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labill .
AnSTnACT E Plank radiation function 'AII 1d-, or

f Species distribution constant SF al.
A computational study of radiation heat transfer h Plank's constant

in a combustor having fuel spray combustion is reported I Radiation Intensity
in the present paper. When the distribution of k Boltzman constant
radiatively participating species is known in either a q Radiation heat flux
normal distribution or an exponential distribution in r Optical path
any direction of cylindrical coordinates with respect R Radius of cylinder
to a referenced location, e.g., in a form, F = f exp (- T Temperature
a -b; -cz'), where f, a, b, and c are distribution p.
constants for individual species, the governing 0, z Components in cylindrical coordinate
e;uation of radiation heat transfer without scattering r,
in such a system can be solved with relative ease by 6, C Components in spherical coordinate
using the herein reported method. Several results from K Volume absorptance
the present authors' work are explained that are A Wavelength
employed for implementing the solution: a new T Optical depth
coordinate transformation method to find the species 0 Stefan-Boltzman constant
distribution along individual optical paths centered at
any chosen location in the combustor; a new formula for Subscripts
the adiabatic flame temperature in a logarithmic
function expressed in terms of relevant variables; a a Adiabatic
new integral function facilitating solutions for b Blackbody
various radiation equations; a new inverse error d Detector
function enabling some exact solution of the governing i ith subrange in r-domain
equation of radiation heat transfer, etc. . Jth subrange in A-domain

A Spectral
An exact solution is found for both optically thin 0 Foot of the optical path

and thick media. And a numerical solution is offered
for optically medially thin medium. The present
analytical method is applied to radiation heat transfer
in a direct injection-type diesel engine combustion
chamber. Some representative results are discussed INTRODUCTION

that have been obtained from a parametric analysis of
its radiation heat transfer. When an equation of radiative heat transfer is

solved for predicting the heat flux incident upon
various locations over the surface of a combustor
having flame plumes, several difficult problems are

Nomenclature encountered. In order to briefly review the
difficulties, a combustor h3ving a Jet flame is

a Species distribution constant or considered as shown in Fig. 1. The heat flux through
r an optical path (r,RC) centered at location D may be

(w',In¢) I -o dr calculated by solving the governing equation of0 radiation neglecting scattering effect,

b Species distribution constant
Species distribution constant or speed of light
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F a f exp(-ap-b0
2
-cz

2
) (3)

f8 14I(0) cosO dA (1)
0 where F represents either fuel/air ratio or soot

concentration or CO2 or H2 0 concentration; f, a, b and
when the spectral radiation intensity, I (r) is c are constants to be separately determined for each
represented as medium by either experimental or theoretical means.

The expression is considered as to reasonably well
describe the species distribution of non-axisymmetric

r (r') r' plumes in view of some reported results from both
I1(r) - A ebl exp(- f K (r")dr")dr' (2) theoretical and experimental studies [6,7). The new

r expression offers various advantages, e.g., the
expression can be used to describe the spray plume in

where ( is the spectral volume absorptance at (r.,.) swirl motion by including its effect in the 0-
and e is the spectral blackbody radiation. The total direction and it facilitates the sought solution of Eq.
radia ton flux on location D, then, is calculated by (1) [1]. When the species distribution with respect to
integrating q over the entire hemispherical volume a referenced position in the combustor is known, the
faced by the lcation. Among the main difficulties in species distribution along the optical path, r, of any
implementing the above computation are that K can be chosen direction (r.ec) and location D (pd,4dzd) may
determined only when the distributions of radfatively be found as [1),
participating species and temperature are known along exp(_(rr )/rw]2
the individual optical paths and that IA is spectrum- F " f0 p[ r
dependent. where fd' rc and r are functionally related to e. ,

Pd (0
' 
Zdj fr a, , and c. This distribution

Nozzle, O(p,+,z) e~uaton, then, may be used for determining the volume
//,absorptance according to the reported methods [3,4.5]

h as

Plume I I Plume I K . K1 exp(-cl (r-r) (5)

The temperature distribution, T, needed in the above
equation and ehb for Eq. (1) may be determined by using

Detector, the distribution of burned fuel/air ratio, w, from Eq.

Optical Pth, d ) (3). This can be achieved by using our new formula for

S(F. ,,the adiabatic flame temperature [83,

T - T+ T1 int + T(2 (0 (6)

where T , TI and T2 are functionally related to the
reactioR pressure, the initial mixture temperature and
the number of carbon atoms of the fuel molecule. Even
with the above rearrangement and simplification of
terms in Eq. (1), its solution was not readily found

Fig. I Combustor with Jet Flames until some new mathematical techniques were employed as
explained next.

In order to obtain a better solution of Eq. (1), ANALYTICAL AND NUMERICAL SOLUTIONS
some new methods were proposed for overcoming the
abovementioned difficulties when the authors computed The solution of Eq. (1) may be considered for the
radiation heat transfer in a direct injection-type following three cases: (1) the optically thin medium;
diesel engine: a coordinate transformation technique to (2) optically thick medium and (3) optically medially
find the species distribution along individual optical thick medium. The solution for each case will be
paths when the distribution is given with respect to a explained upon further simplifying the governing
chosen location, e.g., the injection nozzle hole rl]; a equation as follows. Introducing new terms,
computation method of finding the spectral volume
absorptances of soot and gas for their mixtures [1,2] r
by using reported results [3,4,53 and new analytical To  X'A [3.9]. x - hc/kAT and a -K f o dr,
and numerical methods of solving Eq. (1), which are - 0 [

considered in the present paper. This paper,
therefore, may partially serve as a summary report of where h is Planck's constant, c the speed of light and
the authors' modeling study of radiation heat transfer k the Boltzmann constant, Eq. (1) can be rewritten for
in a combustor having flame jets, in addition to directional radiation intensity as,
reporting new analytical solutions of the radiation
heat transfer equation. I8 ; q8 /cs8,

Elaborating on the species distribution in the r

combustion chamber, it was found to be conveniently r= f K I dr

described by an equation in cylindrical coordinates Ie 0°  ebA e 0 dA dr
with respect to the injection nozzle [1] when the 0 0

distribution is known in either a normal (or a skewed r0  4 -ax
normal) or an exponential form in all directions of the 15 ok r 

5  
f x-e x

cylindrical coordinate system, e.g., in a form, f K T - dx dr.
r c0 0 0 x-

2



During the process of simplifying the above equation, where, T ' To + T Ln w, * T ( nw 2an
the authors discovered a new useful integration 3 o 1 1 2(I 1  n
function :10o. T 4 - T, + 2T 2  n(w I).

x 2 -ax xm In addition, for obtaining the solution ot Eq. (8), it
X_ dx - F(m~a~x) I F~m~a~x 2). (7) was necessary to find the relationship between T and r.

x1  eX~ From definition and Eq. (5). the optical depth. T, isI rewritten as
4F(m,a,x) 

rcI -

-(n-a)x m r(m*1) r-- iI - e dr
(e Ee I (n~a)ilx 0]1

n-1 i.0 fm-1)

where r(m*1) - m! v c.i I .. erf EvrcT(r-r 1 )] + erf (41 ri)

Note that Eq. (7) can also be used for determining C
a solution in closed form of the black body radiation -)r, erf CEI-T(r-r )I - T - err (/- r). ()
function, F C-AT11],

AT E bA T) In view of Eq. (10) and for further simplifying Eq.
F0_'-; 4 d(AT) (11), a variable transformation was employed to obtain

0-T 0 aTU

15 - -nx 2
. 5 1 e x3 +3x _6x _61 1

7n. n n n n 3 2 (- V-- -r -a / -1er f (c-r)

From Eq. (7), since one can find a 2 C

a ~ . x4e-ax ~ 4! -d rr].(2
f dx- n- na 5 

'Then Eq. (11) may be written as

the governing equation is simplified as erfr) 7

-360 ok fr < 0 T 5 dror. F errf 1 
(7) (13)

wT _c n5 1+/r where. erf 1  represents the inverse error function.
With the definition of the optical depth. I r dr, whose exact solution is found as follows (the details

0 o of Its derivation are explained In the Appendix):

the equation may be rewritten In a tidier form, F er- (*;)

./1 5L - % -3 + 7 ,w ' . 5  (4
-360 ok f L TO - d-t (8) 2 2.3 5-1*~ t ... 14

-'_hCn-I n 5  0 (1 -)
nhc Next, the above equation is introduced into Eq. (10) to

find
Not that K in the equation is assumed constant with
resp~ect to 0 , which appears valid when soot generated T 44  - 7 3 .7w'2 -.5 2
radiation dominates (19]. The solutfon of' this T T 2-3 .-. (t* .
equation is considered for the previously mentioned 3 23
three cases as follows.

OPTICALLY THIN MEDIUM: Whien Yapproaches zero, i.e., +2 1 -3 + 7 wa-5
nthe optically thin limit, an exact solution for Eq. TF2.3! 7 *

(~was found. In this case, Eq. (8) becomes

-2 13 47
Fo fndngte oltinorth aoe qutin snc 7-T -T T T21

isF fucioal relte toteotcldphTt n

Fo iigthe sond u l/a i on ftebvqation, since T ma be fonT ,

as '~- .,e er from Eq. (44), Eq. (6) may be written as where, T5- T,' and T 6 - 3 .*1 T T2)

T To T I (En r -2) + T 2 (Ln w I - r 2 From Eq. (15), one may also rind the following in oraer

-2 -44 to use them in Eq. (9):
*T 3 T 4 r .*T 2r (10)

3 Am



5 5 T -2 3 2 4 ) - Optically thick medium: An exact solution can also be
T - 3 T (T TT 5  5 T 6 * found in an optically thick medium: assuming the volume

-62 6T3
5
T 2 14 2, 5 T6 absorptance x is 0 for r <(r , andw for r0  r <

S 3 5 3  T5  3  6  r0'c, one can rewrite Vq. (2? as o

Finally, the above equations and Eq. (12) are ro + E

introduced into Eq. (9). with a change of variables IE - I eb 
exp (- I dr")dr

T - (T- 1  and dT - 1/d1 dT, to obtain This equation is further solved to find the result, )
360 ok 1 d(-o-T1)

n36 7 L_ I 1 a t - --- eb exp K 0 dr")dr' "

r 0  r 0
SktiT36 )  5T6 ( e fro+

L (T 5 - 1 T .36 .... 3.6.. o e b f --- exp(-c(r,-ro))dr,
d1  3 nhc nhcd r0

3OT173 5T---, OkT)o [1-e - ] (18)

3OkT TS 5 T 30kTT35T 5+ 1 3n5e 5 T 4 T )  2 + 3nh Td

nhc 3 5 nhed1

Optically medially thin medium: When the system holds
+ (1OT 3T + 5 T T an optically medially thin (or thick) medium, Eq. (2)

3 5 3 6 cannot analytically be solved as the above discussed

cases; rather, a numerical method was employed for it.

75kTT T
2  

30k 5T6 Without going into the details or its derivation, but
1 35 3 - by knowing that the volume absorptance K(r) can be

nhc nhc found from Eq. (5). the following result was used for

the solution.

_ (15 TT
2 

*6 T6)75 dT (16)
nhcd1  * 35 315 ok r0  T

5 
(x-axI - w'c fr($I dx) dr

Consequently, Eq. (16) can be used for finding an exact o o -0

solution of the equation of radiation for an optic 'ly
thin medium In a combustor with flame plumes as. 15 ok M I 5

- 5kT.6 - r - r oiJ T5(F(a4.a.xJ-0
360ak T I C(T 5 i-I j-1

7 h n-i n5d 3 nhc d
n I d- F(4,a.xj) dr

TT 36 where, . is the volume absorptance defined in the

2nhcd 1 d 11 ith subrNe of r-domain and the Jth subrange of A-

domain. Then.

ICkT T
5-

3 5 5 T T ) d!3( o 71 )) 3 d5 ok M 71T
nhc 3 d - -d1 1  r Iho E i- a hc [ T

5
[F(4,a~,)

1.1 1 1-1 J.1

: T ST - F( ,a,x i)] di j (19)
?nhcd {d (I 0

where, d~i  . ' dr. The numerical results of Eq.

('9) were 6btaiR using Caussian Integration method.

~-' . 3T5
2  

6k"T35 6 )

nhc nho RESULTS AND CONCLUSION

- - The present computational method enables an

extensive parametric study of radiation heat transfer
h)* ~7 1 1 a combustor with flame Jets [2]. Since this paper

TO is to primarily report the analytical methods of
computation by using the authors' several new findings

..- ~ . I reported elsewhere (1, 2, 8, 10, I ', only some
representative results obtained for a direct Inlectiln-

type iiesel engine are presented here.

4



Note that since our computer program to 0.14
numerically implement Eq. (1) was developed prior to
finding the exact solutions that are reported here and Not
since some comparison between the results obtained 0.12 Me .. en-. I..

.. .. ......-- Spray Plume -

using the program and those using the exact solutions : "S l
was satisfactory, the resuls discussed next were
mainly obtained using our available computer program.
In the computation, in order to be consistent and to
have better mutual comparisons, the same computational * 0.08
conditions employed for the previous results are
considered here. The numerical values of f in Eq.6 (3) Z 0.06
were for soot, H2 0, CO and fuel/air ratio 8 x 10- ,

0.01, 0.01 and 1.0, reipectively; the distribution M
constants, a, b. and c were, for these species, 0.6. 1 0.04
2.36 and 2.0, accordingly. Note again that these
constants and the distribution made in each coordinate O.0a

0.0
of Eq. (3) can be determined by computational or z
experimental methods, or arbitrarily chosen for
parametric studies. The engine details for the 0 0 0 0 0 1.0
c3mgutation were: the chamber surface temperature,
500 K; the number of spray plumes, 4; the piston Location om the Cylinder Head t Radial Directlon, r/R
radius, R - 4.92 cm; the combustion chamber bowl
radius, 3.44 cm; the compression ratio. 23; the engine Fig. 3 Radiation Heat Transfer through Cylindrical Head.
speed. 1000 rpm; the surface spectral emissivity, 0.95;
the fuel composition, C1 H, ; the time of computation
in a cycle, 40 degrees a t r top dead center. The
results are shown in normalizid forms: normalized to obtain radiation heat transfer through the cylinder
radiation heat transfer, Q/o'T , where T is 21400 K and a head by integrating as, Q - I c ose sin 0 de dC
is the Stefan-Boltzmann c ~nstant; normalized dtrec- (Fig. 3). The net heat transfer omputed with
tional intensity. I /acT ; normalized spectral inclusion of wall emission at 500K, reflection from the
radiation heat tran3fer, Q1 /oT. opposite-side walls are represented by "Net"; thoset i, Qobtained excluding the reflection are denoted by "No

reflection"; and the heat flux incident on the surface
-- , without Including the wall effect are shown by "Spray

plume". Explaining the results, the rapid reduction in
'200 P..), gdAe,,, .2 heat transfer around r/R - 0.7 Is caused by the

Cp-tq.dw end / "a presence of the piston bowl. The double hump in the
,7 tS plot may be surprising. In order to clarify this, an

Ca additional compgtation made for solid angle of zenith
aue ISO :rim.4, angle, e - 39.7 . at various azimuthal angles and

*. Act, locations on the cylinder head, Is shown In Fig. 4.

oils From the results, one finds that while the radiation
heat flux incident on locations around the nozzle (r/R

a. oo 0) is from all of the four plumes, the flux on those
near r/R - 0.1 is from one plume, i.e., the nearest

0 075

--------------------------------------------------------- q-00
t: osoo -.. .,o o.2s I I I

6 ....0,- 0.0. 0 • 39.70
--- -0.1

0025 -02
•~~ ....... ~ 0.20_

S 0 0.2 0.3 4.4 0.0 0.6 0.7 a 1 01

I ig 2 lDirectional Radiation Heat Flux Incident on Cylinder
Ilead Surface in Radial Direction.

The radiation heat transfer through a solid angle -,
inc ilent on the cylinder head, are shown in Fig. 2.
when there are four flame jets in the combustion
.h n ,ner, radiation heat transfer flux incident on the
.orations along the radial direction varies depending

upon the direction in the hemispherical volume of I/ .

irtegration. The schematic drawing in the figure shows 0 t I .I I

tne spherical coordlnates identifying the girection 8f -150 -100 .50 50 tO0 ISO
so angles. Note that, for cases 0 - 60 and 76.7 . AtIhaIvIl Direten In Hemllperital Vot,.e of Rladition,
neat transfer on r/R ( 0.1 is largely from plume 01 and
tmat beyond r/R - 0.1 from both plumes 01 and 02. The
1;*e't ichai radiation intensity. I0 was combined with Fig, 4 Directional Intensity of Radiation Incident on Cylinder Head

t'e spertral emissivity of the chamher wall, c, . 0.95. through Various Directions of Solid Angle.

1S



plime to the location. If the computation is made for ACKNOWLEDGEMENT
a single plume, the heat transfer should have
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Appendix:
W3/2 2

AN INVERSE ERROR FUNCTION 4x ( 3x

The error function, erf(x), although defined in
several ways. is essentially equivalent to the (4) 7 2 4x 2
following expression: x (y) - 7Ox +12x ) e~

ix e-2 -2

erf(x) f 2 -t 2 - (_,)n x2n+1 /2er~x - e dt - - (1 (A-1) (5 5/ 9x 2 
+ 4

1  5x2./W 0 A n-O X (y) - (7 + 92x 96x e

The equation is the integral of the so-called Gaussian
or normal function and occurs frequently in the study (6) 3 2 x
of the general theory of probability [14], the analysis (y) - (127x 652x 8Ox ) e

of transient heat flow in a semi-infinite solid [153,
and the computation of radiation heat transfer with
radiatively participating media [10], etc. For meeting x(7)(y) - 7 (127 

2 
+ 4

the needs of such studies, the error function, its + 3480x 10224x
derivatives and integrals have been tabulated [16]. As
found in the text, it was needed to obtain the inverse 6 7x

2

form of the error function, i.e., in Eq. (A-I), the + 5760x ) e etc.
value of x for a corresponding erf(x). The following
derivation shows a new inverse error function in closed
form: Consequently, one can rewrite Eq. (4) as

When the error function, erf(x), is set equal to V 1 2 3
y. i.e., y - erf(x), its inverse form may be expressed, x - fre(y) - (y + y - y 
for the convenience of discussion,

x - erf-
1
(y) (A-2) + ,,.) (A-5)

or, A close investigation of the above results indicates
-1

a fre(y). (A-3) that a term [Z] is repeated in each derivative and

By Taylor's expansion method, the inverse error that the even derivatives become zero at y - 0. This
function can be expressed as leads to writing Eq. (5), the inverse error function,

in a tidier form,

( (A-4)
nfO n! ire(y) n (0v Y) 2 n + 

/(2n-1)i lyl < 1 (A-6)

where, x( n ) (0) Is the nth derivative of x with respect
to y at y - 0. In order to find x 

n  
(0), the where, f (0) is obtained from the reciprocally defined

following steps are taken. function? fn(t). expressed as

f (t) - 1, and
x(y) dx (d)1 0

dy dx f n+1(t) - f +'(t) 2(4n + 3) x f'(t)

2+ 212n+ + (2n+)(n+)x 
2 ] 

n(t).I-_. [ 2 ex etdtJ}_

dx 0 (n - 0,1,2.... )

2 Among the analytical properties of the new inverse

e ,error function are

7



fre(O) - 0

rre(-y) - -tre(y), andi

fre(l) - -. 
I

In additlcn, the convergence of Eq. (6) is demonstrated

In Figure A-1.
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- Error Funcion, y - err (x)

Fig. A- I Inverse Error Function and its Convergence.
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