculate the movement of the ends of the force reduced model, having measured
the friction and elastic force present in the force reduced model, if the
force reduction did not occur and the same energy were available.

The experiment consisted of setting up the straight wire section,
with calipers attached to one end, and measuring the current required to cause
approximately 1 cm deflection, and the calipers deflection. The same current
was then passed through the force reduced model and movement of the wires and
ends was observed.

9.4 Pulse power density of lead-acid batteries

9.4.1 Purpose

As was pointed out in chapters 4 and 8, the pulse power density of
batteries needs to be at least 1 kW/kg for the pulse transformer system to
have an overall pulse energy density of about 1 kJ/kg, using liquid nitrogen
cooled coils. The ohmic resistance and polarization limitations in four types
of batteries were investigated to discover whether a pulse power density of 1
kW/kg for i second is a reasonable prospect.

9.4.2 Method of measuring pulse power density

The method used was to record the battery terminal voltage and the
current, which it delivered while practically short circuited (Fig. i09), from
which the internal resistance and the power delivered can be calculated.

The 400A three pole contactor, with its contacts paralleled to
minimize the arcing due to contact bounce, was used to close the circuit. In
most tests the fuse was used as a means of timing the test and as the opening
means rather than subject the contactor to arcing. The increasing resistance
of the fuse during a test also enabled the internal ohmic resistance to be
gauged under heavy load without undue influence of polarizatton.

The fuse was not used in tests to reveal the polarization
limitations, i.e. the limitation due to the diffusion of ions at the
electrode/electrolyte interfaces.
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400 A
Contactor

Fuse C.R0O

0.5 MU Shunt

Fig. 109 system for determining battery pulse power density.

The major component of battery internal resistance, aside from the
rate limitad.ions due to diffusion, is the resistance of the acid path. The
resistivity of the acid falls with temperature; at 60C It is 2/3 of the value
at 20C. same batteries were heated and their Internal resistance was then
measured to see if the lowered acid resistance resulted in higher short
circuit current.

9.4.3 Batteries tested

Four types of battery were tested (Fig. 110).

(i) Conventionally constructed automotive starting battery, Lucas,
Catalogue No 274A, 66 plates, 80AH, 12V, mass - 22.1 kg.

40 of these batteries were available, being unused stock at
Materials Research Laboratories. They were a "preserved charge" type which
had not been filled with acid and were still sealed, but were 7 years old.
According to their manufacturer "preserved charge" meant that they had been
fully charged at the factory and had then had the acid tipped out, but the
plates remained wet. This meant that the battery would leap into life when
refilled with acid, in contrast to dry charged batteries which require about
15 minutes for the acid to permeate the plates, and eliminated the costly
drying process. They wore meant to be used within's few months of
manufacture.
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Fig. 110. Batteries tested. From left to right: Exide "Torque Starter";
Besco "Marine Master", Lucas, 274A; Dunlop "Pulsar", 15 pair
prototype.

(ii) Conventionally constructed automotive starting battery, low
maintenance type, Besco "Marine Master", 12V, Catalogue No. 782, 90 plates.
These batteries were rated at 350 A for 30 seconds to a terminal voltage of
7.6V at -18C Mass - 22.2 kg.

8 of these batteries were purchased, new.

(IIi) Conventionally constructed low maintenance automotive starting
battery, Exide "Torque Starter", 12V, 14 kg. This is a "new technology"
battery which is fully sealed and has a glass fibre mat separator which causes
oxygen formed at the positive plate during charging to pass directly to the
negative plate and recombine to form water, instead of bubbling up through the
electrolyte and being lost, as in ordinary construction [31

5 of these batteries were purchased, new.
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(iv) Revolutionary construction automotive starting battery; the Dunlop
Olympic "Pulsar" (41. This battery was invented in 1974 by Mr Bill McDowall
of the Dunlop Olympic Battery Company, at Sandringham, Victoria, and was
recommended by Mr John Howlett of that Company.

The construction is shown in Figs. 111 and 112. The battery is an
assembly of similar shaped "frames", each divided into 6 sections. The frames
which have the active materials have alternating sections of positive and
negative materials. Two such frames, placed so that the positive sections of
one are opposite the negative sections of the other, form a battery with 6
cells in series i.e. they form a 12V battery. The series connection between
the cells is formed by the double width mesh sections shown in Fig. 111. The
frame in between the active sections is a separator frame and contains a
microporous plastic film. The end frames are of plastic, as are the others,
and form the end walls of the battery. Assembly consists of pressing together
the five frames, which seal along their edges. To increase the capacity of
the battery more pairs of active frames and separator frames are used, and the
tabs of the individual 12V batteries so formed are connected in parallel to
output busbars (Fig. 112).

CU RENT PATH 
"  

W D H A S

MESH

Fig. ii Construction of the "Pulsar" Battery (Courtesy of Dunlop Olympic

Australia). The construction shown is a I pair, 5 frame module.
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The advantage which this battery has is that the current paths, from
the sites at which the chemical reactions occur to the output busbars, are
much shorter and more nearly equidistant from all parts of any one electrode,
which means that current is more uniformly distributed over the electrode
area. Ohmic resistance is thereby reduced to about half that of conventional
construction, where the current must crowd to the corner of each plate and
then pass via intercell connectors to the next cell, and so on. In the
"Pulsar" the current can flow as a sheet from one cell to the next, via the
full length of an electrode to the next electrode via the double width mesh
(Fig. III), and from the whole surface of an electrode via the acid to the
opposite electrode.

The construction principle of the "Pulsar" appears to reduce ohmic
resistance to the minimum and to reduce the problem of a high pulse power
density to that of supplying fresh reactants to the interface regions. The
construction could be applied to batteries other than lead-acid.

A prototype 15 pair "Pulsar" (mass 15 kg) was donated to the writer
by Dunlop Olympic Australia. Later, 55 10 pair "Pulsar" batteries were
purchased to replace the Lucas batteries, which turned out to have
deteriorated too much.

Fig. 112 10 pair "Pulsar". Mass - 10 kg. Note the busbar style output
terminals on the sides of the battery.
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9.5 Model pulse transformer systems

9.5.1 Purposes of model pulse transformer systems

Four model pulse transformers were constructed to test the overall
functioning of the pulse transformer concept, and in particular:

(I) the degree of coupling of transformers themselves;
(ii) the practicality of using a fuse to open the primary;

(iii) the proportion of primary energy actually transferred;
(iv) the practicality of constructing force reduced windings.

9.5.2 Transformers constructed

Two of the transformers constructed were external field toroids and
two were force reduced torolds. Both external field toroids had 24 turn
prlmaries with major diameters of 1 metre and minor diameters of 50 mm. The
secondaries were, in one case, a 25 mm diameter aluminium bar on the inside of
the primary, and in the other case a 75 mm diameter copper pipe fitted over
the outside of the primary. The construction of the transformer with the
internal secondary is shown in Fig. 113. The primary of the transformer with
the external secondary was constructed in the same manner. The external
secondary was formed by bending the 75 mm, 16 gauge copper pipe into a circle
-nd then slitting it into halves. The primary was laid into one half and the
other half was then placed on and the two halves were banded together with
hose clips (Fig. 114). The D.C. inductances and resistances of the primaries
of these transformers were:

transformer with internal solid secondary: 1.1 mH, 130 me.
transformer with external sheet secondary: 1.1 mH, 90 me.
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(a)
Primary turns being laid
into notched disks which
have been cemented to the
25mm dia aluminium bar used
for the secondary.

(b)
Primary, 24 turns of 7/0.052
electrical wire, completed.
Secondary output bus is on
right.

(c)
Completed transformer,
wrapped and lacquered.

Fig. 113 External field toroid with secondiry internal
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Fig. 114 External field torold with external sheet secondary upon 24 turn
primary.

The force reduced transformer requires each primary turn to progress
around the periphery with a 45" helix angle and the turns must all be in
series. It might be possible to construct such a transformer in small sizes
by passing a reel of wire through the toroid, but in large sizes, using copper
rod, this would be difficult. The construction method which was devised was
to lay separate wires at a 45- helix angle around a straight, but flexible,
former and then to bend the assembly into a circle and to then join the ends
of the wires to form the series connected turns. The construction sequence is
shown in Fig. 115.
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A/ (a)

Components of a flexible
former. PVC tube, spacers
(cut from suction hose) and
wooden disks With 32 nai13.
Ruler -15".

(b)2 "Former assembled on pipe

L7,(1/4 " dia rod through small
holes in disks to prevent
rotation) and 32 wires laid
at 45 helix angle.

(c)
Pipe and rod removed from
former and assembly bent
into circle. Note the
circular shape which is
taken up naturally when the
ends are brought together.

Fig. 115 Manufacture of force reduced toroids.

279

X



A small force reduced transformer was constructed as above using
2.5 mm diameter enamelled copper wire (Fig. 116). The secondary was "partly"
bifilar. The details of the coil were:

major diameter: 460 mm
minor diameter: 90 mm
conductor diameter: 2.5 mm
no. of primary turns: 47
no. of secondary turns: 16
calculated primary inductance: 1.43 mH (D.C.)
primary resistance: 0.32 1 (D.C.)
estimated value of k1 k2 : 0.91
mass: 7 kg

The flexibility of the winding and the ease with which it was bent
into a circle can be seen in Fig. 116.

Instead of 47 bifilar turns, only 16 secondary turns were used, i.e.
one secondary turn to every three primary turns. This was done to enable a
larger diameter wire to be used, and so reduce the primary resistance at the
expense of the secondary, which need have a time constant only a fraction of
that required for the primary.- This of course reduces the degree of coupling,
which can be estimated from the mutual inductance components tabulated in Ch.
6, Section 5.3. For 16 turns we obtained a mutual inductance of 1.817 pH and
for 47 turns we can estimate from the tabulation a mutual inductance of
2.0 #H. Using Eqn. 5.49 we then find k k2 has a maximum value of 0.91. (This
is an estimate only, since the tabulation refers to external field torolds,
not the force reduced geometry).
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(a) Wires laid upon flexible

former. Note the
flexibility.

(b) Bending the assembly Into a
circle.

(c) Completed transformer 47
primary turns connected in
series, 16 secondary turns
connected in parallel to
gapped copper collecting
bands.

Fig. 116 Manufacture of 47 turn primary, 0.5 m dia force reduced toroid.
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Initially, the primary of this transformer was constructed with 48

turns, but when the coil was completed it was found that many sections of the

primary were short circuited. This came about because of the difficulty of

identifying the correct ends with which to commence joining the turns in
series. Study of the problem showed that if the number of turns is a prime
number, it does not matter which ends are picked initially, so long as they do
not form a shorted turn. A practical rule for construction, therefore, is
that the number of primary turns should be a prime number. This is proven in
Section 9.6.

Following the ease of construction and success of the small force
reduced transformer, a larger version was constructed, using 6.4 mm diameter
copper rod. This transformer was vastly more difficult to construct. Whereas
the small version took about 2 man weeks, this one took about 3 man months*.
Its details were:

major diameter: I m
minor diameter: 200 mm
conductor diameter: 6.4 MM
no. of primary turns: 43
no. of secondary turn: 16
calculated primary inductance: 2.59 mH (D.C.)
primary resistance: 0.10 0 (.D.C)
estimated value of k1k2 : 0.91
mass: 100 kg

The coil was constructed from 59 copper rods, each 4.8 metres
long. As these were quite hard when received, they were annealed. Finding a
furnace of adequate size was a problem. It was also necessary to insulate the
rods. This was done by winding on teflon tape in a lathe with a specially
constructed wrapping attachment. Handling of the long, very flexible rods and
wrapping them around the former was a tedious and laborious task. The rods
were carried inside a long plastic pipe when it was necessary to move them.
Although the coil was massive, it bent into a circle with the same ease as the
small version. The primary turns were joined in series by fitting tinned
copper sleeves on one set of tinned ends and pushing the other ends into them,
plug and socket fashion. The secondary turns were clamped between cast copper
gapped rings that were tightly bolted together to minimize stray secondary
inductance**. The construction and the transformer are shown in Figs. 117 and
118.

The construction of this transformer succeeded only due to the ingenuity

and determination of Mr H. Wenzel of the Electrical Workshop.

The authors are grateful to Dr G.K. Cambrell for the design of the
secondary termination.
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(a) (b)

(c) (d)

Fig. 117 Manufacture of large
force reduced toroidal transformer
(a) Rolling copper rods straight.
(b) Winding teflon tape onto rods.
(c) The former. Plywood slats

were used to define the
position of the 16 secondary
turns, which were put on first.

(d) secondary turns and some
primary .turns laid on. Slats
removed as primary turns
laid on.

(e) (e) Bending assembly into a circle.
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Fig. 118 Large force
reduced transformer

Left: After being bent into
a circle and joining of most
of the primary turns.

Below: Completed
transformer under test.
Note the secondary
termination consisting of
two pairs of cast copper
rings, between which ends of
secondary turns were clampei
and sweated.

t DANGER
HIGH

VOLTAGE
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9.5.3 Fuses

As was discussed in Chapters 4 and 5, the important function of the
fuse Is to cause the time constant of the primary circuit to suddenly change
from being long compared to that of the secondary to short (e.g. 1/10). It is
not desirable that the fuse resistance becomes extremely high because the high
voltage that arises across it might cause it to restrike to a low resistance
before the energy transfer is completed, or it might cause breakdown
elsewhere.

There is extensive literature on fuses, both as conventional
electrical protection devices and as exploding wires in physics experiments
[5-8]. The following is a digest of the theory that is relevant to the pulse
transformer application.

The operation of a fuse has three stages. Firstly it is heated to
its melting point. During this stage its resistance increases several times
(approximately a factor of 10 for iron wires). In the next stage the molten
metal is heated to its boiling point and the resistanc, increases much more
rapidly than in the first stage. These first two stages take up most of the
time, but it is the third stage which is most important in determining whether
the fuse interrupts the primary current successfully. Exactly what happens
during the third stage depends on the rate of deposition of energy in the fuse
and upon its confinement. Frungel [91 summarizes the dependence on rate of
deposition of energy as follows. If the time to vapourize the entire fuse is
greater than about 100 ps, gravitational and surface tension forces are able
to move portions of the fuse and to cause it to separate into globules before
significant vapourization occurs. Droplets may also form and arcing, via
cumulative breakdown of vapour, will have time to develop. If the time to
vapourization is in the region 5 to 20 ps, the fuse will not have time to form
into droplets but will distort under mechanical and magnetic forces.
"Unduloids" form, and as the unduloids part, arcs are formed to carry the
current. If the time to vapourization in less than about 2 ps, the fuse
"explodes". There is insufficient time for any shape changes and it becomes a
superheated fluid. Its temperature goes far above the normal boiling point.
Bubbles form and the superheated liquid expands violently, i.e. explodes, into
the gaseous state. There is no arcing in this rapid process because there is
no discontinuity until the violent separation of the atoms. Arcing does not
occur initially after the explosion because cumulative breakdown is inhibited
by the density of the vapour and the explosion forces. The resistance is thus
very high, and if current must be carried, as it must in an inductive circuit,
the voltage across the fuse Is very high. As the vapour expands, though, the
length of path between colliding electrons and atoms increases and the
electrons can gain sufficient energy to ionize the atoms that they strike, and
so arcing can be established. The high resistance period is called the "dwell
time".

The confining structure affects the final behaviour of the fuse.
The shock waves from the vapour generation are reflected from the boundaries
and hollow tubes 1101 may be utilized to blow out or sa&ppress arcs. Sand is
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commonly used to slow down the rate of expansion of the vapour and to disperse
it so that when it cools the resultant metal is dissipated in a non conducting
matrix, and also to cool and obstruct arcs that do form and so cause them to
be higher in resistance than if they were unconfined (in particular,
preventing arcs from joining and forming one long, low resistance arc).

A simple concept for the design of a fuse, mentioned in Ch. 4, is to
select the fuse mass such that the fuse vapourization energy is the same as
the energy necessarily dissipated in the pulse transformer primary during the
transfer of energy. If the mass is too little, the excess circuit energy will
maintain conduction until it is disposed of, either at very high voltage or by
arcing due to cumulative breakdown of the metal vapour. If the mass is too
great, not all the fuse will disappear and conducting traces may maintain a
low resistance for too long. From the previous discussion we can appreciate
that this simple concept is most applicable when the deposition of energy is
very fast, otherwise vapourization and arcing will develop at individual
sections of the fuse instead of rapid vapourization causing all the atoms to
separate virtually instantly.

Malsonnier and others [111 applied this concept to calculate the
dimensions of fuses in a capacitor-inductor oscillatory circuit. The writer
adapted the method to the pulse transformer circuit, (Section 9.6), and
calculated the dimensions of foil fuses. The energies in the pulse
transformer experiments were so small though, that the fuses were too short
(= 10 mm) to withstand the arc voltages, and arcs which could not be quenched
until all the primary energy had dissipated, were established.

By experiment it was found that fine copper wires in parallel, and
tightly bound, worked well 6 (Fig. 119.

CARSORIUNDM PAPER
COPPER WIRES 10 GRI

ON MASKING TAPE

COOKIG FOIL

MASKING TAPE

P.V.C. TUB

Fig. 119 Fuse used successfully in pulse transformer experiments.
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The idea of using parallel wires is that one wire will rupture
before the others, causing its current to be transferred to the remaining
wires which will successively rupture with greater rapidity. An important
advantage of parallel wires is that it enables the fuse resistance to be kept
low enough to not affect the charging of the primary, except when it Is near
to rupture. The number of wires can be selected so that the last wire to
break does so at an energy density which produces a high density, high
resistance vapour.

The purpose of the carborundum paper was to provide a sand like
matrix into which the vapour would disperse, while the tight binding was to
eliminate air and vo maintain the vapour in a high pressure state. That the
tight binding was necessary was demonstrated when sometimes the binding over
the terminations of the wires was not tight enough. A large flame would
appear and burn through the bindings at that spot and the transformer current
transfer was markedly degraded.

The writers used 2 to 4 bare copper wires, 0.0076" diameter, spaced
about 5 mm apart and with an exposed length of 40 to 70 mm, in most
experiments. The active part of each wire (the wires were actually 150 mm
long, but the ends were covered with aluminium foil to control the active
length) had a mass of 10 to 20 mg. Since the energy necessarily dissipated in
the primaries was around 20J, the energy density in the final wire could be as
much as 2kJ/gm, which is in the region of that necessary to cause a wire to
"explode".

9.5.4 Battery

The 40 Lucas batteries, which were intended as the battery pack for
pulse transformer experiments, had deteriorated too much. After several weeks
of effort to rejuvenate them by giving them the "water treatment" 1121 it was
clear that a new set was required. Fifty five 10 pair "Pulsar" batteries were
accordingly purchased. Prior to obtaining these, the 8 Besco Marine Master
batteries were used for pulse transformer tests.

The Pulsar battery pack can be seen in Fig. 218. The batteries
were connected in series.

80 special connectors were devised and manufactured to suit the
busbar terminals of the "Pulsar" batteries and to enable them to be easily
connected in series and parallel. All exposed parts of these connectors were
of plastic and covered the entire terminal, thus ensuring that the pack could
not be accidentally shorted or cause electric shock by accidental contact.
The connectors also functioned as switches.
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9.5.5 Current shunts

The primary current rises relatively slowly, then falls rapidly when
the fuse operates. A I mg shunt, simply made from a 500 mm length of 8 B&s
copper wire, folded into 4 sections and held closely together to minimize
inductance, was initially used to measure primary currents (Fig. 120 (a)).
Later a commercial parallel strip shunt was used.

The secondary current rises rapidly while the fuse operates and then
falls slowly, with the time constant of the secondary circuit. More care was
taken to design the secondary shunts so that the secondary current rise was
properly recorded. Two 0.1 mQ parallel strip shunts and a 0.5 m a disk shunt
were constructed, (Fig. 120 (b), (c), for secondary current measurements.

The 0.1 mg parallel strip shunts were constructed from 0.25 mm thick
copper sheet and the 0.5 mU disk shunt consisted of two disks of 22 SWG (0.7
mm thick) stainless steel, 3.1" diameter, with a 3/4" centre hole, in
series. 47 ohm resistors were used to match the shunts to coaxial cable.
Fig. 120 (c) shows the disk shunt with coaxial copper tubes as leads. The
inner tube is shorted to the outer at one end to form a loop in a calibration
check with a Rogowski belt.

As was discussed in Ch. 2, current is not distributed uniformly
throughout the available metal if it arises sufficiently quickly, and the
impedance of the path is different from the D.C. resistance. It was
suggested, however, that the current actually flows at all times such that the
total opposition, i.e. the impedance, is least. Then, if the geometry is suc
that at a certain frequency the inductive reactance is much less than the
resistance no matter how the current is distributed, the minimum opposition
must be controlled mostly by the resistance component. In this case the
minimum will occur when the current is uniformly distributed. This situation
will be enhanced by the fact that it is actually the internal inductance,
which is less than the total inductance, that is connected with current
distribution.

A simple rule for shunt design, therefore, is to ensure that its
D.C. resistance is much greater than its inductive reactance at the highest
frequency component of interest. Knoepfel (131 indicates this, but without
the above justification.

The parallel strip shunt has virtually no space between the
strips. There is therefore virtually no external flux and the only flux is
internal flux. A simple estimate of the maximum inductance of the strip shunt
in Fig. 120 is 0.5 nH. The frequency at which the inductive reactance is
0.1 mg is 32 kHz. On the basis of the above theory, the shunt impedance is
its D.C. resistance to within about 5% up to 3.2 kHz, or for pulses with about
100 ps rise time.
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Fig. 120 Current Shunts

(a) 1 ma, primary currents
(b) 0.1 mg, parallel strip shunt, secondary currents
(c) 0.5 ma, disk shunt, secondary currents.

The shunts were calibrated at D.C. by passing a current of 10A
through them, in series with standard 1 m2 and 0.1 mg shunts and finding
points on the shunts being calibrated that gave the same voltage as across the
standards (Fig. 121). The shunts were accurate at D.C. to within ±1/2%.

The parallel strip shunts were clamped and bound to withstand
magnetic forces. (The secondary current of the large transformer blew its
shunt Into a balloon shape when this was not done.)
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Fig. 121 Calibration of shunts by comparison with voltage across standard
shunt.

9.6 Calculations and derivations

9.6.1 1.5 OH test inductor

A known inductor of around 1 OH was constructed to readily verify
the accuracy of the various Inductance measuring means. The coil, shown in
Fig. 122, had the following geometry:

Overall length (1): 24 mm
Mean diameter (D): 29 mm
Wire diameter (d): 2.5 mm
No. of turns (N): 9

The inductance was calculated using Nagaoka's equation with corrections to
take account of wires instead of uniform surface current, as set out by Rosa
and Grover C14].

From Table XXI of &Qsa and Grover, Nagaoka's factor, K, for a
diameter to length ratio of ' " 1.208, is .64601712. The uniform surface
current Inductance Is given

xx2 p D2

L - - 1.6097 g.49
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The low frequency Inductance for the coil of solid round wires is

L - L -AL

where AL - 4vaNIA + B] nH where A and 8 are given in terms of d/D by Rosa and
Grover, p 122 and Tables VII and VIII, yielding AL - 246.9 nH and hence
L - 1.5628 pH.

Finally, we correct for the internal inductance of the wire to
obtain the high frequency inductance, at the rate of 8W - 50 nH/m. Since the
wire is 0.82 m long, the Internal inductance of uniformly distributed current
is 41.0 nH, yielding the calculated high frequency inductance of the test coil
to be 1.522 pH.

Fig. 122 9 turn calculated test Inductor.

9.6.2 Phase plane plotting

The circuit for phase plane plotting Is given In Fig. 123.

vV Y

R1 C.R.O.
i LR4 X

ovJ-L " v
R3 T

Fig. 123 Phase plane plotting circuit.
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The Inductor under test is L and R3 is its resistance. RI and R2
form a low internal resistance voltage source and R4 and C form an
integrator. Assuming that the inductor resistance, R3, is negligible, the

voltage across the inductor, Vy, is:

RIR2 t
R2  R1 + R2 L

V - V i+ R. e (9.1)

Assuming that the simple integrator places no load on the inductor circuit and
that its time constant is sufficiently long,

VL v 2 L v (9.2)

Vx " L I i '2

R + R2
where rL - L R R2 and r R 4 C. R1 includes the Internal resistance of the

pulse source.

A plot of Vy against VX Is a straight line graph (Fig 124).

, ;lope ="TL

VY Tz

D I
: C

Fig 124 Phase plane plot from circuit of Fig. 123.
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Line AM is drawn during the pulse "on" period and line CD is drawn during the
"off" period. The horizontal and vertical displacements from tie X and Y axes
depend on the "on" and "off" periods relative to TL ' If these periods are
several time constants long, Vy and Vx become zero and point B is on the X
axis and point D is at 0,0. The arrows indicate the direction In which the
lines are plotted.

"L
Since the slope of lines AB, CD is -, we have:

AV " I y 
(9.3)

L IR AVV
X

or L R 1 R 2 R4C AV (9.4)

AVx

where L- Is measured from AB or CD.

AV 
Y

Five factors that need to be ensured to obtain good measurements of
microhenry inductors by this method are as follows.

(I) The phase plane plot Is substantially plotted in one inductor time
constant. Since resistor R2 has to be of the order of ohms, the
time constant using microhenry inductors is less than a
microsecond. To obtain displays several centimetres long, the
oscilloscope must have X and Y bandwidths of many megahertz.

(11) The pulse generator must be capable of high pulse current to enable
R2 to be as low as possible while still presenting to the circuit a
voltage that will produce several millivolts at the integrator
output. The rise time of the pulse generator must be fast compared
to the inductor circuit time constant.

(iii) It Is necessary to accurately know the values of Rj,R 2 , R4 and C at
the frequency representative of the test.

(IV) For sub mocrohenry inductors the circuit must be mounted on a ground

plane with great care given to attaching CRO leads. Since the
voltage V is necessarily selected as high as possible, a groundplane shield must be used to isolate the Integrator from direct feed
through of pulse generator s ugnal.

(v) The resistance, R , of the inductor itself must be negligible,
otherwise Vy and V will contain components due to the voltage
across it as wel r ue to the inductor. The effect of R3 is found
by the following analysis.
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If Vy' and vx' are the values of Vy and Vx when R3 's included,
circuit analysis yields:

V R 2 (Jc+e -(I + k)n],Vy' - I + k R + R2 [+e(95

1 2

v L Ink + - (i - e
-
(
I +  )n (9.6)

and V 1 + k R1R4C I +ik

R3

where k - 3 i.e. the ratio of R3 to the Thevenin resistance of the

RI + R

voltage source viewed from the inductor, and

t 1 
+ 

2

n=- where i ' 1-

L  L RR2

and t is the pulse "on" time, I.e. n is the number of inductor circuit time
constants neglecting R3 .

Putting k - 0, i.e. R3 - 0, in Eqns. (9.5) and (9.6) yields Vy and
V. V'

VX , equivalent to Eqns. (9.1) and (9.2). By means of the ratios -Y and
VY VX

the error due to k can be calculated In terms of n. The ratios are:

S k + e- ( + k )n (9.7)

Vy 1+k e-n

nk + i-- (1 -i +~

vi . 1 [ (9.8)

Evaluation of Eqns. (9.1) and (9.8) for some values of k and n is shown
below. From the tabulation it can be seen that the integral (v'x ) values are
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k V vi
VY vX

0.1 3 2.5 1.125
1 1.07 1.016

0.05 3 1.776 1.064

1 1.035 1.008

0.02 3 1.317 1.026

1 1.014 1.003

0.01 3 1.160 1.013
1 1.007 1.002

affected much less than the V'y values and that the pulse "on" period,
measured by n, should not exceed about one inductor circuit time constant and
that R3 , measured by k, should not be greater than about 0.02 of R2, for V'y
and V'X errors to be only a few percent.

9.6.3 Mazium length and frequency for rail measurements

We wish to calculate the error, due to transmission line behaviour,
of taking the impedance of a shorted pair of rails to be due to lumped
inductance.

In texts [15] it is shown that the impedance, Z, of a shorted
transmission line is:

Z - Z tanh yt (9.9a)

L
where Z - 4- is the characteristic impedance, 7 - je 4LC, L and C are the

inductance and capacitance per unit length and t is the length of the line.

- /2Since tanh x - j tan x, and *4LC - -, where k is the wavelength,
Eqn. (9.9a) .may be written:

tan t (9.9b)
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If the rails behave as a lumped inductance we may also write:

X - j*Lt m jl4 -. 41! (9.10)

where X is the inductive reactance. The ratio of the impedance Z to the
reactance X is:

tan (!
z X/4 2 (9.11)
x t

Evaluating Eqn. (9.11) yields the following:

I Z
X/4 X

0.01 1.00008
0.05 1.00206
0.10 1.008
0.20 1.034
0.25 1.055
0.333 1.103
0.50 1.273

The tabulation shows that the rails should not be more than about a
fifth of a quarter of a wavelength long for the difference between Z and X to
be 3% or less.

For 2 m long rails, the test frequency wavelength should not be less
than 40 metres, which means that the test frequency should not be greater than
7.5 MHZ.

9.6.4 Degree of coupling of external field torold with bifilar winding

The external field torold described in Section 9.2.2 was wound with
the primary and secondary conductors equally spaced,'as in Fig. 125(b) instead
of touching as in Fig. 125(a).
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(a)

(b) x - --

(cJ

Fig. 125 Effect of conductor spacing, bifilar external field torold

(a) correctly placed bifilar conductors
(b) equispaced conductors
(c) uncoupled flux between conductors.

When the primary and secondary conductors touch, the uncoupled flux
is virtually only the internal flux, as assumed in Section 6.2.3. When the
conductors are spaced as in Fig. 125(b) the flux between them i.e. between
distances r and x, Fig. 125(c) links only its own conductor and effectively
increases its internal flux.

The uncoupled flux in the region from r to x, A# is:

e- x d, - T
- , 

n r (9.12a)

r

where I is the conductor current. The increment in uncoupled

inductance, AL u , Is:

AL- 0.2 tn I H/M (9.12b)
u x
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The 94 turns of 2 mm dia wire were equispaced in accurately milled
slots upon 100 mm dia. disks, yielding r - I mm and x - 2.3 mm and Eqn.
(9.12b) yields AL - 167 nH/m.

TO this must be added the internal flux of the conductor,
o 50 nH/M), yielding a total uncouple0 inductance of 217 nH/m. This value

should be used in Eqn. (6.35) instead of L2. The result is kmax - 0.9857.
At high frequency there is no self inductance and the 167 nH/m value applies
and kax - 0.9890.

In the tests the coils were excited with sine waves, therefore each
winding has the same penetration and degree of coupling. The calculated
coupling factors for the 47 turn windings as constructed are therefore, with
sine wave excitation:

kik 2 - (0.9857)2 - 0.97i5 (full penetration)
kIk 2 - (0.989)2 _ 0.978 (zero penetration)

9.6.5 Derivation of degree of coupling expression

Let LI and L2 be the primary and secondary self inductances of a
transformer, and let M be the mutual inductance. Let the secondary be shorted
and the primary and secondary currents be iI and 12 while the primary is
connected to voltage V (Fig. 126).

tl L2
M
r

Fig. 126 Degree of coupling of wJndings.

Let the inductance as measured on the primary side with the
secondary shorted be LiSC. Then:

di I  dt di

v - ts - (-- ,.13)
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for the primary, and,

di2  dli
L d12 M d19
2 dt dt

di did2 M dI

for the secondary. Substituting - L- - into Eqn. (9.13) yields:

M 2 2

Lisc - L 1 -
9.15)

L
2 '

or LS C  L (1I-k), (9.16)

since M2 . k1k2LiL 2. Rearranging (9.16) yields

k - - L-- (9.17)

1 2 LI

(Eqn. (9.16) was also obtained as the initial inductance during switching or
charging with a closed secondary, in Ch. 5, where the effect of resistance was
also included).

9.6.6 Force reduction mkodels

Firstly let us calculate the horizontal force caused by a sag of
1 cm in the wires of the straight wire model. With reference to Fig. 94, Ch.
8, the horizontal force, H, in a wire that sags distance f is

2
ef (8.22)8f "

where q is the load per unit length of the wire and i is the distance between
its supports. The load q is the pinch force i.e.

q 0 ,- (8.20)

where N is the number of wires, I is the current in each wire and a is the
radius of the cylinder of wires. Substituting in (8.22) we have:
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For the model we have N - 20 wires, t - 37 cm and a - 6.3 cm. Let
,s select I - 100A in each wire and sag f - 1cm. Equation (9.18 yields
HT - 2.22 kgf.

With the spring compressed to 2.22 kgf, so as to produce a tension
force of this magnitude in the wires, and a current of 100A per wire, we
expect the sag to be I cm.

Secondly, let us check that the model with the 45" pitch, which
results in each wire having 2 turns around the diameter, is force balanced.

The internal field is due to the total current that links the axis,
i.e. NTI, where T Is the number turns that each of the N wires makes about the
axis. Over the central region this field has the value

po
N T I

BI " £

oT2

and the force on a wire, FI, is FI - N/m, radially outwards.

The external field is the same as that of the straight wire mode!
(because a path taken around the outside links the same total current), hence
the force given by Eqn. (8.20) acts radially inwards.

For zero net force we require

NI (- ) - o

2 2wa I

i .e . T - 1 (o . 19)2wa

6.3

We have i - 40 cm, a - - cm, and Eqn. (9.19) yields T - 2 i.e. two
turns are required, I.e. as constricted.

9.6.7 Prime number of turns for primary of force reduced transformer

The problem with manufacturing a force reduced primary by joining
the ends of wires laid on a straight former which is then bent into a circle
is the same as the following.
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Suppose we have a piece of flexible round rod upon which we rule Z
equally spaced parallel lines (Fig. 127). Firstly, let us twist the rod so
that the lines spiral around the rod an arbitrary number of times, includng
fractions of a revolution. Secondly, let us bend the rod into a circular
shape so that the ends touch each other. Finally, we join the lines on :ne
end to their nearest neighbour on the other end until only two free ends
remain. What are the conditions under which the lines will always connect :n
series, so that if the lines were pipes, water could flow in at one end and
not come out of another end until it has passed through all the pipes?

A B

Fig. 127 Rod upon which Z lines are ruled.

Even though the twisting of the rod preserves the cyclic order of
the lines, we cannot join them starting from any arbitrary combination. In
general closed loops will arise before all the ends are joined. consider say
8 lines as in Fig. 128(a) where the lines have a displacement of 6 positions
after the twisting (drawn "opened out" for 'onvenlence). If we commence by
joining I to 7 then we find 7 will join to 5,5 to 3 and 3 back to line 1;
thus we will have a closed loop before all lines have been joined. In Fig.
128(b) the displacement In 3 lines. If we now commence by joining I to 4 etc.
we will have to join all the ends .)efore forming a closed loop. In the
following paragraphs we will show that only if the number of lines Is a prime
number can the lines be joined with any initial arbitrary displacement and
result in all loops being connected in series.

A B A B
1 7 1 4
2 a- 2

-2t:= 4 7
5-3-5 - - -8

6 - 60 -

(a, (b)

Fig. 128 Ends joined with displacements of (a), 6 and (b), 3.
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Let the Z lines have their opposite ends displaced T positions
where 1 $ T S Z - 1. The positions that the lines occupy are thus:

END A END B

I I + T

2 2+T
3 3+T

Z - T z

Z Z+T

Let N equal the number of joins we can make, in the fashion
described in the previous section, before meeting the first line again. If
all the ends except the last two are series connected we have:

N -Z -I (9.20)max

After making the N joins we will be connected at end B, and hence also at en
A, to line X, where:

X - I + NT. (9.

Since the next join would be to line 1 at end B, which is displaced T
positions from end A, we have:

X + T - KZ - 1, (9.22)

where K is the number of times that we have skipped line Z in the joining
process.

From (9.21) and (9.22) we obtain:

N- --- 1 (9 23)
T

in order to form a closed loop after N joins.

Kince N must be an integer it follows that closed loops will occur
whenever d is an integer. If Z and T have a common factor, say M, then for:
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K - T/M, 2T/M, 3T/M (9.24)

there will be closed loops.

If Z has no common factor withKI in the range I < T < Z - I i.e. if
Z is a prime number, then in order that - be an integer we must have:

K - T for 1 < T S Z -1 (9.25)

Substituting this in (9.23) we obtain:

N - Z- (9.26)

i.e.
N -Nmax

i.e. the condition for all loops to be joined in one series connection, (Eqn.
(9.20)) for any displacement, is that the number of lines be a prime number.

For the original example, with Z - 8, displacements of 2, 4 and 6
have common factors with 8, and so the theory predicts closed loops for:

K - 1, 1, 3 passes of line 8

and for N - 3, 1, 3 jo-r.s before producing a closed loop.

We can check these by writing out the connection sequences.

T -2; 1, 3, 5, 7, 1 i.e. K -i, N- 3
T -4; 1, 5, 1 I.e. K -i, N -
T -6; 1, 7, 5, 3, 1 I.e. K -3, N -3

i.e. K and N are as predicted.

For displacement of 1, 3, 5 and 6 we expect that all conductors will
be joined before a closed loop is produced, i.e. N - 7, and that K - 1, 3, 5,
7 also. Writing out the actual connection sequences we find

T -1; 1, 3, 4, 5, 6, 7,1 i.e. K 1, N-7
T - 3; 1, 4, 7, 2, 5, 8, 3, 6, i I.e. K - 3, N-
T - 5; 1, 6, 3, 8, 5, 2, 7, 4, 1 i.e. K - 5, N - 7
T - 7; 1, 8, 7, 6, 5, 4, 3, 2, 1 i.e. K- 7, N -I

Again K and N are as predicted.
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9.6.8 Fuse dimensions

We use the same principles as Malsonnier et al [111, that were
referred to previously, but for the current waveform of the transformer
primary while it is being charged, instead of that of an LC circuit.

The heating of the fuse to boiling point is to be due to the
charging current and the vapourization energy is to be the part of the stored
energy which cannot be transferred to the secondary. Since the time to raise
the fuse temperature to boiling point depends on its cross section and not its
length and the energy needed to vapourize it depends on its mass i.e. its
length as well as cross section, the two stages can be separated, in
principle. Note that we assume that the current is uniformly distributed
through the fuse cross section.

The transformer charging current, I, is:

t

C (i - e (9.27'

where VC is the battery voltage, RC is the circuit resistance and T is the

circuit time constant, assuming that the fuse resistance is negligible up to
the boiling point.

The energy supplied to the fuse in time At equals its heat energy
increase, assuming the heating is sufficiently fast, i.e.:

S2P(1) At - mcAT (9-28)
A

where p is the resistivity, m is the mass, c is the specific heat, AT is the
temperature increment, i is the length and A is the cross section of the
fuse. The mass m may be written as t A y, where 7 is the density of the fuse
material, yielding:

t 2t
VT O  o  c

vC) 2 (1 - 2 e + e T dt - dT, (9.29)
ARc C0

where p has been placed on the right hand side since it is a function of

temperature.

We have found that the primary should be charged for about I time
constant, i.e. t - TO. Eqn. (9.29) then becomes, after integrating:
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2 Boiling TempvC 2 Tf dT (9.30)0.169 (j ) TO .J d

Room Temp

The value of the right hand side has been emirically calculated. For
aluminiurn, its value is approximately 1 x 10 MKS units [ill. Substituting
into Eqn. (9.30) yields, for the cross section of an aluminium fuse:

A - 1.3 X 10-9 C /T m (9.31)
R C 0

As an example, the first transformer circuit constructed had a
primary circuit resistance of 189 m, a primary circuit time constant of
5.9 ms and was used with a battery of 100V. Eqn. (9.31) yields a fuse cross
sectio? of about 0.05 sq mm. Aluminium cooking foil has a thickness of
about mm, so the width of a foil fuse should be 2.1 mm.

The stored energy of the primary after one time constant was
approximately 100 joules and the calculated value of kik 2 was 0.82, hence te
energy allocated to vapourize the fuse is 18 joules.

If W is the energy available for the vapourization and Ev is the
vapourization energy per kilogram under the given conditions,

W A 7 E

or '-A(WE) (9.32)

For aluminium, the value of I is given as 3.5 x 10-11 MKS units
(111. v

Substituting the values W and A for the example irto equation
(9.32), we obtain 12 m for the length of the aluminium foil fuse.
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CHAPTER 10

EXPERIMENT RESULTS

10.1 Rail inductance measurements

10.1.1 Rectangular rails results

The results of measurements made upon the rectangular rails listed
in Section 9.1.2 at 10 kHz are tabulated below.

W/H S/H L, Measured L, Calculated L, Calculated(- 2%) Kerrisk eqns. Unif. Surf. Curr.

Approx 0.2 0.21 ,H/M 0.195 pH/M 0.202 pH/m

zero 0.5 0.39 0.382 0.407

(0.028) 1.0 0.59 0.583 0.628

2.0 0.84 0.825 0.885

5.0 1.20 1.185 1.245

0.2 0.5 0.39 0.358 0.376

1.0 0.56 0.536 0.556

0.5 0.2 0.22 0.170 0.253

0.5 0.35 0.327 0.371

1.0 0.53 0.500 0.517

2.0 0.72 0.699 0.712

5.0 1.04 1.007 1.023

1.0 0.5 0.32 0.303 0.380

1.0 0.47 0.456 0.494

2.0 0.65 0.640 0.656

5.0 0.93 0.921 0.933
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The calculated values were obtained using Eqns. (2.52) for the
minimum inductance (Kerrisk's equations) and Eqn. (2.50) for the totalinductance due to a uniform surface current (derived in Ch. 2).

The measured values generally fall between the two calculated
values, which is to be expected as the current penetration is about 0.7 m at
10 kHz. The general agreement between the measured and calculated values
suggests that Eqns. (2.52) and (2.50) are correct.

The results for W/H 2 0 are particularly interesting. At 10 kHz the
nominal penetration depth is 0.7 mM, and since the copper sheet used for the
rails was 0.7 mm thick (I.e. W - 0.7 mM) it might be concluded that the
current was virtually uniformly distributed, particularly at the surface. The
inductance values measured though are much closer to the minimum values than
to the uniform surface current values. This suggests that diffusion normal to
the surface occurs in preference to sideways diffusion, and that the current
distribution remains similar to the initial distribution.

In the cases of the wider rails and with S/H Z 1, the inductance
values are closer to the uniform surface current values, which suggests that
sideways diffusion played a more significant role.

The conditions of the above measurements are different to those In
the rallgun (e.g. the test current had a maximum value of 100 mA). As
discussed in Ch. 2 the high current and arcing may affect the current
distribution.

The ribbon cable rails (Fig. 129) approximate the model in Fig. 10,
Ch. 2, with 20 filaments. The measured inductance was:

(i) 10 kHz 0.63 AH/m (Videobridge, Marconi)
(ii) 3.5 MHz 0.64 pH/M (Meguro Denpa)

(iii) 0.5 ps pulse 0.66 pH/m. (Phase plane method)

The theoretical values with which to compare the results are
0.58 pH/m for the minimum inductance distribution and 0.628 pH/m for equal
current In each filament. The results suggest the latter distribution. In
Ref. 2 Ch. 9 it is clearly demonstrated that alternating currents In parallel
filaments should not be equal. The outer filaments should carry more current
as in the minimum inductance distribution. The only explanation that the
writer can offer for the above result is that the space between the filaments
reduces the interaction between them. This result is an indication that it
may be possible to Increase the propelling inductance by using parallel
filamentary rails in practice.

Fig. 129 Ribbon cable rails
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10.1.3 Test inductor

The 9 turn test inductor (Fig. 122) had calculated inductances of
1.56 AH and 1.52 pH at low and high frequencies respectively. At 10 kHz the
measured values were:

Videobridge: 1.54 ,H
Marconi Bridge: 1.56 pH

At 10 kHz the depth of penetration, 0.7 mm, means that the current occupies
about 3/4 of the wire area (wire dia - 2.5 mm), and we could therefore expect
a measured value of 1.55 AH. The Videobridge has given a slightly low value
while Marconi Bridge has given a slightly high value.

10.1.4 Phase plane method

The phase plane circuit (Fig. 123) was constructed with the
following values:

R1 - 50 a (plus output resistance of pulse generator)
R2 - 2.5 0
R 4 - 470 a
C - 10 nF.

These values yield a design that is suitable for measuring inductances in the
range 20 nH to 2 AH. A Hewlett Packard pulse generator (Model 8012 B), set to
50 a output resistance, was used to supply pulses, typically 0.5 ps wide with
5 ns rise and fall times and 10 V open circuit amplitude. A Tektronix Model
2215 60 MHz oscilloscope was used for the X-Y display.

The circuit was calibrated using the test coil, which, during the
0.5 As wide pulse, should have an inductance of 1.52 OR. The calibration
yielded the inductance expression to be:

AVX

L - 12.023 - - .048 AH.
AV Y

Various rails were connected to the circuit and the above expression
yielded values that were always within a few percent of those In tabulated in
Section 10.1.1. Figs. 130 (a) and (b) show the phase plane plots obtained for
the thin sheet rails (W/H = 0) set to S/H - 1. The entire plot is shown in
Fig. 130(a) and an expanded portion is shown In Fig. 130(b).
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(a) (b)

Fig. 130. Phase plane plot from thin sheet rails

(a) whole plot, X - 2 mV/DiV, Y - 50 MV/DiV
(b) upper slope expanded, X - 2 mV/Div, Y - 10 mV/Div.

From the expanded plot We obtain:

hVX - 6 my, AVY - 63 my.

x y

Substituting In the Inductance expression yields L - 1.097 pH. The rails were
1.80 m long, so we obtain 0.61 pH/in, which compares quite well with
0.59 pH/m obtained using 10 k~lz sine waves.

As Indicated In Ch. 9, the major reason for developing the method
was to verify that the Inductance measured by high frequency sine wave methods
Is the same as that when a voltage pulse is suddenly applied. The lines
plotted were always perfectly straight during the time that the Pulse was flat
topped (i.e. once the slight initial overshoot had subsided). From the
results it was evident that the Inductance values were constant and close to
those given by Kerriak's equation and were attained within 20 ns of the
application of the voltage pulse.
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10.2 Degree of coupling

10.2.1 Long solenoid with shorter layer secondaries

The theory in Section 6.2.1 enables ratio of the coupling factors !o
be written as:

k 2 K 12 A1
S1 K2 ' 1 A2'

where k is the coupling factor, K is Nagaoka's factor, t is the length of the
winding, A is the cross-sectional area and subscripts i and 2 refer to the
primary and secondary respectively.

If k 1 is unity, as suggested in Ch. 6 for a long solenoid, the above
expression also givesthe value of k Ik2 . The model (Fig. 103) enables 3 tests
to be made, viz. for 9 " 0.2, 0.5 and 0.7.

A 2The mean diameters of the windings were 26 mm and 27 mm and hence
" (27)2 - 0.9273. Using the tabulation in Rosa and Grover (Ref. 14 Ch. 9),

K and K2 were found were found to be

Primary, 252 mm, dia/length - 0.1, K1 - 0.959
Secondary, 51 mm, 0.54, K2 - 0.818

126 mm, 0.216, 0.920
177 mm, 0.153, 0.942

The 177 mm secondary - 51 mm + 126 mm windings in series.

k2
Using the above values in the expression for k yields:

r2 k2
tI I1

k 1

0.2 0.217
0.5 0.483
0.7 0.661

Measured values of kI112

The open circuit/short circuit method described in Section 9.6.4
gave the following results at 10 MHz.
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2 LiS C  k1k 2 - I - L

1 L 1SC

0.2 207 AH 161 pH 0.22
0.5 207 108 0.48
0.7 207 71 0.66

The agreement between the calculated and measured values of kik2 is
remarkably good and indicates that kI1 - I very closely, as was suggested in
Ch. 6. It can also be seen that the k1ik2 values are close to the t2/l 1
values, which confirms the example in Ch. 6 where both windings were
considered to be long, so that Ki - X2 - 1, and of virtually the same
diameter, so that A1 - A2.

At lower frequencies the agreement was poor; e.g. at 1 kHz kik 2
0.34 for f2It - 0.5. The low Q of the secondary at 1 kHz is assumed to be
the cause.

10.2.2 Short solenoids with thin sheet secondaries

It was postulated in Ch.6 that, when the secondary is a sheet of
negligible thickness compared to the diameter of the primary conductors, the
current in the primary effectively flows as a sheet located 1/3 of the wire
diameter from the inside when the secondary is on the inside and as a sheet
located at the middle of the conductor diameter when the secondary is on the
outside.

From the data for the two test solenoids, viz.

(I) 160 mm dia former, 84 turns of 0.87 mm dia. wire, thin sheet
secondary of 0.12 mm thick copper; and

(1i) 250 mm dia. former, 56 turns of 2.5 mm dia. wire, thin sheet
secondary of 0.7 mm thick copper,

k2 k1
the calculated values of - and - are:

Coll Secondary on inside Secondary on outside

S 160.24 2 k2 160.87 2160M_ (- ) . 0.993 -- ( ) -0.989
kc 160.82 kI1 161.74

250 mm k1 . (251.4)2 0.987 k2 (252.5)2
I 2 253.1 k1  255
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The results of k1k2 measurements at 20 kHz were:

Coil Secondary on inside Secondary on outside

klk 2  klk 2

160 mm 0.991 0.977

250 mm 0.979 0.972

The measured values of klk 2 are generally about 1% less than
the k /k or k 2/k values. This is to be expected because the solenoids are
short ana the coupllng of the inner to outer will not be sufficiently close to
unity. Furthermore, the thickness of the copper sheets, particularly the 0.7
mm sheet, may not be negligible. Nevertheless, the results show that the
simple ratio calculation is a useful guide to the value of kik 2.

10.2.3 Short solenoid with separate layer winding

The value of k1 k2 to be expected in this case can be estimated using
the tabulations based on Maxwell's mutual inductance expression for equal
length coaxial solenoids in Section 6.2.1. The mean diameter of the inner
winding was il mm and its overall length was 112 mm and hence the radius to
length ratio (alt) was 0.5, and as the wire diameter was 1.2 mm the radii
ratio (a/A) was 0.99. Referring to the tabulations in Ch. 6 we find:

A/1 - 1, IkC I - 0.9557

A/t - 0.1, k k2 - 0.9780.

Since we have A/f - 0.5 we expect the measured value of klk 2 to be between the
above values.

Measurement yielded the following results at 10 kHz and 20 kHz.

Freg LI  Lisc . l-2

10 kHz 598 AH 23.1 pH 0.961

20 kHz 598 pH 20.4 AH 0.966

The results are clearly compatible with the values obtained from the
tabulation.
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10.2.4 Short solenoid with 100 turn bitilar windings

In Ch. 6 it was anticipated that the axial displacement by one turn
of the two windings would cause each coupling factor to have the
value (N N 1), where N is the number of turns and hence ik 2 = N)2. For 10
turns we therefore anticipate k1k2 - (0.99) = 0.98. 1 20N

The actual measured values for the 100 turn model at various
frequencies are tabulated below.

Freg L1  LiSc kI- 2

100 Hz 1.363 mH 1026 PH 0.247
200 Hz 1.363 589 0.568
500 Hz 1.363 162 0.881

1 kHZ 1.363 57.8 0.958
10 kHz 1.357 19.6 0.986
20 kHz 1.346 16.8 0.988

The high frequency limit appears to be 0.99 rather than 0.98 and
suggests that the bifilar solenoids are effectively displced1  alf a turn
instead of a full turn and that k1k2 is given by kl k2 - ( N ) .

The low values of i1k2 at low frequencies are considered to be due
to energy dissipated in the secondary resistance because its time constant is
too short compared to the sine wave period. In other terms, the Q is too low
at low frequencies.

10.2.5 Short solenoid with co-axial cable winding

k1
The calculated value of -- for this model is given by Eqn. 6.49

using the following measurements. k2

Dla. of inner, di - 2.5 MM
Dia. of braid, do  - 4.0 mm
No of turns, N - 40
Primary inductance, L - 454 PH

Radius of windings, R - 162.5 mm

k
The value calculated is I ' 0.987 at low frequencies and 0.992 at high
frequencies (no internal fLux In primary). Since k2 is expected to be very
nearly unity these values are also the expected values of klik2.

The measured values were as follows:
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Freg LISc kl" 2

I kHz 454 OH 19 AH 0.958
3 kHz 446 pH 7.5 pH 0.983

10 kHz 441 #H 5.16 pH 0.988
20 kHz 441 pH 4.46 AH 0.990

The measured values of kik2 at high frequencies approach the
calculated value of 0.992, confirming the proposition that k2 - 1. The
inductance and resistance of the braid were measured as 360 nH at I kHz and
330 AD at D.C. The secondary time constant was therefore about I ms and shows
that a frequency of several kHz is necessary to ensure that resistive losses
during each cycle are a small portion of the stored energy.

10.2.6 Bifliar external field torold

The calculated values of kik 2 for this model, set out in Ch. 9, were
0.9725 at low frequencies and 0.978 at high frequencies.

Measurement yielded the following values.

Freq L 1  LISc klK 2

200 Hz 1.250 mH 120 %H 0.904
1 kHz 1.246 mH 32.8 gH 0.974

10 kHz 1.237 mH 29.5 pH 0.976
20 kHz 1.235 mH 28.2 pH 0.977

The high frequency values clearly approach the calculated value of
0.978 and confirm the calculation method. The low frequency discrepancy is
again assumed to be due to resistance.

10.2.7 Conclusions regarding degree of coupling experiments

The measured values of k k2 confirm that the simple models used in
Ch. 6 give useful estimates. They also show that in these models a frequency
of 10 kHz is necessary to approach the calculated values.

10.3 Force experimmts

In Ch. 9 It was calculated that a current pf 100 A in each of the
wires of the external field toroid model should cause a deflection of about 1
cm with the spring set to produce a total tension of 2.22 kgf in the wires.
The 450 pitch of the force reduced model should balance the magnetic forces so
that when the same current is passed through it there is no deflection of the
wires.
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(I) External field torold (parallel wires) model

The total tension was set to 2.2 kg.f (21.58 N) and a total current
of 2,250 A was passed through the wires for about I second. The current was
applied only briefly because the wires heated rapidly. The wires pinched
inwards (Fig. 131). By closely observing the wires it was estimated that the
deflection at the centre was to about 0.5 cm from the wooden spacers.

Fig. 131 Pinching of external field toroid model.

Since the pitch circle diameter of the wires was 6.3 cm and the
spacers were 1" (2.54 cm) diameter (Fig. 108), the sag, f, was:

6.3 2.54
f - - - 0.5 = 1.38 cm2 2

Calculation, using Eqn. (9.18) with

HT - 21.58 N, t - 0.37 m, NI - 2250 A, a - 3.15 x 10- 2 
m

yields f - 1.27 cm, which confirms the observed sag and shows that the
calculation methods in Ch. 8 are correct and adequate.

The calipers attached to one end of the model registered a movement
of 1.7 mm against the compression spring when the wires pinched. Since the
force was 2.2 kg.f the work done during the pinching was 3.74 kg.f. mm.

(11) Force reduced model

The force reduced model used in the experiment is shown In Fig.
132. Figure 132(a) shows the construction in progress. The wires were precut
to the exact length and curled into 2 1/2 turns. Each wire was threaded
through the slots In the disks and naturally formed a 450 helix.
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A force of about 100g could move the free end of the model about
3 cm. Since the work done by the magnetic forces on the straight model was
3.74 kg.f mm, the 450 winding should extend 3.74/0.1 - 37 mm if the same
energy is available.

When the coil was pulsed with the same current as the straight wire
model the end was observed to lengthen by only about 5 mm and to twist
slightly. Virtually no radial movement of the wires was observed anywhere.

Since the 2.2 kg.f proven to be present in the straight wire model
could easily deform the delicate structure of the force reduced model, it is
concluded that such a force was not present, i.e. force balance was achieved
by the 450 pitch winding.

Fig. 132 Force reduced mcdel: (a) during construction; (b) finished model.

10.4 Internal resistance of batteries

Example recordings from the battery tests are given in Figs. 133 and
134. The voltage traces show the terminal voltage of the batteries during the
tests. The fall In voltage from the initial value (12.5 V) divided by the
current gives the effective internal resistance of the battery.
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The recordings in Fig. 133 are from tests where a fuse was used.
The fuse was a 15 cm length of 16 B & S tinned copper wire. These tests
enable the internal ohmic resistance to be found under a heavy load condition,
without the interference of polarization, since they are of short duration
(< I second) and the fuse resistance increases rapidly from its initial low
value.

The results of tests with the fuse replaced by a copper bar are
shown in Fig. 134. These tests, up to 9 seconds duration, show the effect of
polarization. According to the theory in Ch. 4 the decline of the current in
such tests is due mainly to the generation of water at the positive electrode.

The batteries were probably between half and fully charged when
tested, having been standing for periods of days to many monchs between
charging and testing.

Using the fuse test oscillograms in Fig. 133 the following results
are obtained.

Battery Mass Current Volt. Drop Int Res Initial
Power Density

Pulsar 10 kg 1600 A 8 V 5 me 720 W/kg
Torque Starter 14 kg 1600 A 8 V 5 ma 514 W/kg
Besco 22.2 kg 1100 A 9 V 8.2 m1 198 W/kq
Lucas 22.7 kg 1100 A 9 V 8.2 mg 193 W/kg

The superiority of the Pulsar and Torque Starter over the
conventional batteries is evident. The internal resistance of these new
style batteries increased during the discharge, though, whereas that of the
Besco actually decreased.

The short circuit tests using the copper bar give an idea of the
time for which the batteries can supply maximum power. The Pulsar and the
Torque Starter have the shortest time, about I second, while the more massive
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(a) 10 pair Pulsar (b) Torque Starter
V - 4V/Div; I - 400 A/Div V - 4 V/Div; I - 800 A/DIv
t - 0.4 sec/Div t - 0.1 sec/Div

(c) Besco Marine Master (d) Lucas 2714 A
V - 2 V/Div; I - 400 A/DIV V - 2 V/DiV; I - 400 A/Div
t - 0.2 sec/DIv t - 0.2 sec/Div

Fig. 133 Battery voltage and current when short circulted through fuse
consisting of 15 cm 16 B & S tinned copper wire.
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(a) 10 pair Pulsar (b) 10 pair Pulsar
Recently charged Standing for 8 months
t - 1 sec/Div t - 0.5 sec/Div

(c) Torque Starter (d) Besco
Standing for 18 months Recently charged
t - 1 sec/Div t - 1 sec/Div

Fig. 134 Battery voltage and current when short circuited through copper bar.

Voltage - 4 V/Div, Current - 800 A/Div.
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conventional batteries can maintain their lower maximum power for at least ten
seconds.

Although the above results are typical, there was a wide variation
in the results from batteries of the same type. The highest power density
measured was 960 W/kg for about I second from a Pulsar 5 plate experimental
battery supplied to the writer by the Dunlop-Olympic Company.

Hot battery tests

The results were, on the whole, inconclusive. Increases in short
circuit current up to 50% were recorded at 60 C over the 20 C values, but the
voltage drops across the batteries also increased, with the result that the
internal resistance did not decrease to 2/3 of the value at 20 C. The best
result was about 3/4 of the value of 20 C.

10.5 Pulse transformer tests

The circuit for the model pulse transformer tests is shown in
Fig. 135.

400 A
| Contactor

Fuse

Secondary
Shunt C.R.O.

Transformer

Primary
Current "
Shunt Transient

Recorder

Fig. 135 Pulse transformer test circuit.

The experiments were conducted at room temperature. The secondaries
of the transformers were short circuited directly via the current measuring
shunts so as to reduce the uncoupled inductance c' the transformers as much as
possible. The transient recorders were either Datalab DL912 or Iwatsu Digital
Memory DM-7100 systems according to availability. A Tektronlx Model 466
oscilloscope was used for the displays.
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The open circuit/short circuit method was used to measure kIk2 of
the transformers at 10 kHz.

The primary and secondary current traces from each of the four
transformers are shown in Figs. 136 and 137. The performance of the
transformers is summarized below.

Transformer Primary k)k 2  Primary Secondary EffectiveTurns 10 kHz Current Current k1 k2

Ext. F. Tor. R/a - 20 24 0.76 400 A 5.2 kA 0.29

Int. solid secondary

Ext. F. Tor. R/a - 20 24 0.90 440 A 8 kA 0.57

Ext. sheet secondary

Force reduced, bifilar, 41 0.87 200 A 7 kA 0.55

R/a - 5, R - 0.25 m.

Force reduced, bifilar 43 0.89 900 A 30 kA 0.60

R/a- 5, R - 0.5 m.
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(a) Ext. F. Tor. R/a - 20, (b) Ext. F. Tor., R/a - 20,
24 Turns, Internal 24 Turns, External
solid secondary. R = 0.5 m sheet secondary. R = 0.5 m

(c) Force reduced, R/a = 5 (d) As for (c), traces
47 Turns, Bifilar expanded XIo.
secondary. R = 0.25 m

Fig. 136. Current waveforms - three small pulse transformers. Upper traces,
secondary currents, 2 kA/Div; lower traces, primary currents, 200 A/Div.
Time - 2 ms/Div., (a), (b), & (c); 0.2 ms/Div, (d). battery - 98V.
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(a) Complete wave forms. (b) Current transfer detail.

Fig. 137 Current waveforms - 43 turn force reduced bifilar transformer,
R/a - 5, R - 0.5 m. (a) Upper trace, secondary current,
10 kA/Div; lower trace, primary current 400 A/Div; time,
8 ms/Div. (b) Primary current fall (left), 200 A/Div; secondary
current rise (right), 5 kA/Div; time, 0.5 ms/Div. Battery = 392 V.

The oscilloscope displays show that the transformers and fuses
worked in general as expected. The coupling factors kik 2 however are
considerably less than the values measured at 10 kHz. This is most probably
because the fuse rupture times of 100-200 pS were not fast enough. It must
also be noted that these rise times are at the limit of the ability of the
current shunts to record them properly.

The negative current in the secondary is due to transformer
induction while the primary is being charged, as discussed in Ch. 5. In the
three small transformers it becomes negligible by the time the fuse blows.
The initial step in primary current during short circuit charging, also
discussed in Ch. 5, can be clearly seen in Figs. 136 (b) and (c) and in
Fig. 137 (a).
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CHAPTER 11

SUMMARY, CONCLUSIONS AND FURTHER WORK

11.1 Sumary and conclusions

This Report has dealt with the "railgun" method of propelling
masses, and the associated power source. This is a relatively new technology
and, in order to define the important relationships among the many factors
that interact, the investigations have been broadly based and exploratory.

Firstly, the rallgun propulsion mechanism and its efficiency were
studied. A quantity of energy, analogous to the "free energy" of a chemical
reaction, was found to be released when the projectile movement changed the
circuit inductance. Some or all of this "associated energy" becomes the
kinetic energy of the projectile depending on the current distribution and the
properties of the plasma or arc that carries the current. A factor, "f", was
introduced to account for the loss of associated energy and the consequent
reduction in force on the projectile. The effect of current distributions was
studied by comparing the force on the projectile for minimum inductance,
uniform surface and fully penetrated current distribution. In the final part
of the railgun study efficiency expressions were developed and evaluated for
three versions of the raligun, viz. breech supplied, segmented and distributed
energy store rallguns.

The main conclusions from the raligun study are as follows.

(i) The plasma arc may be very inefficient in transmitting the
electromagnetic forces to the projectile.

(Ili) The rails should be as thin as possible to minimize the energy loss
due to current distribution, which, for example, could otherwise
limit the railgun efficiency to 80%.

(Ili) The reduction in power source size achieved by segmented and
distributed energy store railguns may not justify their complexity.

(iv) Maximum railgun efficiencies are likely to be in the range 10% to
30%.

The second broad topic was a review of power sources for railguns.
By considering the ratio of the muzzle energy to mass for powder guns a
minimum energy density of 1 kJ/kg was set for railgun power sources.
Capacitors, flywheel machines and explosive magnetic flux compression were
critically reviewed with regard to the pulse energy jelivered per unit mass
and system complexity. A simple application of mechanics was used to obtain
the minimum mass of any system that stores energy in kinetic form. Finally,
in this review, the possibility of using batteries and a pulse transformer to
charge the railgun inductor was described.
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The main conclusions of the power source review are as follows.

(i) Capacitors are unlikely to result In power sources with overall
energy densities exceeding a few hundred J/Icg unless dramatic break
throughs are made In dielectric materials and construction methods.

Advanced homopolar generator systems may attain the target figure of
1 kJ/kg but cannot realize more than a small fraction of the energy
density Of the flywheels upon which they are based.

Single shot self destructing explosives based systems may attain
several kJ/kg.

(ii) The maximum pulse energy density of any system is not likely to
exceed 10 kJ/kg.

(Ili) The battery and pulse transformer scheme is worth investigation
because it appears to incorporate a prime energy store, and
therefore give a multishot capability, with the same overall mass as
single shot capacitor and homopolar generator systems.

The third broad topic was the detailed investigation of the battery
and pulse transformer scheme. This was done in four main subsections:

(i) general considerations,
(i1) circuit analysis,

(Iii) transformer geometry,
(iv) design and performance.

The general consideration included the pros and cons of the system,
particularly in comparison with the essentially equivalent battery- tndtuctor
scheme. The maximum possible pulse energy densities of battery-coil systems
were estimated on the basis of the coils being Brooks Coils. The battery and
coil interact In determining the overall mass; the mass of the battery being
reduced by taking longer to charge the coil, but the mass of the coil being
Increased to obtain correspondingly long time constants. System mass is
dependent on the power available from the battery and this led to a detailed
investigation of the power density of lead-acid batteries.

The main conclusions from this part of the work are as follows.

(I) The low current of the pulse transformer Is probably a major
advantage as compared to the battery-inductor scheme.

(ii) The pulse transformer must have a degree of coupling, k, of at least
0.995 on account of opening switch limit~tions.

(Iii) To obtain an overall pulse energy density of 1 kJ/kg from the pulse
transformer system, liquid nitrogen cooled coils and batteries with
a power density of at least 1 kW/kg are necessary.
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(Iv) Existing lead-acid battery technology appears capable of extensi:n
to yield power densities of 1 kW/kg for I second. Power densities
to 2.5 cw/kg for 20 seconds appear feasible from specially
constructed lead-acid batteries.

Circuit analysis consisted of obtaining the primary and secondary
currents during discharge and charge by simple and rigorous methods with
physical interpretations. The charging analysis enabled two important
questions to be answered, viz. what is the optimum time for which to charge
the primary and what is the effect of the short circuited secondary. Since
the degree of coupling during discharge is a most important parameter, the
applicability of the simple flux models was examined.

The main conclusions from the above analyses are as follows.

(i) The optimum time to charge the primary is abcut one primary circuit
time constant.

(ii) The primary can be charged while the secondary is closed via the
rallgun with negligible effect on efficiency of charqing or on the
rallgun.

(IIi) The simple notion of mutual and leakage fluxes leads to correct
results in real coils, particularly those forms eventually
considered for the pulse transformer.

(iv) There is a simple and important relationship between self
inductances of coils and their degrees of coupling.

Transformer geometry was investigated next, from three viewpoints,
viz. time constant compared to that of a Brooks Coil, degree of coupling with
various forms of secondary, and the forces and masses of the windings. Three
forms of windings were studied; the solenoid, the "external field" torold and
the ordinary internal field toroid. In the discussion leading to time
constant evaluations, the battery mass was obtained in terms of the battery
resistance, the primary winding resistance and the power density of the
battery. Degree of coupling was estimated for thin sheet, identical layer,
bifilar and coaxial cable secondaries. Compressive forces were considered to
be particularly damaging and the possibility of reducing their effects by
magnetic force balancing was investigated.

The main conclusions in regard to transformer geometry are as
follows.

(I) The external field toroid with coaxial cable windings has the best
performance from each of the time constant, degree of coupling and
force viewpoints.
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I,

(Ii) Magnetic force balancing of the external field toroid reduces the
high compressive stress to the uniformly distributed and much lower
stress B /2p 0. The winding is much more complicated and degrades
the time constant and degree of coupling of the external field
toroid.

The final phase of the theoretical study of the pulse transformer
system was to bring the preceding work together in the form of design
equations and to use these equations in example designs. The example designs
ranged from 100 J to I GJ in stored energy and enabled the battery-pulse
transformer system to be assessed as a function of stored energy, conductor
stress, cooling and the power density of the batteries.

The main conclusions from the example designs are as follows.

(i) Using liquid nitrogen cooled windings and batteries with a power
density of 1 kW/kg, the pulse transformer system attains the target
overall pulse energy density of I kJ/kg only when the stored energy

exceeds 10 MJ.

(11) Using liquid nitrogen cooled windings, the conductor cross-section,
and hence the system mass, is determined by strength requirements at
energies greater than about 10 MJ.

(III) Batteries with a power density exceeding 1 kW/kg enable advantages
other than reduced mass to be realized. In particular, the number
of shots desired may mean that the benefit from more powerful
batteries is that less cooling Is needed,

(iv) In comparison with capacitor and homopolar generator systems, the
battery and pulse transformer system is comparable in terms of mass
with capacitor systems at energies below about 1 MJ and with
homopolar generator systems at higher energies. It has the
advantage of being multishot, particularly at energies below about
10 MJ/shot, and in comparison with capacitor systems, has the
disadvantage of requiring liquid nitrogen cooling.

11.2 Applicability to the battery-inductor schem e

Although the work In this Report has been directed at the battery
and pulse transformer scheme, it should be noted that much of it relates
directly to the battery and inductor scheme.

11.3 Further work

The exploratory work in this Report requires further experimental
support.
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For example, railguns with thin and wide rails might be compared to
determine current distribution effects. The composition of the plasma could
be varied to assess the gas pressure and electrostatic force contributions.

The practicability of high power density batteries, such as the
lead-acid battery design described in Ch. 4, needs confirming since a power
density of several kW/kg is one of the most important requirements for
obtaining a pulse energy density of at least 1 kJ/kg and in reducing the
cooling required for the windings.

Larger pulse transformers and higher energy tests (e.g. 100 kJ),
with faster and probably more elaborate fuses and with current shunts that
have a corresponding transient measurement ability, are necessary to properly
gauge the pulse transformer as a means of obtaining high current pulses.

Actual stress measurements using strain gauges are necessary to
determine the extent to which force balanced windings are effective,
particularly at low R/a values.

Finally, it yet remains to connect the pulse transformer to a
railgun.

On the theoretical side three areas of further work are suggested.

Firstly, the degree of coupling between various types of primaries
and secondaries needs to be calculated by more exact methods and presented in
the form of tables, graphs or simplified fitted equations.

Secondly, a new set of design equations and exploratory designs
could be based upon batteries with power densities of several kW/kg and
transformers with R/a values less than 5.

Thirdly, the extent of the problems due to the field of the external
field toroid, and the ways of minimizing them with a shield structure, needs
investigation. In this connection it should be noted that short solenoids of
gigantic proportions, which also have large external fields, have been
proposed as alternatives to hydroelectric storage by the University of
Wisconsin Engineering Experiment Station.
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PRINCIPAL SYMBOLS

Symbol Principal meaning

a Minor radius of toroid

B Magnetic flux density

c Velocity of light, dimension of Brooks Coil

d Conductor diameter

D Solenoid diameter

e Base of natural logarithms, induced e.m.f.

W E.m.f.

f Fraction of associated energy that becomes projectile
energy, or deflection of loaded wire.

H Magnetic intensity, height of rail, horizontal force

iI Current

k Degree of coupling, resistance ratio in phase plane
circuit

K Nagaoka factor for solenoid inductance, space factor.

I Length of winding, distance between support disks

L Inductance

M Mass of projectile, winding or battery; mutual

inductance.

n Number of time constants, number of railgun segment.

N Number of turns or conductors, total number of railgun
segments.

p Power density of battery.

P Permeance of flux path.

q Force per unit length.

R Resistance, major radius of toroid, geometric mean
distance.

5 Separation between rails, Laplace Transform operator.

T Time constant.

v Velocity of projectile.



V voltage, voltage drop.

w Density of conductor material.

W Energy, width of rails.

$ Magnetic flux.

p Density, resistivity.

a Conductivity, stress.

S'Po 0Magnetic permeability.

Note the unfortunate reproduction of script I throughout the text,

viz e.

For example, the natural logarithm appears as 'in'.

- , , i i i I I I I I.
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