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x On _the Born and Markov approximations: Phonon
A relaxation and coherent excitation of adsorbed molecules

Sander van Smaalen® and Thomas F. George

Departments of Physics & Aatromoy‘ and Cheaistry
239 Fronczak Mall
State University of New Yqrk at Buffalo
Buffalo, Mew York 14260

The phonon relaxation of the vlbratlonal adbond of an ldsorbed mo lecule
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operator formlism in order to arrive at a ﬁstor equat ion tok the reduced
density operator of a small subsystem (the qdbond) in cont.act with a
reservoir (the phonons). The conditions of validlty for the Born and Markov
approximations are derived. It is shown that the master equation is only
valid for times t > T where e is the characteristic time of the
reservoir, These results are then applied to the phonon relaxation of the
vibrational adbond of physisorbed molecules. It is shown that for CO
adsorbed on Ni or Cu (a strongly dbound physisorbed system) the Born and
Markov approximations are not justified. For the weakly-bound system Ar on
W, nuserical results show that these approximations can dbe made. Finally,
an adbond interacting with dboth laser radiation and lattice vidrations 1s
considered. This system can be regarded as a sudsystes (the adond) in
oontact with two reservoirs, wvhere the oonditions for validity of the Markov
approximation is then seen to be wore severe than when each reservoir is
oons idered independently. For the phonons, these conditions can never bde
matched. However, for an initial state given dy an addbond in equilidrium
vith the lattice vidrations, the oconditions for validity of the
approximations prove to be the same as for the phonons and the laser
oons idered independently.

®present address: Ladboratory of Inorganic Cheamistry, Material Science
Center, University of Groningen, Nijenborgh 16, 97847 AG Groningen, The
Ne ther lands.




f. Introduction

In quantum mechanics, complete information about a system is contained
in the wvave function |[¢>. When there i3 only a limited knowledge about a
systea, the proper way to describe its state is by the density operator,

b = Ipyle><e| (1)
v

vhere the real nuaders p, foras a set of probadbility amplitudes,
v

Ip, -1, (2)
v

All information about the properties of a subsystem is given by the reduced

density operator,
o=Trop, (3)

vhere Tr denotes the trace over all variadbles other than those of the
subsysten.
From the Schr8dinger equation, an equation for the time evolution of

the density operator of a closed system is easily derived to de
8 o h,p(1)), )

where H is the Hamiltonian of the system. From Eq. (4) an expression for

the time derivative of the reduced density operator is odbtained dy taking

the trace on both sides. However, this time derivative still depends on the

complete density operator, because the operators Tr and H do not commute.

It follows that to obtain the time evolution of o(t) exactly, the equation

of motion for the complete density operator [Eq. (¥)] need to de solved.
Often, we are interested in the properties of a very small systenm

(e.g., one molecule) in contact with a much larger one, called the

reservoir. We assume that the reservoir can de made arditrarily large, such




that there is no apprecisble difference detween the reduced density operator
for the reservoir, Tr‘p. and the density operator for the freely in time
evolving reservoir, p:. It 1s assumed that the latter is known. When the
interaction s weak, we can try to obtain an approximate solution for the
tise evolution of the reduced density operator of the sudbsystem. If the
interaction is taken into account to lowest order in perturbation theory, it
1s easily shown that a first-order differential equation is obtained for the
reduced density operat.or.1 Apart from o(t), it involves only the zeroth-
order approximation to the reservoir density operator, p:. For longer
times, the effect of the interaction tends to build up. Therefore, there
will be a time deyond which perturdation theory is not valid. To obtain an
equation of motion for the subsystem reduced density operator for all times,
a second approximation is necessary, usually denoted as the Markov
approximation.'

One method for odbtaining an equation of motion for the subsystem
reduced density operator is the Zwanzig projection technlque.2'3 With this
technique, an exact integro-differential equation for the reduced density
operator of the subsystem is odbtained. The two approximations necessary to
arrive at a simple first-order differential equation for o(t) are commonly
denoted as the Born approximation and the Markov approxllntlon.. Recently,
this method has been used to odbtain the effect of the lattice vidrations of
a orystal on the dynamics of an adsorbed aton.s In the derivation of the
master equation, the Born approximation and the Markov approximation have
been introduced as separate approxilltxons..’s In later studies the
validity of both approximations have been studied independently.5”"!

In this paper we shall consider the validity of bdboth approximations

froas a more fundamental point of view. In Section 2 we give a review of the
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Zwanzig projection operator forsalisam. In the next two sections the Born
lnd Markov approximations will be introduced, and the conditions will de
derived under which they are justified. It will be shown that the condition
for validity is the same for both approximations. Another widely-used
technique for obtaining an equation of motion for the reduced density

1,02 In Section

operator of the subsystem is the so-called reservoir theosry.
S the Zwanzig projection technique will be compared with reservoir theory.
In particular, the correspondence of the two approximations fnvolved will be
discussed. In Sections 6-8 we shall discuss the systec of a vibrationally
daaped adatom and of an adatom irradiated by laser light i{n more detail.

Numerical examples will be given based on previous experimental and theore-

tical work. Our conclusions are presented in Section 9.

2. 2wanzig projection operator technique

We consider a small subsystem in contact with a large reservoir. We
denote the Hamiltonian of the subsystem by H'. of the reservoir by Hb' and
of their interaction by V, such that the Hamiltonian of the complete system

is given bdy,
R H' . Hb + vV, (5)
We then define the projection operator P dy,

P=p, Try (6)
vhere 'b is any density operator of the reservoir and trb denotes the trace
over the reservoir variadles. In the Zwanzig projection technique, an
equation of motion for Pp(t) is derived, from which an equation of motion
for the subsystem reduced density operator is directly obtained by taking

Tr'. The starting point is the equation of motion for p(t), Eq. (¥). Let L




be the Liocuville operator defined by,
Lp = ';'t“.’]o (7)

with analogous definitions for L‘. Lb’ L! and l.° - L‘ . Lb. Then, from Eq.
(%), an exact equation for Pp can dbe derived 033
12EE) < pupp(e) « PL expl-1(1-P)LLI(1-P)p(0)

t
'1}dt' PL exp(=1(1=P)Lt']J(1-P)LPp(t-t'). (8)
0

The first term in Eq. (8) has a contribution of zeroth- and first-order in
the interaction, and the last term has contributions of all orders in V. To
separate the free evolution of the subsystem (determined by L’) from the

fateraction with the reservoir, the following conditions are imposed on Py

ang v:3
(o, .8y = [o,u1)) = O, (9)
Tr, Ve, = 0. (10)

Equation (9) puts restrictions on Pyr and Eq. (10) defines V and H' for a

given Py° The equation of motion for Pp(t) now dbecomes [Eq. (8))

d:s(t) - T%("s'P’(t)] . %PLIQXP[°1(1-P)Lt](1°P)9(0)

ac’ PLIexp[-i(I'P)Lt'](l-P)LxPo(t-t'). (1)

[« RN, 4

The first ters in Eq. (11) descridbes the free evolution of Pp(t), whereas
the last term only gives corrections of second- and higher-order in the

finteraction.

To be able to estimate the contributions of the different terms, we

assuse that V can be written as a sum of products of a subsystem operator
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and a reservoir operator, For only one ters we have

VeaRsS, (12)
Let us define the operator R(t) in the interaction pisture by‘
i i
(R(t) « oxp[iﬂbt] R oxp[-iﬂbt]. (13)

Furthermore, we assume that the reservoir has a characteristic time L

given by
° 2 -] o
Tr, (R(OIR(L)pD) = Tr (RE(0)p]lexpl-|t] /1 ). (14)

it can then be shown that the contribution of p(0) {sesond term in Eq. (11))
to Pp(t) 1s a factor 1c/t smaller than the contribution of the third term,
84 89(0) - p(0) - obo(O) is small. Therefore, the second term can be
neglected if we are only interested in the time evolution of the subsysiem
for times t>>xc.

Ir Ap(o) is not small, the contridbutions to Pp(t) can be much larger
tran quoted adbove. Requiring 59(0) to be small leads to another condition

on ¢
by 3 Tre(t). (15)

For a large reservoir in thermal equilidbrium, we can use

Py TG (16)

¥We note that Py * Tr.o(O) is not a good choice because of Eq. (9).

3. Born approximation

The Born approximation involves the retention of only the teras of

lowest order in V in Eq. (11).“ These are obtained by replacing L by Lo in

the exponential function. The resulting equation for the subsysteam reduced




density operator is

t

do(t) 1 - [ ol o -

<t " Ti[ﬂ’.o(t)l Trbjdt' Lxexp( 1Lyt ]onbo(t t'). (17)
0

In order that this be a good approximation, the term of next order in V must
be much smaller than the term of second order. To test the validity of this

approximation we need an estimate for the value of both teras.

3
b’ Py

correction to the Born approximation is of fourth order in V. That is, we

We assume that, following Eq. (10), Tr = 0, then the lowest-order

need the second-order terms {n the expansion of the exponential function.

these second order terms are given

Neglecting the commutator of LI with Lo.
by
+(-1£)%(1-P)L jexpl -1 (1-PIL L ' J(1-P)L,. (18)
The fourth-order contribution to %% becomes
f
dd(t) ] - - (] -
3 ot ] Trbj at’ L, L, expl 1Lyt JLI LIpbo(t t'). (19)
0

Use of Eqs. (12) - (14) shows that the integrand involves a reservoir

correlation function Trb(RZ(O)RZ(-t-)l. which {s approximately
2 2 [} s 2 2 - L]
Tr, (p RT(OIRT(-t*)) & [Tr (p R"}]%expl [t* ]/ 3. (20)

The order of magnitude of the subsystem factor in the integrand is given by

[ ] 1
fo t luot

tr is'o)le ° 3 (e (s%e(002% O, (21)

vhere ® is a typical transition frequency of the subsystem. Given the
definition

2 2 e
v© - Trbipbn )Tr.{o(O)S ), (22)

the integral of Eq. (19) can be evaluated by using these approximations to




yield

83

v
do(t) (k) ¢
C at ) s -;‘- pbc(t). (23)
Heredy is the upperdound of the integral extended from t to infinity, which

1

because of Eq. (20) introduces an error of the order (-%). shich is
comparable to the error introduced by neglecting the contridbution of p(0).

]
iuot

Tne effect of the factor e in Eq. (21) is to single out the Fourier

teras in the expansion of the correlation function with uﬂub. An analogous

calculation for the second-order term givcs'z
21
-21513(2) —5= ppolt). (24)
L}

For the Born approximation to be valid we have the condition

(84) (2)'

Y «Y (25)

where Y(n)

is the n-th-order contridbution in the interaction to the
relaxation constant, Y. The latter is defined as a typical matrix element
of the Liouville operator descridbing the time evolution of o(t) due to the
interaction with the reservoir (second term in Eq. (17)). Sudbstitution of
Eqs. (23) and (24) into (25) gives

2.2
v,
-_ (L1, (26)

W

8, Markov approximation
Equation (11) shows that the tise-derivative of o(t) depends on the

value of o(t) on previous times. In the Markov approximation this integro-

differential equation is replaced by a simple first-order differential

equation for o(t). From Eq. (11) it follows that o(t) is a fast-oscillating




function, due to the free evolution of the subsystem. These rapid

oscillations can de eliminated by transformation to the interaction

picture,’

L) = exp[%ﬂat] o(t) exp[-%ﬂst]. 27)

The equation of motion for 3(t) is [Eq. (11)])

t

c:ét) - -exp[;l‘-ﬂstl'rrbjfdtv (LIexp['i(1-P)Lt,'](1-P)Ltpbexp[-%ﬂs(t-tn)J
0

a(t't')exp[%ﬂs(t-t']}exp[-%ﬂst], (28)

In the previous section it was derived that the integrand involves a factor
exp(-|t+|/1.). Therefore, if 3(t) does not change much on a time scale of
the order Tt g(t-t') may be replaced by 3(t) in the integrand. The
temporal changes in ¥(t) are of the order Y.Bt. 30 that we obtain as the
condition for the validity of the Markov approximation

=1
Y, . (29)

Y is already approximately evaluated in the previous section [Eq. (24)].
The condition under which the Markov approximation is justified then becomes
1212

—£ « 1. (30)

uZ
Comparison of Eq. (26) and Eq. (30) shows that the conditions for validity
of the Born approximation and of the Markov approximation are the same., A
sisilar result was obtained by Fano13 in his treatment of pressure

broadening.

¥Within the Born and Markov approximations, the equation of motion for

the reduced density operator of the subsystem is

do(t 1
—d{-—l - THH_.0(t)] - Ta(t), (31)




where I' is the Liouville operator describing relaxation

(

Fe Trbjdt' LIexp[-lhot']L
0

Ipbexp[ibst']. (32)

Sudbstitution of the solution of Eq. (31) into Eq. (11) shows that the Markov
approximat ion also involves the neglect of terms of fourth and higher order
in V,

The steady state (or equilidrium) for the subsystem requires special
consideration. That such a state actually exists i{s, for example, discussed
by Van Hove.‘u It {s characterized by J(t) = 3(=) dbeing independent of
time. It follows immedjiately that the Markov approximation can be made
without any error. Noting that E%éﬁl e 0 for any strength of the
interaction then leads to the conclusion that the contridbution to Eq. (28)
of the terms for each power of V should be zero independently. Therefore,
the steady-state solution can correctly be obtained from the expression
within the Born and Markov approximations [Eq. (31)]), even if the Born and
Markov approximations are not valid otherwise. Note that then the
relaxation constants [Eq. (32)] do not correctly describe the time evolution

to equilibrium, however close the initial state and the steady state might

be.

S. Comparison with reservoir theory

An alternative procedure for obtaining an approximate expression for

1,12

o(t) 1s reservoir theory. The starting point is the equation of motion

for the complete density operator [eq. (4)] in the interaction picture,

B . drvce,seen, (33)

where V(t) and B(t) are defined analogously to Eqs. (13) and (27).

Sudbstitution of the formal solution of Eq. (33) on the right-hand side and a




change of variables in the integral gives

t
B L (hiv, s ¢ (gh¥faet ), IVt 3t (0
0
An expression for the time derivative of 3(t) can be odbtained by taking Trb
on both sides in Eq. (34), although it still depends on the complete density
operator P(t).

Equation (34) is exact, and comparison of this equation with the
expression obtained with the Zwanzig projection technique [Eq. (11)] shows
that both involve a term depending on the initial time density operator. In
reservoir theory there is a term of apparently second order in the
interactjon, and dependent on the complete density operator. This term
corresponds to the third term in Eq. (11), the latter which includes
contributions of all orders in V, but involves only the subsystem reduced
density operator. Apparently the contributions of higher order in V are
contained in the coherences between the subsystem and the reservoir, still
present in Eq. (34). The first approximation to be made is therefore the

factorization of B(t),
B(t) = 5,3(t) * 8B(L), (35)

where again the conditions of Eqs. (9), (10) and (15) are imposed on °y and
V. Substituting Eq. (35) into (34) and discarding all terms involving
XB(t). we obtain expression which is identical to Eq. (17). That is, the
factorization of B(t) in reservoir theory corresponds to the Born
approximation in the Zwanzig projection technique. Indeed, it can dbe shown
that the conditions for validity for both approximations are the sane.‘z

Then, the Markov approximation (replacement of F(t-t') by 3(t)) is also the

same in both approaches. As in the Zwanzig projection technique, the




factorization of B(0) in the first term [Eq. (34)]) introduces an error of
Yo
order Vz. but a factor T smaller than the second tera.

factorization of B(t=t') in the second term introduces an error of order V“.

15,16 The

Therefore, the neglect of Ap(O) is an essentially different approximation
than the factorization of B(t-t').

As shown in Sections 2-M, the term involving p(0) and the error
introduced by the extension of the integral from t to infinity are of the
same order in V as the relaxation constant, but are smaller dy a factor
1°/t. Therefore, the equation of motion for ¥(t), derived within the Born
and Markov approximations [Eq. (31)], 1s only valid for times t > Tor
Since the condition for validity of the Born and Markov approximations
[(Eqs. (26) and (30)]) requires the relaxation time of the subsystem to de
much larger than the correlation time of the reservoir, this time interval
sti'l includes most of the transient regime before the subsystem reaches the
steady state.

Disregarding, for the moment, the matrix character of the equation of

motion for ¥(t) [Eq.(31)]), the solution for ¥(t) 1is (1c <<t <« 7-1)

h ¢
(t) = 2(YL ¢ Yt o(—‘:))a(o>. (36)

1
where the teras of 0(-%) represent the neglected contridbutions of P(0) and

the extension of the integral. The prefactor of this tera {s essentially of
the same order of magnitude as the relaxation constant itself. Equation
(36) shows that the relative error in the value of 3¥(t) is of the order
tclt. However, the relative error in the different t(t*te) - 3(t) is only
of the order (tc/t)z. Since the value of this difference is of the order
'c’t' it follows that Eq. (31) describes the variation of 3(t) on any time

scale with the same relative accuracy as the absolute value of B¥(t) is




known. Therefore, the so-called coarse-grained averaging is not

nocosaary."‘2'15’16

6. Phonon relaxation of an adsorbed molecule

Thermal desorption and laser ~induced desorption have been the subdjects

5’8 ’ 17=-21

of many studies. The model employed by many authors for the

vidbrationally bounded molecule is that of a one-dimensional

oscillator.5'9'2°'2‘

Only motions of the molecule perpendicular to the
surface are taken into account. This approach assumes that the effects of
(frustrated) rotations of the molecule on the sudbstrate can be neglected.
Although we cannot give a rigorous proof for the correctness of this
assuspt jon, there are some experiments which support it. For example, for
CZ on copper, it was shown that CO adsords in an on-top conformation, with a
relatively small angle (~ 10 deg.) for the amplitude of the rotational
vidration node.22
The interaction between the admolecule and the sudstrate s usually
described by a Morse potential, which gives a fair description of the
aZsorbate-substrate potential. It also has the feature that the eigenvalues
and eigenstates can be obtained analytically, thus simplyfying the further
analysis. The discrete levels are identified with bound states of the
adsorbdbate, and the continuum levels correspond to gaseous molecules.
Desorption is described by a transition from a bound state to a continuum
otatc.s
One interesting problem, which {s also experimentally accessidle, 1is
the calculation of the linewidth of the vibrational adbond due to the
interaction with the lattice vibrations of the substrate. Ve denote the
Morse potential by V.(z-zo). With z the distance of the admolecule above the

surface vhen the lattice vidrations are adsent. The proper definition of




the interaction Hamiltonian between the adbond vibration (sudsystez) and the

lattice vidrations (reservoir), in accordance with Eq. (10), 135

'(:-zo-uz) - V.(z-z°°uz) - <V.(z-z°-uz)>. (3"

where ¢...> = Trp(o:...) denotes the averasge over the phonons, and u, *
uz(t) is the z-component of the temporal vidbration amplitude of the surface
atoa due to the lattice vidbrations. The sudbsystem Hami{ltonian is

M= T o <V (22, u,)>, (38)
vhere T denotes the kinetic energy of the admolecule. The averaged
potential <V(z-z°-uz)> is again a Morse potential, dbut with renormlized
values for its depth and equilidbrium distance, zo.s By using Eq. (37), the
relaxation constants for the adbond reduced density operator can be obtained
within the Born and Markov approximations in a straightforward calculatlon.s
In the resulting expression, the reservoir is represented by the occurrence
of only the displacesent autocorrelation function <uz(t)uz(o)>.

To test the applicadility of the Born and Markov approximations, we can

use Eqs. (26), (29), and (30), which give as the condi:ion for validity
Y .
1 << 1 (39)

The characteristic time of the displacement autocorrelation function, ‘p'
can be identified with half the phonon lifetime. For setals, experimental

-‘20.23'2. An experimental

deterainations yield quantities of the order 10
detersination of the linewidth (_Y) is availadble for the 0+1 transition of

the Ni...C vidbrational mode of CO adsorbed on a Ni(100) surface. A value of
12 .-1

lSon"-z.B 10 is tound.zs Then

71’ - 1.8, (40)

which s of the order one. It follows that for this system the Born and

Markov approximation are questionable, at best,

13




The estimste mentioned above is odtained by considering phonons only

26

(1.¢., the phonon 1life time is used). It was shown by Persson and Persson
that for metallic substrates a damping involving a coupling of the
vibrational sode with the conduction electrons will be much larger than the
phonon damping. The strength of the coupling between the vidbrational adbond
@0de and the electronic degrees of freedom is, amongst others, dependent on
the derivative of the adparticle M.0. energy with respect to the vibration
coordinate. For the weak ad-bonds, as are considered here, this derivative
will dbe much smaller than for the internal vibdbration considered by Persson
and Persaon.zs Also, the phonon damping will be much stronger for the low-
frequency adbond than for the internal mode. Therefore, we believe that,
relative to the electron-loss mechanism, the phonon-dazping will have a much
larger contridbution to the linewidth than in the case of internal vibrations
of a molecule on a metallic subdstrate.

Theoretical calculations of the relaxation constaats, performed within
a,

the Born and Markov approximations, have been published by Hood et al. nd

Volokitin et .1.28 For CO absordbed on Cu, a system similar to CO on Ni, a
value of 3.1 10'3 s-’ was obtained for the 0+1 transition at T = 300 K.27

In this calculation a Dedbye spectrum was used for the phonon dispersion

relation. For CO adsordbed on Ni, a value of Y = 1.4 1013 s" was obtained,
also using a Debye spectrum and at T « 300 K.ze wWith 1’ -5 10'13 s, ve
odtain Yr_ > 1, and it follows that the Born and Markov approximations are

p
not justified within the model systems employed dy those authors. The

values for Y quoted above are odtained for an infinite phonon lifetime. The
effect of a finite phonon lifetime is to enlarge the calculated Y by at

2 8 was used in those

least a factor tcn.z7 (A value 'p = 10




calculations.) The Born and Markov approximations are then even more

Questionadle.

Fy'

Using a more realistic surface phonon spectrum due to Black ~, it was

possidble to reproduce the experimental value for the Ni...C vibration very
well (Y « 13.3 ¢||.1).2e However, an infinite phonon lifetime was used.
Since a finite lifetime effectively dbroadens the phonon spectrum, and since

29

the spectrum used is sharply peaked ~, it i3 to be expected that inclusion

of a finite lifetime will give an even more dramatic increase of Y than for
the Debye spectrum. Again, a much larger value than experiment will be
obtained. The conclusion is that the Born and Markov approximations are not
Justified for this system,

CO adsorbed on Ni or Cu is an example of a strongly-dound physisorbdbed
system. For the weakly-bound physisorbed system Ar on W, a value of Y =

217

6:*0‘1 s was obtained at T = 30 K and using a Debye spectrua. (Note that

T = 30K for Ar and T = 300 K for CO both correspond to the situation kBT <

1
Ehuo. wvhere Wy

the Born and Markov approximation might be valid, especially since a more

is the fundamental vibration frequency.) Now Ytp = 0,3, and

realistic surface phonon dispersion relation {s expected to reduce the
calculated value of Y considerably. Because the fundamental vibration
frequency is smaller than the Dedbye frequency, the inclusion of a finite 1p

in the calculation of Y hardly affects the rcsult.27

7. Multiphonon processes

The interaction potential between the admolecule and the subdstrate can

be expanded {n a power series in Uy

2
oV _(z-2) 9V (2-2)
- - . s (-] 1 ] o 2
V.(z-zo uz) . v.(z zo) 32 u, ‘3 ———-;;3—-u'0.... (1)

15




which shows that the interaction Hamiltonian can indeed be written as a sum
of products of a subsystes and a reservoir operator. The latter are
identified with the various powers of u,. The sudsystes operators are the
derivatives of the addond potential. V.(z-zo) is included in the aubsystem
Rasiltonian. The ters proportional to u: gives rise to n-phonon processes,
i.e., a transition between levels of the adbond is accoapanied by the

eaission and/or absorption of n phonons. It can be shown that, for a Morse

potential, the contridbution of n-phonon processes to the relaxation constant

-
- -

i1s exactly given by terms involving <u:(t)uz(0)>n in the expression for Y

-~

. -
PR N

odbtained by using the full potential of Eq. (3?).30 For a system in which
the fundamental vidration frequency is larger than the Dedbye frequency
(e.g., CO on Ni or Cu), the multiphonon processes give an important
contridution to the relaxation constant.6’27'3°
It has deen argued that when multiphonon processes in second-order
perturbdation theory give a significant contridbution, higher orders in the

interaction also need to de 1nc1udcd.6'7'°

That this {s not the case
already follows from the fact that the conditions for validity of the Born
and Markov approximations [Eqs. (26) and (30)) are obtained without any
assumption for the foras of the interaction potential. Explicitly, the

aultiphonon contributions to Y are given by [Eq. (24))

(2) var
y'\€isg 0P (82)
n hz

in second-order perturbdation theory. In fourth-order of the interaction

they are (Eq. (23))

3
() . 'n'
o ?ﬂ (23)

where A defines the oontridution of n-phonon processes to the relaxation

PP S EA
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constant. For ne1, 2 it {s given by

oV _(z2-z2 )
2, 8 o',2
v " Trp.. ('b°(°)“z( 32 )%} (44)
oV _(z-2)
L P | o'.2
v, ® Trp,' "b°(°)“z('—-;;5'_-) } (45)

with similar expressions for the higher values of n. The relative
importance of each of the aultiphonon processes follows from the ratio of
the corresponding Y:Z). f.e., it is determined by v:/vi. However, the
contribution of higher orders in perturdbation theory is determined by the
smallness of the parcameters Vﬁtz/hz. More precise, they can always be
neglected if [Eq. (26)]

(zvd)e?

-5—2—-5 <« 1, (46)

u2

where the summation runs over all the multiphonon contributions. The
conclusion is that the incorporation of sultiphonon processes within second-
order perturbation is a valid procedure, only as long as the Born and Markov
approximations are justified [Eqs. (26), (30) and (46)].

The fact that Gortel et 11.6 find an appreciadle contridbution of the
fourth-order terms merely indicates that the Born and Markov approximation
cannot be made. It then is questionadle that terms of up to fourth order in
the interaction are sufficient to calculate Y accurately. Moreover, the

fourth-order correction as odbtained dy Gortel et 01.6'7'0

« Or as given by
£q. (83), only includes the terms connected with the Born approximstion.
Additional correction terss of fourth order in V arise due to the Markov

approximation not deing valid anymore.

8. Coherent excitation of an adsorbed molecule




An adsorded molecule irradiated by laser light is a widely studied
aystcl.‘1 Examples of processes studied are laser-induced surface chemical
reactions and laser-induced desorption. The effect of the laser is to
directly excite the vidbrational adbond mode or an internal mode of the
adspecies. Subsequently, relaxation occurs through the interaction with the
lattice vibrations, as {s described in previous sections.

The system can now be considered as a sudbsystem (the addbond) in contact
with two reservoirs (the phonons and the laser, respectively). Within the
Born and Markov approximations, a master equation is obtained, with
relaxation constants given as the sum of a phonon part and a term due to the

laser-admolecule interaction,

Ye Yp . yr. (47)

The expression for Yp is identical to the one obtained for the addbond with
the phonons only [Eq. (32)]). The laser part, Yr' can be odbtained {n an
analogous calculation, employing the laser-adbond interaction as
porturba:lon.zo

By an analysis analogously to Section 3, it can de shown that the
condition for validity of the Born approximation is the same as {f each

reservoir is considered independently, we obtain,

']
'p‘p << 1, (48a)

'r'r <« 1, (48d)

However, the condition for validity of the Markov approximation {s

different. It is given dy [Eq. (29)]):

Yp " <« 1, (49a)

'r ', <« 1, (49d)




That fs, the change of 3(t) is required to be small on a timescale of the
longest correlation time, T It follows that the conditions for validity
of the Born and Markov approximations are not the same, as was seen to de
the case vhen only one reservoir is present (Sections 3 and ¥). Generally,
they are more restrictive for the Markov approximation than for the Born
approximat fon,

Dependent on the relative strength of the laser addbond and phonon
addbond intereaction, the conditions Eqs. (48) and (49) can be simplified. A
nuadber of limiting cases are given in Table 1. In Section 6 it was shown
that for actual systems thp is more or less of the order one. Since tr>>

‘p' it follows that the conditions for validity [Eqs. (48) and (49) and

Tadle 1] can not be matched, except in the case of a weak laser:

t
Y. < (;Z)Yb. Table ! shows that the condition for validity of the Markov
r

approximation is the most restrictive one. It is only in this case, with
thp << 1 but Yp'r <L 1, that the generalized master equation derived by

° and Peremans et 11.1‘ applies. However, the numerical

Beri et al.‘
examples given by these authors refer to laser intensities stronger than
allovwed by Tadble 1. It is interesting to note that the Markov approximation
does not become better when the laser pover is reduced further. The
relative error in Y remains of the order Yp'r‘ This is easily understood {f
we realize that the Markov approximation requires 3(t) to have only a small

change on a time Tee This change is determined by both the phonons and the

laser [Eq. (47)). 1Ifr Y, « vp. then the laser has relatively little effect

on the changes induced in 3(t).

A situation of great experimental interest is when we start with an

advond in equilidrium with the phonons, and then turn on the laser. This

is, for example, encountered in spectroscopy. The condition under which the



Born approxisation is justified is again given by Eq. (48). However, the
condition for validity of the Markov approximation is different now.
Initially, there is no change in 3(t) due to the phonons. When the laser {s
turned on, an upper limit for the change in 3(t) over a time interval t f{s
given by vr t. The actual change will be smaller because the phonon
interaction forces 3(t) into the direction of equilibrium. The condition

for validity of the Markov approximation then becomes

Yr t. << 1, (50)
1

instead of Eq. (49). It follows that for weak lasers, Yr < (;2
r

)Yb. the
condition for validity of the Born and Markov approximations {s the same as
if each reservoir could dbe considered independently.

Finally, we want to discuss the situation where the Born and Markov
approximat jons are made with respect to one reservoir only, e.g., the
phonons. For laser intensities which lead to a change in 3(t) smaller than
the change induced by the phonons, the conditions under which the Born and
Markov approximations are justified are the same as in the absence of the
laser [Eq. (30)). However, if the rate of change of 3(t) due to the laser
1s larger than the due to the phonons, the Markov approximation is only

Justified if the change in d¥(t) in a time 1 due to the laser {s

smmll.




9. Conclusions

The conditions under which the Born and Markov approximations can be
made within the Zwanzig projection formamliss have been analyzed. It is
shown t.ha; the condition for validity of both approximations is the same. A
ocomparison with reservoir theory is made, and it is pointed out that the
Born approximation in the Zwanzig projection technique corresponds to the
factorization of the density operator in reservoir theory.

Apart from the Born and Markov approximations, the derivation of a
master equation [Eq. (31)] relies on two other approximations: extension of
the upper bound of the integral over time from finite t to infinity, and the
factorization of the initial time density operator. Both approxima:ions
introduce errors in the relaxation constant of the order 1 c/t. but which
a~e of the same order in the interaction. Therefore, the approximate
equations apply only for times t » Toe

For t « 7". the value of 3(t) is proportional to Y t, with an error
due to the initial time factorization of the order Y T On a time scale
Tor 3(t) changes by an amount Y Tl howsver, the error changes only by an

1
azount of the order ('t._c)“e <« "c' Therefore, the details of the time |

evolution of 3(t) are preserved on any time scale, although its adsolute
value is only known with an error of the order Y T This conclusion 1

1,12,15,16 and indeed in

ocontradicts the idea of a coarse-grained average,
the derivation presented here a coarse-grained averaging procedure was not
necessary.

The results of Sections 3-5 are applied to the case of phonon
relaxation of the vibrational levels of an adatos. It is found that for CO g
adsorbdbed on Ni or Cu (an example of a' strongly-dbound physisorded system), )

the Born and Markov approximation are not justified. For Won Cu (an
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example of a weakly-bound physisorbed system), it is shown that the Born and

Markov approximat fon can be made.

In Sections 6-8 the interaction of laser radiation with a phonon-damped
vibrational adbond {s discussed. This system can be seen as a small
subsystem (the adbond) in contact with two reservoirs. It is shown that the
conditions for validity of the Born and Markov approximations are different
from each other, and in fact, for the Markov approximation, more restrictive
than in the case with a single reservoir [Eqs. (48) and (49)]. For a weak
laser, {.e., one with much less exciting power than the relaxatjion power of
the phonons, the condition for validity of the Born approximation is

(Table 1)

Yb‘tb << 1, (51)

and the condition for validity of the Markov approximation is

Yb‘r << 1, (52)

It follows that there is a region of strength of phonon interaction where
the Born approximation can be made, but the Markov approximation not. Then,
a generalized master equation should be used to descride the time evolution

of D(t).‘°'1‘

However, for an initial condition where the adbond is in
equilidrium with the phonons, the equation for validity of the Markov

approximation [Eq. (52)] reduces to Y Ty i.e., the same as Eq. (51). It

b
follows that for analysis of spectroscopic data, the Born and Markov
approximations are justified i{f the reservoir-subsystem interaction obeys
Eq. (51). However, when spectroscopy is used in non-equilibrium situations

(e.g., to follow the course of a chemical reaction), the reservoir-sudbsysten

interaction has to obey the much more severe condition of Eq. (52). For

phonon relaxation this can hardly be expected to dbe the case.
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Table 1. Conditions for validity of the Born and Markov approximations for
various ratios of the strength of the laser and phonon

interactions.

Ratio of relaxation constants Born approximation Markov approximation

2
\ Y < Y Y r_ << Y << 1
, PG PP p'r
|
71" - Yp Yp‘lr << 1 thr << 1
YP > 'Yp Yr‘lr << 1 Yrtr << 1
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