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I. INTRODUCTION

In this report we consider the initial value problem

au aF + aG+ H; t > o, < <
at Tx ay

u(O,x,y) - u0 (x,y) (2)

Here u, F, G, H are m X I vectors, and

au
F(u) (u) + 2 (u,-) (3a)

au

G(ui - g1 (u) + g2 (uL) (3b)

H - H(u,x,y). (3c)

We shall assume that u0 belongs to the class of functions, D, which are suf-

ficiently smooth that Equations (1) and (2) have a unique, strong solution

u(x,y,t), which fo, 0 t S T is In the class Cp  of functions possessing

continuous partial derivatives D ,u of order through p+1, for some p Z 2.

Thus, when Eliatlo.. " ,yperbollc, uoT must be restrictei such that no

shock formation occJrs .n C I t S T.

1. EVOLUTION OPERATOR

Unde- the above assin~tlo., there exists an operato-1  E'= E 1-,t) wit-
the property that

U - E U , 0 S t S t 5 T (4

where Un - U'.X'y't" U n - ,y,ty-t*). Although the applications norally
call for d~screte values on a space lattice, for convenience of analysis we
prefer x, y in Equation 'a) tz be variable.

2. APPRCXIXATE FACTOR:747.I1-'c

A ~~- ~:e ~ ~er . c a av : s : :soove-' c rera:
ma~o- p,,c~i-._e, of -. . . .

products



M

L .1 L (5a)

which to p-th order accuracy approximate the operator of Equation (4); i.e.,

Un+l = ETUn LU n + 0 ( P+l) (5b)

Here, we shall Le concerned with the case p - 2.

3. REGIMEN

For economy of machine Implementation, the operators L are to be the

simplest possible. In practice, they provide second-order accurate approxi-
mations to solutions of certain equations which are associated with Equation
(1), through the natural splitting

av 9F(v) (6a'
at @X

aw aG(w) (6t)

_Q . HIQ,x,y) (6c'

Tne c respo.:,ig approximation operators for Equation (6) we denote by

n L v (7a)

X

w n+l L T wn + 0(T') (7K

n+1 .T n
Q 5 7c

.ne methcd of opera)- splitting was originated by Peaceman a.
Rachford, 2 in de-Iving a variant of the alternating direction (AD met'n:.
which lenos itne'f to tne use of cyclic parameters for accelerating conve-
gence. In seeKing so!utions of -'I), the curse of dimensionality ma t
avoided ttog--, s, tngs sJch as p'ovided by Equations (5-7), ofte-. wn-,
imp'oved time step -eit-ictons. Mcreove", advantage can be taken Cf tY '-,,,

and successfui nlqt--y cf resea-ch results concerning efficient n je- . -

schemes fnr such as Equation (E). Pa' tcilarly of cte a-.
the advantage- Df Ma-cr;-acK's method fo- the Navier-stokes Equat1:ns,' a-.:

2



certain higher order shock capturing schemes for the Euler Equations.4 5

The purpose of this work is to provide rigorous proof, in the general
nonlinear case, of the second-order accuracy of a splitting considered by Mac-
Cormack. 3 There, MacCormack justifies second-order accuracy by means of a
frozen Jacobian analysis and a gain matrix approach. Thus, his method rigor-

ously establishes the result only in the case of a linear system. In addi-
tion, we consider the problem of obtaining second-order splittings for systems

characterized by presence of derivative-free source terms, as in axis-
symmetric geometries. Some discussion of the optimality of the splitting
approach is given.

II. THREE-FACTOR, SECOND-ORDER ACCURATE SPLITTINGS

Strang' proves a result on operator splitting, which is somewhat more

general, but whose content is essentially the following:

1. SPLITTING THEOREM 1

Suppose operato-s x  L are known, which provide, as in Equations

(7a,b), second-order accurate updates for solutions of Equations (6a,b).
Then, either of the composition operators defined by

U n  L  L L2 )Un (8a
xYx

and

.n+ L L L 2 )u n

y x y

p-c)ve5 a seconc-o- ce- accu-ate, three-factor splitting for the equation

;t ax by

2. COM.'

Us... t r .: c- Strang, we , sho,.' that no two-factor splitting
wh.ich-. e%.sc' ., i'ndi'i: y aczu'ate oper.t:'-_ .s car., ove" one steT, yiel- a
se::rfi-o"der s-' g f--- '9. - , a"ng thE class of ope'ato'--
'r,, or. a'e seocrn- i-ce" -OccUate over one ste;, Eouat.:ins "Sa,t , are optimal,

in terrm of trenu., .- c'c pe-atgrs ap:ile .

• r , .,,.--,,--' E:Cr> cc ;:- t> T

T'.e s t - t ='E a.- e:e: ;n £. ",- :. .-- 
.  ~ l~ tln,-- i.-

3t
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equations such as

au. C(t,x,y,u,Dau) (10)at

where Dau are derivatives of arbitrary order. The equation

C -a+b (11)

signifies an arbitrary splitting, subject only to the restriction that there

exist operators L a' L T which provide second-order updates for the equations
a b

av
= a (12a)at

and

Bwa= b (12b)at b

Some compIications emerge when C is an explicit function of t; however, these
do not concern us, as we shall not require explicit time dependence of C.

I!I. FOUR-FACTOR SECOND-ORDER ACCURATE SPLITTING

Now, observe that if the operator sequence of Equations (8a,b) is applied
twice, six operator applications are necessary in order to advance a 2- time
increment. Yaco-rmac 3 seems to have been first to notice that a more eco-
nomical seconi-order update, over time increment 21, can be obtained. He con-
s-de's cyclical applications of the operator sequence

Un + 1 = (L' L' L' L' )Un (13,

His justificaton .f second-orde accuracy is sketched below:

Consider a Fcurle-r mde

U'x,y,t) - A(t)e 
i ( x + ny)

; applying the operate-, sequence in Equation (13) to the Fourier mcce of Equ-
ation '1 ', wit'. frszer Jacz::an. matrices JF, J0, it emerges' that Eo=at:r
'.13 produces a gas matrix

4

~t VIVv e~~WVW . f.. e d'. wI. ~* W VV~ CE. wl 1



gxgygyg x  (15)

which differs only by third order terms from the exact gain matrix obtained
when Equation (14) is substituted in Equation (9). Thus, Equation (13) has
been rigorously justified second-order accurate only for linear systems Equ-
ation (9), with otherwise locally-linearized second-order accuracy.

However, by approximately factoring the full-step (middle) operators in
Equations (8a,b), we now show that MatCormack's cyclically reversed sequence
Equation (13) is, in general, second-order accurate, subject only to the re-
strictions required for proving Strang's splitting theorem.

Suppose LT is second-order accurate for the equation

aci
- = g(x,y,D z) (16)

Then, tc within terms of third order, it is required that

z = z + T g (x,y,D z) + 2cE * D 9

where B are the Jacobian matrices of g with respect to the derivatives Daz.
Thus, a

L Z) T g IxyD D D g + 0(- -'B +

Expanding the seccr. term in the right member, we see that

• gci 3 ,2 B • cg ( 3 )x
L Z(L L T z - r g(xvD z) + - 2 C g + (192 i

This becomes, nrt surp-isingly,

~ '2C, LT 2-T 3)"(L z,, z + 0( 2( "

enC e, by ap L'ir.g E ut c C t Stra.g's "es lts, Equati ns ,,, .e se-
that M-ac--.rae:' s c.--'1Iy reversed sequenCe Eqjatic. (' is seccr-:'dt •

accurate, over ta'-e ircremert 2i, fo- genera: n^zn+irca' systems C" the fcr.,



Equation (9).

IV. SPLITTING IN THE PRESENCE OF SOURCE TERMS

In recent research concerning second-order accurate shock-capturing algo-
rithms for the Euler equations, interest is focused upon the problem of split-
ting Equation (1) for the case in which nonzero H(u,x,y) is present in Equ-
ation (1). Carofano,'7 following MacCormack's3 results for the two-dimensional
case, intuitively employs the splitting

u (L x L L L yL x)U n  (21)

where L T is second-order operator for Equation (6c). We now discuss opti-
mality ?or Equation (21), and rigorously establish second-order accuracy.

In view of comments 1 and 2, it is unlikely that a three-factor product
of individually second-order operators can be found, which over one step with
time increment, T, provides a second-order update for Equation (1). What can
be done, rigorously, is to consider splittings which pair up any two of the
quantities F, G, H against the other. Typically, the splitting

a F G b = H, C = a + b (22.9 x ay'

together w.:. resu_'s similar to Equation (8), obtainable by applying Strang's
gene-al resjlt (Comrent 2), establishes that

n  Lr 1 2  (/ 2  I TI12  Lr/2 nULs (Lx Ly Lx )Ls (2a

and

Un 1 = L /2(Lr 2  L L - 2) L-/2  U
n

s y x y s

bt. prc vite five-facto", best possible in number, second-order accurate
spitti.gs, over one step of increment 7, for Equation (i) with source terr--
present. Amnr,g ther possibilities similarly obtained, the factorization

n+', -/2, c12 1 -T/2  -/12 nU L L L L L' U
x y s y x

sna"I e s' pa-': a- ir.terest.

It.s c'E.. ta a- approximate factorization. s in Equatisr. 2

6



can be used to establish second-order accuracy for the Carofano splitting of

Equation (21), when - is replaced by i. Hence, Equations (21, 23-24) provide

equivalent second-order accurate splittings of Equation (1) in the presence of
source terms. Equation (24), applied over time increment 2T, should be most
efficient, but at the expense of cyclically modifying the time step.

Our final comment is that, in terms of the optimal number of operators,
Strang's splitting of Equation (8), over time increment 2T, is still one oper-
ator evaluation more efficient than is the MacCormack version of Equation
(13). However, in many cases, stability restrictions or special problem idio-
syncacies may mandate other priorities.
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data, procedure, source of ideas, etc.)

S. Has the information in this report led to any quantitative savings as far
as man-hours or dollars saved, operating costs avoided or efficiencies achieved,
etc? If so, please elaborate.

6. General Comments. What do you think should be changed to improve future
reports? (Indicate changes to organization, technical content, format, etc.)

Name

CURRENT Organization

ADDRESS Address

City, State, Zip

7. If indicating a Change of Address or Address Correction, please provide the
New or Correct Address in Block 6 above and the Old or Incorrect address below.
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