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Qi 1.0 Introduction

. A theory has been developed which predicts onset and erosion in MPD ®
~ Ay

agreement with experiment. Erosion rates are predicted for a steady-state

> hot cathode thruster. This theory i3 the first to model the viscous and
thermal electrode boundary layers in MPD thrusters. Stability criteria for

®
Sy ey
y{ diffuse-mode electrode current conduction have been found. :5,.
| i
:ﬁ This report, in conjunction with two earlier annual progress reports, i

' 4

r
7
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summarizes progress made under grant AFOSR-83-0033.

."-}\
; .

)
J
2
: @
i’ ]
w’ \.
W NG
oy
i x:t
'
[V H;N
. S

L)
. . - R AR AN SR R S L AP RV LR L L LN L SR AL .t At AN W~ IR LS AT
AT Y L Rl § ¥ Ga B ™ AN G N OSSO O O R COAG RO O RN PN ALY
B W W ,:".I: ,.&. N WM MK ,Q'L . LM 0 0\ » » ) () Al " () Col o™ »

)




- - o gt » - RS . R Y c nat batata" 0a%a%a"a¥2 a0 At at 2l I % ate 2t a0 a0e
. - 0% ¢ 5.0 - v . 0 A WU W DT )
IS AN L U U K (A (1 ; i W (

U
2.0 Research ObJjectives

The overall objectives of this work were to determine the erosion rates ﬁ

and limits of diffuse mode operation. To accomplish these overall objec~ ';
{

tives, the following objectives were set for the research effort: (1) to )

model the bulk flow in MPD thrusters, (2) to model the viscous and thermal

boundary layers in MPD thrusters, (3) to model the sheath-boundary layer in-
teractions, (4) to model the thermal response of the electrodes.

vy Sl 23S Ak BR R

3.0 Status of the Research Effort

nt

i a .p,‘

N The discussion below summarizes the highlights of the research efforts \#

ol

under this grant. A more detailed discussion can be found in the jﬁ

g appendices. P

(%

: %
' §§ Previous work on frozen and equilibrium quasi one dimensional flow in

'-‘-/‘! ”

plasma in MPD thrusters has been extended to include finite rate ionization,

: g plasma boundary layers, and electrode sheath effects. The quasi one dimen- D:
: sional flow model with finite rate ionization mechanics can quantitively éf
‘ ?5 predict the occurence of onset. Combined with the boundary layer and sheath Ej

| & theories, electrode erosion rates can be predicted. '{

:

A comparison between predicted and experimental onset currents is shown

-
PRt 4
‘-~

{ N
. Q’ in Table 1. The experimental results are from the 20 centimeter straight 9
) . h

! :3\ coaxial thruster of King. The theoretical prediction assumes a one dimen- : ;

! sional channel flow and conserves mass momentum and energy. A rate equation )

; ZH for ionization is included. 3:
Y Té

&
N MASS FLOW THEORY EXPERIMENT o

D) b .

b - (g/s) (kA) (kA) )

. o~
o =
e 3 16.8 ~16 '3

N
6 25.2 =27 e
B .1 .~
) "4
LS )
TABLE 1: Predicted and experimental onset currents are compared for two mass t:
'ﬁ flows in King's 20 cm coaxial straight thruster. ‘;"'
, 4
N
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Laboratory quasi-steady MPD thrusters typically conduct current through
cathode spots. Spots tend to have very high erosion rates. These high ero-

sion rates severely limit thruster lifetime. In actual space use, thruster

will likely be run for long periods to time with hot electrodes. Hot

electrodes permit defuse current conduction and much lower erosion rates.

>y R &R =X

This study concentrates on the hot electrode case.

1

To understand the conditions at the plasma electrode interface, a study

e

of the plasma boundary layer and plasma sheaths has been performed. The

boundary layer theory uses a momentum integral method. Profiles of electron

21

temperature, heavy particle temperature, density, and ionization fraction
can be predicted. Sample profiles are shown in Fig. 1.

2

2 A major result of this theory is that the boundary layer thickness o
.. strongly depends on the ionization fraction near the wall. Electrons and %&:
ﬂ: ions recombine on the walls and this would tend to make the ionization frac- h‘,
o tion near the walls small. If it is small, the viscousity is large and the ;jt

boundary layer grows rapidly and viscous flow losses can be expected to be

. important. If the lonization fraction is not very small, near the wall, the r%:
o boundary layers grow slowly and viscous losses can be expected to be a small A

part.

20 i

i

Erosion from a hot cathode is largely by evaporation. From our bound-

-
:; ary layer and sheath models, heat transfer to the cathode can be analysed SE
~ and cathode temperature distributions predicted. From these predicted tem- ?jd
peratures, the erosion rate by evaporation can be predicted. Sample !,
ﬁf predictions are shown in Fig. 2. ig
o
EE The stability of the diffuse mode MPD thruster has been analysed. It i;i
is found that, under some conditions, a thermal run away may occur in which ® ,
:ﬁ the electrode regeneratively heats itself until it melts. This can be Eﬁi
i avoided by external cooling of the cathode. The external cooling rate, \F\
N however, must be carefully chosen. If the cooling rate is too slow, thermal ;;f
. run-away will occur. If it is too fast, the arc will extinguish. !
: R
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In addition to those reported in previous Annual Reports, the following
papers and publications resulted from this grant:

»

m

i V. V. Subramanian and J. L. Lawless, "The Electrical Characteristics of
) MPD thrusters," 1EEE Conference on Plasma Science, Pittsburgh,

‘ Pennsylvania, June 1985

b .

- V. V. Subramanian and J. L. Lawless, "An Integral method for Two-
" . .

tj Temperature lonizing Laminar Boundary Layers." accepted for publication

in Physics of Flulds

Y
V. V. Subramanian and J. L. Lawless, "Electrode-Adjacent Boundary Layer
gf Flow in Magnetoplasmadynamic Thrusters," Submitted to Physics of Fluids 2
.-\ !'
o
N V. V. Subramanian and J. L. Lawless, "Onset in Magnetoplasmadynamic o
d R
> Thrusters," AIAA-87-1068, presented at the May 1987 AIAA EP conference, i\;
A N
. Colorado Springs, Colorado, also submitted to Journal of Propulsion and i:;
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J. L. Lawless and V. V. Subramanian, "Theory on Onset in
Magnetoplasmadynamic Thrusters," AIAA-85-2039, presented at the AIAA EP
Conference, October 1985, also published in Journal of Propulsion and
Power, Vol. 3, No. 2, p121, March-April 1987
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V. V. Subramanian and J. L. Lawless, "Thermal Instabilities of the

Anode in an MPD Thruster," (in preparation)
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E. Richley, H Torab, and J. L. Lawless, "Numerical Simulation of Two-

o

Temperature MPD thruster Flow," (in preparation)
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To complete the problem description, boundary conditions
are needed at the channel inlet, x=0, and exit, x=L. Atx=L,
we require B=0. At the inlet x=0, the flow speed is specified,
u=u,. The inlet flow speed, u, is very small; and, for present
purposes, it may be taken as approximately zero. The value of
the magnetic field at the inlet B= B, is determined from the ex-
perimentally specified total current J by Ampere’s law:

B,=pgJ/W ®
The mass flux F is related to the total mass flow m by:
F=m/(HW) (10)

The performance of the MPD thruster can be characterized
by its efficiency. We will define two efficiencies. Although the
definitions are different, they agree closely over the range of
MPD operation. The first, inspired by thermodynamics, is the
Lorentz efficiency, which is defined as the ratio of the work
done by the clectromagnetic force to the total electrical power
in’

e = | uae| | Ejax an

When the integrand in Eq. (11) is rearranged, the Lorentz effi-
ciency is seen to be the weighted average over the power of the
ratio of the back-EMF to the electric field:

e, ()] | s

' (uB
- —
E

it is then evident from Eq. (13) that for efficient thruster
operation it is necessary 10 operate in a regime where the back-
EMF is comparable to the electric field. This means that the
back-EMF onset mechanism, discussed in Sec. V., is expected
to be important in efficient thrusters. -

(12)

(13)

o The second type of efficiency is conventionally used to
'.:,' define overall propulsion system performance:
) 2= (T§2m)/(IV) (14)
LY
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Fig. 4 The thrust efficiency y and Lorentz efficiency y, plotied
agsinst the magnetic force number S*.

where T, = (fnu + PHW) |, is the total thrust, For a planar
channel, V=EH+ V, where V, is the sum of the sheath
voltage drops. By including the thrust due to pressure, % dif-
fers from v,. For the normal operating regime of MPD
thrusters, as opposed to electrothermal thrusters, the pressure
component of thrust is small and the two efficiencies agree
closely, as will be shown in Sec. 1V,

The governing equations described in this section can be
solved to determine the electrical characteristics and efficiency
of the thruster. This will be done in the following sections.

111, Magnetogasdynamic Choking

The combined action of ohmic heating and Lorentz body
force can cause a flow in a constant-area channel to accelerate
from subsonic to supersonic. Since both of these effects are
large in the MPD thruster, variation in the channel cross-
sectional area may be unimportant even if it is present. This
section will develop the condition for this choking to occur in
the self-field flow of a nonideal gas obeying equation of state
Eq. (4).

Rewriting Eqs. (1) and (4) in differential form, combining
them with Egs. (2) and (3) to eliminate dp and dp_ using Eq.
(5) to climinate j, and solving for the velocity gradient yields

J_ du - | 1 _g_ _ai_ - £ ) LB_
w de M1 pdh/dplp \py P 1, popu dx
(15)
where M =u/a is the Mach number and a is given by'*
a® = (pdh/dp\p)/ (1 ~pdh/3P\,) e

a is the acoustic speed of sound in a gas obeying equation of
state Eq. (4)." For the special case of an ideal gas, Eq. (16)
reduces to the conventional expression.

It is seen that Eq. (15) is singular at M= 1. For continuous
acceleration through M= 1, it is required that

3h
=p®a*B*—— |7
E=p°a P |, a7
where * represents quantities evaluated at the sonic point,
M =1, Equation (17) is the choking condition, It relates the
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] s
& e
n::: electric field £ to the back-EMF at the choking point, a*B*. The two solutions to quadratic Eq. (23) may be readily written -:-:’

. This will play a central role in the prediction of back-EMF in- in terms of B and the sonic quantities b
i duced onset discussed in Sec. V. . e
Equation (17) can be interpreted in terms of classical . & (P-a4pn” :?

i gasdynamics, Ohmic heating tends to drive a gas toward M=) u=al-m T 25)
and the magnetic body force tends to drive the flow away from '_. -

| M=1." Equation (17) determines the electric field necessary where P, -
*\‘ to provide the right amount of ohmic heating to drive the flow ,-::.-
o just to M =1 where the body force can accelerate it to super- 5 B s N
-.." sonic speeds. f=—8"—7— l) -2 f=—8" (l - 8 ) +1 b

This choking condition has been previously studied for the 8 B 4 B DAY
.' specialhcase of an ideal gas. Resler and Sears'?® considered Rt
such choking for an applied-ficld calorically-perfect flow. The upper sign in Eq. (25) represents the solution for super-
N King et al.” studied choking in self-field flow for the special sonic ll)'l‘;ew argld the l‘t]Jw(cr )signpis for subsonic flow. Eq. ?25) o
case of a gas obeying the equation of state h=h(P/p). The shows that 4/a® is a function of B/B® with S* as a parameter. .-«
e case of a self-field calorically-perfect flow will be considered Combining Eq. (25) with conservation of mass Eq. (20), p can "=,
N in the next section, and the more general case of self-field be found: SRS
2 choking in a nonideal gas will be addressed in Sec. VI. T
—4£)% AT
p=p‘[—_£_*_(_{z_4£)_] (26) ®
S IV. Frozen Flow Model 2 2 3
" The concept of back-EMF onset is most easily understood A . ) i I
in the spec‘i)al case of a constam-composit{on (frozen) Eq. (26) determines p/p° as a function of B/B* with §° as a .""::'
calorically perfect plasma. In this section, the solution for the parameter. Combining Eq. (25) with momentum conservation f"*f.
& flow profiles for frozen flow is presented. The flow in this case Eq. (21), the pressure P can be found: g

: is found to be characterized by a single nondimensional " . ) LT

r parameter. This parameter, the magnetic force number, is P=Fa* [—i+—;—=r-£-4£—)-+—s_([ __B_)] an e
o closely related 10 the experimental onset parameterJ?/m, 52 2 2 B2/ ...
o The flow of a fully-ionized one-temperature plasma is
“ modcled. Because ionization and recombination reaction rates Eq. (27) determines P/Fa* as a function of B/B* with §°® as a pt

‘ are not considered in this section, this is called the frozen flow parameter. The relationship between 8 and position x can be
. model. With electronic excitation neglected, this assumption found by combining Ohm's law [Eq. (5)], Ampere’s law [Eq. s
N of a fully ionized flow permits a simple expression for (6)]), and choking condition [Eq. (19)]): ",-::,-

4 enthalpy: St

d8 ( S . i

: kT ¢ 5P € T THe —-2—0 B —uB) (28) ':__;
"’ h= + = + (18) RS
- m, m, 20 m, ' RN
A From Eqgs. (25-27), it is seen that S*, defined by Eq. (24),isa 77

Substituting this frozen flow enthalpy into the choking condi- very important parameter. S* is the magnetic force number®! '.r:.»

. tion, Eq. (17), gives evaluated at the choking point, and displays the relative im- /v

‘ 5 portance of magnetic pressure and gas dynamic kinetic energy s
. E=—2a"B* (19) deasity: _. .

‘ 2 NS
. This choking condition determines the electric field and S* = B*%/2y, - magnetic pressure 29 :_:\-:
o defines the operating region. 1/20%a*? ~ kinetic energy density @3 S
o To obtain an analylic solution, the conservation equations t.r.‘.-

for mass (Eq. (1)), momentum {Eq. (7)], and energy {Eq. This magnetic force number S* is very closely related to the 87"
(8)] may be rewritten for frozen flow in terms of the sonic onset parameter J2/m, which is used by experimentalists o ‘7"
W quantities: correlate data. Using Ampere's law {Eq. (9)), mass flux __’1
W pu=F=p*a® 20) definition [Eq. (10)], and the definition of §*, [Eq. (24)] M
| yiclds ~:.':: )
- M
-~ 2 o2 . o
-*:- P+Fu+ B =P*+Fag* + B @2n —{z—= m, )S‘ 30) :-"t-'
b 24y Mo m KoK I
= . where x = 8,/B* is typically about 1.1.7 d
:-: Fh+ F_f'_,_. +_E£ =Fh*+ F_,_-_z + £8 22) Limits on operating values of $* can quickly be established. \':: 4
L) 2 Ho 2 Ho First, for Eq. (25) to have a real solution, it is necessary that 0N

! 2> 4t. This occurs for the trivial case of $*=00r §*>6.4. 3,
\'. Cgmbining Eqs. (18-22), the following quadratic equation for For a physical solution, it is also necessary that P>0. Ex- r:f'
' u is obtained: amination of Eq. (27) shows that this limits $* to values less  <x %)
' than 14.0. In light of Eq. (30), this upper limit on $* could  “x ¥u}§

e (-E-S' (_lﬁ__z) _ z)a‘u signify onset. In the next section, however, a more severe limit o __
} 8 g than $* < 14.0 will be found. '.F‘..l
.j: The behavior of these solutions is ilfustrated in several W3¢
o $ B figures. Figure 2 shows the variation of the nondimensional o N
+ (TS' (' TV A |)¢'" =0 (23) exit speed (u,/a*) vs the parameter S*, The top portion of the 9.3
curve represents the supersonic branch of the solution, "
¥a where whereas the bottom portion gives the subsonic branch. The W]
supersonic flow profiles for three values of §° are shown in
o §°=8°/(pop%a?) (24) Fig. 3. The thruster efficiency for the supersonic low branch
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* is shown in Fig. 4. This figure shows that the two definitions
for efficiency presented in Sec. 11 are in close agreement.

In summary, analytical relations between u, p, P and B have
been found. The solutions contained S°, the magnetic force
number evaluated at the choking point, as & parameter. The
solution was found assuming a fully-ionized compositionally-
frozen flow. Approximations such as isothermal flow or in-

iﬁnite magnetic Reynolds number have nor been made. The
next section reveals how this solution predicts a new
mechanism of onset. In Sec. VI, how the solution is affected
wy by ionization rates is discussed.

bl Y. Onset
This section explains how the simple model of the previous
section predicts onset. Onset appears as a limitation on the
!vnlues S°, as defined in Eq. (24) or Eq. (29), may assume in
M the supersonic mode. This limit is a consequence of combining
Ohm’'s law with the flow solutions. The behavior of the back-
EMF will be considered first. The effect of back-EMF on
3 Ohm's law is then considered from mathematical and physical
viewpoints.
The behavior of the back-EMF, uB, is considered first.
ﬁNcar the inlet, the flow spced u is very small, so B is small.

Near the exit, uB is again smalil because B—0. Somewhere
pear the middle of the lhrustcr. the back-EMF, uB, peaks.
This is shown in Fig. § for various values of S°.
L An important relationship between the electric field £ and
che back-EMF uB can be found if Ohm’s faw is considered.
Combining Ohm’s law [Eq. (5)] with Ampere’s law [Eq. (6)]
and integrating yields

.\1

R Ll dB
) =§ 2
> 0 poo(E—~uB) @D

I~ where L is the thruster length, B, the magnetic ficld at x=0,
and o the plasma electrical conductivity. The relationship be-

4 tween « and B is given by Eq. (25). For frozen flow, the clec-
tric field E is given by the choking condition [Eq. (19)}. This
+. is also plotted in Fig. 5. From Fig. 5, it is scen that as §° in-
.‘_:- creases from 7.0 to 8.5, the peak back-EMF approaches the
* clectric field. This tends to make the denominator in Eq. (31)
small. As the peak back-EMF reaches the electric field, the in-
tegral indicates that an infinite length thruster is necessary.
E This occurs at S® =8.52. For higher S*, E—uB changes sign

"~ 3 [S¥=10.0) [€/°8% = 2.5]
i [
25
=
2} S*« 85
g : .
- .
o 15 L
E 5w 70
’ -
Y
fa,
o 1
.
N
s osf
3N o] i i - | .
o 08 1 .8
8/8"

Fig. S The back-EMF uf plotted against the magnetic fleid B for
hree valees of the magnetlc force number S* for supersonic flow,
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twice during the integral, which is hence singular and
meaningless.

The physical significance of this limit can be found by
returning to the governing equations, Eqs. (1-6). If at some
location in the thruster £=uB, then from Ohm's law, [Eq.
(5)] no current flows. If no current flows, no magnetic force
acts on the plasma [see Eq. (7)) and no ohmic heating occurs
(see Eq. (8)]. Consequently, the plasma flows at constant
speed and temperature. Further, if no current flows, the
magnetic field is constant [see Eq. (6)]. All this implies that if
E=uB somewhat in the channel, then it will be true that
E=uB at all points downstream. If this is so, the boundary
condition of B=0 at x= L cannot be met no matter how fong
the thruster. Thus, it is necessary that u8 < E for all locations
within the channel.

The limit of uB<E for the analogous case of plasma ac-
celerators with appfied magnetic fields is well-known. It was
first studied by Resler and Sears'*?° and has since appeared in
textbooks,2!2

This value of $*=8.52 at which £=uB can therefore be
considered as the onset limit, indicating a regime of operation
beyond which the flow can no longer be supersonic. Using Eq.
(30), this limit can be restated dimensionally:

S ARa®

-——s 8.52 (32)

o

Eq. (32) correlates the experimental data of Malliaris et al.’
very well, This is shown in Fig. 6. This success does not prove
the existence of back-EMF onset, however, because the scaling
laws for anode mass starvation onset®? are similar.

The reason back-EMF should rise faster than the electric
field can be explained with some scaling behavior. From
Ampere's law [Eq. (6)]) B scales directly with J. From the
choking condition [Eq. (17)] E scales roughly with J, and
from conservation of momentum [Eq. (2)], u scales roughly
with J2/m. Thus, as one increases the current, the back-EMF,
which scales as J*/m, increases faster than £, which scales as
J. This leads ultimately to current blocking.

This paper does not attempt to establish the flow conditions
after onset has occurred. For $°>8.52, the smoothly ac-
celerating supersonic solution discussed in Sec. 1V is not
possible. Thus, some largely subsonic flow is expected. By
energy conservation [Eq. (8)], a subsonic flow would likely

ZOOr
E sor °
o °
~
(%)
o®
"
1
N
[-%
e 1oof A
=
€
N 8
s SO
o
[
1 A L. J
% s 10 T 20

AR (40 omu/m, )"

Fig. 6 The experimental data of Malliaris et s1.* for onset condi-
tions correlate as predicted by back-EMF onse( (heory.
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have a higher temperature. Thus higher erosion rates, by
evaporation as well as by sputtering, are expected.

Back-EMF onset also affects the efficiency. It was shown
carlier in Eqs. (12) and (13) that for thruster operation with a
high Lorentz efficiency, it is necessary to operate in a regime
with a high average value of uB/E. Since back-EMF onset
restricts the peak value of uB/E (o one, its average must be
much less (see Fig. 5). Thus, back-EMF onset restricts the effi-
ciency as well as S°.

V1. Effect of lonization

The previous section considered back-EMF onset quan-
titatively in the frozen flow model. In this section, the effect of
non-zero ionization rates is included. This is done first under
the equilibrium and secondly under the nonequilibrium
assumptions. 1t is found that ionization rates have a strong el-
fect on the choking condition and thus on the appearance of
back-EMF onset.

For both the frozen flow and equilibrium flow limits, the
magnetogasdynamic choking condition can be written as

E oh
— e
P T @3
For frozen flow of a monatomic gas, the right-hand side of
Eq. (33) has the value of 5/2. The equilibrium calculation
causes the right-hand side of Eq. (33) to be up to an order of
magnitude larger. This is shown in Fig. 7. The major dif-
ference between the two limits is that an important part of the
change in enthalpy in equilibrium is due to the change in the
ionization fraction. The right-hand side of Eq. (33) oscillates
in the equilibrium model as the plasma progresses through
successive ionization stages.

The difference in thermodynamics has an important effect
on back-EMF onset. Since the equilibrium model can predict
large electric fields, the occurrence of back-EMF blocking is
delayed. This is why King et al.” did not find evidence of onset
over the range of parameters used in their numerical
calculation.

The nature of the choking condition with nonequilibrium
ionization can be analyzed as follows. A plasma composed of
electrons, neutrals, and once-ionized ions is considered. in
nonequilibrium, the equation of state [Eq. (4)] must be
replaced by

h=h(P,p,a) (34)
where o is the ionization fraction. Proceeding exactly as
before, we can combine the governing equations in differential
form with the new equation of state Eq. (34), solve for the
velocity gradient, and obtain the following nonequilibrium
choking condition:

ah p*a® dh da
E=p'aB—r| 422 =X @8
0P Loy J* Oa lip, o dx liop )

where ( )° refers to quantities evaluated at the sonic point.
The above shows the effect of ionization rates on the electric
field explicitly.

Neglecting again electronic excitation, an analytic form for
the equation of state can be found:

h=h(P,p,a)=(5P/2p) + (ae,/m,) 36)

Using Eq. (36), the choking condition Eq. (35) may be
simplified to

5 pla‘y, da

E=s—q*B* +—
2 Jom, dr leope

Qbserve that the first term on the right-hand side is the elec-
tric field from the frozen Now theory and the second term
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Fig. 7 The electric field determined by the choking conditioa, Eq.
(17), plotted against tempernture at the choking point for the iwo
cases of equilibrium and frozea flow.

represents the dependence of the electric field on the ioniza-
tion rate at the sonic point. The physical significance of the
relative magnitude of these two terms can be found by
rewriting the above equation in the following nondimensional
form:

E - 5
a*'B8* 2

p°¢
fr8°m,

da

dr Py of

a7

Consider a unit volume of the plasma as it travels a distance
dx. (p*e,/m)da is the energy added to ionization. j8dx is the
work done by the magnetic ficld to accelerate the plasma.
Thus, the second term on the right of Eq. (37) measures the
ratio of energy going into ionization to the work done in ac-
celerating the plasma.

The ionization rate da/dx is found in a nonequilibrium
model from a rate equation:

da'
dx

kipa(l - a) kyo’a?
myu mgiu

The frozen flow model is found as the limit in which &, and &,
approach zero. If k, and k, approach infinity, the equilibrium
model is recovered.

In this section, the choking condition for frozen and
equilibrium flow have been compared. Fig. 7 showed a large
quantitative difference between these two limits. Using a
generalized equation of state [Eq. (34)}, the magnetogas-
dynamics choking condition was extended to non-equilibrium
flow in Eq. (35). It was shown that the importance of the
ionization term in the choking condition was determined by
the relative rate at which encrgy enters ionization to the rate at
which work is done on the flow at the choking point.

VIiI. Summary and Cohcluslons

A model of one-dimensional plasma flow in the MPD
thruster has been presented. Three different thermodynamic
models have been used: frozen flow, equilibrium fow, and
nonequilibrium flow. Because of its simplicity, an analytical
solution was found for the frozen flow case. A single
parameter, S*, governed the solution. $* was shown to be pro-
portional to the well-known experimental parameter J3/m.
Onset appeared in this model through the nonintuitive resuit
that. for » sufficiently larre S*. the electric field is insufficient
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g to draw the applied current in the supersoaic mode. For frozen
flow, the onset criterion was given by Eq. (32). When ioniza-

ny liOD OCCUTS, such as in an equilibrium or nonequilibrium flow,
onset is delayed because the choking condition predicts a
larger electric field. This explains why, over the parameter
«ange they studied, King et al.” did not observe back-EMF
onset in their numerical results for equilibrium flow. No sim-
ple analytic solution was found when ionization occurs.

The cause of back-EMF onset can be traced to two physical
phenomena. The first is magnetogasdynamic choking which
relates the electric field to the back-EMF at the choking point.

L The second is the requirement that E—uB not change sign in
the thruster. If the latter is violated, it is not possible to draw
all the current in a finite length thruster. Both these require-
ments are well-known for the case of applied-field ac-
celerators.'®2 This paper has shown that the combination of
these two in a self-field flow limits the current that may be ap-

~ plied in one-dimensional supersonic flow,

The back-EMF mechanism of onset is distinctly different

:.; from the anode mass starvation hypothesis.®!"!? This is
‘.h physically clear when considering injection of a small amount
* of mass through the downstream portion of the anode. Such

mass injection could have a major effect on the possibility of
%anodc mass starvation but no effect on the back-EMF onset

mechanism.
This work, like that of King et al.,” shows the significance
of considering conservation of energy, {Eq. (3)]. Without dif-
W, lerential conservation of energy, as in the isothermal models,
choking conditions such as Eq. (17) or Eq. (35) are not found.
“* This changes the electrical characteristics of MPD thrusters.
Further experimental information on the choking region
2 would be valuable.
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ONSET IN MAGNETOPLASMADYNAMIC THRUSTERS
WITH FINITE RATE ICNIZATION®

V. V. Ssbramaniam”*
J. L. Lawlegg
Carnegie-Medllon University
Pittsburgh, Pennsylvania 15213

Abstract

Quasi onc-dimensional sclf-field flow in a
magnetoplasmadynamic thruster is analyzed including the effcct
of non-equilibrium ionization.  This theory. like the frozen
flow theory, predicts the occurrence of the destructive “onset™
phenomcnon  due 1o an  excessive  back-EMF, Comparison
between tlus theory and experuments on a straight  coaxial
thruster 1s given and shown to be pood wWithin the himits of
quasi one-dimensionality. The back-EMF onset mechamism is
alse shown bere to be mflucnced by wall fricuon and heat
transfer, and a choking condition incorporating these effects s

derived.

Nomenclature
a2 = Speed of sound

A = Cross-seclional area of channel
8 = Magnetic ficld

Ba= 8/8' = Non-dimensionalized magnelic field
£ = Electric ficld

E= £/3'8' = Non-dunensionalized electric ficld
F = pu= Mass flux

h = Enthalpy per unil mass

/ = Currenl density

k = Boltzmann's constant

L = Length of channel. or thruster length

M = u/a = Mach number

P = Pressure

T =  Temperaturce

Ter/T' =

Temperature  non-dunensionalized by  the

temperature at the sonic point

t
This worh suppvricd by AFOSR K100}
.
Peme-Oevitoral Rescarih Awmstai, Mochamea! Encimcerimg
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v w  Component of vclocity along the channel, 1 e 2
direction

U= u/a® = Componenl of velocity along the chauncl n the %
direction. normalized by the speed of sound at thc sonic point
X =  Axis} coordinate in lhe dueclmn_ of the (low along (he
channe)

e = jomzation fraction

p = Mass density

o = Electrical conductivity

a' = Speed of sound at the sonic point

8° = Magnetic ficld al the somc pomt

h' = Enthalpy per uml mass al Lhe sonic point

/' = Currenl density at the sonic point

P* = Pressurc al the sonic pomnt

S* = Maoguelic force number at Uk sonic point

I* = Tempcrature at the sonic point

x" =  Position of the sontc point

e’ = lomzaticu (raction al the sore poant

P = Mass density at the sonic powmt

0" = Electrical conductivity at the sonic poiut

8 = Magnclic ficld at the inlet, x = 0

Co = Drag coefficient

O, = Hydraulic diameter

h = Effective heat transfcr coefficient

k, = Three-body recombinalion rate constant

& = [Jonizatiou rate constant

m, =  Atomic inass

T_ = Wall \emperature

¢ = Furst tonization energy

#, = Permcability of free space

I. Introduction
The performance of magnetoplasmadynamic  (MPD)
thrusters has primanly been limited by the onsel phenomenon.

This phcnomenon collectively refers 1o increased erosion of
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thruster components and large voltage oscillations, for steady

operation a3l a critical current with fixed mass flow and

geometry. Ousel was [irst observed experiimnentally and since,

there have been several Ubeoretical atlempts to understand and

quantify it.  Existing theories of omnset’ 348D may be

classified nto three major categories. These are the anode

starvalion  theories  that  parbally  accoumt for the Hall

effect™ * % those that account for i thermodynamics'” & 7

and those that consider the MPD discharge in the unsteady

34
mode™ .

Because of the complexily of the problem, several

simphfying assumphions have been used in cach of the theories.

Baksht et a/., Shubin, and Martinez ef &/. have assumed Lhat

the Now w the MPD thruster s isothermal and thereby

chiminated the energy equalion. In addition, Shubin and

Martinez et a/. have considered the magnetic Reynolds number
to be infimte. The back-EMF lhcory." made no such
assumplions bul considered the MPD flow o be fully ionized
and frozen (ie. zero iomzation rate). The appearance of onsel

i this theory was found o be strongly affected by the

assumplions reparding the thermodynamics. However, the Hall
clffect which was partially included 1n the anode starvation

theoties, was neglecled 1n the back-EMF theory.

The back-EMF theory differs from lhe other theories.

From the eapermuental resulls of tarncit®. 10 18 evident that the
predictions of the anode starvation theories would be severely
affected by the mjcction of a small amount of mass near the
downstream end of (he anode. This would have no effect on
the back-EMF ihcory. The diffcrence between the back-EMF
theory and the unsicady {instability) theories 13 that onsel by a
domnamt hack-EMF appears 1 he sicady slate. The fact that
the assunptions made i e bock-EMF theory are differemt
from the oibcr theories wdicates that the physical mechamsms
responsible for onset  are  different. There 18 bowever
msulficient experimental information on 3 uniform geometry at
this lo dclermine  wiuch of Uhese differemt

ttme, ons t

predictions occur first under which assumptions.

The back-EMF theory will now be summarized. King ef

8/. and Lawless ef &/. have shown that

the electric feid

necessary to sustain supersomie flow an the MPD thrusicr, s

determined by the that the acceleraticn fran

subsonic to supersonic flow take place m 2 smooth fashion.

requirement

This condition was known as the choking condition. Now, the
clectric field also had lo salisfy the constramt unposcd by
Ohin's law which specified the magnitude of the ficld necessary

to draw all the applied current. Lawless et #/. also showed

that frozen MPD [low was parametrized by the magnetic force
number S*. which then related to the onsel parameter that s

used by expenmentahists o dchine the ouset lumt. Both

constramnts on the electric ficld could be satisfied for stcady

flow only for all values of S* below a critical lmnit.  This

lunit on §' translaled o a3 hmil on the expermentally

measured onset parameter and correlaled well  with  lhe

experumental data of Malharis ef al’, This conflict between

the electric ficld nccessary (o draw all the applied current aund
the electric feld necessary for supersonmic flow at a critical

value of the currcnt, is interpreted to be onsel.

The effect of the iomzation rale al the sonic pomt on
the chokiog condition has been discussed by Lawless ef a/.

They showed that the clectnie field wnecessary for  choking

depends strongly on the sonization rale at the somc pomt.  The

arger thal ralc, the larger the eleclric ficld must be in order

lo sustain a supersonic flow. Consequently, iomization ratcs

contral the lerminal vollage.  Another 1mphication of tlus result

is that the omzation rates may comtrol the appearance of onsct

by the buck-EMF mechamsin.  In this paper. the effect of

realistic  1omzatien rates  on  delcrunmming  the  elecirical

characleristics and on comtrolling e appearance of back-EMF

onset  will be examined using 8 quasi-1D  non-equilibriam

theory. This  paper  wiil  underscore  the unportance  of

considering the detailed thermodymamics of MPD flow. Non-
equilibrium omization MPD flow with an exicrnally apphied
magnelic Nicld has been considered previously by Scals and
Hassan'®,  However, they did not atlempt an explanation of
onsel. Furlhermore, thewr analysis was restticled to  the
operalion of the thruster i the elecirothermal mode. The non-
equilibrium theory presenled herein will be used specifically n

order to predict and quanhify ounsel i scif-field MPD thrusters.

The goverming equations of quasi-1D flow will be given
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.4 » section . fotlowed by ] discussion of rate. de/dx n the non-equilibtium theory 15 then found from )
magnetoplasmadynamic choking in section 111. Non-equilibrium the rate equaticn: X
N '
g flow s discussed in seclion 1V and comparisons with th de kpatl-a) *,p'C' P
— = - N C.
cxperiments of King ot #/." ' are given in section V. The dx mu m iy ‘::
ol
ﬁ effects of wall friction aud heat transfer on  the where @ 15 U 1ouization fraction, and k, and & are the 5‘
. . . .
magneloplasmadynamic choking of quasi-1D non-equilibrium fonization and recombinalion rale constants respectively. The .“:
) flow is discussed in section VI, followed by the summary and frozen flow model is found as the limit tn which & and & "
v ! i 7
¥ % conclusions 10 section VII. approach zero. If & and A, opproach infimly, the equilibrium : :
* .
mode! is recovercd. The rale constants have heen obtsined
H. Governing Equations ‘e
from the work of Mansbach and Keck'™ for the non- *
K The goverming equations of quasi 1-D constant arcs "
[ cquilibrium 1omzation case. Thesc are: .l
channel [flow under the assumptions of negligible viscous R l‘.:
) 48x10° .
¥ :‘Q effect, Hall effect, and heat transfer have becn previously ko= —expl -« /4T o,
o , r’s.ssex1o™'y'? -
-
U described”” & 7. The only difference in the non-equilibrium o )
4x10°
ﬁ case is that the equation of state 1s modified. Following the k= o "n
) ) Y
’ work of Lawless et #/.° the conservation equations for s .,::'
: where & is in cm*/sec and k 15 in cm*/sec [
; plasina comsisting of ncutral aloms, singly ionized atoms, and iy
X \Q Normally, for cquilibrium flow, (wo independent properties Y
¢ \ electrons is: i
h. Y such as P and p are required lo deline a thermodymamic state. )
mass: pu = F = constant )
- e For non-equilibrium flow, a third indcpendent property such as -t
A A . _. )
; %; Momentum: PeFus = constant (24 e¢ is required to completely determine the thermodynamic ~
b ¢ 2p, -
N state'’.  In order to complete the formulation of the problem, e
) W ! F@ Eg %)) Yy
: a Eneryy: Fh+——4+— = constant boundary conditions are required. This will be discussed n '
2 £ -
section IV where the simplified cquations of non-cquilibrium .'_'.
| state: A 4) Ry
) }‘. = h(Pp.a) flow will be given. The introduction of the non-equilibrium LI
= )
" Ohm's law: jeoE-uB) (R} equation of state. Eq. (4), and ihe rale equalion, Fq. (7} :4;
¥, a4 X
. modifies the magnetoplasmadynamic choking condition.  This :'"‘
1 1 -
‘ where ¢ is obtained from: o= (—4—)" will be discussed next. e
¢+ 7, ©, L:
¥
[
' - ivi to electron-neutral collisions L
X :‘_:{ where o 15 the conductivily due to electro co 111. Magnetoplasmadynamic Choking z“c
4 . .
f ductivity. Tl Y
'?- and o, i the coulomb portion of the conduc y * Magnetoplasmadynamic choking i the MPD thruster was e
y i for o and have been suminarized by King"
expressions for o, % ) first discussed by King et al'. Subsequently. Lawless et al’ 'F
. .
- W nise have: have examined the choking condition for frozen flow and 1‘:
" . a8 . 6)
' Ampere’s law ;‘ e=pt equilibrium flow assumplions, and found that the ionization ;'_ :
D b 4
- —. ‘
-\.' The icunization and recembination processes are modelled rate has a strong effect on the appearance of back-EMF onscl. : \
' . according to : Ar+ oquid A" 4 0+ ¢ In this section, the effect of finite i1omzation rates on MPD "
. . . b
il be dis .
K where the left hand side represents ionization due (o electron choking will be discusscd. .-:
'-\ 4~
, :'\ impact (@ ) with a neutral atom (A7), and the right hand side The nature of the choking condition with nonequilibrinn ,-::
: represents three body recombination with two elecirons and a iomzation can be analyzed as follows.  Consider a plasma .':
W N
L ,(: singly ionized atom (A" ), This reaclion is likely to be one composed of elecirons, neulrals, and simgly iomzed atoms. In )
of the dominant processes s the MPD thruster. The ionization non-equilibrium. the cquation of state is given by Eq. (4), . N
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Procecding exaclly as Lawless ef a/.. we can combine the

goverming cqualions in diffcrential form with the new equalion
of siale Eq. (4), solve for the velocily gradient, require
smooth acceleration through the sonic point, and oblain the
following non-equilibrium choking condition:

LET de

where the superscnipt o refers to a2 quantily evalualed at Lhe
somic prinl.  Equation Eq. (8) shows the effect of ionization
rates on  the clectric field exphcilly. Neglecling  again

clectrome excitation, an amalytic form for the equation of state

can be found:
sp e,
hs P pa)e — +—— )
p m,
where ¢, 15 the first jomzation emergy.  Using Eq. (9), the
choking condition Eq. (8) may be simplified to:
P8’ ga

/'mA dx

5
E=-a'8"+
H

l'l.

Obscrve that the first term on the rnight hand side is the
clectric ficld fromn the frozen Now theory and the sccond term
represents the dependence of the electric field on the ionization
rate at the sonic poml'. The frozen flow limit is recovered
when the second term is sel equal 1o 2ero, and the equilibrium
flow limit 15 recovered when the second term is sel equal to

its maximum volue al equilibrium.

In this section, the magneloplasmadynamic choking
condition for non-equilibrium flow with a generalized equation
of state has been reviewed. This  choking condilion has
mcorporated 1n il, cquilibrivm and frozen flow limits as

spccial  cases. With the electric ficld determined by the

choking condition given in this section, the solution of the

governing equations will be discussed next.

1V. Non-Equilibrium Channel Flow

The governing equations for quasi-ID MPD flow have
already been discussed in seclion 1. In this section, 1}
governing equations will be combined te give simpler noo-
dimensionalized equations which will then be solved numericaily
m section V., We betin by rewritiug the equations of section
1T in terms of the respective quantities evaluated at the sonic

pomnt:

S T I S A
W N

L Ly Y
e \f '-." ~'-' .“"J'.

I'.( [ g L)
S

INASS: pum Fa P';’ (8102
momentum:
8 5
P*fU“—.P'#F.'O-a— an
24, 2,
enercy:
) 2 i
h+.u_.¢_5£-h'0f--4--f—-€- (NP3l
2 pf 2 wF
state:
pkT
P = (|+g) — [ XN
m
A
5 kT a¢,
h==-(l4g)— +— (14
2 m, m,
N S kT
& = -{l+a)— (s
3 m,

choking condition:

£ s »Ft da

—_ . - - — .. (16
8 2 2°8'm 9B
rate: K Fla
kFall-a} KkF'a
de | - = an
dx mu mu
Ampere's & Oum's Jaws:
I’--—]—g—BSG(E'UB) ag)

F.dx
The pressure and enthalpy may be ehminated using Eq. (13)
and Eq. (14). Equations Eq. (17) and Eq. (1§) may also be
combined to yield a single differentia) cquation for de/dB.
Thus, the equations Eq. (10) through Eq. (18) may be put into

the following non-dimensional forms:

Ni+a)F _ S'F 8 s (a9
e— g+~ - - 4 —
S(1+a")u . 5 2
M1+ T & _ (a‘—u.l (200
- 45 +ES =24 ES e —— :
2t+a™ 2 m~a'3
’
E.f-.__‘__(dj)L, (2n
hd m*a"S' dB

2 N e Teet -
de ﬁf—c m ue k'Fa(l_‘c:

B pom Wa't {E-UB)
whete & and &, were piven mosection L and the mtegral

form of Ampere’'s law Eq. (18) when non-dimensionalized
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An interesting feature in these equalions is the presence of the
non-dimensional parameter, S°. This S' is the same magnelic
force number thal appesrs in lhe frozen flow theory of
Lawless ot a/. However, the equations of non-equilibrium
flow are sulficiently more complicated that limits on S$* may
not be as easily established as in the frozen flow theory.
Equations Eq. (19) through Eq. (23) must therefore be solved

1o calculate the onset limil

To complete the description of quasi-!D non-equilibrivm
MPD channel flow, boundary conditions are required. In the
quasi-steady operation of the MPD thruster'. the weakly ionized
flow enters the channcl X=0 at a slow speed and low
temperature. Within a short distance of less than a centimetcer,
the plasma 1s accelerated to Mach ! mainly due to olumic
heating.  Beyond the sonic point, the electromagnetic force
accelerates the plasma to supersonic speeds. At the exil x = [,

the magnetic ficld, & is nearly zero.

The mathemotical description of the flow is given by
equations Eq. (19) through Eq. (23), The sbove set of
equations Eq. (19) through Eq. (23) may be laken lo
constitute a system of five equalions in the five unknowns u,

T. e. E. and L with 8" and S° as parameters.  The
independent variable is taken here to be the magnetic field, 5.

This formuistion simplifies the system of equations but reduces
the problem to a two-point boundary value problem. Thereflore
a manusl shooting method is used. The mass MNow rate is
taken as given and constanl. The channel cross sectionsl area
is constant and fixed. The boundary conditions are as follows.
The magnelic ficld 8°, the lemperature T°, and the ionization
fraction e° at the sonic poinl are specified as the boundary
conditions st x = x*. The integration of Eq. (23) is then
performed in the two separale direclions toward the inlet, and
toward the exit. The sum of these lengths before and after the
sonic point then is rcqmrc‘d to match the given length of the
thruster, L. Il the calculated length does not match the given

length, then 7° and «® are voried until the correct length has

been calculated.

The physical significance of the manner in which the

houndary conditions sre specified will now be addressed. The

total mass flow is fixed in the experiments. Hence it s

uatural to impose Llhe same n s steady state theory. The
fotal current to the thruster s also fixed This implies from
equation (6) of section Il that at 8 given current level, the
magnelic field at the inlet 8 is fized. Thus. the magnetic
field at the sonic point 8° would be fixed to within less than
10% of 8. Hence, B* may be specificd as a boundary
condition at x = x°, and a reasonable initial guess is obtaned
from (6). Next, since thc thruster length is fixed in Lhe
experiments, the parameters «® and I are varied n 3 realistic
fashion until the length calculated by Eq. (23) matches the
length in the given exp riment.  [n this manncr, profiles of all
the variables are computed for a3 given current and mass llow.
The predictions of the non-equilibrium theory are then
compared with experimentally measured values of electric ficlds

and onset currents for a given mass flow rale.

This section has focused on the simplified governing
cquations of the quasi-iD non-equilibrium theory. In the next
section, this theory will be wused to predict clectrical
characteristics and onset. Comparisons will then be made with
the experimental results of King'' oblained from a 20 cm. long
straight coaxial thruster. It will be shown that at a certamn
value of the current, the length constraint imposed by the
integral form of Ampere's law Eq. (23) cannot be satisfied for
steady [low, This is interpreted as onsct in the non-
equilibrium ionizotion theory, just as in the frozen flow and

equilibrium flow theories.

V. Comparison with Experiment

A quasi-1D non-equilibrium MPD Lheory was developed
in the previous sections. This section will focus on the
solution of these cquations, presenl some results, and compare
these with the experiments of King". Other experimental
results exist, the most detniled of these having been obtained
by Barnett® on plasma flow conditions at onset.  However,
these mieasuremenls were made on the "bcnchmark"' thrustcr
which is characterized by a protrusion at the anode (sce
Fig. 1).  The theory developed in this paper considers 2 onc-
dimenstonal straight chanucl (sce Fig. 21, For thns reason, the

data of King” which were taken from the straight channel

coaxial 20 c¢m. long turuster, have heen chosen for companisen.
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The mathematical description slong with (he boundary

conditions has been discussed in scction IV. The numerical
sigorithm will now be summarized. Given the quantities 8°,
T*, and «° at the sonic poiat, the mass flow rh, the channel
width W, and the channel height M. the right hand side of the
integral form of Ampere’s law Eg. (23) is computed by
itegration from 8/8'=1 1o 8/8'°=0. The integrand of
Eq. (23) depends on u, T, B, ¢, and the quantities at the
sonic point. u and T can be obtained as a function of 8, a,
and the quantities al the somc point by solving Eq. (19} and

Eq. +20) simultaneously, Tius gives:
- LS . "
""_3'(71"%’7:)' 24)
4
» here

] — - Tetiyoh
’,I.44;$‘('_8,) s 16 + 8KS* {1 B),

8ta—a’)e

7\--—I R and

3 "
m s

- 5, 1%e", _. 5 S - (1+e2") _

i --( )u + (—*»S’(I-B)) v as
3 14a 3 6 (14a)

Next. 1f the conditions at the somic pomt are specified, the
electric field may be calculafed from equation Eq. (21) and

bq. (22). Then the diffcrential equation Eq. €22) 15 integrated
to oblain the iomzation fraction e¢ st any desired 8.  The

integration of the diffcrential equation 1s rather complicated by
the fact that this equation is  numenically  “suff™,
Conscquently, an IMSL (lnternational Mathematical Subroutine
Library) routine DGEAR is employed. This rouline uses the
algorithm of Gear 'which is specially equipped to bandle stiff
systems. DGEAR s used lo solve Eq. (22) and the resull is
used o evalvate the integrand in Eq. (23) at vanious stapes of
the numerical integration. In this manner, the thruster length
from the sonic point to the exit is compuled. In a similar
manner, the length upstream of the sonic point 15 computed.
As expecled. the length between the inlet and the sonic point 1s
found to be lypically much smaller than | e¢m. The distance
between the somic point and the exit 15 lo a very good
approximalion, the total length of the thruster. This calculated
length is then compared to the Jength of 20 cm. used in King's
experiments. If thc lengths match, then & solution has been
oblained for the current level corresponding 1o 8. If the

lengths do nol match. then the mputs ¢ and T* ore vatied

unti! the computed length 1s & 20 cm.  In the resulls that
have been obtained, ' is kepl constont at 0.001 wuntd
"= ]4000K. Al T'=14000K, &' is vanied (rom 0.00) to
1.0. Once e*= 1, then T* is sllowed lo increase beyond
14000 K. The hmit of T°' = 14000 X 15 chosen because at this
temperalure, the ionization rate begins to becoune large.  In
this way the parameters a* and 7' are varied in a physically
consistent manncr. Il is found thal the solution was not very

sensitive to the way in which a* and 7' were increased.

Solutions 1o the guasi- 1D non-cquilibrivm equations have

thus been gencrated for mass fows of 3 g/sec and 6 g/scc of
Argon propeflanl. The measured electric ficlds of King"‘ "
varied widely over the channel cross section as well as aleng
the channel. due to non-uniform mass flow across the channel.
Electric field measurements were taken near a location where
the electric ficld was a maximum. Coansequently, the data of
King hove been reducsd by a factor of 0.53 in order to
compare with the predictions of this quasi one-dimensional
theory. The value of 0.53 was determined by comparing the
electric field neasured at a specific location lo the value of
the field averaged over the length of the thruster as well as
over the cross section. The electric ficld versus current curves
are shown m Fig. 3 for a mass flow of 3 g/sec, and in
Fig. 4 for 3 mass flow of 6 g/sec. The continuous curve
represents the rcsults obtained from the non-equilibrium theory.
The experimental data of King'" " are pliotted as discrete

points.

It can be seen that on the basis of this comparison, the
non~equilibrium theory predicts the shape of the electric field
versus current curve very well Furthermore, 1t is in
quantitative agreement with experimemtal results within  the
bounds of deviation from quast one-dunensionalily.  This is
observed for both 3 g/sec and 6 g/scc experiments.  The
major accomplishments of the theory are the upper pomts n
Fig. 3 and Fig. 4. where the calculated valucs end. These are
the onset points in the theory. These are the currents at which
no steady solulions could be found that would satisfy the
length constraint dictated by Eq. (23). The current level

where the discrele data pomts end sgnify the operating peint
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& where onset was rcached in the experimenl. As can be seen and conductivity. Bevond  the sonic pomt, the  veleaty s o,
! [ ]
‘ from Fig. 3 and hig. 4, the prediction of the ouset current by increasing and the magmtic licld s decreasmg,  This causes WS,
N
§ the quasi-1D non-equilibrium theory i3 in excellent sgreement the back-EMF to iucrease and reach o maximum somewhere in .:& ,
)
: with the expcrimental resulls. A numerical comparison of the middle of the thruster. This makes £ = uB decrease and .; X
.
N these theoretically  predicled onset currents and  King's resch & minimum tomcwhere in the middle. Conscquently, the f:. 5
. experimentally measured ousel currents are summarized in Table currenl densily decreases and reaches 3 mimmum m the center

1.  Further. Barnett’ has also observed thal the back-EMF 1s of the thruster. and then incrcases sharply near the exit hecause

o, Ay’ i
it

g very lorge near the onsel limit for the “benchmark™ thruster. of the sharp increase i conductivity cansed by the riing
This may be a further indication that the onsel observed in the temperalure. Thus far, quasi-ID MPD flow has been :,(- ]
MPD thruster maybe due to the back-EMF current blocking considered without friction and heat transfer.  The cffect of ‘-.ﬁ
! mechanism presented in this paper. these on magnetoplasmadynamic choking will be exammed in ::::-
the next section. :‘:;
’ In addition to giving the electrical characteristics, lix _»:\-
ﬂ quasi-1D thcory also provides variations of various quantities V1. MPD Choking with Wall Friction and Heat Transfer E‘f.:'
along the length of the thruster. Typical profiles of velocity, The previous sections of Uus chapler have considered ®
5 temperature. ionizalion fraclion, and current densily are shown quasi-ID MPD flow under the non-cquilibrium  assymplion, :Sﬂ\.
in Fig. 3. Fig. 6. Fig. 7. and Fig. 8. These were compuicd However certain cffects have been excluded i order to cnable ‘:: ‘
g for & mass f.low rate of 3 g/sec. Smnelnf lh‘e festures of the a simple solution lo the problem. These include [ricion, heat :3::.
profiles require clarification.  The velacity (Fig. S} is scen to transfer, and the Hall cffcet.  In this section, friction and heat L 4
’.:H increasc monotonically until ncar the exil, where it decreascs. transfer will be partially mcluded m the theory and  therr i:::-
:,: This s because ohmic heating is dominant near the exit and impact on MPD choking will be examined. 't:

the addition of heat to a supersonic flow causes il to slow

. For a varying area quasi-1D MPD fiow with wall
down. The temperature (Fig. 6) increases steadily until the

< £
'

friction and heat transfer. the equations of mass, moemenfum,

sonic poinl, after which 1t decreases slightly and then increases _7.."
. and energy conservation yield: o
'{,' sharply near the exit. The reason for lhe shight tempersiure & ¥ ,:"
1] .
A d dA e
o decrcase after the sontc point is that the supersonic flow s 1ar + lﬂ + -]—-— =0 (26} ,"
Pdx wudx Adx AP
accelerating. It is well known that an accclerating supersonic a )
" daP du B d8 26, p0r (Qn
flow cools .  Then near the exil, the tempcrature rises again — 4+ py— 4+ —-— - =0 *
L dx dx F.dx o, ~7Y
due lo olunic heating. The lemperature rise cotnputed near the dh du £ d8 h oo
( -
) —~ 4 g — 4 —— +4—(T-T )= (I o
N exit is  uwrcalistically hich. This is because only single i dx ad dx  P.dx . 0
" w H }..h
N e
ionization was considered in the theory. If the presence of where: c 2, is the drag coelficient W
- b £ N
b .
- sccond jons were considered, lhen this temperature rise at the U ,.‘.,
44 )
& exit would not be so dramatic. The iomzation fraction profile W ‘-:‘-
dA_ /dx RIS
(Fig. 7) requires Iittle eaplanation. a increases sharply near :‘ :"
N . 18 the hydraulic diameter, and h s the effective heal transfer S
'8 the somc point becouse the temperature rises sharply. It then _:.‘_'
. coclficient, et
becomes  relatively comstanl  since the temperature s nearly [
VR
. e e . . -
A% constant in the middle of the thruster. Near the exit, e rises Followmg  the carlier  development.  equations  Fq. (261, <
L% “ *
e Q. 2 s . . I
sharply agam because of the sharply increasing lemperature. Ba. (37 and Eq. (28) may be combincd with Eq. 13 o
g
- _~ ;
(e The current density (Fig, 8) starts oul small near the et Fq (14). Eq. (19). Eq. 1170, and Eq. 118) to yicld: h‘:
o t*“n
because the temperalure is small (this makes the conductivily Tdu Tttty ®
small) and then increases following the increasing temperature dudx - PR I ) 29 ::-\':
el
\ el
7 I v

g
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where ‘\ de 5P A sC,
N o ae ? P daagx P 1 * )
m, dx P o,

4h(T=T ) 13 s8  dB

Y, — ) Ya

O, pu

For a constant area channel with no fricton and ne heat

PPy 2ppl dx

transfer. the above reduces to the same expre‘ssion derived by
Lawless et #/. Using their same argument and requiring a
smooth acccleration from subsonic flow o supersonic flow,
cives 0 for the numerator of Eq. (29) when vu=a.  This gives
tne followmng choking condiion for the electric ficld.  Thus,

for a constant arca channcl:

7 ' s
E=-28 + (ﬂ,‘ﬂ:‘ﬂ,‘ﬂ,)”' QM
4 2
whe o 9 16h (T° =T
B o=-a87 )y fr—— )
4 D,q*
100C F(l1+a" kT* 4¢Fqga
s - ) Ar ol
JD"’"AU' ’n\a

From the sbove generahized choking condition, it can be seen
that larger rates of heat transfer from the plasma to the wall
near the choking point cause a larger electric field. Since a
larger electric Nield permits a larper back-EMF, this may delay
back-EMF onsetl in the ssme manner as larger ionizalion rates
st the sonic point.  The effect of wall {riction may also be
examined. It can be seen that friction actually causes a lower
electric field. This in turn permits a smaller back-EMF, and
could thus cause back-EMF onset lo occur soomer.  Wall
frictton and bulk heat transfer could thus have 8 significant
effect on the lack of delay or delsy of onset for non-

equthibrium [low,

Vi1, Summary and Conclusions

The first non-equilibrium (fimte rate ionization) self-ficld
MPD theory to predict onsel due to an excessive back-EMF st
high currents, has been devecloped. The elcctric  field
dependence on the fonization rote (see section 1) prompied
the consideration of realistic ionization rates, under the non-
equilibrium  assumption. The governing equationt of non-
equilibrium MPD [flow have been sclved and the results have

been compared with King's experimcnts on a straight coaxial

thruster™ "',

Back-EMF onset appears i this theory as the
failure of a slcady solulion 1o exist at a critical value of the
current, for a fixed mass flow. This onsct is due to the
conflict belween the clectric ficld required to  sustamm 2

supersonic flow in the thruster, and ihc electric field necessary

to draw all the applied current.

It has been found that the non-cyuilibrium theory has not
only predicled the onset limit, but has also predicled current
versus voltage characteristics in agreement with the experiments
of King within the hmits of quasi-one dimensionality. More
experimental data with a umform mass flow is therefore needed
for a more delimtive companson.  Finally. non-equihbrivm
quasi-1D flow has been constdered by partially ancluding the
effects of wall friction and heat transfer. It has been shown
by examining the magnctoplasinadynamic choking condition, that
heat transfer may delay back-EMF onset wlile wall friction

may cause il lo occur sooner.
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Fig. © A schematic of an MPD thruster
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Fig. 2: The plane-parallel clectrade geometry studied in

this paper 1s analogous to the co-axial geomelry used n
experiments.  The above diagram shows the relative orientation
of the flow velocity, u.the current, f, the electric Tield, £, and
the magnetic field, 8. The channel has a length L in the flow
direction and a width W. The elecirodes are separated by a

distance H.
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versus Lhe lotal current.  The eaperimental data of King for 20000 r [ ]

3 a 20 cm. long straight coasial thrusier are plotted as discrete }ip ’
‘ 4 I ~.'
3’ points, for a total mass flow of 3 g/sec. The solid curve ‘::':ﬁ

rcpresents the prediclion of the non-cquilibrium theory of 13000 - 4 .\:‘: ]

] ——

i section IV, corresponding to a uniform mass flow of 3 g/sec. 4 i
d

The upper portion of the solid curve ends where no steady E 0 v

= 10000 X t

- solution to the equations of section IV was found. This is > ‘:J"

‘o W
'3:. interpreted as the theoretical onsel poinl.  As can be secn, this 2
) >

&

agrees well with the onset limit observed i the experiment,

5000
. where the data is seen to be scatlered.  Sec section IV and
,
seclion V for a dctailed discussion.
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- —_—
s a flow of 2 g/sec. This prolile was oblamed from the solulions
> 1500+
";‘ to the quasi-1D non-equilibrium cquations given 1n section 1V
E and section V. Il can be secn 1hat the speed increcases
. o 1000} . .
A < monotonically until near the exit, where il decreases. This s
- - .
. M (3]
‘. i due to the dominance of ohmic heating near the exit which
w
R 5°°L causes a supersonic flow (o decelerate.
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o Lo,
R the upper point where no steady solution could be found. This = s
tn , 10000 | )
_:._ is the theoretical onset himit, which agrees well with the haAS
.
cxperimental onset limil of & 26 kA.
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Fig. 6: The plasma temperature 1s shown in this nhgure
-®
'.:~ versus distance along the length of the thruster. for 2 uniform
mass flow of 3 gpfscc. See scction 1V and seclion V' for the
:-:‘ solutions of the gquasi-1D non-equmbibrium  theory. which were
(X X
. used 1o obtain the above profite.  The temperature increascs R
s sharply from the wiet (o the somic point primanly  duve 1o ‘:
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y
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-:( the solutions of the goverming equations piven in section IV L)
" 02 and section V. The current density 1s small necar the entrance o
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. ®
because the temperature is small which makes Lhe conductivily f'..‘u:
»
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:';, 0 N . ) - small. Then. 1t increases as the temperature increases. Neat, > \
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! Abstract
Ny AN
An iutegral method is developed in order to approximalely solve the governing equations for g
- Al
g& a mulli-temperature, non-equilibrium ionizing, compressible boundary layer. This mecthod is based *.\
on classical momentum and energy integral methods which are used in conjunction with the :,.
% Howarth-Dorodnitsyn transformation. A novel feature of this method is the separate trealment of W) ;'l‘,,;
the translational or sensible energy equations for ecach species. As an illustrative example, this ﬁ‘é
3 £ .I'
ﬁ method is applied to the problem of a shock-generated ionizing argon boundary layer on a flat ‘
. surface al a uniform temnperature. Reasonable agreement for this case is found between this 3_?-'
<y 4
i" approximate theory and existing experimental and numerical results. %: \
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I. Introduction

Recent research in the development of the National Aerospace Plane has aroused interest in

supersonic and hypersonic ionizing boundary layers. A basic understanding of such [lows is

S

important for spacecraft reentry problems, interactions between solid surfaces and plasmas (such

o

as in magnetoplasmadynamic thrusters), and possibly hypersonic or supersonic combustion. In

addition to including the complications of classical compressible fluid boundary layers, ionizing

M

A boundary layers also include the effects of variable transport properties, plasma-wall electrical
':h- sheaths, atomic collision processes, chemical reactions, radiation transfer, and electromagnetic
"

x fields. The full boundary layer problem including all these effects is so complex that researchers

have resorted to limited experimentation , extensive numerical compulation, or approximate theories

>4

in order to understand and quantify the problem. This paper addresses the development of an

integral imethod, and its contribution lies in the branch of approximeate theories. The virtue of

O

o
integral methods is in their simplicity, ease of implementation, and applicability to a nuwmnber of .,.

J'_'

2 situations and over a wide range of parameters. f-:'
® b

Y

In this paper, the boundary layer flow of an ionized gas adjacent to a cold flat plate at a

. =y
6 constant lemperature is discussed, and an approximate method of solulion for the complele ”.'_
)

A
N boundary layer problem is outlined.  This theory may be quite easily generalized to other ;‘
’U
2 situations such as the flow over an adiabatic flat surface. An ionizing atomic gas (or plasma) Iy
a\ 4

” .

l gencrally consists of neutral atoms, ions, and electrons. The ions may be ionized to various ®
-~ RN
degrees depending on the temperature. The ionization process usually takes place when an "\":

oV

::w clectron collides with a neutral atom (or ion) and causes a bound clectron to be released. The gi-
o) o
reverse process known as three body recombination occurs when an electron collides with an ion ;‘?‘
: and a third body (usually an electron) and is subsequently captured by the ion. When such a bot ;x‘:,
2

gas consisting of neutrals, ions, and electrons flows at high speeds and adjacent to a cold ":
. ot

. ’l
- surface, it is oflen in a state of thermal and chemical non-equilibrium (i.e. electron, ion, and v
[ ]

- neutral tempcratures are different from each other, and the ionization/recombination processes are i:
~ ~
~ dctermined Ly finite rate kinetics). Near the wall, the electrons are repelled by the negative -:
P

< electrical sheath.  Consequently, they suffer elastic collisions with the sheath and retain inost of ;:
[} LIS |
their original kinetic encrgy.  Therefore, the electron temperature does not vary significantly 9 ’
- ‘,‘.\
\J 1:~\
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N
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[
N
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across the boundary layer. The ions and mneculrals on the other hand, exchange ecnergy by colliding
with each other and with the wall and therefore their lemperatures are expecled lo vary
appreciably across the boundary layer. In the absence of strong electric ficlds, the ion and
ncutral temperatures are approximatcly equal since the two species exchange energy efficiently due
to their similar masses. When strong fields are present, the plasma is likely to be a three
temperature fluid. In this paper, the case of weak or no electric ficlds will be considered and
consequently the plasma is a two-temperature fluid. However, the method that is outlined herein

can be extended to the case of a three-temperature fluid.

Existing work in ionizing boundary layers is cither largely numerical, or experimental. A
good review of numerical and experimental work on ionizing non-equilibrium boundary layers is

"33 Ben-Dor et a/.* * bave considered plasma boundary layers under the

given by Liu et a/.
assumplion of frozen flow (i.e. zero ionization rate) . Though the assumption of frozen flow
may be applicable in some situations, the more important problem of a reacling plasma boundary
layer must be treated. The method presented in this paper is capable of bandling a reacting

plasma, and thus the frozen flow simply appears as a special case in this theory.

In this paper, a technique thal uses integral methods will be outlined for a two-lemperature
plasma boundary layer in order to obtain an approximate solution. A review of the historical
background of integral methods is given by Schlichting‘ and more recently by Subramaniam’. The
proposed mcthod may be summarized as follows. The conservation of mass and momenlum are
wrillen for (he combined (wo-temperature multli-species plasma, which are identical to the
corresponding equations of classical boundary layer theory. However, instead of considering an
energy equation for the combined fluid, we propose that separate equations for the transport of
translational energy for each of the species be derived. These will be referred to in this paper as
the species sensible energy equations. Finally, rate equations will be derived, describing any
chemical processes that may occur in the plasma (such as ionization and recombinalion). We
then propose applying integral methods to the above described set of cquations., and seek
polynomial expansions [or the variables of interest (velocity, temperatures, and number densities)
in terms of a transformed Howarth-Dorodnitsyn coordinate. This proposed method differs from

other integral methods in two important respecls that are responsible for ils success in the case of
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a compressible, ionizing, two-temperature plasiua near a cold wall. The first is that the energy

equations describing the transport of each mode of energy storage for each species Is considered

[y

scparately. The second is that self-similar solulions are sought in terms of a transformed

NP
<

Pl A X o o
Ls:\ LR

Howartb-Dorodnitsyn coordinate.

Starting with non-equilibrium kinetic theory, the governing equations for a laminar,

compressible, two-lemperature boundary layer are derived in section Il Following some

.
s

AR
LR

Ll
I

simplifying assumptions, these equations are rewrillen in section III. The integral method is

e

L4

outlined in detail in section IV, and an illustrative example of a two-temperature ionizing

v
r

boundary layer in argon generated by a shock wave is given in section V. A comparison with an

=)
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existing numerical solution for a shock-generated ionizing argon boundary layer is also given in

b Ty o

section V, and the contributions of this paper are summarized in section VI.

- -

Wz

L 9%

»,

II. Governing Equations

et

For the purposes of this discussion, consider 8 monatomic gas that is partially ionized. In

e
S.{& Y "v

oyt
Ld

general, there may be external forces such as those caused by eclectric and magnetic [liclds.

<N
B4
A

L A

However, here we will consider no such external forces. If f a is the distribution function for a

»
1, & 'n{.
i

L

species a, then the transport equation (Boltzmana equation) in cartesian tensor form is%:
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where x| is the i*™ coordinate, t is time, Cl“ is the /" component of the absolule velocity of a ®
‘o WA
~ particle of spccies a, aund J‘ is the collision term.  Belfore the macroscopic equalions are oy
o dcrived, it is necessary lo define the following : -f:::
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} n a i
a

S N

e

where vi" is the /™ component of the peculiar velocily of species a, ¢, is the local average

oo

mass velocity of the gas, p is the mass density, m, is the mass of species a, n, is the number

PRy
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3,
T

E densitly of species a, and <OJ‘) is thc average over (he distribution funclion of the ;™
N

%

component of a quantily Q of species ¢. In equation (1), the distribution function for specics

P2
X

a is a function of X, C“'. and t. fn order lo correspond to macroscopic description, we must
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transform (o a new coordinale system where the distribution function is a function of x,

e
i

. v,? (x.0), and t. Therefore, using (2) we may rewrite (1) as :
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of, df, Dc, of, dc,, 9f,
——-+v“‘—-—- -v“' +J, =0 7N
. Dt ox, Dtave dx, dv *
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I The conservalion of mass for the ionizing plasma is oblained by multiplying (7) by unity,
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integraling over velocily space, and summing over a (i.e. summing each equation for the
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eleclrous, ions, and neulrals). This gives the well known classical compressible flow conservation

‘A of mass :
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The conservalion of momentum for the ionizing plasma is obtained by mulliplying (7) by

m,v,%, integrating with respect to JC,%, and summing over 4. This gives the classical

conservation of momentum for a fluid :

(9

where the stress tensor is given by

k)

3
n, = :&:I ne, = z ngm,<v v, >

The development presented thus far is well known and not new. However, it is in the following
treatment of the conservation of energy and species continuity equations that the preseut method
will differ from already existing methods. The conservation of translational emergy for each
species a may be derived by mulliplying (7) by mava’/z and integraling over velocily space.

For the electrons this gives :

or. 9q° dc. Dc_
3 i 3 9 o
Skn,— ¢+ — 41 —2 « —kr.—(n°<v'>) - ma<v>— -0 (10)
2 "Dt gy, ax, 2 ‘fax " oo
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where Tl *=mn<viv > q*=mn<v?v*®>/2 is the heat flux, T, is the clectron temperature.
k 1s Boltzmann's constant, and O‘ is the energy exchange between the electrons and other species.
Ths O‘ may include both clastic and inelastic collisions. In a similar fashion, we may derive
the encrgy cquations for the mneutrals and single ions. When strong electromagnetic [iclds are
present, the ion and ncutral translational energy equations must be treated separately. In the
absence of strong clectric ficlds, the neutrals and single ions may be assuined to have the same
translational temperature f" because of their similar masses. Then, adding the eucrgy equations

for the ions and ncutrals gives the following heavy particle sensible (or translational) energy
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where Ow" and @, - represent the energy exchange belween the jons and other specics, and
between the neutrals and other species respectively.  From the definition of a plasma, it has been
assumed 1n (11) that any deviahions from electrical quasi-neutralily are confined to dimensions

of the order of the Dcebye length which 1s smaller than any macroscopic dimension.  This means

that the 1on number density and electron number density are equal (n ~ n).

A transport equation for cach species @ 15 oblained by inlegrating (7) over velocity space

+n,— +-— na<vl">) =N, (12)

where /’a is Lthe net produclion of species a due to inelastic collisions resulting in clicinical
rcaction {1.c. 1ouization and rccomnation in the case of a plasma). Equation (12) 1s the

. . . . 9
famuliar species conservation cquation which appears in classical chemically reacting flow theory'.

The equations (10) and (!1) are conservation equations for the transport of sensible or
translational cnergy.  Sumilar cquations may be derived using this same procedure for other
inlernal modes (i.e. electronic excilation or wvibrational and rotational caergies in the case of a
molccular gas). However, 1if inclastic collisions are important, thea there will be a more complex
coupling bctween the various energy equalions since cnergy may be exchanged belween the many

modes. For the purposcs of illustration however, only elastic collisions will be considered in the
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sensible cuergy equations and cxciled elcitronic states for the neutral atom and the siugle ion will )
not be considered. In the following section, the conservation equations will be simplificd for the Py

case of a boundary layer adjacent to a cold wall, ®

I11. Simplified Boundary Layer Equations /
The systemn of equations (8) through (12) is incomplete without the specification af the ;

stress tensor M1 % and the heat flux vector q.“. In order to compute these quantities however, e

ZA Y WK S58 %X
o

oy
o
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A

more information is needed about the distribution function f,. By assuming that the distribulion

e,
e
G %
*
.

function is locally not too different from the Maxwell~-Bollzwann distribution function, equation

v
3

(7) may be solved by using perlurbation theory in a fashion similar to the Chapman-Enskog

..\

expansion.  The resulting expressions for N ¢ and ql_" are summarized by Kalikhman®,

2

. ....

The governing equations for a steady, laminar, two-dimensional, and (wo-temperature

s 2 2z
e

2
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[

boundary layer may be wrilten using equations (8) through (12) as’:
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where ¢ s the componcnt of he local mass average velocity in the x-direction or flow direction,

and v is the y-component or (ransverse componenl. Couservation of x-momentum is given by
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and y-momentum is given by
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where Pois the pressure and 7,= 0"+ "™ is the heavy particle dynamic viscosity. Considering
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energy-weighted average momentum transfer clastic collision frequency between an electron and a t.r:
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b, heavy particle . The species or rate equatlion reduces to :\_
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diffusion velocity, and axial diffusion is neglected. ®
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) The assumption of a t(wo-temperature plasma was justified physically in section 1. This A
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where L as the electron mean free path and 61 1s the characteristic boundary layer thickness. It

15 also clear that for a continuum approximalion to be valid, L must be much smaller than L

Hence,

With some additional simphifications and manipulations’, equalions {(13) through (18) become :

Mass:
dpw)  S(,v)
+ =0 (21)
9x dy
Momentum:
Ju ou 9Py ] Ju
pu— + pv— = - + = () (22)
X dy ax dy oy

where Poo t1s the pressure in the free stream, oulside the boundary layer;

Electron sensible energy:
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e S
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where 294 15 (e thermal conduclivity due to collisions between specics @ and g, and Vs the
transverse or y-component of the electron diffusion velocity. The heavy particle lranslational

energy equation (17) may be combined with the momenlum equation to give

Heavy particle sensible energy:

3 5*'7“+,f . 9 LU u’)
u— - v—
ar, ' afe 5
= — (X, —— +(\+2*) + 5, —(F/2)
H H
dy dy oy
mc
= 3( =) kn< v, > (T - (24)
mA

wlhere AH=)\i‘+X" with A" due to ion-ion collisions and A due to neutral-ion collisions.

Assuming ionizalion and recombination according to the following process

At+te=== A" +e+e

the rate equation  (18) becomes

rale:

da da S k'a(l-a)p2 kbal,ol
pu— + pv— + '—(mA !V“m) = - 2 (25)

x dy Jdy m, m,

where A as the tonization rate constant and kh is the recombination rate conslanl. From a
rcgular  perturbation solution to  (7), 1t can be shown that the iton and eclectron lransverse

diffusion vclocilies are given by':
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. dy

where Dc is the clectron diffusion coefficient and D“"l is the ion diffusion coefficient.

A sigmificant portion of lhis paper has been devoled to the derivalion of the governing
equations of an ionizing boundary layer. This has been done specifically in order 1o show that
an cssential feature of this approximate method, is the separate treatiment of the translational
energics of each specie inslead of considering an overall energy equation for the ionizing plasma.

In the next section, an approximate mcthod of solution will be outlined.

I1V. An Approximate Mecthod

The proposed method consisls of (a) integraling the systemn of equations (21{) through
(25) from the wall to the boundary layer ecdge; (b) applying the Howarth-Dorodnitsyn
transformation; and (c¢) assuming polynomial forms for the depecndent variables in terms of the
transformced transverse coordinales ¢ . This procedurc reduces (21) through (25) to a system
of ordinary differential equations that may then be integrated numerically. Numerical integration
of ordinary differential equations is enormously casier than the numerical solution of the set of

partial differential equations  (21) through (25).

There are certain constraints that the quantities v, T, T .. and a must obey. These are that

H*

u=u, al the wall (y=0) wherc v, is the velocity slip; u=u  and Ju/dy =0 at the edge of the

00

boundary layer; fc=Tc~ and 7'“=Tm at the wall where Tc. and 7'“‘ ar¢ the electron and heavy
parlicle temperature slip respectivelys 7 .=T =T . and 37, /0y =T /3y =0 at the boundary layer

cdge: @=a  al the wall where a  is the ionization shp; and a=a and 9a/Jy =0 at the

00

boundary layer edge where a_ . is the [ree stream ionization fraction. One may also require that

o0
the respective second denivatives be zero at the edge of the boundary layer in order lo ensure that
the solulton is smooth. The aforemeutioned constraints diclale the wminimum order of the chosen

polynomials.  For instance, the tlrce constraints on the heavy parlicle teinperature profilc together
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S, A'0 Poo
p
— dy
¢ foo
3. .
where A|=50- /’//’oo dy for 7i=123,4, p,, s the [free-stream mass densily, and 9,
(i =1,2,3.4) are tlhe thucknesses of the boundary layers (vclocily, elcctron lemperature, hcavy
particle temperature, and concentration). The vanables ¢ (also for /=1,2,3,4) arc called
Howarth-Doroduilsyn  coordinates because  equation  (26)  closely resembles  the  Howarth-
Durodnmitsyn transformation of classical compressible boundary layer lhcory.o' "

The assumption of cubic profiles for v, T:. TH. and a yields four unknown cocflicients for
cach variable. Howecver, using the set of threec coustraints described earher the number of
unkowns reduces lo onc for cach vanable. In addition lo lhese unknowns, we have p, v, Lhe
velocily boundary layer thickness &, the electron thermal boundary layer thickness 6., the heavy
particle thermal boundary layer thickness J,, and lbe jonization boundary layer thickness §,. The
thicknesses 8, &, &, and 3, are the transverse distances away from the wall where v=u .
T = 700. T, = 700. and a = a .. In addition to the five equations (21) through (25), we have

A s N G S R N R (L S AN

with the requirement that this profile satisly equation (24) diclates that the heavy particle
lemperature profile 1s approximated by at least a cubic. Profiles for the outer vuarniables may be
chosen 1n a symilar manncr. It is possible to arrive a! the minimum order of the polynomials by
physical considerations.  For instance, examination of equation (24) shows the presence of iwao
opposing cffects.  These are viscous dissipation which tends to raise the temperature, and heal
transfer to the relatively cold wall which tends to lower it. Consequently, an extrcmmum value of
the temperature may occur somewhere inside the boundary layer, and afu/ay= 0 at tlus location.
However, afu/ay must be zero at thc boundary layer edge also, indicating that ar“/ay must be
at least quadratic which mcans that 7 must be al lcast a cubic.  Furlhermore, 1l 15 necessary
that the assumed polynomial forms be taken in terms of a tlrunsformed tlransverse coordinale ¢

delined by
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the following equalion

pk '
P ™ P=—(al +T,) 3)
mA

which is ablained by combiming an cquation of stale P(p.a.Tc.TH) with cquation (15).
Therefore, there are a total of ten unknowns in the six equations (21), (22), (23), (24),

(23), and (27). The remaming four equalions may be obtained by :

multiplying equation (22) by u. (28)

multiplying equation (23) by T.. 29
SKT,, 2

multiplying equation (24) by ( + '“). 30)
Zm, 2

multiplying equation (25) by a. an

In tlus manner, enough cquations are generated for the ten unknowns.

In summary, the inlegral method may be outllined as follows. (a) Integrate equation (21)
from y=0 to y=45. Tlus gives v al y=4, (b) Integrale (22) and (28) from y=0 to
y =4, ehmmating v(y=5 ) using the result of (a); (c) Integrate (23) and (29) from y =0 lo
y =4, chmmating v(y=6 ) using the result of (a); (d) Integrate (24) and (30} from y=0 to
y =0, elimmating v{y=35 ) using the resull of (a); (¢) Integrate (25) and (31) from y=0 lo
y =46, elimmnaling v(y=4 ) using the result of (a); (f) Assume cubic profiles for v, T, TH, and
a 1n terms of the vanables &, &, &, ¢, decfined by equation  (26); (g) Apply the constraiuts
discussed carher in this section so as lo lcave only on¢ undetermined coelficient for each
vanable; (h) Using the assumed polynomial forms, evaluate the integrals in (b) through (e) and

express them in terms of the unknown coeflicients.

Followiny the above procedure will result in nine first order quasi-lincar ordinary
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differential cquatious (including cquation  (27)) in the nive unknowns comsisuing of p, 4, 4,

A, 8, and the unknowu coefficients for u, T. T, and a. This syslcm can then be ilegrated

numerically rclatively casily using the stiff methods of Gear'’.  The next section will illustrate

this procedurc for the example of the ionizing argon buundary layer studied by Liu et al.'

Y. An lilustrative Example
In this section, we consider a shock-generated ionizing boundary layer over a flat surface.
The free stream 1s assuined (0 be constantl, in order lo be consistenl with the assumplions of Liu

et al.' We wil begin by making sowme additional sunplificalions. The cleclron energy equalion

(23) will be replaced by

where Too 1s the free stream lemperature (the free streamn is a single lemperature plasma). This

assumplion is quile easily justified. The electrons being negalive, are repclled by the eleclrical

sheath at the wall and consequently retain their ariginal kinetic energy (surfaces immersed in a
plasma are bombarded by the greater random thermal [lux of electrons and are thus cnveloped by

a negative charge layer). Therefore, the electron temperature is not expected to vary very much

across the boundary layer. Next, only eclastic collisions will be considered and radiation will be

neglected (il should be pointed out however that Liu et al.' have partlially considered plasma

radiation in their numerical solulion). Addilionally, the velocity slip and lcimperature slip at the

wall will be ignored. This means that ¢, =0 and 7'”‘=Tw. As a f[inal simplification, we will

assume for illustrative purposes that all the boundary layer thicknesses are equal (ie.

Following the proccdure outlined in the previous section, for the case of constantl free

stream quantilics considered by Liu et al.' the integro-differential equalions are:
q y [y q

T
w

do
dx

(33)

¥

PooY00

g T S e R L TV T S R P R Y Ny
e e s ..' ’ **’l ol 0, el

S ’ ‘-"F'\ ”\_,t.r

3 A S L N L S I T N N, T N L i ol I R P M
't"l.- '» h 3 Y .".,0 .,-4 v W % f o -f -l'bl‘ -I"-F,-d' < ’

¥"-&l

»

D IR A ]
KLU RPN Y
AR
r{\.“i{ AN
o e e 3

7
[

1
1

Ca]

-'-"(.’I' L]
BACANA Y
b Yy

L¥h Y

Y
"'y

L]
A
Lo
.

“
2

)

»
L}
hl

TN T N
("d-,..-r\'.r



-

Bf

o4

<
¥

-

l'.

A

Yo
7y

'

Zd

T2

o
PN

»

rd

.,\,\ L)

"

-

v .‘ y - _’. - - - . l l l“t ‘_‘. .." “ N l..‘. ‘..bt.. ~ ) .‘ Vi ‘ - \‘.‘ el -~
16
where v is the wall shear defined by
( Qu (34)
Tw = qH —) =0 ’
ay’’
@ is the momentum thickness defined by
Op
pu u
8= (1-—)ay (35)
o Pooloo Yoo

and the subscript 0o rcfers lo free stream quantities. Integration of the heavy particle sensible

cnergy equation gives:

deH qu

X Pooleo Crl oot too /2

O
Imka e
e S Eo ) > TmT ) 0y (36)
m, (€T oo oo /2 Y Poo®oo

where © is the enthalpy thickness defined by

CNT”*'UZ/Z

67‘

u

eH=5 —( -1) oy (37)
§ PoolYoo €T *Up’/2

where Cm= 5/(/2mA is the specific heal, and q_, is the heavy parlicle conduclive wall heat [lux

given by

or

g.==(2 ———") (38)
wH -
H ay y=0

The integrated rate equation gives:
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WL =

5
dr m, 8ok Poo 3‘ a
dx :

dy (39) A

&= M

o
|

where /* is the ionization thickness defined by: o

S
9 o

MY

u a “a
e
¢ Pooloo * T [

and n_ and V  are the number density and transverse diffusion velocity of the ions evalualed at W

the wall.  An expression for V.u.. was given in seclion [III. oW

The ionization ship e from which n  may be obtained, must be supplied in order to solve ;
cquation (39). This is obtained by considering the edge of the boundary layer near the wall. X
In tlus region is a collisionless layer known as the Knudsen layer wherc all the shp 1 the ~
various quanlities is confined. Thus, by setting the macroscopic diffusive ion flux (from the
continuum boundary layer sidec) equal to the random thermal flux of ions {(from the rarefied N,

Knudsen layer side), we get : \_.‘.‘:;

an n_<C.> Y
3 cw H

D.""'(g;),.o - 40 RN

RS
"y by

R
o P

where D_'°" 1s the ion diffusion coelficient cvalualed at the wall, and C, 15 the heavy particle
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incan thermal speed al the wall. Next, if
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ﬁ then  (35) reduces lo

>1®

=5"-j~u—(l—‘—lg—>d6 (43)

e o 00 (¢ 0]

s |

and simlarly, the other quantilies that appear in terins of derivalives of y or in terms of integrals

over y may be transformed inlo derivatives and integrals in ¢. Before these various iutegrals arc

Y

XA

cvaluated, polynomial forms are assumed for the variation of (he velocily, heavy particle
temperature, and the ionization fraction across the boundary layer. For the purposes of
. tlustration, we will assume thal the velocity is quadratic in ¢ aud is therefore complelcly

delermined by the constramnts u=0 at ¢ =0, u=yy, at ¢ =1, and Qu/3¢& =0 at ¢ =1

-~ u 2

o — = 2¢ - ¢ (44)
u

- Sumiarly, assuming cubic profiles and using the constraints T =7 at ¢ =0, ru=7oo at ¢ =1,

v

o7, /ot=0at ¢=1,a=a at =0, a=a  at =1, and a/3¢ =0 at ¢ =1 gives

- rH Tw zrw r\v

) mEm e (2mmep ) e (FRmaman) E v, 8 (49)

; T T T T

by o ‘oo 00 00

. and

- a a, 2a a,
et (e e (omimae ) B g (46)
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where b and ¢, are cocfficicnts yel lo be delermined.  With these polynomial forms, the
integrated form of the momentum equation (33) is a differential equation for A, the inlegrated
form of the energy equation (36) 1s a differential equation for the unknown coeflicient b, and
the integrated form of the rate equation (39) is a differential equation for the cocflicient c,.
Thus, the original system of non-linear partial differential equalions are reduced lo a systemn of
quasi-hinear ordinary differential equations. To complete the formulation, condilions must be
prescribed at ¢ =0, the leading edge of the boundary layer. These are that the tlhicknesses A, 6,
@,. and /% are zcro at the leading edge. This gives ¢, =1 and b, = 1 —(fw/foo) al the leading
cdge.  These approxumale equations describing the ionizing boundary layer flow censidered by Liu

et al.' are then solved by using the stiff methods of Gear'.

The case chosen here 1s that labeled as "case 1" by Liu et al.'  where the free stream

condifions  arg

= 3 = = ° =
=0.125 Kg/m’, Upo = 4860 m/s, Too = 10490 °K, a  =0.021, and the

oo

surface s 14 cm. long. The transporl properlics, cross sections, and rale constants are those
given by L et al' The results of the present calculation arc summarized in Fig. 1 through
Fig. 4. The boundary layer tluckness as a function of distance is shown i Fig. 1, and tlus
computed thickness 1s less than twice the tbicknesses computed by Liu et al.'s finite difference
scheme.  In view of the approximations that have been made in this 1illustralive example (1e. all
the boundary layer thicknesses are cqual; radiative heat trapsfer is neglected; and temperature ship
al the wall 1s neglected), the predictions using the present integral method scem quile reasonable.
A major factor inlluencing the accuracy of the results is the precise knowledge of the wall
surface temperalure. Since there 15 bound to be some heating, the temperature at the wall edge
of the boundary layer should be sigmificantly higher than the initial wall temperature of 296 °K
which has been used m the present calculation.  This should therefore lead to a lower mass
density and a lower clectron number density near the wall, than those predicted here.  The
wnization fraction non-dimensionalized by the free slream ionization fraction versus distance
across the boundary layer at an axial position of 14 c¢m. downstream from the leading edge s
shown in Fig. 2. Also shown in this figure are the measurced data of Liu et al.' Interestingly
cnough, a shght bulge s presenl in our approximate solution wiluch was observed in the

experimental data and which did not appear in the numerical results of Liu el a/. The bulge is
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charactenistic of the opposing effects of iouization and recomnbination wn the boundary layer. The
high electron temperature lends to ionize the piasma while the presence of the cold wall drives
the plasma (o recombine. Consequently, the ionization fraction profile achieves its maximum
somewhere inside the boundary layer. Finally, it is worth pnoting that the numerical computations
of Liu er ar.' cxibit a weakly varying electron temperature across lhe boundary layer, in accord
with the assumption given by equation (32). Since the purpose of boundary layer analysn s to
estimale the heat transfer to lhe wall and lo estimale the viscous drag, these cannot go without
menhion.  Fig. 3 and Fig. 4 show the variation of the becavy particle conduclive wall heat flux
and the vanation of the wall shear versus distance dowustrcam from the leading edge.  These
ealubit classical behaviour, being large near the leading edge where the boundary layer thickness s

small and decreasing wath increasing boundary layer thickness.

This section has focused on an example that illustrates the antegral method described
section 1V,  The resulls obtained with relative quickness and ease, compare reasonably well wilh
the numerical computution and experimenl ol Liu et al' A number of assumnptions lave been
made 1w llus cxample that may be quile casily removed, and the success of the presenl mrthod
does pol depend on these assumptions.  For instance, tus method s sufliciently robust that plasma
radiation could be ncluded as  well as  unrqual  boundary layer Uucknesses (e
S, 6,5, #5,#%5), temperature ship at the wall, velocity ship at the wall, mass injection at

the wall, additional chemical reactions, and even electromagnetic effects.

V1. Suminary and Conclusions

An ntegral method has been developed which is capable of handling multi-temperature,
mulli-specie, 1onizing, laminar boundary layers. Effects of plasma radiation and eleciromagnelics
may also be ncorporated in the method. A unique feature of the method is the separate
treatment of the electrons and heavy particles. The two-temperature icnizing boundary layer
equations have been simphified for the example of a shock-gencrated ionizing argon boundary
layer. The simphficd equations have been solved using the inlegral methad described in seclion
IV for this case, in order io illustrate this method. This integral method appears to be a
powerful tool in providing solulions (o the non-equilibrium boundary layer equalions relatively

casily and quickly.  Moreover, the metlhod is sufficiently robust that it can be extended to
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wcorporale nou-cquilibrium chemical reactions and clectromagnetic effects.  IL can therefore be

used to validate and be an integral part of multidimensionsl numerical computations.

Several important characteristics of high speed ionizing boundary layers ncar cold surfaces
are evident from the illustrative example of section V. First, the thickness of the boundary layer
by virtue of its dependence on the wall shear stress, is sigmlicantly affecled by lhe wiscosity ncar
the wall. The viscosity depends strongly on the iomzation fraclion near the wall and may
therefore vary consxdcrably7. This 1mplies that boundary layers in iopizing channel [lows may be
appreciably thick and may even merge if the density is low emough.  Second, the 1ionization
fraction profile across the boundary layer may exlubit a bulge due to the opposing cffects of
1omizabion and recombinalion.  The hol electrons tend to iomize the plasma in lhe boundary layer,
while the cold wall tends to drive the plasma to recombine. A sinular bchaviour may be
observed 1n the profile for the heavy particle temperature, if the fiow speed is high cnough’. In
tlus case, viscous dissipation in the boundary layer can beat the flow while heal transfer to the
wall can cool . In the specific example of the shock-generaled boundary layer considered here,

a bulge was nol abserved 1n the heavy particle temperature profile.

In spite of the sunplicity and elegance of the intcgral mecthod, a number of wcaknesses
exist. For instance, the inclusion of excited stales for the atom and the ion which is important
for the consideration of plasma radiation may render this integral method ineffective.  However,
usecful information may still be oblained using this integral mcthod by considering the plasma to
be optically thin or thick. Weaknesses also exist in terms of the boundary conditions for the
lomization fraction and heavy particle temperature ncar the wall, and the neglect of the electrical
sheath region ncar the wall.  All four effects could affect the value of the ionization fraction at
the boundary layer-Knudsen layer edge near the wall, and consequently affect the viscosity and
the boundary layer thickness. Neveribeless, use of this inlegral method provides a reasonable
means of estimating channel entry lengths, heat transfer, and viscous drag for high speed reacling
flows.  Finally, this method may be most useful for studying the effects of non-equilibrium

processes (1.e. rale kinclics) on boundary laycr growth, heat transfer, and viscous drag.
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1. Introduction

Previous works have focused on the development of a new theory of the Nife-limiling
phenomenon known as “onsel” in magnetoplasmadynamic (MPD) thrusters'” . The predictions of
this new back-EMF theory correlated well with measured clectrical characteristics as weli as with
experimentally determined onset limits> * >, However, in order to quantify onset further and
estimate electrode erosicn rates, it is necessary to consider the electrode-adjacent boundary layer
in detail. It is the study of this boundary layer thal is discussed in this paper and represents the

first such study for the MPD thruster.

Some important characteristics of the boundary layer in the MPD thruster will be described
first. The MPD boundary layer is compressible because of density variation caused by a
temperature that varies from above about 1 eV (& 12000 K) in the free stream lo less than
3500 K ncar the wall (i.e. the electrode). A further complication is that because of the presence
of a cold wall and the difference in the masses of the various particles (ions, ncutral atoms, and
electrons), the plasma is expeclted lo be a two-temperature fluid. The ions and neutrals being
very similar in mass, would lend to exchange translational encrgy by elastic collisions more
rcadily amongst themselves than with the electrons. The presence of the cold wall implies that
the heavier particles would, by colliding with the wall tend to assuwmne the wall temperature.
Therefore, the heavy particle temperature varies significantly across the boundary layer from the
free strcam o the wall. But, the electrons being negative, are repelled by the negalive electrical
shcath at the wall and consequently retain their original kinclic energy. Therelore, their
temperaturc is not expected to vary very much across the boundary layer. Hence, it is expecled
that the heavy particles (ions and neutrals) would have a lemperature different from the lighter
particles (electrons). For quasi-steady operation of the MPD thruster, the electrode temperature is
fairly constant over the entire length.. Therefore, the MPD boundary layer flow may be trcaled
as a boundary layer with a constant wall temperature and a varying free stream. In summary,
the MPD boundary layer is compressible, ionizing, {wo-temperature, and is adjacent to a cold

wall at a constant temperature.

Laminar, compressible boundary layer theory for a single temperature fluid in the absence

of any electromagnetic effects has been summarized by Sch!ichling6 and studied by several other
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autbors™ * ¥ ' " However, these are not applicable for a two-temperature fluid. A detailed

finite dificrence solution to the compressible lwo-temperature equations for a boundary layer
adjacent to a non-curren! conducting surface has been given by Liu et al.'*.  Their solution
considers nan ionizing argon boundary layer in a supersonic flow over a wing. However the
complexity of Liu et a/.s numerical solution does nol permit ease of applicability to design
situations. A similar finile difference calculation has been performed by Doss et al."’, which
deals with the non-equilibrium, compressible boundary layer in a subsonic MHD flow with an
applied and constant magnetic lield. Again, the numerical computation is tedious. This paper
will focus on the development of a theory that preserves the physics of the results of Liu et al.
but is mathematically much simpler. This theory further differs from Liu et a/. in that it
includes clectromagnetic effects. Nageswara Rao'* has recently studicd the incompressible
momentum boundary layer in an MHD channel and has included the Hall effect. However, he
has neglected the energy equation and the thermodynamics. These assumptions along with the

effect of ionization will be shown lo be crucial in the case of the MPD thruster.

A novel feature of the two-temperature boundary layer that will be considered here is the
important role played by ionization on the growth of the boundary layer. It will be shown in
this paper that the strong dependence of the viscosily on the ionization fraction and the subsequent
control of boundary layer growth by the viscosily, affect such important quantities as the wall
heat flux and the wall shear. This in turn affects the skin drag and the heal transfer to the

electrode, which has an important effect on electrode erosion.

The governing equations of the two-temperature MPD compressible boundary layer are
solved by means of an approximale method. The approximate method which will be oullined
here, is based on the use of the Howarth-Dorodnitsyn transformation in conjunction with the
momentum and cnergy integral method. The momentum inlegral equation of boundary layer theory
was first derived by von Karman'’.  The modern form of this cqualion was f[irst given by
Gruschwitz'® and finds its applications in the approximale theories for both laminar and turbulent
boundary layers. Since then, Wicghardl” has deduced an ecnergy integral equation hy a similar
approach.  This approach will be used in this paper to reduce the original partial differential

cquations lo ordinary differential equations. The success of using this integral method depends
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largely on finding self-similar profiles for the velocity, heavy particle tcinperature, and ionization
fraction. The presence of the cold wall often destroys the applicability of this approach to
compressible, chemically rcacting, supcrsonic boundary layers, For this reason, the inlegral
mcthod is adapled and is used here in conjunction with a two-temperature plasma assumption and
the Howarth-Dorodnitsyn transformation. Self-similar profiles are then sought in lerms of the
transformed Howarth-Dorodnitsyn transverse coordinate. The assumption of the two-
leinperature plasma besides being realistic, cnables the hcavy particle fluid to be treated mn a

fashion similar to the treatment of constant Prandll number fluids ol classical boundary layer

theory. This is what allows the use of the momentum and energy integral methods.

The derivation of the two temperature, non-equilibrium, compressible boundary layer
cquations from first principles for the MPD channel flow, will be summarized in section II.
The important assumptions required to simplify these cquations will also be discussed. An
approximate method of solving these equations will be outlined in section Il and the results will

be given in scction V. Fipnally a summary will be given in section V, along with the

conclusions.

II. Governing Equations

This section will focus on the development of the bouundary layer equations for the plasma
i the MPD thruster. Using the standard boundary layer assumptions, the boundary layer
equations for a steady, two-lemperature, non-equilibrium, compressible plasma will be derived
from the general equations of two temperature magneloplasmadynamics. These  have  been
described in some detail by Kalikhman'’.  Kalikhman's approach has been followed to derive the
general equations for MPD flow, since it is important to recognize these equations prior to
making the boundary layer assumptions. These have been rigorously developed from the successive
moments of the generalized Boltzmann equation (i.e. the conservation of mass, mwomentum, and

cncrgy)z. However, only a summary will be given here.  Since the development of these

equations is long and tedious, the interested reader is referred to the development found in detai

2, 18, (9, 20
elsewhere .

The plasma of the MPD thruster is assumed to consist of neutral aloms, single ions, and
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clectrons. As a [irst approach, the shcaths will be ignored, and the condition of local quasi-

neutrality (i.e. the ion and electron number densities are equal) will be assumed to hold

eveiywhere in the boundary layer. The clectrical resistance of the boundary layer is assumed (o

be small compared to the free stream, so that the electrical characteristics are determined by the

free strcam. Then, the governing equations for two dimensional steady flow may be summarized
as follows in carlesian lensor nolation, with the repeated subscripts denotling summation from 1 to

2 which are the x and y diurections respectively:

Mass ¢

2] ]
—(pw) + —(pv) = 0 (1
ox dy

x-Momentum :

ou du 9P o
pu— tpy =<

8 o du
ax oy dx g;(h>+~<”n_ @

y-Momentum :

1

— = for negligible Hall parameter (3)
. >
) P 3,8 o
o — = - ——( ) for significant Hall parameter (4)
4 dy 9y 24,
"

Electron sensible energy : (translational mode only)

'
3 or, dqf dy,

—knu — + + ﬂu' =j(E - clNuqu)
Q’i 2 ox, Ox, Ix,
. 3 d ou,
v + kT — ".U:) - mnaltu —
"j 2 axi axk
v 3m,

- ——kn<v  >(T-T) (5)
ot m [ eH ¢ H
o A
>
b
2
i
[}
T S N VRIS P W

L L e e e A S L S T N I R

A ah i
»

I AR
v @ AN

x:

CYLN
J\}'.J.‘('.

Q'

e
L5
2,

40

’ A
AR

A I\
CRSARS

'5. ,5;(‘:: ]

5N

P
<N
.,:-‘,10

L2
.I ll

(A4

RAA
22l

-,

“wil
- X
o

..t

¥y " ‘¢
-..:l."‘ ,\ 2
L]
.":.,' P

X

s’ ‘(‘.-',.r,'f,.'," o
LA < f.f .
S YNy ] .

-9
.

Sl

{

-
«

PR

‘e A NS

rd L Py
oy & 5

4



6 f
“ ::'_
‘ ]
- Heavy parlicle sensible energy : (translational mode only) ::
- ve
)
) ) 3 aTH ) . aU‘ \:,
b - k(nc+nA)ui —_—+ — qlllum + q.iun ) + < n|j|nn + nullom ) ! :'.
R~ 2 ax‘ aXi aX, :-'
[} s‘: - g -
1N = j " (E -, UB)
3 0
. + — kT, —— ( nU "+ Urer )
! \'C' 2 aX‘
‘- du,
Lo = mnonncUi' + mAnAunuom ) Ul: N
y A axL
Z!me
: ? +——kn<v > (7,"7") (6)
" l:‘ ,nA
[
i
3 Rate :
k- 5 -
b > ) . ~
) pu—(n /p) + —(nU'™) = A (7 ~
. Ia e a [ | ton -
- x, X, Y
a !
N
NS State : S
) Ry ™~

-
s

; P = nkT, + (n+n)kT, (8)

'

3
.

Yy

9

s where A is the net production of ions by inelastic collisions; p is thc mass density; P is the

e
-l 0‘ a
(oY

pressure; B is the magnetic field; n = ™" + ™™ is the heavy particle dynamic viscosity; n, s

the permeability of free space; & is Bollzmann's constant; n, is the clectron number density which

nw vy

.':: 1s equal {o the ion number densily because of the quasi-neutrality assumplion; T, is the electron :
.‘ - temperature; m_ is the mass of an electron; m, is the mass of an atom: /% is the &
" :~ component of the current density vector of the species a; q|“ is the /'™ component of the heat
) : flux vector of species a: “im is the cartesian permutation tensor; Eu is the 4" component of the
- clectric field vector; B, is the g™ component of the magnetic ficld vector: v is the /"
::-.', component of the mass weighted local average plasma velocily; u=u, is the velocity component
in the x-direction or the flow direction; v =vu, is the velocity component in the y-direction
L _" normal to the electrode and transverse to the flow; Ui" is the /™ component of the diffusion
;N y '
~ o
. :.;.
N A A A N NV GNP 0 N S5 S R e e e
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velocily or the average peculiar or thermal velocily of species &) 7, is the neulral alom number

density; T is the temperature of the heavy particles (ions and neutrals); <v > is the energy-

weighted average momentum transfer elastic collision frequency between an electron and a heavy

particle’’; and the stress tensor ﬂlj“ is given by:

(9

where r/“'ILN 1s the viscosily tensor for species a, P, is the partial pressure of species a, and

Jil

function™

where electromagnetic effects are present.

in the 6 unknowns p, &, v, T, T

i1s the Kronecker della.  In order to calculate the transport propertics and obtain the diffusion

22, 20, 19, 18

q o and the ionization fraction a=ne/(ne+nA).

necessary to summarize the assumptions that lead to these simplifications:

The boundary layer flow is laminar, steady, and two dimensional.
The Hall effect is neglected.

The electrical characteristics of the boundary layer are determined by the
free stream. Therefore, £ = constant, B=Boo(x)'. and j=j°o(x): where Boo and

/'00 are the free stream magnetic field and currcot densily respectively.
Radiative heat transfer is neglected in this first approach.
Axial diffusion is neglected.

The plasma is a two-ternperature plasma. A quantilative statement of this
assumplion is oblained from the clectron energy equation (5) by comparing the heat
conduction ( the sccond term on the left hand side of (5)) lo the energy transfer by
elastic collisions (the fourth tcrm on the right hand side of (5)). lThis gives the

L2
condition”:

velocity, it is necessary to solve the [ull Boltzmann equation for the velocity distribution
The flow is assumed to deviate slightly away from equilibrium, so that the
velocity distribution funclion is the sum of the Maxwell-Boltzinann distribution function and a
perturbation. This regular perturbation solution has been summarized by Katikhman'® for the case
However, in this paper the transport properties are

calculated from kinctic theory. Equations (1) through (8) constitule a system of 6 equations

Before

proceeding with any further simplifications or with the solution of the above equalions, it is

.
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where L is the mean free path of the clectron, and S, is the boundary layer
thickuess. For a two temperature approach to be valid therefore, we must have:

*'l‘.

<&
°

L? m Pt
< ¢ [
'-r — » (1)
2 i
’ v T e
Simullanecously, for the continuum approximation to be wvalid, we require that . ’
» L /38, << 1. Thus, ek
N .
'ﬁ S
m L o
: (Zeym e (32) =< e
o m T A
.5 A F..f
-~ ~i\~
N : . . .2 : SR
g With these assumptions aud some additional manipulation®, equations (1) through (7) become: Y
[l St
‘l
) (A
n Mass: GQ‘
-.‘:~.
. !
N dlpu)  I(pv) hON
- B —= 0 (13) \::\ !
ox oy e
‘ Momentum: 2
'd \..\.
N
Soa
Ju ou aP d 3 du N
e pU"‘+pV'—“=—‘—‘—‘(B/Zﬂ)"‘—‘('lﬂ—) (14) AN
- dx dx ¢ 3 iy
ox dy oy y oS
. Electron sensible energy: _:,
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®
! d , or,, 3 v
- ..‘< (xll+xll) +(X“+X“) °+ ’,H__(UZ/z)) : N:
- oy oy oy dy Y
o m T
“9 e SN
- =enV.E+3<—)kn<v >(r.-T,) (16) s
e i m e eH e H \-I'\
A Y
[ | L
-~ REN
. Rate:
da Sea d )(’fzz(l'a),zz»2 kba:‘pJ
- pu—* pv—+ —(mnnV) = - amn
) ox dy Jdy m, mA2
o~
-~
Al where a =n=/(ne+nA); k[ is the ijonization rate constant; ku is the recombinatlion rate comnstant;
- A28 s the thermal conduclivity due to collisions between species @ and B V  is the electron
‘Q diffusion velocily in the y direction, given byz' ',
I\'
¢ eD(E-uB) 097
Vo » —/—— - —— (18) R
f' er ’7c ay :_-j"
e w2
fl . . e . . . . - ! »‘
) and D° is the clectron diffusion cocfficient.  The iosization and recombination processes are ;’1
.
‘ modelled according to: .
- Ar te === A" +te+e AN
- N
..': .~::\‘
where the left hand side rcpresents ionization due to electron impact (e) with a neutlral atom S
@
N (Ar), and the right hand side represents three body recombination with two electrons and a singly 3,
“a :,-:'.-
ionized atom (A*). This reaction is likely to be one of the dominant processes in the MPD :-:--";.,
» :,:-_.
;:' thruster.  Finally, the ion diffusion velocity in the y direction, V, is given byz' ", : )
)
‘s : . AR
“ eDV(E-uB) D97, B
~. N T (9 :::'
/(T” n, oy T
A :.‘: '
. where D' is the ion diffusion coefficient and e is the electronic charge. In equalion (19), the N
@
neutral concentration gradient term and the effects of thermal diffusion have been ignored in ;_J_
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order lo simplify the equations. Thus, equation (19) resembles Fick's law with an additional

o
o

lerm that is present because there is a current being driven through the plasma,

-,

"o

1

The equations (15) and (16) may be simplified further with the following additional

s

’

assumptions:

e The electron temperature, 7‘ Is assumed to be fairly uniform across the -
boundary layer. This is a rcasonable approximation and is supported by the work
of Liu et a/'>. This means that T ~ Too(x) throughout the boundary layer, where .

Too represents the free stream temperature.

e The ion ohmic heating is assumed to be negligible. This mecans that the first
term on the night hand side of the heavy parlicle sensible heat equalion (16), is
neglected.

s

7
.l
v

s
¥

o
7

The final form of the governing equations is then:
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a(pu) . a(pv)
ox dy

Momentum:

.

=0 (20)
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Electron sensible energy:
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da 3z & ke(l=a)p®  k.a'p’
pu— t pv— + —(mnV) = - (249)
ox dy Jy m, m?

A

The equations (19) through (24) have been oblained after a lengthy derivation and afler making
several assumplions. These equations will be discussed next. Equation (20) 15 the cquation of
mass continuily encountered in standard compressible boundary layer lhcory6. Equation (21) is
the conservation of momentin. It rcsembles the usual form cxcept for the presence of the
clectromagnetic body force which appears as a gradient of the magnetic pressure (sce the second
term on the right haud side of (21)). Mathematically, this should pose no additional trouble
since il lhas the same form as the hydrodynamic pressure gradient. It is the sensible encrgy
equations  (22) and (23) that require some explanation. These equations have been referred to
in this paper as the scnsible cnergy equations, because they include only the translational part of
the total energy of the particles. The energy in translation is therefore the “sensible” heat while
any internal mode such as electronic excitation is referred to as “latent” heal.  Hence, equation
(23) would resemble the standard energy equation written in termus of enthalpy if the particles
had no other modes of energy storage except in transiation. This is clear since in the presence
of pure translation, the enthalpy is /7=5:(‘7'/2mA which appears on the left hand side of (23).
Equation (23) therefore resembles the classical compressible boundary layer equations with lieat
conduction and viscous dissipation (the third term on the left hand side of (23)), but for the
presence of a source lerm on the right hand side. This source term is present because the
electron fluid and heavy particle fluid have been ircated separately. Consequently, there appears a
term that couples the lwo energy equations together. This term which represents the transfer of
encrgy by elastic collisions between the electron gas and the heavy particle gas, appears as the
source term on the right hand side of (23). Equation (24) is the lamiliar species conservation

. .20, 22, 19
cquation encountered in the ficld of combustion .

The only differences are in the
expressions for the diffusion velocities, equations (18) and (19) which contain additional terms
duc to the presence of a current in the plasma. Equations (20) through (24) represent the
approximate boundary layer equalions for the clectrodes in the MPD thruster. This section has

I ‘ . . 4 : 18, 2
focusecd on a summary of a derivation of (hese equations which are given in detail elsewhere
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The ncxt section will focus on an approximale solution of these governing equalions.

I1I. An Approximate Method of Solution

This seclion will focus on the description of an approximate method of solulion to the
governing equalions presented in section II. A briel review of existing approximate methods will
be gwen first.  Then, the complications of the electrode-adjacent boundary layer in the MPD
thruster will be briefly mentioned, followed by a delailed description of the approximate mecthod

proposed herein.

A system of equations similar 1o those presented in section 11 have been solved by Liu et
al." by the use of a finile difference technique. In this section, a simpler bul approximate
solution technique will be developed in order to solve cqualions (20) through (24). Several
authors have solved syslems of equations that are sumilar lo the governing cquations of section 1.
These will be reviewed briefly. The equations are particularly easier to solve if the DPrandtl
number is either one or constanl. Emmons and Brainerd'® have developed a similarily solution
for a compressible boundary layer over an insulated plate at arbitrary Prandtl numbers. For a
Prandtl nuinber of unity, Pools' has studied heat transfer in laminar boundary layers with an
adverse pressure gradient and an adiabatic wall. Poots wuses the Illingworth-Stewartson
transformation to reduce the compressibie flow equalions to incompressible form. Curle’ has
extended the work of Poots to the case of a constant wall temperature and an arbitrary but
coustant Prandll number greater than 0.5. Such a similarity solution fails in the case of a
reacting supersonic boundary layer with a constant wall temperature. Nageswara Rao'* has
recently studied the compressible boundary layer in a magnctohydrodynamic channel, but has
altogether neglected the encrgy equation and the thermodynamics. These will be shown lo be
crucial for the MPD thruster. The method presented herein differs from all the above in that a
relatively casy approximate solution is found by reducing the original partial differential cquations
to ordinary differcntial equations, and then solving by using a momentum integral method. An
imtegral method has been successfully used by Chan® who does not consider a reacting boundary
layer. None of these authors with the exception of Nageswara Rao' ' have considered
electromagnetic effects. Hains’’ has considered electromagnetic effects 1in a constant conductivity,

non-rcacting compressible boundary layer.  He too has successfully useo an ntepral method,
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The problem of the electrode boundary layer in the MPD thruster includes all the
complications of a classical compressible boundary layer and more. It includes the additional
effects of electromagnetics, chemical reaction (ionization and recombination), variable flow
properties, and a constant wall temperature. The constant wall temperature, together with
chemical reaction often destroy the simplicity of the integral method because unlike the case of
the adiabatic wall, thc temperature may not achieve its maximum al either the wall or the free
stream. This makes approximate solutions very tricky. The mcthod proposed hercin addresses all

these complications.

Simply stated, the present integral method begins by integrating the partial differential
equations (20) through (24) from y=0 to y = JT in order to eliminate the dependence on the
transverse coordinate y.  The result is a sel of ordinary differential equations in the axial
coordinate x for certain dependent variables that appear as integrals over the transverse coordinate
y. Nex!l, the Howarth-Dorodnitsyn transformation’® is used to transform the inlegration variable
from y to a variable ¢ which varies from 0 al the wall to 1 at the edge of the boundary layer.
This is done in order to eliminate the density dependence in compressible flow.  Then, the
integrands in the integrals are assumed to be polynomial functions of this variable ¢. The choice
of the order of these polynomials is not obvious bul will be discussed in detail later in tus
section. The differential equations are then simultaneously integrated from the leading edge of the
boundary layer lo any desired downstream location. The delails of this scheme have been outlined

3 L2
Ly Hains®® and Subramaniam®.

Let us now examine the integro-differential equations obtained by integraling equalions

(21), (23), and (24). Integraling these equations and rearranging, we oblain:

de © d 5* duoo Ty
——+-——j——~(mnfw)+-—- = (25)
dx Pwu 00 dx Uw dx pmuw

where r  is the wall shear defined by

"

3
ro= ( ""5§>’w (26)

© 1. the momentum thickness defined by:
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8" is given by:
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5 5 ( 1 /’oo“oo) dy (28)

B |
X

and the subscript oo refers to free stream quantities. Integration of the heavy particle scusible

energy equation (23) gives
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where ¢ is the slip velocily at the wall, 9” is the cothalpy thickness dcfined by
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and q_,, is the heavy particle wall heal flux given by
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where X = N+ A" s the heavy particle thermal conductivity. The integraled rate cquation

18
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where n  and V. are the number densily and y-component of the diffusion velocity of the ions
evaluated at the wall, and /* is the ionization thickness delined by:
u a
1" = £ (—-1)oy
a
o PooYo ™

The gencral case of velocity slip v * 0 (where v, is the plasma velocily al the wall), lemperature
shp T # T, (where T is the wall or electrode lemperature and T, is the plasma temperature at
the wall), and ionization or concentration slip at the wall, have been treated by Subramaniam®.
However, in this paper only ionization slip will be considered. This means that u, =0 and
, =7, The ionization slip @ which must be supplied for the rate equation (33), is oblained
by selting the macroscopic diffusive mass flux at the wall equal to the random thermal mass flux
at the wall’;

n D 'ef n <C>
cw W w ew H

) o ™ - = (35)

dy
wlere Dwi is the son diffusion cocfficient at the wall, £_ is the electric ficld at the wall which
15 dctermined from overall current conservation, and <Cu> is the mean heavy particle thermal
speed at the wall.  The application of the Howarlh-Dorodnitsyn transformation lo the integrals

cnables the ehimination of density from the integrand. Thus, if
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¢ = —S‘—P—dy (36)
Ao Poo
where A is given by
Sy
a= \ Loy (37)
Y Poo
then (27) reduces to:
]
e u u
K=S———(z———)dg (38)
¢ Yoo Yoo

Similarly, the other quantitics that appear in terms of derivatives with respect to y or in tcims of

integrals over y may be transformed into derivalives and integrals in ¢.

Before the various inlegrals can be evalualed, it is necessary to assume profiles for the
variation of the velocity, heavy particle temperature, and the ionization fraction across the
boundary layer. A quadratic profile for & and cubic profiles for 7, and ¢ in terms of ¢ are
assumed.  Cubic profiles for 7, and e arc assumed because (he maximum temperature and
maximum iounization fraction could occur somcwhere inside the boundary layer, and not nccessarily
at the wall as in the case of an adiabatic wall.  The velocity profile is then completely

determined by the following constraints:
u(é¢=0)=0

u(é=1) = U,

Ju
—(¢=1) =0
dy

which give
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Analogously, for the temperature and ionization fraction

T

T (&=0) =T a(£=0) = a_ R
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Thus, the temperature and ionization profiles are: o
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! where &, and ¢, are coefficicnts yet to be dctermined, the subscript oo refers to free stream
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quantities, and the subscript W refers (o quantitics evaluated at the wall. Using these polynomial

-'l.'i-‘- A
AER R R
v

sy

;:;\ forms, the integrated form of the momentum equation (25) is a differential equation for A, the
b
Y

» *
A

mtegrated form of the energy equation (29) is a dilferential equation for the unknown

®
;,. cocfficient b, and the integrated form of the rate equation (33) is a diffcrential equation for Z:f.:,
~ .
» _',\,‘
the coeflicient ¢,. Thus, the original system of non-lincar partial diffcrential equations have been ‘,}'::
e
' :-‘,‘.
“}, reduced lo a system of quasi-linear ordinary differential equations. To complete the formulation, e
’\ ‘:‘-’..
conditions must be prescribed al x =0, the leading edge of the boundary layer. These are that .r.-r
- A
.:. the thicknesses, A, ©, ©,, and /* are zero at the leading edge. Further, starling couditions must :-;1*
- LN
¢
) be specified for b, and ¢,. This can be oblained by requiring that the sccond derivatives of Ty ‘_.':_*
:“-: oL
- and a with respect to ¢ be zero at the leading edge. This gives ¢, =1 and b,=1- (TW/TOO) at °
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integrated using the Gear method”. The Gear algoritlun is used because of the “stiffness” of the b

system of ordinary differential equations.

e 7]

In summary, an approximate solution to the two temperature boundary layer theory of

@ L v e @l
o e i

A
L]
& section Il has been oullined. This approximate solution uses the Howarth-Dorodmitsyn Al
Cu
! transformation and reduces the complicated system of non-linear partial differcntial equations lo a
h.’
T relatively simpler sct of quasi-linear ordinary differential cquations. In the next section, the e
\-.I
o solution lo these equations will be given for various conditions that arise in the electrode-adjacent ::f-
» e
A boundary layer of the MPD thruster. -
[ )
3 :
IV. Results of Boundary Layer Theory :_‘k
L The boundary layer equations have been solved by the integral method outlined in the :,:
. < u A
' previous seclion, near the onset condition predicted by the quasi one-dimensional non-equilibrium ®
l\ )
;31 thcory of back-EMF onset” *.  The results of this analysis are presented in this section. The ::E
; ot
results focus primarily on a mass flow rate of 3 g/sec of argon propellant, but results for a ::'.-"
~
N .
A mass flow of 6 g/sec are also mentioned. The free stream conditions at onset for a given mass :
1l
flow rale, have been obtained from the results of quasi-1D non-equilibrium lbcory" A :a-"
i )
l.‘-:: conslant wall temperature of 3000 K is assumed, and the heavy particle Prandll number is taken ::
» ‘s
o
to be & 0.7. Since boundary layers uvsually begin at stagnalion poinis or al sharp edges, the -::—_.
; ®
! starting point or leading edge must be specified. The entrance region of the MPD (lruster is not -3
<
. well understood, and it is not clear what the flow pattern is in this region. Therefore, for the -‘:.*-
L ) . ‘-‘q
-~ S
- purposes of this analysis, the boundary layer is assumed to begin at the inlet. Since the sonic ."5.
S
.. point (M = 1, where M is the Mach number) is very close to the inlet, the calculation is !
4 “
‘ simpler if the leading edge defined by x = 0 is taken lo be at the sonic point. :.-."
~ -
P
e The governing equalions (20) through (24) are then simultaneously integrated from x =0 .r:":
A to x={. This is done for several differen! cases in order to examine the effect of ionization on %
¥ e
- the boundary layer growth. The case of a non-equilibrium boundary layer with ionization slip N
‘\.'
‘ (ie. a_ is determined from (35)) with a non-equilibrium free stream will be considered first. ::::
.-:‘ ’ F\J‘
: Next, the ionizing free stream with a frozen boundary layer (ie. ¢ = 2oo(X)) will be considered. °
. Finally, the case of a [lully ionized, frozen free stream with a frozen boundary layer (i.e. a = | ,;:-,.
f: NS,
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all across the boundary layer) will be addressed. The mass flow of 3 g/sec will be considered

first.

The results of the non-equilibrium theory are summarized in Fig. 1, Fig. 2, Fig. 3. Fig. 4,
Fig. 5, and Fig. 6. Fig. 1 shows the growth of the boundary layer al the cathode. The
boundary layer al the anode is assumed to be similar to the cathode, and is plotted assuming this
symmetry for the 5 cm. high straight coaxial thruster of King‘. It is fouad that the boundary
layers are rclatively thick and actually merge at an axial distance of approximately 4 cm. from
the leading edge. This surprising fact will be discussed at length, later in this section. The
tonization fraction at the wall is shown in Fig. 2 as a functlion of distance. This ionizalion slip
decreases with distance as cxpecled, since the diffusion time increases as (he boundary layer
thickness increases with dislance along the thruster.  Thus, though the [ree slrcam ionization
fraction increases, it takes longer for ions to diffuse ta the wall in order lo replenish those that
are lost due to recombination. The ionization fraction non-dimensionalized by the free stream
ionization fraction is shown in Fig. 3 versus dislance, at a location of 1 cm. from the leading
edge. The bulge in the profile is characteristic of hot, high spced flows in contact wilth a cold
wall.  The constant electron tcmperature in the boundary layer teuds to ionize the plasma,
whercas the presence of the cold wall drives the plasma to recombine. These two opposing
ellects causc the maximum ionization fraction to occur somewhere in lhe middle of lhe boundary
layer as shown in the figure. The non-dimensional temperature profile is shown in Fig. 4. A
bulge analogous to the one obscrved in Fig. 3 is not apparent, bceause the plasma flow velocity
1s not high enough for the viscous dissipation to be comparable with the heat transfer to the wall.
Another source of heating is the energy transfer from elastic collisions with the hot elcctrons.
This too is nol comparable with the conduclive hcal transfer to the wall. Fig. 5 and Fig. 6
show the variation of (he heavy particle wall heat flux and the wall shear stress respectively.
The heat flux is large near the leading edge of the boundary layer (x = 0) because the boundary
layer thickness is small. In fact, the heat flux is infinile exactly at the leading edge, because of
the singularity al x=0. This is of course non-physical, because the boundary layer becomes
frec-molecular very close to the leading edge. Thus, the leading edge is a singularity only in the

continuum theory. The wall shear is large when the boundary layer thickness is small (since this
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]
:d mecans that the velocily gradient at the wall is large), and then decrcases as the boundary layer
i grows o be thicker. The heavy particle wall heat flux exhibils a similar behaviour.  From

classical boundary layer thecory, both the wall shear and the wall hcat flux would be expected te
v;,: decrease with increasing boundary layer thickness.
)

The case of the frozen boundary layer with an ionizing free stream will be considered next.

! Again, the free slream conditions are obtained from quasi-1D non-cquilibrium lhcory" ? since the
" free stream is assumned to be iomnizing. However, since the boundary layer is chemically frozen,
\Kj the tonization fraction in the boundary layer is the same as in the free stream (1e. e =a
L throughoul the boundary layer). This means that there is no ionizalion or recombination in the
< boundary layer. The motivation for studying this case, is to examine the effccl of varying
:2, ionization fraction at the wall (i. e. a ) on the viscosity. The boundary layers in the thruster
" for this case are shown in Fig. 7. This case differs from the non-equilibrium case with
\: ionization slip in that the boundary layers do not merge, though they are appreciably thick. The
‘ boundary faycr thickness is scen fo decrease near the exit of the thruster, due lo the drastic
E vanation of the free stream conditions near the exit’. The heavy particle temperature profile is
- shown in Fig. 8 at four dilferent locations, I cm., § cm., 10 cm., and 15 cm. from the leading
'-": edge.  The noliceable bulge in the profiles far from the leading edge exists, because of (he

opposing effects of viscous dissipation and heat transfer to the cold wall. This bulge does not
! appcar near the leading edge because the plasma flow velocity is small and thercfore the viscous
o dissipation is small, Fig. 9 and Fig. 10 depict the variation of the heavy particle wall heat [llux,
% and the wall shear respectively.  The heat [lux and wall shear are scen to decrease with
i mcreasing boundary layer thickness, as expected. The magnitudes of the heal flux and the wall
- shear are lower in the frozen boundary layer as opposed to the non-equilibrium boundary layer
‘:- with ionization slip, because of the smaller thermal conductivity and smaller viscosily, The
" viscosily s smaller, because the frozen boundary layer has a greater ionization fraction than in
,:,:' the non-equilibrium case. The thermal conductivity is smaller because the viscosily is smaller,
] and the heavy particle Prandt! number is fixed. It is evident by comparing these cases, thal the
':: amount of ionization at the wall is extremely important in determining the heatl transfer and the
. wall shear because of ils effect on boundary layer growth.
-
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A more dramatic illustration of the effect of ionization is enabled by studying the case of

the fully ionized frozen boundary layer. In this instance, the fully ionized, frozem, quasi-1D flow

- = B

described by Lawless et al.! is used to provide the frec stream boundary conditions, and the

boundary layer is treated as being fully ionized and chemically frozen. The results of this

r.

L

calculation are shown in Fig. 11, Fig. 12, Fig. 13, and Fig. 14. The qualitative behaviour of

the various quantities (i.c. heavy particle temperature, hcavy particle wall heat flux, and wall

o
“"a

shear) are the same as before, and have been explained in the other cases that were considered.
5": The magnitudes of the quantities are lower in this fully ionized case, again because of the lower

viscosily and thermal conductivity. This will be addressed in delail next.

<<

The Leavy particle Prandtl number has been fixed at 0.7 in the boundary layer calculations.

-\,\" Thus, if the viscosity is koown, the thermal conduclivily may be calculaled using the definition of
o
the Prandt! number. The viscosity of the plasma is primarily due to the beavy particles. Since
_\ the clectrons have a significantly smaller mass than the ions and neutrals, their conlribution to the ;::;
ae o
viscosily is ncgligiblc“. The heavy particle dynamic viscosily is the sum of the ion viscosily and .'."\J,
oo
N X
the neutral viscosity. Since the mass of the ion differs from that of a neutral ouly by the mass ,{f‘: '
.9
of the clectron, the ions and neutrals are trealed as having the same mass in this two-lemperature ‘:_
¥ i i o s
N theory. Therefore, al a given heavy particle temperature, the mean thermal speed of the ions is :.:::..
Ko
approximalcly the same as that of the ncutrals. The viscosity may then be obtained from kinelic R
! lhcoryn' o, .: »
BN
. iy \‘n
) inn atom -J:\.-
> =t = m<C>(nl, *+nL,,) (42) o
o '-._\-(.
h.'-:.
: N
* where <C, > is the mean thermal speed of the heavy particles, L is the mecan freec path for an :_:-::
Al
4 <
” ion colliding with other heavy particles, and Lm is the mecan free palh for a ncutral colliding :wﬁ
A
with other heavy parlicles. The mean free paths for the ions and neculrals are given byz': '."
3 S
e 1 PR,
Ly =~
'-:' ncaii + nAOIA t::"-‘_.
N ,\': t
1
fan = nQ +nQ ..~
{: AYan T O, v
~ A
.
. A
- o
s
j:-::
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e

where the Q's denole encrgy-averaged momentum transfer collision cross sections betwcen the

'
N

various species (the subscript i refers to ions and A refers to ncutral atoms). Using Lhesc, the

5

definition of the ionization fraction a=n./(n|+nA). and quasi-neutrality »n =n_ gives Lhe

LAgL
g

S

following expression for viscosily in lerms of the ionization fraction:

gi’

.

Ly |

c a l-a (43) ;:
"H =mA< H>< + ) {43 ’:
o a0 +(1-a)0, (1-a)0,, *+a0, o
o "~
& gt

o
L where Q ~denotes the coulombic ion-ion cross section, @, denoles the ion-neutral cross section, NS
& \

and Q,, denotes the ncutral-neutral cross seclion. Typically for argon, Q,, ~ 107 m, iy
:: o, ~ 107" m?, and a, ~ 107 m%.. It can be seen from (43) that when a =0, the viscosity is :::
v ’

dctermined by O, .. If a =1, then the viscosity is delermined by Q. which is three orders of ?v-

‘A
-, o -
:; magnitude bigger than @, . Further, if a < 0.9, the viscosity is primarily determined by Q.. :-\.
. ™

* H

which is only about an order of magnitude bigger than OM. This indicales thal in order to have ':
l*. .‘
ﬁ very small boundary layer thicknesses, the boundary layer flow must be very nearly fully ionized. p_
In fact, it is this dependence of the viscosily on the degree of iomization that has resulted in the ,-:‘,)-
B-‘ '.‘. f
o relatively large boundary layer thicknesses that have been compuled. This explains why the non- ',:'

,

o
i cquilibrium boundary layer grew so quickly as to merge in the middle of the thruster. The .

P
g straipht coaxial thruster of King‘ has been described by experimentalists as being “lossy” compared e

.

-
to the shorter “benchumark™ thruster (the “benchmark™ thruster was less than 10 cm. long whereas :-:'_.r
‘ il

L

King's coaxial thruster was 20 e¢m. long). The non-equilibrium boundary layer theory presented Pt

]
v; in this paper cxplains why this is so. The resulling dependence of the viscosily on the ionization :
by S~
J -....

fraction also causes the hcavy particle thermal conductivity lo depend on the ionization fraction as S

o :\.:
N well (this is because the heavy particle Prandtl number is roughly constant). Consequently, this .
. . =
4

affects the hcat transfer to the electrode. N

N o

v,
.- Thus far, MPD boundary layer flow has been discussed under the non-equilibrium, frozen, -.';

AN

o
::, and fully ionized assumplions, for a uniform mass flow of 3 g/sec. A calculation of the non- ‘:'_v'
o

[ ]

equilibrium boundary layer has also been performed for a uniform mass flow of 6 g/sec. For NN

*

W]
?J’ this mass flow, the boundary layers merged at approximately 6 cm., as opposed to 4 cm. from wol
L)

() 0
=3 st )
Cw .
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.\l

N

D T R o o e L e e e TR S L S S R e




A AAr
I"r:,-' 7’

@
l.".
:: ::.-
n the leading edge for a mass flow of 3 g/sec. This is lo be expecled, since the densily is higher ,:::
Pt
N in the higher mass [low case which in turn, gives smaller boundary layer thicknesses. :-.:
| *
DY

The boundary layer solutions presented in this section may be used (o estimate the drag as

well as the heat transfer. The heavy particle heat flux that has been calculated in this section,

-

gives an idea of how much heal is transferred from the hot [lowing plasma 1o the wall by

e

P

thermal conduction.  The results of this section may be used to determine electrode surface

]

s

.;
L

temperatures which determine erosion rates.

“aTrya s

V. Summary and Conclusions

L

The electrode-adjacent boundary layer in an MPD thruster has been analyzed for the first

time. The governing equations for a two-temperature, laminar, compressible, plasma boundary

Qf
;'; layer have been derived from first principles. Approximate solutions to these equations have been
. obtained for the MPD lhruster operating at sleady slate under near-onse! conditions, under various
o>
(-~ assumptions regarding the rate kinetics. The approximate solutions have becn oblained by the

Howarth-Dororlnitsyn transformation used in conjunction with energy and momentum integral

methods. Thus, the effects of wall friction and heat transfer to the wall have been quantified.

", The boundary layer theory presented in this paper provides a wmeans of estimaling viscous - N

drag, heat ftransfer, and has underscored the importance of ionizalion and recombination rate _:_{:
! kinetics. Three cases have been considered. The [lirst is a non-equilibrivin boundary layer with .%}
’ ionization slip, the second is a frozen boundary layer with a non-equilibrium ionizing frce-stream, :&E
f::: and the third is a fully ionized frozen boundary layer with a [ully ionized frozen free-stream. E:;
v The three different assumptions about the rale kinelics have yiclded significantly different ..::
o boundary Iayer thicknesses. This has important consequences for viscous drag and heat transler lo ‘::
::. the electrode. The case of the non-equilibrium boundary layer with realistic ionization slip has i;&
~ yiclded a farge boundary layer thickness. This implics that the anode and cathode boundary layers :;"
Eg merge in the channel, leading to a fully developed flow. ::-E
. ,_::\
‘_\_’ The strength of this bonndary layer theory lies in its assumption of a two-temperalure ::::
- plasma. However, two weak assumplions namely that of scalar electrical conduclivity and that of e
g negligible radiative heat transfer, must be addressed. These assumptions have been made in order E::

Ty
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to simplify an otherwise complicaled problem. Inclusion of the Hall effect (lensor electrical
conduclivily) would render the free stream flow two-dimensional. Further, it would render the
assumption of negligible ion ohmic heating in the heavy particle sensible energy equation (sec
section 11) invalid. Radiation from the hol plasma to the wall may also be important for
determining the hecat transfer to the electrode. The inclusion of radiation could lead to higher
iomization  fractions near the wall, and therefore possibly reduce the wall shear and wall
conductive heat [lux by lowering the viscosily and the thermal conductivity. However, there
would be o:!ditional heat transfer to the wall because of the radiative inleraclion between the
plastia and the wall and this is expecled to be the dominant effect. Also, the increased
lonization fraction near the wall will lead to higher ijon bombardment. Plasma radialion may

therefore enhance the overall electrode erosion rate.

This work has dcmonstrated the importauce of ionization and recombination in the clectrode~
adjacent boundary layer of the MPD thruster. The results of the boundary layer analysis has
tndicaled that the MPD boundary layer may be appreciably thick and therefore may have
umportant consequences for the viscous drag and electrode erosion. Further experimental

information on temperatures and concentralions near the electrodes would therefore be invaluable.
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Fig. 1: Non-cquilibrium boundary layer growth for a lotal mass flow of 3 g/s.

Fig. 2: lonization fraction at the wall (i.e. ionization slip) versus distance along the

electrode, for a lotal mass flow of 3 g/s.

Fig. 3: Profile of non-dimensionalized ionization fraction across the boundary layer, at a
location of | cm. downstream from the leading edge. The case shown here is that of a non-

cquilibrium boundary layer for a mass flow of 3 g/s.

Fig. 4: Prefile of the heavy particle temperature across the boundary layer at 1 cm. from
the leading edge. The case shown here is that of a non-equilibrium boundary layer for a mass

flow of 3 gfs.

Fig. 5: Variation of heavy particle wall conductive heal flux versus distance. The case

shown here is that of a pon-equilibrium boundary layer for a mass flow of 3 g/s.

Fig. 6: Variation of wall shear versus distance for a mass flow of 3 g/s. The case shown

here is that of a non-equilibrium boundary layer.

Fig. 7: Frozen boundary layer growth for a mass flow of 3 g/s. In this case, the free

stream is a non-ecquilibrium ionizing flow.

Fig. 8: Heavy particle temperature profiles at various locations downstream [rom the
leading cdge for a mass flow of 3 g/s. The case shown here is that of a frozen boundary layer

with a non-equilibrium ionizing frec stream.

Fig. 9: Variation of the heavy particle wall conduclive heat flux vcrsus distance for a inass
“tow of 3 p/s. The case shown here is that of a frozen boundary layer with a non-equilibrium

cnininyg free stream.,

Frg 10 Vuration of the wall shear versus distance for a mass flow of 3 g/s. The case

. ot 43 that of a chemically frozen boundary layer and a non-equilibrium ionizing free

4 "t 7 Ty wenized boundary layer growth for a total mass flow of 3 gfs. The case

“a fully 1omzed and frozen boundary layer, with a fully ionized and frozen
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free stream.

Fig.. 12: Profiles of the heavy particle temperature across the boundary layer at various
locations downstream from the leading edge, for a mass flow of 3 g/s. The case shown here is

that of a fully ionized and frozen boundary layer, with a fully ionized and frozen free stream.

Fig. 13: Variation of the heavy particle wall conduclive heat flux versus distance, for a
mass flow of 3 g/s. The case shown here is that of a fully ionized and frozen boundary layer,

with a fully ionized and frozen free stream.

Fig. 14: Variation of the wall shear versus distance, for a mass flow of 3 g/s. The case

shown here is that of a fully ionized and frozen boundary layer, with a fully ionized and frozen

free stream.

.
('.'
; 2
v e

o

L 2
.'.-..;15‘:.

:

-"'l

L
-,

h{\ {5

'Kl

[4

P

"t

LAY

" @,

B e a
oh
> ". DARAA A

o
® IR

)
.
ARSIV W

RENTSEY

-
]

. .

%% %
A 40

S
[

ol

Y « r_r
I )
.\(\ Wy




i

SIS I LR WOANA Y et s s e s D %
wn-A-f—-l'Jnn ) rr L =) v a0 d v...\,..-.-.. e -II/-IJ.-. .\' AR
AA AN 't '** .ﬂ-\ g g -- .-‘. IR AT .'\.-\-\f...,.-\..-l. . r\"hf&ﬂ’v r

Spon o2 PRt
rwax....J,.“ ....n. S 8 @Y R

) . 3 AR
NS AR L XA BERERE L B TNNNSNSN TP L e T NN

.....
.......

e ).“'

Mol

2

n

29

ANODE BOUNDARY LAYER
FIG

CATHODE BOUNDARY LAYER

‘wo G

. ) - . as an o e . xR s, e A e, e s ..
v, EE AR At B s B EFea e VA o0 W VYT LN U . : ¢




X ™

il 2

2= I

| A

-
d-ﬂl

%

30

0.51

O

N

1
e

P o ] -
Sy ® 7o
s e

o5
g

0.1+

. rF 8
ﬁﬂ‘;.::
e I )

0.0 . N,

s
N

x
~—
o0
s
CyUCA

s

v
P

. ¥ s s
1‘. %
] r %%

s

N
f".é' 5y

FIG. 2

5 \\k
3 ]
:\-\l’(‘

T AR ANt AT AT T A AT At e e et . T P T I I S ST L R U I A A A
e N N N e LB e Lo T T e T ST

b .
B
-



- P

- i PO : Lo Sy - o v e n e .‘ v, [ fl 2 Tty T 7 - o . I ﬁ»\\-- ...-- --.-.- oy f-‘ S -.--\..
HAREIPR RN P PR s.c“‘n el N PR it b ALl A Al AL AE AN NSEINY QN alSSNINNY L

©

gt e at
v .
L4

Y

(3

X,

‘ata allat A .

31
FIG 3
;\

-,

VM )

=l a A e W e W KA EOEEEES \ B A RN R AU O Lo U

.
.
. ‘ . ‘ o O

21839"




R R N JUR T Y YA A T U R WL T U o BEAG ARAIL St pta 400 p Ve a0y ¢ o g’ : . ba'

s

B

32 »

.
»
]

i W RN
-2

vy |
g

m "‘rl ‘1
_J
2% L AR
>

0.8 - -.‘_

5=

ik
o
(0))
1

DA

x
™
J.Wﬁ

‘e
Pl
[

0.4 S .

s sl

O
1
-
A

£
~N
_-’
8
NN

..

[
. L ]
’

x

5

oY) s

~, 0L
4

FIG. 4.

- - L ] » - » - - - - . - . .-,
0t S AN ST N L A AR




SO I RS A PR A AR AAACE o SO b vt t 8P SANSSNEE UL 0 II Lt U EIID g
A A : -~ (] k [y A RAOARN N < L @Y R R v
”.‘- -I-f-f- ¢ rl‘ &lnhcllu” _. fﬁfﬁf-ﬁlﬂw@.& N P d ML AL N - R .-,\f\f\‘.\f- [Ng) bd ot ...{\.-\ Le .\.\. \.\ \f\ \F\‘ ® p\ f\%.\fﬁr\f\l; .

LN SN

.,"-J-‘.o‘_-'_.“ .

Y

Ce v evad

.
Cay N
‘..I ..u

»
y :“f“t".'

»

| smmmm ]

) ~ o v

4 ~ o (&)

# - gy
3 pod e ?

3 ‘s
by o~
-._ .\l
. \>
3 P

i

Q
N

T
2

2 7
: R
3 ys
> - £
. .

u‘ .

! o
- -No
-. »”

P Y
by oy
.d OI*I. O .

8007
600

| T
® @)
O O
< N

R YO TN YN O "N

EELY Wwypy] BTG _
PN, wa WE v WE S B2 & S5 U . W e d e We wr SR8

X




.

000000 tat s a®

(AR

¥

~','J'
..-
'./-

RAEAED:

0

34

7 ,0

%)
~u.~\\-h L

- LS W

600

1 T

o o o o
O O @) O
0 < " N
E

[;s/w/b%] ssans 103ys 11oMm

%i&m!g'ﬁggﬁﬁmm'h\n\.wﬁ

| I B

TR 1 oy . S e SN D 4
DALV Sty o b al s V&.ﬂ.\ NANNEREY ISR gty
. . ..-....\-..J. ~l«lt- \N\\ . &"’ .ﬂ 7 5 . . %

|
O
O

R

.....o 2

X [cm]

ﬁlz

| ] c‘f--v-\ -\“'\- . r

LSy

FIG. 6

iy 4

\. A"-
Mo
+ P

".-r\f-' .

..’.'-)

‘\-' ~*'-> “» \"- bf\;"ﬂ*‘-'\'\f'-,"""

o
N

SN

A A L la

S T VS

SN

T ae e e L

a
ol

0,
STty

0
3

1,



35

ANODE BOUNDARY LAYER

.
cm.

2 CATHODE BOUNDARY LAYER o
.‘ - T T T —T fi
~;:_ 0 5 10 15 20
: X[c m] e
3

st

P _»¥
i FIG. 7: y
[

3




36

-

o A5

.hfu-nv&- )

X=15cm.

>
N-. r....n

wh AN Y,

EANNNAN TN
@ AN g 7 U PO
IS T RIS T

X=10cm.

[aEh e*.-..*.

1.5

FIG. 8:

et Sl s BB o BS Yy v A

RS

. W ALl




AT T

A 4 G e

(LA

30,4

o~
-

,\Aﬂf-na.‘ n---...
@y ..f\....\\.\

...m..v\l\ -.-.......

80

I T T
@] ®] @)
o < N

[00s/ jw/py] H WM

B2 X% vvy A vy R

15

10
X[cm]

[N T N
e,

e e 5

. .\.-\\\\
\uxoh

FIG. 9:

_-'\.v ..- .I-
(NN o3

.-.-

]

LY
P4
S %
]
% 9
P
~
.
&
LY
~

»
of

LY
&Y

d"-F-P , ‘.

LIPS P
-’ f_f\

»

.
SO0



- -]
~

PPy N LA L
- -.lc!tn-n- .‘ .- .-F\.,\-'\n-\-.n-.. -‘ . ......... . -.- .. P -

s
o2
—
Lo &
-
[ W——)
x
~ D
T 5 T ®)

O O o
< oV

[ os/wy/ by ] ssalys 10ays |jOM

NSO S-SR BEETOAE TR A LU AU R

60 -

FIG. 10:

L")

0N e ‘\;i ;"{"\:("i

AN AN

. \.'
N LK

™ ™
v, ¢

A e

2

L")
J ""\"

- LY - v v
AR

: ] ]
pN L

ey

” - -
.-_..\'!

25

k"l. r W

" -
()
i

i,
"

o ,;* y



39

ANODE BOUNDARY LAYER

.
\\.\\\\ ..\.».

oSl gy s
YW
SNl

P Y

CATHODE BOUNDARY LAYER

... P " _-- ! i
L IAASANNNE 1y X
et '

25, Frr AR Ak

ry
A

SCLA A
PP N fele -vu-
AL SR o

Patatete

b—

O
N

15

FIG. 11;




p . R T T ., . o ma e
. ; A i A A A AT AR SN S N AT I AR LAy, < S I
Y, BhL%005% k ; ; \.rfl-u..wfn-.:..f...... O*A™ANSS @O Ty fr X, OV s 4 ¢
Leisl s d ’ i P A I . . et e,
KRN g N e A 2 , BANRRGCE, @ L O O PR LA O,
ety

40

., o A v WS SO




n0-A190 307

FUMDAMENTAL STUDIES N L 44 TWSTEIS(ID C”Ol!-!‘u.ﬂ 2/3
uNlv PITTSSIRUI PA DEPT

J L LAMLESS 82 SEP 87 1-32097 AFOSR-TR
UNCLASSIFIED AFOSR-83-8833

OF MEC! MIC& m 12
F/G 21/3 8




o W Y N SO AL A hw,-.h.nl?sr.h\ DN 2 T T T W T ) -l-}? . .qFUrVUx V(LI. ‘..“ y) ““

o

RS e - N -

EEEE R

EEEF!
m—ﬂuhuhut_m =

EE

-~ e

LAUNDAADODU X S PO R R I O R T T A N T )

L

WO S Y L YA

s,
0

O RS A R
l'
L]
\

—  — = % W TN - - e - g s - e - e an g Miar— -




T ERrrp

& e x A . NN £
- < S WE A = o IS Y IS N ] o
A Al r o hﬂ A o s
S R G . R o
- Y el 'y : ’ il . ! P RN b e CF XTI AL,
..r«aaenz,. AR AAAE X s = 3 XA A RAERARRAY ; i 3 ,

i e MU KA AN

Ca ¥ ¥

15

4]

FIG. 13:

>
..
al

Pl
2

!
—at
w7

)
"‘-;"'

O

, 2

-|
O
N

10+
5
(@)

W)
st

T
n

Iy

b



/%]

Wall Shear Siress [ Kg/m




- - - N -

- - Sy T ] g P T Y a7 ; LR ettt v el e e Y e T
X : : Por's DA S ¢ 2L NS > Lok T AR - !
I55%5r PN NS ..ﬂ @ DIIELEEE @ NSNS @ PRRREEEY @l s r,.M..M .ruw.bhn\.m.n...fnn a -n...-wM.......... PSS ET VPN M W“... CRRIN LAAKATAIRER,

0
E

e
APPENDIX

T

o

NN

el &K SR X By S5 B Ry S AW e R v P A e PR T

T T W g W -rb(:
NS

]
v

1 3%

P I
"u f~$~f:‘ "

,‘I\I"‘n’,v’;\f‘-f\{,&y ARt
a8

L, o
L
il

Lt
PGS

oy
X

SRR o
o 1o

L



-
N

.....

IR NN PR AR YWY MNUNLY T RS w28 Salop AT P PRET YOt Y N 4948 22t Ba® a, * fav. .',, Sy y T ‘.'

Carnegie-Mellon University '

CARNEGIE INSTITUTE OF TECHNOLOGY ' :.':‘:'

THESIS P!

SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS -

S S NS R L e
.’“

FOR THE DEGREE orF__DOQCTOR OF PHILOSOPHY xS

Fr |
®
oS X

. .
& ON THE PHENOMENON OF ONSET IN MAGNETOPLASMADYNAMIC THRUSTERS
TITLE

o
g PRESENTED BY VISHWANATH VENKATESWARAN SUBRAMANIAM =
4

O vy

MECHANICAL ENGINEERING
J//z/éf’/ _
2/ M (?:é

P

ACCEPTED BY THE ‘D)E'AR?HENT OF.
-~
. / .
, :/ ."’/) _,/‘/’,”’”{,~

il

ARy

® Sy
a ,

P4

XA
~N

E . )

Desaninany HEAD

." .‘I
Y

~
P ] .
LAY

APPROVED BY THE COLLEGE COUNCIL

& M DL A 2

7 7 v — OEAN Te

v
¢

,}lv

e @ e e e e ,
FAE NS 4 |
LA A Y
A

P A

Y

DY g ol
ey
-

LIPS 1P I I S TR N T T
.’\-(.'f_'-‘x)_./\f Ao o e -d\_'r.‘-“\- "

' ™~
~ AT TN NN

I P T
W S

X
o . ~ e R TR R o,w Sy N\
SO PRGN ¥ O N O A 3

Y
-




RO R R MR N "R AR RN RN N R KN ) N N LK TG P Bab fad Ba® 02t 02” 0a" fa? Ba’ Be¥ MV bat 0" 0t ba® Re® Aa¥ bt Wat et get Bt i)% Be' lat v 82" dha’ Ba® Bet. dat

x_w
P

Yoy Y%
Ly by

- w r
rr

CARNEGIE-MELLON UNIVERSITY

e 2 A
ST

22 ol

o

<
Wl

ON THE PHENOMENON OF ONSET IN
a MAGNETOPLASMADYNAMIC THRUSTERS®

»
Pd
e
S

o . A DISSERTATION

17
-

:': SUBMITTED TO THE GRADUATE SCHOOL

e

R ]

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

2

’ d
A ey
L]
a

Sy

.

-
1 ]
)

for the degree

-
e
*

s _m_ e =
ey x
v r
>, -t

DOCTOR OF PHILOSOPHY

1

‘vle

z
-

in

7

o MECHANICAL ENGINEERING

a1
‘.1‘“!’ "

7,

L '1
it

M
.
2 by e

Vishwanath Venkateswaran Subramaniam

RAL
2

()
’ 3
e Pittsburgh, Pennsylvania :,-:
L NN
N4
June , 1986 e
- '\J"’
s W
YYne work supported by APOSA-03-0033 [ J
r,
la hb’
.\- L
h o
o
N e
. @
- 'f |
I': !
o4 A
ROENY,

L 4



<4

&

N

%

e}

8 ) p ( " A A L A L L N Y A e e Y N \}\.' w}\)_'q‘ '."'s""\;_\‘- \}\}:.;\}.\}--’ \}r-
. "!. l.'\.l"‘ GAGH |‘l ] ":“.g e i':‘i‘- % ¥, 8§ s MV WO, 00 < % o } O) '. ‘ ‘( R Lo B ',..Q, 1..'0.

ABSTRACT

The performance of Magnetoplasmadynamic ( MPD ) thrusters has been
severely limited by ‘onset’. The destructive onset phenomenon refers to the
abrupt increase in voltage oscillations accompanied by severe electrode
erosion which occurs at a critical value of the current for a2 given mass flow

rate. This research is aimed at explaining snd quantifying onset.

The steady, one-dimensional, self-field flow in the MPD thruster is first
analyzed for frozen flow, equilibrium flow, and non-equilibrium flow. This
quasi one-dimensional theory explain§ the behaviour of efficiency and predicts
a new mechanism for the onset phenomenon. This model predicts that
smoothly accelerating supersonic flow can exist only below a critical current
level because of increasing back-EMF. This limit is interpreted as onset and

correlates with the experimentally observed J?/m onset parameter.

in order to quantify electrode erosion rates, the electrode-adjacent

boundary layer is analyzed using the results of the quasi one-dimensional

theory. The free stream boundary conditions for the steady boundary layer
flow analysis are obtained from the results of the quasi one-dimensional
theory. Since the electrode wall is relatively cold compared to the flow, and
since relatively fewer collisions are required for the heavier particles to
equilibrate, an approximate two temperature boundary layer theory s
developed. The two temperature compressible non-equilibrium ionization
equations cere then solved using momentum integral and energy integral

methods. Wall shear stress, wall heat flux, temperature, density, and
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v ionization fraction profiles are then calculated. These resuits of the two ';.'-"
% t
temperature theory may then be used to estimate rates of erosion by j"'
evaporation and due to sputtering.
e
", :*\
i
‘\'._S,,‘: The major accomplishments of this thesis include the development of a }E
g
. new theory that for the first time, predicts onset due to an excessive back- N
o~ EMF at high currents, the establishment of the importance of ionization and .
o~
” recombination, and the first study of an electrode-adjacent boundary layer in ;.:ﬁ
“a o
* MPD flow. oy
g o
iy Ju
‘ This thesis addresses steady filow only. Thus, only the conditions s
. a0
s_\; leading upto onset are considered. No sttempt is made to study any hR
h phenomena beyond the limit of onset, Such a theory would have to take into 1;:"7
2 consideration the unsteady nature of the flow beyond onset. However, this ‘:‘
v .
research provides. the basis for a more comprehensive approach to ;.ij
- i~
35 understanding and quantifying the phenomenon of onset and electrode erosion ';1
in MPD thrusters. Such a theory may prove to be valuable in the design and %-*
P/ Y
o\‘ o
N perhaps future design of MPD thrusters. gt
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NOMENCLATURE

8= Acoustic speed of sound
8" = Acoustic speed of sound at the sonic point
A= Cross sectional channel area
A =W/H= , Aspect ratio
8= Magnetic field
B' = Magnetic field at the sonic point
8 = Magnetic field at the inlet, x=0
C,= Drag coefficient
C'= Mean thermal speed of electrons at the sheath-boundary layer edge
<C,>= Mean thermal speed of the heavy particles
C'- Mean thermal speed of ions at the sheath-boundary layer edge
C.= 5k/2m, = Specific heat at constant pressure -
C.' Specific heat at constant volume
D* = Electron diffusion coefficient
D' = |jon diffusion coefficient
D"c lon diffusion coefficient evaluated at the wall
D, = Hydraulic diameter
e= Electronic charge
e. .= Specific internal energy
e = Specific internal energy at cutoff temperature, T = Tc
£ = Electric field
E_= Electric field at the wall, evalusted from overall current conservation
Fe=pu= Mass filux

F“- Heimholtz free energy

H = Interelectrode distance
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H, = Total enthalpy
h= Specific enthalpy
h" = Specific enthalpy at the sonic point

hc- Effective heat transfer coefficient

ek WL

h.== Electron enthalpy

h.. = Heat transfer coefficient between cathode and external coolant
N

/* = lonization thickness
5 -
xf J = Total current

/= Current density

8 |

j = Current density st the sonic point

= Free stream current density

¥ Yoo

= /4 = Current density due to thermionic emission

:E k= Boltzmann's constant

" k, = Recombination rate constant

z k, = lonization rate constant

' K‘. K:, I(J-= Equilibrium constants for first, second, and third ionization-
'.;‘,: recombination reactions

L= Thruster length
L= Mean free path of the electron

L, = Mean free path for neutral atom colliding with other heavy particies

POL I 8

L,= Mean free path for ion colliding with other heavy particles

- M=u/a= Mach number
./
»
m = Mass flow rate
~ .
::? m. = Atomic mass
m = Mass of electron
O,
l‘- . .
o~ n= Electron or ion number density at the shesth-boundary layer edge
e n = Neutrall atom number density
N
’ n, = Electron number density
o n, = Electron number density at the wall
. nenw= Single ion number density
V)
-
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n,, = Double ion number density

n, .= Triple ion number density

A= Net production rate of ions by inelastic collisions
n, = Totsl number density of heavy particles

P = Pressure

P' = Pressure at the sonic point

Q,,= Total momentum transfer atom-stom cross section
O._= Total momentum transfer electron-atom cross section
O_i = Total momentum transfer electron-ion cross section
0, = Total momentum transfer ion-atom cross section
0, = Total momentum transfer ion-ion cross section

g, = Heavy particle conductive heat flux

q..= Heavy pearticle conductive heat flux at the wall

S= Entropy

S’ = Magnetic force number at the sonic point

T = Temperature

"= Temperature at the sonic point

Tc- Cutoff temperature in the piecewise linear mode!

T, = Electron temperature

TEC- Effective cathode surface temperature

T,= Heavy particle temperature

T, = Total thrust at the exit, x =L

T,= Wall slip temperature, in general #7

Tw- Wall or electrode temperature

roo' Free stream temperature

u= Component of local average plasma velocity in x direction

U= |Internal energy
v = lLocal average plasma velocity vector
v, = Iniet flow speed

v, = x component of slip velocity st the wall, in general ¢ 0
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v= Component of local avérage plasma velocity in y direction
V= Voltage drop across the thruster

V_= Cathode sheath voltage drop

V.r Yy component of electron diffusion velocity

V.= y component of ion diffusion velocity

V..= Y component of the ion diffusion velocity at the wall
V,= Sum of the sheath voitage drops

W= Width of the electrode transverse to the flow

x = Axial coordinate in direction of flow

x* = Position of the sonic point

x ¥, x.'"'= Sonine coefficients

y = Transverse coordinate perpendicular to the flow
2,,2,2,2 .2, = Total partition functions of neutral atom, electron, single
ion, double ion, and tripie ion

e = lonization fraction

a_= lonization fraction at the wall

e’ = lonization fraction at the sonic point

I'= Evaporative mass flux

A= Transformed boundary layer thickness

3, = Boundary layer thickness

¢ = First ionization energy

7 = Overall performance efficiency

n, = Heavy particle dynamic viscosity

n,= lon dynamic viscosity

na= Neutral atom dynamic viscosity

n, = Lorentz efficiency

8= Momentum thickness

6, = Enthalpy thickness

= B./B’

A= Specific heat of sublimation of cathode
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§ A, = Heavy particle heat conductivity
#o™ Permeability of free space

“ <v,>= Energy-weighted average momentum transfer elastic collision

o frequency

-

e ’

. ¢ = Howarth-Dorodnitsyn transform variable

! p= Mass density

Ry

p = Mass density at the sonic point

lf.

}5_’. o= Electrical conductivity

- o .= Electrical conductivity due to electron-ion collisions

N . o

S o = Electrical conductivity due to electron-neutral collisions

a Ocp ™ Stefan-Boltzmann constant !

b

~ )

L o = Electrical conductivity evaluated at the sonic point ':;I'
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CHAPTER 1 :':-

iy

INTRODUCTION e

P

\; Space missions require fuel efficient thrusters in order to transport :E:
- greater amounts of payload. Therefore, given a particular thrust level E
g T = mu"“. it is desirable to maximize the exit speed so that the mass flow __ .v
rate (i.e. fuel consumption) is minimized. Magnetoplasmadynamic (MPD) ).); :

11,8 -thrusters use electric and magnetic fields to accelerate a plasma to high ::
speeds. MPD thrusters, as distinquished from other electric propulsion ﬁ:

] - - )
o devices, derive most of their thrust from ; X8 body forces in a steady hios
" flow'. The magnetic field may be externally applied as in some early work :Ei
] on the subject® >4 During the past ten years, work has concentrated on self- -;':*
o field thrusters. Operating at current levels of tens of kiloamps, self-field MPD ";:'"
; thrusters have experimentally demonstrated exhaust speeds of 15000 to 40000 :E
. m/s and thrusts of the order of 100 Newtons. By contrast, the most exotic :E.
chemical propellants provide maximum exit speeds of about 6000 m/s. This &"
:’,:f fuel efficiency is the primary advantage that MPD thrusters have over f‘
. conventional chemical thrusters., This thesis studies self-field thrusters. ::::
2
MPD thrusters have been shown to achieve efficiencies of ~50%, but are N

ji limited by a destructive phenomenon known as ‘onset’, This thesis E::
] theoretically examines the plasma filow in a one-dimensional self-field thruster. ';DE':-
‘E: The behaviour of efficiency and its relationship to onset are considered. This :"'

theory predicts a8 new mechanism of onset related to the back-EMF. In this

o theory, onset appears as a conflict between the electric field required for Y.

®
" magnetogasdynamic choking and the electric field necessary to draw all the Y,
A
X

O \.r,;e._.)\: .f.;r,:-.'_:r.:.-_:.- '.r;.- Tt '.\-,:.-_:.- R 'J';:I'_;J‘
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spplied current. For a given mass flow and geometry, it is experimentally
known that efficiency increases rapidly as the current increases. This increase
is limited by the rapid erosion which begins to occur at some current level.
This limit, also typicslly sssociated with voltage oscillations, is known as
‘onset’. For a given geometry and varying mass flow, this limit correlates
with J2/m where J is the tota! current and rh is the mass flow. This limit
has been observed to vary with geometry“ but this variation is not

understood.

Equilibrium flow in an MPD thruster has been modeled by King et a/’
They assume @ one-dimensional, local equilibrium, continuum, flow with »
uniform and constant electric field. The fiuid enters the thruster at a& slow
speed and low temperature, whereupon the speed increases to sonic primarily
due to ohmic heating. The fluid is then accelerated to supersonic speeds
primarily by the magnetic body force. The electric field is determined by the
choking condition thst permits a transition from subsonic to supersonic
speeds. In this thesis, the model of King et a/.’ will be considered for frozen
snd nonequilibrium fiow. In a non-intuitive result, it will be found that the
electric field required by the choking condition can be insufficient to drew all
the spplied current. This occurs at high vaiues of J?/rh and is interpreted as

onset.

Among the contributions of this thesis to the understanding and

quantification of onset are:

e The first non-equilibrium self-field MPD theory to predict onset due to
an excessive back-EMF at high currents has been developed

e For the first time, the electrode-adjacent boundary layer in MPD flow
has been studied

e The Importance of non-equilibrium lonization in controlling the
appearance of back-EMF onset, and in determining boundary layer
growth has been established.
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® The Howarth-Dorodnitsyn transformation in conjunction with the
momentum integral method, has been applied successfully for the first
time in the case of a two-temperature, non-equilibrium, plasma
boundary layer. The approximate solution has been used to compute
the wall shear and the wall heat fiux.

Several previous explanations for onset have been advanced. In addition
to the back-EMF theory presented herein, there are two other approaches. One
deals with anode mass starvation and the second with current channel

instability. Each will be reviewed.

The first approach, anode mass starvation, was first analyzed by Baksht
et a/l.® Because of flow acceleration and the Hall effect, they predicted that
the plasma density near the downstream portion of the anode would decline
as total current increased. Consequently as current increases, the anode
sheath voltage will eventually shift signs, from electron-retaining to ion-
retaining polarities. Baksht et a/. took this sign change as their onset
criterion®. This work has been refined by Heimerdinger.! Korsun considered a
similar mass starvation effect in a two-dimensional model'®. The anode mass
starvation hypothesis has experimental support from Hugel."'! The reason why
a change in sign of the anode sheath voltage should cause onset is not clear
because many discharges operate in stesdy state with snode sheaths of both
signs. Two hypotheses exist: (i) Kuriki and Onishi'? suggest that, when the
anode fall is positive, ions accelerated in the sheath may produce sputtering,
and (ii} Shubin' has found thst snode mass starvation is associated not just
with anode sheath reversal but also with plasma instabilities and has

sugges'ted that these may cause onset.

The second spproach to onset is being developed by Schrade et ar.'*
They analyze the stability of current tubes to fluctuations in the magnetic

field distribution. This is » volume rather than an electrode phenomenon.
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% The back-EMF theory presented herein differs fundamentally from these :.j:
“ other two approaches. For one, the injection of a small amount of mass near ;C-s
. ®
the downstream end of the anode would have & major effect on the onset e
i A
¥R predictions of the anode mass starvation theories® * '> ' but no effect on the -.;’.:':
\ e
k back-EMF mechanism. A fundamental difference between the back-EMF limit F‘.ﬁ,-:}
RS
_. and the instability theories'> ' is that the former sppears in a steady-state 2 __
o . ™
model. Further, the magneto-gas-dynamic choking condition plays an essential :-':,, :
e : Ay
- role in the back-EMF mechanism but not in the other two, These differences Nty
-~ ‘- ’
. , I3
indicate that the physical mechanisms for these approaches are different. It is ®
N o
" not yet known which mechanism occurs first under which experimental l(;-.‘!'
s
.- L
conditions. .
5 '.'J'}
The most detailed experimental data on plasma flow conditions at onset r'-_.’}
: 'J'.‘J"
% are due to Barnett.'” These experiments were conducted in what has become {5‘_‘;
e
known as the “benchmark” thruster which is characterized by a Ilip on the :fi .
N
ﬁ snode which protrudes into the flow channel (see Fig.1} . His experiments _
” 1
ﬁ; found instabilities associated with low density regions. Unlike Baksht et al.'s Ay
o
< theory,’ the low density region was not necessarily near the anode. These "a !
o,
. Pty
. results have not yet been repeated in a thruster with a smoothly shaped flow °
~ g =
channel. ‘.lu*';:'
A Fndn
o Fl."#.
o
- The complexity of this problem has prompted the use of some .‘:_'a,.
L simplifying assumptions. Baksht et a/.%, Shubin'’, and Martinez et a/.'® have - amag
z %
used the isothermal sssumption. Shubin'® snd Martinez et a/."® have used the .-','_\jf
_. infinite magnetic Reynolds number assumption. Neither approximation is used '".5::
- herein. However, the Hall effect, which was partially included in the above .
v, Y )
:-4‘ models, will be neglected herein. This work, an extension of King et a/.’, uses . N
-
.I
:,': conservation of mass, momentum, and energy for a one-dimensional plasma ::::
i . ALY
. flow. Unlike King et a/.” who assume equilibrium thermodynamics, this work ~
lh 7
by will also consider frozen-flow and non-equilibrium models. The choking ".;-;
"} %
& condition is found to be strongly affected by these assumptions, - \.
| ]
el
] . RO
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S The approach to understanding and quantifying the phenomenon of onset -:-_}_
in this thesis, is in two phases. The first phase is devoted to the \:;s
i development of a quasi one-dimensional theory that ekplains the behaviour of .-5 ;
W efficiency and predicts a new mechanism for onset. This is described in ."':'
. chapters 2 and 3, . ,
y .
] The second phase is devoted to the development of a boundary layer :f;-ﬁ
:_.: theory that will enable calculation of erosion rates at onset. This is described 5’:;
N in chapter 4. This twb temperature non-equilibriurp ionization boundary layer e
§ theory is developed in Sec. 4.2. The free stream conditions for the boundary :::
layer analysis are obtained from the quasi one- dimensional theory developed ::E:?:i
ECE in Sec. 3.5. A two temperature fluid model is used because of two reasons. Q_)g
) Firstly, the presence of s relatively cold electrode and the relatively fewer {.
%‘, number of collisions required for the heavier particles to equilibrate would EE.';:
. cause the heavier particles (ions and neutrals) to have a temperature different EE
i from the lighter particles (electrons). Secondly, the Prandtl number for the ;;T\
» heavy particies is &~ 1 and constant throughout the boundary layer., This '-t-_;l‘:
oy would not be the case if a one temperature abproach were taken for the :;"
' combined fluid consisting of ions, neutrals, and electrons. Next, the boundary :..:
- layer equations are solved approximately by using momentum integral and ]F
: energy integral methods. This is discussed in Sec.4.3, and the results are ":-
) given in Sec.4.4. A discussion of the cathode sheath is given in Sec.4.5., In '.'E: |
:':.: this section, a description of how the boundary Iayer theory of Sec.4.2 may ’,_'f_
~ be used in calculating erosion rates by evaporation, is given. Finally, the ._:.:
«. results of this two step approach are summarized in chapter 5 along with the 'j-:.:-‘
_;_ conclusions and recommendations for future work, :.j_:
~ ;:EE':‘
s ’(’,n.:;«
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CHAPTER 2

QUASI 1-D FROZEN MPD CHANNEL FLOW

2.1. INTRODUCTION

The back-EMF onset theory has its beginings in the frozen flow theory
that will be discussed in this chapter. Frozen fiow refers to flow of a fixed
chemical composition, such as fully ionized flow . The governing equations
of a steady, one-dimensional, constant area, frozen MPD channel fiow will be
discussed in section 2, and magnetogasdynamic choking will be found in
section 3. The solution of the frozen flow equations is derived in section 4,
The culmination of this chapter is section 5 which uses the results of the

frozen flow model to find a new mechanism for onset.

2.2. GOVERNING EQUATIONS

A steady, one-dimensional, constant-area MPD channel flow will be

considered. The geometry is as shown in Fig.2. Viscous effects, Hall effects,

o
Y
:':‘; and heat transfer will be neglected. The governing equations can be written:
v mass:
< pu = F = constant ' {2.2.1)
¥
. momentum:
.{:
dP + Fdu= jBdx (2.2.2)
-,
.
energy:
o,
'\.
o
kY
e
N N T e A P e 0 o o A e o T, T AN SR T INDVEN N NN VAN

oy
s
I

Ll -" P
P4

7' @ %
'*1.;!¢

[
"

R g’
[4
b

o
e
AR

i
<)

L I

XY
ll » 1 9

h Y

LY
N [

.y
’

l.ﬁ
J,j

“w
¢
£

P BN Y
A
'g‘\lﬂ"'i'h

PS

L 4
P4

) ';’
"

a

-

"
A A Y

A

. '

4
| s
k'

2t

nssle
YRS

"ﬂ

X3

A

Pl

I



VeV YWY UYL UWUY ‘.V.“‘Q'_‘E‘J,‘E
LYy
Wiy
%Y

Fdh+ Fudu = [Edx {2.2.3) ._",',-\.
state: L

h = hiP,p) (2.2.4) % N

%

Ohm’s law:

b
L)

53

j=alE~uB) (2.2.5)

.:
+

%
r's x
Ty

\(I

e

Ampere’'s law:

..t
i

of

a8
T Hed (2.2.6) Qo

Pt |

-

i/

o s i

2

These can be understood as the equations of classical gas dynamics with

’f
Z

the inclusion of ohmic heating in the energy (2.2.3) and a magnetic body force

LT
Y'.
X

in the momentum (2.2.2)." The equation of state, (2.2.4), applies to non-ideal

r
v rX
<
-

e as well as ideal gases. It will be generalized to non-equilibrium flow in Sec.

i : 3.2 and Sec. 3.5.

-

,
% Y %W Y
i

L
® SN

First integrals can be found for both the momentum and energy
equations, Using Ampere’'s Isw, (2.2.6), momentum conservation, (2.2.2), and

energy conservation, {2.2.3), become:

2

b

'.:.‘.u
LSS

g

S e

Momentum:

TSy,
e

‘o

2

o
.
[

LRS!

= constant (2.2.7)

P+Fu+

.-' “" |
.

2p°

I N 4

v

Energy:

[ T
A
« .

[ P,

3

Fu® EB
Fh+— +— = constant {2.2.8)
2 "o

. o  »
, S 4 A ;
e

L4

To complete the problem description, boundary conditions are needed »t

P
N

N5

the channel inlet, x=0, and exit, x=L At x=[, we require B=0, At the inlet,

LN

P4
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x=0, the flow speed is specified, usu,_ . The inlet flow speed, u . is very
small and, for present purposes, it may be taken as spproximately zero. The
value of the magnetic field at the inlet, B=8, is determined by the

experimentally specified total current, J, by Ampere’'s law;

B,=y J/W (2.2.9)

o«
v

W s K

The mass flux, £, is related to the total mass flow, /h, by:

.;.'L.‘.“t’.

F=m /(HW) (2.2.10)

=

The performance of the MPD thruster can be characterized by efficiency.

-
]
-

ﬂ Two efficiencies will be defined. Aithough the definitions are different, they
agree closely over the range of MPD operation. The first, inspired by

’4

[

o~ thermodynamics, is the Lorentz efficiency which is defined as the ratio of the

work done by the electromagnetic force to the total electrical power in”:

L 2o

< S jBu dx
- (2.2.11)
! S Ejdx
f.\' : °
o

When the integrand in (2.2.11) is rearranged, the Lorentz efficiency is seen to

=\' be the weighted average over the power, of the ratio of the back-EMF to the

electric field:

"= (2.2.12)

g or,
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It is then evident from (2.2.13) that for efficient thruster operation, it is
necessary to operste in a regime where the back-EMF is comparable to the
electric field. This means that the back-EMF onset mechanism, to be

discussed in Sec. 2.5, is expected to be important in efficient thrusters.

The second type of efficiency to be defined is conventionally used to

define overall propulsion system performance:

r: /2m
. R (2.2.14)
JV

where Th-(mu-*Ph'W)Im is the total thrust. For a planar channel, V=EH+V_,
where V_ is the sum of the sheath voltage drops. n differs from " by
including the thrust due to pressure. For the normal operating regime of MPD
thrusters, as opposed to electrothermal thrusters, the pressure component of
thrust is small and the two efficiencies agree closely, &8s will be shown in

Sec. 2.4,

The governing equations described in this section can be solved to
determine the electrical characteristics and efficiency of the thruster. This

will be done in the following sections,

2.3. MAGNETOGASDYNAMIC CHOKING

The combined action of ohmic heating and Lorentz body force can cause
s flow in 8 constant-area channel to sccelerate from subsonic to supersonic.
Since both of these effects are lsrge in the MPD thruster, varistion in the
channel cross-sectional area may be unimportant even if it is present. This
section will develop the condition for this choking to occur in the self-field

flow of a non-ideal gas obeying equation of state (2.2.4).
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Rewriting (2.2.1) and (2.2.4) in differential form, combining with (2.2.2) and
(2.2.3) to eliminate dp and dp, using (2.2.5) to eliminate j, and solving for the

velocity gradient yields:

1dv 1 1 B oh E | JB
- = e — (2.3.1)
vdx M- ohn Yo dP ppu’ dx
(rI,
dp
where a is given by'%:
anl
Py
0
e —2F (2.3.2)
; ahl
- p—
op *

For the special case of an ideal gas, (2.3.2) reduces to the conventional

expression.

It is seen that (2.3.1) is singular at M=1, For continuous acceleration
through M=1, it is required that:
anl

E=p'aB—| .
or ?

{2.3.3)
where the asterisks represent quantities evaluated at the sonic point, M=1.
{2.3.3) is the choking condition. It relates the electric field, £, to the back-
EMF at the choking point, 8°8°. This will play 8 central role in the prediction

of back-EMF induced onset to be discussed in Sec. 2.5.

(2.3.3}) can be interpreted in terms of classical gas dynamics. Ohmic
heating tends to drive a gas toward M=1 and the magnetic body force tends

to drive the flow away from M=1'" (2.3.3) determines the electric field

{3
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=
.. necessary to provide the right amount of ohmic heating to drive the fiow just )
g
- to M=1 where the body force can accelerate it to supersonic speeds. N
"
This choking condition has been previously studied for the special case ..~_
» * .. '.‘
::: of an ideal gas. Resler and Sears' ?° considered such choking for an spplied- Mg
'
! field calorically-perfect flow. King et a/.’ studied choking in self-field flow a
. for the special case of a gas obeying the equation of state h=HP/p). The .;:
.-_':.
:;_ case of a self-field calorically-perfect flow will be considered in the next ::t
- ad
section. The more general case of self-field choking in a non-ideal gas will i
®
] be addressed in Sec. 3.3 and Sec. 3.5, e
£H 3. ,
- 2.4. FROZEN FLOW 4
o o
The concept of back-EMF onset js most easily understood in the special %\
E iy
- case of a constant-composition (frozen) calorically perfect plasma. In this %"
)
.. section, the solution for the flow profiles for frozen flow will be presented. :
9 Ba i
[/ It will be found that the flow in this case is characterized by a single non-

.
o~ dimensional parameter. This parameter, S, the magnetic force number, is f-\
bl S
- closely related to the experimental onset parameter, J?/rh. e
g

b )
® ..

The flow of a fully ionized one-temperature plasma will be modeled. :.\»:
- Because ionization and recombination will not be considered in this section, :~::}'
- T
o .
-7 this will be called the frozen flow model. With electronic excitation '_'_‘
. neglected, this assumption of a fully ionized flow permits a simple expression ,
ra RO
for enthalpy: A
y =
b4 A
Ehd ST ¢ 5P ¢ s
Ao —— m —— (2.4.1) ®
o) m, m, 2p m, N
| s
o~
- Substituting this frozen flow enthalpy into the choking condition, (2.3.3), gives: -.:‘n.
' ®
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o
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. This choking condition determines the electric field and defines the operating """
A . ’ 0'|‘
SQ region. b’ t

To obtain an analytic solution, the conservation equations for mass o
":-
(2.2.1), momentum (2.2.7), and energy (2.2.8) may be rewritten for frozen flow - '_’

\ . . - TAL
. in terms of the sonic quantities:

pu=F=pa (2.4.3) ot

82 2 .' “:
P+Fut—=P +Fa' +— (2.4.4) -
2"0 2,‘0
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Combining (2.4.1) through (2.4.5), the. following quadratic equation for v« is

ided
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obtained:
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The two solutions to quadratic (2.4.6) may be readily written in terms of B and
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The upper sign in (2.4.8) represents the solution for supersonic flow and the
lower sign is for subsonic flow. (2.4.8) shows that v/a" is a function of 8/B°
with S° as a parameter. Combining (2.4.8) with (2.4.3), p can be found:

¢, (¢ 2-ar)V?
= p(-——— (2.4.9)
p=r (-3 )
(2.4.9) determines p/p" as a function of B8/8" with S° as a parameter.
Combining (2.4.8) with (2.4.4), P can be found:
(‘ ((12_4(’)112 S. B’

;; . +—; 1-;)] (2.4.10)

8
P-Fa'[—+

5
(2.4.10) determines P/Fa’ as a function of B/B° with §' as a parameter. The
relationship between 8 and position x can be found by combining (2.2.5),

(2.2.6), and (2.4.2):

g—i-'- -/:oa(-za’B'-uB)

From (2.4.8) through (2.4.10), it is seen that S°, defined by (2.4.7), is a very
important parameter. S° is the magnetic force number’' eavalusted at the
choking point. S° displays the relative importance of magnetic pressure and

gas dynamic kinetic energy density:
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choking point, as a parameter. The solution was found assuming a fully-
ionized compositionally-frozen flow. Approximations such as isothermal flow
or infinite magnetic Reynolds number have not been made. The next section
will show how this solution predicts a new mechanism of onset. Sec. 3.5 will

discuss how the solution is affected by ionization rates.

2.5. A THEORY OF ONSET

This section will explain how the simple model of the previous section
predicts onset., Onset appears as a limitation on the values S°, as defined in
(2.4.7) or (2.4.12), may assume in the supersonic mode. This limit is a
consequence of combining Ohm’'s law with the flow solutions. The behavior
of the back-EMF will be considered first. The effect of back-EMF on Ohm's

law will then be considered from mathematical and physical viewpoints.

The behavior of the back-EMF, uB, will be considered first. Near the
inlet, the flow speed v is very small so that uB8 is small. Near the exit, uB is
smali again because 5-0. Somewhere near the middie of the thruster, the

back-EMF, uB, peaks. This is shown in Fig.6 for various values of S,

An important relationship between £, snd the back-EMF, uB8, can be found
from considering Ohm's law. Combining Ohm’'s law, (2.2.5), with Ampere's law,

(2.2.6), and integrating yields:

»

d

- [ —2— (2.5.1
Y polE-uB)

The relationship between v and B8 is given by (2.4.8). For frozen fiow, £ is
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given by the choking condition, (2.4.2). This is also plotted in Fig.6. From

Fig.5, it is seen that as S increases from 7.0 to 8.5 the pesk back-EMF

approaches the electric field. This tends to make the denominator in (2.5.1)
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small. As the peak back~-EMF reaches the electric field, the integral indicates

that an infinite length thruster is necessary. This occurs a8t S =852  For
higher §°, E-uB changes sign twice during the integral which is hence singular

and meaningless.

The physical significance of this limit can be found by returning to the
governing equations, (2.2.1) to (2.2.6). If, at some location in the thruster,
E=uB then from Ohm's law, (2.2.5), no current flows. If no current flows, no
magnetic force acts on the plasma, see (2.2.7), and no ohmic heating occurs,
see (2.2.8). Consequently, the plasma flows at constant speed and
temperature. Further, if no current flows, the magnetic field is constant, see
(2.2.6). AIll this implies that if £=u8 somewhere in the channe!, then it will be
true that £f=yS at all points downstream. {f this is true, the boundary
condition of B=0 at x=/ cennot be met no matter how long the thruster.

Thus, it is necessary that «B<E for all locations within the channel.

The limit of uB<E for the analogous case of plasma accelerators with

applied magnetic fields is well-known. It was first studied by Resler and

19, 20 1, 22

Sears and has since appeared in textbooks.

This value of §" =8.52 at which £=uyR can therefore be considered as the
onset limit, indicating a regime of operation beyond which the flow can no
longer be supersonic. Using (2.4.13), this limit can be restated dimensionally:

J? ARa
— £ 8.52

m "o"2

(2.5.2)

(2.5.2) correlates the experimental data of Malliaris et a/.® very well. This is
shown in Fig.7. This success does not prove the existence of back-EMF onset,
however, because the scaling laws for anode mass starvation onset® ® are

similar,
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The reason why back-EMF should rise faster than the electric field can
be explained with some scaling behavior. From Ampere’'s law (2.2.6), B scales
directly with J. From the choking condition (2.3.3), £ scales roughly with J, and
from c;anservation of momentum (2.2.2), v scales roughly with J2/m. Thus, as
one increases the current, the back-EMF, which scales as J%/rh, increases

faster than £, which scales as J, and thereby leads ultimately to current

blocking.

This research does not attempt to establish the fiow conditions after
onset has occurred. For §'>8.52, the smoothly accelerating supersonic solution
discussed in Sec. 2.4 is not possible. Thus, some largely subsonic flow is
expected. A subsonic flow would, by energy conservation (2.2.8), likely have a
higher temperature. Thus higher erosion rates by evaporation as well as by

sputtering are expected.

Back-EMF onset also affects the efficiency. It was shown earlier in
(2.2.12) and (2.2.13) that for thruster operation with a high Lorentz efficiency, it
is necessary to operate in a regime with a high average value of uB/E. Since
back-EMF onset restricts the peak value of uB/E to one, its average must be

much less (see Fig.6). Thus, back-EMF onset restricts the efficiency as well as
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& CHAPTER 3 ‘
QUAS! 1-D EQUILIBRIUM AND
NON-EQUILIBRIUM FLOWS

3.1. INTRODUCTION

In the previous chapter, the frozen flow theory was described which

cuiminated in a new mechanism for onset known as back-EMF onset. The

effect of non-zero ionization rates on back-EMF onset will be investigated in

ot =

this chapter. The governing equations for equilibrium and non-equilibrium

-
-y

£

flows will be discussed in Sec. 3.2, and the effect of non-zero ionization rates

on magnetogasdynamic¢ choking will be analyzed in Sec. 3.3. The aquilibrium

o

model of King et a/.” will be discussed using a simpler, piecewise linear model

:‘: in Sec. 3.4 This simplification to the equilibrium reistionship between
enthalpy, /# end temperature, 7 is made in order to explain why back-EMF
_. onset was not observed in the numerical results of King et a/.” . Although
N, this piecewise linear model is a somewhat drastic approximation to their :_':;_,_
:J‘ equilibrium flow theory, It preserves the necessary physics and enables & \’\
é_‘ qualitative understanding of quasi 1-D equilibrium flow. Next, non-equilibrium "’_:
h flow is discussed in Sec. 3.5 and comparisons with the experiments of King et :_?_:_.
&: s/’ are given in Sec. 3.6. The effects of wall friction and bulk heat transfer \':
on the magnetogasdynamic choking of quasi-1D non-equilibrium flow s
2 discussed in Sec. 3.7. Finally, a summary of quasi 1-D filow under the 'Q\‘
. assumptions of frozen, equilibrium, and non-equilibrium flows is given in Sec. ,':j::‘
N 28, v
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3.2. GOVERNING EQUATIONS

The governing equations of quasi 1-D flow under the assumptions of

negligible viscous effects, Hall effects, and heat transfer have been previously

< W 24

described in Sec. 2.2. The only difference in the equilibrium and non-
equilibrium cases is that the equation of state (2.2.4) is modified. Thus, the

conservation equations may be rewritten as follows:

vsill

o mass:
S
g pu = F = constant (3.2.1)
Y
Momentum:
~
P+ Fu + — = constant (3.2.2)
<y 2"
(' -]
"
pr ] Energy: .
had
i Fu® EB <
Fh+— +— = constant (3.2.3) s
2 4, e
. 4'?-'.
i state: At
e
! h = hiP.p.a)  for non-equilibrium (3.2.4) i~
f o
o
- h = hiPp) for equilibrium (3.2.5) ™7
) g
i.' AN
Ohm's law: ®
o __-
. /=o(E-uB) (3.2.6) e
:: where ¢ is obtained from: R
’, 1 1
l' —_ + — 1
4, o= (a" vc)

where o, is the conductivity due to electron-neutral collisions and o is the
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coulomb portion of the conductivity. The expressions for o, and o, have been

e
>
.
v

summarized by King?. Ampere's law:
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as
—_— == "oj . (3.2.7)
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The ionization rate, da/dx in the non-equilibrium theory is found from the rate :: '2
(9
-’ equation: W%
‘e A )
a8 AT
NS
2.3 >
da k'pa(1-¢) k p'a P
s —. - (3.2.8) T
’ dx mAu mAzu ':f
ﬁ A
" A
where & is the ionization fraction, and &, and k are the ionization and ’.
::: recombination rate constants respectively. The frozen flow model is found as ::,SQ
> S
the limit in which k, and kb approach zero. |If k, and kb approach infinity, the R e
A
. equilibrium mode! is recovered. The rate constants have been obtained from
L J
the work of Mansbach and Keck?* for the non-equilibrium ionization case. f:"_"‘
f: Th . :":-. !
*r ese are: NS
A YA
TGN
~

48.10"*
k Lem®/sec] = expl = ¢ /kT}
7%5.556.10"")?

g
s . f'

_'n’ "y
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S
>

4.10"°
7-012
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> LS
“ %

k, [em®/sec] =

H4
»

2
P ‘s
l.,l’,l. 5,::.‘; [ ] o

s Normally, for equilibrium flow, two independent properties are required to

& %S
‘f.n.(
K N

define a thermodynamic state such as P and p. For non-equilibrium flow, 8

[
()
a

third independent property such as ¢ is required to completely determine the ::,\.:
thermodynamic state'®. The boundary conditions necessary to complete the NI
*e , . .

;: problem description have been discussed in Sec. 2.2. In addition to these, a WA

boundary condition for a must be specified. This Is that the gas be weakly
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ionized at the entrance. The details of this will be discussed in Sec. 3.6

where the solution to the non-equilibrium flow equations will be given. The
introduction of the non-equilibrium equation of state, (3.2.4), and the rate

equation, (3.2.8) modifies the magnetogasdynamic choking condition. This will

be discussed next.

3.3. MAGNETOPLASMADYNAMIC CHOKING

in this section, the effect of non-zero ionization rates on
magnetogasdynamic choking will be studied. This will be done first under the
equilibrium and then under the nonequilibrium aAssumptions. It is found that
ionization rates have a strong effect on the choking condition and hence on

the appearance of back-EMF onset.

For both the frozen flow and equilibrium flow limits, the magneto-gas

dynamic choking condition can be written as:

— =] . {3.3.1)

For frozen flow of a monatomic gas, the right hand side of (3.3.1) has the
value of 5/2. The equilibrium calculation causes the right hand side of (3.3.1)
to be up to an order of magnitude larger. This is shown in Fig.B. This will
be evident in the results of the piecewise linear mode! that will be discussed
in Sec. 3.4. The major difference between the two limits is that an important
part of the change in enthalpy in equilibrium is due to the change in the
ionization fraction. The right hand side of (3.3.1) oscillates in the equilibrium

theory as the plasma progresses through successive stages of ionization.

The difference in thermodynamics has an important effect on back-EMF

onset. Since the equilibrium theory c¢an predict large electric fields, the

v, s - LOEs -"\:,'.

o . rd

T L AT
a -’-. .'_’ P

RN "v'_\v;\"

.. P
, ATAT

...\
4

R Y
AT

~
o

EAC S -F

.13?,
?}/5

'l

»-" l"" ’s

b

Y

[
A
l.',

*Sa em
PREEE LS

vy
A

,.
bR

Y hASs MY
L L

<@
ot 1,

AR
%
&‘-'::-f-‘, b

7
g

(;?0

R

r

¢ o W T
NN




v

> Y o oA

e

LR LI AN AN

Y

A
. .
e o T e

22

occurrence of back-EMF blocking is delayed. This is why King et a/.” did not

find evidence of onset over the range of parameters used in their numerical

calculation.

The nawre of the choking condition with nonequilibrium ionization can be
analyzed as follows. Consider a plasma composed of electrons, neutrals, and
singly ionized ions. In non-equilibrium, the equation of state is given by
(3.2.4). Proceeding exactly ss before (see Sec. 2.3}, we can combine the
governing equations in differential form with the new equation of state (3.2.4),
solve for the veiocity gradient, require smooth acceleration through the sonic
point, and obtain the following non-equilibrium choking condition:

an L Peon  da

E = .aca.— s . .« o T . . (3.3.2)
P ap'(P,ap 'p,p)dx'x-u

J/° Oa

where the superscript # refers to a quantity evalusted at the sonic point.

The above equation (3.3.2) shows the effect of ionization rates on the electric

field explicitly.

Neglecting again electronic excitation, an analytic form for the equation
of state can be found:
5p ac¢
he P, pa)m—+— (3.3.3)
2p m,
where ¢ is the first ionization energy. Using (3.3.3), the choking condition
(3.3.2) may be simplified to:
P8¢ dg

5
E=—-a'8"+ -
2 /I'm, dx
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:; occurrence of back-EMF blocking is delayed. This is why King et a/.” did not o
h "n
e
find evidence of onset over the range of parameters used in their numerical ::,".‘\.
- (W
i calculation, ®
h:,.\
;: The nature of the choking condition with nonequilibrium ionization can be '.:-;"‘
S "J' U
analyzed as follows. Consider a plasma composed of electrons, neutrals, and '.;_{
| ]
-j'.. singly ionized ions. In non-equilibrium, the equation of state is given by D
e,
S e
.. (3.2.4). Proceeding exactly as before (see Sec. 2.3), we can combine the .::'}
-, B
! “~
< governing equations in differential form with the new equation of state (3.2.4), o
ot solve for the velocity gradient, require smooth acceleration through the sonic .
Y
» ot
* point, and obtain the following non-equilibrium choking condition: '.‘
P ',‘cl
4 £ pae L £20h, 92, (3.3.2) =
e '8 B —] . . —] e o= . 3. o
- P aP p.a) /. aa P,p)dx X x :_'_‘:
= s
N A
..‘_.:
where the superscript # refers to a quantity evaluated at the sonic point. e

.
o
8
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The above equation (3.3.2) shows the effect of ionization rates on the electric
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- Neglecting again electronic excitation, an analytic form for the equation -4
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T of state can be found: N
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5p e¢, -
. h=hP,p.a)=—+— (3.3.3) .
ot 2p m, "t \
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Observe that the first term on the right hand side is the electric field from -,,:-_
the frozen flow theory and the second term represents the dependence of the Q'h
, =l
electric field on the ionization rate at the sonic point. The physical ;.,’
)
N
o significance of the relative magnitude of these two terms can be found by :::
\’ r\{
> rewriting the above equation in the following non-dimensional form: _:er
[l 5
[
e E 5 P da | 534 e
s — 4 - A onde -"--
- &8 2 j'B'm, dx e . ,“_:::::
v v
Q“
z Consider a unit volume of the plasma as it travels a distance dx. da is \
> Ma v
WX
the energy added to ionization. jBdx is the work done by the magnetic fieid ~.
wu ;
.‘:_- to accelerate the plasma. Thus, the second term on the right of (3.3.4) ,\.A
| ]
. measures the ratio of energy going into ionization to the work done in “-},‘i
-J. \J'-'
- S )
< accelerating the plasma. I
N
) A
o 3
. In this section, the choking condition for frozen and equilibrium flow ';
¥
R have been compared. The equilibrium values were computed using statistical o
“ Cofly
~ -"‘u'
~ thermodynamics. This will be discussed in the next section. Fig.8 shows a Ak,
2y
. large quantitative difference between these frozen and equilibrium flow limits. NS
®
< Using a generalized equation of state, (3.2.4), the magneto-gas dynamic choking .-'_‘_fr
T
i condition was extended to non-equilibrium flow in (3.3.2). It was shown that N
i :.:,:"
the importance of the ionization term in the choking condition was determined T
. ®
by the relative rate at which energy enters ionization to the rate at which o
EN
Ca
work is done on the flow at the choking point. The piecewise linear model :.-,
- -:\-F
- will be discussed in the next section. This will further illustrate the effect of ':
9 ]
. equilibrium ijonization rates at the choking point on the back-EMF onset. r:._.
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"Q 3.4. EQUILIBRIUM MPD CHANNEL FLOW
i It was shown in the last section that the electric field in quasi 1-D MPD
flow is strongly determined by the ionization rate at the sonic point. The
',: largest ionization rates occur for equilibrium flow. Equilibrium flow was first
»
=)
studied by King et a/.” who found no evidence of back-EMF onset over the
! range of parameters they studied. [n this section, their equilibrium theory is
approximately modeled using a piecewise linear profile for enthalpy. It is
o
L4
:-' shown that the equilibrium ionization rates yield much larger electric fields

than zero ionization rates (i.e. frozen flow). it will also be shown that this

may delay back-EMF onset by increasing the limit on §° found in Sec.2.5. The

equilibrium flow will only be qualitatively addressed here since the subject is

dealt with at greater length by King et a/.”. The motivation behind this section

is to discuss the equilibrium flow assumption on the delaying of back-EMF

.{'\."..-‘

onset which was first mentioned in Sec. 3.3.

The governing equations of equilibrium fiow have aiready been stated in
Sec. 3.2. The primary difference between equilibrium and frozen flows was
the varistion of enthalpy, » versus temperature, 7. For fully ionized frozen

fiow (i.e. a = 1), the relationship is:

h = —+— (3.4.1)

For equilibrium flow, the variation of enthalpy with temperature may be
obtained by using statistical thermodynamics. These methods have been

described by various authors'® * 2

Argon will be used as an example.
Consider & fixed volume V_ ., of stationary gas at a given temperature
consisting of neutral atoms, single ions, double ions, triple ions, and electrons.

Suppose further that the total number of nuclei is fixed. This therefore
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corresponds to a mixture of A, A+, A+s, A+++, and e- at a given density and

o

temperature. From the law of mass action'®, we find:

nn 2.2
+ @ + .
= = K‘ (3.4.2)
¥ n, ZA
- n_n 2.2
.t 9 L2 T
= = Kz (3.4.3)

n. z'
n.,.n Z,..2
b4

++s g + e

= K, (3.4.4)

¥
LY

n

* *e

e

where 2,2 .2 ,Z ., and Z are the total partition functions of the neutrals,

"y ) single ions, double ions, triple ions, and electrons respectively, and K1, K., and

e

- K, are the equilibrium constants. The partition function is so named because

:J it expresses the partition or distribution of energies over various energy
levels®. Since the discussion here is restricted to atoms and not molecules,

o

X the partition function involves only the transiational and electronic parts.
Since a density is given, the total number of nuclei that is initially specified

o

e is constant:

-

‘ n . =n *n +n_ +n_ (3.4.5)

-

v

¥

' In addition, we have a statement of conservation of charge:

> n, = n *+2n_+3n,, (3.4.6)

-

o

N The system of equations (3.4.2) through (3.4.6) are complete in the five

o

o~ unknowns n,, n., n, n, and n_ . This system can be reduced to a single

N fourth order equation in n:
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-t - 3K K, K,n =0 (3.4.7) b
° -
| N
i X
o
F Given the temperature, all the equilibrium number densities can be calculated :,\.$
o
™ by solving for the roots of (3.4.7). Quantum mechanical data on atomic ;‘E"
] energy levels?” and electronic partition functions are calculated assuming the S
- ground state of the atom s the datum. The electronic partition functions of :j-_i.-:
i the other species are then suitably corrected to ensure consistency. .-::::::
KRN
Translational partition functions are calculated assuming that each particle L
N
g behaves quantum mechanically in the same manner as a free particle AN
! o
. translating in a box. After using Sterling’s approximation for a large number :.‘-:-
ﬁ of particles?®, the thermodynamic properties, total partition function, Helinholtz "."'
o free energy, entropy, internal energy, pressure, enthalpy, and specific heat at ,':-
s ROt
7 constant volume can be calculated using the following identities: j',:
D
<. ‘e e )
. Z M [
— - ( 2nm‘kT/h2 )"’ z gl‘,exp(fij/kr} (3.4.8) :"_':j.
"': vbox "1 ',u:'
“ 5
- where Z, is the total partition function of the /™ species. :
LAY |
l v
: - A
F ==k D n (1n2)=1ntn)+ 1) (3.4.9) oY
\'.. X ) ! } :.'"-"
N ' N
oF -
S=-=—] (3.4.10) ®
e vbon hoR
U= F+TS (3.4.11) s
- Lo
£, -
‘e ] ..
.- P = I(Tz n (3.4.12) NN
b ! A
-." -_'- A
H, = U+PV (3.4.13) RSy
K3 ':.-
U )
c,=—| (3.4.14)
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where the respective variables have been defined in the nomenclature. With a

little extra computation, one may also compute the speed of sound, & from'™

oh
- pa—l,
- L , (3.4.15)

oh
(”57,'# - 1)

A numerical calculation has been performed using the method outlined above.
The results were compared with existing published results?® and are
summarized in table 1 and table 2. It is seen from these tables that the
numerical results are quite good. This calculation was used to compute the
electric field from the choking condition of Sec. 3.3, and is shown in Fig.8.
This equilibrium calculation also forms the basis for the piecewise linear

model, which will be discussed next.

The statistical thermodynamics calculation that has just been discussed
yielded the variation of enthalpy as a function of temperature that is depicted
in Fig.9. For the purposes of qualitatively examining the equilibrium flow
mode! of King et a/.’, the exact variation of enthalpy shown in Fig.9 will be
replaced by the piecewise continuous profile shown in Fig.10. In this
piecewise linear model, the enthalpy varies linearly until a cutoff temperature ,
T‘ . This means that until this cutoff .{emperature is reached, any energy
added to the plasma will go primarily into the translational mode. After this
cutoff temperature is reached, the temperature remains at T = Tc. and thereafter
enthalpy continues to increase. This signifies that at this cutoff tempersture,
any energy that is added to the plasma goes into electronic excitation, with
none going into che translational mode. This in & very rough way, simulates

the behaviour of the enthalpy of a plasma In thermodynamic equilibrium. This
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h=ec--—-+—(1*-— (3.4.19)
“ m, P ch
,
The governing equations for mass, momentum, and energy are the same
as in Sec.2.2. The equations for enthalpy and pressure are replaced with
) (3.4.18) and (3.4.18). The choking condition (3.3.2) for the piecewise linear
- model reduces to:
o 5 ... .
F = —yh irTr <T (3.4.20)
“~ 2 [
3
’
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piecewise linear model thus qualitatively represents the equilibrium behavior of

the plasma.

The approximate equation of state for equilibrium flow will now be
derived. In the vertical branch of Fig.10, the internal energy consists of the
energy per unit mass of the' excited states. Thus,

[- 3 2
[

e, =e*+— (3.4.16)

nt
mA

where e, is the specific internal energy at Tvac .

The enthalpy and pressure are given by:

P
h=e +— (3.4.17)
np
(1+a) pkT
pe——1Lr {3.4.18)
mA

Combining (3.4.16), (3.4.17), and (3.4.18), the following expression is obtained

for the enthalpy in the vertical branch of Fig.10:
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Examination of the actual varistion of enthalpy from Fig.9 shows that the
cutoff temperature for Argon in the piecewise linear mode! may be taken to
be about 7000 K. The temperature at the sonic point is fypically higher’. The
sonic point thus occurs on the vertical branch of Fig.10. The electric field in
the piecewise linear mode! is larger than in the frozen flow case by a factor
of (1+¢|/I(T‘)/2.5. For a cutoff temperature of 7000 K for argon, the
piecewise linear model gives an electric field of £ & 27.128°8°. This is about

an order of magnitude bigger than in the frozen fiow case.

Though (3.4.20} and (3.4.21) imply a discontinuous jump in the electric
field, it is clear that this is due to the drastic approximation of the piecewise
linear model. Thus, in the equilibrium flow case, the electric field will vary
continuously from the lower to the upper values given by (3.4.20) and (3.4.21).

The consequences of this on onset will now be summarized.

During quasi-steady operation of the thruster, an increase in the total
current corresponds to an increase in I°. As T increases from some value
below T _ upto T‘. The electric field varies continousty from 254'8° to
~ 27.128°8" (if the cutoff is teken to be at roughly 7000 K for argon). It may
then be seen by an analysis identical to the one outlined in Sec.2.4, that this
corresponds to an /increase in the upper limit of the magnetic force number, S .
This is illustrated in table 3 for the case of h‘-h‘. It was shown earlier in
chapter 2 that back-EMF onset manifested itself in the form of an upper limit
on S It is evident from this mode! based on a piecewise linear
approximation to the equilibrium enthalpy, thst back-EMF onset could be
delayed. This may explain why back-EMF onset was not observed by King et

al.
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Sg In this section, the equilibrium flow in the MPD thruster has been AN
LY \-.'.
qualitatively studied by approximating the equilibrium variation of enthalpy N,
” oy
. with temperature, in a piecewise linear fashion. The form of the piecewise ®
' S
. linear enthalpy profile and the cutoff temperature were determined from a o
A rather precise statistical thermodynamics calculation. Based on this theory, it f_
] was shown that the electric field could be upto an order of magnitude higher '."
: &
for equilibrium flow when compared to frozen flow. This qualitatively $:;
. BN
explains why back-EMF onset was not found by King et a/.” over the range of :;f
~
- . . "o
parameters they considered. Furthermore, the strong relationship of the P
L
\E electric field to the ionization rate at the sonic point has been established. In e\
', 'Jl":
the next section, the effect of more realistic ionization rates will be studied, :f\'
.._:.
g and & new theory of non-equilibrium MPD flow will be developed. e
o
. SR
',:;. 3.5. NON-EQUILIBRIUM MPD CHANNEL FLOW <7y
[t )
LA
- The importance of non-equilibrium ionization on the choking condition PN
Is,-lN
é has been discussed in chapter 2 and Sec.3.3. It was shown that the electrica) o
o characteristics are determined by the dynamics at the choking point, i.e., the Ity
by o
transition from subsonic to supersonic flow. It was shown in Sec.2.3 and :2."
‘ Ny
‘ Sec.3.3 that the electric field necessary for choking depends strongly on the ".'R
“. “, N
ionization rate at the sonic point. The larger that rate, the larger the electric ',.:-j'_
-~ 2
e field must be in order to sustain a supersonic flow. This was shown in the ;{
. A
20,
equilibrium model of Sec.3.4. Consequently, ionization rates may control the A
®
4 3 nd
e terminal voltage. Another implication of this result is that the ionization rates R
) may control the appearance of onset by the back-EMF current blocking o
:':f mechanism. In this section, the effect of realistic ionization rates on :"::
. . . , @
~ determining the electrical characteristics and on controlling the appearance of A
.‘- R Ld
- back-EMF onset will be examined using a quasi-1D non-equilibrium theory. ey
A
N Non-equilibrium ionization MPD flow with an externally applied magnetic field .:_.
has been considered previously by Seals and Hassan?®; However, they did not "
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v attempt an explanation of onset. Furthermore, their analysis was restricted to S

v
.

the operation of the thruster in the electrothermal mode. The non-equilibrium

i theory presented herein will be used specifically in order to predict and
1 '.': quantify onset in self-field MPD thrusters.
h%)
H The objective of the non-equilibrium ionization theory in this thesis is
! three-fold. Firstly, it will be used to estimate electric field versus current

characteristics. Next, the theory will provide an explanation of onset and be

Fetat
e

able to predict the level of total current at which this occurs. Finally, this

theory will provide the free stream boundary conditions for a boundary layer

LE |

W
analysis that will be used to quantify erosion rates by evaporation when onset
“ .
b is reached.
W
. -
'5 The governing equations for quasi~-1D MPD flow have already been -
\ RS
discussed in Sec.3.2. For the non-equilibrium theory, the same assumptions of ;:
“~
rl

. negligible viscous, Hall, and heat transfer effects are made. Though these

[
WL,

effects are uitimately important and probably should be included in a complete

f:;: model, they are ignored at this moment. Whether these effects should be \.
. S
included or not will be addressed later in chapter 5. Thus, using these :'-:

‘ assumptions together with a constant channel area, the governing equations of 2;.
N

f
o Sec.3.2 may be written as follows: mass: ::
-, V\I
o P
. . '\f
pum=F = p'a (3.5.1) N

.\, L
v momentum: "
N o
.:': BZ .2 ~
PHFu+— = P +Fg" +— (3.5.2) -
,"' ‘.‘..«
ke energy: e
r:'(
- o
NG W EB . & EB e

hts —4+— = h'+—+— (3.5.3) »

2 uF 2 uF
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4
LS '»(k
~

kT
P = (14a) 2 (3.5.4)

m,

AAT

X )
L, SN LY. N, P
o '."»’s"f."}s(_j.:" A r N

Py

-

kT 8¢,
h = §<1+ar—+—— (3.5.5)

2 m, m,

5 kT
8= 5(1*0)_ {(3.5.6)

m,

R |

choking condition:

S
L

4N

hY
."l’l

L

5%
»
M)
»

F,F‘. da

5.

‘.}t'.;

(3.5.7)

£ _5_
a8 2 a'8'm, as

24
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%

rate:

k 4
'z
‘ .' ll’
i
o {lr'.

p

8

da I('Fa(1"a) kb;ﬂa’

—_ = - (3.5.8)
2

dx m,u m

’I

“w
oy

s n
>

N

)

o

Ampere’s & Ohm’'s laws:

riss

1 d8
-jm=—"— = g(E~uB) (3.5.9)

P, dx

o '.,:?s’s S

27

'

where ¢ was given in Sec.3.2.

5%
1.’

oz

The pressure sand enthalpy may be eliminated using (3.5.4) and (3.55)

[

a4

Equations {3.5.8) and (3.5.9) may also be combined to yield a single differential

'-"- L]
% 4 =

T Yy

equation for da/dB. In this way, the equations (3.5.1) through (3.5.9) may be

S

54N vy

8
S,

put into the following non-dimensional forms:

e,
\ .

4 5 N

P A

3(1+al7 , 5 u s, 8 8 s
m(;)+(;)+;(;)z.g+—2— (3.5.10)

L
]
% ] 'f

LS

Y
P A

+ - = 2 4 + (3.5.11)
201+a°i" 21§ a'8? a8 m,a’?

i
H

3(14’0)7’ 1(3_)1 R EBS' ES- (a.-a)f‘
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{3.5.12)
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£ 5 ¢ ( da

F8 2 mas d(B/B'))

L4

x
b’
4/

-, K
e
syal .

-

da kFla®=m (u/a )8’k Fal1-a)
- (3.5.13)
al8/8°) podm:(u/a')’a" {E/8°8°) -~ uB/2°8") }
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where & and k were given in Sec.3.2,

and the integral form of Ampere's law (3.5.9) when non-dimensionalized yields:

a8/8")
[ S (3.5.14)
¥ pod [E/8'8) - wB/a’8) ]

To complete the description of quasi~-1D non-equilibrium MPD channel flow,
boundary conditions are required. In the quasi-steady operation of the MPD
thruster’, the weakly ionized flow enters the channel x=0 at a slow speed
and low temperature. Within a short distance of less than a centimeter, the

plasma is accelerated to Mach 1 meainly due to ohmic heating. Beyond the

~sonic point, the electromagnetic force accelerates the plasma to supersonic

speeds. At the exit x =L , the magnetic field, 8 is nearly zero.

The mathematical description of the flow is given by equations (3.5.10)
through (3.5.14). The above set of equations (3.5.10) through (3.5.14) may be
taken to constitute a system of five equations in the five unknowns u, T, a,
E, and L with 8° and S° 8s parameters. The independent variable is taken here
to be the magnetic field, 8. This formulstion simplifies the system of
equations but reduces the problem to a two-point boundary value problem.
Therefore a manual shooting method is used. The boundary conditions are as
follows. The mass flow rate is taken as given and constant. The channel
cross sectional area is constant and fixed. The magnetic field B°, the
temperature T°, and the ionization fraction &° at the sonic point are specified
as the boundary conditions at x=x". The integration of (3.5.14} is then
performed in the two separate directions toward the inlet, and toward the exit.

The sum of these lengths before and after the sonic point then is required to
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match the given length of the thruster. [f the calcutated [ength does not

SNy

N v

match the given length, then 7" and &° are varied until the correct length has

been calculated. This will be discussed in greater detail in the next section,

Sec.3.6.

XELET el

The physical significance of the manner in which the boundary conditions

g are specified will now be addressed. The total mass flow is fixed in the '!
, experiments. Hence it is natural to impose the same in this steady state
- theory. The total current to the thruster is also fixed. This implies from
g equation (2.2.9) of Sec.2.2 that at a given current i{evel, the magnetic field at
; .the inlet Bi is fixed. Thus, the magnetic field at the sonic point 8" would be :.','.
_EE fixed to within less than 10% of B‘. Hence, 8° may be specified as a E‘:
. boundary condition at x = x°, and a reasonable initial guess is obtained from :.r
}?‘i (2.2.9).  Next, since the thruster length is fixed in the experiments, the .:_E
- parameters &' and T° eare varied in a realistic fashion until the length E’
i calculated by (3.5.14) matches the length in the given experiment. In this ;
:,: manner, profiles of all the variables are computed for a given current and E
* mass flow. The predictions of the non-equilibrium theory can then be “-‘

"

compared with experimentally measured values of electric fields and onset

h
”.I.

b Wy )

P o 4

currents for some given mass flow rate. 2

o .
X 5
- . e ' . e
This section has focused on the development of the quasi-1D non- e

e

'p{. equilibrium theory. In the next section, this theory will be used to predict ?
» N
electrical characteristics and onset. Comparisons will then be made with the >

& :
fq experimental results of King?® obtained from the 20 cm. straight coaxial
thruster. It will be shown that at a certain value of the current, the length ®

2

’-

constraint imposed by the integral form of Ampere’'s law (3.5.14) cannot be “

satisfied for steady flow. This is interpreted as onset in the non-equilibrium -_:

ionization theory. )
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3.6. COMPARISONS WITH EXPERIMENT

The quasi-1D non-equilibrium MPD theory was developed in the previous
section. This section will focus on the solution of these egquations, present
some results, and compare these with the experiments of King?>.  Other
experimental results exist, the most detailed of these having been obtained by
Barnett'® on plasma flow conditions 8t onset. However, these measurements
were made on the "benchmark” thruster which is characterized by a protrusion
at the anode (see Fig.1)l. The theory developed in this thesis considers a one-
dimensional straight channel. For this reason, the data of King?' which were
taken from the straight channe! coaxial 20 cm. long thruster, have been chosen

for comparison.

The mathematical description along with the boundary conditions has
been discussed in Sec.3.5. The numerical algorithm will now be described.
Given the quantities B°, T°, and o' st the sonic point, the mass flow rh, the
channe! width W, and the channel height H, the right hand side of the integral
form of Ampere's law (3.5.14) is computed by integration from B/8°=1 to
B/8°=0. The integrand of (3.5.14) depends on u, T, B, a, and the quantities at
the sonic point. u and T can be obtasined as a function of B, «, and the

quantities at the sonic point by solving (3.5.10) and (3.5.11) simultaneously.

This gives:
17 71 1
oL . 1., 4 )wz (3.6.1)
b4 b4 Y
o 4 4( 7y 2 Y
where

5
y, =4 +25' {1-(8/8°V)

6 +8£S‘{1-(B/B )}
a8
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LS Pt
2 i
»
- Next, if the conditions at the sonic point are specified, the electric field may | J
-.“ %
o) be calculated from equation (3.5.12) and (3.5.13). Then the differential equation 'c-:v:‘
. i
< (3.5.13) is integrated to obtain the ionization fraction a at any desired 8. The K #:
e, ¢
- integration of the differential equation is rather complicated by the fact that ;\: ‘
X this equation is numerically “stiff". Consequently, an IMSL (International Q'S’,
" . oy
. M
Mathematical Subroutine Library) routine DGEAR was employed. This routine w
- k
» uses the algorithm of Gear which is specially equipped to handle stiff "&yf"
) “d."i
systems. DGEAR is used to solve (3.5.13) and the result is used to evaluate N
e N
N the integrand in {3.5.14) at various stages of the numerical integration. In this :\':-»
.Y 5\':-
LS5
manner, the thruster length from the sonic point to the exit is computed. (n a ’:-:'_':.
®
. similar manner, the length upstream of the sonic point is computed. As AT,
TN
™ expected, the length between the inlet and the sonic point is found to be :fi::'_
. N
Eh typically much smaller than 1 cm. The distance between the sonic point and ";_
4 the exit is to a very good approximation, the total length of the thruster. ,
.‘ .'l-.-.
i This calculated length is then compared to the length of 20 cm. used in King's \,f_
ST
experiments. If the lengths match, then a solution has been obtained for the '_
--".."
current level corresponding to B'. If the lengths do not match, then the inputs X
RS
. e’ and T° are varied until the computed length is ~ 20 cm. In the results S
that have been obtained, ¢° is kept constant at 0.001 until 7" = 14000 K. At ;'."-;:::
», '_\._‘.
, T° = 14000 K, a° is varied from 0.001 to 1.0. Once a" =1, then I" is allowed to ';‘\
< increase beyond 14000 K. The limit of 7" = 14000 X is chosen because at this -\._.:."_
N
N \.'f:'.
» h'uh"-
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temperature, the ionization rate begins to become large. In this way the
parameters ¢ and 7' are varied in a physically consistent manner. It was
. .

found that the solution was not very sensitive to the way in which a* and 7°

were increased.

Solutions to the quasi-1D non-equi.ibrium equations have thus been
generated for mass flows of 3 g/sec and 6 g/sec. The electric field versus
current curves are shown in Fig. 11 for a mass flow of 3 g/sec, and in Fig.12
for 8 mass flow of 6 g/sec. The continuous curve represents the results
obtained from the non-equilibrium theory. The experimental data are plotted
as discrete points. It must be pointed out that the bars on the experimental
points are not error bars. The bars represent the deviation of the measured
values from quasi one dimensionality. The reason the bars indicate such a
large variation is that the mass flow in the experiment was not uniform
across the channel. The magnitude of these bars were based on across-the-

channel measurements of the electric field made by King®.

It can be seen that on the basis of this comparison, the non-equilibrium
theory predicts the shape of the electric fieid vs. current curve very well.
Furthermore, it is in quantitative agreement with experimental results within the
bounds of deviation from quasi one dimensionality. This is observed for both
3 g/sec and 6 g/sec experiments. The major accomplishment of the theory are
the upper points in Fig.11 and Fig. 12 where the calculated values end. This is
the onset point in the theory. This is the current at which no steady solution
could be found that would satisfy the length constraint dictated by (3.5.14).
The stage where the discrete data points end signify the point where onset
was reached in the experiment. As can be seen from Fig.11 and Fig.12, the
prediction of the onset current is in excellent agreement with the quasi-1D
non-equilibrium theory. Further, Barnett' has also observed that the back-EMF

is very lsrge near the onset limit for the "benchmark” thruster. This may be
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n, a further indication that the onset observed in the MPD thruster maybe due to

s
b T Y e B ool

e

the back-EMF current blocking mechanism presented in this thesis.

‘ Ly

In addition to giving the electrical characteristics, the quasi-1D theory 3

~ .
: also provides variations of various quantities along the length of the thruster, I
Y Typical profiles of velocity, temperature, ionization fraction, and current :
"_': density sre shown in Fig.13, Fig.14, Fig.15, and Fig.16. These were computed .
. for a mass flow rate of 3 g/sec. Some of the features of the profiies require :
; clarification. The velocity is seen to increase monotonically until near the C,
.:_\I exit, where it decreases. This is because ohmic heating is dominant near the it
* exit and the addition of heat to & supersonic flow causes it to siow down. .;
; The temperature increases steadily until the sonic point, after which it 'E
decreases slightly and then increases sharply near the exit. The reason for the -

slight temperature decrease after the sonic point is that the supersoric flow is E

. accelerating. It is well known that an accelerating supersonic flow cools'. J:
i Then near the exit, the temperature rises sagain due to ohmic heating. The ‘
. temperature rise computed near the exit is unrealistically high. This is _
: because only single ionization was considered in the theory. If the presence :
of second ions were considered, then this temperature rise at the exit would

» ~
) not be so dramatic. The ionization fraction profile requires little explanation. .;_
- a increases sharply near the sonic point because the temperature rises sharply. _‘
' It then becomes relatively constant since the temperature is fairly constant in :':
the middle of the thruster. Near the exit, a rises sharply again because of the E

sharply increasing temperature, The current density starts out small near the :':

inlet because the temperature is small {this makes the conductivity small) and

then increases following the incressing temperature and conductivity. Beyond .

the sonic point, the velocity is increasing and the magnetic field is decreasing. _

This causes the back-EMF to increase and reach a maximum somewhere in the :

middle of the thruster. This makes £ - uvB8 decrease and reach a minimum
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somewhere in the middle. Consequently, the current density decreases and _..r’:;_* '
A4
‘_‘-'_\
reaches a8 minimurn in the center of the thruster, and then increases sharply r:.'-_.\
®
near the exit because of the sharp increase in conductivity caused by the :G-\',;
~I
[
rising temperature. These profiles will be useful in providing the free stream :f-*- :
™ 'l.
boundary conditions for the boundary layer analysis that will be discussed in t:‘:f
[ ]
; chapter 4. R
' S
Thus far, quasi-1iD MPD flow has been considered without friction and '.'j::;:'::
. -_;;_.:,
heat transfer. The effect of these on magnetoplasmadynamic choking will be M
addressed in the next section. Finally the quasi-1D MPD flow theory will be ::{-:."_-:_._
,,"::.__‘n.
summarized in Sec.3.8. ;-:j:':::
f A mg
3.7. EFFECT OF WALL FRICTION AND HEAT TRANSFER ON MPD CHOKING . ’-.*-.
F
The previous sections of this chapter have considered quasi-1D MPD :-:';-:{-.
f:'r'.r
. flow under the equilibrium and non-equilibrium assumptions. However certain ;_:;:_.-:
AL
@

effects have been excluded in order to enable a simple solution to the
problem. These include friction, heat transfer, and the Hal!l effect. In this
section, friction and hest transfer will be partially sccounted for and their

impact on MPD choking will be examined.

For a varying area quasi-1D MPD flow with wall friction and heat

transfer, the equations of mass, momentum, and energy conservation yield:

1dp 1du  1dA
-t —— 4+ —— =0

(3.7.1)
P dx vdx Adx
aP du B dg 20,pv
— +tpyu— + —— + — =0 (3.7.2)
dx dx Podx D,
dh ,du  Eds A
puU— + put— + —— + 4—“(7'7*) =0 (3.7.3)
) dx dx  Fedx D,
where:
P A A N N N R N R R R LR
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i is the drag coefficient,
o
.% byt D" = ._44..__
: dA /dx
k v is the hydraulic diameter, )
i3 z
C0 : and hc is the effective heat transfer coefficient. Ffollowing the development
of Sec.2.3, equations (3.7.1), (3.7.2), and (3.7.3) may be combined with (3.5.4),
Ta
~ 7 (3.5.5), (3.5.6), (3.5.8), and (3.5.9) to yield: "
2 - ;
75 -:.' 3dv N tvatrstorato, ]
K il (3.7.4)
. 2udx (U’ - a’ ) :
. - «
N where "
S
' i ‘u da \
2 - ——
o A m, dx ,
~
M EP dA
s O LS i
W 2pAdx
L
‘ L - sc?
- \- 7’ =
_’:: Du J
-.J‘ . .
{i ::: 4hc(7- T*) :
! - - '
'\; h Y. " g
_ anu
2 E 5B \dB K
" . = - —— — -
a Ts ( v 2 )dx :"
" ) HoP HoP .
», "’n «\
. *
4
,:; it can be seen that for a constant area channel with no friction or heat
\.' .-. .
:', transfer, the above reduces to (2.3.1). Again using the same argument as in
\d
SN Sec.2.3 and requiring 8 smooth acceleration from subsonic flow to supersonic
oA flow, gives 0 for the numerator of (3.7.4) when u=a. This gives the following
. .
": N choking condition for the electric field. Thus, for 8 constant area channel: .
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From the above generalized choking condition, it can be seen that larger rates
of heat transfer from the plasma to the wall near the choking point cause a
larger electric field. Since a larger electric field permits a8 larger back-EMF,
this may delay back-EMF onset in the same manner as larger ionization rates
at the sonic point. The effect of wall friction may also be examined. It can
be seen that friction actuslly causes a lower electric field. This in turn
permits a smaller back-EMF, and could thus cause back-EMF onset to occur
sooner. However, the presence of the ionization rate (in the last term in

{3.7.5)) is dominant in determining the electric fieid for equilibrium flow.

Wall friction and bulk heat transfer could have a significant effect on the
lack of delay or delay of onset for non-equilibrium fiow. The inclusion of
friction and heat transfer further complicates the solution of the equations in
Sec.3.5. Therefore, these will not be included in the calculation of the free
stream boundary conditions that are used in chapter 4. This is deemed as »a
necessary first approach. Chapter 4 will focus on the development of a two

temperature boundary layer theory which will be used to calculate the wall
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shear and the wall heat flux. But before proceeding to the boundary layer

theory, the quasi-1D theory will be summarized in the following section.

S
-
3.8. SUMMARY OF QUASI-1D MPD THEORY o

o

This section will serve to unify the ideas that have been presented in i'

chapter 2 and this chapter. However, before this is accomplished, a brief -

a N
o~ summary of existing theories and their assumptions will be given. Existing E.E'}:
:C} theories™ & * 1314103137 of onset may be classified into three major E:'f. :
q approaches. These are the theories that partially account for the Hall .
N effect® ' '%; those that account for the thermodynamics™ *" 3% and those that :E"'
, " consider the MPD discharge in the unsteady mode'> ', J\i
A oty
e.

5 Because of the complexity of the problem several simplifying j,.‘_:j,.
- assumptions have been used in each of the theories. Baksht et a/.%, Shubin®, :E
f and Martinez et a/.'® have assumed that the flow in the MPD thruster is i}.'f
4 isothermal and thereby eliminated the energy equation. In addition, Schubin® (.'
‘s, and Martinez et a/.'® have considered the magnetic Reynolds number to be \::
) infinite. However, these models do account partially for the Hall effect. ::E

"y
A~ 'v.'. ,

The back-EMF theory presented in this thesis®" 3? is an extension of the E)}'

\ theory of King et al.. King et al.”® however assume equilibrium EE:
. thermodynamics. The back-EMF theory that has been presented in this thesis :.":-
f:: includes the conservation of mass, momentum, and energy, and examines the
.. MPD flow under the assumptions of frozen flow and non-equilibrium flow. \
:-T'.: The appearance of onset by the back-EMF mechanism is found to be strongly '{_-:::
;: affected by these assumptions. However, the Hall effect which was partially ,_’-.,
R included in the anode starvation theories, is neglected in this back-EMF theory. -
:_‘, The back-EMF thcory differs from the other theories. From the experimental
results of Barnett's, it is evident that the predictions of the anode starvation ..

3}3 theories would be severely affected by the injection of a smail amount of :\:
’
. f:‘-!
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mass near the downstream end of the anode. This would have no effect on
the back-EMF theory. The difference between the back-EMF theory ana the
unsteady (instability) theories is that onset by a dominant back-EMF appears in
the steady-state. The fact that the assumptions made in the back-EMF theory
are different from the other theories indicates that the physical mechanisms
responsible for onset sre different. Further experimental information on a
uniform geometry would be valuabie in determining whicf; of these different

onset predictions occur first under which assumptions.

The back-EMF theory will now be summarized. It was first shown in
Sec.2.3 that the electric field necessary to sustain a supersonic flow in the
MPD thruster is determined by the requirement that the acceleration from
subsonic to supersonic flow take place in 8 smooth fashion. Next, the electric
field also had to satisfy the constraint imposed by OChm’s law which specified
the magnitude of the field necessary to draw all the applied current. It was
also shown in Sec.2.4 that frozen flow (zero ionization rates) was parametrized
by the magnetic force number, §°. S was then related to the onset parameter
that is used by experimentalists to define the onset limit. Both constraints on
the electric field could be satisfied for steady flow only for all values of S
below a critical limit. This limit on S translated to a limit on the
experimentally measured onset parameter and correlated well with the
experimental data of Malliaris et a/.®. This conflict between the electric field
necessary to draw all the applied current and the field necessary for choking

st 8 critical value of the current is interpreted to be onset in the theory.

Quasi-1D MPD fiow was then considered in chapter 3 under the
equilibrium assumption of King et al’. The magnetoplasmadynamic choking
condition was then considered in Sec.3.3. It was shown that the electric field
from the choking condition was strongly dependent on the ionization rate at

the sonic point. King et a/. did not find back-EMF onset over the range of
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parameters they studied. In order to understand why, the equilibrium equation
of state was replaced with a piecewise linear model, In this way King's
equilibrium theory could be qualitatively studied in the light of the back-EMF
theory presented in chapter 2. The basis for the equilibrium equation of state
was a statistical thermodynamics calculation of the properties of argon. This
piecewise linear theory showed that the equilibrium ionization rates are large
and this yielded a large electric field. This in turn would permit large back-
EMF’'s and delay back-EMF onset. This explains why back-EMF onset was not

observed in the &quilibrium theory of King.

The quasi-1D theory was then studied with realistic ionization rates in
Sec.3.5. The non-equilibrium theory showed that since the reali tic ionization
rates were smaller than equilibrium ionization rates, onset by an excessive
back-EMF would occur more readily in the non-equilibrium case than in the
equilibrium case. The equations of non-equilibrium MPD flow were solved and
the results were compared with the straight coaxial channel thruster of King®.
It was found that the non-equilibrium theory predicted the shape of the
electric field versus current characteristics and the onset limit, in agreement
with experiment. Exact quantitative agreement was not obtained because the
experiment did not have a uniform mass flow. However, fairly good
quantitative agreement was found within the expected deviations from quasi-
one dimensionality. More experimental data with a uniform mass flow is

needed for a more definitive comparison.

The non-equilibrium equations presented in this thesis are general enough
that they could include the effects of wall friction and heat transfer,
However, since the solution of the equations becomes much more difficult,
these have been omitted as a first approach. These results without wali
friction or heat transfer will be used as the free stream boundary conditions

for the boundary layer analysis in the next chapter. The boundary layer theory
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Dw. 'l-.
v, . . . e
v, will be used to estimate wall shear and wall heat flux. This can not only be )
. 'y
A"
- used to calculate the drag force and the total heat transferred to the walls, -

3
o

but will also indicate the importance of including the wall friction and heat

-
5"' transfer in quasi-1D flow. These will be discussed further in chapters 4 and 5. Ijs.
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CHAPTER 4
BOUNDARY LAYER FLOW

4.1. INTRODUCTION

The previous chapters have focused on the development of a new theory
of onset. The predictions of this theory correlated well with the measured
-electrical characteristics as well as the prediction of the onset limit.
However, in order to quantify onset further, it is necessary to estimate the
erosion rate. Erosion of the electrodes may occur by means of either
evaporation or sputtering. In order to estimate the erosion rate however, it is
necessary to consider the boundary layer in detail. To the best of this
author’s knowledge, boundary layer flow in the MPD thruster has not been

studied until now and this work represents the first such attempt.

For quasi-steady operation in the MPD thruster, the electrode temperature
is fairly constant over the entire length. For all practi;al purposes therefore,
the MPD boundary layer flow may be treated as a boundary layer with a
constant wall temperature and a varying free-stream. The electrodes sre at
some temperature below the meiting point (& 3650 X) and this is presumed to
be fixed. Across the boundary layer the temperature can vary from above 1
ev in the free-stream to less than &~ 3650 X near the wall. Furthermore, the
boundary layer is compressible because the density varies considerably across
the boundary layer due to the temperature variation. A further complication is
that because of the presence of a cold wall and the differance in the masses

of various perticles (ions, atoms, and electrons), the plasma is expected to be
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a two temperature fluid. The ions and neutrals being very similar in mass,

h o ol
.s
00
h S k]

would tend to exchange trans!ational energy by elastic collisions more readily

o)

amongst themselves than with the electrons. The presence of the cold wall

£
' d
i
i

implies that the heavier particles would, by colliding with the wall tend to

v, 1,7,
&5

assume the wall temperature. Therefore, the heavy particle temperature varies

o

&

s

significantly across the boundary layer from the free stream to the wall. But

LN
P

the electrons being negative, are repelled by the cathode sheath and

MR
.l

e
«“ 8 8 T 8
. .

OF A

consequently retain their original kinetic energy. Therefore, their temperature

I 4

\ (‘

- is not expected to vary very much across the boundary layer. Hence, it is d f
Xe Y
% s \"'-,
> expected that the heavy particles (ions and stoms) would have a temperature :'\"';\
A
LAY {
" different from the lighter particles (electrons). ":":'.
. P
N Faval
(A
%
py The problem of calculating the heat transfer rate and wall shear in a '_f:\-
) ’ ,{ ‘.\ (]
+ )
):' Iaminar boundary layer in a compressible flow is by no means easy. "::
RASKS
e Mathematically the problem of solving the governing equations of Sec.4.2 et
®
reduces to the solution of simultaneous non-linear partial differential AR
o\
- o
s equations. Physically the reason for the complexity lies in the fact that the '.-:':
S A
temperature appearing in the energy equation influences the density which in '$:'$‘

turn affects the momentum equation. Thus, unlike the low speed
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incompressible case, it is not possible to uncouple these equations®’,

x
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Laminar compressible boundary layer theory for a single temperature

h
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»
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. fluid, in the absence of any electromagnetic effects has been summarized by

18
. "l ll ’
o

Schlichting®® and studied by several other authors %3  The similarity

)
«
)
.

»
N
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behaviour of incompressible boundary layers was first investigated by

Blasius®®. Poots® has extended this similarity method to study heat transfer

a4

A

in compressible laminar boundary layers with an adverse pressure gradient and

.
P
"

. an adiabatic wall for a Prandtl number of unity. Poots uses the lllingworth-

&
p
~

2
2

Steweartson transformation to reduce the compressible flow equations to

._/., Py

/

’ incompressible form. Curle®® has extended the work of Poots to the case of
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a8 fluid with a constant Prandti number greater than 0.5 and in contact with a
wall of constant temperature. However, these are not applicable for a two
temperature fluid. A detailed finite difference solution to the compressible
two temperature equations for a boundary layer sdjacent to a non-current

1.%. Their solution considers an

conducting surface has been given by Liu et &
ionizing argon boundary layer in a supersonic flow over a wing. However the
complexity of Liu et a/.’s numerical solution does not permit ease of
spplicability to design situations. A similar finite difference calculation has
been performed by Doss et 8l.*°, which deals with the non-equilibrium,
compressible boundary layer in 8 subsonic MHD flow with an appiied and
constant magnetic field. Again, the  numerical computation is tedious.
Throughout this thesis, the spirit of the research has been to develop
approximate theories that permit ease of solution while retaining the important
physics. This chapter will focus therefore on the development of a theory
that preserves the physics of the results of Liu et &/, but is mathematically
much simpler. This theory further differs from Liu et a/. in that it includes
electromagnetic effects. Nageswara Rao*' has recently studied the
incompressible momentum boundary layer in an MHD channel and has included
the Hall effect. However, he has neglected the energy equation and the
thermodynamics. These assumptions along with the effect of ionization will

be shown to be crucial in the case of the MPD thruster.

A novel feature of the two-tempersture boundary layer that will be
considered here is the important role played by ionizstion on the growth of
the boundary layer., ([t will be shown in Sec.4.4 that the strong dependence of
the viscosity on the ionization fraction and the subsequent control of boundary
layer growth by the viscosity, affect such important quantities as the wall
heat filux and the wall shear. This in turn affects the skin drag and the heat

transfer to the electrode, which could have an important effect on electrode

erosion,
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The governing equations of 'the two-temperature MPD compressible
boundary layer are solved by means of an approximate method. The
approximate method which will be outlined in Sec.4.3, is based on the use of
the Howarth-Dorodnitsyn transformation in conjunction with the momentum and
energy integral method. The momentum integral equation of boundary layer
theory was first derived by von Karman*’., The modern form of this equation
was first given by Gruschwitz*? and finds its applications in the approximate
theories for both I|aminar and turbulent boundary layers. Sincc;. then,
Wieghardt** has deduced an energy integral equation by & simiiar approach.
This approach will be used in this thesis to reduce the original partial
differential equations to ordinary differential equations., The success of using
this scheme depends largely on finding selif-similar profiles for the velocity,
heavy particle temperature, and ionization fraction., The presence of the cold
weall often destroys the applicability of this approasch to compressible,
chemically reacting, supersonic boundary layers. For this reason, this approach
is used in conjunction with a two-temperature' plasma assﬁmption, and the use
of the Howarth-Dorodnitsyn transformation, Self-similar profiles are then
sought in terms of the transformed Howarth-Dorodnitsyn transverse coordinate.
The assumption of the two-temperature plasma besides being realistic, enables
the heavy particle fluid to be treated in a fashion similar to the treatment of
constant Prandtl number fluids of classical boundary layer theory. This allows

the use of the momentum and energy integral methods,

The derivation of the two temperature, non-equilibrium, compressible
boundary layer equsations from first principles for the MPD channe! flow, will
be summarized in Sec.4.2. The important assumptions required to simplify
these equations will also be discussed. Sec.4.3 will outline an approximate
method of solving these equations and the results will be given in Sec.d.d.

Sec.4.5 will focus on a discussion of the electrical sheath near the cathode.
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N A study of the cathode sheath is important in determining the erosion rate by ‘;\::
YA
o evaporation, which is the prime motivation for considering the boundary layer ,i:-’
i . . K
in detail.
U
L. .._:..‘
P _:.'_.\
] o 4.2. GOVERNING EQUATIONS o]
RS
. This section will focus on the development of the boundary Iayer o
-, ,'-&.;-
) equations for the piasma in the MPD thruster. Using the standard boundary '."_":"_-
.. e
v layer assumptions, the boundary [ayer equations for a steady, two-temperature, -_,.__::;,
A
non-equilibrium, compressible plasma will be derived from the genera! ®
XN
; equations of two temperature magnetoplasmadynamics. These have been r,\w
]
%)
. . . , , , b
" described in some detail by Kalikhman’®, Kalikhman's approach has been NN
n'h F"-"-
- followed to derive the general equations for MPD flow, since it is important N
to recoghize these equations prior to making the boundary layer assumptions. ;::
P
These have been rigorously developed by this author*® from the successive ;
moments of the generalized Boitzmann equation (i.e. the conservation of mass, "\-ﬁ .
.®
momentum, and energy). However, only a summary will be given here. Since ;.:-:-_‘
LY,
s,
the development of these equations is long and tedious, the interested reader -;{-f_.‘
: . 48, 43 47, a8 ’:.:':
is referred to the development found in detail elsewhere™ ™ ©'- 5 e
®
XN
The plasma is assumed to consist of neutral atoms, single ions, and s
: o
electrons. As a first approach, the sheaths will be ignored, and the condition ;x":x
*a
e
. . AR
of local quasi-neutrality (nm-n.) will be sssumed to hold everywhere in the '-."‘~
A P
boundary layer. The electrical resistance of the boundary layer is assumed to Al
A
. Il
be small compared to the free stream, so that the electrical characteristics are Y
RS
)
. . ENANYY
determined by the free stream. Then, the governing equations for two :".-'\
®
dimensional steady filow may be summarized as follows in cartesian tensor AN
'.- "'A
. . --f‘-
notation, with the repeated subscripts denoting summation from 1 to 2: :_:.,_'
L
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0 0
—pu) + —(pv) = 0 {(4.2.1)
ox oy
x-momentum :
ou du o o , 8 ) du
pu—*’pv—--—"—(_) "'_(!)H"“) (4.2.2)
x dy dx 9x ‘2, Jy oy
where 5 = 5'°"+5"°" is the heavy particle dynamic viscosity;
y-momentum :
orP
— =0 for negligible Hall parameter (4.2.3)
oy
oP 9 , B? o A
— = -'——(-—) for signiticant Hall parameter (4.2.4)
dy 'y 2,
electron sensible energy : ({transiational mode only)
3 o, 9qf du,
- —_— . = ;° -
2kn.uiax + o +n | IOVE = € uB)
' )
3 _ 9 ou
+ —kT'——(n.U,‘> - mnU'y —
ox, ox,
am,
- —kn<v > -T) (4.2.5)
mA
where <y > is the energy-weighted average momentum transfer elastic

collision frequency between an electron and a heavy particle.

heavy particle sensible energy : (translational mode only)

RN

s, e o .. . v et R
PRSI e . MO IR S N R P A L I I TR X AT AT
<, ~ \'\ o . ._‘J'\ G RRN SRR _'-'\ n\-'_‘. " - \-’.-J' \

~ E
> \)\'.\‘_\..‘-..\
3 N

)
)
v 4
»

N ," -.' a‘.l

Q-

oo
NN
. ..

Y a |
.
LS

1 ":'{\'.\..\.
| ]
Pl
YN

. @'

PR S ey
A

55 4O/
PP 3

L
»

PO

N
PSS

I,‘} .*'

AR SN,
o‘.:";',.f‘_'.:‘.- ® Sy ‘

AR @ l_"f

-' l' l.
MR

.'.'n'.‘, o ‘. I.'

.
«
’
P
<

P
R
P

& S %y

Ly
e h 6
1'.f "

v i

L L LS
() "{‘l’:l:V'
oYy 2.

&
',
fistd

n
)
[]

a

o
¥

s

4

oy

]
[d

LR
F

,‘u

“
'

8

e
PaCAH

LIRS
AR
(3l

S

s N



SN S

-
~ T T

LR

24

TR
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i

. ‘.\-' '.\-,.:_-‘:}"'v‘."o' T, 'I,'-‘\f o, .7,

3 or ) : ou,

Zkin +nA)u‘ " + — (g aglon) 4 ( I ‘or+ nr"om) !

2 dx, Ix ‘ ! b
= jki°"(fk- fmuqu)

+ 2 krn ..é. ( n.U‘Ion + nAUi"om >

2 ax;
aui
- ( mnonnoui'on + mAnAUI"om ) ul -
ox,
3m.
+ ;1— kn.< Yo > (T."TH) ‘ {4.2.6)
A
rate :
o o .
pu,—In /pl + —nU"") = n (4.2.7)

xl axi

where nme net production of ions by inelastic collisions,

state :
P = nkT + (n.*»n‘)l(?’M {4.2.8)

where f ¢ is the ™ component of the current density vector of the species e,
/.

¢ js the /™ component of the heat flux vector of species @, € oq is the

g,
cartesian permutation tensor, £, is the k™ component of the electric field
vector, B, is the q™ component of the magnetic field vector, v, is the /™
component of the mass weighted local average plasma velocity,. u=u, is the
velocity in the x-direction or the flow direction, ve=u, is the velocity in the y-
direction normal to the electrode and transverse to the fiow, U,® is the /"

component of the diffusion velocity or the average peculiar or thermal

velocity of species a, and the stress tensor ﬂ”" is given by:

ou

[
ne = - 'a‘m; +P3, (4.2.9)
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o,
i where q“m is the viscosity tensor for species a, Pa is the partial pressure %
; of species a«, and 8  is the Kronecker delta. In order to calculate the ::\’
™
:3 transport properties and obtain the diffusion velocity, it is necessary to solve :%
Ry
~ the full Boitzmann equation for the velocity distribution function'® 4% 47 45 e
[ ]
P The flow is assumed to deviate slightly away from equilibrium, so that the TN
velocity distribution function is the sum of the Maxwell-Boltzmann distribution '_:j-'.‘_
';:f function and a perturbation. This regular perturbation solution has been {:I:_:'.
- summarized by Kalikhman*® for the case where electromagnetic effects are ‘.;’.,
5 wis
= present. Equations (4.2.1) through (4.2.8) constitute a system of 6 equations in i
“ "a
a e
, the 6 unknowns p, v, v, T _, T, . 8nd a -n./(n.+nA). Before proceeding with ,Ej::
< any further simplifications or with the solution of the above equations, it is ’
g
v necessary to summarize the assumptions that lead to these simplifications: '.’-Evr
I..' r*.ﬁ$
i
- ¢ The boundary layer flow is laminar, steady, and two dimensional. ol
N 4
e The Hall effect is neglected. \: )
A
-
e The electrical characteristics of the boundary layer are determined by .-:
the free stream. Therefore, £ = constant, B=B°o(x), and j-/'oo(x). :-.":.
e Radistive heat transfer will be neglected in this first approach. It ,,_.,.
may ultimately be important to include radiation effects as will be :-:-’
shown later in Sec.4.4. Yy
{.I
e The plasma is a two-temperature plasma. The quantitative statement jr"\’
of this is obtained from the electron energy equation (4.2.5) by "'.
comparing the ratio of the heat conduction { the second term on S
the left hand side of (4.2.5)) to the energy transfer by elastic N
collisions (the fourth term on the right hand side of (4.2.5)). This RENGA
gives the condition*®: N
\h\'l
oy
2 °
m L T
A [} Y
(—) (—) > 1 (4.2.10)
m, 3.2 .'_.::\
T I
where [ is the mean free path of the electron, and $_ is the boundary layer \
thickness., For a two temperature approach to be valid therefore, we must __.
-
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L? m,
—— % — o 10° (4.2.11)
JTz mA

Simultaneously, for a continuum approximation to be valid, we require that

l../csT « 1. Thus,

r_n: 12 4 f: <« (
(m‘) (67) 1 4.2.12)

e Axial diffusion is neglected.

. With these assumptions and some additional manipulation®®, equations (4.2.1)

through (4.2.7) become:

mass:

olpu) R dlpv) .0

(4.2.13)
ox oy
momentum:
o P d
=+ ,,va—" - -— - —(8/2,) + i( ,"a—”) (4.2.14)
dx dy dx dx oy dy
electron sensibie energy:
3 or, 5
— (A =4onkT V) = enV (£ -uB) (4.2.15)
oy 9y 2

where the electron diffusion velocity in the y direction, V, is given by *:

eD*(E - uB) D*ON,
N TE-ws) O

. {4.2.16)
kr“ n. ay

and D* is the electron diffusion coefficient.

heavy particle sensible energy:
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dx Y 2m, 2 oy ‘2m, 2
or or
- .é.((xli,’x.l) “+(xi0+xlt)._..+ ”Hi(w/2)>
oy oy oy dy
m
=enVE+3(—Ykn<v >(T ~T.) (4.2.17)
e (mA) [} voH [ H
rate:
da da 3 I('a(1-¢x)p2 kba’p’
puU— *+ pv— + —(mAn'Vi) = ~ (4.2.18)
ox dy Oy m, m?

where ¢ ~n./(n.+nA). Also, the ion diffusion velocity in the y direction, V, is

a0, 45,

given by

eD'E-uB) 097,
~ — . —t (4.2.19)

+
er n. ay

where D' is the ion diffusion coefficient.

in equation {(4.2.18), the neutral concentration gradient term and the effects of
thermal diffusion have been ignored in order to simplify the equations. Thus,
(4.2.19) resembles Fick's law with an additional term that is present because

there is a current being driven through the plasma.

The eqguations (4.2.15) and (4.2.17) may be simplified further with the following

additional assumptions:

¢ The electron temperature, T. is assumed to be fairly uniform across
the boundary layer. This is a reasonable spproximation and is
supported by the work of Liu et 8/**. This means that T~ To° {x)
throughout the boundary layer.

e The ion ohmic heating is assumed to be negligible, This means that

the first term on the right hand side of the heavy particle sensible
heat eaustion, {4.2.17) is neglected.

The fina!l form of the governing equations is then:
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mass:

olpu)  Ilpv)

+ = 0 (4.2.20)
ox oy
momentum:
o 3 aP  d o ]
p(/‘—u + pV—'l{ ® -~ - _(52/2,10) + “'—( ';H—U> (4.2.21)
ox dy dx dx dy dy

electron sensible energy:

T, & T ix) . (4.2.22)

heavy particle sensible energy:

3 SkTH u? 3 5erM o2
(2L s 2 (2
ox 2mA 2 oy 2mA 2
3 or 3 m,
- —( e * o, = W/2)) = 3(=)kn<v > T) (4.2.23)
oy oy oy m,
rate:
da Sa S k'a(1"a)p2 kba’p’
pu— * pv—- + -—(mAn.V’) = - (4.2.24)
ox dy OJy m, m?

where azn./(n.*nA) , and the ion diffusion velocity in the y direction, V is

given by (4.2.19).

The equations (4.2,19) through (4.2.24) have been obtained after s lengthy
derivation and after making several assumptions. These equstions will be
discussed next. A detailed critique of this boundary layer theory will be given

in chapter 5.

Equstion (4.2.20) is the equation of mass continuity encountered in

standard compressible boundary Isyer theory®®. Equation (4.2.21) is the
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.E\, conservation of momentum. it resembles the usual form except for the _;‘-.,
-'\

i presence of the electromagnetic body force which appears as a gradient of e
the magnetic pressure (see the second term on the right hand side of (4.2.21)). 3
AP
,E Mathematically, this should pose no additional trouble since it has the same :’:‘
¥ A
form as the hydrodynamic pressure gradient. It is the sensible energy vt

equations (4.2.22) and (4.2.23) that require some clarification. These equations

”

e |

have been referred to as the sensible energy equations because they include :2
EE only the translational part of the total energy of the particies. The energy in %’

translation is therefore the “sensible” heat while any internal mode such as i'
. electronic excitation is referred to as “latent” heat. Hence, equation (4.2.23) .
_.:_-, " would resemble the standard.enargy equation written in terms of enthalpy if
& the particles had no other modes of energy storage. This is clear since in the o
. presence of pure translation, the enthalpy is h= 5kT/2mA which appears on the E_';:
) left hand side of (4.2.23). Equation (4.2.23) therefore resembles the classical :f
;; compressible boundary layer equations with heat conduction and viscous ::"
' dissipation (the third term on the left hand side of (4.2.23), but for the ”
E presence of a source term on the right hand side. This source term is present EE:

because the electron fluid and heavy particle fluid have been treated :\"%
; © separately. Consequently, there appears a term that couples the two energy QJ‘
“ equations together. This term which represents the transfer of energy by ::t-:;
2 elastic collisions between the electron gas and the heavy particle gas, appears E?_ ‘
i~ as the source term on the right hand side of (4.2.23). Equation (4.2.24) is the j.;
~ familiar species conservation equation encountered in the field of ;.
": combustion*® ' 47, The only difference is in the expression for the diffusion \’ ]
" velocities (4.2.16) and (4.2.18} which contain additional terms due to the ,
2 presence of a current in the plasma, The source term on the right hand side .‘::
. of {4.2.24) represents the production of ions due to the following reaction: ::.
! o

A+ e~ = o= + o~ + A+ (4.2.25)
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The equations (4.2.20) through (4.2.24) represent the approximate boundary layer

equations for the electrodes in the MPD thruster. This section has focused on
a summary of a derivation of these equations which sre given in detail
elsewhere’> %,  The next section will focus on an approximate solution of

these governing equations.

4.3. AN APPROXIMATE METHOD OF SOLUTION

This section focuses on the description of an approximate method of
solution to the governing equations presented in Sec.4.2. A brief review of
existing approximate methods will be given first. Then, the complications of
the electrode-adjacent boundary layer in the MPD thruster are briefly
mentioned, followed by a detailed description of the approximate method

proposed herein.

A system of equations similar to those presented in Sec.4.2 have been
solved by Liu et a/.> by the use of a finite difference technique. In this
section, a simpler but approximate sol ‘ion technique will be developed in
order to solve equations (4.2.20) through (4.2.24). Several suthors have solved
systems of. equations that are similar to the governing equations of Sec.4.2.
These will be described briefly. The equations are particularly easier to solve
if the Prandtl number is either one or constant. For a Prandtl number of
unity, Poots®® has studied heat transfer in laminar boundary layers with an
adverse pressure gr.adient and an adiabatic wall. Poots uses the lllingworth-
Stewartson transformation to reduce the compressible flow eqguations to
incompressible form. Curie®* has extended the work of Poots to the case of
a constant wall tempersture snd an arbitrary but constant Prandtl number
greater than 0.5. Emmons and Brainerd® have developed a similarity solution

for 8 compressible boundary layer over an insulated piate at arbitrary Prandti
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numbers. Such a similarity solution often fails in the case of a reacting

supersonic boundary layer with a constant wall temperature. Nageswara Rao*'
has recently studied the compressible boundary layer in [
magnetohydrodynamic channel, but has altogether neglected the energy
equation and the thermodynamics. These will be shown to be crucial for the
MPD thruster. The method presented herein differs from all the above in that
a relatively easy approximate solution is found by reducing the original partial
differential equations to ordinary differential equations, and is then solved by
using a momentum integral method. The integral method has been
successfully used by Chan® who does not consider a reacting boundary layer.
None of these authors with the exception of Nageswara Rao*' have considered
electromagnetic effects. Hains®® has considered electromagnetic effects in a
constant conductivity, non-reacting compressible boundary layer. He too has

successfully used the integral method.

The problem of the electrode boundary layer in the MPD thruster includes
ali the complications of a classical compressible boundary layer and more. It
includes the additional effects of electromagnetics, chemical reaction
(ionization and recombination), variable flow properties, and a constant wall
temperature. The constant wall temperature, together with chemicpl reaction
often destroy the simplicity of the integral method because unlike the case of
the adiabatic wall, the temperature may not achieve its maximum at either the
wall or the free stream. This makes spproximate solutions very tricky. The

method proposed herein addresses all these complications.

Simply stated, the integral method proposed here begins by integrating
the partial differential equations (4.2.20) through (4.2.24) from y=0 to y=4_ in
order to eliminate the dependence on the transverse coordinate y. The result
is an ordinary differential equation in the axial coordinate x for certain

dependent variables that appear as integrals over the transverse coordinate y.
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Next, the Howarth-Dorodnitsyn transformation*® is used to transform the
integration variable from y to a variable ¢ which varies from 0 at the wall to
1 at the edge of the boundary layer. This is done in order to eliminate the
density dependence in compressible flow. Then, the integrands in the integrals
are assumed to be polynomial functions in terms of this variable ¢. The
choice of the order of these polynomials is not obvious but will be discussed
in detail later in this section. The differential equations are then
simultaneously integrated from the leading edge of the boundary layer to any
desired downstream location. The details of this scheme are outlined by

Hains®® and this author*®.

Let us now examine the integro-differential equations obtained by
integrating (4.2.21), (4.2.23), and (4.2.24). integrating these equations and

rearranging, we obtain®®:

a0 e d( : )
- Poo¥ o0
dx ”oo”’oo dx )
3 du T,
¢ -2, © (4.3.1)
Uw dx Pwumz
where r_ is the wall shear defined by:
Ju
.= ( ""5)"’ (4.3.2)
© is the momentum thickness defined by:
61’
v v
e = S £ (1-—)dy (4.3.3)
o PooY00 Yoo
8" is given by:
61’
3 = S ( 1- )dy (4.3.4)
° PooYo0
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Next, the Howarth-Dorodnitsyn transformation*® is used to transform the
integration variable from y to a variable ¢ which varies from 0 at the wall to
1 at the edge of the boundary layer. This is done in order to eliminate the
density dependence in compressible flow. Then, the integrands in the integrals
are assumed to be polynomiai functions in terms of this variable ¢. The
choice of the order of these polynomials is not obvious but will be discussed
in detail later in this section. The differential equations are then
simultaneously integrated from the leading edge of the boundary layer to any
desired downstream location. The details of this scheme sare outlined by

Hains%® and this author*®

Let us now examine the integro-differential equations obtained by
integrating (4.2.21), (4.2.23), and (4.2.24). Integrating these equations and

rearranging, we obtain®:

a9 . e ad (
T T WP’ 0
dx poo"zoo dx )
5' v rw
¢+, " {4.3.1)
Uw dx Pwuw’
where 7 is the wall shear defined by:

)

- ( ”"z_:)"” (4.3.2)

© is the momentum thickness defined by:

[7) v
o= £ 1- ——) dy (4.3.3)
PooYo0 Voo

3" is given by:

dy (4.3.4)
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and the subscript oo refers to free stream quantities. Integration of the heavy

particle sensible energy equation (4.2.23) gives:

ae e

M Y d
+ Pl [C. Tt Vo /2]
2 00°00" “ps 0O 0O
X ponUoolCoT oot Uog /2 9%
’ d
+ 4 —C, T oot /2
(€, Too*Uoo /219X
q\wﬂ-ul,w
Po0%0 Cos 00 oo/ 2)
é
T
3m ka
e 00 a
+ S PZ_ < v 2 T =T, ) dy (4.3.5)

MU C, Too*Upn’/2) ¥ Foo%00

where ON is the enthalpy thickness defined by:

]

T
C T.+2/2
u .
o, = P L —- 1)dy (4.3.6)
0 Pwuw C”rw"uw /2
8y
u
" = S L dy (4.3.7)
o PooYeo

where v  is the slip velocity st the wall, <v_ > is the energy-weighted
average momentum transfer electron-heavy particle collision frequency, and q_,,

is the heavy particle wall heat flux given by:

ar,
i = = (2™ ) |0 (4.3.8)
( ay ) y
where X\ = Alen 4+ 2\*°™  is the heavy particle thermal conductivity. The

integrated rate equation is:
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ar " d $° 9o
‘—‘*'——————“—me%waw)*':—
IX  Poglon®o0 IX oo dx
61’
m ek p 2
A 00" 1Poo a 1 4
-—__(nowvbw)g__ —(—*-_) £ dy
a a a 2
PG#QD‘GD nuu b 00 00 00 Poo
.ka 2P 2 6T 33
p“00 700 e
- ; ap de {4.3.9)
Malo o %00 Poo
where /° is the ionization thickness defined by:
6‘l’
v a
1" = S £ (——1)dy (4.3.10)
& Pooloo @ “o0
and n,. snd Vm are the number density and transverse diffusion velocity of
the ions evaluated at the wall,

The general cese of velocity slip, temperature slip, and ionization or
concentration slip at the wall have been treated*®. Howéver, in this chapter
only ionization slip will be considered. This means that v =0 and r.=T.
The ionization slip & which must be supplied for the rate equation (4.3.9), is
obtained*® by setting the macroscopic diffusive mass flux at the wall to the
random thermal mass flux at the wall:

[}
an, n D/'eE, n <C>
D)—I| o~ = (4.3.11)

dy kT 4
where Dw‘ is the ion diffusion coefficient at the wall, £ is the electric field
at the wal! which Is determined from overall current conservation, and <CH> is
the mean heavy particle thermal speed at the wall. The application of the
Howarth-Dorodritsyn transformation to the integrals enables the elimination of
density from the integrand. Thus, if
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Y
10
¢ = —dy (4.3.12)
Ao Poo
where A is given by:
]
r
A= s-ﬁ-dy (4.3.13)
Y Poo )
then, (4.3.3) reduces to:
1
e v v .
.A_.S__.(1-._.)d£ (4.3.14)
o Yoo Yoo

similarly, the other quantities that appear in terms of derivatives of y or in
terms of integrals over y may be transformed into derivatives and integrals in

¢. These have been summarized elsewhere®,

Before the various integrals can be evaluated, it is necessary to assume
protiles for the variation of the velocity, heavy psarticle temperature, and the
ionization fraction across the boundary layer. A quadratic profile for v and
cubic profiles for TM and a in terms of ¢ are assumed. Cubic profiles for 7
and a are assumed because the maximum temperature could occur somewhere
inside the boundary iayer, and not necessarily at the wall as in the case of an
adiabatic wall. The velocity profile is then completely determined by the

following constraints:
ué¢=0)=0
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. is gives ..:.
. . v o
w — = 2¢ - & (4.3.15) ;
. Yoo hiy
. Analogously, for the temperature and ionization fraction: P
T E=0) = T alé=0) = a e
r_: :'-'
'~ s
T (é=1) = roo elé=1) = % o
P ®
bt
o ity
’ aru ad \::. Yy
. —(é=1) = 0 —(¢=1) =0 Ay
ﬁ- o¢ o¢ ::’::
-~ N
®
:: Thus, the temperature and ionization profiles are: ::'_:f'-'
: o
L s
r, T T 27 Ry
i - = + ( 2-—4+} ) ¢ .-..»
To Too Too Sl
N T, e
N, +(—=-1-2p)¢2+ b ¢ (4.3.16) o
T 4 4 s
00
‘ and "..
- NN
]
=3 g a_ ( 2a " ) \::~_ )
o, — = — 4+ (2-— 4+ V¢ T
. a a a 4 ‘_.-' "o
00 00 a o0 :\.'::‘
w
.. +(-—-1-2c‘)£’+c‘£’ (4.3.17) .o
w oo T
¥ o
where b, and ¢, are coefficients yet to be determined. Using these P
{
": polynomial forms, the integrated form of the momentum equation (4.3.1) is a -:_:\
20
differential equation for A, the integrated form of the enaergy equation (4.3.5) e
,_ is a differentiar equation for the unknown coefficient b, and the integrated :'}:-_Z:_
form of the rate equation (4.3.9) is a differential equation for the coefficient F“~
a; ¢,. Thus, the original system of non-linear partial differential equations have l:i:;':j
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been reduced to a system of quasi-linear ordinary differential equations. To

complete the formulation, conditions must be prescribed at x =0, the leading
edge of the boundary layer. These are that the thicknesses, A, 6, GH, and /°
ere zero at the leading edge. Further, starting conditions must be specified
for b, and ¢,. This can be obtained by requiring the second derivatives of T,
and a with respect to ¢ to be zero at the leading edge. This gives c,=1and
b,=1 “7./700’ at the leading edge. These approximate equations describing
boundary layer flow have been integrated using the IMSL subroutine DGEAR
which has already been discussed in chapter 3. The Gear algorithm is used
because of the "stiffness” of the system of ordinary differential equations.

The results of applying this boundary layer theory to the electrodes in the

MPD thruster will be discussed in the next section.

In summary, an approximate solution to the two temperature boundary
layer theory of Sec.4.2 has been outlined. This approximate solution uses the
Howarth-Dorodnitsyn transformation and reduces the complicated system of
non-linear partial differential equations to a relatively simpler set of quasi-
linear ordinary differential equations. In the next section, the solution to

these equations will be given for various conditions that may arise in the MPD

thruster.

4.4. RESULTS OF BOUNDARY LAYER THEORY

The boundary layer equations have been solved by the integral method
outlined in the previous section, near the onset condition predicted by the
non-equilibrium theory of Sec.3.5. The results of this analysis are presented
in this section. The results focus primarily on a mass flow rate of 3 g/sec,
but results for a mass flow of 6 g/sec are also mentioned. The wall heat flux
computed in this section, will then be used to estimate the erosion rate due

to evaporation st onset. The free stream conditions at onset for

a given

N

(S

Mo e '.l,'l*."S{S‘.
Ofe RJRANS

A %
A
‘. "5

a2

'l
l‘-.

. "

» v 2. 8 2

NPT R
'.\',.f.

‘."'{f/ v

A
LA

nl

4"'1' i

\‘?l
A

s
T
.

Y 4

R g

P P

Y h N
Lok 4

'R
SN

L% o
e ®

s

Id
'31-

e w1 )
oty Ay
5'.":,-'-'-,’{

by
"
. ."

-.} ~."w. ,
v .1' o




4
B

S R Y RS

AN

< O

VAL,

:. :')s-

~A

[N

s
>,

L

ey

ES

w

o

66

mass flow rate, have been obtained from the results of quasi-1D non-
equilibrium theory. A constant wall temperature of 3000 K is assumed, and
the heavy particle Prandtl number is taken to be &~ 0.7. Since boundary
layers usually begin at stagnation points or at sharp edges, the starting point
or leading edge must be specified. The entrance region of the MPD thruster

is not well understood, and it is not clear what the flow pattern is in this

region. Therefore, for the purposes of this analysis, the boundary layer is

e N U A R S
LHEHE s

assumed to begin at the inlet. Since the sonic point is very close to the
inlet, the calculation is simpler if the leading edge, x = 0 is taken to be at the

sonic point.

The governing equations (4.2.20) through (4.2.24) are then simultaneously
integrated from x=0 to x=L  This is done for several different cases in
order to examine the effect of ionization on the boundary layer growth. The
case of a non-equilibrium boundary layer with ionization slip (i.e. a_ is
determined from (4.3.11)) with a non-equilibrium free stream will be considered
first, Next, the ionizing free stream with a frozen bcundary layer (i.e.
a= “oo(x” will be considered. Finally, the case of a fully ionized, frozen free
stream with a frozen boundary layer (i.e. a= 1 all across the boundsry layer)

will be addressed. The mass flow of 3 g/sec will be considered first.

The results of 1tne non-equilibrium theory are summarized in Fig.17,
Fig.18, Fig.19, Fig.20, Fig.21, and Fig.22. Fig.17 shows the growth of the
boundary layer st the cathode. The boundary layer at the anode is assumed
to be similar to the cathode, and is plotted assuming this symmetry for the 5
cm. wide straight coaxia! thruster of King?’. It is found that the bounds y
layers are relatively thick and actually merge at an axial distance of
approxiriately 4 cm. from the leading edge. This surprising fact will be -
discussed st length, Ister in this section. The ionization fraction at the wall is

shown in Fig.18 as a function of distance. This ionization slip decreases with
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za :::E'\.
o distance as expected, since the diffusion time increases as the boundary layer E:::"'
i thickness increases with distance along the thruster. Thus, though the free it:
stream ionization fraction increases, it takes longer for ions to diffuse to the ',::‘5.'
g wall in order to replenish those that sre lost due to recombination. The ::;;:::;-
| ionization fraction, non-dimensionalized by the free stream ionization fraction :’\
g is shown in Fig.19 versus distance, at a location of 1 ecm. from the leading \:
. edge. The bulge in the profile is characteristic of hot, high speed flows in ‘-:-‘.:
SE" contact with a cold wall. The constant electron temperature in the boundary ‘Q*
layer tends to ionize the plasma, whereas the presence of the cold wall drives “
g the plasma to recombine. These two opposing effects cause the maximum “2;""
@ ionization fraction to occur somewhere in the middle of the boundary layer as :_,\
shown in the figure. The non-dimensional temperature profile is shown in d.:
:E, Fig.20. A bulge analogous to the one observed in Fig.19 is not present 1 cm. 'x:
B downstream from the leading edge, because the plasma flow velocity is not '.",.\?
i high enough for the viscous dissipation to be comparable with the heat “:\'
. transfer to the wall. Another source of heating is the energy transfer from E'r:
~ elastic collisions with the hot electrons. This too is not comparable with the .::(E
, conductive heat transfer to the wall. Fig.21 and Fig.22 show the variation of :;.:‘
! the heavy particle wall heat flux and the wall shear stress respectively. The :;:
'\'J heat flux is iarge near the leading edge of the boundary layer (x = Q) because EEE
& the boundary layer thickness is small. In fact, the heat flux is infinite exactly :f-:_l-_
i: at the leading edge, because of the singularity at x=0, This is of course -t._
-' non-physical, because the boundary layer becomes free-molecular very close ',:\_:_
__ to the leading edge. Thus, the leading edge is & singularity only in the :-':'-
- continuum theory. The wall shear is large when the boundary layer thickness _..g‘.\‘
2'; is small (since this means that the velocity gradient at the wall is large), and ’_E
; then decreases 8s the boundary layer grows to be thicker. The heavy particle ;\
* wall heat flux exhibits a similar behaviour. From classical boundary layer ;
by theory, both the wall shear and the wall heat flux would be expected to ‘:*
ﬁ decrease with increasing boundary layer thickness. g: A
n :".':.
.-
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;-# The case of the frozen boundary layer with an ionizing free stream will '.:;'.
) Nd

ﬁ be considered next. Again, the free stream conditions are obtained from the o

quasi-1D non-equilibrium theory presented earlier in Sec.3.5 since the free

)
>

stream is assumed to be ionizing. However, since the boundary layer is

s

chemically frozen, the ionization fraction in the boundary layer is the same as

in the free stream (i.e. a =g throughout the boundary layer). Furthermore,

there is no ionization or recombination in the boundary layer. The motivation

Tt

;_f for studying this case, is to examine the effect of varying ionization at the
- wall (e ) on the viscosity. The boundary layers in the thruster for this case
:';: are shown in Fig.23. This case differs from the non-equilibrium case with real

£33,

ionization slip in that the boundary layers do not merge, though they are

kK<Y
y

appreciably thick. The boundary layer thickness is seen to decrease near the "f

a exit of the thruster, due to the drastic variation of the free stream conditions EE

- near the exit {see Sec.3.6). The ionization fraction is identicai to the free Eés

% stream jonization fraction, and has already been shown in Fig.15. The heavy ?‘:\-
particle temperature profile is shown in Fig.24 at four different locations, 1 ::ﬁ ’

"\E em., 5 em., 10 cm., and 15 cm. from the leading edge. The noticeable bulge Eﬁ "
in the profiles far from the leading edge exists, because of the opposing

! effects of viscous dissipation and heat transfer to the cold wall. This bulge

A does not appear near the leading edge becsuse the plasma flow velocity is

:-*"; small and therefore the viscous dissipation is small. Fig.25 and Fig.26 depict

. the variation of the bheavy particle wall heat flux, and the wall shear

B respectively, The heat flux and wall shear sre seen to decrease with

“' increasing boundary layer thickness, as expected. The magnitudes of the heat

filux and the wall shear are lower in the frozen boundary layer as opposed to

:_ the non-equilibrium boundary layer with ionization silip, because of the smaller

thermal conductivity and smaller viscosity. The viscosity is smaller, because

‘.‘ .

the frozen boundary layer has a greater ionization fraction than in the non-

equilibrium case. The thermal conductivity is smaller becsuse the viscosity is

e e
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A . :::'_.-
Q; smaller, and the heavy particle Prandtl number is fixed. It is evident by :"’\,.
' gy
. comparing these cases, that the amount of ionization at the wall is extremely :‘“:,,.
i important in determining the heat transfer and the wall shear because of its ;?.
n.’ '.l
DAY
. effect on boundary layer growth, j:
>, 'a\r"
L) .'L.'L:
Rk
A more dramatic illustration of the effect of ionization is enabled by LA
[ )
g studying the case of the fully ionized frozen boundary iayer. In this instance, (_-:
'I
b
&; the fully ionized, frozen, quasi-iD flow of chapter 2 is used to provide the ;“'3:;:
% X
N free stream boundary conditions, and the boundary layer is treated as being nSp At
. . [ ]
5 fully ionized and chemically frozen. The results of this calculation are shown \e
b t
. in Fig.27, Fig.28, Fig.29,and Fig.30. The characteristic behaviour of the various "i‘.
\f
Wy 3
3 quantities (i.e. heavy particle temperature, heavy particle wall heat flux, and 0;
“AN
wall shear} is the same as before, and has been explained in the other cases ,\.,_,
» :‘;";
< that were considered. The magnitudes of the quantities is lower in this fully bt
h¥ :‘L}h
LY
ionized case, again because of the lower viscosity and thermal conductivity. ,f\:':
>
oot

A
~
22

© This will be addressed in delail next.

§ o
'- The heavy psrticle Prandti number has been fixed at 0.7 in the boundary ﬁx
layer calculations. Thus, if the viscosity is known, the thermal conductivity ﬁi\

! may be calculated using the definition of the Prandtl number. The viscosity ;_:"
;:: of the plasma is primarily due to the heavy particles. Since the electrons :\_':.:_
& have a8 significantly smaller mass than the ions and neutrals, their contribution E:{:
:;_: to the viscosity is negligible’>. The heavy particie dynamic viscosity is the _‘\
" sum of the ion viscosity, and the neutral viscosity. Since the mass of the }:‘,:
'. ion differs from that of s neutral only by the mass of the electron, the ions
, and neutrals will be treated as having the same mass in this two-temperature \.\
': theory. Therefore, at a given heavy particle temperature, the mean thermal Esi:x
.. speed of the ions is approximately the same as that of the neutrals. The 2:;_\‘
viscosity may then be obtained from kinetic theory' **, as: "."‘
v
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" =9ty = m<C> (noLm + nALAN) (4.4.7)

where <C > is the mean thermal speed of the heavy psrticles, l.m'is the mean
free path for an ion colliding with other heavy particies, and Lm is the mean
free path for a neutral colliding with other heavy particles. The mean free
paths for the ions and neutrals are given by*®:
-—
" ntaii + nAaiA

L = !

AM
nAoAA + ncaiA

where the Q's denote energy-sversaged momentum transfer collision cross
sections between various species. Using these, the definition of the ionization
fraction a=n/ln+n), and quasi-neutrality n =n  gives the following

expression for viscosity in terms of the jonization fraction:

<C >( : + 17e ) (4.4.2)
- m 4.
e Y Y Va0 +(1-0l0, (1-8)0,,*eQ,,

where O, denotes the coulombic ion-ion cross section, O, denotes the ion-
neutral cross section, and Q,, denotes the neutral-neutral cross section.
Typically for argon, O,, » 10" m’, O, ~ 10" m’, and O, ~ 107" m’. it can
be seen from (4.4.2) that when a =0, the viscosity is determined by Q,,. If
a=1, then the viscosity is determined by O“. which is three orders of
magnitude bigger than Q,,. Further, if @ < 0.9, the viscosity is primarily
determined by O_. which is only about an order of magnitude bigger than Q..
This indicates that in order to have very small boundary Iaye-r thicknesses, the
boundary Isyer filow must be very nearly fully ionized. In fact, it is this

dependence of the viscosity on the degree of ionization that has resulted in
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the reiatively large boundary layer thicknesses that have been computed. This
explains why the non-equilibrium boundary layer grew so quickly as to merge
in the middle of the thruster. The straight coaxial thruster of King?> has been
described as being “lossy” compared to the shorter "benchmark” thruster (the
"benchmark” thruster was less than 10 cm. long whereas King's coaxial
thruster was 20 cm. long). The non-equilibrium boundary layer theory appears
to explain why this is so. The resulting dependence of the viscosity on the
ionization fraction also causes the heavy particle thermal conductivity to
depend on the ionization fraction as well (this is because the heavy particle
Prandt! number is roughly constant). Consequently, this is expected to affect

the heat transfer to the electrode.

Thus far, MPD boundary layer flow has been considered under the
assumptions of non-equilibrium, frozen, and fully ionized fiow, for & uniform
mass flow of 3 g/sec. A calculation of the non-equilibrium boundary layer
has also been performed for a uniform mass flow of 6 g/sec. For this mass
flow, the boundary layers merged at approximately 6 cm., as opposed to 4
cm. from the leading edge for a mass flow of 3 g/sec. This is to be
expected, since the density is higher in the higher mass flow case which

should in turn, give smalier boundary layer thicknesses.

The boundary; layer theory solutions presented in this section may be
used to estimate the drag, ss well as the heat transfer., The heavy particle
heat flux that has been calculated in this section, gives an idea of how much
heat is transferred from the hot, flowing plasma to the wall by thermai
conduction. A constant wall temperature of 3000 K was assumed for this
calculation. In the next section, a8 methodology for determining the cathode
surface temperature will be given. This electrode surface temperature may

then be used to estimate the erosion rate due to evaporation,
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4.5. THE CATHODE SHEATH

The previous chapters and the previous sections of this chapter have
focused on the development of a new theory of onset, and a means of
estimating the heat transfer to the electrodes. In this section, a methodology
for calculating the steady state cathode surface temperature using the results
of Sec.d4 will be given. The heat fluxes due to heavy particle heat
conduction, electron bombardment, ion bombardment, electrode heating due to
ion recombination at the electrode, cathode evaporation, thermionic emission,
radiant exchange with an anode at constant tempersture, and heat transfer to
an externally supplied coolant will be considered. Existing vapour pressure

data for tungsten®' may then be used to determine the evaporation rate.

Near the cathode, there exists a layer where the quasi-neutrality
condition, n s~ n_is no longer valid. This layer known as a sheath, is of the
order of a few Debye lengths which is much smaller than the mean free path.
Consequeﬁtly, the sheaths may be treated as being collisionless. In this
section, an electron retaining sheath is assumed so that incoming electrons are
repelied, and incoming ions are accelerated through the cathode fall. Such a
model is necessary in order to determine the number densities of ions and
electrons in the sheath. These may then be used in the subsequent cathode

heat balance. This will be discussed next.

At steady state, the total energy into the cathode surface must equal the
total energy out. Any effects at the root of the cathode or at its tip are
ignored. Thus, only heat flow transverse to the cathode surface is considered.
The total energy into the cathode surface consists of heavy particle heat
conduction, electron bombardment, ion bombardment, eand ion recombination st
the electrode. The energy out of the surface is ‘'due to thermionic emission,

evaporation, radistive heat transfer to the anode, and any heat thst may be
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. N
& transferred to an externally supplied coolant. For the purposes of this E
analysis, the cathode is assumed to be made of tungsten, the anode :-"'
i temperature is taken to be a constant 2000 K, and additional heat is assumed 2
to be removed from the cathode surface by a coolant whose temperature is ,.j
'l
@ taken as 1000 K. The radiant exchange between the cathode and the anode may Y
\
! be modelled as that between two long, coaxial, grey cylindrica! surfaces »
w3
whose emissivities are assumed to be 0.4. Thus, the heat balance at steady "
'
E& state for the cathode is: ::'“'
ol
enC 24T enCV d
- . 00 _ ie Y
g g, * —4 (pe-‘- )exp( eV /hT o) +
‘ )
" ¢ ’f(! "’ ) ZkT “.
[ ¢ £C ! ’
4
. a_ a ':: »
:‘3 . sas,(rtc 20004) 'uj,
: 14 o,
3 v
i + Peep (T, = 1000) (4.5.1) .
::,:
o
Y
where ¢, is the heavy particle conductive heat flux given by (4.3.8), Vv, is the

! cathode sheath voltage drop, n is the electron or ion number density at the

? v

o«

L a

2@ XTI
® LA NS AN

sheath-boundery layer edge, C, is the ion mean thermal speed, C, is the a’t
\’ . h.' 8
:-_',' electron mean thermal speed, /. is the thermionic electron emission current EQ.
' ol
density, ¢ is the cathode work function, T . is the cathode surface ®
.J- . . . . . -
. temperature, I' is the evaporative mass flux, A is the heat of sublimation of )
I.“-l
o the cathode, o, is the Stefan-Boltzmann constant, and A is the effective f}'_'
-.". :;
’ heat transfer coefficient between the cathode surface and an external coolant. ®
! The exponential boltzmann factor which appears in the electron bombardment ::'.-‘-
) . , =
term (second term on the left hand side of (4.5.1)) displays the tendency of AN
L~
N
::~ the sheath to repel most incoming electrons. The cathode sheath voitage N
[ ]
drop, Ve is calculated from the overall current conservation: ol
) "
2 g
o l’l‘yf
'fz.'-
. Py
g ’
> _-.:,‘
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enC, enC,
Jeoo -‘ —4— + fre = —4—-exp(- ev /KT ) (4.5.2)

where /, is the free stream current density. The second term on the left
hand side of (4.5.1) represents energy addition due to electron bombardment,
the third term represents ion bombardment, and the fourth term represents
energy deposition at the cathode due to ion recombination at the cathode.
The four terms on the right hand side of (4.5.1) represent heat loss due to
thermionic emission, evaporation, radiant exchange with the anode, and heat
exchange with an externally supplied coolant. Consequently, (4.5.1) is an
equation for the unknown 7 .. given the heavy particle wall t:|eat flux, the
electron temperature, the total current density, the electron number density at
the edge of the sheath, and the heat transfer coefficient between the surface
and the external coolant. Once the cathode surface temperature is known, the

evaporation rate can be determined from vapour pressure data for tungsten®'.

For the purposes of illustration, equation (4.5.1) is solved for the various
boundary layer sssumptions already discussed esrlier in this thesis. For
present purposes, the cathode is assumed to be made of tungsten which has a
work function of 4,52 eV. The choice of the heat transfer coefficient between
the surface and the external coolant is chosen to be whatever permits the
existence of a steady solution. Four cases are considered. The first is a
cathode subjected to a non-equilibrium boundary layer with ionization slip for
a mass flow of 3 g/sec. The second is that of a cathode subjected to a
frozen boundary layer with a non-equilibrium lonizing free stream, for a mass
flow of 3 g/sec. The third case is that of a fully ionized, frozen boundary
layer with a fully ionized and frozen free stream for a mass flow of 3 g/sec.
The fourth and final case is that of a8 non-equilibrium boundary layer with
ionization slip for a8 mass flow of 6 g/sec. These will be discussed in the

subsequent paragraphs.
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. EE- An interesting feature of equation (4.5.1) is the existence of two steady _E
:: v state solutions for the cathode surface temperature, one of which is a stable E\
) ‘ operating point., The other point is an unstable thermal runaway point. Fig.31 ',
- shows the variation of the heat defect (i.e. the net heat /nto the cathode) :!,,
E g- versus the cathode surface temperature. It is apparent that the unstable root |.:
‘ l gives thermal runaway temperatures. Physically, this means that if the surface h
.' . temperature increases just above the value given by the second root, the Y,
' ::;-', steady state energy balance (4.5.1) indicates a further increase in temperature :
: since the only possible way of losing energy is:through radistion, thermionic :\
i' emission, evaporstion, and heat transfer to an external coolant, all of which “|
: - ° increase with increasing temperature. This results in a thermal runaway with .:f
: E eventual melting of the cathode. t
' {?: For the first and fourth cases (i.e 3 g/s with slip and 6 g/s with slip 'f"
4 respectively) with external cooling, a stable steady state solution that satisfies :
E (4.5.1) and {(4.5.2) simultaneously, could not be found. However, with external ;
: o heating l(i.e. Pege < 0) a stable steady state solution was found in some cases. g:
E :& A lower work function did not resolve this problem and did not yield stable E‘N
! ‘ solutions. The variation of the cathode surface temperature for the second ::
ii i case for a heat transfer coefficient of A, = 500 w/m?/K is shown in Fig.32. ::
E ;Q The surface temperature variation for this case for a lower value of :.'
- P, = 250 W/m?/K is shown in Fig.33. In the third case of the fully ionized, '-:
’ -:_.: frozen boundary layer, 8 much higher cooling rate is required {(corresponding to {:;
' - heee = 3000 W/m?/K) due to the large rate of ion and electron bombardments. E":
:'3' The surface temperature varistion for this case is shown in Fig.34. The :
. relative importance of each of the terms in (4.5.1) can be seen from Fig.35 "-,,.
:'::i through Fig.37 for the cases that have been studied. From these, it can be E:
. seen that only the evaporation hest flux is negligible, but that all other terms :.
- sre significant in determining the cathode surface temperature. Using the . |
~
X . 3
'
. 3
k- '-1-
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vapour pressure data for tungstern-', the evaporative erosion rate has been

calculated and is shown In Fig.38, The erosion rate has been expressed in
terms of micrograms per coulomb, which is obtained by dividing the

evaporative mass flux by the current density.

it is evident from these results for a tungsten cathode that a significant
amount of external cooling may be required in order to operate the MPD
thruster at steady state with minimal erosion. In reality cathodes may be
made of thoriated tungsten or coated with other substances. Thoriated
tungsten cathoaes would have a lower work function and thus a higher rate of
thermionic cooling. However, judging from the high heating rates observed
from the results of the analysis in this section, it appears that external
cooling may be necessary even in the case of a thoriated tungsten cathode at

steady state.

The approximate analysis of this section is deficient in several areas.
Two such areas may be mentioned. Firstly, the effect 6f the sheath electric
field in lowering the work function {(Shottky effect} has not been taken into
account. This would tend to increase the cooling due to thermionic emission.
Secondly, the transfer of heat by radiation to 8 0. K ambient through the exit,
may be important in determining the surface temperature near the exit. This
is of major importance since the bulk of the observed erosion in experiments

has been near the inlet and the exit.

From the theory presented in this thesis, we may attempt to explain the
major casuses of the erosion in the inlet and exit regions. Near the iniet, the
boundary fayer thickness is small and therefore the heavy particle conductive
heat flux is high. Also, the curreni density and ionization slip are large in this
region. Consequently, the sheath voltege drop and the charged particle number

densities are |arge leading to heavy ion snd electron bombardment. Neear the
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. o
-f “
o s
-~ exit, the free stream temperature and current density are largest. This leads C’:
“ -
N of course to heavy electron end ion bombardment with & subsequent rise in : \-‘-
S
i the surface temperature and evaporation rate. Ay
W‘\"
" :,\"
) The simpie heat balance given in this section may thus be used to :\
'* y
D)
determine the erosion rate due to evaporation. Radiation from the plasma, Py )
o which has been neglected in (4.5.1) may increase the erosion rate further. In f:::"
< addition to this evaporation rate, there is erosion by sputtering. The boundary ':-'_'_:
K e
- layer theory presented in the earlier part of this chapter may also be used to DN
o
= determine sputtering rates. A calculation such as the one presented here may "Xy
%
be ultimately used to predict thruster lifetimes. ?’E
Y = ‘
P ""::
LS .'ﬁn \]
o This chapter has focused on the development of a boundary layer theory .

] "o
5“ for MPD thrusters, and has culminated in an approximate semi-empirical model -\_'ﬁ
N T

that may be used in estimating erosion rates due to evaporation. The theory ’2-1‘

¢ r._-;
’

ﬁ presented in chapters 2 and 3 has provided an understanding of onset. This ;'

theory, together with the boundary layer theory of this chapter provides a -

P
Oy

means of quantifying onset. The next chapter will provide 8 summary of the N

findings in this thesis, critique some of the assumptions that have been made,

2

and present recommendations for further work. A
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CHAPTER 5

SUMMARY AND CONCLUSIONS

This chapter will discuss .overall the research that has been performed.
A summary of the work described in chapters 1, 2, 3, and 4 will be provided,
followed by an outline of the contributions of this thesis to research in
magnetoplasmadynamics. Next, a critique of the assumptions that have been
made will be given, and this chapter will then conclude with recommendations

for further work.

This thesis has attempted to explain and quantify the life-limiting
phenomenon of onset in MPD thrusters. Onset refers to the severe electrode
erosion accompanied by voltage oscillations that occurs at a critical value of
the total current, for a fixed mass flow during quasi-steady operation. For the
first time, fully ionized, chemically frozen MPD flow has been considered in
chapter 1. This has revesaied several interesting points. Firstly, it has been
found that the MPD flow is parametrized by a non-dimensional quantity 5, the
magnetic force number. Secondly, it has been shown that § is related to the
onset parameter J?/m which is used to characterize onset experimentally.
Examination of the quasi-1D MPD equations has vyielded the result that the
electric field necessary for a smooth transition from subsonic to supersonic
flow is determined by a choking condition (Sec.2.3). Further study of the
eqdations has vyielded a limit on & based on Ohm’s law., This is the
requirement that the slectric field be sufficient to draw all the applied current.
Thus for stesdy flow, it has been found that the electric field must

simultaneously satisfy the choking condition and Obhm’s law. It has been
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found that this could be satisfied for steady flow, only for S° below a certain

value. This limit of S corresponds to the operating point where the back-EMF
becomes comparable to the electric field. For a fixed mass flow, this can be
transiated to a critical value of the total current. This limit is referred to as
back-EMF onset, and has been further explained in terms of the length
constraint from Ampere’s law, in Sec.2.5. This new mecheanism of onset is
different from existing snode starvation theories, because it has been shown
in recent experiments'® that mass injection at the anode has a major effect on
the predictions of these theories. However, such mass injection would have
no effect on the back-EMF onset theory. Furthermore, the back-EMF onset
-appears in the steady state, 8s opposed to other existing unsteady
theories'> '*.  The onset condition obtained from the frozen flow theory has
been shown to correlate well with the experimental data of Malliaris et a/°
The backEMF o=set has also been shown to affect the efficiency. For
efficient thruster operation, it has been shown that it is necessary to operate

in 8 regime where back-EMF onset is important.

Quasi~one d:mensiona! MPD channe! flow has been considered under the
equilibrium snd non-equilibrium sssumptions, in chapter 3. This has been done
in orgder to examine the effects of non-zero ionization rates on back-EMF
onset The eguilibrium fiow theory of King et #/.' has been qualitatively
stud.ed using 8 precew se hnesr model. The resuits of this analysis show that
the electric fieid s strongly dependent on the ionization rate al the sonic
po:nt. The ionzat:on rate s highest for equilibrium flow, and therefore this
yreids sigrificantly higher electric fields than for frozen flow. This higher
electric field permits » higher bsck-EMF, and thereby delays back-EMF onset.
Tris expians why King et 8/. did not find any evidence of back-EMF onset in
their equilibriurr. flow theory over the range of parameters they studied. The

electric field dependence on the ionization rate (see Sec.3.3) prompted the
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consideration of more realistic ionization rates, under the non-equilibrium
assumption. The non-equilibrium theory has not only predicted the onset limit,
but has also predicted current versus voltage characteristics in agreement with
the experiments of King?’, within the limits of quasi-one dimensionality. Back-
EMF onset appears as the failure of a steady solution to exist at a critical
value of the curren:, for a fixed mass flow. This is due to the conflict
between the electric field required to sustain a supersonic flow in the thruster,
end the electric field necessary to draw all the applied current. Finally, the
quasi-iD flow has been considered by partially including the effects of wall
friction, and heat transfer. it has been shown by examining the
magnetoplasmadynamic choking condition, that heat transfer may delay back-

EMF onset while wall friction may cause it to occur sooner.

The quasi-1D MPD channel flow theory developed in chapters 2 and 3,
have been utilized to obtain the free stream boundary conditions for an
analysis of the electrode-adjacent boundary layer. The governing equations of
the boundary layer in a two temperature plasma, have been rigorously derived
from non-equilibrium kinetic theory. Following the approach of Kalikhman*®
these have been obtained by taking successive moments of the Boltzmann
equation. The boundary layer equations have been solved using an
approximsate momentum and energy integral method, neglecting the electrode
sheaths. This has enabled an approximate calculation of the wall shear and
the heat transfer to the electrode. The most significant result of the boundary
layer research has been to show the strong dependence of the viscosity on
the ionization fraction at the wall. This affects such relevant quantities as
boundary layer thickness, wall shear, and wall heat flux. This calculation has
then been used to estimate the erosion rate due to evaporafion . The work in
this thesis has .hus provided the outline of a systematic method for predicting

thruster lifetimes. Though only the erosion due to evaporation has been
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addressed here, erosion due to sputtering may be estimated by using existing
semi-empirical mode!s® ® in conjunction with the boundary layer theory

developed here. .

The accomplishments of this thesis may be summarized as follows:

o The first non-equilibrium self-field MPD theory to predict onset due to
an excessive back-EMF at high currents, has been developed

e For the first time, the electrode-adjacent boundary layer in MPD fiow
has been studied. The governing equations for a two-temperature
non-equilibrium plasma boundary |ayer have been derived from first
principles. The effects of wall friction and heat transfer to the
wall, have been quantified through the boundary layer analysis for
the MPD thruster. These may be used to refine the quasi~1D theory
t[\at has been developed.

e The importance of considering detalled thermodynamics ( lonization and
recombination ) has been firmly established. The importance of non-
equilibrium ionization in determining the appesrance of back-EMF
onset, and in determining boundary layer growth has been
established. This work, like King et a/.” shows the significance of
considering conservation of energy.

e The Howarth-Dorodnitsyn integral method has been applied for the
first time In the case of a two temperature non-equilibrium plasma
boundary layer. The approximate solution has been used to compute
the wall shear and the weall heat flux.

The complexity of MPD flow has prompted the use of simplifying
assumptions. As a result, some of the effects that have been left out in the
present theory, ought to be included in a more detailed calculation. These will
be addressed next, and a critique of the assumptions that have been made in

the present theory will be discussed.

.The theory presented in this thesis is a steady theory that enables a
calculstion of the erosion rates, in order to quantify MPD thruster lifetimes.
However, onset is not only characterized by high erosion rates, but aiso by
large voltage oscillations. This steady theory does not even attempt to study

the conditions beyond onset. Therefore, if one Is interested in predicting
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esither the frequency of the voltage oscillations or the nature of the flow -."'
‘beyond onset, then the unsteady behaviour must be incorporated into the o
theory'. This of course, would significantly complicate the relatively simple sl

method of solution proposed in this thesis. o

ry BIROSX

Another weakness of the boundary layer theory presented here, is the

- assumption of laminar flow. It is not clear st this time whether the MPD
:.; boundary layer is laminar or turbulent. Nor is it clear at what Reynold's §:
™ number the MPD flow would become turbulent. This is of course assuming !‘I:‘!:
5 that the concept of a critical Reynold's pumber, and a continuum boundary .:‘,'
layer, are valid. These will be addressed in greater detail shortly, 2). ::

S
7

Perhaps two of the weakest assumptions made here, have been those of

"
@

a scalar conductivity, and the neglect of radiative heat transfer. Both effects

0
PR
A Y

Pd i'.'}"i

have been neglected in order to simplify an otherwise complicated problem.

a
o

P 4
Y
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»
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According to King?, the Hall effect may not be negligible in some regions of

the thruster. Inclusion of the full Hall effect would render the free stream

e
e

s

flow two-dimensional. It is possible however, to partially include the Hall

effect in a quasi-1D theory for a long, slender channe!, by means of a tensor

7.

conductivity? “ 4, Inclusion of the Hall effect would also render the 7
» assumption of negligible ion ohmic heating in the heavy particle sensible '%:"
FS energy equation, to be invalid. Radiation from the hot plasma to the wall may 2:{3
}. also be important for determining the heat transfer to the electrodes. It is _-_-:
- not clear whether the plasma is optically thin or thick. It is most likely in a j:,
"N region between optically thin and thick, which makes the incorporation of \'\
. radiation into the flow equations rather difficult. However, the method that \
:-":‘ has been presented in this thesis is sufficiently robust, that the radiation E&E"
we effects may be partially modelled by assuming an optically thick gas with an ':"_
.; effective radiative conductivity. The inclusion of radiation would most likely '
% lead to increased ionization fractions near the walls, and thereby reduce the b::
NN
", : ;
-
e
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2 3
pe wall shear and wall conductive hest flux by reducing the viscosity and the Y
thermal conductivity. However, there would be an additional heat transfer to E$
| i the wall because of the radiative interaction between the plasma and the =
| x5 walls. It may therefore enhance the overall erosion rate.
2 o
The assumption of a8 two temperature plasma is perhaps the most %
- realistic of all the assumptions. There is however, a possibility that the "
5 plasma is a three temperature fluid near the entrance to the thruster. This ‘:;
= could affect the simple theory presented here. The assumption of a uniform j“
‘ electron temperature across the boundary layer is realistic end is supported by '
X the work of Liu et a/.>*. Inclusion of the electron sensible energy equation .::::‘:;
-3 with a varying electron temperature, i5 not expected to alter the results in this :‘:‘:
' thesis significantly. Furthermore, the plasma in the free stream and the
_\ boundary layer, has been assumed to consist of electrons, neutral atoms, and ‘E_':
. single ions only. The presence of second ions (or doubly ionized atoms) E\
s could have a major effect on the erosion rate by sputtering. Since double 1; !
.- ions have twice the charge of single ions, they would be acted upon by twice 3‘:
e the electromagnetic force (which -is proportional to the charge). Any :E.'
‘ appreciable number of double ions present near the electrodes could therefore :5'_"
- contribute significantly to erosion by sputtering. _g;
ot A
e Since this is the first time that the Howarth-Dorodnitsyn integral method E
. has been epplied to the case of a compressible, non-equilibrium, two r..b
- temperature plasma boundary layer with electromagnetic effects, the accuracy ;‘
::3 of the resuits may be questionable. This is because no extensive direct )-_
) comparison has yet been made between the approximate solution given here !
\:- and existing numerical solutions, for various situations. :'_-*_::’
; <
" N
0 Finally, the boundary layer itself may or may not exist as a continuum. ::k
o

From the free stream to the wal'. the nature of the flow may change from a
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continuum flow to either a rarefied flow or to one that is in transition. This
is evident upon examination of the heavy particle mean free paths given in
Sec.4.4. For fully ionized flow {(a = 1), the ion-heavy particle mean free path is
of the order of 10°°m, which is significantly smaller than any characteristic
length. The fluid therefore behaves as a continuum. However, if the flow is
weakly ionized (a »~ 0), the neutral-heavy particle mean free path is of the
order of millimeters. This is only about one-fiftieth of the MPD channel
height, and comparable to the boundary layer thickness. The fluid in this case,
may either be in a transition regime or in a rarefied free-moleculsr regime.
The flow in the MPD th;uster could thus involve continuum, transition, and

free-molecular behaviour.

The critique of the present work which has just been outlined, naturally
leads to some prospects for future work. Some of the effects which have
just been described that have been left out in the current theory, may be
incorporated rather easily. Some others may not. However, there may be
ways to partially account for these effects. The recommendations for future

work, whether or not as an extention of this work, will be discussed next.

The presence of double ioné in the quasi-1D MPD fiow, may be modeliled
in a rather straightforward manner. This would merely involve the introduction
of a second ionization fraction, a .. and a corresponding rate equation to
describe the production and depletion of double ions from single ions. The
equation of state would also have to be modified to include second ions.
This is a relstively direct extension of the theory described in Sec.3.5 and
Sec.3.6. The method of solution would also be identical to the one already
described in Sec.3.6. The inclusion of second ions would provide more

realistic exit temperatures and velocities.

The effects of wall friction and heat transfer may aiso be spproximately
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L studied, by solving the governing equations of Sec.3.7. As a first approach, :
':c the drag coefficient CD. and the heat transfer coefficient h‘ may be treated as ;
3 i parameters. The present boundary layer theory results have indicated that the e
‘:‘;‘ g wall friction may have a8 significant effect on the quasi-1D MPD flow. This E
:E effect could be approximately quantified using such a parametric analysis. Of -
;; ; course, the equations of Sec.3.7 cannot be reduced to algebraic form as in ‘
W Sec.3.5 and Sec.3.6. This is because the presence of the wall friction and heat :
':-" E’ transfer terms necessitates a numerical integration of the momentum and E
K energy equstions, as well as the rate equation. :
1 The effect of varying channel geometry is another extension of the
o "-{ .quasi-ﬂ) theory presented in this thesis. The solution of the quasi-1D ;
. ) equations with varying area, should be no more difficuit than solving the ?
f :E quasi-1D MPD flow with wall friction and heat transfer. This would be useful ;
; for designers to determine which channel geometry may provide the best E
» i acceleration characteristics. r
'. - ;
Vb Once the effects of wall friction, heat transfer, and varying channel .
:. . geometry have been investigated and understood, the boundary layer solution :
N L presented here should be extended to partially include the effect of plasma b
- radiation. This may be done by considering the sssumptions of an optically ':’
: . thin and an optically thick plasma. A proper study of the plasma radiation ::
- problem is however extremely complicated, and may require the approach of -
: Holstein®** %% if the plasma is neither optically thin, nor optically thick. ;
_ ‘ However, the coefficients in the optically thin and thick cases may be varied
_ as parameters, in order to estimate the importance of radiation. Plasma :
2 : radiation may affect not only the heat transfer to the walls, but also the wall f\
? . friction since the ionization fraction at the wall may increase due to additional :
SR heating from the hot plasma. The approximate methods of Sec.4.3 may still )
:: ;: be appiied in the cese of an optically thin or thick pisama, but its accuracy *
:: " would have to be checked sgainst any existing numerical solutions. .:‘
N X
s R
) '\.'\-1."\-".'-.-.:s.;:.\:\.'x:.-\;\:.'-:."-;'-' “ "\',-.:_-.',-x'- R ~.',.:_\:,:.’,_:.;,:.;:.;\',wj_s-;;;;\;;;n;_ ';\; :,‘s' ;\\; L8 %
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M
§ An effect that complicates the theoretical calculations, but may iy
| nevertheless be important in MPD thrusters, is the Hall effect. The Hall effect :
']
LM,
f i causes the electromagnetic part of the problem to be two-dimensional, and b
| =
i

introduces the notion that the electrical conductivity is a tensor. Thus, the

Y =~
ﬁ current density and electric field vectors cease to be colinear. However, the ""
.l
. Hall effect should not be incorporated at the expense of the OJOetailed "
~ thermodynamics, as has been done by several authors® ' '®, |t is this author's "7
N belief that had the detailed thermodynamics been included in these partial Hall
L -7
P - o
effect theories, they would have resulted in the prediction of the back-EMF <
]
‘ onset that has been described here. However, the inclusion of the Hall effect KX
v, /
is expected to destroy the simplicity of the solution procedures outlined in “:::
S 2
& this thesis. \)
et L4 [
wa . . . . 5
:_, A major phenomenon not included in the boundary layer analysis :\
o fa'
presented here, is the effect of electrode sheaths. The inclusion of sheaths ; \
-y 1
B would be of prime importance in a calculation of electrode erosion by W
2
. sputtering. This is because the analysis of the sheaths would provide the ..
ht vl
™ voltage drop in this region close to the electrode. The sign of this voltage jﬁ.;
.':
! drop would determine to what extent the ions would bombard the electrode N,
[ ]
- material. For sn estimate of the erosion rate due to evaporation however, this ]
- may not be that important, The omission of sheaths may not be that ::
: ~
- e
' important at high power since the voltage drop is typically less than 20% of N
».
N the termina! voltage. L
S -\
a
"
N Once the above effects are at least qualitatively understood, the more ':"
l\ -
L A
difficult problem of the entrance region of the thruster should be studied. N
L]
- . . . . . L . . “
> Virtually nothing is known about this region. The injection of different :'_‘.,
o »
amounts of mass at the cathode and anode'® has been shown to have a major ;
~ ' -~
' » impact on the snode sheath reversal theories. This will not have any impact -
)
. on the back-EMF theory presented here. However, in order to verify the NG
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assumptions and predictions of the back-EMF theory, some detailed
diagnostics or analysis of the inlet is necessary. The entrance region for the
present designs is very much two-dimensional, which complicates the analysis.
The study of the entrance region would not only provide useful verification of
back-EMF onset, but may also provide some information on the erosion of the
insulator back plate. At present, there is not much understanding of why this

oCccurs.

This work has indicated that though several phenomena may be important
in the MPD thruster, the thermodynamics of ioﬁization is perhaps one of the
most important. An improvement over the current state of the art should
tharefore not be made at the expense of ignoring the importance of ionization.
it is also clear, that some more carefully designed experiments are necessary
to enable a more positive comparison between the back-EMF theory and
experiment. Firstly, it would be useful to repeat the experiments of Barnett's
on King's straight coaxial thruster, or on another smooth geometry. Secondly,
a better comparison between the quasi-1D theories and experiment could be
made if the mass flow to the thruster were more uniform®. Finally, more
experimental information on the entrance and choking regions would be

invaluable.
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A schematic of an MPD thruster

MPD thruster system schematic

Figure 1

Kb

E
>,

e o an
EACAT AN
SN

A
w
P W

~

e e A
N ..
2w o AN

L

EER)
s
a

P W
PSS CO AN

-
-
'

AR




O S o . "2 8t g 2’82 TR ANKN 0 gk Sah N < pha®glorpia gha gty ‘ghe ate g phagtet ~-' », »

93

..‘
X,

‘&}'}?\

Lo

)

s W B KRR
o

»AR

-";v‘._-

b |

A

L

<
’

A

I
e

4

L }

Figure 2: Schematic of plane-paralisl geometry

The plane-paralie! electrode geometry studied Iin this paper is anaslogous

3-2 to the co-axial geometry used in experiments. The sbove diagram shows the f:-
relative orientation of the flow velocity, v, the current, /., the slectric field, £, A
Y, -
N and the magnetic field, 8. The channel has a length L in the flow direction "
’. and a width W. The electrodes are separated by » distance M. N
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This Appendix consists of Chapter 7 from the Ph.D. -Thesis of

Ed Richley.

APPENDIX F: Unsteady Flow Modeling

This chapter described an unsteady two-temperature

flow simulation of an MPD thruster.
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7. MPD { Predictions for a Newer Problem ) ':"
{
i ] :
7.1 Introduction ) ?
g This chapter is concerned with the development of another simulation type. The ,Q! )
i system to be simulated is known as 8 Magneto-Plasma~Dynamic (MPD) thruster®C, %f-,.
These thrusters sre under development for possible use as space vehicle propulsion }s
_! units and are of interest because of their high exit velocity. '
G e
: rRA
N An MPD thruster is basically an electric discharge in a low pressure fluid. Its ::‘,f,’
W 0
;3' : operation is based on the interaction of the discharge current with its own self- - .:v‘z:
induced magnetic field. The typical coaxial geometry of an MFD “device is shown in 5-‘
g Fig. 7.1. The power supply is assumed to be positioned off to the left and e
configured in such 8 way as to introduce no asymmetry into the magnetic field :;:f
i
ﬁ The Lorentz force is able to produce flow velocities much larger than the sonic Rl
speeds obtainable with conventional chemical rockets. Since it involves an electric ,.f
- discharge, the governing equations for an MPD device are very similar to those for ,__‘,_
ﬁ the previously described wall stabilized arc. However, the boundary conditions, .j_:j
geometry, and operating conditions are all extremely different f N
§ 2
7.2 Modifications to the Equations _.
-:’5; As in the case of RadialArc, 8 one-dimensional non-equilibrium mode! called "MPD" "g:‘:
i has been created. In this model, all fluid properties are considered to be uniform ."':;:
J
! with radial position, but are allowed to vary in the axial direction The non- .‘0
equilibrium equations considered by simulation type "MPD" are very similar to those ‘k..
)
. of RadialArc. There are, however, several important differences. The most significant g,
§E difference is the presence of an important magnetic field term. This can be included }i
by modifying the pressure to include the magnetic pressure derived from the self- > ‘:
i%; induced magnetic field. Thus, instead of considering only the gradient of kinetic '.
et pressure, the momentum equation now contains a modified term: i
. o
"~ ek
v »re )
EasR,
d Bz h " .
2 3 (pV1 + Volpvv) = = Vip + — (7.1)
oS 2 p WNE
" ° !
o
o where B is the magnetic flux density. \:‘:
- %
' LAY
This Lorentz force acts directly on the electron gas so as to accelerate electrons e
- .
»;.; downstream. The plasma, however, reacts with an internally generated electric field o
f §
3’ )
(A
03 |\:f
-
R
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Fig. 72.1: Geometry of a Typical MPD Thruster N

! 50 as 1o prevent any net electric current in the flow direction Thus, as with the

diffusion model used in RadialArc, electrons are retarded by this internally generated c-

N field, while ions are accelersted The Lorentz force, then, must be included in the
s diffusion mode! as a body force acting on the electrons. Eq (2.9) becomes:

N 3
\J

- - 9

X Ny z' ‘mylnl “i Yoi ™ Vp,! Sx P, *+n9q.E = 7.2 5
- L

SLCD R %6

y where ]’ is the totsl transverse electric current, and j'7 is the transverse elsctric _
\ [
ﬁ current of species y. ]'1 is sssumed 1o be only non-2ero for electrons. Electrons in o
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this model are being accelerated in the positive x direction via the Lorentz force, 5.-‘.\:
(l"

and decelerated by the internally generated electric field (E ) and collisions with \ﬁ‘;

heavy particles. L
®

The Lorentz force siways acts perpendicular to the instantaneous direction of ::E
§

motion of electrons and so can contribute no energy to the electron gas. However, : )

the retarding field provides a body force which acts on both the electron and heavy '::

gases and contributes to the energy balance of both The effects of this body

force appear as equal and opposite additional terms in both the .electron energy :',f:.-
conservation equation and the heavy particle energy conservation equation This tarm ::-:'
is: R
L
W W
W,
qn v+ vy IE 2.3) :.'o‘::
(]
Mgl
)
where E_ is the axial internally generated electric field This field is automatically ﬂ.-
calculated during the diffusion velocity calculation if the model discussed in 2.3.3 is N
used (with the modifications of Eq (7.2). The term of Eq (7.3) is added to the P
electron energy equation and subtrscted from the hesvy energy equation. The effect .,':z.‘
will be to reduce the energy of the electron gas and increase the energy of the ':'(
heavy gas. Thus, the internally generated electric fieid provides an sdditional o
mechanism for energy exchange between the two fluids. -t :
It has been determined that the energy conservation equations should be cast in a %
v
modified form when flow is supersonic. This form is obtained by ignoring the &'
kinetic energy of the electrons, snd by using a kinetic energy equation as discussed f.':-,.
in appendix B to alter the form of the heavy energy equation After these steps. the ::'_3:
energy conservation equation for the electrons is: r.::a
B
L d
3 5 Ny
gt (En.kT.) + Vo(in.kT.) (7.4) -:_:
LG
L R
, d ® — ';T' )
= jE - Z Be, 8 ¢ - ofch = VoT 4 nqiv +vy JE, ®
¥
j=1 e
7
and for the heavy gas: :::
o
]
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B

3, (72:'7;.,) . vo(rg.n7h,(7 . -V‘DY’) = (7.5)

- 2
-Vo?h + oxoh + v(le + B_))
Z s
L

- d -
z + As M at ¢ ) n.q.lv-o-vo.)E'
=1

AW s B

where the pressure gradient term accounts for the kinetic energy of the heavy gas.

™
)

o~
' - Furthermore, in order to calculate this magnetic field, some forin of Ampere's law
§ must be included. In fact, the entire electric and magnetic field situation is quite
L different in MPD. The voitage across the electrodes can be considered uniform
Y & along the axis (aithough it is sllowed to change in timel. In reality, for non-planar
f_\, geometries, the electric field will vary with radial position as well as axial position
However, an spproximation is$ used to retain the one-dimensional nature of the
.': problem by letting the field be uniform between the electrodes. Thus, the
a transverse electric field is assumed to be:
v
’ﬁ Y
Elx) = (7.6
' r Dix)
R 7}

! where Di(x} is the channel width, V is the thruster voitsge, snd E'(x) is tha focal
. transverse electric field. Once the local electric field has been determined, the
X trangverse electric current density is easily determined from Ohm's law:

X jbd = oba(E b - vixi+vy (xIBIx) (7.7)
<

! 1n where jix) is the transverse electric current density, and ¢ is the local electrical
<

conductivity. in this model the induced EMF is calculated with the total speed of the
mobile charges (electrons] and so includes the flow and diffusion velocities. It is
}Z-‘ sssumed that the magnetic field only points in the azimuthal direction (perpendicular
to both current and flow) so that Ampere’'s law takes on a particulsrly simple form

-2 B8 -
: - s o
’u
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This combination of Ohm's law and Ampere’'s law must then solved as an asuxilisry
equation in much the same manner as Ohm's law was solved in RadisiArc. However,
in the MPD context, the diffusion model requires knowledge of the magnetic field,
just as the magnetic field model requires knowledge of the diffusion velocities. In
order to produce self-consistent magnetic field, diffusion velocities, and axial
electric fields both Ampere's lsw and the diffusion model must be solved together.
These laws have been combined in 8 routine called "MPD__Diffusion® which is called
before each filow step. This procedure ensures that as long as electrons are
accelerated by the magnetic field, the net energy gain of the electrons due to their
interaction with transverse and axial fields is positive. The significance of this
spprosch becomes great in cases where the electric drag is_very close to the
Lorentz force. Numerical oscillations can result with a less careful approach

The rest of the equstions remain as they were for RadialArc. Thus, the primary
difference between the physical description of MPD and that of RadialArc is that
MPD must describe a transverse magnetic field, and is not concerned with an axial
electric field This magnetic field then becomes sn important part of the momentum
transport picture.

7.3 Boundary Conditions

The boundsry conditions for MPD are very different than for RadialArc. In the
case of RadialArc, there was 3 symmetry point at one end where fluxes vanish, and
constant conditions at the opposite end Thus, the conditions at the "guard cells” just
off the computationsl mesh were very easy to establish. In the case of MPD, a
stagnation point with constant composition and temperature is assumed to exist at
some upstream point before the computational mesh. Boundary conditions for the
upstream guard cell must then reflect some physically reasonable conditions matching
the stagnation point to the thruster inlet Rt is important that these conditions remain
physically realizable. For example, the guard cell pressure, temperatures, and
compositions must all lie between those of the stagnation point and those of the
first grid point Furthermore, the flow velocity must be chosen so as to avoid
representing any non-physicsl condition such as an expansive shock or discontinuity.
Following along the lines of techniques reported by Boris, Oran, Fritts and Oswald®’,
the following method has been devised which seems to work well under most
conditions.

in order to implement these inlet conditions, a characteristic length is needed. This
length represents something sbout the physics of the world outside the thruster. It
is an Indication of how far sway from the inlet the stagnation conditions exist The
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stagnation conditions are given by a constant temperature, composition, and zero
momentum. At the inlet guard cell, then, temperatures are assumed to be:

- -dillnﬂowt.onmh
Tguud - Tsug * ‘Thm leh (7.9)

where InFlowlength is the characteristic length as specified by the "@InFlowlLEngth”
command described in the next section and “dx” is the grid spacing. Composition at
the guard cell must be chosen to prevent any discontinuities in the pressure
distribution To accomplish this, each species partial pressure is forced to be kink-
fres. Thus: i}

. T n +@T . n -T n ) o-dxllnFlowLonoth
~Slag _ystag __ inlal yinlat __slag ysiag (7.10)
¥y puard TMG

where the appropriate kinetic temperature is employed if species y happens to
correspond to the electrons. Finally, momentum at the guard cell is related to the
flow rate: of the inlet

A FiowRate/Areal0) (7.11)

Similarly, the downstream situation requires some kind of outflow boundary
condition The basic problem in modelling outflow conditions is that calculations can
not extend spatislly to infinity where conditions are known In the case of MPD,
pressure and energy densities are all zero at infinite distance. Since the flow is
supersonic at the exit, the conditions chosen must not affect the flow field A
good scheme will be one for which varying some parameter over a significant range
does not significantly affect the results of the rest of the modelled region

The outflow approximation used by MPD is very simple. All that is needed is an
spproximation for conditions at one point off the computational grid In order to
encourage FCT to flow material into the infinite vacuum, energy density, momentum
density, and species concentrstions sre taken to be zero at the guard cell during the
flow process. Furthermore, the last computational cell is treated in a backward
difference scheme and so does not directly involve the guard cell. In addition, for
the parts of the simulation outside of the flow problem (generation of heat fluxes,
diffusion velocities, etc) the following spproximations are used
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» i)
o (7.12) 3
/ \"'
A7)
\-:-
i Pywer = Pyw ®
e A
» 1
A
d Twer = Tw (7.13) o
o
A%
W Tower = Tow (7.14) 7
X 4
Y where W is the index of the last computational grid point The mabnetic field is l'
taken to be zero at the nozzle exit -."
R o
l‘ !
i 7
! EE‘.-'
7.4 The User Interface ;_: .
o~
As in the case of RadialArc, several commands have been added to the basic list :'.:
) of possible control file entries. Furthermore, some new keywords have been added :3,
ﬁ to the @BoundaryConditions command. Briefly, the new commands are: ]
@Length to indicate the length of the thruster ."
> N
”g‘ E€FlowRate to indicate a mass flow rate at the inlet -_.'»:_
@InFlowlLength to indicate a characteristic length for 'H_
. inflow processes .
~ RS
€Width to indicate a profile of the channel width NN
< N-
-~ €Ares to indicate a profile of channel area NG
o
@Voltage to indicate the voltage (possibly a function of time) ."'
- iy
& €Transient to control the time flow (as in RadialArc) o~
~
and sre used in addition to the basic THOR commands of @Reactions, @Species, ,&
- ’ 's
- @InitialConditions, and @BoundaryConditions. .-_‘_‘:{
e
< As would be expected, the BLength command is used to indicate the length of the o
thruster. A simple numeric srgument is used, and will be interpreted as the length in ::'}C
.
o M For exsmple: e
.' .’
';s @Length (.05) o
X v
g indicates 8 5 cm channel length
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@FlowRate is used to indicate a inlet mass flow rate (kg/s). If not specified, a fiow
rate of .006 kg/s is assumed Thus:

@FlowRate(.0l1)

indicates a 10 g/s flow rate.

Similarly, @InFlowLEngth is used to indicate a characteristic length for the inlet
conditions. Thus:

@InFlowLength(.l1)

indicates a 10cm characteristic inflow length

€Width allows the specification of a channel width as a function of the x

coordinate. Thus, srbitrary profiles can be taken for simulation All linear dimension N "

Y

units should be M. For example: Q{,’.\.
M

-2

A

@Wwiath[.005%(1.0+x292)] e

N

N
SN

indicates a channel width beginning at 5mm, and increasing qQuadratically. @Width is a s
required entry. MPD will not run without it @g__,g
37
@Ares is similar to @Width, and is used to indicate the cross-sectional area of the :.:::.»:
fx.

thruster channel Units are in M2, For example: I_'::j‘,

DR A

@Area[25e~6e (14x002)0e2]

would indicate an area corresponding to a squsre cross section of the width
indicated sbove. GAres is a required entry.

@Voltage is snalogous to the @Current command of RadialArc. Again, the voltage
may be a function of time. For example:

@voltage[500+ (1-100+time) ]

Indicates s decreasing voitage ramp. @Voltage is a required antry.
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¥ @Transient Is identical to the @Transient defined for RadialArc. Again, keywords 2%
i OutTime, TimeToStop, and Verbose may be used. ;:.'"-I
ﬁ"}"
" Finally, the €BoundaryConditions command has slightly different keywords in MPD _x-: "
than it has for RadislArc. These are "StagTemp” and "StagDensity™ and are roughly i~
g equivalent to the “WallTemp®" and “WallDensity” defined for RadialArc. in the case of ::‘ﬁ /
. ']
MPD, however, a fictitious point upstresm from the computational grid is taken to ,’.: -
g be a stagnation point with constant temperatures and densities as indicated by these :707
keywords. -‘-:::
o
S\ ':J:i’
A e
‘*- .5,:3’
7.5 An Example in Argon - -_: ;
g . These equation modifications and boundary squations were employed in a simulation o
of an MPD thruster in argon The input control file appeared as follows: A
P o
¢
! <
)] i
' @Maxe (MPD) . ;: :
7 @Species (Ar,ArPlus,ELEC) ®
= @Reactions (1Ae, 1Aphoto, 1AR) T
- @AxialPoints (80) TN
@voltage([30] e
., @uﬂqth(.z) ':'\Jl' :
- @Transient (TimeToStop=10e~6,0utTime=le-6) A
@InitialConditions[VishB8Op.out] v
@BoundaryConditions(StagTemp=1000.0,StagDensity Ar=l,0e23, -9,
"\ StagDensity ELEC=5.0el9,StagDensity ArPLUS=5.0el9) BAGEN
.r\ @Al‘ea[ . 0078238] :n‘::-‘:
- ewidth(.0413) Al
@FlowRate[.006] NS
' @InFlowLength[.04) RN
" @Ena() o
- N
;. RS
v, This indicstes & simulation for a thruster 20cm in length, with 4.13cm between ::::?.
slectrodes, and with 8 cross sectional srea of .0078238M2  These conditions were ;-I_,_:
Ez chosen to roughly correspond to a device investigated by King, Clark, and Jahn®P. .o
< P vy
Stagnation conditions sre taken to be 10 torr at 1000K, and the applied electric ;?.::?_-
field is 30 volts. Beginning with arbitrary initial conditions, a steady state is reached ;::ﬁ-:_
- after several hundred microseconds of simulation. Fig. 7.2 shows the final ,’Zf:l--_
N temperature profiles. This plot indicates the heating of the heavy gas by the Sy
:'.:'. electrons as the plasma flows down the channel. Fig. 7.3 shows the plasma flow ;::.':
velocity at various points in the channel Sonic speed st the exit is roughly 1900 ':';ZI ‘
o M/s and so the flow has redched supersonic speeds. The current density profile is Z'Ej'.(
VA, . . LS
* shown In Fig. 7.4 and indicates the typical droop in the middle where back EMF is . -~
ﬁ: significant. At the inlet, back EMF is small bacsuse the flow velocity is small. At the N
. * (]
? S
[ (
:",,. )
e "!“'
::I_:(
o
----------- -'-'\‘ \‘ \.-.'.-\‘.\.. -. '~.' "‘.' "'.' ) ’ N ..’ L T T T LY "’-“'
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Fig. 72.2: Heavy Particla and Electron Temperatures in 20cm MPD
Thruster

exit, the magnetic field is low and back EMF is reduced. In the center, v(ix) and B
sre both large enough to make a significant back EMF. As is shown by Fig. 7.6,
species diffusion velocities are only significant in compsarison with the fiow velocity
near the inlet Finaily, Fig. 7.7 shows that the ionizstion fraction gradually increases
as the gas hests on its way downstream

™y o o b

< bd
4." .
7.6 Summary o
Y The general computational techniques developed for RadialArc have been shown to
~ be applicable to sn MPD problem Some difficulties were encountered concerning o
. numerical stability and the magnetic-diffusion description Also, difficulties in the L
‘ e
. energy conservstion model st supersonic speeds were removed by re—casting the N
energy conservation equstions to not include kinetic energy directly. The most ';::Zj'
3 significant remaining problem involves the inlet conditions. The chosen model is not :-;if’
{ entirely sstisfactory in representing the mechanisms by which the cold inflowing gas \.
“ is heated snd lonized by the channel plasma The butk flow is directed away form .
2 A
' R
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Axial Velocity Profile, 20cm device
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Fig. 7.3: Flow velocity in 20cm MPD thruster
this inlet, indicating that some recirculstion zones, such as in a flame holder, sre
necessary. THis aspect has not been addressed, but a model for these effects could
be easily added to MPD.
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The results of this SimulationType ars expected to be useful as a2 bulk flow model
for future analysis of electrode erosion in MPD thrusters. More work remains to be
done on the modal itself, but the current results are typicsl of other investigations,
both theoretical and experimentsl, and have the added advantage of including the
non-equilibrium description
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Figure 3: Exit fiow speed versus S’

The exit flow speed, nondimensionslized by the sound speed at the
choking point, is plotted against the magnetic force number, S°. The upper
branch represents supersonic flow and the lower represents subsonic flow.
The supersonic branch is shown dashed for $>B.52 since this range violates
the onset condition discussed in Sec. 25. S is defined by (2.4.7) or (2.4.12).

This plot was calculsted using the frozen-flow mode! of Sec. 2.4.
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_ The flow speed v is plotted against the magnetic field 8 for three values ot
|
»
; of the magnetic force number, S’ v end B have been nondimensionalized, N
e respectively, by the speed of sound at the choking point &°, and the magnetic ;E.
- ~ N
5 field at the choking point 8°. Near the inlet, the speed is very low. Going :::
PN
: downstream, the magnetic field declines. At B/8°=1, the flow has accelerated L
", : AN
to u/a’=1 for all 8. The speed continues to increase until very near the exit. e
o ..'\
.:; The decline in speed near the exit is because ohmic heating, which decelerates e
3 . oL
the flow, becomes more important thsn the Lorentz force, which tends to »
», . h §
l' .hf
' accelerate the flow, because B Is small. See (2.3.1). These curves were A
N,
- calculsted using the analytical solution, (2.4.8) of Sec. 2.4, ‘_.',; ;
".': ' i:"f
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o N
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! The back-EMF, uB8, is plotted against the magnetic field, B, for three .‘
s
values of the magnetic force number, §°, for supersonic flow. Both the back- ‘-_;._
r ‘-.F‘\
g EMF and the magnetic field sre nondimensionalized by their values at the 2‘,4::
¢ -.‘_".-.
choking point. These curves were calculated using the frozen-flow solution of R
o
j; (2.4.8). The back-EMF is small near the iniet because v is small. See 4. The :f-_
A
” back-EMF is small near the exit because 8 is small. See the discussion of l::.:
J‘.‘ :‘._:_.
- boundeary conditions in Sec. 2.2. The back-EMF peaks In the middle of the .::.f‘
thruster. Also, the electric field determined by the choking condition, (2.4.2), '!.;.
'j" }F"f
is shown ss a dashed line. For the largest S° shown, the back-EMF is larger ',‘:'_:
'.r:'.r
than the electric field during part of the flow. The implications of this are I:-::
e .
discussed in Sec. 2.5. o
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Figure 7: Compnrisoq with experiments of Mallisris et o/.

The experimental data of Maslliaris et /. for onset conditions correlate
ss predicted by back-EMF onset theory. The ordinate is the value of J?/m at
which onset was observed to occur. The abscissa is AR(40 amu /m, )" where
AR is the thruster aspect ratio and m, is the propellant’'s stomic mass. 40
amu is the atomic mass of srgon. The data shown cover the range of AR=4.0
to 13.6 and the propellsnts used were helium, neon, argon, krypton, and xenon.
The solid line is & best fit to the experimenta! data. The back-EMF theory of

onset is discussed in Sec. 2.5.
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‘ The slectric field determined by the choking condition, (2.3.3), is piotted
- sgainst temperature at the choking point for the two cases of squilibrium and
= frozen flow. The equitibrium curve uses the enthalpy including translational,
) slectronic, and ionizstional contributions for sn equilibrium coﬁwposmon of
. srgon and its first six lons. The frozen flow curve assumes a constant ’;,,.
.
composition of electrons end once lonized argon with enthalpy es given by ._':’
X/
. (2.5.2. A mass density of 0.0007 kg/m’ was assumed for the equilibrium Ry
- '..'
calculation )
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Figure 8: Argon enthalpy st equilibrium versus Temperature
The variation of specific enthalpy versus tempera ure for Argon is shown
ot various number densities. These results were obtaine. by using a detailed
statistical thermodynamics. Upto six excited states have boen accounted for
sach of the species A, A+, A++, and Ae+se, The details of the calculation are

given in Sec. 3.4.
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Figure 10: Idealized argon enthalpy versus Temperaturs
The varistion of specific enthalpy versus tempersture for asrgon in

thermodynamic equilibrium is spproximately modeled using the above

piecewise linear form. This graph represents Fig.9 spproximstely. In this

piecewise linear model, the onthalpy.varln linearly until a cutoff temperature
T=T is reached. In this linear region, sny energy that is added goes Into the
translational mode. After this cutoff temperature is reached, the temperature
remsins at 7=7 and the enthalpy continues to increase. This plecewise linear
variation qualitatively simulstes the equilibrium behaviour of the snthalpy. See

Sec.3.4 for s full discussion.
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s Figure 11
The veristion of the electric field is shown versus the total current. The . .
! experimental dats of King?® for s 20 cm. long straight coaxisl thruster are "'
®
‘N plotted as discrete points, for a total mass flow of 3 g/sec. The vertical bars ,‘:
o Sy
do not denote experimental error bers. These bars have been used to denote o
o
. the variation of the experiment from Qussi-one dimensionality”®. The solid ',‘,-:':
- curve represents the prediction of the non-equilibrium theory of Sec.3.5 R
:{:; corresponding to a uniform mass flow of 3 g/sec. The upper portion of the
solid curve ends where no steady solution to the equstions of Sec.3.5 was 'Zj:Z
-J i '. -
P found. This is interpreted as the theoratical onset point. As can be saen, Ld
. . =N
N , this agrees well with the onset limit observed in the experiment, where the v
v deta is seen to be scattered. Ses Sec.d.5 snd Sec.3.8 for a detailed ::j-..
. -r.:..:
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thruster are plotted as discrete points, for a total mass flow of 6 g/sec. The

o~ verticel bers do not denote experimental error bars. These bars serve to denote ::';-’_'f"
:;-' the varistion of the experiment from quasi-one dimensionslity. The solid :r‘z.:
. curve represents the theoretical predictions of the ‘non-oqullibrium theory of fi‘ )
< Sec.3.5 for a uniform mass flow of 6 g/sec. The curve ends at the upper ’E
:"' point where no steady solution could be found. This is the theoreticsl onset %
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limit, which agress well with the experimental onsst iimit of & 28 kA.
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The plasma flow speed is shown here as a function of distance along

«

the thruster, for 8 uniform mass flow of 3 g/sec. This profile was obtained
from the solutions to the qQuasi-1D non-equilibrium equations given in Sec.3.5

snd Sec.3.6. It can be seen that the speed increases monotonically until near

ol off 2% S N1 b
t"‘;"‘“f'“ﬂ."

b

the exit, where it decrsases. This is due to the dominance of ohmic heating

near the exit which causes & supersonic flow to decelerate.
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Figure 14: Temperature versus Distance for 3g/sec

The plasma temperature is shown In this figure versus distance along the
iength of the thruster, for a uniform mass flow of 3 g/sec. See Sec.3.5 and
Sec.3.6 for the solutions of the quasi-1D non-equilibrium theory, which were
used to obtain the sbove profile. The temperature increases sharply from the
inlet to the sonic point primarily dus to ohmic heating. Beyond the sonic
point, thera is a slight decrease becsuse of the accelerstion of the supersonic
flow. Near the exit, the tamperature rises again becsuse of ohmic heating.
This temperature rise near the exit is accompsnied by the decreasing velocity
shown earlier In Fig.13. The unrealistically high exit temperatures sre due to
the fact that the presence of second ions were not considered in the non-

equilibrium theory. See Sec.3.8 for details.
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The ionization fraction has been piotted here as function of the distance :.
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Figure 18: Current density versus Distance for 5glsec
The current density is shown here versus distance for a uniform mass
flow of 3 g/sec. This is from the solutions of the governing equations given
in Sec.3.5 snd Sec.3.6. The current density is small near the entrance because
the temperature is small whicr{ makes the conductivity small. Then, it

increases as the temperature increases. Next, as the flow speed increases and

the magnetic fisld decreases, the current density drops until a minimum is

reeched. This minimum current density corresponds to » maximum basck-EMF.
The current density then rises rapidly toward the exit becsuse the rising

temperature causes the conductivity to increase.
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Figure 17: Non-oquillbrium_ boundary layer growth
The growth of the slectrode boundary layers is plotted as a function of

the distance along the electrode. The non-equilibrium boundesry layer

calculations of Sec.4.3 and Sec.4.4 have been performed for the cathode, for a

total mass filow of 3g/sec to the MPD thruster. The anode boundary layer has
been piotted sssuming symmetry. This is done to show the approximate

location where the boundary layers merge, and the flow in the thruster

becomes fully developed. See the discussion of Sec.4.4.
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The slip ionization fraction at the wall is plotted here as a function of b
o N
the distance slong the electrode. The non-equilibrium boundsry layer theory of ,.:,,
-".h:
Sec.4.3 and Sec.4.4 has been used to compute this profile for a total mass j:-:.'
.-_:.r
flow of 3 g/sec to the thruster. As expected, the slip ionization fraction T
decreases continuously with increasing distance near the leading edge of the .
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boundary layer. BN
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Figure 20: Heavy particle temperature versus Transverse distance
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The variation of the heavy particle tempersture non-dimensionalized by

the free stream temperature, is shown here versus the Howarth-Dorodnitsyn

e
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transverse coordinate &. ¢ has been defined in Sec.4.3. This calculation has

S S‘-"‘r\ﬁi. (
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been performed for a total mass flow of 3 g/sec., snd is shown at a8 location

w5
o'

of 1 cm. from the leading adge of the boundary layer. See Sec.4.4 for further
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discussion.
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The wall shear stress is plotted here as a function of distance along the b
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l electrode. Note the decreasing shear, as the boundary {ayer thickness .

.

increases slong the length of the electrode. This profiis has been calculsted
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:‘3 near onset for a total mass tiow of 3g/sec. See Sec.4.4 for further details.
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The growth of the cathode snd snode boundeary layers is shown here

M ¥
[}

3
L)

versus distance aslong the electrode. The anode boundary layer has been

5 ol

e

plotted assuming symmetry, though the frozen boundsry layer calculations

-':"‘?';

were performed for the cathode. A total mass flow of 3 g/sec is assumed

re
YA

input to the thruster, the free stream is assumed to follow the non-equilibrium

AL

quesi-1D description of Sec.3.5 and Sec.3.6, snd the boundary layer is assumed

to be chemically frozen. See Sec.4.4 for further discussion,
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The wall

heat flux due to the heavy pearticles is shown here as a

‘ function of the distance slong the electrode. This calculation has been

performed for 8 mass flow of 3 g/sec, sn ionizing free stream, and a frozen

) boundary lsyer.
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The cathode snd snode boundary layers are shown for s fully ionized,
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frozen flow. The calculstion has been performed for a mass flow of 3 g/sec,
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» Figure 30: Wall shesr versus Distance N
-_-' -.:}_ '
> The wall shear is shown here versus distance alon the slectrode, for the .:f,
. .\"l
fully lonized, frozen flow case. A mass flow of 3 g/sec has been assumed. '."
See Sec.4.4 for details. o
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. Figure 31: Heat defect versus surface temperature
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~ The net heat into the csthode, l.e. the heat defect is shown here as 8
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' function of cathode surface temperature. Intersections with the horizontal axis
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denote steady state solutions to equation (4.5.1). Note the existence of »
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N stable root snd an unstable root. The stable root is the point at which the
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slope of the curve is negstive. See Sec.4.5 for detsils.
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tffective Cathode Temperature vs Length
Heff = 500 Watts/m/m/K
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Figure 32: Cathode surface tamperature profile
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Legend
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The cathode surfsce temperature determined by equstion (4.5.1) is shown

here versus distance along the electrode, for a heat transfer coefficient of

500 Watts/m?/K. This is for the case of s frozen boundary layer with a non-

equilibrium free stream, for a mass flow of 3 g/sec.

discussion.

See Sec.d.5 for the
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250 Watts/m*/K. This is for the case of a frozen boundary lasyer with 8 non-
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equilibrium free stream, for a mass filow of 3 g/sec. Ses Sec.d5 for the
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Cathode Surface Temperature vs Length
Heff = 3000 Watts/m/m/K
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Figure 34: Cathode surface temperature profile
The cathode surface temperature determined by equation (4.5.1) is shown
here versus distance along the olqctrode. for a hest transfer coefficient of
3000 Warts/m?/K. This case is that of a cathode subjected to a fully ionized,
frozen boundary layer with 8 fully ionized, frozen free stream. See Sec.dS

for further details.
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Figure 35: Heat fluxes versus distance
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The various heat filuxes thet contribute to the cathode energy balance

g}

Y given by (4.5.1) sre plotted here versus distance. The case shown here is that °
», :‘__.
of 8 frozen boundary layer with 8 non-equilibrium free stream for s mass -
*’ flow of 3 g/sec st onset. This case considers heat transfer to an externally
supplied coolant with an effective heat transfer coefficient of 500 Warts/m*/K.
’: See Sec.4.5 for details of the erosion calculation.
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-t The various heat fluxes that contribute to the cathode snergy balance :.;.‘
T
. given by (4.5.1) are plotted here versus distance. The csse shown here is that p
-I. "-‘*
of s frozen boundary layer with a non-equilibrium free stream for a mass k
LY :.\ ‘
iy flow of 3 g/sec at onset. This case considers heat transfer to an externally :
[ LN
supplied coolant with an effective heat transfer coefficient of 250 Watts/m’/K. .‘
. See Sec.4.5 for details of the erosion cslculation. N
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'The various hest fluxes that contribute to the casthode snergy balance

given by (4.5.1) sre plotied here versus distence.

The case shown here is that

of a fully lonized, frozen boundery laysr with a fully lonized, frozen free

stream for & mass flow of 3 g/sec at onset.

This case considers heat

trensfer to an externslly supplied coolant with an effective heat transfer

coefficient of 3000 Wartts/m*/K.
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, The erosion rate expressed in units of micrograms per coulomb is shown I~_
. ..‘
here as a function of distance. This erosion rate is the evaporstion mass flux ;
- &
; divided by the current density. This figure when viewed in conjunction with j:
d ".P-'
P Fig.16 shows the higher evaporstion rates near the entrance and exit regions, :j:
o
8s opposed to the middle region of the thruster. See Sec.d5 for the "
;.'-_ discussion.
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