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. Lagrangian Multipliers and Superfluous Variables V
4
) 1. Introduction ‘ ?.
This paper uses superfluous coordinates and the "constraint jiggling" -
approach (usually introduced when performing displacements violating con- Y,
straints in order to compute the forces of constraint) to develop a new form for 2
Lagrangian Multipliers. As a part of the development, this paper generates y
unified equations combining a new variant of the Euler-Lagrange equations with 2
a new closed form expression for these multipliers in terms of the superfluous .
coordinates and the boundary conditions. These results elucidate the mechanism o
by which the constraints determine the Lagrangian Multiplier, and their role in c'.',
the Euler-Lagrange equations with constraints. This approach facilitates the "
computations for the following reasons: ;
(a) Finding the inverse functions requires the solution (at worst) of a system W
of m equations in 3» coordinates, where the 3n—m independent coordinates "

are treated as known constants and no derivatives are involved. Once N
done, the dependent coordinates z,,...,z, and their derivatives can be ::
replaced in the constrained form of the Euler-Lagrange equations derived '

in the paper by 4,, .. .. 9. and their derivatives. so these equations will now i
contain only the independent sn—m coordinates and their derivatives. The 0
standard treatment requires the solution of a system of 3n differential equa- g
tions and m algebraic equations in 3s+m variables. ’
(b) Once these Euler-Lagrange equations are solved, the Lagrange Multipliers ::‘
are obtainable without further solution of equations. ,_

(c¢) The inversion can often be performed by inspection, as is the case in the ;;
example cited in the paper. ‘
(d) A good choice of coordinates may trivialize some of the m equations when :;
computing the inverse functions. 3

()
2. Statement of the Problem )
We assume that there are » particles traveling in 3-dimensional space, sub- X
ject to m smooth independent holonomic constraints

: [dZ, . . Zsait)mey fora=1,...,m (1) :',
",

We treat this problem in the 3a-dimensional configuration space of the n parti- ‘
cle system, by concatenating the » 3-dimensional position vectors into one vec- y,
tor in R*. Since the constraints are assumed to be smooth, the constraint force ¢
corresponding to constraint surface .:‘
,ler LR r‘hi')“a 2:
—— e
Manuscript approved March 12, 1987. ::
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must be co-linear v;xtl;
vflulo v .85.3)-5 'jaf?':(xlv s vx!n;‘) "h
where i, is the k* canonical unit vector in R*. Therefore, the total constraint force R
must be a linear combination of the Vf, .

We also assume that the constraint forces ( and gradients ) are locally linearly
independent along the trajectory of the system in configuration space.

Note that all vectors in this paper that do not involve time will be R3* dimen-
sional, whereas vectors that do-involve time will be R**! dimensional.

3. Results to be proved
The following discussion will:
(1) Derive a new expression for the Lagrangian multipliers

A EARA LS
X’(‘) E dt 85, 32. a’,lll-‘b----hﬂ-

where the g.(y;, - . ., ¥m:Zms1s - - - » 73a;t) are the inverse functions
of the m constraint functions f{z,, . . ., z5,;t), where
Ya® fo2,, ... ,25,t), foram]l, . ..,m.

(2) Derive a new variant of Lagrange’s equations, using
the superfluous coordinates. )

(3) Show that the 24(t) are components of a generalized
constraint force in R%».

4. Finding the Dependent Coordinates and Relating them to the
Independent Coordinates

Let (z), . . . ,2;5.:t) be an arbitrary point of R¥**, We next want to find the
dependent coordinates, and show that we can relate them ( in a neighborhood
of (z, ...,zs;t) ) to the independent coordinates. The dependent coordinates
are also referred to as “ superfluous " in some of the physics literature. We
have assumed that the m constraints are independent, and therefore have
assured that there are 3n — m independent coordinates. We will intentionally
remain vague about the exact meaning of "neighborhood” in R**, but a good dis-
cussion may be found in the first cited reference.

Note that while it is usually possible ( discussion of "usually" deferred ) to
relate the dependent to the independent variables, this can only be done locally
( therefore the "neighborhood” ). Variables that are dependent in one area
could in principle be independent elsewhere. In any case, the functional expres-
sions relating the dependent to the independent variables may only have local
validity. In the examples, it is shown that in some cases, this locality is not
much of a problem, because the neighborhoods are really enormous. The paper
will generally assume some neighborhood N in which the discussion takes place.
The Inverse Function Theorem' provides the necessary conditions for the
existence of the m dependency relations ( the "usually” mentioned above } and
for the existence of neighborhood N.

109 Te By 'S, ’ S SOIRONS
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We start by defining a function that is a set of 3z coordinate transformations with
time as an added coordinate. We next show that a certainn determinant ( its Jacobian )
is non-zero in a neighborhood of (x.....3.4). This condition is required by the
Inverse Function Theorem. This theorem will then justify the existence of the inverse
coordinate transformations and the appropriate neighborhood N.

We pick a point (x;.....5.1), and we assume that the m constraint functions
falXie ... X3a3) fora-l....im are independent, i.e. have gradients V7, ..., V.
which are linearly independent” at the point. Hence the matrix

3
(o1, o1,
9z, ' 8z,
Ofm 8/m
‘ 82, T Oz, )

has m independent columns ( or equivalently® has rank m ).

By relabeling the variables if necessary, we may assume that the leftmost m
columns are linearly independent, so that

{
8/, af,
8z, = Oza
det| ... ... .. |s0°

O/m -

3z, = Ozm
Since the determinant is a continuous function, we can tind a neighborhood
of (2, . ..,25a;2) in which the determinant is non-zero. In other words, we have
a neighborhood of (z,,...,z5.:t) in which the the leftmost m columns of the

matrix are linearly independent.

We now define

(
[dzn - o 2ait) 1
Ju(z1, ) Z3a:t)

Flzy, . ..,25:t) ® | fua(Z1 - - Zsait) ],

Sa(21, ) 23a3t)

L t

where
Ji(3y, ... 3sit)mz; forj=m+l, ... 30
3

4
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The Jacobian of F is the (3n+1) by (3n+1) determinant

(

8/, af, of, | |

vee a!l a!l
) ot LAY

oz, ZT3a 2z, -—az-
det 0fse fs 9fsa = det 0! a! » 0.

9z, ' 9z, Ot = -

a9z, dz, J
\ 0 0 1 ) L

Therefore the Jacobian of F is non-zero in the aforementioned neighborhood of
(zp . - . 1 Zait)-
Define yo = fo2,, ... ,25it), foram1,...,m.
The Inverse Function Theorem now allows us to conclude that there are 3n+1
functions
0 (F1s - - - 1 Vs Zmts - - - 1Z3a;t) foraml, ... ,3n+1

1) Possessing continuous partial derivatives.

2) Defined on points (yy, ..., ¥m:Tmss - - - »23a;t) iD F[N|, the image of some
neighborhood N of (z,, . . . ,25ait)-

In addition, these functions satisfy the important ( inverse ) condition
PAVLC VAN Y ) RN S ¢ T I E T WO E S

foraml,..., 3n+1, where z,,, = ¢

These functions are the required .inverse transformations, and will be used
extensively in the following sections.

Recall that fJz,, ... .25 it)j=c, fora=1,...,m, due to the constraints.
Therefore
Bmglen . CmBmets - 1 23ail) = OBty - - - ) Z3ait)
for k<m, z, dependson z.,,, . . . , 25,

for k>m, ¢, is the projection whose value is z,’

These observations are crucial to the rest of the argument.

Note that since the g, functions associated with the independent coordi-
nates are projections, only the m functions associated with the dependent coor-
dinates must be found. Note also that these functions may sometimes be found
by inspection, as may be seen in the example cited later in the text. Even when
these functions must be derived by solving equations, the 3a—m independent
coordinates may be treated as known constants, so only an m x m system must
be solved. Lastly, a good choice of coordinates may trivialize some of the
remaining m equations.

§. Path Variation and Coordinate Independence

The next argument depends on Hamilton's Principle. We will use
Hamilton's Principle in N to obtain generalized Euler-Lagrange equations for
the » particle system with the stated constraints.




Recall that

o™ Jo[Zmets - - - 1 Z3ait) fora=1,... m,
%0 13, . ..,z, are functions of the independent coordinates =, . . ., z,,.
We define
) Ll(’-#ll LR r’“lé-«ﬂ' e :éSn;‘) - L(’l: o1 ImSmats - - - ’330’61: e !bﬂlél*ll o ,is‘ﬂ).

3
Also note that &y, = 2' -84:5-63,, and that the path variations in Hamilton's
jomal CE§

Principle satisfy the condmon

b5y = (0] tor j = m41, ..., 3m

Analogously, we define 59, = -‘1- [ag.], so we can compute that

. 4 LT b ] 8'0 4
bem 2 [5"' ,_,M & [az, ,__ﬂ 2 % ]
(T2 ] '
——6:
J-—-H ‘l [ :--o-l J 4
We now use Hamilton’s Principle on L,, for points (zn4, - .., 2s.;t), Where
(21, - - ., 23a;t) is in neighborhood N.
tg
0= 6!“ Li(zZmets - - - » F3asFmats - - - ¢ F2ait)
¢

- [t 2 oaa+ 5 iy v $ b4+ 3 s,
3 { 2] amy 9 oz,

Jummepl Ty Jmml

{

ts 3 3a [ F) ]
’a oL o~ 0L Jo
III 8’. "-n#l i S 82 ol azq ;-u+l d‘

\

3 9 . 3s
+2 3L E a_"’&,j_‘_ E _%53,}

o=t %4 jom+1 OF; jem+1 0Z5

‘s 3s » 2 m a
“ful R (§oL e z_t?_b__d_[_’_«] L 2L,

ty jemal a—lazﬂ a’:’ o= 024 dt 33}' 32,-

3 ] 9
. oL 89a a_L]&,,

jeme] | aml 8&, 8‘)‘ 8ij




We now recall the following observations:
for j = m+l
1) ;= [az,]
2) 6z(t))=0
3) bz;(ty) = 0.

We use the above observations while integrating the éz; term by parts in the
equation preceding the observations to obtain:

s » o » ]
0= fdt{ 35 I Lo L 23—.[-‘-1[—!1]4- gf ]6:,

tr |iemtt|om O%a 02 502, dt | O3 i
dolad 81. aL d|9%a d|aL
- - + = | == |62,
J'-g#l az-:l‘“ 9z a a‘i o-laza it 63,- dt | 9z ; K
AL 4

Note that the term 2
o= 02, d‘

o E[-4(2)

99,
[ . ] cancels out, and we now have the equality

09, foL_afoL)ll,

4 jemet | ot | 9%a

" Now the éz; for j = m+1.....3n are independent ( while the éz,. . sz,
were not ), and we may conclude that for points in N
' AL )1]99a .
—L | === =0 forj=m+l,...,3n.
8:, {82,] =t 6:, dt[ i, || 9% = ors=m+ "

We will now use this equation to motivate our formula for the Lagrangian Mul-
tipliers and to derive the usual expression for the Lagrangian Equations with
constraints.

6. Deriving the Expression for the Lagrangian Multiplier
Let us rewrite the previous equations in the form

a
8L |_oL |9%a _, @)
dt 3:, a_‘ oz, " 9z, dz;
for j = m+1, ...,3a which is valid for points (z,, . . . ,z5.;t) in N.
Now let
GJ‘II oo ,23.;‘)
= 'J!l(’ll ce s Ja-i‘)- B 'fm(zh cov e '33-;‘)13n+h c o, Z3ait)
=z, fora=1 ..., m
G, .
Therefore = 0, forjmm+1,...,3n,
§
since no change in z; affects the value of G,.
Also, recall that y, = f (2, ... ,25,t), fora=1,.. . ,m.
6
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It follows that
G, » 39, afﬁ g,

Om= - -+
d9zx; 5019y 8;, dz;
4 = 9
or fa - ﬂa ,3
8:,- ﬂ-l 8” 83’
Comblmng this result with equation (2), we see that forj = m+1,...,3n
94|l | L 99a
. a a,, 83,- ,_. dt | 8z, az,laz,
oL | oL 994 8fs
-£|a d "8z, l 2a s 9%,
omi | 08 | 92, z4 =19 0%
alaidloL ] aL |99 (3/s
- a7l brwal naresl wny 3
E ,z_.‘:[dt[aéa] 0z, |Oyp | O5; ( )
So if we define
& ( d 3L | 8L 394
x — ——

’(‘) = §| dt [az ]. azc a’, 191%€ ) . ., Im*=Cm (4)
we note that \y(¢) is the y, component of the generalized force in coordinates
¥, - - - ,¥m corresponding to the m-dimensional force l[i ~2L in the
. dt ( oz, - Az,
ry, . . ., Iy coordinates. Recail that 7, .. .z, are the dependent -oordinates i.c.
the coordinates that are functions of z,,,, . . . , z3, due to the constraints).

We now summarize the results of the last two sections by combining the
equations for the Euler-Lagrange equations and the multiplier equations:

3s _d_ 8L 8L ag. 9, [X,(t) for | = ;,...,m
1 dt 1Im=Cm

re 8&. "9z, |3y 0 forl=m+l. ...,3n (3)

7. Interpreting the Lagrangian Multiplier
oL
0%,
Lagrangian Mechanics, if we assume smooth constraints and conservative forces.

Recall that if Q 3¢q-1ye1+ Qxq-102s Qg-1203 ATC the components of the total force on
particle ¢, then J is the total force in configuration space, and we have®

d [or - -
?7[3;. ]—E Q. fork=1,..., 3n, (6)

We can interpret the meaning of — [ ] % by appealing to a basic result in
4

where T is the kinetic energy.




Now Q, = F, + R,, where F, is the i* component of the 3n-dimensional external
force and R, the k* component of the 3n-dimensional smooth constraint force.
We assumed conservative forces, therefore there is a potential V such that

J —L
83.
We proceed to define LmT-V as usual, so by (8),
FIANA -
it | a5, 83. =R, fork=1,...,3a.

Utilizing this result for the first m variables only, we see that
» . o
M(t) = BRaz =,

so the Lagrangian Multiplier appears to be the portion of the total generalized
constraint force due to the dependent coordinates. However, since the con-
straints are smooth, the constraint force has zero components in the directions
corresponding to the independent coordinates, and therefore the components
corresponding to the dependent coordinates in fact determine the total force of
constraint. Note that the equations (5) combining the multipliers and the
Euler-Lagrange equations have the constraint force on the right hand side.

8. Showing Multipliers Satisfy the Usual Constrained Euler-Lagrange
Equations

Now for j = m+1, .. .,3n and points in N, we immediately have by (3) and the
definition of x,(t)

L[] 2L S0z -0

at | az; | 9z 3O

Now for y=1,...,m:

Again, fora=1,...,m

’Jll(‘h e »‘3-5‘); e 1/u(’h cee ,1‘;.;!),2,.4,1, e ;’3-“) =To

so if v » @, z, does not affect the value
of g.. It follows that:
] a’a all 8’a
p=19yp 02, 01z,

= §,,, the Kronecker delta.
Therefore we see that

d | oL aL e 9/s
- [—]—— - 2*5(‘)'8‘;:

83., 8’1

aL)_aL|_,
d‘ az., az., 611 az.'

Comblnmg the results for 7 and v, we have

d | oL
s |== | ==_ XC—-O fork=1,...,3n.
| oz, 83, z,‘“

This is the usual form of the constrained Euler-Lagrange equations.

9. Relating the Forces of Constraint and the Lagrangian Multipliers

We showed that £ -‘& _aL R,, the k¥* component of the constraint
d‘ az. az.

force when the external forces are conservative and when the constraints are

W e -

gl -l

Vi e - .




N

.
m a :
smooth. Therefore, R, = < ﬁ oL Ex,(t)-—j!-. We can rewrite this in 3n A
dt | 3z, | 9z 3o 9z, N

n &
dimensional space as R = le(t)vf p» which coincides with another popular r
pet “
expression for the constraint force. "
. This expression makes physical sense because smooth constraints f:',
must be co-linear with the gradients of the constraint equations. s

10. Example for Constrained Time-Independent Two-Dimensional ‘
Motion .:f

Now for an example of single particle motion in two dimensions. Let a '
bead slide frictionlessly along a wire whose shape is given by the equation y=z2.

Let the constraint equation ( in the article’s notation ) be
0= c; = f(2,29) = zp—2{.
Define Y

zo—zf

F(zl»z'.!) - [ z,

The Jacobian of F is 2z,, so the Inverse Function Theorem applies when z,%0. .
The Inverse Function Theorem only guarantees the existence of an inverse func- 43
tion but doesn't provide its form. We need a function ¢ satisfying p
-
-

9(f(2,,22),25) = 3, This is equivalent to finding a function ¢ satifying
9(zg—z¢,7,) = z,. Note that

sgn(zo=izo—27)) V [Zo—iza—zi)| = £ il 2y > ’i:

sgn((zo=2f)=2a) V |2e—(zo=2z{)l = z, i 7, <O _-

where '

3

1 if >0

agn(z) =} 0 if z=0 2

-1 if z<0 v

X

So we define two functions .
91(y,z2) = sgn(zo—y) V 1 zo~y| ‘

9oy ,29) = agn(y—z,) V |z0—y) N

where y = f(z,,2,). N

The reader can easily show that if z, > 0 then g¢,(/(z,,20),25) = z,. .

We define the neighborhood N, by N, = {(z,,z,)! z, >0}, where g, is defined on by
F[N,| = {(/(21,25),25)!(21,22) e N,}. Note also that ¢, is differentiable on F[N,)]. .
Correspondingly, if z, < 0 then g¢x/f(z,,2,),25) = z,. v,

We define the neighborhood N, by N, = {(z,,2;)! 7, <0}, where g, is defined on Ny
F[N,| = {(f(z,,22),25)!(21,22) ¢ No}. Again, g, is appropriately differentiable on F{N,. ¢

Note that both of these neighborhoods are in fact quite large. In the rest
of this section, we will use ¢ interchangeably for either ¢, or g, depending on
whether (y,z,)¢ F[IN) or (y,2,) e F[Ng].
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We see that
1 .o . -
L= ri [zf+z§]—-mgzg.
The reader can show that since z, is the dependent variable

d|oL) oL _ -
dt | 83, '

and
s o |d(2L) 2L |ag,
dt { 3z, | 9z, |3y '""™
mz,
2z,

This is the same value for A as would be obtained from the usual constrained
Euler-Lagrange equation

dfoL) oL _,ér
dt| 9z, | 9z, 0z,

with the constraint equation z,—zf = 0.

We see that for z, = 0, \ is undefined, as should have been expected from
the necessity for the exclusion of such points in the definition of N; and N..

11. Example of Constrained Time-Dependent Two Dimensional
Motion (No Gravity)

Let an infinite rod with a pivoted end at the origin of a plane be rotating
in the plane with frequency w about the origin. Let a bead slide frictionlessly
on that rod.

The constraint equations are
z2—rcos wt = 0 = ¢,
y—rsin wt =0 = c,.
We transiate to the article’s notation as follows:
y1 = f(2),23,24;t) = 7)—z3c08 Wt
y2 m [(2),2,24;t) = zo—2ssin wi.
Note that z, and z, may be chosen the dependent variables, upon examination
of the Jacobian.

We next define
Si(z1,22,25¢)
fz(‘uzz»zs;‘)
z3

¢
z,—z3c08 Wt

F(z),25,25t) =

Zg~Zysin wi

zs

t
The Jacobian of F is equal to 1, for all points (z,,25,24t), sO
we may choose N = {(z,,2,,25;¢t)}.
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We need to find functions g,(y,,¥5,25¢) and go{y;,¥0,25;t) satisfying
01/ (21,20,23t),f { 21,20,%5;t ), 255t ) = 91(2,~25c08 wt,Zzy—2gsin wi,25t) = z; and
9o/ (31, 2025i),f A21,22,25;t ), 23;t) = go(Z—23c08 Wt Tp—2gsin Wi z5t) = z,.
The obvious choices are
91(y1,92,25it) = y,+25c08 wt and
9o(y1,¥2,%5it) = yo+zysin wt.
It is easily seen that ¢, and ¢, are appropriately differentiable
and that the required conditions
91(f1(3u32:33$‘)vfz(zuzz»zs;‘):‘si‘) =z
9 S (21,22,255t ). S o 21,235,235t ), 255t) = 2o
are satisfied.

Since L = -;-m [é{"+a‘r§], we see that

dfoL) oL _ .
dt| gz, | 9z *

for k = 1,2.
Consequently,

NN P CARIALIN
l( )_ it aél "'621 0y1 { yyme ,yomep

dt 8&, 322 aylln-ehu—cz

LY fp—
Using the fact that y, = ¢, = 0, we see that
2y = r,cos wt. We may use this fact to compute ¥, and obtain
M{t) = mTycos wt—2mwIgsin wi—mw T,cos wt.

Analogously,

d
by - | — —
2(t) dt [ az, | 9z, |0y, {Fimeriames

1@}__% 99, ,
ALY
dt | 3z, | Ozy Oy, 'TMITET

Proceeding as before, we see that
M(t) = mTy), e, yomey SO Since

¥, = ¢, m 0, we have that

T, = Iasin wt,
We can now show that
A(t) = mZz+2mwzycos wt

~muwizysin wt.
Now the usual constrained Euler-Lagrange equations are:
d{aL)| aL 3/, 81,
Ll E2 L 25 5 ()= ()= =
dt ail 321 I( )03'1 2( )3z| 0
and
d | L aL af, 3/
—_—) == =\ () — =2 (t)— =
dt [a,'z] oz, ()5, el =0
with constraints
0 = z,~z4cos wt and
0 = z,—z4sin wi.
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The reader can show that we get the same equations for X,(¢) and Xy(¢), so the
two methods are equivalent.

Note that the functions g4,,g, were obtained by inspection, so that the mul-
tiplier values were obtained essentially without solving equations.

12. Example Comparing the Standard and New Approaches

"By way of illustration, let's compare the solution processes required to
obtain the equations of motion and forces of constraint for a particle of mass m
moving on a surface defined by the constraints

1\(21,29,25) M 2,252y ™ ¢ % 0
and
[A%1,30,25) ® 21 +29 = ¢,

subject to the potential
V(z),22,25) = ‘;‘k[‘lz*"zz""sz]-

We define new coordinates by y, = f(z,,25,2s) and y, = fz,,25,2,). The
Lagrangian now has the form

L(zy,29,24,2,,32,23) = -2-m[zf+z§+z§]-?k[zl"'+z{"+z32).

It may easily be shown that

":l— QL ——£ = mf,-&-kz.
o 1)1" T

d{aL) aL .

N P Ty
dt 63.2 J 832 ? 2
daL) aL .

it |02, | Bz, T M

The standard formulation provides the equations
0= [m'x'l-t-kz,]-—)\lz._.xs—xf_.
0= lmi.ﬁ-kx,]—)‘,z,z,—x,

0= [m§3+kz3]—)\,zlzg
2,29Ty = ¢
Z\+2y = g,

which requires solving 5 equations in 5 unknowns.

The formulation in this paper requires the computation of the inverse func-
tions in (say) N, = {(2,,25,2,)!2,>2,}, the case for N, = {(z,,2,,2,)! z,<z;} is identical
except for interchanging the definitions of the functions described below.

The inverse functions, obtained by solving two equations in two unknowns are:
1

Yot [!I22-4V1/13F |

gl(yhyﬁrzfi) - P - {




and
1

- [V22-4!1/3's]2
9{¥1,92,%3) = 3 —.

Note that z, = g,(y,,52,%3) , 22 = 92(y1,92,%s), and
23 = g3(¥1,92.%3)-

We now compute all first order partial derivatives of g,,9,, and g, evaluated
at (e,cazy) and substitute these values in the new equations, immediately
obtaining the following system of equations:

L

A= _[ﬁ‘+“‘]M+(m¥#hz]M

Zy Z3

1 1
Ag = %[mfiwhl][l#z[cz’-‘lh/'s] 2]"'% ["'E""k"] 1"’["22'“‘/”] 2]

¢ [c{"—«!cl/zs] 2

T4

1
3 [‘22-401/33] : .
P - [mzz-o-kzg]

T3

Om= [m'z',+kz,] +m§3+k::3.

We see that this approach involved finding two inverse functions by solving
a 2 by 2 system of equations, and then computing somewhat harder derivatives
than was required in the standard case. On the other hand. these equations
contain only z, and its derivatives once r, and z, and their derivatives are
replaced by gy(cy,car3) 20d gyeyca2s) and their -ferivatives. {n addition. e
Lagrange Multipliers were available immediately. Therefore, we see that soiving
the equations to obtain inverses and substitution of the inverse functions and
their derivatives for the dependent coordinates and their derivatives replaces
solving a more complex system of equations.

13. Conclusion

This paper has related the Lagrangian multipliers to superfluous coordi-
nates, and has derived a new equation combining a variant of the Euler-
Lagrange equation with a new closed form for the multipliers in the process.
Since the new multiplier equation lead to the usual form of the Euler-Lagrange
equations, the new form for the multiplier must indeed yield the same value as
the usual Lagrangian multiplier.

The author feels that this approach improves one's understanding of the
meaning of the multipliers and the role of (and relationship to) superfluous coor-
dinates. In addition, this approach facilitates the computation of the Lagrange
Multipliers by reducing the complexity of the equations that must be solved. as
was the case in the example discussed.
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