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40 1 me contractors he"e Concentrated their efforts on the design of approximation techiniques
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nt wort of borovyyk-o-atzur-Scniuss, i Picara has rigoously proved in 19] that one can
aigi approximate filters whiose difference with trie optimal filter is of arbitrary order in C.
Recently. , iciero 1t01 no improved his result in tre same that he does riot assume anrymore
TtW the initial la of xOhas a amnity The new mnathiematical tool Iii mane this improvement
possible is the stoChastic calculus of variations, which is a Drench ut the SO-Called 'Maliavin
calculus' Or the otw Wid, A Bengouissaii (2] rha glivn a purely analytic proof of the first
vqrswo of Pierf results, thus avoiing wylere delicate technical toots from the theory of
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b - Paula Mitheiro ( student i E Pardeux) is mak ing wime numerical tests on the Picard
filters-
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where NO~} and NUO} are standard Wiener processes, {Xt } and {Yt } are supposed for

simplicity to be one dimensional, {Xt ) being unobserved and (Yt } observed.

We assume that we can partition R into a finite union of disjoint intervals (I 1. In) in
such a way that on each of the It's b and h are linear, and a is constant, We can naturally
associate to the above nonlinear filtering problem n linear filtering problems Suppose we start
the Kalman filter corresponding to the i-th linear filtering problem with the nongaussian initial
low which Is the restriction to I of the law of Xo. During a "small" interval of time h, most of
the "mass" stays in 11, so that we make a small error by running the linear filter. The n- I other
Kalman filters are working similarly in parallel. At time h, the output of the n linear filters are
summed up, and the sum is split according to the partition { II , . . . ) I , which gives the

initial laws for the n Kalman filters which run in parallel on the interval [h, 2hI, etc...

C. Savona (student of E. Pardux) has proved in her thesis [11] (see also (8] ) that the
output of this procedure convergnces to the optimal filter as h -*0. More recently, she has
tested numerically this procedure. The first results are deceiving on some of the examples, in
the sense that it seems necessary to choose h very small, for the result to be reasonably good.
This point will be checked again in the near future.

3 - Numerical solution of ZakaT's esuation.

F. Le Gland [6] has studied in great detail the problem of the time-discretization of
Zakai's equation. He suggests in particular a new scheme, whose error is of the order of (at) 3/2

if at is the time-discretization step. An original probabilistic interpretation of the latter
scheme is provided.

4 - Piameter istimation for oartially observed stochastic orocesses.

Fabian Campillo and Frangois Le Gland [5] have compared the EM algorithm (proposed in
the context of partially observed stochastic processes by Dembo and Zeitouni) with the standard
maximum likelihood approach, which consists in maximizing the integral over the whole space
of Zakais equation. The EM algorithm seems at first sight to be more efficient, but requires a
great deal of memory, since it uses a smoothing algorithm (vs. filtering). Also the number of
iterations required has to be checked In practice. A numerical comparison will be done in the
near future.

S-Dvn c /awe ers.

Nonlinear filtering, which is a stochastic theory, has a deterministic counterpart, which
is the theory of "dynamic" observers. The object of this theory Is to give a way of reconstructing
the solution of a given differential equation with unknown Initial condition, from partial
observations. There are obvious connections between the theory of filtering, and the theory of
observers. One of the Issues of the latter Is the question of observability, which is also an
Important practical issue in filtering.
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A. Bemussen, J. Bares and M. James [41 have shown that a dynamic observer can be
viewed as the limit of stochastic filters, when the intensity of the noises tends to zero. A.
Bensoussenand J. Bares [ 3] have also studied observers for systems governed by PDEs.

II) - TRANSFER FROM FRANCE TO THE U.S..

A. Bensoussan has given a series of "distinguished lectures" at the Systems Research
Center of the University of Maryland in November of 1986, on nonlinear filtering and stochastic
control with partial observation.

E. Pardoux has given in March 1987 a series of lectures In the same framework, on the
applications of the rialliavin Calculus, in particular to nonlinear filtering. The Mallfavin
Calculus Isa nPw branch of stochastic analysis, which has been developped essentially in France,
the U.S. and Japan, by theoretical probabilists. This new too has proved to have important
applications in filtering, and its popularization among applied probabilists is now an Important
task.
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UN ALGORITHME DE RESOLUTION APPROCHEE
POUR LE FILTRAGE LINEAIRE PAR MORCEAUX

Catherine SAVONA

INRIA
Rtoute des Lucioles

06565 V'abonne (France)

Introduction

On propose uric netbode de resolution appro6hee pour la classe des probleirnes de fil-
trage "iiaires par morceaux": le signal (X,}, *c, est solution d'une equation diff~rentielle
stochastique dont les coefficients de dlirive et de diffusion sont respectivernent liticaire piar
morceaux et constant par rnorceaux non digirnr ; on observe tin 1prcessus ti ~ e )a

for me

I jIh(X.)ds , Bt, t -0

avec h continue iineaire par morceaux, {Bf t ., rouvernent browriien ind~peridant du
signal et on cherche i caracte6riser la loi conditionnelle du signal Xi- sachant la tribu des
observations jusqu'i l'instant T pour tout T ,0 (Ic "filtre").

Pour on problime de filtrage lincaire avec condition initiale gaussienne, la loi con-
ditionnelle du signal sachant les observations est uric gaussienne dont Ia6 moycnne et ]a
variance sont solutions respectivement d'une iquation diffirentielle stochastique et d'une
iquation diffirentielle ordinaire de type Riccati, construites sur l'observation (filtre de
Kalman-Bucy). En revanche on ne sait en g~n~ra) pas, pour un probli~me dc fltrage non
liniaire quelconque, rnettre en ividence on ensemble fini de statistiqoes suffisantes, solu-
tions d'on syst~rne r~cursif de dimension finie constToit 3ur l'observation, permettant de
calculer le filtre (si c'est le cas, on dit que le problime de filtrage est de dimension finie); Ia
r~solution directe d'un problime de filtrage non lin~aire conduit donc sauf cas particuliers
& on algorithme dle dimension infinie. Benel-Karatzas 6todient par exerple dans 2 lc
probieme de filtrage linhaire par morceaux dans le cas d'un rignal de dimension 1 dont les
coefficients de d~rive et de diffusion sont de plus respecrtivement cortinu et constant. Uls
obtiennent, en utilisant des techiniques classiqu-s de construction de la solution fondamen-
tale d'une iquation aux d~rivies partielles de type parabc'Iique, one repr~sentation de Ia

densiti condlitionnelle & partir d'un nomrbre fini de statistiques suffisantes: one partie de
ces statistiques eat solution d'un systkme r~cursif de dimension finie mais I'aotre e'-t solu-
tion d'un syat~rme d'iquations intigrales (ces deux parties Correspondent respectivement
aux intervalles cle liniariti et & I& prise en comnpte des points anguleux des coefficients).



Dans 171, on a mis en ividence une suite de filtres sous-optirnaux pour le probkme de
filtrage Iiniaire par morceaux, obtenus en discr~tisant le temnps et en exploitant le caractre
lin~aire par morceaux des coefficients, et on a Rtabli Ia convergence de ces filtres vers le filtre
optimal. On va exploiter ici ce risultat de convergence et montrer comment le probleme
de nitrage liniaire par morceaux peut itre risolu de fa~ou approchee par le calcul d'une
batterie de filtres liniaires avoc: condition initiale non gaussienne; ceux-ci sont calculis i
]'aide de ILlagorithme proposi par Makowski dans 161.

Enfin, signs.Ions que Di Masi-Runggaldier Atudient en 31, 141 le probl~rne de filtrage
linkaire par morceaux en temp. discret. Dans 14] is proposent un filtre de dimension finie
qui lI-approche" en cc sons que los moments conditicnnels pour le prob1 -me lin~aire par
inorceaux et pour ce filtre de dimension finie convergent vers )a m~rne limite lorsque les
variances dle [& loi initiale et du bruit du signal tendent vers 0. Dans 31, ils traitent le cas
particulier o 1 les coefficients du signal sont constants par morceaux; la Ioi conditionnelle
ect alors combinaison linhaire de K gaussiennes: Is. moycnne, la variance de ces gaussiennes
et leur nombre K sont fonction des coefficients du signal, les coefficients de la cornbinaison
liniaire se calculent de fa~on r~cursive.

Dans §1 on donne Ia formulation du problime de filtrage lin~aire par morceaux, des
problimes de filtrage approch~s et on rappelle le r6sultat de convergence 6tabli en 7
puis on dtudie en §2 un algorithrne de r~solution approch~e pour cc probl~me. Les courbes
repr~sentant Ia densite conditionnelle pour un exernple num~rique sont donn~es en annexe.

Notations. On note C5(lRd) I'ensemble des fonctions continues born~es sur IR d ,on fixe
un temps terminal T' et on note C' l'ensemble des fonctions continues d~flnies sur 10, Ti
Avaleurs dana lRd, Cd l'ensemble des 616ments de Cd qui sont de plus nuls en 0; 'si X

Oct ufl processus al~atoire d~fini sur Cd muni de sa tribu borilienne, on convient de noter
(.TX)t sa fitration naturelle.

1. Formulation du probl~me de filtrage et de ses approximations

Soit (PI, 1 < k < K) une partition finie de lRd oja lee Pk, kc = 1_,.. , K sont des
polyidres. Soit b et ht deux applications de &d respectivement dlans IRd, 11q, affines sur
chacun des poly~dres do Ia partition {Pk, I < k <C K}, h 6tant de plus supposdc continue.
Soit U1,- .- ,K K matrices d x d non diginir~es et a I& fonction prenant Ia valeur Ck sur
Pk. Enfin, on d~signe par b, (resp. hk) ]a fonction affine do RdP dane IRd (resp. dans lRq)
qui coincide avec b (resp. h) cur P,,.

Soit nf= Cd d'616ment g~n~rique w, {Xt, t E 10, TI) le processuc canonique sur fl et
iro une loi de probabilit6 sur lRd absolument continue par rapport A la mesure do Lebesgue
de densiti po admettant des moments exponentiels do tous ordres. D'apr~s Krylov 51, le
problime de martingales associ6 & l'~quation diffdrcntielle stochastique

dX, = b(Xt)dt + a(Xt)dWt, t E !0,2 (1)

admet une solution; Ia fonction or Atant do plus non d~gdn&r' 'e et constante par morceaux
sur une famillo finie do polyidres do Rd, on a unicit6 en loi des solutions do (1) d'apr6c
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I Bass-Pardoux Ill On peut done corsidbrer IP, unique solution sur ([I, I') du probIlxne de
4 martingales associ6 1 (1) telle que, sous F, iro est la Ioi du vecteur aI~atoire X0. L'esp~rance

par rapport a IP eat nothe JE et pour s E I, T], x E Rd, E., d~signe I'esp~rance par
rapport AL I& loi du processus solution de (1) avec la condition X. = X.

Le probl~me de filtrage lin~aire pax morceaux P est le probl~me de filtrage avec un
signal {Xt, tE 10, TI) continu & valeurs dans IRd de loi ]P et un processus observi

Yt = jh(X.)ds + Bt, t E 10, T)

avc{Bt, t E [0, TI} mouvetnent brownien ind6pendant du signal. Rappelons comment
ce problime est construit par la nidthode de la probabilit6 de r~f~rence. Soit (X, Y) le
processus canonique sur Cd X C" inuni de la loi de probabilit6 iP = IF' & -W, W 6tant la
mesure de Wiener Sur Co' (1P est la probabilit6 de r~f~rence). Sur Cd X C09 on d~finit le
processus

Z(wy)= exp It(w, Y) - f I h(X (,))12 ds} t E 1,TJ

oji pour tout w E nl, It(,- est VA indistingable de i'int~grale stochasti que h~ (X. (w))d Y..

Les hypoth~ses faites sur b, a et h assurent que {Zt}t est une (7x'Y, IP) martingale. Soit
maintenant i?- la loi de probabilit6 sur Cd x Cq d~finie par

diP 
T

-I -ZT.
I yX

Risoudre le probl~rne P consiste & calculer pour tout t E 10,T] rt, loi de probabilit6
conditionnelle r6guli~re de Xt sachant Fy~1 sous IfP, appel~e "filtre" ou "filtre norrnalis6"
i I'instant t. Pour tout 616ment y de C~q, introduisons la fonction hL valeurs mesures

fu'',t E 10, TI} d~fini par

Vt eJOJ V4e C(IRd) (UPi,y)- =IE[4,(Xt)zjy

D'apr~s la formule de Kallianpur-Striebel, pour tout 4,dans Cb(IRd), on a les 6galit~s W4
P.S.

(r f, _IO4(Xt)Zt I It ___

Le processus {jL t , t E [,T]} est appeI6 le filtre non normalis6 (solution de N'quation de
ZakaY) et la formule de Kallianpur-Striebel exprixne que la donn~e du filtre non normalis6
permet de caractiriser le filtre rT. On introduit 6galexnent le processus 5Yt' adapt6 i valeurs
mesures q(t,dz,s,z), 0 < s :5 t < T, x E IRd qui, pour une valeur y de ]'observation est
M~ini par

V4, E C,(IRd) J 4(z)q(t, dz, s, z) = E,.z[4(Xt) Zt M)].

3
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Le processus q(t, dz, 0, x) est I& solution fondamentale de 1P6:uation de ZakaT pour Pet on

VO= E t Oz)Jq(t, dz,O, x))po()d}

Construisons maintenant la faxnille {P')},, des probl~mes de filtrage approch~s. Pour
cela on se donne une suite {72!},, de subdivisions de (0, 2'[ tn = 0 < tn < ... < tn = T; on

pose pour n E IN, s E [0, TI

17 1= max{1tn+ -t7 1, j = 0, 1,-., n -I

3 - ' n (s)

et on suppose que Tfr I --+ 0 quand n -~ oo. Pour taut n, on d~signe par bn (resp. orn, hn)

la fonctionnelle sur 10, T] x fl d~finie par

K

k= 1
K

hn(S,W)= :1P ,gn)h((S,
k=1

K

o~~(s~~w) = i ((I))Ck.
k=1

On a existence et unicit6 trajectorielle des solutions du probl~me de martingales associ6 i
l'6quation diffdrentielle stochastique

et on d~signe par 1p'n l'unique loi de probabilit6 sur (0l, 1') solution de ce probl~ne avec
la loi initiale ir0. On note E' l'esp~rance par rapport P et IE, s E [0, T), x EId
l'esp~rance par rapport i la loi du processus solution de (2n) avec la condition X. = X.
On prend pour problme de filtrage pn le probl~me avec un signal {Xt, t E [0, T]) continu
i valeurs dans Rd de loi Ipn et un processus observ6 de ]a formn

Y= jo h'(s, X)ds + t t E [0,T]

{vc B", t E 10,T]) mouvernent brownien ind~pendant du signal. Toujours d'apr~s la
forrnule de Kallianpur-Striebel, le filtre normalisi r, & l'instant T pour le problime P'
est caractiris6 pax la donn~e du filtre non norrnalisi {j'", v E Cq} donn6 par

V4ECb(IR) (1AP',y'0) lE(0X=Zny]

4
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Z(wy)= exp{4(w lIY) 2 j fh(s,w) ds~

oii pour tout w E f, It"(w, -) eat W in d stingable de l'int~grale stoc has t ique f, h' (s, X) d Y,
Enfin, on introduit comme ci-dessus les proceasus i valeurs mesures q' (t, dz, 6, X), 0-
t < T, X E IRd qui pour une valeur y, de l'observation sont d~finis par

V-0 E Cb (Rd) JO(z)q'(t,dz,s,x) = En [0(X±)Zn'Mi)l.

Pour n fixi, le problime pn eat tout comme le problime initial P un probilme de fil-
trage non lintaire; il n'est pas non plus de dimension finie mais il poss~de une proprieti
intiressante: pour tout z dana IRd, pour tout J = 0, 1. .,n - 1, pn est conditionnellement
liniaire sachant Xv. = z sur l'intervalle It!, t7+ 1. D'autre part, or. a ktabli dlans '7 la

convergence Atroite de la suite f~p-YI vers A,4v uniformiment sur les parties compactes
dec'. Dans ce qui suit, on va utiliser cette proprikti des flet le rdsultat de convergence

pour calculer une approximation de la solution du probl~me P. On note d~sormais Aut(dz),

At (dz) pour At"', At

2. Pr~sentation d'un algorithine de resolution approch6e pour P

On suppose pour simplifier les notations que {T,!') est la suite de subdivisions r6gu-
hires de 10, TI de Pas bn = T/n. Pour k~ =1K, on introduit 1'6quation diff6rentielle
stochastique

dXt = bk(Xt)dt + Ckd Wt, t E [0, TI. (3k)

Pour tout x dlans 111d, s dlans [0,T], on disigne par IEk,8,, l'esp~rance par rapport i la Ioi
du processus solution de (3k) avec la condition X, = x et on d~finit pour une valeur fix~e
y de l'observation les processus i valeurs mesures qk (t, dz,.s, x), 0 < s < t < T par

VO E Cb(IRd) J40(z)qkc(t,dz,s,x) = lksz0X)kt(,)

avec

Z(t(-y)= exp{Ik,t (w, Y) - k ~ (X. ()) )Ids} (y) E 0d

oii pour tout w E fl, Ik,t (w, .) est V4 indistingable de l'int~gralc stoch astique f~f h, (X,) dY..
On fixe nE N et onnote 6pour b,; on aalors, pour j =0, 1_. .. ,n - I

~sul)6 dz)= q' ((j + 1) 6, dz, jb,x)A" (dx)

K

= qk ((j + I)b, dz, jb,x)y' (dx)

k Sfp



ce qui nous permet de calculer par recurrence uric appruoiiiatim, 1 7 a: i .
en proc~dant de I& fa.;on suivunte- On pose QI(i,dz) - pc, zdz bupp'osoii w0 uiei

)'approximation Q(.i6, dz) de Aj, (dz) Alors A, jdz) b'approchc par

K

QU-1)6,dz) = Y- 9.(xiQ()d

Lamresure Q(6, d.-) eant supposeeconnue, Iccakcu ((t ) j - i, d:ls irreto
des quantites

Or .
4
w,((3 1)6. dz) s'interprete cornne le filtre non nbormalise a

le problime de filtrage vk deduit de P en rernplaqau 6. c,. h par b,. (7. h_. il%- id
initiale I p, Q(j6. dz) i I'instant 16, r'est-i-dire comnie un filtrt hiwitic a~e
initiale non gaussienne que IVon sait implkrnrter. En effet, Makowsk: a {rntent!:r~*

le r~sultai suivant: la Ioi conditionnelle a on instan tf dofin pour -,;r. (3Ke ,d -g

Iin~aire avec on signal de Ioi initiale Q, (dz) n~on gaussierine peut se (C .-. if. erf, I-ar
par rapport it Qo(dz) on novau qul &pend des sorties a liuistentIt d ur, Cvsierrw
de dintension finie aoxiiiaire construit a partir des cocecwmn tl (if f;I~f !,-Iag
dans lequel Ia Ioi initiale Qc, (dz) n'intervient pas5 Oil arppeie- 4, it- % 'rue a:: xII. are

airisi assoce au problenie de filtrage linraire P, pour k ]. K

Detaillons la procedure dlans le cas ou6 le signal , , est on moo yenen w', rfe&-

avec uric loi initiale F(dz) centr~e de derisit p, et ie processus observe de :a

- J X. ds - fit

avec Bt It mouvement brovwnrien r~el in ~pvtodasa du signal. lntrm-luisons le prolenruie
filtrage P -(resp. P -)avec un signal {X,}, brownien re~el et un processus obser'. e de !a
formne

jX~ds -Bt (resp. JX,ds tBf)

On note A -(b, dz) (resp. A-(6, dz)) le filtre non norinalise6 a l'instant 6 pour le probleme
P' (resp. P-) avec It Ioi initiale de densiti 1j,,.(x)pdjx)dx (resp. IIR (x)p,(.r)dx). on
approche Uj (dz) par

Q (Z,dz) = A'(b, dz) - A -(b, dz)

puis on r~itire la procidure ci-dessus entre I'instant 6 et l'instant 26 avec F(dz) -- Q(b, d:r)
cornme nouvelle loi initiale et ainsi de suite jusqu'L lnstant final T; I& mesure Q(j6,d:}
6tant I'approximation de si,s (dz) ainsi calcul~e, u(,+,I)6 (dz) s'approche par

Q(j+ 1)6,dz) A ( + 1)6~dz) + A- ((j +1 )6,dz)

6
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-I)A i. ).ds) (resp_ A -((I+ I) i,dz)) est le filItre non normal is6 P linstant ( )6
;.ouT le problerne P fresp. ~')avec )a loi initiale a ]'instant jb

F,- dz) ]g*(z)Q(jb, dz) (reap. F., (dz) = IR- z)Q(jb, dz))

et ies resultats, dt Makowski 16 fournissent Is -valeur en tout point de IR des densitks de
es ftitres Plis prtcisenent, soit ~ ~~les solutions des 6quations diff~rentielles

(R(t) )dY -~ (dt)

HXt etarit solutions des equations diff~rrentielles ordinaires de type Riccati

d Pt) 1- PC3) 0.

deR(t)), R() 0

~rI~t~.I~2n U par

J I R? ) <ds,

ou clarts IR, la densit de A ((j I)6 dz) au point r s'6crit

r z R(j )o)z)

;'If 152

Z; Ib Z2(4)

..n pratique. les g~ r) sont calculis sur une grille si mntrique par rapport au point 0 et les
airuls d'integrales se font par lin~arisation des int~grands sur la grille. Entre deux instants

Ice discretisation, Valgorithrne W'est pas difficile it irnpl~menter: il suffit de faire courir les
'-Ysterries auxiliaires SA&, k 2- ,_., K qui sont r~cursifs de dimension iinle (ce qui prend
peu de termps et de place); en revranche, a chaque instant imultiple de 6, il faut calculer

es %-aleurs de Is nouvelle densith en chaque point de ]a grille, donc un tr~s grand nornbre
4'integrales, ce qui rend l'algorithme tr~s lourd, d~j~i danis l'exemple ci-dessus paurtant le
plus simple possible.

On a trait46 cet exernple, avec une loi initiale F(dz) gaussienne centr~e de - -ance vo
et un bruit d'observation de variance vt, sur ordinateur Multics. On a obtenuij cs temps
de calcul suivants pour Ia densith conditionnelle a 1'instant T =I correspondant une
s;imulation du signal et du processus observ6:

7



(1) 2 minutes 46 sec. pour un pas de discretisation 1 0.1. les integralts et4nt 1,w-
sur une grille de maille 0.1 entre ]as points -6 et 6;
(2) 20 minutes 27 sec. pour 6 = 0.01 avec la mimne grille;
(3) 155 minutes 38 sec. pour 6 =0.005 avec une grille deux fois plus Fine
En comparant les filtres obtenus clans ces 3 cas, il apparait que les re-Rultat- (4u cas
sont parfois assez mauvais. 11 faut donc compter en fait un minimum dune
de minutes de temps de calcul (pour chaque trajectoire observee) pour avoir un eu4'
fiable, et il est tr~s net que ce temps de calcul augmente considerablemnent avec :d in-S

du pas de discritisation et de I& maille de Ia grille d'integration. On v,,it donfc bierl . i
pour utiliser cet algorithine en dimension plus grande que 1, il faudrait dans un p e
temps proposer des m~thodes d'approxirnation pour le calcul des integrales dle t.% pe 4,
Toujours sur cet exemple, on a pu rcmarquer un cornportement du filtre auque& onP1%;rs'attendre intuitivement: au cours du temps, les densites conditionnelles, qui (erI-ire
sym~triques par rapport i 0, restent unirnodales dans certains cas et conlpor-'en: d(c-X pj
lorsque le signal s'est suffisaminent iloign6 de 0. On a 6galernent fait va, icr "a '. d.d%(
du bruit d'observation et constati que l'apparition de deux pics e- plus fr,',C1Ier-:
cette variance est petite.
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Abstract

In 111, the EM algorithm has been investigated in the context of partially observed
continuous-time stochastic processes.

The purpose of this paper is to compare this approach with the direct maximization of
the likelihood ratio, in the particular case of diffusion processes. This yields to a comparison
of nonlinear smoothing and nonlinear filtering for the computation of a certain class of
conditional expectations, relevant to the problem of estimation (Section 3). In particular, this
explidns why smoothing is indeed necessary for the EM algorithm approach to be efficient.

1 Introduction: the EM algorithm

The EM algorithm is an iterative method for maximizing a likelihood ratio, in a situation of
partial observation 121. Indeed, let (Ps ; G E 9) be a family of mutually absolutely continuous
probabilities on a space (fl, 7), and let y c I be the u-algebra representing all the available
information. Then, the log-likelihood ratio can be defined as:

L (0) _! logsE. ( -, IY

where a is fixed in 8, and the MLE (maximum likelihood estimate) as:

E arg max L(9)
#E e

The EM algorithm is based on the following direct application of Jensen's inequality:

L(8) - L(#') = logE,, ( I Y E, (log'p- I Y) = Q(8,9') (I)

which gives, for each value 9' of the parameter, a minoration of the log-likelihood function
0 - L(9) by means of an auxiliary function 9 - L(8') + Q(8, 8'), with equality at 9 = #'.

The way the EM algorithm works is described by the flow chart riven in Fig. 2, whereas
Fig. I shows a sample few steps of the algorithm.



Figure 1: A sample iteration of the algorithm
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An interesting feature of the algorithm is that it generates a maximizing sequence {9, ; p =
0, 1,.-. in the ense that: L(ip+1 ) : L(ap). Some general convergence results about the
sequences L(p) ; p = O, 1,.. } or {?p ; p = O, 1,.- .} are proved in [101, under mild regularity

assumptions on L(.) and Q(,.).

For this algorithm to be interesting from a computational point of view, the following two
features should be found:

(E) computing the auxiliary function Q(., 0') should not be much more complicated than com-
puting the original log-likelihood ratio L(.),

(M) maximizing the auxiliary function Q(., O') should be quite simpler than maximizing the
original log-likelihood ratio L(.).

The latter will occur if Q(9, 9') - as could be expected from the definition (1) - can be
explicitely computed by means of a (generally infinite-dimensional) density depending only on
0', acting on various simple functions depending on both 9 and 9'. If this is the case, computing
Q(6, ') or the gradient V1 °Q(9,0') with respect to 0, for different values of the parameter 9 (o'

being fixed), will not involve the computation of any other infinite-dimensional object.

To prove the existence of smooth enough - in the a.s. sense - versions of 9 -. L(O) and
(9, Vt) - Q(0, 0'), as well as to get the expression of the corresponding derivatives, one can rely

on the following extension of Kolmogorov's lemma, and the next remark:

Proposition 1.i [9, Lemma 1]

Let (fn, 7r, P) be a probability space and (A(e) ; 0 e), with e c RP, such that:

0 - A(O) is of class Ck,a (i.e. k-times continuously differentiable with its k-th
derivative Holder-continuous of order 0 : a <_ 1) from e to LY(fl, 7', P)

Then there ezists a random function (0, w) - A(O,w) such that:

" Vw E f; 0 - A(0,w) is of class Cy provided j + < k+ a
r

" VO E e A(8, .) is 7-measurable, and the a.s. derivatives of A4(, .) (up to order j) are a.s.
equal to the corresponding L-derivatives of A(0)

Remark: Let Y C I be a sub a-algebra. To prove the existence of an a.s. smooth version of
S-. B(O) with B(O) - E(A(O) I Y), it is enough to check that & -. A(O) satisfies the assumptions

of the previous Proposition. Moreover the a.s. derivatives of (the smooth version of) B(O) will
be a.s. equal to the conditional expectations with respect to Y of the corresponding derivatives
of (the smooth version of) A(O).

The EM algorithm has been applied in the context of continuous-time stochastic processes
in (11 where, in the case of diffusion processes (1, Section 31, the general expression of Q(0,0')
has been derived [1, (3.4)] and said to involve a nonlinear smoothing problem. The authors have
also considered some particular cases in order to get more tractable results, as well as other
situations including finite-state Markov processess and linear systems I1, Sections 4-51.

The purpose of this paper is to get back to the general problem for diffusion processes and
address the following three points:
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f clarify the expression [1, (3.4)1 giving Q(P, #') in terms of a nonlinear smoothing problem,

•get an equivalent expression for Q(0, 0') and its gradient V°(, ),in terms of a nonlinear

filtering problem (it will turn out that smoothing is indeed necessary for the point [Ml
introduced above to be satisfied, although filtering is enough to compute Q(9, 8 ') for a
given value of (0,

* get similar expressions for the original log-likelihood ratio L(P) and its gradient VL(O).

This will allow to compare, from a computational point of view, the two possible approaches
for maximum likelihood estimation:

o direct maximization of the likelihood ratio,

* the EM algorithm.

Finally, it should be mentionned that the scope of this paper is limited to "exact" formulas,
in terms of stochastic PDE's (or their discretized approximations).

2 Statistical framework

In this section, expressions for the log-likelihood ratio L(.) and the auxiliary function Q(.,.) will
be derived in the following context (see [1, Section 3[).

Hypotheses:

Let 0 E 8 C R P denote the unknown parameter. Assume:

o (pg(.) ; 9 E E)) are mutually absolutely continuous densities on Rm ,

* be(-) is a measurable and bounded function from R' to R" ,

* 0(-) is a continuous and bounded function on R"' such that a(.) 1 ()a'(.) is a uniformly

strictly elliptic mxm matrix, i.e. a(.) > al, and j..a"(')is a

function frorn RI to R', for: j = m,...,

o he(.) is a measurable and bounded function from R' to Rd.

Additional hypotheses concerning the regularity with respect to the parameter 0 will be

needed later on.

Suppose then that a family (P, ; 0 E G) of probabilities is given at, a space (l, Y), together
with a pair of stochastic processes (X, ; 0 < t _< T) and (Y 0 < t _ T) taking values in Rm

and Rd respectively, such that under PO:

dX, = be(X,) di + a(X,) dWt XG ~ p*.

dY, = h,(X,) dt + dW

4
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where (W* ; 0 _ 1 !S T) and (W-1 ; 0 S t < T) are independent Wiener processes, and the
initial condition X 0 is a r.v. independent of both. Then (Po ; 9 E O) are mutually absolutely
continuous probabilities on (fl, 7) with:

As, A dPo
dPs,

p' (X ) T r _= X p {j(a (X.)(b,(X,) - b*,(X.)))'o(X,) dW.'

2f (b,(X.) - b,,(X,))'a-1 (X.)(b,(X.) - b,,(X,)) ds} (2)

exp, fh( X)- ho(X.))*dY, - f j (h; (X.)he (X,) - h; (X,)h, (X.)) ds}
2

Consider also the probability ps defined by:

-= exp h;(X.) dY - - h;(X.)h(X.) d.
dpl f, 2

so that, under Pg:

dX, = b,(Xj) dt + o(X,) dWt' X0 ~p()

and (Y ; 0 _5 t < T) is a Wiener processes independent of (W' ; 0 < t :5 T), and the r.v. Xo is
again independent of both. As#, can then be decomposed as:

A s = U e w it h : U , = d p
L," dP,

It is assumed that only (Yt ; 0 :< t < T) is observed, and let (Yt ; 0 < t < T) denote the
associated filtration. Then the likelihood ratio for the estimation of the parameter 9 can be
expressed as:

iEa P (4I YT ) (Z'Ue I YT)

where a is fixed in 9. By Bayes formula:

L (Z'U1. I YT) =:, (z' IY ) j, (Us,. I YT) =i (z' I YT)

since Us, is independent of YIT under P,.

This gives the following two expressions for the log-likelihood ratio L(.):

L(P) = log L, (z'u,. I YT) (3)

= logs (Z' I YT) (4)

5
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For the auxiliary function Q(-, .) defined by (1), one has immediately:

Q(0, 0') = E,, (log A,,, I Y) (5)

i, (z" logA,,.I YT) (6)

i,, (ZI YT)

(zu,.e log A,, I YT) (7)

Reimark: Formulas (4) and (6) will be used to compute the log-likelihood ratio and the auxiliary
function respectively by means of a nonlinear filtering problem, formula (5) directly allow to
compute the auxiliary function by means of a nonlinear smoothing problem, whereas formulas
(3) and (7) should be used to prove the existence of smooth versions and get the expression of
the corresponding derivatives.

Indeed, under additional regularity asumptions, it is easy to prove, using Proposition 1.1,
that both 9 - L(9) and 9 - Q(, 9') have a.s. differentiable versions, with gradients given by:

VL(8) - is (pIZ' I YT) = E, (p' I YT) (8)
E (ZI IYT)

V 1 0 Q(0,0') = Ea,(p 8 1 Y7) = ie' (psZ' I YT) (9)
s,' (Z' I Yr)

respectively, where (V denoting derivation with respect to the parameter 6):

* A VpC(Xo) + T(a-'X) Vbo(X))'(X.) dW.

(10)

+j T(Vh,(X,))" (d ,. - h,(X) ds)

Remark: One can check from (8) and (9) that:

V'°Q(e,O') J,=,,= VL(e')

as expected.

The next section will be devoted to give different ways, by means of SPDE mainly, to compute
the various quantities introduced so far: L(O), VL(O), Q(O, 0') and V'°Q(O, 0'). This will make
possible the numerical implementation of algorithms for the maximization of the likelihood ratio.

3 Smoothing vs. filtering for the computation of a certain class
of conditional expectations

For the sake of simplicity, any reference to the parameter 6 will be dropped throughout this
section. In particular, P will denote the probability under which:

dX, = b(X,) dt + a,(X,) dW, X PO()

dY, = h(Xt) dt + dW,

6
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where (W; 0 < t _ T) and (Wt ; 0 ' t < T) arc- independent Wiener pr,',esse. hereas inder
P:

dX, = b(X.,) dt + o(XI) dW, X0 - P(O)

and (Yt ; 0 < t < T) is a Wiener processes independent of (W , 0 < t , J') Define also the

process (Zt 0 < t < T) by:

Z, = exp {fh(X,) dv, - fh(X)h(.X ds}

The purpose of this section is to provide two different ways - oe based on nonlinear smooth-

ing, the other on nonlinear filtering - for the computation of the following cLss of conditional

expectations:

A=E ((X0)+ (X,)ds + j /"(X,) dY, -t Xj(X,)u(X,) d1V, ._T 11;

where fq, , ,/ and X are measurable and bounded functions from R" to R, R. R' and R"

respectively. It is readily seen that the computation of either VL(9), Q(O, 0') or 0 6',
involves such conditional expectations.

It is clear from the definition that A depends linearly on (,3, , ), (). It will turn 0u. that

nonlinear smoothing is the only way to make this dependence explicit, although nonlinear filter-
ing - which is simpler - is enough to just compute A. The following facts and notations ahoit

nonlinear filtering and smoothing equations are gathered here, and will Lie extensively used in

the sequel:

Notations:

Filtering

7t (Tesp. ut) will always denote the unnormalized (resp normalized) conditional density of
the r.v. Xt given Yit, i.e.:

( -,€ ECo(X,)y,

(Ut,,0) ="  (O(X,)Z, ," t.

where 0 is a test-function. By Bayes formula:

(-r,,€) - (u"¢4) (13)

(ut, 1)

The equation for (u, ; 0 < t < T) is Zaka]i equation 14]:

dut = "udt + hudY u0 = P0  (14)

where L* denotes the adjoint operator of the generator of the diffusion process (Xi 0 < t < T),

i.e.:

z: 1 x -" + z b(.

Smoothing (fixed-interval)

7
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3.1 Smoothing

This approach gives (see [1, (3.4)1):

A = E(O(Xo) ,r) + E( (X,) I Vr) ds + E(,7(X,) YT) dY,

• (23)
mT

-A ( f x 'CX .) aCX ,) d . r )

The mathematical meaning of the third term is not clear, since the int, grand is obviously
not adapted to the filtration (t . 0 < t < T) However:

" in discrete-time, the situation would be quite easy to understand,

" a rigorous meaning can be given indeed, in terms of the two-sided stochastic integral
introduced in 1, 7 : this will appear as a by-product of the next approach, based on
nonlinear filtering.

On the other hand, there is still no computable expression available for the last term. The
only situations where 'I gives such an explicit expression, can indeed be considered as particular
cases of the following

Lenua 3.1

Assume there ernsts a calar function F .- C (R-) such that:

= DF (24)

where D denotes the derivative with respect to the space variable. Then

E ( ' ¥,)l(X.,) dlV, -) = E(F(XT) :jr) - E(F(Xo) Vr)- E(F(X.) VT)ds

(25)

whose proof follows immediately from ltC6s lemma In the general case, a computable expression
will be obtained as a -onsequence of the approach based on nonlinear filtering, see (29) below.

With the i.qatii ns introduced at the beg:nning of this section, one has under assumption
.24)

fT € [r 
T

4 -(,.3) - fT (ir,..),ds ) ( dYr,1', - (iT, F) - (o, F) (ifF) d s  (26)

where the exact rmeaning of the stochastic integral is still not precised.

3,2 Filtering

)efine

3"(J , / , j jX)ds ,f(X.) dY, + (X)(,)(X,) M,

9
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q

so that, by Bayes formula:

A -S(PT  I YT) -- (PTZT I YT)
E (ZTIYT)

The idea is to find an equation for (wt ; 0 < t < T) defined by:
I ~ (,0) =E(O(X.)P,Z, I yo)

By t6's lemma:

d[0(X,)ptZ,] = ptZjC0(X,) dt + prZt(D0(Xt))'o(X,) dWt

+O(Xt)Zt (Xt) dt + O(Xt)Z,,7"(X,) dY + 0(X,)Ztx*(Xt),(X,) dW,

+4'(Xt)pth (Xt)Zt dYt + 4(Xt), (Xj)h(Xj)Zt dt + Zt(D P(Xt))*a(Xt)x(Xt) dt

Using known properties of conditional expectation given the observation under the reference

probability , and the definition (12), one gets:

(Wt, 4') = po, p,) + f(,., £,') ds + h(.,,,-,) dY

+ f(u,, ) ds + f(,,,) dY, + f(u.,,, 7"ho) da + j(u,, J(x) ) ds

where: J~x)' = ,'aD4'

The equation satisfied (at least in a weak sense) by (w, 0 < t < T) is therefore:

dwt = C'wt dt + h'wt dYt + (C + Yj"h)u dt + ri'ut dYt + J.(x)ut dt

(27)

w0 = ipo

With the notations introduced above, one has:

A- (w, 1) (28)

This expression is obviously simpler, and cheaper to compute, than the corresponding equation

(26) obtained by smoothing. Unfortunately, the linear dependence of (wT, 1) on (fl, C, q, X) is
not made explicit, which should be the case for the point [M] to be satisfied. Therefore, the
next step will be to make this dependence more explicit Basically, one will recover the solution

based on smoothing, so that there seems to be little gain overall. However, there will be some

benefit:

" the stochastic integral in (23) will be given a rigorous meaning,

" the last term in (23) will also be given a computable expression, whether or not assumption
(24) is satisfied.

10
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3.3 Back to smoothing

Because of linearity, the following decomposition holds (with obvious notations):

A = A(°() + A(')(C) + A(2)(,7) + A(3)(x)

For each term of the decomposition, there exists a representation such as (28), in terms of the
solution of a SPDE. These will be studied separately, using a "variation of constant" argument
involving the stochastic semi-groups introduced above.

Study of A(0)(/3)

(to?(,)1)
( UT, 1)

where: 0()
dwwO) = 'w) dt + h'w dY, o=po

This gives successively, using in particular (18):

W0) = uO[fpo]

(w.o), 4) = (uo ppo], 0) = (Ppo,' V 0 )

(w(O, 1) = (flpo, va) = (qo, 0)

Finally, using (22):
A(O)(P) _ (qo,$)(- ,1 (Wo,8)

(uT ,1
which is exactly the first term in (26).

* Study of A(')( )

(UT,)

where:
w ere:dw ' = . dt + h., dY, + Cu, dt = 0

This gives successively, using in particular (18):

(1) = fUIU.sWt f U,'Cu~lds

(W), p t(u:Iu, ,,) ds = fo'(Cu,V ) ds

(wI) 1) = T(u., v.) ds fo T(q., ) ds

Finally, using (22):

A(') (C) = uT, ) =o (3f., f) ds

11
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which is exactly the second term in (26).

Study of A( 1 x)

A (3)(X) 
w )

(UT,l)

where:

du4 31 = V'4 1 dt + h' 1 dY, + Jr(x)u, dt 0o

This gives successively, using again (18):

W ' U "'I(x)u,', ds

3) (U,[--(X)-,)ds

fo'(.7-(X u., V,'O) d f0'(u.1 (X) V ,' O!) d

(W 3) T . . 3 Xd

(w..1,1) fojT= (u.., J (x),v.) ,da

(u,, X aDv.) ds = (q., x a D) ds

v),

From the identity:

uJDu, (q., 1) r, D

one finally gets, using again (22):

A(3) (X)= -- (,, 7:aDo,) d((Ur,l) f IxO1r.hds

The link with the partial result of Lemma 3.1 is given by the following:

Lemma 3.2

Under assumption (24), expression (29) particularizes to:

AC3)(X) = (FT,F) - ,F)- (., F) ds

which is ezactly (25).

Proof:
Under (24):

(u,,X'aDv,) = (u,,(DF)*aDv.)

But:
£.(Fv.) = Flv. + v.eF + (DF)oDt.

12

J1T*



_ i-i I - "' = s - . . .

Therefore, using in particular (20):

(u.,x'aDv.) = (u.,(Fv,)) - (u., Ffv.) - (u. v.CF)

= (v,Vu, - u_,v., F) - (u,v,,, F)

= Fq, ) - (q., C F)

This gives successively, using (22) again:

(u,, °,'D..)ds = (qr,F) - (qo,F) - f(q.,ZF)a

A 3() (WT, F) - OF., F) - (YZF) da

Study of A(')(r7)

(ur,i)

where:
(2) = L .(2 (2 2) 0do= Vlw2) dt + h'w2 ) dY, + 7-u, dY, + 7'hu, dt wo0  : 0

The "variation of constant" argument which was used for the three previous terms, does not
hold here, at least in the continuous-time case. Consider instead the following partition of '0, T':

0 = to < tI < ... < tN = T, and the corresponding approximation to (w~2
, 0 < t < T):

= ( U2. ) b

b, Y 'ut, AY, + i7'hu,. At

This gives successsively, using again (18):

j(2) - tb

JJ=O.v-2 n-I-)€ Z(I,*b,,) (,,")

n-I n-I

N-I NI(4 i , v)t I " , ,,. )A Y . + : (,?'h u t,, , +
1=O J=0

Taking then the limit of both sides as the mesh of the partition goes to 0, gives:

(o(T2) 1) - T(. v,) dY. + oT(,'hu., v.) ds

13
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where the stochastic integral is to be understood as a two-sided stochastic integral [61,;71 Finally,
using again (22):

A( 2 )()=0(,) dY. +oT(T.,v7*h) dT

Remarks:

* Whether or not the first term can be further simplified should be investigated, but this
would definitely be out of the scope of this paper.

" As expected:

the last equality resulting from the definition of two-sided stochastic integrals.

3.4 Conclusion

Two methods have been proposed for the computation of conditional expectations such as (11)

" Filtering gives:

A (WT,)(UT, 1)

where (u, ; 0 < t < T) and (wt 0 < t < T) are solution to (14) and (27) respectively.

* Smoothing gives either:

(WT, 1) = (qo,.3)+ f(q,, c- fh) ds+ (qrl*)dY.+ (XaD ,u,)ds

A = (JTq, *l))+ TY, Yh) ds(+ +uT a D a , p,) ds
f. (uT,1 Jo Lr f ~7r,1

where: (q, - 0 < t < T), (7r, 0 < t < T) and ( 0 0 < t < T) are given by (13),
(14),(15),(16),(19).

The advantage of smoothing over filtering is that the dependence on (fl, , n, x) is made

explicit: provided the underlying probability does not change, evaluating A for a different set
of data (3, , v, X) will not require the computation of a new infinite-dimensional object. In the
filtering approach, one would have to solve another SPDE, with a diffeent "right-hand side".

On the other hand, from the computational point of view, solving equation for the smoothing
density requires the storage of the filtering density, and is therefore more expensive.

The next two sections will be devoted to the application of these two approaches to the
computation of quantities related to the direct likelihood maximization, and to the EM algorithm
respectively.
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4 Direct maximization of the likelihood ratio

According to (4) and (12), the log-likelihood ratio L(O) is given by any of the following expres-
sions: T -T

L(8) log(uO7, 1) (r ,h;) d Y, - - ](r, h;)~ ho) ds

with (see (14)):
du = C;ufdt +h;uo dY, (30

and:

According to (8) and (10), VL(O) belongs to the class of conditional expectations considered
in Section 3, provided:

" the underlying probability is Pp,

" the following data are used:

YA Ca =l -(Vhe)*ho

17= VhO x, = a- Vbo

In particular:
Co + i7h = 0

The approach based on filtering gives:

with (uto 0 < t < T) and (qa ; 0 < t < T) given respectively by (30) and (see (27)):

dw = C;'* dt + h'wf dY + (Vho)'u dY, + Ju, dt

(31)

W. = V740

where:
J00 A J(Xo)O = (Vbo)'DO

Remarks:

* This equation is exactly what would be obtained by deriving formally equation (30), with
respect to the parameter 9. This result was indeed obtained'in 131, relying on the existence
of a "robust" version of Zaka'i equation.
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• If 9 is a p-dimensional parameter, then the gradient (wjO ; 0 < t < T) is a p-dimensional
vector: each component of this vector actually solves a SPDE which is coupled only with(W4; 0 : t < T) and with no other component; moreover the coupling occurs only through
the "right-hand side" and each of these (p + 1) SPDE has the same dynamics. In other
words, one has to solve the same SPDE with (p + 1) different "right-hand side". As
expected, smoothing will provide a more efficient way to deal with such a problem.

Indeed:

(q O (,Vpg)*+ q:( hey + f ((Vb.P* D U,V L( ) =q ,U, 0 +df

where (u ; 0 < t < T) and (qe ; 0 < t < T) are given respectively by (30) and (see (21)):

q" + u e - ; -u' qT-= uT (32)
Uf/

5 The EM algorithm

According to (5) and (2), the auxiliary function Q(0,0') belongs to the class of conditional
expectations considered in Section 3, provided:

" the underlying probability is P,

" the following data are used:

flea, = log An

PO

Coe' 
= -1 [(be - b9,)*a- (bs - be,) + (hoho - hhe,)]

No, = he - he

Xee' = a-'(be - be')

In particular:

9s,' + ', he , = -71 [(be - be,) 1a-(be - be,) + (he - he,)*(he - hp)]

The approach based on filtering gives:

Qtuq' 0')Q(6,e6') = (-e' 1),

with (u' ; 0 < t < T) and (w,00'; 0 < t < T) given respectively by (30) and (see (27)):

dwt '
= C;, w,' dt + h;,w,"' d)t + (he - h,) .u," dY, +d.;, u," dt

I. [(b - be'a-be - b,) + (h, - he,'(he- h a,)] U' dt

,1 P"' log
Po
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where:

On the other hand, smoothing gives:

Q(0,9') = (F'" log P) + (q., (he - he,)*) dY+ r j,4.D)d.= ( 0,og )+ (4 ,1) +1o(b- ,' [ j

(33)
fT(w,. [(be - be',,) 1 (be - be,) + (he - h,)'(h, - he,)]) ds

where: C' C',, __ - ' q1

We ( 4', ) 0, = (q ,9 (Ut - i (q", 1)

(u8'; 0 < t < T) and (qo'; 0 < t < T) are given respectively by (30) and (32).

Remark: It is readily seen from the last expression that the point [M] defined in the Introduc-
tion, is satisfied:

" the regularity of Q(., V') rely in an obvious way on the existence of derivatives with respect

to 0 of logpo, be and he,

* computing the corresponding derivatives, and maximizing Q(-,9') will not involve the
computation of any other infinite-dimensional object such as a conditional density.

Moreover, as was pointed out in [1], there are particular cases in which the M-step can be dealt
with explicitely. This includes the case where:

" logp06 depends quadratically on 9,

" be and he depend linearly on 9,

since 9 - Q(0, 9') becomes then a quadratic form.

According to (9) and (10), V'°Q(9, 0') belongs to the class of conditional expectations con-
sidered in Section 3, provided:

" the underlying probability is Pe,,

" the following data are used:

= Coe, = -(Vb8)*a-'(b6 - be,) - (Vhe)'he
po

tD= Vhf Xs = a-Vbe

17
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In particular:
., + 7she, = -(Vb*)'a-(b, - be,) - (Vho)'(he - he,)

The approach based on filtering gives:

VQ(e, ,) = (w ( 0,1)

(Ur,i)

with (ut" 0 < t < T) and (weog ; 0 < t <_ T) given respectively by (30) and (see (27)):

w dt + hw" dY, + (Vh,) u' dY + Ji;u dt

[(Vbe)'-(b, - be,) + (Vhe)*(he - h,)] uf'dt
0dt

Po

where:

Je t Y(Xo)o = (Vbo)'DO

Remark: Comparing with (31) one can check that:

VIOQ(0,0 ') 
Is=p,= VL(0')

as expected.

As for the smoothing approach, one can use again the results of Section 3. Alternatively,
one can directly differentiate with respect to 6 the expression (33) for Q(6, 6'), thus illustrating
the point IM]. Indeed:

T

V1 0Q(8 6') =~ Vp~ (q"', (Vh,)*) dY. [:
V IQ(0,00) = "'[0 + ,)((Vb'I'D L ,r')ds

PO (U"',l)
(T 0,1

- jT : ' [(Vbe*)a-(be - be,) + (Vhe)"(ha - he)]) ds

6 Conclusion

Two different approaches have been investigated for the MLE of partially observed diffusions.
S-me formulas given in 1IJ have been clarified, and it has been shown that smoothing is necesary
to make the EM algorithm approach efficient. On the other hand, formula have been given in
terms of SPDE for the computation of the original log-likelihood ratio and its gradient. (As might
have been noticed, expressions related to the direct approach are given in terms of unnormalized
conditional densities, whereas in the EM algorithm approach normalized conditional densities
have been used).

As a consequence, it does not appear so clearly, except for some particular cases, already
considered j.-, that the EM algorithm is faster than the direr-. aproach. This should be
investigated on numerical exemples.
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