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W and f are convenient functions of z. [W dz] becomes
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a Stieltjes measure and f(z), the Stieltjes integrand.

~

4 Trick: Choose W(z) to incorporats any poor behavior
O (singularities or zeros) into W leaving f(z) well

A behaved.
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Thus the Gaussian quadrature
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% Rs = (zy-zo)" 1.; wi n f(zi,n)
where:
n is the order of the apprdximation;

m is determined by W;
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Wi n is a Gaussian weighting coeiiicient
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determined by W;

IR
,

a
1]

-
A,

Z; o, is a Gaussian sample point determined
3

.
b

by W..

OA- >,
A

-

-
R

NG Mot

SN I e IR OB M D 0 0 0
N A LN S A AU O SR NG "i'.'.'»"'."'-"ﬁ-‘f'-'?'a"‘u’,'o OO NG :‘- !'4""'"&'!':‘ (2 "0..'[‘,:\!:"

A AN IO ]
LYy bate g L th gty g tgd
SR LN S LS NG A AT Y th!



SRR

For undersa*2r acoustics

e )
g e
SNV

W= (: Z)-]/z,

y -

NS

b}

- Factors cut branch point singularity a%t vertzax depth,

- 0000

> Therefore

1172 (24-20)20%1 [(20):22(pp)
o Mp = 4n+1 [(4n)!]e ek

M t Yogn - R - - .
A SO TR OO DO N M2 O On0) On O o O O YOO M0 SO0 '
Pt '.q".t"v-".:\wo".-"."l.s'*.-'“ N ! ‘.-.\ Y !'\.\" Wt \".w‘\.o'l..v“.0'\.4'0.,;'\..:",:'! X ..‘!‘.:" "t.:‘l.a :‘? K -’l.,:‘l :.l.:‘..‘

[0 ...""

t )"
R AN

‘ ' N
'!‘!'!. '!‘s 'n‘!N .“a.?‘p'th"‘

..........



7 1/2 (zy-25)2n+1 [(2n)!13
= = (2n)
n 4l faniz T

Zg < gf_ Zy.

This expression has several deficiencies;
*  Usually impractical to evaluate f(2n)

- f00) for 5 < 2n may be discontinuous.

* C(z) is often known only in tabular form.




n _111/2 (zy-25)20t1 [ (2n)! 13
n - 4n+1 [(4n)!]2

r

Analytic (hypothetical) C(z):”

« Rapid convergence with increasing n.
* Only limited by round-off error.
* Thumb rule for maximum effective n:

Nmax ~ ('number of signifcant figures")/2

* E. R. Floyd, J. Acou5u.. Soc. Am. 49, 1580-1590
(1971)
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=.,,]/2 (zy-2)20%1 [(2n)!13 (2n)
n 4n+ [(4n):]2

3

ZO_E gf_ Zy.

Cbserved (nonanalytic) Cl(z):"

» (C(z) tabled at discrete depths.

* Cubic spline fit —= d3C/dz3 discontinuous.
Nevertheless still rapidly convergent over an
assembly of 116 observed C(z)'s. MOE --- n
reduced by a factor of 0.763 for each additional
sample point par Riemann sheet.

* Thumb rule for maximum effec.ive n:

Nmax > "number of significant figures".

*

E. R. Floyd and J. D. Pugh, J. Acoust. Soc. Am.
61, 682-687 (1977).




Present Status:

. Even fcr analytic functions, quadrature
errors are difficult to estimate because
higher order derivitives are generally

complicated.

. While we have convergence rates for an
aséembly of observed profiles, the
discontinuity of higher order derivatives
confounds our estimate of convergence for a

particular observed profile.

+ Desire an estimate expressed in terms of the

first derivative of the Stieltjes integrand.
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