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SACLANTCEN SM-202

Testing finite differencing schemes for

the shallow water equations

G. Peggion

Abstract: The explicit, the semi-implicit, and the fractional step sch.-
mes are tested and compared in the solution of the shallow water equations
The explicit finite-difference formulation is the most accurate, but is restric-
ted by a stability condition which is not suitable for long-term numerical
simulations. The standard semi-implicit scheme requires the solution of ani
elliptic equation which is also time-consuming. The fractional step method
results in the least accurate, but computationally the most efficient solu-
tion.

'Keywords: Courant-Friedrichs-Levy stability condition 0 explicit
scheme a fractional step method o semi-implicit scheme a shallow
water equation
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SAC'LANPI ErN ';%120i2

I Ili 1t1 lv-if mi all and ait iosphire dviiaiiics classicallt develops froim set It fig
mathenmatical fraiiiwirks. Trhese mact he collections if itinilers labielledi s obser-
vationlsor svsteis. If eqtiat ions, considered as 'trulY represenitative of the ulctiaiiics
Wtlhiii ti. ht, oI the assililuptiolis and approximiation, if tiw aitaic' tical itiule.
the numerical technique used for solving the proiblemiii itu tr rodmhice two additio
nal dlistoirtions lit, the represent at ion of the solutions: the erro'r inherent from~u the
ro incma- ar ithinet i-anti the error creat el hiv ap prox iitti t g ci itiinu ,ii' di fieretiial

eq~uationis with discrete algehraic expri ssjons I Grotjahn and O'Brien, 11776) 11o we
ver. tile accuracy *i f thle soiiit ions is no t the int requiiremtent to be fulfilled in tOw'

levelopmnent if cean and atmoiisphere mtodels. At the present st age (f techii logs.

conmuter -ffiieiicv mighli e aii even miore restrictive contdit ion

Ilie shallow wMter equat ions are thle irtot vp equtat Ionts for pinutive *'ipiititi tilo

dels of ice an atilsphire dliauaiiis It is well known that iiiierical tichtiiue% lit
seil on exp~licit -ttinke differencitig schteites ;Ar(- considerablY affected by thle Coutratt-
Uriedriehis- I -v* (CIT) stability coiditioii t hat controls the high-freqtemic graciitv
wave mtini Although explicit schemes are alway' s imire accurate thati imiiplicit,
the I att r Nr,, w il..) y apli ed hercaiise te liev are able tn uiise tuuic h larger t im tuepq~

O'Bien M Ii general. fiillv-utplicit schietmis are sei~tiauplteiL. atid setinl
itipcit %chei iws are often applied i Ilceani atitisplwr, itodll Ilatitiltin. 1077

Such schiemies treat thi tirmts that ci nt i lihe fast granit waves ittiiliitly ktil t Ih-
remiaindcer explicitk1

liii iiiphcits iiii h itict sclte ii'tally require Ili soiti n ii fa atwi ditmetisiontal
Poissin or Helnmholtz equatio n A large iiifer of ifferenit soilver ri ot ties exist fur
so ch an elli Ptir ecyiat ion However, all t hese imet hoduls are tI mii ci n soi'ling ani Ii i sl

oif t hemt are- applicable ioiil for hart icilar hioutudary shap es ir boiuiiary ciiolit illl

specificatioiis Ili order ti avoid this plroblemt Iatiuay atni Robert l 996i) liavi
recenitly propiseid ait algoi thmtt called tOlw fract ionmal step miethod. which reltici
thie miatrix front the 1Ileltitlitz e~iiatitil to at simple triiliagtial stti ii -uh

of the two horizmnt al spatial dbiitsiiins iiiiseipitit l, soliotns can 1wie ficiinm Iv

obtaitneil by a special fiirmi if t aii~siati elimiitat ion iiit lii (Ctariahat i-t al , 1146ii

The practical aidvant age is that no adiitiinal comttuiter titme is reyfiiredIl ii this part
iif the calculatiois (coimiparei ti tilie tital cotiiputationi (if large-scalie ditiatiic
itil 'els ) Althlii gfi liet 'Iangujay- ioihirt algoint hiti is; baseid it itiiiidifieid cersuiim
if the, shallow water equationts with the incltusitn if an extra nonpiysical tenm.

tmli tethod looks, so promiuising that the tmiaimi piiis if' this studv is ti verifv thu
arcctrac, oft heschoeiiein lng- t rm nsutterical sittivlat iins Teshti stlee r
testei'i anii ciitmparedl with the explicit and time seiti-inujslicit tmethoids
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Sect ijn 2 p resents the furniulat ion of the different nwierical scheiles. 'rhe schemes
are compared in Sect. 3, and the results discussed in Sect. 4.

2-
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2. The scheme formulations

2.1. THE CONTINUOUS AND rIISCRETE SHALLOW WATER EQUATIONS

We consider a simplified formulation of the shallow water equations (Pedlosky.
1979). The equations are referred on a f-plane with a cartesian coordinate sy-
stein (x, y) chosen such that in the Northern hemisphere the x-coordinate increases
eastwards and the y-coordinate increases polewards, taking the form

ut f0 v ._ g 97 , (2.1. 1a)

I't + fou -911y, (2.1.lb)

rtj + H(u 4 v,) 0. (2.1.1c)

The subscripts (z, y, f) denote partial differentiation; the variables (1j, v) are ith'-
components of the eastward and poleward velocities, respectively. The variable 1
represents the free surface displacement, g is the gravitational acceleration, fs the

(oriolis parameter, and H the total depth of the water colunn. Without a loss of
generalitv we asqune flat bottom topography. The equations are satisfied in the
domain I) : flry)j 0 < x - L, 0 -: y : L,}

The artalYt ical solut ion of Eq. (2.1 1) may have the simple form

(1,, r rj) -(Ur~',N ~ ~ v
, (2.1 2)

where N is the amplitude of the wave, w the frequency, and K and I the wave-

numbers It can be easily proved that the coefficients IT and V as a function of
amllitude are given by

; 2rigNf - ll), V g. (1w + imfo). (2.1.3a)

The wave t-xpressed by (2.1.2) satisfies the dispersion relationshi-

+ gH(-)',(2. 1.3b)

and has a group velocity GV of components

(;V gHK gH ) (2.1.3c(

3
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where 0 = /' + t2. Only positive frequency values are considered henceforth.

The analytical problem (2.1.1) is numerically approximated on a C-grid. We have
chosen this grid because it is the one most often used in large-scale dynamical

models (Gransmeltvedt, 1969). All the terms are centred differences in space, with

a grid network such that the functions u, u, and q have tie numerical correspondent

u;,,_ =u((2i + l)Ar,2mAy,nAt),

vJ"I =t,(2jAx, (2 4- I)Ay, nat),

YI",- = rj(2jAx, 2mAy, nat), (2, 1-41

where j, in and n are the indices relative to the variables x, y and t, respectively.
However, we will suppress the indices when not incremented, With the above
assumptions and notations, the solution (2.1.1) is discretized as follows:

u = U. '  
' YI - Ne ,, *

= , = wnAt + 2jAx - 12mAy, (2.1.5)

where * indicates values to be computed for different schemes. The schemes are
illustrated in the following sections.

2.2. THE EXPLICIT SCHEME

With the explicit scheme, Eqs. (2.1.1) are written as follows:

u+ = ut + 2foAtlv]" -gAt
A x

V m v" - 2f0Atlu
"  

- ? 6t-(- I ,,, 'I-)", (2.2.1b)

: - + H A -L ('2 (2.2.1c)

Ax Ay

where I...] indicates the average over the four closest points.

This scheme is affected by the CFL stability condition, which requires a time step

At such that

At' +- gH( I-2 4.
<  

1. (2.2.2)

4
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eliv O tw -lutions ( 2.1.5), the schemte gives the followiiig values.

sin K~r sill f'

F ( ~ A - .(2.2,3)

A' yrsi A-x2 2..),

arA (At, v' a..r 3bos

osif KAX s 1Al

- slll'-EAt 2.3

1[lie c-iponiItelit s of t he vect or group s-el, it 'v ar, s 'v inetric , sq - we w-ill coniside r

onllyv oe f theiii namely the eastward cs iiiomnelil Vnfort jitat~ -v, tie miat heiia-
till representation of the computational group velocities might he q1uite comiplex,
anid althlimug Ii intriguing would add no significant i nfom uat ion abou title assomciat ed
ioiiircal liitrortimnis. Thus it is only the group velocity values fomr non-rotatimnal
tI- w( V-i7 f,, 11 t hat are jirmsfit ed heioshmrtlIt

V 11~F ) m 2KA 2.2. 3d1

Wv recognize a firiuial similarity bet ween Lois. (2.:) mdi~ (2.11 fin thle sense there
are t he c-otuputational wavenuinhers' sin KA:/ Ar and sin tAy/Ayi courresponding
to, the 'true wavenuinhers' K and /. and the 'comnput ational Coriolis frequenmcy A

rmirrespi itd ing to t he 'triw Ci(oriolis paramet er, fe These com put at ional t ernis
are itidependprnt 4f the explicit treatmlent of the Eq. (2 21 1 ) 'IheY are a direct

tusequence ft he cettred - iii 5 finite, dlifferenice app roximi at io n. and thle ('-gridl
Itlife 4-point average), respectivelY. Besidles these complutational variables, there4

are- file additional comiputat ional frequencies, .auth 'p, While the frequetncy EF:
is the result mf the centred-in space finite difference schetme, the frequency VE is in-

ri nsir cflie ex plic it fo rimulat ion Thus we take ujF ho e the effective 'roi)pti t at ii ma]
phase frequency' of the explicit schemne

It is easyv to verify that all the cotmputational variable.% converge ando will converge to

the c-orrespcindi:ig analytical values as the iticremienits At. Ax.- atucl Ay tend toi zero.
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It generally follows that the representaotion is fairly good for long waves (i.e. t hose
resolved by several gridl points), but poor for shorter waves, part icularly those with
wavelengths less thani 4Ax, 4Ay a waveleng~th -fAx corresfpoids to x-A 7r 2

(;rotjalin and O'Brieti, 1976).

".3. THE SENTItMt'LICIT SCHIIE

Thie seinii-iniplicit treatmient of thle sliallo)w wat'-r equations is written as follows:

H (6,(2.3.1)

where , and are the centered finite difference operators inl timle and space
respectivelv. WithI the otsof incr.'tooted indeifx vatriables, Eq. (2.3.1) are written

as

t' -(q 2 . Q q,)'' , (2.3.2a)

I) -- Q2, (2.3.2b)

-I r At

where Q 1, Q2, and Q3 cont ami t lie remhaining t ( ris evaluat .ol at t inie st ep it or n - 1
Substitution of (2.3.2a)-(2.3.2b) into ('2.3.2c) leads to the numerical Helmhboltz
equation for ?7-1, when all the variables at tne step oi are known:

-- 1 - a - bq_ ,,1, 6I1_n 1 (1 2a '- 21)i -. Q, (2.3.2d)

where
y H AI f HAt 2

4 b . ' - (2.3.2e)

Otice the surface elevations are deterined, the velocity field call he updated from

Eqts. (2.3.2a)-(2.3.2b). The scheme is still affected by the (FL stability condition

f'At,

With respect to the analvtiral soluttion of (2.1, 1 ), the scheme gives the following

compu)Itat ional value-s

6
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Aarct aii (.t\ 2l. 12 )24 31,

A'~ I L*At"2' !111I sin 2tAx 1', SiliA A t3 
1) o, KAr

I.AC-'V2 k 1 I 2Ax I At
2o

2  Aij I

(2 1 3ct

q tin KAJ' sill I Aq 12 .1 3d

It is easy toi verif ' that the fracti'onal step coilijlit ati ma) variables converge to

the senii-itoplicit comlputational variables as 0) At
4 

). Therefore for small At mre-

nients the two schemes should end uip virtiialls' ideontical, confirming the Tangilac
and Robert ( 1996) litpot hesis.

T[he X- anld y1-ss'mniitr of Ilii- operatoc L' (Af (2.4 2) suggests the solution of tie
rl-equal ion usiing aii alterinat ing direcrt ii it erat vo algorit hm in which thle r- and

y-opieratiirs are irivertIe at each tin", step. At each) ilteation) only' the boundar '

coindi tions at t wi op posite si des are rieci's sarev. Let its solve the operator (2.4.2)
with thle following alg (cit bin

First, we compuiiteCI fronti

H fAt 2, Q ,i 2.4.4a)

at the inner q, i nesh poinut s: i boundare conidit ions ar, reqi iirel at this st age except

for the terms that appear in the righhand side of (2.4.2). Now we compute Yj+
fromt

(1 I g IfA12 6 )r) (2.4.4b

using onl' the boundar 'Y conditions at the northern and southern boundaries. At

lie following t ite step) the operator C_. and C, are inverted. Subsequently, the
iise of anl alternating direct ion algoithImu alloiws a msore accturat e application of all

Ise boundarY cotndit ions.

Ag
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3. Applications

.jTo verify the accuracy of the schiemles fully we now compare numerical results with
exact analytical solutions of problem (2.1.1). Numerical experiments are perforti[ed
with the following common features: total depth H = 2000 in, total extensions
L, - 1000 ki, and L. - 1000 ki, and grid spacing Ar,. 17.4 ki, Ay -

174 ki. Although the formulas presented in the previous sections are formally
synmetric with respect to the wavenumbers K and t, there is a diftferent structure
to the errors because they contain quadratic terms. Nevertheless, the computational

frequencies and group velocities of the schemes are depicted in a one-dimensional
fort in Figs. 1 3. For simplicity we consider irrotational flows (i e..to 0) and
choose tle wavenumbers such that NAx - lAy. The schemes are tested for various

values of the non-dimensionalized ratio

At
r- \/yH-"

,,,2Ar

tlrotjahn and O'Brien (1976) gave an accurate and complete analysis of tle di-
stortions introduced by the explicit and sensi-iniplicit lime differencing scheties.
In general, explicit formulations have the tendency to overestimate the oscilla-
tions, whereas the implicit have the tendency to underestimate. Although explicit
schemes are found to be more accurate than the implicit, the accuracy is usually
incommensurate with the higher computational cost. The same findings apply to
the fractional step method. As Fig. 3 confirns, the fractional step method intro-
duces the same distortions of the semi-implicit approximation, but it is slightly

less accurate. However the errors might well be compensated for the increased
computational efficiency.

Finally we compare the solutions obtained by solving numerically the proiblem
(2.1.1) with the exact solution

( uiv, ) (U, V, N ) sin(,'ot 4 ,'(j" t y)),

where the wavenumber is a10 -- 7.88 x 10 cmi ', and the frequency is wo -

1.44x 10 - 
s '. The amplitude is N - 20 cm, the velocities U and V are defined as

in (2.1.3a). The wavenumber No corresponds to a wavelength A - 50 in ternis of the
grid intervals. To obtain a good resolution of the wave period, the implicit schemes
used a time step At - 217 s, which implies 20 time-iterationFper period, and a
value r -1.25 The explicit scheme employ a time step At 50 s, corresponding to

a value r -0.3.

9
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Fig. 1: The comiputational frequency (a) and conrt uta-

tional group velocity (b) of the explicit scltarte nrma-

hozed by the analytical exact value. The abscissa repre-

sents the variable NiAz normalized by' w. (1) r 0.0t,
or at 1.75; (11) r 0.5 or At x. 87.
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Mat.3
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Fig 3 The comlputational frequency (a), and (omlputa-

tiona group velocity (b) of the fractional step method
Samte as Fig 2.
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Initial Distribution for SM-202

Ministries of Defence
S_ sN P Ger irrany I

JSPHQ Belgiumn 2 SCNR GrieeceI
OND Canada 10 1,(NP Itl
(-HOD Denmark 8 ,ri~ NrertierlaridSI
MOD France 8 SCSJP NofwayI

MOD Germany 15 S(- NP PortugalI
MOD Greece 11 SCNP Turkey I
MOD Italy 10 SCNP UKI

MOD Netherlands 12 sci u
CHOD Norway 10 SECGEN Rep SCNR 1
MOD Portugal 2 NAMILCOM Rep SC-NP 1
MOD Spain 2

MOD Turkey 5

MOD UK 20 NationalLiaison Officers

SECOEF US 68 NILO Canada I

NILO Denmark 1

NATO Authorities NILO Germany1

Defence Planning Committee 3 NILO Italy1

NAMILCOM I NLO UK1

SACLANT 10 IOUI

SACLANTREPEUR 1

CINCWESTILANT/ NLR to SACLANT

COMOCEANLANT I NLR BelgiumI

COMSTRIKFLTANT I NLR Canada 1
CINCIBERILANT 1 NLR DenmarkI

CINCEASTILANT I NLR GermanyI

COMSUBACLANT I NLR Greece I

COMMAIREASTILANT 1 NLR ItalyI
SACEUR 2 NLIR Netherlands1

CINCNORTH I NLR NorwayI

CINCSOUTH 1 NLR PortugalI

COMNAVSOUTH I NLR TurkeyI
COMSTRIKFORSOUTH 1 NILR UKI

COMEOCENT 1

COMMARAIRMIED 1

CINCHAN 3

Total external distribution 248

SCNR for SACLANTCEN SACL ANTCEN Library 10

SCNR Belgium 1 Stock 22

SCNR CanadaI

SCNR Denmark 1 Total number of copres 280
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