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Destroy this report when it is no longer needed. _
Do not return it to the originator.

Additional copies of this report may be.obtained

‘from the National Technical Information Service,

U. S. Department of Commerce, Springfield, Virginia ’
22161.

The findings in this report are not to be construed as an official

Department of the Army position, unless so designated by other
authorized documents.

The use of trade names or manufacturers' names in this report
does not constitute indorsement of any commercial product.
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I. INTRODUCTION

In this report we consider the initial value problem

ou dF ~ 3G

-a—t:'g;*w"ﬁ; t>0, < x, y(mo (1)
u(0,x,y) = uo(x.y) (2)

Here u, F, G, H arem X 1 vectors, and

Ju
F(u) = f1(u) + f2 (u.s;) (3a)
\ du
Glu, = 31(u) + gz(u,g;) (3b)
H = H(u,x,y). (3c)

We shall assume that Uy belongs to the class of functions, D, which are suf-
ficiently smooth that Equations (1) and (2) have a unique, strong soclution
ulx,y,t), wnich for 0 st s7T is in the class cP*! of functions possessing
continuous partial derivatives D°u of order through p+l1, for some p 2 2.

Thus, when Eguaticr 70 .o hyperbolle, uo,T musl be restricted such that no

snocx formation occurs in T s +v $T.
1. EVOLUTION OPERATGCR

. 1
Unde~ the atove assumptior, there exists an operato~! E =E(:,t) with
the property thzt

U™ LB L 0ststersT (u)

NN . . :
where U" - uix,v,ty, U = ulx,y,t*t1. Although the applications normally
call for cdisecrete vaiues 92r a space lattice, for convenience c¢f analysis we
prefer x, y in Equation {(4) ts be variatle.

P,

2. APPRCXIMATE FACTOREIZATICL

A majlo~ prctlieT of moderr numer 2zl analysis s LAf liscovery Il cperetcr
prcducts
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M
-0 LY (5a)
je1

LT

which to p-th order accuracy approximate the operator of Equation (4); {i.e.,

n+1

U™ - WU e LT s 0 (P (5b) 5

Here, we shall bLe concerned with the case p = 2.

3. REGIMEN '5
N
For economy of machine implementation, the operators LJT are to be the :
simplest possible. In practice, they provide second-order accurate approxi- :
mations to solutions of certain equations which are associated with Equation ) E
{1), through the natural splitting ol
v
av _ 3F(v) . X
t X (ha) :
9 oG (w) i
w w "'!r
-_— o e— { W
Ty 3y (6t) 'g
£?
29 P
3" H(Q,x,y) (6e: =
Y]
— o
Tae correspondlng approximetion operators for Equation (6) we denote by b}
?
t
ne+l TN X 3
\ = Lx v (7a) Cd
3
L4
Wt 70 + 0(1?) e oy
y e
)
n+1 T AN . v:f'
Q " be Q (¢ g

Tne me*ncd of operatd~ splitting was originatel by Peaceman a-? b
Rachfori,? in de-iving a varianrt of the alternating direction ({(A2I) metnr: 'k
which .ienas i%se.’ to tne use Of cvciiC parameters for accelerating conver- *m
gence. In seexing s=olutions of {1}, the curse of dimensionality may I« -
avoided througr splistings such as provided by Equations (5-7;, ofte~ wi®~ e
improved time step ~est-~ictioms. Mcreover, advantage can be taken of the lovf 'ﬁﬁ
anc¢ successful nistory ¢l resea~¢h results concerning efficient nume-l2: :y
schemes fcr sclving ejuzticns such as Equation (€). Par~ticularly of no%e a = 'ﬁ
the advantage: of MarTorrac«'s metrod for the Navier-stoxes Equat.ons,’ a<: o

2
A
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certain higher order shock capturing schemes for the Euler Equations." *

The purpose of this work is to provide rigorous proof, in the general
nonlinear case, of the second-order accuracy of a splitting considered by Mac-
Cormack.® There, MacCormack Jjustifies second-order accuracy by means of a
frozen Jacobian analysis and a gain matrix approach. Thus, his method rigor-
ously establishes the result only in the case of a linear system. In addi-
tion, we consider the problem of obtaining second-order splittings for systems
characterized by presence of derivative-free source terms, as in axis-
symmetric geometries. Some discussion of the optimality of the splitting
approach is given.

II. THREE-FACTOR, SECOND-ORDER ACCURATE SPLITTINGS

Strang® proves a result on operator splitting, which is somewhat more
general, but whose coritent is essentially the following:

. SPLITTING THEGREM 1

. -

Suppose operators L;, L; are known, which provide, as in Equations

{7a,b), second-order accurate updates for solutions of Equations (6a,b). s
Tren, either of the comgosition operators defined by }
X X ¥
v . ? LT Lew? (8a) v

X ¥y X
\d

and

$
Lo :
S A T 8. )

provides & secong-orcder accurate, three-factor splitting for the equatiorn

(]
. . - +

Jdu oF (1, 857U P

= = + = V9
* 3X oy )
‘.
¥
2., COMMENT ! <
Using the rmetnicds ¢f Sirang,® we ¢z~ show that no two-factor splitting -
whicr ermplcves indivizizlly aclurate Operetcre can, over ore ster, yield & )
sex:rd-gorder splituing fo- Fgquaticon 9., Thus, among the class of operators Pae:
wnlnr are sefcnl-orger ascurdte over one ster, Ezuations 8a,%', are optimal, ﬁk
in terrs of the numte~ ¢f Ccpevators agprlierz, 3

“ e (2ol Rlag

- - - Ny
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equations such as

ou a
3% " c(t,x,y,u,D u) (10)

where D®u are derivatives of arbitrary order. The equation
C=a+b 1)

signifies an arbitrary splitting, subject only to the restriction that there

exist operators L;, L; which provide second-order updates for the equations

-— =2 (12a)
and
=— = b . (12b)

Some complicztions emerge when C is an explicit function of t; however, these
Go not concerr. us, as we shall not require explicit time dependence of C.

IIT. FOUR-FACTOR SECOND-ORDER ACCURATE SPLITTING

licw, observe that if the operator sequence of Equations (8a,b) is appiied
twice, six operator applications are necessary in order to advance a 21 time
increment. MacZormacv?® seems to have been first to notice that a more eco-
nomical second-orcer update, over time increment 21, can be obtained. He con-
siders cyciical applications of the operator sequence

o™ L WT LT LT LT " (13,
Xy yo ox

His justification ¢f secornd-order accuracy is sketched below:

Consider a Fcurier mode

.
Uix,y,t) = A(t)elrxeny)

-

ion (1&y, withn frozer Jacioian matrices Jp, Jg, it emerges?® that Ecuztior

By applying the operatc~ seguence in Equation (13) to the Fourier mode of Egu-
aliCn .
{15, produces 2 ga.~ matrix

? 8NP N A A W e i P a e R W Y 0 1 v




np LR L de Tt e at e o 6 o 32t e’ @a® 328 da% fL A sy oS 3t Lot a8 g0 g d g dedgdiadis giadiagiygca 0, ety gl

8,8,8 8, (15)

which differs only by third order terms from the exact gain matrix obtained
when Equation (14) is substituted in Equation (9). Thus, Equation (13) has
been rigorously justified second-order accurate only for linear systems Equ-
ation (9), with otherwise locally-linearized second-order accuracy.

However, by approximately factoring the full-step (middle) operators in
Zquations (8a,b), we now show that MatCormack's cyclically reversed sequence
Equation (13) is, in general, second-order accurate, subject only to the re-
strictions required for proving Strang's splitting theorem.

Suppose LT is second-order accurate for the equation

9z a
T = 8(x,y,0%) (16)

Then, tc within terms of third order, it is required that

a 122: a
Lz=2z+r1g(x,y,Dz) + 4 Bu + D'g Ny

where B are the Jacoblian matrices of g with respect to the derivatives D7z,
Thus,

LL%zy = LTz« 1 g (x,y,0% + D% + %E B - 0% + 0(<°3  (1E,
Expanding tre seccrl term in the right member, we see that
LTz = Lz 4o g(x,y,Duz)*-% TZZ;EQ . Dqg + 0(13) (10
This becomes, nzt surprisingly,
L'z = 12T v 0013y ‘20

iience, by arplsing Eguaticn (277 to Strang's results, Equsticons fez,n, w€ S
that Maclormac.'s ¢veoliczlly reversed seguance Eguaticn {130 is seconi-Crdle
accurate, over time ncrement 21, fo~ general nonlinean systems ¢f tne fcrn,
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Equation (9).

Iv. SPiITTING IN THE PRESENCE OF SOURCE TERMS

In recent research concerning second-order accurate shock-capturing algo-
rithms for the Euler equations, interest is focused upon the problem of split-
ting Equation (1) for the case in which nonzero H(u,x,y) is present in Equ-
ation (1). Carofano,’ following MacCormack's® results for the two-dimensional
case, intuitively employs the splitting

n+2

1
U = (L,

T, T, Ty Ty TyyN
Ly Ls LS Ly Lx YU (21)

where L _° is second-order operator for Equation (6c). We now discuss opti-

mality Por Equation (21), and rigorously establish second-order accuracy.

In view of comments 1 and 2, it is unlikely that a three-factor product
of individually second-order operators can be found, which over one step with
time increment, 1, provides a second-order update for Equation (1). What can
be done, rigorous.y, is to consider splittings which pair up any two of the
quantities F, G, H against the other. Typically, the splitting

+
0)'0)
<O
-
o
"
x
O
[
W
+
o
-
[V

togethner witn resulis similar to Equation (8), obtainable by applying Strang's
gene~al resuit {(Comment 2), establishes that

n+? 1/2 1/2 1 1/2

U = L (L L L ) L U f2za’
s X y X [
and
L n*? /2,,1/2 |1 1/2 /2 .n a
J = L \L L L ) L U (2:5
S y X y s
botn prcovide five-factcr, best possible in number, second-order accuretles
splittings, over cne step of increment 1, for Equation (1) with source tern:
present. AmIng cther possibilities similariy obtained, the factorizaticn
r+’ ., 1/2,,1/2 ;1 ,1/2 /2 .n -
Ut o= L (L LL )L U -
X y s 'y X
sna.. be of pe~ticulan interest.

Iv is olea~ thnat an approximate factorization of LST in Equation (24

8
A |
r,rrc.-,r w! e, - . w, e o« - S
WP A A LA Ayl gl S A AL SR S R R |




can be used to establish second-order accuracy for the Carofano splitting of
Equation (21), when % is replaced by 1. Hence, Equations (21, 23-24) provide
equivalent second-order accurate splittings of Equation (1) in the presence of
source terms. Equation (24), applied over time increment 21, should be most
efficient, but at the expense of cyclically modifying the time step.

Our final comment is that, in terms of the optimal number of operators,
Strang's splitting of Equation (8), over time increment 21, is still one oper-
ator evaluation more efficient than is the MacCormack version of Equation
(13). However, in many cases, stability restrictions or special problem idio-
syncracies may mandate other priorities.
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