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» INTRODUCT ION
re
;?J In this report I have attempted to sort through the workings of a
:52 Synthetic-Aperture Radar (SAR). The motivation is to define those things which are
o ) based on physics and sorting out those which are engineering, which may have come to
- be consideied basic to the SAR for whatever reason. The reason for this attempt was
‘.a ) my ineptitude, in a discussion with an engineer who is new to the program to explain
ii the motivation for such a program. The subject related to optical back-projection
EE processing, which may find use in the processing of polar formatted SAR data.
, However, our discussions centered more on polar formatting and its whys than on
;\: optical back-projection and its attributes. This should be the real thrust of any
f;j optical back-projection program at this point. Application can come later!
L)
7
Koa, [ have felt for some time that descriptions of SAR have suffered from the same
:: syndrome, i.e., topics which are really engineering conveniences have come to be
22 treated as basics, and as such may impede attempts at alternates because of fear of
ﬁj the impact they may have on the SAR. The approach here is to define the SAR in terms
(;' of its most basic physical requirements and then explore the attributes of various
NS existing implementations of these basics. Perhaps at some time in the future a
EZ reader of this report may ask, "That being the case, and if I don't violate the basic
:i; concept, what if...?" There is much that can still be done.
;3 In the first sections of the report the basic physical principles of SAR are
';i detailed. The radar is nothing more than an interferometer, with multiwave length
lif capability, which can be used to measure the optical path lengths (aptical path
‘:: differences) to scatter points in the radar's field of view. Data on the target
=7 field is collected from various aspects. The composite of optical path data may then
;i? be considered as a whole and we have shown that is is ideally processed with a
1;& matched-filter. The physical attributes of the ideally matched-filter provide the
':: basic 1imit of the radar's performance. The remaining sections of the report roughly
f: follow the historical developments of SAR, and as we shall see, are based on
:SE engineering approaches taken to implement the desired matched-filter, and are not
::: basic radar principles. One section relates the synthetic array to its real array
h:: analoq.
o
7
o
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ii:i The data of the earliest SARs were processed, using optical techniques after the
:’\ data were literally arrayed in a range-azimuth format. A reader may more typically
':\:. see this referred to as a range-doppler format. I avoid this designation as a

j;ﬁ Doppler shift is not a basic requirement of SAR. The characteristics of an optical
ﬁ;:j processing implementation and its digital counterpart are detailed, and

. ' formatting-based physical limitations are described in a section entitled Processing
'juj Considerations. The drive for improved resolution lead to the intermixed
:f:? (range-azimuth) matched-filter approach exemplified by polar formatting. A limiting
1%:; form of the data formatted in this fashion is spatial frequency monotones which can
r be processed using Fourier-transform-like operations. Subsequent sections of the
‘i*i' report center around techniques for the digital implementations of these
%ﬂzﬁ Fourier-transform-1ike processes. The discrete Fourier-transform and the efficient
E:% FFT implementation are explained. Data interpolations necessary to allow use of *the
';:t FFT algorithm are outlined. A final section deals with the general characteristics
‘fS;: of back-projection processing. Its characteristics are illustrated by tyina it back
R to the basic discrete Fourier-transform form.
iﬂ”l' The appendix illustrates digital processes which may be used to break the

discrete Fourier-transform operation into smaller steps. Keep in mind that all the

a

processing discussions pertain to various approaches to efficiently implement a

'
£ s a4

s oA a s 1N
14 LIRCINE
N
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e e

matched filter and are not basic to SAR. However, the attributes of any one

implementation may impact the performance of the radar implemented in this manner,
Throughout the report, an attempt is made to estimate the digital computational
complexity of the various matched-filter implementations.
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To keep maximum emphasis of the basics, we have assumed a linear system so that
the analysis can proceed by considering only a single-point target. We noted a need

‘-‘\‘\_‘\ e

for the collection platform reference system and motion compensation, and thev are
jdeal. Inphase and quadrative channels are needed to sort out ambiguous signals, as

well as accommodate arbitrary scatter phases. We explored the characteristics of

‘gﬁ; only one channel (both channels contain data with the same form). Finally, we
::: ignored all the overhead functions which have to nccur between the collectinn of the
ll'-
{:; raw data and its appearance as a sample to a matched-filter emulator.
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= MICROWAVE INTERFEROMETRY

= In this section, I will describe the hardware aspects of a Synthetic-Aperture

i Radar which I feel is its most basic physical form. A1l other descriptions can be

3 derived from this basic form. This form is the radar which functions as an
x< . interferometer with multiple frequency capability. The radar collects data in the

i? form of a differential phase between a received signal and a locally established and
j( controlled reference. We will return to the reference form below. Ve will borrow

jE from optical interferometry and refer to this differential phase as the optical-path
{t difference since it involves line-of-sight distances to the target's positions.
Fi If we assume that the radar operates in a linear region, we can view the received
_;f siaral as the composite of returns from many scatter points in the radar's field of
. view. Thus, our interferometer will be simultaneously collecting the optical-path
-~ difference data for a large number of scatter positions. With this interferometer we
iﬁ can systematically collect the optical-path difference data for a band of frequencies
:g and from different viewing aspects. The totality of data will contain optical-path
> data on each scatter point, but the history or variation in the optical-path differ-
‘j; ence with frequency and aspect will be unique for each target position. This
- uniqueness of optical-path difference history with frequency and aspect anale allows
fa a single history to be sorted out from the jumble of signals available, i.e.,

' detected. The precision of this sorting out process is limited by the bandwidth
f:: transmitted and the change in viewing aspect. Following sections of this report are
:ﬁ: devoted to various implementations which can be used in this sorting out process,
CE starting with the ideal and its limits. The Timits of the ideal processing scheme

® establish the basic Timits of the physical process employed.
- |
E& Before going on to the processing, go back to our basic radar and observe that we f
fi require not only coherency between the signal and reference at the time of any |
Y neasurement, but an absolute coherence for the duration of the total observation., If
.;: the basic frequency of the radar is uncertain, an uncertainty in the optical-path
f} difference histories and the sorting out capability may be negated, or at best be in
?: error or ambiguous. This absolute coherency is established by tying the transmitter
; to the local oscillator, and the phasings of any modulations on each, to a local

- "absolutely" coherent source.
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The reference for the interferometer is the radar's local oscillator, in our
case, and its phase can be controlled to provide data with a structure consistent
with a chosen processing scheme. We will return to some of these proacessing forms
below. For now we can assume the local oscillator is locked to the coherent source
with the consequence that the interferometer is measuring the total phase in the
two-way path between the measurement position and the various scatter points., With
the interferometer measuring the two-way optical path, it becomes necessary to have
an instantaneous knowledae of the measurement position as the various frequency and
angle measurements are made. If this is not the case, deviations in measurement
position data (absolute path-length change) would be superimposed on the desired
data, and separation may be impossible. The ideal of no relative-range change may be
measurements at constant range and depression angle while viewing at various aspects,
i.e., a constant altitude on a conical surface with its apex in the target area. The
turntable SAR emulator is such an implementation. In practice, it is rather
impractical to move on such a conical surface. Thus, we provided an inertial
reference system as part of the radar's hardware implementation. This reference
system is used to provide an instantaneous knowledge of the measurement platforms
position. Inertially derived position data may then be used to alter the measured
data so that it appears to have been measured at some other position, i.e., const.nt
ranges on a conical surface with its apex in target space. Tt should be obvious that
this modification (addition or subtraction of phase to the measured optical-path
difference) also reauires a coherent system,

The hardware described above is the totality of those necessary to implement a
Synthetic-Aperture Radar. A coherent standard is required as is a position-sensing
system if an absolute measurement pnsition cannot be assured, The standard is
ideally coherent over a time long, relative to the total measurement time. The
position-sensing apparatus accuracy must be some small fraction of the operating

wavelength,

There is no requirement for Doppler, nor is there any restriction on the
modulation format. The Doppler description probably arose because of the aircraft
motion and its convenience in specification of a PRF. The PRF is a samplira
requirement reflecting the rate of change of the optical pathe with angle, which i<

directly relatable to aircraft velocity if this velocity is the source of the reutar

change. The syrthetic-aperture data may be collected from a stationary platicem
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which moves in any manner between measurements. The waveform is immaterial <o long
as its frequency components can be referenced to the same frequency cemponents ot the
local oscillator. To eliminate ambiguities, there is a requirement on sampling
density in both anale and frequency.
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MATCHED FILTERING

Synthetic-Aperture Radar is based on matched-filtering concepts but for a
different reason than those used to formulate the matched-filtering.
The optimization of signal-to-noise ratio occurs in SAR as in any use of matched-
filtering, but its application in SAR is tied more to the properties of the sigra’
produced by the filter. Any signal-to-noise enhancement is, at best, related to an
individual resolution element. The signal-to-noise ratio may be used to estimate the
performance of a radar against a target of reference cross section and as such can he
used to estimate the required transmitter power. However, these S/N considerations
are secondary and a matched-filter would probably be used to process SAR data even in
the absence of noise. The rationale for these statements will be illustrated in
the remaining paragraphs of this section. We can begin by looking at the properties
of a matched-filter and its performance when working with the optical-path differerce
data generated by our coherent microwave interferometer.

The matched-filter concept was originally formulated to provide a linear filter
for the maximization of the detected signal-to-noise ratio when a signal is buried in
noise, the noise being characterized as samples from a wide-sense stationary random
process [1]. The knowledge that a signal does exist removes the constraint of
preserving the signal form. Under the assumption of white noise (a flat power-
density spectrum), an optimum filter has an impulse response form

h(-) = S(t.- 1), 0 <« 1 <7

1 T (1)

=Z|—

where S(t) is the input signal and T is its extent. A filter with this
characteristic is labelled a "matched-filter." It is obvious that the structure of
S(t) has to be known to define the filter. The signal produced by such a filter is

represented by the convolution integral
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where a tirme delay t, has been included, i.e., a prepacatior path Aelay Tn *he .

d
n*¥ 3 radar or communications system.

The properties of a matched-filter can be jlluctrated by oo 170 ar TabteTon
= td’ i.e., we seek some knowiedge on the signal in the time <lot wher we i, Ptyptt-
a sigral. We should recognize that, in principle, we require a separate 3 ter for
each time slot of interest. This requirement is what drives us to lock cnto a

communications signal and provide huge amounts of processing fer radar range

compression. With t1 = t, and the substitution t' = t-t, we find L2V taking *he oy
i !
SN 5t - ) S{t'--)ds

The above 1is the autocorrelation function for the signal referenced tn the evpe red

tire delay. At t' = t, the indicated integration provides an nutpu® proportioy .’ 4o

d,
*he energy in *the signal {volts squared times time or current squared timpc tiee’ |

Had we been in error in estimatingtl, the correlation time would shift in tirme by th.

estimation error. We also know the autocorrelation function of the =ienal s reiaten

[P
!(‘

to its power spectral density by the Fourier-transform relationchip

1270
of-Y = -

= . S(V)G a

The variable « may be hertz or irverse distance. Drawing upon transtorm propertic.

- and considerina a fairly uniform power density spectrum, note that R( ©} and or €
b “t'3 will display significant values only durina a time interval of extert '/E
o

centered orn t' = C, j.e., about t = td. This time/space interval wil] contair ~¢ot

nf the enerqy contained in the original signal. The amount of enerqy remairirg in

“

S A

near-hv time/space positions are <ide lobe levels and of rencern when wide dynaric

e
l‘!'
Kt

"

rardes are fictated. However, these sidelobes are not hasic to an urdercionding of

.t . AR and for purposes of illustration we can assume that our fil'er compreccec «77 he
‘hc . . . . - . N .
. incidert <ianal energy into a time/space interval of extent 1/B, where B i the

bandwidth ¢of the incident signal.
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; e require a minimum bandwidth of B to pass the input signal. In the correlation
time window the output signal-to-noise ratio becomes

- 2
(0} 1

The noise power is uncorrelated and remains uniformly spread over the interval T

(@]
~——

- whereas the signal energy is compressed into a single time window of extent (1/B).
This gain in signal-to-noise ratio in this time slot comes at the expense of the

:’ signal-to-noise ratio at all other times in the original signal extent T. While thi-

‘f is of no consequence for detection, it is unacceptable if the original signal
structure has to be preserved. For the purposes of SAR we only need to note that a
properly designed matched-filter compresses a signal of extent T into one of extent

b 1/B , i.e., a compression equal to the time/space-bandwidth product of the signal,

N The time-bandwidth product of a monochromatic pulse of length T approximates 1 and no

% compression is possible.

Let us now adapt the above to this microwave interferometer we call a SAR. e
- can invoke our linear system arguments and consider the sianal generated by a sinale
frequency at a single aspect. This signal is, in general, complex and may be

; represented with the phasor form
B~
o
e S = A e1(¢'¢o) (7)
L%
5
¢
:1 where ' is the optical path length including array scattering phase anrd
o : is the reference phase. To avoid tracking in-phase and quadrative channels let
. . . .
: us assume a scattering phase of zero and work with only the in-phase channel. Ue
P note, however, that in any implementation we will require both in-phase and
} quadrative channels with identical forms. The matched-filter for a signal with the
’ \
|
- 8 <
4
. ,
N \
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form of (7) is approximated by the complex conjugate of the signal. Our proressing
is the detection of a signal from a particular point in radar space, with the sicra;
buried in a composite of signals of the same complex form. We merely weight the
composite of each measurement with the complex conjugate of (7), record the value,
and then sum the results achieved when the same weighting is applied tc all
measurements. Each scatter point will have its unique matched filter.

To illustrate the azimuth resolution of a SAR we can consider we are gathering
data on the returns from a point P, as a single frequency measurement system takes
various positions along a straight line such as shown in Figure 1. In the case nf an
actual radar we will motion compensate the data to make it appear as though it had
been collected while the aircraft was flying along a straight line. Our
interferometer is measuring the optical path v with the signal of interest
approximating

1.
here v = (R2 + x2)2, W is the radar radian frequency 21v . and ¢ is the

velocity of light in medium of interest. The spatial frequency of this signal at ary
position along the collection aperture is
N R L v X

Vo= o— = -7 S e
S 2T Jv o (X¢ + R

/

= - %Y- sin A radians/meter s
For small 9 we see that the spatial frequencies are a fairly uniform function of
“si.e., have a fairly uniform power density spectrum. In an interval ag as shown in
Figure 1, we will observe spatial frequencies in the range

-2 . radians 2v radians
Sosin AL 202 <y <« 2 gipn ), ==l
B Tm s S g sin Yy,

i!ith a matched filter we can then anticipate an isolation of the sianal <curee to

pnsition uncertainty (azimuth resolution)
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= = ]_ = ___C —— L N
Ax =6 x B 4v sin 8, rmeters ]
1f we now consider ¢ = VX the above becomes
i} (A/2) _0.5X s
Sa 2 sin 8, -2 (N.AL) meters s

and about what we would expect for a lens operating at a wavelength with a numerical
aperture of sin 8, [31. The differences between (12) and the expressions of optics
are the factor 2 because we are dealing with a two-way path, and a multiplier which
reflects half-power points of the correlation function and not the <auare response we
have assumed here. More familiar in the radar arena is the small-angle approximation

of (12)
(L R )meters (12
syn

Both of the above forms should be quite familiar, but here they have been develnrped

a ZOH 2 A0

\S ™ )\_/_2. = L:

~of >

assuming nothing more than a monochromatic interferometer, a particular data
collection format, and matched filter processing. The interferometer and the matched
€ilter comprise the only physics of Synthetic-Aperture Radar. The major efforts on
SAR deal with engineering aspects, such as those related to processing which will he
outlined in the following sections. All we have to do is engineer these simple

physical principles.

Just as we may process the data in the azimuth direction with a matched filter we
may consider our interferometer to have a multifrequency bandwidth RT and matched
fil*er the optical-path difference returns at the time delav or range of interect.
These returns may be compressed to a pulse of length

11
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LS
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N
/ "C:: At 1 (14)
o By ~
.jf
.r_':' . :
:i:_ corresponding to a range resolution
|
. . CAT _c
:?\ ér = ZBT meters (15)
iSO
o Ca
kel In practice, we will have compressed the transmitted pulse T into a signal of extent
:ufi A t, or achieved a compression of
AR
' 4 N
o c LI (16)
r = — =
217: omp At BT
o
3 ‘J‘.:-f
’é:; equal to the time-bandwidth product of the transmitted signal. The returns of each
232: PRF 1ine must be compressed,
b7t The item of note in this section is that the processing of our optical- path
;:C: difference interferometer data can be accomplished using a matched filter if signal
h) LY
;'f: detection and relative signal strength data are the only requirements. The radar's
4 '... 3 . - .
;)’ performance is determined by the temporal bandwidth of the transmitted waveform and
 ;~; the spatial bandwidth of the azimuth or aspect data. The time/space data are
jfj compressed from their measured extents by their time/space bandwidth products during
oo the matched filter process. If the frequencies to be processed are centered about
.‘-‘J . - * » 3
;J' zero, as in (10), we are in a minimal sampling requirement format and find the need
:;}3 for a minimal number of samples equal to the time/space bandwidth product of the
‘:jl signal of interest.
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PHYSICAL ARRAY EMULATOR

The precedina discussion deals with the after-the-fact processing of data
collected by a coherent measurement system. However, the processes have an analog in
the form of a real array, as a real array can be built which will yield the same
results. In this case the physical location of each element would be known. It
need not be on a plane, but we will assume the elements don't block one another.

Considering the array as a whole, we want the energy from all elements of the
array to arrive at a resolution element in-phase (constructive interference nf the
multibeam interferometer). Each element will transmit an identical waveform which
provides the desired range resolution. The desired overlapping is accomplished by
providing the desired waveform at each element and then adjusting its phase and/or
time delay, relative to a local reference, to offset the path delay
kr {modulo - 27) or relative time delay to a given resolution element. This enerav
is scattered from the target and returned to the individual elements of the array.
Upon reception, the siaral at each element must again be adjusted in phase or time
before it will constructively interfere with the returns collected by all other
elements and provide us with the full array performance. To probe some other
resolution element we appropriately readjust our phasing and/or timing at each
element and repeat the process and continue in this manner until we have interrogated
the space of interest.

In the SAR we have removed the time coincidence restriction and have combined the
two phase/time operations into one. Other than that it should be apparent that the
brute-force matched-filter SAR is an analog of a phased array with its elements
positirned at the measurement points of the SAR. Both are interferometers. The real
array is a real-time multibeam interferometer and the SAR, indirectlv, is a multibear
interferometer by virtue of its coherent standard for all measurements.

.............................................................

W e e e e
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PROCESSING CONSIDERATIONS

The preceding discussion deals with a single point in the field of view of the
radar antenna. In practice, we are interested in all potential target positionc< ir .
neighborhood of P as illustrated in Figure 2. We can reasonably assume that we can
adjust our antenna pattern so as to view all points in the area Dr X DA (ranae and
azimuth) as the synthetic-aperture length, Lsyn’ is traversed. Thus, our
interferometer will collect data on all points in the target field of interest durinag
its travel through the distance Lsyn' We will now process these signals to determine
the cross sections of a target at each of the positions in the neiahborhood of
interest. To avoid considering all targets, we assume a Tinear system and consider

only a single target which is arbitrarily positioned in the field of interest.

We begin by assuming a brute-force processing of the data with a range
compression facter T BT' Thus, we will require at least T BT complex operations
(multiply plus add for the minimum of TB samples) to compress the range data for a
given resolution element for each PRF line. We require a minimum of LBA PRF lines or

a rminimum of

a7)

operations just to process the range component of a given resolution element. In
addition, we require a minimum of (LBA) operations on the data after it has beenr
compressed in range to accomplish the azimuth compression for a given resolution

element. Considering that we have

(2)) ~

recolution elements in the field of view of interest we arrive at the minimal numher

of operations per channel required to produce the desired image,

Dr Da
(LBA + (TR, (LB\)> 5 5
' ' r a
"¢ we assume TBT 1 and use (11) and (13), the above mav bhe apjroximatod e

i e A
1.1(' J ‘_(.Jl';fn_fn.ﬁ JJA.‘( A.'f‘.{‘f-..{n.'&;. L'L. fhﬁ.m{hm
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AR
A TAR: 0 \/D
a 8 § ‘
r d

required operations per channel (range processina clearly dominates). The numbers
hecame rather large for practical radar values, and has been fought for years. If,
in addition, we impose the continuous strip map condition

a syn

we arrive at an approximate requirement for

o~
N‘y
On| 3
Q
\—/r\)

—‘

lws)

._..'
N
/:| [we]
S
S

~o

~

operations per channel per image.

Consider the following radar example:

0.5 x 105 meters

R =
A =3 cm

Sr =1m

6a =1.5m

D = 104 m
r

B, = 2 e

|

e would require approximately 1011

operations per channel to produce an image of an
area of (103) X (104) meters squared. The minimal synthetic- aperture length would
he 1000 meters or about 5 seconds for a platform velocity of 200 m/sec ( ~ 0.7M).
"hus, we see a basic minimal single-channel processing requirement in excess of lﬂlp

aperations per second for a real-time strip map.

Processors for syrthetic aperture radar data have evolved alonn the line nf

coguertial range and azimuth processina.  Part of this may be optically driven.
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However, we can see a rationale for this by considering the matched filter for the
paint P' illustrated in Fiqure 2. The point is assumed to be in the field of
interest and its ideal matched filter would have the form

o SiuT) _ i2kr .

for the signal form

rr1lected along the data collection path. Looking at the filter form, we note that

mathematicallv we may represent r' as

[

where r_is the distance to a reference point in the radar's field of interest. If
the higher order terms can be ignored, the matched filter for off-reference-position
oointe in the radars field car be viewed as linear, target position dependent. and
certurbations from the matched filter for the reference point. Vhat this implies
that the pracessing can proceed hy first filtering all data along qun using the
=a*ched fil+er for the reference pnint. The residual data car then be processed ir
some manner to sort out the desired information for the other points in the
neighborhnod of the reference point. We will Took at snme hictorical implemer+:*icn«

heluw, but Tet's first look at some general limitatinns of the implied range-azimutn

“rocessinm,
frrsidering range and cross-range conordinates, we see ¢ ~ienal from g
-, Aspect, as in Figure 3, wrlld have A4 matched 1 ter farm approxcimat o
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j From + &, the form would approximate

':'.:: Vofa ) s oo A 0
., r(;H)~r+?r X +’;7L"iyt+“' 00

LI . "xtui r < t r

)

-~

'-I: A< pointed out by Brown and Fredricks [4] the residue phase can be processed in a

o, range-azimuth (rectangular) sequence so long as the X, and £

; representing a target position Xt deviates by no more than one-half a resolution

,::j rlement as viewed from various aspects. Likewise fory 'andy ". The most chanae

: accurs at the edges of the field, and for a given A6 we can impose the

"

L field-of-view limitations
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Returning to our consideration of sequential range-azimuth processing, i.e., we
first process the returns in range, and array the data into range bins for subsequent
azimuth processing. This involves compressing the returns with a matched filter for

erach range bin or

jws]

)
~J

(181)  (57)

-

rperations per PRF for a range swath of D. . This range processing may also be
accomnlished in an analog fashion with a dispersive delay line operating on chirp
signal, a tapped delay line for other signal forms, etc. Under this condition we mav

treat Nr as &. and (31) becomes

and a not too stringent requirement for reasonable resolutions. However, if we look

at (32) and impose the strip map requirement Da > LSyn we arrive at

AD AL 2
55 0> —2 5 _syn_ AR (35)

r-a 4 4 £s

d

nr
2

2 AR ‘e
88> 5 (36)

This latter condition can easily impose resolution values in the meter range for the
assumed sequential range-azinuth scheme of processing. We can contrast this to an
ideal pnint-by-point matched filter where we may only limit the half angle ta perhaps
" (because range and azimuth data provide the same resolution characteristic at
967) and can obtain limiting resolutions on the order of 3 . UWe need not concern
nurseives with the whys of the above limitations as we will later look at procedures
tn avercome them, Thev can be explained in a number of ways. For now let us lnak at

new processing has evolved,

20
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Rader data was initially processed optically by recording data nn film in a
scaled range-azimuth format. Optical processina allows compression of wideband chir;
siuynals with good range resolution and with azimuth resolutions on the order of trose
indicated in the abeve illustration., The most successful processings have beer those
macde with the data formatted for the tilted plane precessor 51, While gntical
prcressing has many nuances let us leave it at this point and go back tc nur

. description of the data form and the digital processing implicatiors. We will return
+r 3 discussion of optical processing later when we make use ot the 2-D Frurier-

sransform property of a lens,

i ~* us consider here the data contained in a range bin o/ oxtent -  ac

illustrated in Figure 4., We simultaneously collect the data for all tarqget pocitinns

in *his range bin along the synthetic-aperture length stn'

"he matched filter far ar arbitrary point Xy in this limited field is

i2kr' .
e 200

vhere

172
e [RY 4 (xex )] [

Fenanting < in a Taylor series about Xt = 0 we have

: i '?5_ | X, = r fj}f !
t t r
{
Xt=0

pehied folrer for the point x, approximates

XX
. t.
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Pather than implementing this filter for each Xf let us look at the phase residue
after the matched filter function for the point Xt = 0 is removed from all data in
*he range bin. This operation leaves a residue

XX
i2k ("r?t> .
At e (4
to he procesced. Note that sampling considerations have nct been expiicitly
addressed, but we assume sampling is adequate. The PRF (azimuth sampling) of the
radar may be affected hy the particular hardware implementation selected, as will
thirge Yke presuming during data processing. Here we are adaressing the minimal

nrocessing requirements of some optimal data collecting implementation,

If we "nck at (41) we see the residual sigral retairs & bandwidth of

B - 2<~l 30 ) , Z(QELD): Y radians (42
res 2w 3Ix | Aor 8 m
IX 6] fal
max
for X = Lsyn/z' This implies (Lsyn/éa ) samples and processing operations for
each of the (Lsyn/sa ) azimuth resolution elements in the range bin of interest.

These operations come on top of the operations required to remove the reference point
matched filter from the data. The reference point variation can he removed in the

arnalog portion of the radar. Digital removal of the central matched filter implies

2
6a )

‘rontiruous strip format)

By
.
[

b

1
L
[y

cperations to rrocess the azimuth data in each range celi. These azimuth operations

A,
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operations required to assian the data to appropriate range bin. Tne minimal number
of operations for our channel strip map for this case being
(Operations/range bin) x (# of range bins)

(1+E__+TBT)(_L__X&)
68 Ga 6?“ LA

The form is different from that for the brute-force case as are the numher of

operations. For our radar example given above, stn/fa will dominate TB., and the
3 ) 3

range-processing requirements become insignificant relative *n az muth processirq,

with the result that we now minimally require approximately

L )2 <Dr) (46)
(5)
operations. We have actually increased the required number of azimuth-related
operation, but have reduced the required number of range operations by treating
(L/Fa ) azimuth elements as though they have the same range filter, i.e., always 1ie
in a single range bin. The original brute-force example, a direct implementation of
the mathematical matched filter, assumed each resolution element required its

unique range matched filter. With the azimuth processing a dominate factor, we can

conceptually explore reducinag this load more,

[f we return to (41), we see that for small 9 ( r a weak function of x) the
residue function for a signal in a given range bin takes the approximate form
PR IS

t © L S

where 7 is the broadside range to the target in Figure 4 It may be a meanr tarqget

varge for other squint angles. The residual sianal approximates a constant spatial
trequency with the frequency proportional to the target position X_. The desired

¢
procecssing is a spectral analysis which can be performed batchwise using an FFT

24
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rather than the fixed freauency reference implied in all previous 11lustrations. The
result is a monotone video signal whose frequency i< dependent on the differentia)

range {r'-r). This signal has the parametric frequency form

The transmitted By is T ard a resolution c/ZBT ~an bhe produced. The processing of
these signals is a spectral! analysis and an FFT may be employed. lie are now
considering the data from more than one range bin and the range swa*bh imposed
Timitation (31) mav come back into play. Brown and Fredricks were working with cuch
chirped signals and the rotary table SAR emulator at the Willow Fun Laboratories {now

TRIM) when their paper, referenced above, was published.

While we may, on the surface, now anticipate more reduction in aur processing
'cad, the rance data structured as above and implemented with an FFT requires some

tradenffs, We recall each PRF required

D
<TBT) ;_v_”_

r

brute force rancge processing operations to rompress the data ard assign it to nne of

(7. /7. ) range bins. We operated under a swath-width constrairt with the form

v

$af -

and were quite happy. Processing this modified ranqge data with 4 tr oot o
Fourier-transform will require the same number of operations. However, we would 'ike
tn exnleit the FFT algorithm's efficiency in our spectral analysis. This come< at a

nrice.
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A

N
‘e
g . . : L : - ,
‘O Tre TR product of the input signal dictates the minimal size »° cur 'Fi. Ir the
T
i < Ararpoe above we assumed 20 for a TB product. He could implement a 37-;cont FET 4re
. pad with roros.  The processing would separate data into 3?7 nne-meter ranqe hins,
"
'{k "ris 32-meter swath appiied to (1) does not impact our desired 1.ha arirath
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s T .

O shors sulee, fTR_Y = 1. However, we have shifted the burden to an extremely complex
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9 ranae processing crerations. This number is not a Tot difterent frop the bryte-toros
» HU RN . indicated for the brute-force processing of an arbitrary "fo - 20

) cignal, assumed above. This small improvement comes at the expence nf g severe

- implemertaticn penalty.

; The abcve wauld seer to indicate that for moderate resolutinr,, the <eparat 1 ot
- Azta into range bins for subsequent azimuth precessing can a® ord siarif-cant

48 rrocescirce efficiencies aver the brute-force approach to the ideal matched fi'ter

j- nperation. The azimuth <ignals in a given range bin can, in general, be additional’y
. formatted and batch-processed using an efficient algorithm to affect even greater

: nverall processina efficiency. However, a formatting of the range data into 3

~ cimilar forr for batch processing provided, at best, mixed results. We did not

b

83 nbserve these mixed results in the azimuth processina since they were not

Nl

o articipated, and the space bandwidth product processed was only that required to

prcdice the desired map rate, i.e., a real-time strip map. While we may consider

- breaking the azimuth intn small batches, Appendix A shows that this does not reduce
y the digital processing lnad. There is a large overhead in the formatting cperation

, - . . . .

‘& which was nnt visible in the range example given above as the complexity was forced
b= hack into the hardware,

o

-

3

X
-
D)
[
.

q

’

4

»

J

¢ Z')]

¢

"

,'- el . r - - P -, . . A - ~ . - « s~ ~ e ;*. .- . -
LY el e L RTASRCLS A SN - .r_rg\-"_ '“."’-."-‘-~.'.-.':-."-.':~."."~.3".’7'.".':\"‘. .-.';\.‘:-."-.."'L_ ':-\.':s.‘"r.'y*»"
Py Y Il NNV Oy Lo s o O e A AT



"x

7’ >
1, 4
>

'*)

[
r

. P A
T @A

Pl
[

ShALSS
P, ), -.. [l

o,

" .‘ 1 A‘ l' A. '
l' -ﬁ “l '.l “’ .‘l ."

LY
pr @
N

.
(SR NN

0

A
b

L

N v, - o
e - ~<—-;\Y‘-7 ‘(x\

S NATTING 0T VADAR AT

The o tar fermagtring of o cadar data was conceived oo Slalke T e eeenn s s

arsars deseethed by Reogn oand Fredricks T84T durivag thedr ottaet waer s <o
co e b ety T ae T een SRR pmylator, Teotnde ot we Wt T e
rone e oeeiesal o naong for the concept, and net a4 rartacg e et :
croocpmeryaraiore 2 f Siaiker are quite elegant and rre physioal tiir

Lonred with the Sntvaayuctiorn of the (hﬁrp wavetoom and Thors e rreoe oo

voLobe o gescr ptine nf the corcept.  The chirn waveform proy dee o monyoosis

Certeroon anpeenach, but 7s rot basic to the concept. 5w
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later in *his section.

‘nodn e’ 0 the hacto o4 +he polar format, consider the target referon eq dat s

Tection gearmetry 1T uctvyated inp Figure 5. We assume that fargerts of Snterost oo

“rorred an o the reighborhacd of the origin of an inartially defined /.« (v i plare
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:
T
~
3
b
.
-
>
-+
¥
=

"x,v; plane, The chservation point P and *he 7 axis define 3

soothesicgl cotlection plane which would intersect the (v .y ) plare as showr. Tii

fot makee oroangle T with the Ye axis. The Tine-of-sight distarce fror. *he

«

atier poing Poro the veference point is denoted as ¢ and

A

irtercects the

., Rlane &0 oan instartanenus ohservation depression angle: The line-of-qinke+

“taree faam Poknoar arbitrary taraet position (x, . v, is dennted by

irthurd cide of collection vehicle,
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e apntecize forowhat mas cpem a welird and unconventional seloction ~f o edsear
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.. 2 'efrohanded basis system.  However, there is a method - =0

Eecoce mara evidont ag we discuss image “erms helow., Foar now we w1

[ESESTAS

st ST with o eomipe) movement in the v, diveactiop, e [ antenry o the

Using the coordinates shown, the image

sy

heoome which would correspond to what an chaerver weuld see Yoot i o

vkt erang code nf ) Ter*ty0n phtform. On a djqp]av‘ rArOe may he o tee

oo Pirvestion o with far ranges at the ton of the displav, and the ros ity

fooochnerver's e ft, Inoa strip map mode, the tage would mave o ey

oL the deplay oas cime proceeds . Tp o the same manner, the vadar onoe v '

Ceoan obseroey o on the coliection platform,
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viewinn aspect, i.e., different 2, and repeat our measurements. We have not required

ron*inuous motion nor a chirp. The only requirements are a knowledae of ", , ard,

[

ac we will illustrate shortly, the angle © assnciated with each observation.

The refererce process cutlined abrve is the removal of the cptical-path data

representative of the point "y from the composite of data collected. UWe have

~emoved the ratched-filter data for point (0,0) from all data. For other scatterers

ir the field ¢f interest, we are left with a phase residue which 1s dependent on ,

«, and Yy Let us attempt to characterize this residue.

v . >

Expressira © as a function of T, and the various parameters we find

oo - \3 / 2

. . _ 241/2 ,
ro= roosin oL ro ces ,osin O~y ] )

+{(r cos v cos ]

AR Yy

Fxpanding - in a binomial series about r, we find

r=r_ - X, CO0S & sin .+ Yy €O W COS @ 4+ (6%

and in the paraxial approximation limit

sy ? (r-ro) ”{, v [-cosysin Ox,
A5 nnce stated by Walker [8]; "The form begged for polar representation.” The basic
polar parameters being and % with the . coordirate scaled by cosy . In
thic illustration, the angle coordinate © is not the conventional polar coordinate
argle - . We ascume that the data space cartesian axes correspond to those of the
radar space as illustrated in Fiqure 6. The data from any measurement made at angle
@ is cnnceptually formatted along a radial line in this data space at a radius of
<07 . . The radial line makes the same angle © to the y data axis as the
~rllection plane intersection made ta the \P radar space axis. The data space
~artesian cnordinates being related to o~ . . and - by the transfeormatic
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X, = - 2 ¢C0s ¥ sin O 7R

and

Yy = v cos ¥ Ccos O

We assume that the number of frequency samples along a data 'ine, <uch as that
illustrated in Figure 6, is adequate to unambigquously specify the phise nf the
various range cells of the radar space as viewed from that perspective. Moving to a
new perspective will provide a new set of phases, and we alse assume ar adequate
sempling in the 8 direction to unambiguously specify the change betw~~n nbserva*irn
argles, If the measurements are made sequentially from a moving platferm it should
ke obvious that & changes and the data Tine will not be a radii in

8 )

space.

Proceeding with our frequency and angle sampling of the radar space, we could
eventually {a week, a second, 10 microseconds) populate the data space in the
neighborhood of vy €OSt, By ) with individual taraet data samples representative

of rontinuous signal with an approximate form

Ape o7 Dxg xg v g vl ¥

lihile perhaps rot obvious, this formatting to first order, removes the data wander nf
Fiqure 3 which concerned Brown and Fredricks. However, ranaec and azimuth have Inc!
their distinct relationship to data axes. To extract the desired cross-section
irfermation, A, we may want to perform a 2-D spectral analysis as the approximatc
<ianal has the form of a 2-D spatial monotone. Each potential scatter position is
reprecented by a unique 2-D spatial monotone. An efficrient spectral analvsic which
will simultaneously extract data on all monotones of interest is a 7-I inverse

Frurier-trarsform of the data in an extended aperture nf the da*a space.

9ecause nf the form of a 2-D inverse Fourier transform, we can *ranclate nur dita

34
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avis reference to the position, (‘o cos. (qo), o ), and incur ne mnre the
immaterial constant phase of "set. The processing aperture may now he viewrd a1, tnis
shown in Figure 7, In this aperture the data exists as samplings of the
superposition of many 2-D monotones. The samplings having rominally occurred alon
offset center radial lines such as those indicated. While the samplirg forr . ri
into play ir processing, we can view the signals as continuous and use
Fourier-transform properties to provide a first-order description nof the proca-. .
irage characteristics. These descriptions will comprise the remairder of this

section. Precessing details will be considered in later sections.

We have assumed a linear system to this point and have dralt with an arhitrars’
positioned target in some neighborhood of radar space. e have defired the “ir.:
rrder characteristics of the residue signal which remains after its farmattirg ir .
particular fashion and have defined a processing scheme. Now is a convenient *ir.
consider we do not have one signal of the form (69) in the data aperture but a
composite with the form

i 4x

J ey e 3 Dxg xgy +yg vyl

We car process this signal usina the 2-D inverse Fourier transform with the result

[ o0 ‘foo P 17"_ + \ 3
> ,‘(1.~ /1/ “_{-D _:" (5 ’f\t\] e 3 [xd th )’d _/tJ/
4w
ARALNNS .
Dy g vyl

. ]
(e ) %y vy

In the above X; is aligned with x, and y; with y, . Intercharging the orders of

1
summaticr and intergration we auickly arrive at

Tofx, vy = A, S ok Ly - .
i 1) ; 'tJe oK th' Y ytj)

Trhe signal magnitude at an image position (xi,yi) being propor*ional to the <trength
nf the sianal A, scattered from the conjugate geometric position in radar space,

.o, we have an "image" or map of the scattered field amplitude.
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limit of data
neighborhood being
considered

data lines
d -

Figure 7. Data Lines Within Processing Aperture
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In practice the image is not a series of delta functions, but has a resolution
limited by a finite data aperture. This finite aperture leads to an image positioral

uncertainty

A X = AX = - C._
Tt 211xd7

and

* = t = *C_v.
YT T A

where L{., ' and L(y# ) are the data extents in the orthogonal x, and vy,
data directions. If we consider the broadside case we have

A = t N
Uy’_ - T ~75)

and

Ax, = C /‘Wr',; iﬁ

t Z(vo cos wo AD)

where BT is the spread of frequencies employed, ‘o is the broadside depression, :
is the center frequency and A8 is the angular extent of the data considered. The v,
resolution is (1/cos %) worse than the C/ZBT indicated previously for an ideal
matched filter and is merely a reflection of the slant-range to ground-range
relationship illustrated in Figure 8. The cross-range resolution is also scaled from
the indicated matched filter resolution (» /2A0 ) by the same

(l/cos.o) factor. This may be somewhat confusing until we consider that the previnus
resolution, ( - /2:: ), involved the charge in aspect in the collection space. The

“¢ in {76) is a change in projected space. For this example, the collection 1atéaprm
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would have only viewed the target through an aspect of ‘" cos . and our oriaingl
matched filter guidelines remain inviolate. The data collection angle change is less
than the formatted ¢ for any . unequal to zero.

The above presented only a digital perspective for the processing of the data.
We have conceptually formatted or arrayed the data for a large O chanage in an
annular-like strip such as that jllustrated in Figure 9a. The discussion above
centered upon the processing of a subaperture of this data with the processing axes
aligned with the format axes as shown in Figure 9b. The result is an image with an
(x, y) orientation corresponding to the broadside (© = 0°) view of the target. Tr a
first order the image has a form which is insensitive to the actual portion of the
total data record being processed. The data may also be processed against any other
set of reference axis, for example as those of Figure 9c¢ where the Y4 axis is aliared

along the - direction. In this case the image will have a perspective of the
target area corresponding to the view from the nominal angle of the data collection,
The choice of processing axis is basically not process dependent, and the choice may
well be made for other considerations. Noncoherent addition of images to reduce
speckle may indicate a preference for the nonrotating image produced bv the
orientation of Figure 9b. An image providing the observer a target perspective would

be produced by the orientation of Figure 9c.

The above would seem to indicate that we have eliminated all our problems and can
proceed to consider processing details. However, we should keep in mind a couple of
caveats. The foremost is the actual structuring of the data into forms that are
useful in our conventional trarsform implementations. This aspect will be addressed
in the following sections. The second is that we have only dealt with the paraxial
Timit of the binomial expansion of r  about ry - In practical terms we have
considered only the phase residue for points in the "near" neighborhood of the
reference point after removal of the matched filter, oo from all data. Factors
which can perturb the neatness of the above are contained in the higher order phase
terms which were ignored. These factors contribute effects analogous to, but not
one-to-one, the classical aberrations of optics. Distortion is analngous and is
inherent in the terms of (65) which were ignored. The usual chirp spotlight

implementation alsc introduces a distortion. While the chirp provides a convenient

38
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Figure 8. Slant-Range Ground-Range Relationship
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means of scanning a bandwidth in a known and reqular manner, it doe< disrupt our
interferometrv. The return from a point at range different from the refevence poin®
is offset from the reference frequency.

I have, in fits and starts, been attempting to sort out these effects for 4
number of years. The details are tedious and cumbersome, and as noted, the forms dn
not Tend themselves to classical optical interpretations. However, I feel I am
somewhat near and this report may serve as a prod to go back and attempt te generate
some sort of report which at least summarizes activities to date, and at best mav
provide definitive insight into the influence of the ignored terms. The forme
considered in this associated analysis will also allow for rapid evaluation of the
influence of deviations from the ideal, i.e., velocity measurement errors, in‘luence

of formatting to aircraft anale rather than ground angle, etc.
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L

B OPTICAL PROCESSING

b

! To this point we have dealt with the general collection and formatting of radar
2 data into a form where it may be processed to produce an image of the scatter points

’i of interest. The primary descriptions of processing have been digital based. This

‘~ﬁ section is included to provide an introduction to optical processing. The polar
J formatted signal has taken a form which may be processed using a ?-D inverse
% Fourier transform. If the data are physically mapped onto a coherent 2-D spatia

Zi light modulator the signal phases will appear as 2-D phase variations ar a2 nominatly

l:: planar coherent optical wavefront. A simple lens will accomplish a 2-1

\ Fourier transform and can be used to process this data from [9].

- The traditionally optical processing of radar data has not been of a
;; Fourier-tansform nature and a much more complex processor is involved. The spatial
L

Tight modulator has traditionally been photographic film with the data arrayed in a
. range-azimuth format. A scaling in both ranage and azimuth is required to record the
- data on reasonable-sized film formats. For a typical azimuth signal, (38), we recali
the phasor form (37) represents a real video signal

X )2]1/2

2
A cos 2k [RT + (v - ¢

5 t

This sigral is amplified and used to expose a photographic film in a range bin
somewhere across the films width. The exposure is adjusted so that the processed

52 film will have a transmissior coefficient proporticnal to the strenqth of the

:’ recording signal, (77). If this processed film is illuminated with a coherent

N é nptical phasefront, of sufficient extent to encompass the data collection length, the
2; film will behave as an optical zone plate. The focal length of the 7one plate will
" be proportional to R. Distance and wavelength scalings both come into plav to scale
_g the znne plate focal length from the radar ranae represented. ‘ne too 0 of e oo
.
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plate occurs at a position along the data track scaled from Xt' The zone plate has
one dastardly fault in that both a real and virtual image are produced. A virtual
image reconstructed wavefront appears to be diverging from a focal position behind
the data film. A real-image reconstructed wavefront appears to be converging to a
focus in the real space in front of the film. The two images are a manifestation nf
an ambiguitv of the data (77), i.e., it could have been generated as we postulated,
or in some other experiment where the sampled energy is converginag to the target
position. In the optical processor this ambiquity is handled by introducing a
spatial carrier which forces the ambiguous images to propagate through the optical
train along different paths with respect to the optical axis of the processor and
allows the use of stops to block one of the images. The video of a chirp
transmission will have the same form as (77) and indeed a dispersed chirped- range
pulse can be recorded on film and processed optically because of the same zone plate
properties. The zone-plate property of a recorded chirp signal explains the
traditional use of chirp waveforms in SAR radars based upon optical processing,
Dther waveforms do not produce smooth optical wavefronts which can be compressed
optically and the range data must be compressed before it is recorded on film. The
aforementioned tilted plane [5] processor uses a combination of a one-to-one
spherical telescope and a demagnifying cylindrical telescope to process appropriately
<caled radar space data. The processing is the 2-D focusing of severely astigmatic
signals.

The Fourier-transform (or inverse-transform) property of a lens can be explained
in terms of its focal properties [10]. A lens will focus the energy in a planar
wavefront, incident on its entrance pupil, to a diffraction-limited spot in the focal
plane of the lens. The focus position is determined bv the direction cosines of the
incident wavefront. For a monotone such as (69) a linear film exposure produces a
diffraction grating. An incident planar wavefront will be scattered into the - 1
orders of this grating. FEach order will be a planar wavefront which is focused to a
spot by the lens. Again an offset is reguired to separate the ambigunus orders
(images). In digital processing, the properties of gquadrature signals are used tn

remove the ambiguous signal.
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The nuances and limitations of optical processing are detailed subiertc r their
own right. This section has been included to provide an introduct on 1o the conce
of optical processing and not to debate its merit for radar proces<ing. To date .
film has been the sole media for recording the data from a wide-range swath. A2« 7-D
spatial light modulators improve, optical processing of radar da*ta n real time - s
become practical. However, even as our capability improves we will have to addre-c
topics such as: the practical dyramic range, the accuracv of thic aralog proces: .
and the realization of practical apodizations to control sidelobe levelc. Ue leave
our discussions of the general properties of optical processing at this noint. e
will return to it as an element in a hybrid back-projection preocess whick will he

described later.

43

an L e e At L L St e -
R T e A S RS PN T ST S
LR A A NP D T et e e v

. ., " ‘Y !‘ - - L2 -t ™ - _~~.__‘i"_~~ .- .- -~ ‘. Pl A . R N . o -h ‘~ A o B K “ .
R N I IS S ot e IR T T S TR N Rt e e ey
F SV DU FUITERUIORI . RO S PP VPR TS NP 0. PP T 007 )0 0 o ¥ g ety s S LT T T T T T Vo T L G N T TR




PR LN

”~~

P e
PRI T S

A, E_¥,

[

AFWAL-TR-86-1160

DISCRETE FOURIER TRANSFORMS

The ever increasing availability of digital processing power has lead to its near
exclusive use in modern SAR implementations. The conceptual polar rfata space of ‘he
spctlight radar is no exception. In this section we will look at the mathematica’
nuances of processing the polar-formatted data form and the motivation for various
implementation forms such as the discrete Fourier transform, and its efficient
implementation in the FFT algorithm. The designation "Fourier transform" is uysed i»
a 'oose sense with preservation of the observable characteristics nf a4 Frurier

precess and not necessarily the precise mathematics.

We recall that our interest is with the extraction of information from da*s w'*h
the residue form

i[wx L " v]

Six,y: = A, e

where x & v are cartesian coordinates mappable via a polar transformation to the
rader frequency and a pnsition in radar space. The Ux's and Wy's in a compositc
signal are to first order proportional to distances in radar space. To determire +he

strength of a return from a position represented by {lWx, Wy we nerfiem g ~at

.- .- st

vipe

oan the vest e sl e

E)

i'e recall that this matched filter form is ideally limited tc a small neighhorhrnd
about some reference position. One can look at (79) and say that's a

"Fourier transform.” Mathematically it is not quite, as we see a rinus sign ir thr
kerral which is formally associated with the inversion or inverse Fourier transfoms
Alsn, we 1deally have infinite Timits of integration and we are mic<sing a scale
facter of 1/2 - [11]. However, all this is a "so what?" Tt i< the form of (730 t0 ¢
‘s nf interest., The result will have all the praoperties of ar apodized

Frurier transform, save for perhaps a scale factor and/or an axis inver<inn,  The
rate facter i nnt dimportant as all taraets are treated equally and relative vo i

1y

wil' remair, [f the invercion of axis is a problem, we ran work with the othe
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Y

o sideband of our analog IF chain and the phase 2k (ro- PY. It is not impor*art f
{" f8MY is a Fourier Transform or not! We will illustrate helow that all the
Poe techniques developed for Fourier processing are applicable to (79) and its bhassr
L properties are the same as those of a Fourier transform, Llet's rall it 4

'

Na

" ' . . . .
8- Going back to (79), and for purpnses of illustration considering anly cne
f{kl dimension, we have a signal form,

A . -iwx
r S (w) = 7 S.(x d.
r o) Si(x)e dx

s ~Tvix . . .

S Ve need only recall e serves as a good approximation to the ideally matched
-;f filter for one of the many possible Si(x) making up our composite <ignal. The
A58 mathematical descriptions (79) and (80) indicate cumbersome processes in which the
- presence of each possible signal has to be probed with a new "kernal®” o ~'%" 1.t
A us seek an efficiency in a diqgital approximation to (83) by first noting tha* /87
‘ii is, in fact, a limiting definition of a summation process (Archimedes is credited
N with the conception)

:a So(w) = limit . Si(x)e TWX e x

: g

L J
A0 . X .

OX . * 0
D %) :
~
;::: In this form we have put no restriction nn the 'xj's nther thar they all terd tn
P zero before the surmation, ; , is equivalent to our integral, - . Al<n, there is
¥ \'.'
e alsn re restriction on the extent of <ignal. Now let's sav we dnn't aqo to the 1irmst
- of 81) and are happy with
M o
So(w) T (Silx)e T X . R
: )

y, ] X,

L ] J
8- 0

- where N reflects some finite number of samples over the field o the sigral, A
;;, first implementation imposition generallyv comes in the farm of a reaular sampling,
;" with the campling rate tied te the frequency content of the signal, In the idea]
. Timit nf minimal sampling, we assume we have filtered and forma*ted nur sigralc of
:j ahsolute bandwidth B in frequency <pace into the zern centered hand
» ‘;

RS 4+

®

";::r;.-(f;:f;f;:f;"l.;-'.'f"l;'.r.;.' e S ..'\'-,:_;:;: s o PR . .
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The maximum frequencv content of any component of the signal is B/Z. (The
cserting of negative frequencies requires the quadrative channel.)
With this formattina we can sample at a rate

-1
B

“sample

and satisfv the minimal sampling requirement of at least two samples per wavelencth

of the highest frequency component in the signal. At this sampling rate (82 becomec

where

x
o3| —

and

N = — = LB

The form of (85) has become a little more structured and we mav 21so drop the scale
factor. The minimal number of samples required is the space-bandwidth produc* r¢ ‘he

3\

signal, but this minimal number allowed only with the signals in the band of (8%°

The above is beginning to introduce some structure inta our estimation of  ‘w',
but it remains a tedious process. Let us now see what we mav accomplich hy
introducing a structure into the w space. For one thing we knnw that U's af jntioae

1

are limited by input bandwidth. We also know from ur matchec-itor procen

LAl Gl e Al i Gl Il A A0R AL ath SPIL G ol ol ol ol A
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iiouncertainty, and any input frequency may only be determine: 'o an

et int

Av ~

——

because nf our Timited data aperture. Stated another way, for the form of (81" we
cannct expect significant changes in the value of so(w) on a scale less than the
given above. This being the case, let us restrict our frequency space, w,
irterrogations to regular intervals, with (88) the upper bound cn the length of these
intervals, For our signal we can assume w = 0 is one position we wish tn probe ard

may choose

] -i 2r kj fan

usinag various of the relationships expressed above. Inspection of (97) shows it has
a periodicity of N with both k and j. These are manifestations nf the process we are

performing.

Let us consider the k perindicity. The signal Sn(k\;w) is an estimate of the
compesite strenath of frequency componerts in a subband in the original data set.
Thi< frequency component, which is real in our case, could also have been the resyl!
0f an inadequate sampling of a higher sianal frequency. The process does not knew if
the sampling is adequate or not, and for that mitter, does not care, and will previde
an output for a3ll amhiguous signals which could produce the sampled data set. These
ambinunus pnssibilities are the perindic repeats ir w space. We know we have 2
Sardlimited <iaral and as such only neen consider N intervals nf extent

T/ in A frequency band nf extent R The prncens artg gur o data et o8 handwet i

47
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5 into N bins of bandwidth »u. With this sampling of data and frequency space,

we see a need for a minimum of N samples in each space.

The periodicity in i can be explained by removing the summation ir x, while .

retaining that in W. We now have a form

In this form So(k w) is the kth

coefficient of a compiex Fourier series which we

can use to represent the function Si(x) in the interval L [12], i.e.,

2k x

Nutside the interval L this Si(x) representation has a period of L or N X. Thus,
each interval | contains an identical signal, but again we don‘t care what the <ignal
outside the interval may be as we will treat that in some other p-ocessing, if at
all,

With this insight we see (93) provides us with estimates of the spectral content
of a signal, Si(x\, at discrete points within the frequency band of the signal.
These estimates are in fact the coefficients for a finite Fourier series which may be
used to represent the signal in this interval. We have a Timited number of terms in
this series, but have seen mathematical proof that, for a aiven number of temms, a
finite Fourier series provides a minimum mean square estimate to Si(x). However,

we can't locate a reference at this time,

Cleaning up 90) a little, we arrive at a discrete form

N-1 . 2T
So(k.‘.w) = LS. (jax)e TV TN Jk (
j=0 !

(Yo
(e

48
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L 9

I_{~

Il%- which provides an estimate of the compesite signal strength ir some subband

[ ~w of the total signal bandwidth. Exprescsion (93) is denoted as a discrete

| | Fourier-transform. The form d“scussed above centered around N samples in frecuerc,
o space. More samples may be considered with more processing. The minimal sample =i
.?f N reflects the restraint physics (bandwidth and sample lenath) places on the rate ¢
- change of So(w)'

\

"’.

L The complexity of (93} car be jillustrated by writing the N possihle forre o
- fk ~w) in a matrix form

_'~‘._ p— Sy —— — ‘-—-1

s (1) B Sl

( i |

~ 5 (2) S. 123

P . !

= S T LS B B

.‘:’: " R

.‘ 1
A S {N) S. (M)
:-T' — 0 — h— 4 — 1 _J

> dhere 2, .1 15 an Nox 4 omatrix with elements of the form

. g R

p - ro.
b d e

The array indicates the need for N complex cperations for each nf the N possible

s
?:) samples in frequency or on the order of N° complex computational operations to reduce
Y *he data set. The mathematics of Cooley and Tukey T13] and the efficiency of the 777

j; algorithm can be illustrated by considering the form of (94) when N is a power of .

- -
el In this case, the regularity of fak;] and its modulo ? n insensitivity permits the
- J
s diagonalization of the matrix in 1og?N stages. The first stage of this process is
j;" the addition nf row k to row k + N/? ard the subtraction of row k + MN/2 from row k.
1:;5 The resulting form becomes
NER = -1 r e
ro r- 50(1) B S 1)
| 1
'.\' St ( ! ' (‘l o)
o %7 ey 0 P2
:'“: f - PO S '
s !
-.‘.- , r‘) ”!,”, ) I
.. | I ‘J
-~ ]
£ 50 (1) '
‘_, bl 1 | ) ! “ N
o ,
2 L o 4 L J L
% !
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where SO (i) s are permutations of SO s and Si’(j\'s are now sums and
differences of the original data signals. There are <till N rows, but we now have
two arravs of order (N/2) x (N/2). Another stage of operations on the (a'ij and

la kil residue matrices will result in 4 arrays of order (N/4) x (N/4). The procrsces
can continue to iterate through 1092N such stages, until only diageral elements
remain ir the N x N matrix relating N outputs to their unique N term weightings of
the input data. The process exploits the fact that the N? processes indicated in
(94), many times involve cases where a agiven data is operated on bv the same weight-
inas. The FFT tends to collect terms involving these common weiaqhtings early in the
process and then fans out the result into latter stages of the process. An N poind
FFT can be implemented with an array of (N/2 1092 N) Butterflies (Figure 10). A
Butterfly accepts two complex input signals and uses one complex multiply and two
complex adds to deliver two complex outputs to the next stage of the matrix
diagnnization process. The total process being completed using the order of

10g, N 9T

operations vs the NG indicated by (94).

The efficiencies of the FFT algorithm become even more pronounced when a
two-dimensional filter is desired and we have to consider a ?-D discrete Fourier-

transform form

=

SO (kac, mre)

"

N
DX Si(ij’ kiye (99)
i

Here 3 brute-force implementation indicates N2 operations for each of the N2 possiblie
permutations of (k.m) where each has the range N. An FFT implementa*ion is usually

in the form of a series of operations. The first is an FFT of nne data variahle

(i or 1Y for each of the other variables. This is the analoa of sorting the data ,
into range bins, and may indeed be a range-binnina operation for a given radar

processing operation. This still leaves N2 input data pnints which are then

processed with a second series of FFT'c with the role< of § and 1 reversed {5 e | the

LI )

azimuth procecsing of range-binned data). Fach sequence requires
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2
il
~ ] 1 !
2 9%
Putterfly operations, or a total of
2 o
N 1og2 N T
for the complete filter. This compares to the N4 operations indicated €or a brute-
force implementation. The motivation to use the FFT algorithm is obvious.

Tn this section we attempted to provide an introduction to digital SAR-
matched-filter operations which take the form of a Fourier kernal, ard aive rise to
an indicated need for "Fourier-transform” processing. In addition, we attempted to
illustrate the order of complexity of a digital implementation of such a filter, Ve
itlustrated the mathematical basis of such filters ard efficiencies which can dccrue
when regqularities occur.

N L e e e
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ITNTERPNLATION

In the preceding section we cbserved that the polar-formatted-SAR signals mav he
nrocessed digitally, employing a discrete Fourier-transform algorithm, Relatively
p ficient FFT concepts may also be employed. However, the FFT implementations roere
with the burden of 20

samplings. For oqual resclutions in range and azimuth, the data input te a 7-D

sample lengths and more importantly the need for regular

FFT-based process has to be in the form of data values at points on a reqular 2-D
rartesian grid. The data collection produced values which in general ray be ranj.y
spaced, but are nominally along oblique straight and nonparallel lines. C(enterirg
the processing aperture on some segment of the data produces the reguirement fnr
estimates nf the data values at points on a cartesian arid, given the data value<
along lines which appear to diverge from a common remote point. We assume tha* an
oversample solution is not valid, i.e., we collect so much data that each cartes.r
paint is assured of a data point in an acceptably near neighborhood., We could ther
select the data we desire and throw the remainder away. Rather than brute-force,

Tet's just assume we have only an adequate sampling in a radial line format,

fre method for the estimation of grid-point data is an irterpolation tased upnn
the data form. To good approximation the data form indicates an inverse
Faurier-transform processing procedure. Thus, without stretching the imaginaticrn *en
far, we car say the data itself has the form of a Fourier transform of semething
which closelv approximates the image we will produce. By placing a few restrictiors

aon the data sets we can illustrate an interpolation process.

Consider the usual frequency-time Fourier-transform pair with a Timited time

sample transform

1 T/2 it
F(.) = o Soe U (x)dx ,
! -T/2
and i*¢ inyerse
A T T SN /. . v L R
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Fw)dw AR

\'e have produced estimates of F(w) at a series of points we may designate as W hut
we really want estimates of points we may designate as fpo i.e.,we simply go back
and find \

e may not be able to do this physically, but Tet's do it mathematically by noting
our sample set wij should allow us to estimate the signal which created the  or

(drop ?r» weighting)

Wie have reconstructed the source of the original data and can use it in

1073 tn find

2 1~pt -1, L
\/f " = J‘ ' e // F( )e J 1‘1\.,;}.,} '1t
-T1/2 j J
. itle - )
T2 "
: Froo - o k7 Pt
1 J ’ -1/
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Ir principle, the estimate of F{ ﬁk) is a weighted sum of all F(wj) samples ard on
the arder of N operations are indicated for each desired data poihf. As a practical
matter we see that only those samples within a frequency space resalutinn eleriont
contribute significantly to the estimate. For adequate sampling we would have ‘twe
such points, [t may be rice to add more by oversampling at the viden and let the
irterpnla*t‘on serve a presum, as well as a formatter function. Practical
implementations obtain good estimates with only a near-neighborhood data set. Fer

two-dimensional data, the indicated interpolation process is

Cevmro= o n E s s sine (e-w ) T osine (B-w )
AN n r m 2

ro)

~

: . . 2. . o
with N” gperatiens of each of N points in our minimally sampled case.

In ane Adimernsinn we may alternately choose to implement an interpolation proress

based on a Taylnr series representative of reasonably behaved data. lie have data a*

positier  ¢f. « nn'  where o is an integer. We desire f/x + &) where we can
reasonably assume - - .. U'sing a Taylor series we find
o - R fro L2 .
L fox) + f! 5 | 87 + )
S X

ind require estimatec nf £ R FNT etel at x. Treating the available data in a
Taylor 2 Fipite differerce manner we have

It is possible to write a series of finite-difference equations using (108" an
nbtain estimates of the derivatives of f at x with even more accuracv as mare rf *the
neighborhood samples are involved. If a first- and scoond-Crder osticate

adedaate, e fing
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»

}_
b~ , ~ f(x+h) - f (x-h) (1091
{ f ]x 5h (anon)
“J
,:j and
‘ -
:‘: fu| X f(X+h) + f(x-h) -2f()() /]]Q}

. X 2 : '
.- h
{

y We can proceed to estimates of higher order derivatives by considering more equations
tf and sample points. The extension to two dimensions falls apart for the radar case ac
Ny reqular samples are generally not available in the orthogonal direction. We could
; associate a unique h with each data point, but the forms hecome more complex. The
= need for 2-D interpolations, i.e., consideration of diagonal elements vs sequential
oy 1-D interpolations to estimate a data point value, is one of accuracy. The selectior
f’ seems a matter of choice, and on the surface, appears to be a tradeoff between a near
- neighborhood and somewhat larger linear neighborhoods.
rb
.f The above is an attempt to illustrate that a data set belongina to a well! hehaved
- process can be interpolated to another data set representing the same process. MHow
Y this is done is not of particular import in this overview of the concepts of SAR.

5 A1l we need to note is that our ideally formatted data indicated a minimal

e requirement for

-
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RACK-PROIFCTION PROCESSING

This section is included to illustrate a variation which mav be implementad «
nrocess the data. The appendix details another., They are offered as illuc*tratior.
and not necessarily proposed as having merit, Back-projection procecsing i~
basically a piecewise evaluation of an integral or summation. For the cases of
interect, we can consider the 1-D or 2-D discrete inverse Fourier transformc. In the
1-N case we can break the summaticn of (93) into a series of <ubintervals and

pstimate the desired quantity as

So(kAu) = ; S (kA@)n Al

where 1< 1 < N, The quantities summed are the results of summinaq subintervale of

the range of j or

Ittt P2
S lkew) = IS, (kaw)e NIk -
Jm

where we designate the onset of a subinterval by jm. It should be obvious that we
can do this; however, the implementation is different. Implementing (93} usina ar
FFT algorithm results in a rippling data-reduction sequence with the estimates

(k ~ w) appearing out of separate spigots some tiiie lTater. The form of (113}
if]ustrates that each subinterval provides a complex increment for our estimates n¥

0
has to be established. The results of each subinterval summation is then added tn

5 [ k'w), as did each term of (93). For each of the k t, of interest a data store

the quantity already in store as a result of past subintervals summations. Wher all
samples have been treated once, and only once, this sequential summation will
produce the desired estimate (112). There are no restrictions on sample lengths.

The extension to two dimensions proceeds in the same manner; only now, the
subintervals can be viewed as subareas of the total area of the data space. In this
~ase we reguire a data store for each pixel in the final imaae array,~ . ' for what

we have discussed above. The data aperture can be broken into as many nonoverlappira

subareas as desired. The item of note is that the data store and its Tepliod et
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“teelr oas g byvhrid back-proiector cveter e ycnusta-eptic Bryco ot T
soncertyally feacihle te reduce the rolar-formatted-SAD date e e

rrececeings f othe data in slightly wed ed syhareas ¢f *the datag <6

Tuatrated ir Figure 11, Ir practice., thnse slices would he arprenrsatel we s
camn’pe nf the data for any = . Far a rhirp inplementation, the da*ta o 0d S
Sacekard vider nf any radar PRF line superimposed nn 5 carrier to ocopavats fhy
seedynate nptical imaages produced by the Braaa cell wher illurminated hy a3 cohioeos
wayetront o The complication for the optical processing is *hat o coheront <o
irvay o9 hox N oelements has to be provided. A spatially and tempnrari’. ~nherar:
~ererence wavefrant alsog has to be introduced be“nre detectinn tn pytrirt hoth ¢
smr'ityde ara phase of the signal on each detector, fnr each subapertyre.  Thirc
moar task o Thege amplitude and phase data are then suppiied *0 the cirming <o

voorrdiarad with each detector,

The dccyes with back-prniection processings should not be "are they are

nnsgibhle?" The jcques are engineerina attributes of anv implementation, A ma-r.

‘eque i the nnice intrnduced by errors in the proces<; in particular, nnice cor
C

’

avtrarenys signale which tend to be coherent and limit the pntential Loor Ay
varageg ~f the proarcessed data., An example of such a coherent noise mav be 2 vipnpts

2 power supply cormon to many elements of a phased array, when component< of parh

crray element have a path delay which is voltage sensitive, The guestinns whick © oy

‘c be addressed in back-proijection schemes center around how well a practical
‘mplement anproaches the ideal of the iterative summaticon of (112) or its 2-N
crynterpart. These topics have their counterpart in digital proressiras where

nuartization levels and timings have tn be addressed.
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NTSCUSSTON

The preceding discussion has separated the basic physical requirements ¢ <°7
‘rem the engireering concerns which arise during any implementation of tre  r.
we ‘ee! that the physics of such a radar are those of a micrewave intorferamato. oo
1 matched filter which can probe the data generated for the presence of a a7
sianal. The implementation requirements of such an interferometer are c¢asi'y
specified and are built into any SAR. There are no basic rostrictions rn *rancri*4in
waveform or platform motion. The variations and activity in SAR renters more on fhe
implerentation of the matched filter, and it has at least heen implied that theo

efforts are basic to a SAR. They are not.

Viewed with hind-sight, the development of SAR preocessing techniques seemrs t-
have evolved more along the 1ines of available techniques and the means to overcorw
the limitations of previous techniques. Initially all SAR data was optical’w

vrocessed and a range-azimuth data format was perhaps rather obvious. A< digita’

processing was applied to strip-mapping SAR's the range-azimuth format rema:nec,
However, the azimuth data in any range bin was prefiltered so a batch process cnu’d
be used to simultaneously extract the data on all azimuth cells in a civen range bHir.
“his afforded a computational efficiency since the same data did not have *n he ysed
in many processings as it is used in the optical processor, or as it would be usn? :»

hrute-force matched-filter implementatior,

Parge-azimuth formatting has remained the mainstav of SAR processing roncept«,
nut imposes rather severe limitations on the data space which can be processea
hatrh made as resolutions improve, Thece limitations were first encountered duyriv:
cxperinents with the rotary platform SAR emulator with its fire resnlutinn
capab lity, Attempts to overcome these lTimitations prompted the pnlar formct
~hservatiors of Walker. In the polar formatting procedure the rmatched fil*nr for =
rofercnce nnsition i removed from all data and the residue is conceptya’ly oo
v a3 polar format for additional batch processing. During the collectinn ¢t cats foe
this ‘rrmat, individual scatter points may move through many resoiution cell« and
range-azimuth format becomes impossible. For points in the near reighborhend of *he
re‘farence pnsition, the frequency aspect-angle polar-formatted residue hac the oo
Foaratter-position-uniaue 2-D spatial monotones., The processicg nf those ~anotor.

Tooa Tl apectral aralveis of the data which exists in some aperture of the Ao

et . . S e el .
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space. Much of the present activity in Spotlight SAR centers on the digitai
processing of this polar formatted data. The spectral analysis is rather nicely
accomplished using implementations of the FFT algorithm. However, this alaorithm
comes with the burden of a particular sample length and reqgular data samples. The
FF7'< need for regular data samples forces an interpolation from measured values
along polar lines to positions appropriate for the FFT algorithm processes. This
interpolation tends to be more computationally intensive than the final data

reductions with FFT's and has been the focus of considerable activity.

i'hile the present focus on polar formatting, interpolation, and FFT aljorithms is
very well based, the purpose of this report is to illustrate that these are not
fundamenta!l radar processes. They are processes associated with a particular
approximation to the jdeal and as such come with their new set of limitations, These
limitations are treated elsewhere. We feel that the report illustrates this positinr
ana also describes the basic characteristics involved in varicus implementatinn

forms.,

With the background and illustrations provided, a reader should be able to
separate basic physical requirements from engineering considerations. The concepts
n€ polar formatting are very powerful, and the use of FFT's to reduce the residual
data may well be optimal in many situations where FFT's ard their overhead are not
nptimal. The concepts, approaches, and procedures of this report may help to
nbiectively access how best to approach the processing related aspects of a desired
SAR implementation and not have to blindly accept approaches taken in past

implementations, assuming them to be irviolate.
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S APPENDTX

‘-.- Segmentation of the Discrete Fourier Transform

:;} In this Appendix we will look at a segmentation approach tc the discrete

-~ transform illustrated by (93). As in (93) an assumption of regqular sampling i:

,t , invoked. We will address the digital analogs of the multiple local oscillator

:Ef radar, discussed in the section on Processing Considerations, which come abgut in an
:%; attempt to introduce batch processing to the range date.

Let us go by (93) and consider that for some reason we are interested in oniy ™
= of the i possible estimates of S (k sw) given

N-1 -1 2 ki
S 5. (kax)e N Al

o o (kbw) =

n t

j=0

The above represents an optimal <ampling of the data space centered on zero frequercy

and an optimal sampling of frequency space to extract all significant data. Let us

3-! begin by assuming M is a power of 2 and the band of frequencies of interest are
e centered around v = 0. The process indicates M x N brute-force operations to
AR accomplish the desired estimates.

g How do we reduce this since we have an excess of data points for the band of
,?? ‘requencies nf interest, but our sampling is driven by the input data? ™n our

j:: previous discussions, the analog sections of the radar provided IF filters and

L eliminated the uninteresting signals before we considered the frequencies of

-, interest. Filtering can also be implemented digitally, and we can consider the
e result of <umming b adjacent samples from a monotonic data set with a basic signal
- form

Mt
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t
rno|

ERR - B
— 5 ~?hertz

sampling at a rate 5 =

arrive at a composite sum

iA[totht]

Ferforming the indicated summation yieids

. wb
C (_A_) ‘\f
_ - sin \t
SR VSRR CLYS (MR
sin f At

Note that S' appears as a weighted sample of the original signal at time

t=t +(b-1)a,. The weighting
0 5 t
sin (%E)Lt
sin (%)Lt

is the arrav factor seen wherever multiple coherence signals interface,

cellections of microwave or optical sources which are arrayed in space a

©and considerina b samples beginnina at time

T.e.,

nd/or

frequency. The weighting is frequency dependent with peak amplitudes of b at

For T = 1/B we find peaks at mB. Our only interest is with the peak
as our maximum frequency is + B/Z. The 3-db width of the peak is approx
but the function (A-6) falls off relatively slowly and has significant s
beyond B/b which may impact downstream processes.

66

.. FR T SR SN . L N T T -
- P N P P T e VL Y et e
L AL SR S - R - N R R e " -
DR . N . . B o P o S, " o

- - -

- - . - - - - - . - N - -
L e e e T T T T
PRV P PO PV P PR VR R PN Y P VI T L S Y T AU AR Y

at Vi (i
imately &t

idelohec«

- * .




AFWAL-TR-86-1160

To overcome the filter sharpness and sidelobe influence the camples can he
weighted in amplitude before summation (Taylor, cosine squared, binomial,
Tchebvscheff, etc.). The result of these weightings is a sharpening 0f the <kirtc
of the array factor (analog of (A-6) for the particular weighting) and a virtua’
elimination of the sidelobes. These advantages come at the expense nf a supprec-ian
of the peak amplitude (w = 0) by perhaps 1-2db and a slioh* broadenirg of the
bandpass to something slightly greater than B/b. We have created & filter which
oreserves the strength of the signals in some band approximatinag B/b ind have
destructively interfered those outside this band.

For our case, (Al), we may want to do somewhat more than N/M of these precums
alnna tre data record length to provide data for our estimation of Spfk Wl Thig
would be oversampling so that our estimates of the samples of interest wouis vt
have members too close to the skirts of the filter. To accomplish this, the blncke
nf data which are presumed, are separated by less than b a, , i.e., leading and
*railing samples are components of two presums. The resu]tént M+ camples mav now

be preocessed using an M + point FFT which requires on the order of

M ]ogz M "n.

nperations. This may appear significantly less than the MN brute-force opera*inns
indicated. However, we have to include the presuming operaticns to see if we have
qained anything. If we consider weighting and/or frequency shift to basebard (inr

aeneral our subband may be anywhere in the total bandwidth) we will require on the

order of Mb preconditioning or filtering operations for a total process approximating

M [log, M+ b]

cperations. As ' « Mp we may write (A-9) in the approximate form
Tog,N - log, b
[t ]

The above indicates a pntential for significant savings over a brute-force estimatinn

nf the M values of So(k‘:w Y which are of interest. However, if our interect

really with the full N values and the filtering was orly an atterpt to ennate
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aralog functions of the radar, we lose. We would require b such procedures for +he
N ototal points of koow., From A-10 we see the totality of operations would ex-eod

*he N loq,N FFT operations indicated for the nriginal data set.

This appendix has been included to provide a brief introduction to digital
“*lterinc and to further illustrate the power of efficiert data reduction alaorithme,
fin the surface it appears we would Tike to condition the input data for the largest
possible FFT, or the total span of interest if we can build an arbitrary-sized FFT.
¥ only a small portion of the collected data is of interest, filterina can provide
efficiencies. A tradeoff may be possible if considerable conditinning has +n he
dore on the raw signal, and the filtering operations can be incorpnrated inte this
process while incurring little addition complexity. We could be left with an N
pnint FFT with its N 1092N Butterflies, or b, M point FFT's with N 10g?M
Butterfiies where N = Mb. This is an aralog of the radar case where we ignored the
increased complexity of the analog sections of the radar and found our processing warc

minimized using the shortest possible FFT,
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