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On the Number of Minimum Size Separating Vertex Sets in a Graph

Arkady Kanevsky
Coordinated Science Laboratory

University of Illinois
Urbana, IL 61801

July 1987

ABSTRACT

We prove an O(n?) upper bound for the number of separating k-sets in an

undirected k-connected graph for fixed k. For fixed & the upper bound is tight up to a
constant factor.

1. Introduction

) Connecnvm;ﬁin__ important graph propeny and there has been a considerable amount of work on vertex con-
nectivity of graphs*EEv:EvIa.Ga,G*SeJaLeW An undirected gmph G =(V,E) is k-connected if for any subset V*
of k-1 vertices of G the subgraph induced by V-V~ is connectcd‘[?tﬂ. A subset V'’ of k vertices is a separating k-
set if the subgraph induced by V-V is not connected. For k=1 the set V° becomes a single vertex which is called

an articulation point, and for £=2,3 the sets V"~ are called a separating pair and separating triplet, respectively.

Lor ®
Efficient algorithms are available for finding all separating k-sets in k-connected undirected graphs for 4£3.

[Ta,HoTa,MxRa,KaRa] S '

Lo We address-the following question: what is the maximum number of separating k-sets in a k-connected

undirected graph? . .. —

An undirected graph G on n vertices and m edges has a trivial upper bound on the number of separating k-sets

of [2] for any k. The graph that achieves it is a graph on n vertices without any edges. For k=1 the maximum

number of articulation points in an undirected connected graph is (r—2) and a graph that achieves it is a path on n ]

vertices. For k=2 the maximum number of separating pairs in an undirected biconnected graph is "("2—3) anda ... |

graph that achieves it is a cycle on n vertices ([KaRa2]. For k=3 the maximum number of separating triplets in an

This research was supported by NSF under ECS 8404866, the Semiconductor Research Corporation under 86-12-109 and the Joint Services
o o
Electronics Program under N0O0Q14-84-C-0149. i
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undirected triconnected graph is Sﬁ‘_llzﬁ’r'_“l and a graph that achieves it is a wheel on n vertices (KaRa2].

We will generalize the result of (KaRa2], to give an O (3*n2) upper bound of the number of separating k-sets
in an undirected k-connected graphs. The bound is worst-case optimal up to a constant factor for fixed £ and we
will present a graph (generalizations of cycle and wheel) that achieves it.

2, Upper bound for general k
Let G=(V,E) be an undirected k-connected graph with n vertices and m edges. Let g(n) be the maximum

number of separating k-sets for k-connected graphs on n vertices.

Theorem 1 g(n) = 0 (3*n?) for fixed k.

Proof: Let V°= {v,va, * - - ,v;} be a separating k-set, whose removal separates G into nonempty G, and G, (see
Figure 1).

I"

Figure 1.
Separating G into G, and G, by separating k-set (v, - - - ,v;)

A separating k-set {w,,wj, - ,w,]} of G is a cross separating k-set with respect to V'~ if 3/,j: w;e G, and
w,€ G,. Let the cardinality of G, be / then the cardinality of G, is n-I-k. Let the maximum number of cross

separating k-sets be f (I,n—{). Then any g () that satisfies the recurrence

g(n) =mlax [ gU+k)+g(n=-D)+f({n-1)+ l]

is the upper bound on the number of separating k-sets in G.
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Lemma 1 £ (I,n~1) S 3%(n~1—k)

Proof: Let {w,wjy, *-*,w;] be a cross separating k-set with (w,, ***,w;,} € Gy, {Wseee1, " -, W) € G, and

{Woats - Wy} © {vy, -~ w). The separating k-set {w,,w,, - - - ,w, ) separates G, into G, and G4, separates
G, into Gs and Gy, and divides {v, - -, w} into {vy, * - .V, )}, (Vrersr, "W} and v, =w, ;. i = 1,....t. (see

Figure 2)

Case 1 None of G;, i = 3,4,5,6 are empty. (see Figure 2)

vl
-0 @-
¥ s ws+t+l v k
v r+t+l %
//
Figure 2.v ‘

Separating G into nonempty components by separating k-sets
(vlt L ,Vk] and [w19 e vwk}'

The sets {wl'w2t W WV, T ,V,}, (wllw21 S s Waeny Veataly T ,Vk}, {Vlv T W VratsWsaeals T -wt}

and {v,.1, """ Ve, W,u41. - Wi} are separating sets of G which separates Gy, G4, Gs and G respectively, so

their cardinalities are bigger than or equal to k. Then,

S+t+r2k r+s+t2k

ret+k-s—t2k rzs r=g
s+t+k-r—t2k = Ys2r => {r+s+t=k
k-r+k-s-t2k k2r+s+t

We replace the subscript 7 by s from now on.

Claim1 Vi i=s5+l,...,t 3x,€ nonempty G;, j = 3,4,5,6: (v;,x;)EE.




Proof: WL.O.G. assume 3v.: Vxe G4: (x,v;)e¢ E. Then {v,, ‘- ,vyp.wy, * - -, W, ] — (¥} is a separating (k-1)-set.

a
Suppose we have a separating k-set

Wiy Wests Weptals * " sWssrsarlbsareasts *° o),  where

{,404a+1> * o4z} Delongs to G¢. This separating k-set separates G ¢ into 66 and 56. (see Figure 3)

<

s+t+1 s++a w

o—o—o—0—0 T

u s+ia+l

r+t+l

Figure 3.
Ilustrating the proof of Claim 2.

Claim 2 66 is empty.

Proof: Suppose it is not empty. Then {wy,;, ' Wy, lerraae1, * ° * .Uz} IS SCparating set, so its cardinality must be

bigger than or equal to k. But the cardinality of this separating set is less than k since 1 £ g <k-s-r—1. This con-

tradiction proves the Claim.

a
Claim 3 Number of separating k-sets with {w, - - - ,w,,,) fixed with at least one vertex from {w;y ., -

2.

. ,Wk} is

Proof: If there exists such a separating k-set different from (w,, - - - ,w,} then by Claim 2 its vertices in G, dif-

ferent from {w, ., - - - ,w;} belong to the neighbors of {w,,.,, " "

Wi ). Assume there exists such a separating




k-set (W), " WisrsarBrataasls "7 BsarrasdsYsstrasbels """ ), where  {Ugragats Jssreasp }<Gs  and

{Ysreasss1s ** *N1)CGs. Also,a.b 21and k—s—t—a—b 2 1. (see Figure 4)

E,

u s+t+a+l

—-—o0—0—0—0—

ls

Illustrating choice for cross separating k-set with {w, - - - ,w,,,} fixed.

s+t+a+b+1

Then {Wyyp, ©* * Werrrarboaraasls " ° " slsarrastr Ysstoasbels """ Vi) separates (Wyiiiqe1, *** Wy} from the rest of

the graph, and cardinality of this separating set is less than k. Hence, if there are separating k-sets

(Wiy o Wyprsaslhearrgsls * °* shsstrasdsYserrasbels " * 2 Ya) then either b =0or k—s—t-a-b =0.

Assume there are two separating k-sets: (Wis "t WesrsarBssrsants * " ° 2lk) and
{
Wiy """ s WestrarYseteaslr * 0 5790 Then (Weals * " * Wyniaarlertrgsls * " s BbaYsatvasts " Wi} separates
(Wy4age1» *  *»Wy )} from the rest of the graph, and cardinality of this separating set is less than k. Hence, if there is
separating k-set (Wi, o WorrsarUssrrasls ~ ° ik} then there is no separating k-set

(Wi, WrsreasYeateasts * " Dl

Assume there are wo separating k-sets (Wis " WesrearBsareasts * " o l) and

(Wi, o Wy rrrarKrstrasls * " oXk) where x’s and u's belong to Gs. Let

{paraasrs = stk ] N (Xparaart, - "X} = Ea. Let (“:ﬂ«ul- ) -Ex=E, and (Xeseagets " X} —Ey=Es.

Let {W,preae1s - - owi) =D3. If D, is not connected to £,UE 4 then (w), * * * ,W,.4q)UE is a separating set with




2 ° .3 = 49 _— . - TERJY - .

cardinality less than k. So, D, is connected to £, UE3. W.L.O.G. assume Ixe E:(x,2)€ E,yeD,. By Claim 2 E,

must be in the same set where G — E; — E 3 with respect to the separating set {w), ** * ,WysrrgsXearsasts " " BAR

But £, and D, are connected © each other in G = (wy, * * * ;W srearFssesast» * ° * %)} and do not belong to the same

separating component of G — (W1, * * * ,WursaiXsaerasl» * * * Xk). Hence, there is a unique (éssrige, s for \

each D, such that {wy, * * * ,Wysreqilhssrsasts ** * Ui} iS @ separating k-set. \
The number of different D, is ‘

3 $ e )
S[O] +[J + +[s] 2.

Hence, the number of separating k-sets with (w;,-:-,w,,]} fixed and with at least one verex from

(Wysears oo oWy} i8S 20,
a

The cardinality of the set of neighbors of {wy,.;. - * .} in G is bigger than or equal to 5. Divide the ver-

tices in G, into a collection C of nonintersecting sets V,,V,, - -+ of s vertices such that {w,, - - -, wseJUV, is a

separating k-set. The cardinality of collection C is < "_i —* . Hence, the number of choices for {Wyy4e1, - * * Wi} iS

<2 n~l-k
—

The number of ways {wy, - *-,w,} can be chosen for fixed (w,.1, ' ,w;} is < -f; 2%, by the symmetry.

Hence, for the Case 1

k-2 e
fla=i)< z{"] 20 L gt Btk
¢=0 t s s

k=2 k
fdn-D<l(n-i-k)Y [ :] 2 <1 (n-1-k) 3.
(=

Case2

For the cases, when at least one of the G,, i=3,4,5,6 is empty and { 2 k, we will do the following observation.

W.L.O.G. assume Gy is empty. The sets (wi,Wa, * " Weur Vepeats ** " Vi)s (VI 0" VrseaWewear, - owi ) and

(Voe1s *** VesWssls * * * ,Wy ) are separating sets of G which separates G4, G5 and G respectively, so their cardi-

nalities are > k. Then,




r+t+k-s-t12k ras r=s
sS+t+k-r-t2k => s2r => {r+s+r$k
k-r+k-s-12k k2r+s+t

By taking g({+2k) instead of g(l+k) in the recurrence , by taking g(n-Il+k) instead of g(n-!) in the
recurrence and choosing {w, .41, ***,wy} from n—/-2k and {w;,w3, ‘- -,w,) from [~k in the recurrence for

n-2k 2| 2 k we cover all other cases.

a
The solution to the recurrence
= - k1 B
g(n)—n_ragz*[g(lﬂk)-}-g(n 1+k) +3* (I-k) (n-1 2/c)]
. Loae 2_9 a2 : .
isg(n)s > F*n ) 3* k“. (For more details see Appendix 1).
a

Case3 [<«k

For the case when ] < k we will do the analysis in a different way. First, among all separating k-sets choose
one which maximizes the cardinality [ of G, where | < k (see Figure 1). Assume that we have cross separating k-
sets. By Case 1 the number of cross separating k-sets when G;, i=3,4,5,6 are nonempty is < 3¥ [ (n=/-k). If one
of G;, i=3,4,5,6 (see Figure 2) is empty we have two cases: case i when G, or G, is empty, and case ii when G
or G¢ is empty.

For case i W.L.O.G. assume G 3 is empty. Among all cross separating k-sets choose the one which maxim-
izes 1<k for the separating k-set {wy,---,w;}. So, either (v,,-*-,v,}JUGs has cardinality <k or
G U {Vepets - Vi }UGy has cardinality (< k. Next we will upper bound the number of these cross separating k-

sets.

Assume we have another cross separating k-set which uses (w, « - - ,w, . }. If it lies completely inside either
(vi, "+~ ,v}UGs whose cardinality ISk or G4U{V,ara1, ** * e }UGg whose cardinality 7 < k then we can upper
bound all cross separating k-sets for G4 empty and all separating k-sets completely inside G, U{vy, - -,v} by
g (T+2k). Since G4 can also be empty, to cover all separating k-sets outside G, {v, ‘- *,v;} we can upper bound
them by g(7+3lc). Note, that it also covers all other cases: case ii and cases when more than one of G, i=3,4,5.6 is

empty. So, we need to show that all cross separating k-sets lies within 1+2 area. Recall that we choose
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o {wy, *+ - ,w;} to maximize Tamong all cross separating k-sets.
o l Suppose 3 (Uyeeers *** U} G2 such that {wy, *** Wyallgarer, *** M) is @ CrOSs separating k-set with
ivii ﬁ {Useats """ lhsared) G5y (Usscrdensts " k) CGo AN (Uprirgets " yarader) © (Wesrars = W), The
Q:f, separating k-set (wy, * * * \Wy4p gy, * * * ,Uy) separates G into G, and Gy, separates G into G4 and G o, and
o g divides (Wypa1s * W) INO {(Wopears *** slsprve)s {Bsrcseshats < sMe) ANA Wyoppiasi = Uypredeir = 1,....h. Sets
‘ (Myrests " My resa) @0 (lysertrnot, ** - i) ar€ nonempty. (see Figure 5)
5":! g Since {v;,v2, --,w) is a separating k-set, for VxeG, and VyeGj,: (x,y)eE. Analogously,
!;;‘Q {wi,wa, - ,wy) is a separating k-set, S0 for Vxe (vy,vq, " W UGS and
"at‘ g VY€G 4 Vorars "+ i) UGe: (x,y)EE. For Vv, i=1,...5s Ixe{wy, -+, w,}, IyeG, :(v;,x)eE, (v;,y)eE other-
'!: g wise either (vy,va, *** Veurs W1, W2, ** W, ) = V; OF {V1,V2, ** * VerrsWyarat, * ° * W5} = V; iS a separating (k-1)-set.
. Analogously, Vv, i=s+t+l,..k Ix€G,, IyeGg: (vi,X)EE, (vi,y)eE;  Vwii=1,..kIxe{v,, .},
_ ": 3yeGs : (wi,x)EE, (Wi,y)€E; VYw; i =s+1+1,...k ZxeGs, Iye Gy : (w; x)eE, (w,,y)€E.
" Vl s+t

%, v
N S
g w
MO s+t+1
i
g

s "
e
ns

,
L
e

W,

N
’f‘r: W
A
‘\”‘

" ﬁ Figure S.

. Separating G into components by separating k-sets
{vl' e 'vk}' (w!v e iwk} and [le C o Waap g agels Tt -uk}-
- g
'-‘.i
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Let us see how the separating k-set {w, = * * ,Wep,lgarar * .t} Separates G.

The sets {Vevr4e1. *°° »Va) and G4 always belong to the same connected component of G with respect to the

separating  k-set (Wis o Weanslbgarats * * Jl ). Let {vy,va, " " ,v) =4, (Viwts1s - -} U Ga =B,

(Weatals " " s Wisire) =Co [Wopruesns "W} =D. Note that C and D can be split into two component

Cr={Weesats " -W:+t+p) and Cy= {W.H'H»p+l’ T Wenee)s D) = (Westaerhsls * " Westreshso) and

Dy = (Wesrserhsos1s ** Wi} respectively, by separating k-set {wy, = ** ,Wyirleaear, ** Ui}, (see Figure 5). We

allow Cy, C,, D, and D, to be empty. Then, the components of G = (W, * * * Wy, lgarats =" ° U} aTE:

Casea) A and BUG 4UG UG UG guCuUD,
Caseb) B and AUG oG UG UG guUCUD,
Case ¢) AUG, and BUG ¢\ UG 10 G g uCUD,
Case d) AUGy and BUG UG 1guG7uCUD,
Case e) BUG, and AUG7UG oG UCUD,
Case [) BUG and AUG UG UG UCUD,
Case g) AUG1UC, and BUG UG 10 uG D UC,,
Case h) AUGUD, and BUG gUG G 7uCuUD,,
Case i) BUG4ULC, and AUG UG o LGguUDUC,,
Case j) BUG gD, and AUG yUG UG UCUD,,

Case k) ALG UG 0 C WD and BUG UG 1o C D4,

Case 1) AUG1UGUC and BUG UG gD,
Case m) BUG 1UG o UC and AUG g UG (gUD.
Cases a) and b) are analogous, so we will look only at the case a). Since (v, --,v,} separated from

G1UGguUCUD by (Wi, " " Weprs Ugpeals """ s U}, SO (W1, ** Wyip, Besral> " " » Useredsr) SEparates A from the
rest of the graph G. The cardinality of (W, * " ,Wyus Ugsrals ** " » Uspesdsr) 1S 2k, if and only if
k—-s5-t—-d-r<0,inother words {u; ,;qsrs1," * * M) is empty. This contradict the assumption of the choice for
(Ugarars =y ).

Cases c¢), d), e) and f) are symmetric, so we will look only at the case c¢). Since

(Wi, Woars Ugarers * " *, de) separates Gy {v,, " - ,v )G+ from the rest of the graph G, Vxe Gyu(vy, - ,v)

and Yye CuD, (,y)EE. SO, (Wi, " Wyers Ugarals * " » eorad+r) Separates AUG, from the rest of the graph G,




10

&

and {U;4ieqers1."° * -Hg) Must be empty in order for the cardinality of this set be 2 k. This again contradict the

assumption of the choice for {uy4r4y, ***» ).

-
»

Cases g), h), i) and j) are symmetric, so we will look only at the case g). First,

(Wi WysrapsWestaes " " Wsssashsllsrsls ** *olsereg) 1S 3 separating set, so its cardinality is 2 k. Hence,

ICy | 2the cardinality of (Ugaredensts = * i}, S€CON, (Wi, = * * \Wot,Wesrapats *°* Wasrreshoblssradsnsls *° 1Mk}

is another separating set , so its cardinality is > k. Hence, 1C,| 2 the cardinality of {4,441, * * * ,Us+e4a}. Combin-

ing these two inequalities we get that D is empty and |1C, | = the cardinality of (Uysrsdens1s ** e}, 1C2] =the

cardinality of {yyee1s " 2lsasea). Also, Gg and Gy are empty. But then we would choose either

(Wis o Westapsllsaeals " * * JHearaq) OF (Wi, Weats Woarapsls ** s Westaeshslhesrrdshsl, ** oM} 10 Maximize [

instead of {w,, - - ,wy ). Hence,no {wy, * -« Wy prldgprer, * ° * U ) EXISL

Consider case k). First, (Wi, * ' ,WorrapsWeateas *** sWsstsashsorlesrsls * 7 " s lssrsa) 1S @ SEparating set, so its

cardinality 185 2k Hence, IC,I+ 1Dl 2the cardinality of {Usrredensls " li}. Second,

CE L%

{wy, - WertsWettapals " Wrstre s Wentrarhtosls *° " v WhilBewradanst s °° .4} is another separating set , so its

(3

cardinality is bigger than or equal to k. Hence, 1C,| + D, | 2 the cardinality of {4,441, * * JMpsrsa}. Combining

these two inequalities we get that !C, | + | D | = the cardinality of {Usrsgensis----8x} and |Cy | + 1D, | = the car-

o
E:
E

<

of {Ugsgalsererbsresd)- But then we would choose either

o WsstaprWestwer " T Wostsethtor bsetsls © 77 vu_y+l+d) or

]
0

(Wi Wbt Wottapals ** *  Westaashs Westreshsosls ** " s Wholbsaradshsl, ** 5} 10 maximize [ instead of

Q{ {wi, " ,w). Hence,no (wy, “* * ,Wepr,leassr, * ° * Ug) €XISL.
.0
Cases () and m) are symmetricc so we will Jook only at the «case /). First,

Ly (Wi, WyrireshrBssisl» " * * sHsaeed) IS @ Separating set, so its cardinality is bigger than or equal than k. Hence,
o the cardinality of C is bigger than or equal to the cardinality of (&, ,4qss+1- """ ,%} and the cardinality of |
& (Uyarets =+ Mguisg]  is  bigger than or equal to the cardinaliy of D.  Second,
I (Wi, Werr s Wesrrashals "+ Wiolsaredensls *° * . Ug) 1S another separating set , so its cardinality is bigger than or
A equal to k. Hence, the cardinality of C is less or equal to the cardinality of ( u,;,,+d+,,+l, -+ +,u;} and the cardinality
% Of {Wyppp1s = * " JUspiea) i less or equal to the cardinality of D. Combining these four inequalities we get that

IC! =the cardinality of (U, ,ceqers1> " - .45} and the cardinality of (Wsee1, * " WUseeq) 1S = D 1. But then we
a would choose either (Wi, WosrreshsBsaeels " Msarad) or

Bl Nl iy AN RN DAON)
3 T e B K KRG D
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(Wl WearsWasrsashels * " ' Whilsaradensts *° * M) to maximize ! instead of {w, - - - ,w;].

So, no separating k-set {w, * * * Wy lssrst» * - -4x} exists. Hence, the maximum number of cross separat-

ing k-sets and separating k-sets in Gyu{vy, - ,1} is Sg(7+3k). Hence, for Case 2 we get the following
recurrence
g(n)= max[g (+3k) + g(n=T) + 3t 1 (n-i-/c)] ,
Isk

where { = max(1,]). The solution to this recurrence is g (1) < -%- 3k n2 - % 3% k2. (For more details see Appendix

2).

a

Combining the results of Cases 1, 2 and 3 we get the upper bound on the number of separating k-sets in a k-

connected undirected graph

g(n)=0@3"n?),
and for fixed & this bound becomes O (n?).

3. Lower bound

Let us now generalize the whee! graph and cycle graph (KaRa2] for the lower bounds for odd and even &
g respectively. (see figure 6)

Take % complete graphs on k vertices, arranged in a cycle. Two adjacent complete graphs are connected via

-
3,

7 edges, one edge per vertex. Removal of these % vertices and analogous % vertices in nonadjacent complete

2

e |

graph will separated the graph. Each of these -/23 vertices has only one edge to one of the connected components of

the graph after separation, so we can replace each vértex by its unique neighbor not in its complete graph. That
. . X . n (n-3) . . n®

gives rise to 2° factor. Since a cycle has — separating pairs we get el factor. Hence, the number of

A2
x N
esl

separating k-sets for the both graphs is Q

W =X ER ER KXS

’ v - . \ ) \ ) RAOUGUMAMANTHRARGRGNL
508 4\‘,3“)&"2," U:“.t:‘!"‘."(*""fgivet‘?J«‘l* "!‘."?"!!"!35‘!'Q‘.’Q.._,'J "‘ t’ KR G N _IQ“ DL
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Figure 6
Generalization of cycle for even k.
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Appendix 1.

Assume g(n)=c; 3* n% + ¢, 3* k2. Then the recurrence

g(n)= n,gx[g(l+2k) + g (n—=l+k) + 3% (1-k) (n-l—zkj

becomes

c13 4 cy3 k2= 3 (14202 + ¢y 3HEP + ¢y 3 (n—l+k)? + g 3% K2 + 3% (1=k) (n—I-2k).

¢ nz+c2k2=c,12+4c11k+4c,k2+2c2/c2+c,n2+c112+c,k2-2c1n1+2c,nk-2c,1/c+n1-kn-lz+k1-2zk+2k2,
0=1%(2c; - D) +In{1-2c,)+ Ik (2¢, - 1)+ nk (2c, - 1) + k2 (5¢, +cy+2).

Setting ¢ = % we get

9
o=k2(5+cz).
2 9

1 9 a2
So,g(n)523n 23k.
a
Appendix 2.
Assume g(n)=c, 3* n2 + ¢, 3* k2. Then the recurrence
g(n)= nlmsakx[g(l+3lc) +g(n=0)+ 3% (n—l-—ki
becomes
c13nt+cy3 k= 3 (143k)2 + ¢y 3 K2+ ¢y 3 (n=1)P + ey 32+ 34 1 (n—-l—k).
cintrcakt=cy 2 +6clk+9c k2 +2c2k% +cyn® + ¢yl = 2unl +nl - 12 - Ik,
0=13Q2c, = 1) +nl(1 =2)) + lk(6c, - 1)+ k*9c, +c5).
Since { < k and setting ¢, = -21- we get
0=Ic2(173+cz)
1 e, 213 ok ,2
< - - —
So.g(n)_23n ) 3 k.
.|







