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ABSTRACT

Via semi-infinite programming, Data Envelopment Analysis is

extended to models with a (possibly) infinite number of Decision-

Making Units in order to provide a simpler analytic structural base

for forthcoming studies of statistical aspects. Relations with usual

multicriteria problems are brought forth. In this paper, the only

model considered is extension of phase one of the Charnes, Cooper,

Thrall development of the CCR ratio model.
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A SEMI-INFINITE MULTICRITERIA PROGRAMMING

APPROACH TO DATA ENVELOPMENT ANALYSIS

WITH INFINITELY MANY DECISION-MAKING UNITS

by

A. Charnes, W.W. Cooper, and Q.L. Wei

1. Introduction

DEA (Data Envelopment Analysis) models such as the CCR ratio model [41, the invariant

multiplicative model [18] and the "additive" model [6] deal with the measurement of relative

'technical" or "DEA" efficiency for a finite number of observed decision-making units (DMU's,

.-*. arc on the dual mathematical programming side with the estimation of a Pareto-optimal (=

*r multi-criteria optimal) empirical economic frontier production function [3]. On the dual sioe,

which is as important for the quantitative assessment of observed managerial peformance as for

the in principle statistical estimation of the economic Pareto-optimal frontier function, one

* ceals with an infinite set of in principle "possible" DMUs related to the observed ones by the

defined structure of the model.

, Economists in the past have dealt with frontier functions given in parametric form arc

have employed classical statistical techniques for estimating the parameters from sample

observations assumed to be lying within infinite production possibility sets [201, [21], [22.

That DEA technique could also be effectively employed for these parametric determinations was

pointed out for example in [3), but it was not until [6] that the DEA constraints and

optimization problems were proved to be equivalent to the Charnes-Cooper test for Pareto-

optimality of the observed DMU's which would equally well appl to any of the non-observed

possible DMU's."

The stage thus has now been set for fundamental extension of DEA efficiency analysis arc,

thereby Dareto-optimality economic function analysis, to an a priori infinite set of DMU's

SI.
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specified in vastly increased variety than is provided by the accidents of structure cf clrrert

mccels or the simple parametric forms currently employeo for production functions. wee ere

craw on the resources of semi-infinite programming [7, 8, .. , 14] to provide an elecart

stuciec structure for this as well as a simple sound analytical base for forthcorring stclces :f

stocrastic aspects.

In this paper we limit ourselves to extensions via the CCR ratio mocel Ircrcerr-t

ircur non-Archimedean complications, we do this via the new multiphase (Arch mecear

:.evelcpment of Charnes, Cooper & Thrall [ 191. Thereby we achieve tractable, theoretical, r-,

P.;. comcutational cual semi-infinite programming characterizations into which finite DMU oe~s

car ze embeccec for stucy.

' ,
'4T,

"

"'
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2. Model and Definition

We now formally introduce DEA via the following model. The model has an infinite

rn-ber of DMUs (Decision Making Units) and m items of input and s outputs. Extending the CCR

rrcocel [31 to a (possibly) infinite set of DMUs labeled by x E X, we have:

CCR mocel to a (possibly) infinite set of DMUs labeled by x E X, we have:

s m
Sup 2 urgr(x0 ' / . ivfi(x0 )

r=l 1=1

S m
st. Z-urgr(x) / Zvifi(x) I for all x E X,

r=1 1I

u = Ku;. > 0,

v . .(v . . .... i Vm 0,

,vrere E XE is ore of the DMU's,

fI(x)-- the amount of the ith input of DMU x, i= 1,2,...,m, X E X,

'-r(', = the amount of the rth output of DMU x, r= 1,2,...,s, x E X,

x the DMU set in, say, k-dimensional real space, Rk

Assumctor (Al) Forall X ERk

f(x' = (f I(×, . fm(x) -  >  0

ar 0 g(x) = (g(x, g(x) > 0

are cortinuocus vector functions which are defined over Rk .

I ' -. - - - -. , _ f . , . ...,'. .. ..., ' .
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The above mocel is equivalent to the following mocel:

m s
Irf Z vifi (Xo ' / Z Urgr (x ',

i1 r=l

m s
st. vifi (x)/ Z urgr (x,' _ I for all x E X,

.m , i = Ir = I

v >0.

Using vector notation, we can writeA

4,inf v f(x O) / u g(xO)

st. v'f(x) / u-g(x) > 1 for all x E X,

u >0,

v 0

Now we replace this nonconvex nonlinear fomulation with a semi-infinite programmina

problem by employing the Charnes-Cooper transformation of fractional programming [2].

t= 1 /uTg(xO), w = tv, u = tu,

to obtain the semi-infinite programming problem:

VP = inf w f(xO)

s.t. wTf(x) + pT[-g(x)I >o for all x E X, (1a)

nI ~ ~ ()Tg(x o )  I I,(b)

.u _0, (1 c)

w 0. (1

4/.

€5.



The dual semi-infinite programming problem to (P) is

VD = SUP zo .

s.t. . f(x) X(x) + s- f(x ), (2a.xE)(

(D) 2 [-g(x)] X(x)+ s + = zo [-g(xO)], (2b)
xX

X(x) OforallxEX (2c)

s-, s+ 0 (2d)

where X(x) E Rk , X = [,\(x) : x E X] E 5, the generalized finite sequence space (g.f.s.s.) [8],

[9]. Namely, S is the vector space of all vectors [X(x):x E X1 with only finitely many non-

zerc ertries.

Theorem 1 [9], [14]. For the pair of Program (P) and (D) we have

Vp 2 VD.

Assumption (A2): The set X is bounded and closed i.e., compact.

Lemma 1 Assuming (Al) and (A2), Programs (P) and (D) are consistent.

Prcof For Program (P), take

,o = g(xO)/ II g(xo) 112

arc

w° = (wIo, 1...) T

where
wo max 1iOTg(x) / fl(x)+ 1

X E X(

-hen

,oT g(xO) = 1,

woTf(x) + poT(-g(xo)) > 0 for all x E X,

w o > 0, po0.

Hence Program (P) is consistent.

W..1
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For Program (D), take

" O(x) -- 0 for all x Ex,

S ": = f(x o ) > 0,

S sO+ = g(x°() > 0,

ZO  = -1,

then XO(x), s o , so + , zo is a feasible solution of Program (D). Hence rogram (D, is

corsistert

QED

Emplcying the "regularization" technique [1] we can obtain an Extended Dual Thecrem.

Ccnsicer

VpM - inf (wTf(xo) + Mt,

s.t. wTf(x) + uT [-g(x)] 2 0 for all X E X
-" M ) T+ ' [-g(xO )] > -1,

t + LIT g(xO)_ 1,

t 0, >0, w 0

arc e VDM = SUp (Zo ' - Zo )

s.t. Z f(x) X(x) + s- =f(xO),

XEX

" [-g(x)] X(x) + s = (Zo  - Zo )[-g(xo)],

(DM, XEX

_.4
,- .. Zo" + Zo0'  ,M,

X(W)z0 forall XEX,

s 0s- s >0, Zo 0 Z' 0 ,

,," where M is a large (unspecified) positive value,

-he lirear inecuality system of (PM) is said to be "canonically clcsec" if the set cf

- ccefficients is compact in Rm-s.2 and there exists interior points [91, [ 131.

Lerrma 2 Assuming (A) and (A2), the linear inequality system of (:M) is canonically ccsec

N'.

i " " " , " : " : -. A" " .. . " " : " " " "; " " ", " - ", "-.: ", " -A " ." " . ,' . " ",rS .... "k2 " "-v..& -e . . 2. " "* . ". " ' " " "
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Droof. According to the proof of Lemma Il,there exists (wO, -,0) such that

WOTf(X) + 07[_g(X)] > 0 for all x E X,

OTg(x 0)

w > 0, 4 0>0.

Let

then (w0, i , to) is an interior point or the constraint set of program Pm).

I t suf fices to show that the set

s comp~act.

Let ~KE W, rn tetheaexKE X such that
k -

f (x

Accorcing to Assumrption (A2), there is a subsequence (xKi) of (xk} such tihat flmr x<I x* arc
k-oa

44 we can cet (according to (Al]

= li ~K - im f(x <i\ ( f(x*

rence the set W is closed. Because of the continuitg of fo<, anc -c(>< arc comrpactness of tr'e set

YX, we krow that WN is boundec. Q ED

Theoremr 2 (ExtenceC Dual Theorem) Assumring (Al anc (A2. the pair of Drcram "'

(D has the samre value

Vp if w~f(XC) =Vr- =Sup Z.

0~0



Moreover, )rocram (D) assumes its supremurn as a maxim-um.

Droor. By Lemma 1 and Lemrma 2 ar~c the I rhomocenous Haar -reorem 9] 1 v

N/= max (

in Program (D, let

=IZO - Z0', ZC z0' , Z 2 o,

then we can get

=sup (Z0 -

s.t. f (x) Mx) +s- = xO
X E X

Z [-g(x)1 /\(x) -. s- = (Z - ZO0  (-g(xC0 ,>

X(x 2 0 for alliXE X,

2 o) 0 ' 0, Z" 0' 2 L 0.

Compgring program (D) with program (DM), evidently

But by Theorem 1 we have
S1 '-7'

'/D ~ P.

Sirce Drccram (;)) is consistent, we know that Drogram (PM) has a feasi~le scliuticr

ith

B~ 7 2,(3, ard (4\, we have

V P V V, P'.V

'4 K~E D

Asimcticr 'A3 Tere exists ar optimral solutior (w0 , Ll)\ t(, Drcgram (D\



~~Z~'-- A' A ~ ~'~ w > 3r r-iral scl'thtcr cf -roorarr

s . ~ . - .. ar :ctirnai chi'ticr of Drccramr '1W

- '-~.-:>iX-(<cfr al (S

::eo -. 2 r*Ier f-crn a' arc n1 NIe rave

-~ 'ow, ve C-? e Oi r cefritlcrs.

* er'~ L et OxC 'k L xc is saic to Ce "DEA-efficiert" if there is an o~timnal soluticr

De r: cr 2 Let xl0 E X Pt"L) xc t c to 'eweak DEA-ef ficiert- if there is ar o~tirral

z- r -'

r A' - o A:.: A[ is Ncak DFA-efficiert if arc orli

D .r-m ?r r iC~r~ t r r Y( fr all x -s-, q- c- zCC trat C
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Drcor. T he result Cr the theorem is an immea ate ccnsecuence or Theoremr 2.

Assumrplicn (A4); (Strict complementanity) Ir Sc- 0, sc- = 0 ir all optimal so!(ticrs ct'

Drccramr (D,, then th~ere always exists an optimral solution (wO, -0. or Drccramr l('D sir c'2

wo >0, . 0 >0.

Theorem S.Assuming (Al ), (A2), (A3) andl (A4), DMU xc is DEA-erriciert ir arc crlly irf

arc sc-o, sc* 0 in all optimal solutions or Drogram (D).

Droor Because or (A4), the result or the theorem is an immediate consequence or Threorem 2

0. E D.

We irtrcCuce a "non-Archimecean cuantity" e [41. Th.e symbol e represents the

rfiritesimral; e is less than every positive real number but greater than zero (in the extencec

real fielC).

Corsi,,er
I,- min vfrxo) / u~gxO)

s.t.
v , f(x) / u g(x) I fr all IX E X.

(ug ~~~ e e > 0,

(u g(xo)Fl IuT > e eT > 0

N here

eT  1l, 1, , E ERm

Simrilarly, lettina

g cx tv, -. tu,



we obtain the cual pair of Dnogram P", arc Zrccram (D

s t. w 7f(x) + _. [-c(x"I 0 for all I

D", g(xC)

w 2 ee

arc

max (zo e es- +e e s+.

S.t. f f(x) X(x) + s- -f(X
0 ,. \

X E

(D' [-g(x)]X\(x) s S+= (g~C'

X(x) 0 for all XEX,

s- + 0. (2 c

For the pair of Drocramn (P') arc (D'), the Extencea Dual Th eoremr is also true 51ccose

(XONx, so-, so-, zo00) is an optimal solution of Drocnam (D',' arc trat (A I, (A),, '~A-'

(A4) hold. Daral lel irg Th eorem 5 we cef ire th~e fol lcwirg Def iritior 3 arc Def init ior 4Nr mc~

are respectivel ecuivalert to Definition I arc Def inition 2.

Def inition 3 Let XO E X. DMU xO is said to be DEA eff ioiert i f an opt imal soV!flon -r

so+, zc0 ) of :)rogramr (D", satisfies zoo = I arc so o, so+ = 0.

Def inition 4 Let xC E X. DMU x0 is saic to be weak DEA ef ficient it an7, crt irai ct'r

s(-'-, so,, z,,,, of Drocramr (D, satisfies zoo

ellw*

IF,4
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3. DEA Efficiency and Pareto Efficiency

Fcr efficient production we wish to maximize on outputs while minimizing on irpts, sc

-.. .' :crsicer the following multiobective mathematical programming problem:.°

v - rin (f1 (x). fm(X,, -1 (x). -gs(x))

St. XEX -

.V>?e -:x: = :f 1(x , fm(x)) is the input vector function and

, .x }, .., gs(x,) is the output vector function defined for X inR, .

Ser'rt:cr 5 Let Xo E X. xO is said to be "Pareto efficient" for the multiobjective procrammirc

- f tere is r x E Y,, x = x0 such that

, -c(x , < ( f(x)',, - g(xO))

.. -." 2c e re strict recuality.

--- '5 " 6Let X - ,. xc is said to be weak 'Dareto efficient for the multicbjective

', -rctlerr (VD, if there is no x E X such that

-- ' -x , ; < c ( x ', < ( f ( x c ) , - g ( x o ) ) .

s s ectcr we stucy the relation between (weak) DEA efficiency and (weak' Dretc

ctira "ch ic (.-O

'-... - -e ctal solution (w o P0) of Program (P) satisfies

/D = ' f(x O ) -

-r ;ctimal sclutior of the following problem

-"n , f<) . [-o(x],.

- c--c(x] > 0 for all x - X,

.1 c0,

A(



we have 
that 

for all x E X

w0"f(x) + l°T[-g(x)] 2 o = woTf(xo ) + poT(-g(xO)).

QE.D.

Lemma 4. Assuming (Al), (A2) and (A3), and if the optimal solution (wO,la0 ) of the Program

(D) satisfies

Vp = woTf(xo) > 1,

then there exists some x* E X such that

w°Tf(x * ) + oT.-g(x*)l = 0.

'roof: Suppose that for all x E X

wo7f(x) + d-oT[-g(x)l > 0.

'without loss of generalit y, suppose w 0 > 0. We take

"Lw 1 = min { w1 O, min wOTf(x) + 4oT[-g(x)]/ f (x)} > 0,

thusw -w 1 o and for all x e X

m
(w 10 - AwI) fI (x) + f wi° fi(x) + ,oT C-g (x))

i=2

: wOTf(x) + IoT[-g(X)] -AwIfl(X)

> 0.

Namely, ((w 10 - Lw1, w2o, .., wm°)T, po) is a feasible solution of Program (P). But we

-: have

(wlo - Awl, w 2
, WmO) f(x o )

= WO Tf(x O) - LW I f 1(x O )

< wCJ f(x0

wlcr yielas a contradiction.

aED

::.:::
'5.. , . ,',' .- .Gz...'.'.',,.,'..-.,'. ., P ¢ e ,,

"
' ,a,-c.,.,2'e''v' z' :''e:Z 2 2 2 2 2 2 ,
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Theorem 6. Assuming (Al ),(A2) ar~c (A3), ano (wO, 10O) is an optimal solution of Drogramr

(D,, then

vp = wOT F (x0 )=1

* if anc only if xO is an optimal solution of the following problem

min (w0 - f(x) . uoT [-g(x)L.
X E X

Droocf, Accorcino to Lemma 3, th~e necessity is true. Now we prove the sufficient part of th~e

theorem. Suppose that xO is an optimal solution of the problem

Mir (wC- f(x) + -0- -gx

whrere (w-, 9)is an cptirmal solutlon of (D), tut

VP= wo f (x C >I

From Lemma 4 th~ere exists X* E X such7 that

WCTf~x*, + .9T[-g(x~)

Since

W ZTf (xo + (~~oxl

>0

wNe have th~at

wIf~ 0 + *0 [- g(x0),] > 0 =wo f(x*) .- [-c(x~)

which yields a contraciction.

0. E. D.

Theorem 7 Assumnino (AlI)/, (A'/-', anc, (A3,, if the optimal solution (w0 ,.I0 , of Drooram (

satisfiles

VjP = wO' f~x)N-

-~W xiC~ is weak Dareto efficient for the multiobiective prooramming



- - - - -
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problem (VP).

0ii) If for all XE X, X =XO,

WoT f(x) + oT [-g(x)] ) 0,

then xO is Pareto ef ficient for the mul tiobective proorammrrin Qc Ioerr D

(i)1 If wO > 0, 40O > 0, then x0 is Pareto efficient for the mrultict'ective

prograpprogrammning problem (VID).

Droof. If th~ere exists x E X, x ;c x0 such that

(f(x), -g(X)) ( (f(xO), -g(x0)))

then from wO 2 0, -10  0 we have

N0  f(X" +s <OT[-o0 ' < WO f(X0 ) + 0_() [-C(XC']

Dr "he Ither haro, accorcirc to Theoremr 6, xO is an optimal soluton r tre foflcwino -rccler-

mm i(woT f(x.) + 40 [-g(x),]).
x E Y

V h 1C" yielcs a oontraictior. We have thereby completec the prccf or (im

If there exists X E X, x = XO SUCh, that

then frcrm wO 2 0,~ 0 2 0 we have

-x +O f -x [-g(x)l wo f(xO+0

4- pr Th-eorem 6 we mrust have

, 0 7 F(X) 0 -g(x,,] wo~ f(x0C) - 0- [-g(xo'1 3

On the other hano, rrom th e assumption of case (0i), we h'ave

WC f(,~ + ,OT [-g(xf

arc

N 0 - fox0 N + _0 [-g(x0)] 0

xlvhm ch rtradicts (8, 'Ae have therefore comipletec th-e proof of (ii

If there exists X E X, x Xo x0 such that

.4.x

4.ILIA
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th~en from Wa)> 0, > >0 we have

whrich, Ielcs a contraaiction. We have thus provea MO.i

From Def inition 1, ..., Def inition. 4 and Theorem 7 we have Corol larl. 1 arc Ccrc1 larl,

Corc11lai, 1. Assuming the (AlI), (A2), (A3) and (A4), we have

I If XO E X is weak DEA eff icient, then xO is also weak Daretc

efficient for the multioblective programminc prcblem (VD,

11 1f x0E x isIDEA eff iclent, then xO is also Dareto eff icient fcr the

multiobectlve programminc problemr (v..

wo f/, o -~) 0 for all xEX

arc X* E Y, such th'at

w0 - f(x*) - 10- [-g(x"] =0

is vweak D-aretc efficient for the mrultiob'ec tive pirccrammiirc

cr-.blem "

', If fcr all x EX, x * satisfies

,VC- f(x, +0 [--xl >0

then x is Dareto efficient for th-e multiobective prcgrarmirC

crclemr (%J:)

'P.S.~~~ if w0, 3 , then x* is Daretc eff'ciert frr t~'c r~>tiC0e., rc '~

0'
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W*, f(X) + L *7[_g(X)l 0 for all X E X.,

w~ 0, L1 0 Q

arc

w*Tr(x*' + u LiT[-g(x*)] 0

Since w*7f(x*) = j±*Tg(x*) = 1 we have that (w*,p*) is an optimal solution of the

cI clw ina procramr,

mmi wN f(x*)

a. w f (X) + ([-g(x)] 0 for all X E

5~~* 4g(x*N

w 0, 0

AcVrir to -heorem 7, the results 0i,, 01)~ anc OiW, are true

Q.ED

- eC~rmr 3 Assuming (A I , (A2), (A3, anc (A4), if (Xc(x,' for allI XEX, So- SC+ Zc' is an

:ct!mai solution of Drooram (D'), th~en

If Z = 1 then xO is weak :pareto efficient for the multioblective

crcogrammrring problem (VP),

I) If ZOO I and so o , sC+ = o, then x0 is Pareto efficient for the

iietve prog,(rammrring problem (V )'

DrrCcf Acocrroing to assumption (A4), -Theorem Sand 71heoremr 7 (0, arc 0iii2, the results or

'1-e theoremr are true

In ceneral, Dareto eff iciency for th~e multlob lective programming problem (VDP, is rot

necessarily DEA ef ficiency even for th~e case of a f inite number of DMU's, for example, we
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ccrsicer a DEA mocel which has 2 DMU's and a single output anc single input. Ficure I prcv~ces

ar lhustratior in which 2 DMU's are represented bg points z t ano z2 , where

I... f(z) = xl, g(z) I

K 3rc

S--(z z2} ; ((4, 3),(3, 1))

Now to test the eff iciency of z 1 consider the program: 2 -gz (Z)

mr 4w 1

st 4w - 34 0 2

3w- I 0 3

w 0, 0
'e firc as optimal solution Figure I

wo = 1/4 > 0, LiO ; 1/3> 0

arc

V: = 1

rm Defiriticn 1, DMUz 1 is DEA efficient.

Ncw to test the eff iciercy of z2, consicer the program.

mir 3w

st. 4w- 3kp 0

3w- li > 0

w 20, U 0

ve flrc the optimal sclution

wo 3/4 > , uO = 1> 0

arc

Vp - 9/4 > 1.

A..
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Therefore DMUZ2 is not IDEA efficient.

Now the corresponding multiobjective programming problem isL v - min(x, y YI

I S.t. Z= (X, l E ((,3), (3, 1

From Figure I we know that z1 and Z2are Pareto efficient for the multiobiective programmirc

problem (VP)).

Let

k
CA)(ZX{ Z I ': Z JE X, X 20, 1=lI, 2,.., K, k 2 )

WVe krcw that C(X) is a convex cone. Now we consider the multioblective programmirg

problem. § V - mmi (f I (x),.fm (x), -g I(x), ..., -gs (x))

* (Vp'

St. X EC(A)

arC study the re lation, between DEA ef ficiency and Pareto ef ficiency of the multioblective

prcrarming problem (VP').

Lemrma 5. Assum ing (AlI and (A2), then the f ol low ing l inear inequal ity system

w 7f (X) + .'[-g(x)] 0 for all x E X,

w eT

eT

is "carorically closed.*

:rocf %y using a method similar to that in Lemma 2, we can, prove th~at the set of coefficients of

the lirear inecuality system is compact and there exists an interior point in the linear

inecuality sy~stem

E D
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As sumption (A5); f(x) arc g(x)' are I!near vector functions which are cefined over Rk

Assumprtion (A6); 7 here exists an optimal solution to the semni-irfirite procrams

* minw f~ 0 + a . [_g(Xo)])

s.w f(x) + ai [-g(x)] 0 fr all X EX

w e

2 e7

h ecremr 9. Assumi1ng (AlI), (A2), (A3), (A4), (A5) arc (A6), if XC E X is Daretc efficient for

the multiob'ective programming problem (VP, then, DMU xC is DEA efficient,

:rcof. Since XC E X is Dareto efficient for (VP'), the followino linear inecuality sustemr

M~x) 20, for aII XE X

X [X, . X EX] Es(see [8])

s inconsistent. In fact, if there exists a solution X* [X*(X) .X E XI E 3, then, according to

~A)we have

f(2 X*(X, -X) = X (X) f(x)
XEX XEX

arc

-g( Z X*(x) -X) = 7-X (x) [-g(x)],
XEX XEX

hU S

f7-X*(x) X) Z / X*(x) f(x) 0'(X

a.( \*X(x) x) gx]) \
XEX XEX

Since X*(X,) X ECO(X, then xC is not Dareto efficient for (V'
xEX
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We consicer the pair of Procram (.5) arc -)rooram (D)

mr T f (x o) +

Mi w+ 1[g <,)

st. w f(x,' + i [-g(x)] 0 for all x E

A w e

arc

'pmax (e-s- + e s ',

t. Z f (X) X(x~ + s- f(xl)
XEX

D Z[-g(xIjx(x) + S+ [-~goxCX1
XEX

X(x) 0 for alliXE X

%S 0, S+ 0.

.5 v' rere [Xx) X E X] E S.

Accorcing to Lemma 5 and the Inhomogeneous Haar theorem (see -heorem 2~, trere are

so:m lcutions for Zrocram (P) and Program (D) anc
mm(Wf(Xo) + T[_g(xo)]) = max (^7s- + s+ 0

:'sirce T is inconsistent, the optimal value max (eTs- eTs+ -0i

Let ( N 0,,;) be an optima] solution of Program (P), then wC > 0, .iO > o arc for all~e

WC0 7f(X) + LjoT[_g(x)1 2 0 =woTfxo + .oT (_g(xcj 9

w' w0 / Luog(xO' C) p o / oTgxo)

5Or 
.1
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3rc 101.c lwe can cet

N ~~ + -*T[..(X)] 2 0 fcr allI X E

%, .6

er ir .~ s ar ,,Qtirral scluticr of tre Drcrcrarn

s. t, f(,(" + '.[cx Cr al I E 'k

no ie Defiriticr 1 Dr-Uxc is DEA effqciert.

*'e~~.re~Cis Dret - effc~ert '.r t~e -(,tic ,ectve jrr?'nil %--?'

c:rir ocrcllar, '11, ef ics EA t ,er s r'

- :tlve rocrarmmirc .rc1emr VD' ,cw ve crove ,rat -S alsr: C f

r.-krm- nie cra1. oect ive cr-c-rammrc rrniem -r

Ai av e -

V
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s sfcr ail, CCC we car cet

S. k k
wg (2x x

*'jC- "I X. f~x 2 0 X, C - (xJ

x. C xC-

3-rce I > 0, -0 > O we rave trat xO is 21aretc eff iciert fcr tlhe rrultlct'ectjve

:%a-mc rcnlerm 'vD'7 (.see 1he proc of heoremr 7 111

0 E D
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SCase of a f inite number of 'DMUs*

nr Drccramr (D. arc Drcoramr (D) we take
'7 7 (X~ Y) 1, 2,...

R Y, E Rs, ~ 3 1, 2, n and
7 Y E X C Rm+s.

Thu s we can cet the pair of program (P) ano (D) corresponcing to the case of a f inite

cZ~ f DMUs.

s t. W x~ + 9I 7 0_y 1,2,.n

Y3O -1.

w 0, ai 2 0.

arc

max (

n
s. t. 2XX+S

D n
2 (-Yi)X + S' =Z (-Y)

X 2 030n

S 0o,s S+0,

Ae re E 2, r}.

Obviously, the pair of Program (P) and Program (D) are starna linear procrammirc

~rct em s. So are (P) anc (D). For stancaro lInear programm ing, Assumpti1ors C A I (A2,

(A-), (A4), (A5), (A6) naturally hold. So all or the conclusions we got in the fcrmrer sect icns
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certairli, rcic ,rcer the sit aticr ot a f irite rum~er cf DMUs Thvv, e also car cet he

m'j-tictlective procrarmirc rctlerrs (VDI arc (Vz'"

v J r x ,,xr

S~t. tX, Y, E ((X~ Y) =j 11 21 r)

arc

V n min (x I' x2,* xm, -Y I - 2' g

st. (X, Y, E { (Xil Y) X, X >0, 1 r

Theorem 1 Far the case at a tinite number at 'DMUs' we rave

Wi it the ilotn DMU is (weak) DEA efficient, then (x~o, ,O is (weak,

Daretc efticient tar the mrultiobjective programrming problem (I

Oil, the ica.n DMU is DEA efticient it anc anly itf x. 0C, g'c) is Dareto

ett iciert tar the mrultiabjective pragramrming problemr (VD",
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