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' For independent chi-square variables 2, and x3"/with m and n degrees of freedom,

v isr €

respectively, we consider the quadratic form

AL

"i"-.

Q =ax} +exd

.,

(._P’f

where the positive ¢; are distinct. %
This paper gives exact finite expressions for the distribution of Q in terms of available ':’,-:_
functions such as the distribution function of chi-square random variables, modified Bessel ’_D,').'
Functions, Dawson’s integral (tabled in Abramowitz and Stegun (1964)) as well as the ‘...
(2) %

distribution of c(ll) x? + ¢;"'x} (tabled in Solomon (1960))* These formulas are useful for
checking the accuracy of approximations and tables of the distribution of Q and provide a

SRR

simple alternative in their absence.

kp For large m and n, reasonable approximations to the distribution of Q are available. f:;'
E For the general quadratic form Williams (198~9/g9mpu&s algorithms for truncations of $;
. infinite series expansions of the distribution.{fs:e Johnson and Kotz (1970).) Oman and :'
Zacks (1981) give a mixture approximation and Davies (1980) provides an algorithm for '
an approximation. For small values of m and n, tables for the distribution of Q are given 3': :
by Harter (1960), Johnson and Kotz (1967), Marsaglia (1960), Owen (1962}, and Solomon ,.E
(1960). ;>
Distributions of the form Q arise in a number of applications. Solomon (1961) noted :&:
that probabilities of hitting targets frequently reduce to the distribution of quadratic forms ’: ,
of the type Q. Pillai and Young (1973) show that the trace of a 2-dimensional Wishart :(':'
‘ matrix is distributed as Q with m and n equal. The variable Q% arises in the engineering N
' literature described as a weighted unbiased Rayleigh variate of dimension two. (See Miller ‘_f’:
(1975)). A very important application is the distribution of chi-square goodness-of-fit tests :'-E._
with estimated parameters. Certain two-sample chi-square tests described by Moore and ,;.‘
Spruill (1975) have asymptotic distributions of the form Q. Alvo, Cabillo and Feigen ":‘._
(1982) show this for the average Kendall tau statistic. The distribution of Q for small m '.\
and n for the average Kendall tau statistic is provided as an example in Section 3. .,,.‘-‘
‘ 2 2
3
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The exact expressions for the distribution of Q may also be useful for approximations
for more general quadratic forms, especially in the case where there are essentially two
groups of coefficients nearly alike within groups, i.e. the distribution of Q is an approxi-

mation for the distribution of
m+n

Ql = Z a‘(i)xg
=1

where a; ~ ¢;,1 = 1,...,mand a; = ¢2,s =m +1,...,m + n. The exact expressions for

the distribution function of Q are given in the next section.

Section 2. Exact expressions for the distribution function of a linear combination of

two chi-square random variables

The results in this section give exact expressions for the distribution function of
Q =ca1xh +caxi

where the positive ¢; are distinct and x2, and x? are independent chi-square random
variables with m and n degrees of freedom respectively. The first theorem handles the
case where at least one of m and n are even. Corollary 2.5 gives an expression for the
distribution of Q in terms of that of a quadratic form with fewer degrees of freedom. This

corollary can be applied repeatedly to give the distribution function of

c1X3k+1 + €3X3e41
in terms of modified Bessel functions Iy and I; and the distribution function of
Q1 = efx} +¢§7x}

Tables of the distribution function of Q; are given by Solomon (1960) and tables of Iy and

I, are given in Abramowitz and Stegun (1964). In an example, a representation for the

distribution function of ¢{"x2 + ¢ x3 is given.

The following theorem gives the distribution of Q unless both m and n are odd.
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i Theorem 2.
' & ¢
. Let x2, and x3, be independent chi-square variables with m and 2k degrees of freedom, .
{) vl
- respectively. Then ‘
" 4
B v . k-1 A
g o [-2—" +==> 1] =P[xm>a]+ ) 8P [X;(k-j) > 00] Y =
ao a) j=0
I <
‘- where )
R a.=( & )J( e )?r(%j) :
- ? " \ao—ay/ \la1—a0l/ T(3)() A
, If a; >a0,'7,-isP[x,’“+2J-<al-—ao]. If a; < ap, and m is odd,
)
'E ‘;
N, . Y ( scar) SR v e o)
v 4 = c:n_s_L(_l)L"_rl ; 2 _ E ( 7 ) t( 1)
" t=0 r(t + i) ;
" b
o where D(y) is Dawson’s integral tabled in Abramowitz and Stegun (1964).
X I
- Remark: Note that the result in the theorem is completely general since we may write N
.J- x? xz ‘-
P[c1x§k+ch3,,>c]= P[-z—"+—"'>l] %
(Y, ao a; .{
'] - S 3
M where ag = cc]” and a; =¢ce; . N
& Proof: _'.‘
> ng xen P 2 K
v — — — — -
: (s)=P [ ot > 1] [x2, > a1) ;
> 3 2 81 — X3 ”
= P |Xm < 6; and x3 > —~
: - :
" a —-— -.
> =E [1 (X <a) P [X;k > —’———fr"lle..” : :
N @189
) .
Al Hence, ’J
- - _l—r‘ - \y o) ~w
N (#) = Murer ;V_:l Snce d c(—m) du -
- o I'(%)T? j=0 7! .
~ 5
N . k—-118\j ,a, ] e . ‘:
'~ = e:n,?z (2"." / (a1 — ) ud-teTU-Plgy, X
I‘(—,—)Z j=0 J: [+] S
v 4 .
v,
N
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Es Equation 3.393, #1, p. 318, of Gradshteyn and Ryzhik implies that the integral above is i
: a?’*’ B(2,5+1)1F1 (F.5+1+ 3 (ao—a1)/2) where | F) is the confluent hypergeometric ¢
! function. 23
' W
P For ag < @y, a theorem of Bock, Judge and Yancey (1984) implies that for odd m, ;‘
T(3) (o1 - ao)/2)¥ 1Fi(F 5 + 1+ Fri(ao - a1)/2) >
: 1+ {(m - :::
: _ (_1)(m-l)/2 F+{m+1)/2 T(¢- %)(_“_3._;)( ip [xgt-l <a __a°] -
) (L3 +5+ 1) t=(m+1)/2 (- .(2;_‘).)!(1' + &;:ll -0 a
: Applying these to the integral we have we may write (*) as "
{
-8 k- X
e ‘fa? Zl(iq ; )
-1
. T(3)(~2)"7 (a) — a0) ¥ =5 2 4
: »
» :\
» .\
sy (m+1) *
T )+Z T(¢- $){(2) P [x3e-1 < @1 = 60] ;
et (e - mtlyy 4 () _ gy -
, Interchanging the orders of summation and setting s = ¢ — iﬂ_zﬂl above gives (*) as ::\‘:
3
. .
w
- P, irG+ 3 +i=E kol (e N
. al.,. e Z ( T)(“ ") Z (-?) X2‘+m <a; - Go] By
s r(T) =0 ‘!(-2)—,_-(“1 - Go)* ’=n by
% 2
- Because &
’ s
v’ ol G0, 3 .
; nn ,2,; .)' = (3P [y > o] =
we can substitute this in the last expression for (*) and the theorem is shown for ap < a; ’:
and odd m. A corresponding evaluation of 1 F1(5,5 +1+ F; (a0 - a,)/2) for even m gives ::'
” the same result here and the definitions of v; and 8, complete the proof of the result for 7
) \.
a, > ao. If a; < ag, then a theorem of Bock, Judge and Yancey (1984) implies that for ™
5 )
Y
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odd m, r(m
r—(._;._—i—-i*)_mxﬂ(?d +1+ ?; (a0 —a,)/2)
Gg—0, arl ! (u).-j-("‘—l)/zr( + 2 -
= )/3(-1)—7‘; 2 a5 — ) 5.
20(y/ =5 _;5—1 (a5o)
/fSGo—m! t=o I‘(t + %) )
Thus

‘_C:;A al?k~lao’- %-__l_(--—.
) = 5y (3) ,go(?) (-1) " et

(225%4) " HIrG+ § - o)

i
g) s!i(y — s)!

¥ido—a, F(t+ %)

7 t=0

{zv( ssu) _f‘l (215%0)¢ }

Setting 1+ = j — s and interchanging the order of summation for 1 and j gives

H o k=1 ;gg~g,y —s— o5t s

G- fmGTL T e ey
PWER) U g | A2 (g
/tinoz—o;! t—o I‘(t + %) o G- 1)!

The result of the theorem follows because

k-1 :,-a y—1
> E‘UL;%—‘ = P [x3p-n > o]

j=i
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The corollary to the next theorem gives a representation for the distribution of Q in

terms of its density.
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Theorem 2.2. Let W be a continuous nonnegative random variable and assume x2 has

L 4
"'S

a central chi-square (n) distribution independent of W. Let fq_(z) be the density of
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Watewe

§ Qn =W + cox2 where ¢o > 0. For ¢ > 0, and n > 2,

P[W +coxh > c¢] = (2¢0)fqulc) + P [W + cox3_, > ¢] . .
' &
; Ifn=2, :$ :
' P[W +cox? > ¢] = (2¢0)fqu(c) + P[W > o] 2

e

Corollary 2.3. For the quadratic form

Elld

»

L4

Q = ax? +eaxd,

e

we have
y _ P[Q > c] = 2cafg(e) + P [eaxp, + 2x3_3 > €]

eR L,

where fg(z) is the density of Q and x2 =

Proof of Theorem 2.2. Let Q, = W + cox2. Let fg.(z) be the density of Q.. Then

fa.(¢) = gc-[P [W+cox?.<c]]. 3

We may write T
1

; ’ [ 2 ] c/co un/Z—le—u/Z ¢—cou '::
P|W +coxn <c¢ =/ ——-[/ de]du Y
b " 0 r(3)2"/? 0 \:

(c-t)nlﬂ 1 —1/2(c—t)/co [ t -

d w] :':

- o r(z)2~/3 %
o

Y where t = ¢ — cou is the change of variable. :j

] Differentiating this last expression implies
rd ™
J . e—t)g ~2—(c~1)/2¢co o)
». = P [ - A
-._ an(c) (260) {I(n 2 3) /O ¢ r(n;ﬁ)zn/? 1 /0 dFW]dt ;;
) ..I. "

e=t\n/2-1,—(c—t)/3¢co  pt )
, +I(n—2)/ dFw] + (- 1)/ Sy )col‘(,)2"/2 [/o dFy)dt}

(.,(

= (2¢0) " {I(n > 3)P|W + coxi_; < ¢| + I(n = 2)P[W < ¢ ~ P[W + cox2 < ¢]}.
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5 The following theorem gives the density of Q in terms of a confluent hypergeometric
l function.
[)
L
, Theorem 2.4. Let m and n be positive integers and let ¢;,¢; and ¢ be positive. Then the
%
b, density of
; Q = c1xm + €2XA
P
s is )
2 y m+n /2—lc—y/2c, n m+n - LY
oy = F — —— -_— -_
- fQ(y) I‘("‘;")(2c,)"‘/3(2c,)nl2‘ 1(2: 2 .(c; €q )2)
i:.‘ for y > 0 where x2, and x2 are independent chi-square random variables and 1Fy is the
:\: confluent hypergeometric function.
= Proof. Let W) and W; be independent random variables such that W, /c; has a chi-square
.L’ (m) distribution and W3 /e, has a chi-square (n) distribution. Then the density of W, is
g
¥
~q m/2-1,-2/2¢c,
: hl (z) = z m : m/2
) I'(F)(2c1)
) for z > 0.

The density of W3 is

: hz(z) _ zn/?-le—:/Zc, .
I(3)(2¢2)"/?

for £ > 0.

Then the density of Q =W, + W3 is

P
LA S I

faly) = /0 " My - 2)hg(z)dz

-
‘ e=v/%e [[¥(y — gy™/3-1g0/2=1 =22 - )]
v, =
. o)™/ @e AT (HIT(3)
.\‘-
a Y
X The integral in parentheses can be written as
>
N r(%)r(%)y("w")/zsl (2 m+n -1)34
: rem iy il ma)y)
% ’
b 8
>
3 ]
1% ]

o i - R [, . " . -y , < w
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Thus, for y > 0,

c-y/?c.y(m-lru)/z-llpl _?, m+n; (cl_l _ c;l)g)

T(Z52) (Ze1)™/3(269) /3 .

faly) =

The following is a direct result of Corollary 2.3 and Theorem 2.4.

Corollary 2.5. Let ¢o,¢; and ¢ be positive and assume that chi-square variables are inde-

pendent in the following expressions. Then if m > 2,

P[coxfn + c;x: >e¢|/=P [coxf,,_, +eax2 > c] +

CO(%)m-f-u/Z—le—c/zco n m4+n ¢

nm+n c _,
1Fx(2, 2 'Z(Co e ).

T
Form = 2,
¢
Pleox3 + e1x3d >¢]= P [x.’. > ‘c—] +
1

(ﬁ)n/z

_ nn c, _ -
raens Ry gl -,
2

Remark: Repeated applications of Corollary 2.5 enable one to evaluate the distribution of

Q when m and n are odd since

1F1(‘r22,m,!1) = r(m—‘;—l)e*(%)h’-_u : I(;;_')(g)a

where I( mc1) is the modified Bessel function. (See Equation 13.6.3 of Abramowitz and
Stegun (1964).)

Examples:
(a) Foreg <e¢;andy = §(c;’ ~¢;'!), we have .

¢
Plaxx3+eaxi>c =P [xf > -c—l-}

- 2
e (Z=)p(y)
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N
and \ ¢ '»;
P[cle + c,xi > ¢ = Plxi > :-l-]+

-0 2¢

c
e (

k ¥ £ -1y _
Al U 1+ 1+y71)) o

(b) For d; = ¢/4¢i,8 = 1,2, ﬁ;

2 v
P[clx?, +exi>el= P[c(,‘)xf + c(2 )xg > e+ '
L.
’ ""-
) NG
b L
’ Vadid; e +9) {Io(dy — dy) + I1(d2 — d1)} . -
) R
and .2, (D) 2 1)z, (3) 2 N
Ple;'x3 +¢5'x3 >.¢] = Ple; 'xi +¢3'x1 > €|+ ~
)
w
-
d, +d I
c-(dx‘f'd:)(‘dldz)* {10(31 — dZ) + (dl dz) Il(dl - d:)} . ’:: §
N (dy — d3) S
' »
o’
N For instance with ¢; = .25, ¢; = .75 and ¢ = 1.8, we get after substitution, o
: 2
' P[.25x3 +.75x% > 1.8) = .292 =
- XJ - X] . - . |::\
’ b .
Furthermore with ¢; = %, 2 = % and ¢ = 8, we get after substitution :::
!:‘..l
1M, g e
P [5 X3+ 3 X > 8| = .018318. ;:;
.
¢ It 1s instructive to test an approximation for the two probabilities just evaluated. We »::-
"
replace the random variable Q@ = ¢;x2, + ¢;x2 by (cx;",)" and obtain values of c.p. and k ::::‘
by equating the first three moments around the origin of the two random variables. When ::::
the three parameters are computed we need refer only to the usual x? values for p degrees P\¢
of freedom to obtain percentiles of the distribution. If the first three moments of Q about \:.
the origin are u, u5, and uj, we have :f.
™
N
RS
- k R
p=(2c)T(k +v)/C )
sy = (2¢)2*T(2k + v)/C

uy = (2¢)** T(3k + v)/C
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where v = p/2 and C = I'(v).

It 1s convenient to define
T2k +u)/{Tik + r)}2
AT(3k +v)/{Tik + )}’

Ry =y /u’
Ry = uy/u?

i

We first calculate R; and R; from the moments of Q and solve for k and v. then
¢ is obtained. Computer routines are available to perform these operations and then to

calculate probabilites of y? even with non-integer degrees of freedom. Thus probabilities

for Q may be approximated. since we have
P{Q < q} = P{x} < (¢""%)/c

See Solomon and Stephens (1977. 1980) for further description of the procedure.

In our examples. suppose firstly Q@ = .25\2 + .75x%. Fitting (¢ 2)“. we get ¢ =
0.13015.p = 9.08011.k = 1.70. and so @ ~ (0.13013513 gagy; )’ "% and P{Q > 1.8) = .2925.
By exact methods we obtained P{Q > 1.8} = .2920.

Secondly consider Q = %X% + §X§ By equating moments we get ¢ = 0.32851.p =
7.54926. k = 1.18 and Q ~ (0.3285v2 ,906)' " and P{Q > 8} = .01834 as contrasted
with .018318 from direct calculations. It can be seen that the (cxf,)" approximation gives

excellent results. Other examples are given in Solomon and Stephens (1977, 1980).

Section 3. Example: the average Kendall tau statistic

For the rankings of r objects by n judges, the average Kendall tau statistic, 7,, is
the average of Kendall’s rank correlation between each of the (3) pairs of judges. The
null hypothesis is that the r rankings of the judges are picked at random from a uniform
distribution on the r! possible rankings. As n — oo, the null distribution of

3r(r—1)

(nfa +1)- 2

is that of

11

NN AN “ . NN Lt e e A e e
W R LN NN EN A R R A AN I AT AT AT A AN
il 'S, A AL pT .4-. A..J\."L A.ﬂ_a._ SR SR SO, -.z._;_._:_..__;n._s.hg'f:__u.@

P

A e r -
DEERANS

1Y N T
BRAANY)

2N

-

- x
L

AT

7,
A

(&

h T Jo fu o
’ PA’
L9 Y

z

AR
I

pEat
b

X
« Y

2l

[RENT NN G
/

7

e ™ Ty e g
RN AR NI

.
.



n ]

Xl A X

Q= (r + l)xf_x + Xz';l)a

where ("3!) is the binomial coefficient. (See Alvo, Cabilio and Feigein (1982) for this result

and discussion.) The results in this section are derived from the results of Section 2 using

oy %

algebra.

A K

Forr =3,

2 - 3
P[4x§+x?>t]=P[x3>t]+ﬁe'rp[x§<.i‘.],

‘g. LS IP,'E{%""V‘;-‘;.‘;.‘ "3"?’."}:‘

Forr = 4,

v
>

) [5(‘)x§ + @3> t] =P [5(’))& + @3 t]

_3t ¢
+e -Stm {Io(é) +151, (%)}

where I, and I; are modified Bessel functions tabled in Abramowitz and Stegun (1964).

,-
sy <

Tables of P[cgl)xf + c‘,” x? > ¢] are given in Solomon (1960). If tables of non-central chi-
square distribution functions are available, we may use the exact expression that follows

where A and B are non-centrality parameters.

1
)
4

o,
-
Wy
o
~
e
"m
S
)
~

PsMyx? 4+ x3 > 1]

= P(x3 4 < B] - Plx},p < Al

. "W
A

t
A= 5(3—5*)

t
B= 5(3+5§).

CENS YN T L,

Pl

Now for r = 5,

P
A

Pl6xi+x3 >t
= P[>0+ P [xi < 5] (ErP > ¢]
+P [x% < %] (%)’P [xi > %]

=P[x3> ¢ +a(;)°F +

SYNEYS

Ty
Al

.
7\

AL

T
bt o/

+ ¢T7(.6912 + .144t) P [xg < iei] :

12

"-"-'\"V'V\"V‘\"\-’V'v" % N N -y - Mg ® oy .. - ..‘
y - " X - ... - .
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n,
)
)

[}
y The asymptotic distribution of 7 is summarized in the table below for amall values of
r:
'
N r = number of items Q = asymptotic PQ >t
Uy ranked distribution of
‘\ (nTa +1) (=) ';l
‘ as n — 0o
: 3 4x3 +x3 Pix3>t]+ :}ge‘*P [x3 < ¥
. 1),2 , (2),2 -
" 4 5(0x32 + (2)x3 P5Mx3 4+ @)y2 > ¢+ e 3¢t {Io(.21)
+1.51,(.2t)}
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