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Recursive Linear Smoothing for the 2-D Helmholtz Equation *

Laurence R. Riddle and Howard L. Weinert

D epartment of Electrical and Computer Engineering
The Johns Hopkins University
Baltimore, MD 21218
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A fast algorithm for reconstructing images Eoverned by
a 2-D Helmholtz equation is presented. The computa-
tional complexity of the algorithm is
O(NMlogM) or O(M/[Q)Mdepending on boundary condi-
tions, where N and are the number of spatial grid
Foints in the x and y directions respectively. This prob-
em arises when smoothing a large number of images
governed by the 2-D wave equation, because a Fourler
transform in time gives a new set of images governed by
the Helmholtz equation. When the images come from a
scattering process, we show that a linear least-squares
Born inversion of the wave field amplitudes can be per-
formed during the smoothing procedure without chang-
ing the computational complexity. We also show that
the smoothing algorithm is well-posed, and that,the sam-
ple functions of the smoothed estimate possess smooth-
ness properties consistent with the Helmholtz equation. -

1. Introduction

L~
In this paper we derive a fast, recursive, linear / ™~
least-squares smoothing algorithm for the 2-D LA

Helmholtz equation. Our algorithm can be used, for

example, to smooth a large number of images governed

by the 2-D wave equation arising in acoustical hologra-

IEIPN %‘ .,.
- | jQ/
Pl

v

phy [8] or in oceanic surveillance. If we assume that the 148 0 s
vibrating system is in steady state, and that the inputs ‘ D S"}'

and observation noise are temporally stationary, then a T :?;I:b‘

oy T ™ 'ﬁ
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,',' Fourier expansion with respect to time gives a new set
; of images, indexed by the frequency s, that are
. governed by the Helmholtz equation whose
E wavenumber &k varies with f. Each transformed image
E can be smoothed separately, and estimates of the origi-
1 nal time-domain images can then be obtained by an
: inverse Fourier transform.
.:_ In order to smooth images governed by the
Helmholtz equation, we reformulate the equation as a
well-posed, distributed-parameter, acausal linear system,
and use the recent extension of Adams, Willsky and
L Levy [1] of the method of complementary models [9] to
‘ write the Hamiltonlan system for the smoothed estimate.
‘ Transforming in one direction produces a set of indexed,
i well-posed, finite-dimensional, acausal linear systems
_ which we solve recursively using a diagonalizing change
?: of variables. The complexity of our algorithm for each
:‘ wavenumber k is O(NMlogM) or O(NM?) depending on
: the boundary conditions, where N is the number of grid
- points in the x direction and M is the number in the
y (orthogonal) y direction.
i Another approach to the smoothing of images
;:'E governed by the Helmholtz equation involves the use of
y the Karhunen-Loeve expansion of the wave field
: [21,(3],[4], resulting in an algorithm with complexity
L O(MNlogMN). However, the boundary conditions are
; required to be conservative and have no random inputs.
::2
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In contrast, we can handle x-boundary conditions that
are conservative or dissipative and that include random
inputs. We note that work using a similar approach is
discussed by Yoshida and Ogura in [10]. In their work,
the dynamics are discrete and the underlying random
field is homogeneous (spatially stationary), whereas in
this Peper the dynamics are continuous and the
random field is not required to be homogeneous. Furth-
ermore, an important step in the derivation of the esti-
mator in [10] is the replacement of a non-Markovian
random process with a Markovian random process hav-
ing the same mean and covariance. In our approach,

this realization step is not needed.

2. Problem Statement

Consider the scalar Helmholtz equation on the rec-

tangle @ = [0,L,] X [0,L,] :
Uy +Uyy+ku = €(2,y) (2.1)

v =u(z,9),(z,y) €O

with boundary conditions

w(0,y) = vi(y) , u(Ly,y) = va(y) (2.2a)
u(z,0) =0 , u(:c,LQ) =0 - , (2 Qb)
Here
2 0 . 2
k= =kg+jn , ko= :f , 1> 0

¢ is the input field, ¢, and v, are boundary inputs on the

X-axis, u is the wavefield amplitude, f is the temporal
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3 frequency of interest, ¢ is the phase velocity of the :i
E medium, and 7 is the damping term. The observations §
: are %a
3 2(z,9) = u(z.9)+w(z,9) , (z.9) € Q (2.3) ‘
N where w(z,y) is the observation noise field. %ﬁ
N ' We shall make the following statistical assumptions: ”‘3
:E (1) the driving field ¢ and observation noise field w are wj

zero mean and white with constant intensities ¢ and r,

respectively, and are uncorrelated with each other, (2) if

3 v(y) = [vi(y) vo(y))' then
Ev(y) =0
"
; Ev(y)v(s) = M,6(y-s)

where II, is invertible and v is uncorrelated with ¢ and
. w.
The estimation problem of interest here is to deter-
* mine the linear least-squares estimate i(z,y) of u(z,y) ,
,. (z.y) € N, given the observations (2.3) over the entire
v rectangle Q
. To see how the Helmholtz equation may arise in
practice, consider the 2-D wave equation on the rectan-
gle @ = [0.L,] X [0.L,]:
)
2 ug— c*(uy +uy, ) +vu, = d(z,y,t)
z u=u(z.y.t), (z.y,t) € Q X [Ty T,
-
<

with boundary conditions
9
k-~
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u(0,y,t) = vy(y.¢t) , w(Ly.t) = vs(y,t)
u(z,0,t) =0, u(z,Lqt) =0

u(';r,y,To) = w(z,y,Ty) =0
and observations

z(z,y,t) = u(z,y,t)+w(z,y,t)

Let Ty— -ocoand assume that the observation interval is
[0,T,] where T, is very large. Then a Fourier series
expansion of the observations will give a new set of
images z(z,y,f) that are governed by (2.1)-(2.3), where
the dependence on f has been suppressed, and where
e =-d/c? and n = 27 fv. We assume that the input field
d(z,y,t), boundary inputs v,(y,t), vs(y,t), and observation
noise w(z,y,t) are wide-sense stationary in time. The sta-
tionarity assumption implies that for f,#f, , 2z(z,y.f,)
and u(z,y,f,) are uncorrelated with 2(z,y,f;, since
T, — . We can therefore solve an uncoupled
set of smoothing problems for the 2-D Helmholtz equa-
tion (indexed by /), and then inverse transform to

recover the time-domain estimates.

3. State Space Formulation and Characterization of
the Estimate

In order to put (2.1)-(2.3) in state-variable form,

define an operator T with domain D(T) as follows:

Tf = -(k*f(z.y)+/[y(z.9)), [ € D(T)

where
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D(T)={f € Lo(02 ):f,/y abs. cont., [, € Lo(Q),
f(z,0) = f(z,L,) =0}

Also define the state vector m(z,y) as
m(z.y) = [m(z,y),mqy(2,9)]" = [u(z,9),u,(z,y)]’

We can now rewrite (2.1)-(2.3) as

2 m(z,4) = Am(z,y)+Be(z.9) (3.1a)
m, € D(T)

v(y) = Vom(0,9)+V, m(L,y) (3.1b)

2(z,y) = Cm(z,y)+w(z,y) (3.1c)

10 0 0
Vo= 1o o » VL= o

Equations (3.1) are in the form of a distributed parame-
ter, acausal linear system. Finite-dimensional acausal
linear systems are discussed in [6]-[7]. We show in
Appendix A that (3.1) are well posed, in the sense that
if e=v =0, then m = 0.

Using results in [1], we can express the linear least-
squares estimate m of m, given the observations (2.3),

as the solution of the following Hamiltonian system:

D i) o | A BB e |
dr [Nz,y) rric'C A ||Mz.y)

0 9
o ey | (320
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— v*r-1y| m(0,y) -1o 2O,y) 9
0 VL Vﬁ'(Llyy) - [0 I][X(ley) (3.2b)
where

V=1[Vy, V]

the asterisk denotes adjoint, and D(4), D(A") denote

the domains of A and A”. These domains are

D(A) =A{[f1f]""f1€ D(T), fo€ Ly(Q)}

D(AT) = {/1,fad""[1€Ly(), fo€ D(T)}
Moreover, the input estimate satisfies
é(z,y) = ¢B'N(z,y) (3.2¢)

Eq. (3.2¢) can be interpreted as a linear least-squares
Born inversion when the observations are the
scattered wavefield in an inverse scattering experiment.

Instead of solving (3.2) directly for s and X,. we will
transform (3.2) with respect to y using the discrete sine
transform S, given by

Lo
fsm py)9(y
4]

2

p=?— 9n=0vi19:t25"' ‘

2

It can easily be verified that ST = (p*-k?)S and thus X
SA = A,S where 3
“
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‘(r,p))}= A BB’ ["‘t(z,p)

Transforming (3.2a) with respect to y gives

* 9 +
r-ic'c -4, [[M=,p)

0
_Clr—lz(z’p)} (3.3a)

where m(z.p) = Sm(z,y) ,etc . Transforming (3.2b) with

i
0 I >‘(L1’P) '

When written in the standard form for an acausal linear

respect to y gives

m(0,p)

=V‘ -1
0 IT, Vrfl(Ll,p)

<+

system, these boundary conditions are

; Ly,p)
o [20p) |y AL 3.3b
O[X(pr) L X(Ll’p) ( )
where
VeI, 'V, -1 VoI1; 'V, 0
L = —
Vo Vi ;v 0 and Wy Vit v, I

We see that in the p domain the estimate Hamil-
tonian is decoupled; that is, (3.3) are simply indexed by
p. and can be solved individually. In the next section
we show how to solve (3.3) recursively for each »p.
Before doing so, we first consider whether (3.3) is well-
posed. These equations can be shown to be well-posed
by first realizing that for each p, (3.3) is the estimate
Hamiltonian of another acausal linear- system, the so-

called p-dynamics of the Helmholtz equation.

m(z.p) = A,m(z.p)+Be(z.p) (3.4a)
S
Vom(0.p)+V, m(L,.p) = v(p) (3.4h)
o J'\) -(\I'}'. "y '-"-1~,~ -...v . ..\-.\. . .Pl__.r\: - :;P."\,: _______________ TSI R
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:(z.p) = Cm(z.,p)+uw(zr.p) (3.1c)

where we have transformed (3.1) into the p-domain by
S. The invertibility of V,+ V, e* " is necessary and
sufficient for (3.4) to be well-posed [6]-{7]. It is easy to
verify that this matrix is invertible for all p. To prove
then that (3.3) is well-posed for all p. assume that the
input z(z,p) is identically zero . Now m(z,p) is the linear
least-squares estimate of m(z,p) based on observations
which are identically zero, so m(z.p) = Em(z.p) = 0, the
last equality following from the well-posedness of (3.1).

As a result X(z,p) satisfies

8 > N
—_a;.X(l‘,p) = ~x1p>\(l',p)

and
):(O,p) = ):(lep) =0

and thus X\(z.p) =0 .

4. Recursive Solution of the Estimate Hamiltonian

We shall derive our recursive smoothing formula by

dingonalizing the dynamics in (3.3a) via a change of

I R R

variables. Let
"
‘ "‘p qBB’
:' 1[ == ]
r P r- ! C’C - Ap

The characteristic equation for A, is given by T
ANUORe(alN + a4l =0

where o = p?-k-.  Solutions to this equation are

Ag - XNy =Ng . -Ny,. where

Ry e Y e
LR AT I,

LYy )
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4

2 2 -
The four eigenvalues of H, are all distinct because both =
the real and imaginary parts of (4.1) are non-zero for all
p. As aresult, we can diagonalize H, as follows : 5

-

*

A, O -

VoYH M, = B

i P T 0 -y _

where 7
o O
A = —
-:;_ P O )\0

[S

¥ .

and the modal matrix M, and its inverse are given expli-

Y

citly by

Y

1 111
N Xo X ~Xo

P T - hge = Ngd Xot Nod
¢ d ¢ d

M
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with

> "¢ 7% v

o= )ln+o)/q

AL

d = jin-o)/q

l

l<)

d = (qr’ *—I]')

Now by using the following change of variables in (3.3):

s o2 C e .
3 -.z' B A
- 4 4 a . a

.f.‘ e e e .-'-)._.- e T L Oty BERDAE \..'._

T O, P 'f.‘.r
- R L L R
o {‘;( J(.‘ ".-C‘ PP AP S PPt (0. PR N ..A’L.(" 4"('.1".;._.._&“('.._\ ALY ..'f'A.'f‘._(‘m JA.\;.’('A.'(‘..’ A A_h_ PR, "h A..MA.*A—‘(
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33
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S Vi(zp) | _ 1 li(z,p) o

3; {‘I’ (z.2) |~ 77 |Mz.p) (42)
39
“, )

\ we get
o1

T ' O Y| _[r vy + B; (4.3a)

*3 or ‘I’b__ 0 —A'p-q,p _Bb :

;;‘?‘ 0= [VO ol r(0p) 1 Ty VL]—\I’f(L“p) (4.3b)

i PV (o) |F YTV (L) '

% where
s VP Vo= wor, , [VF VE]= WM,
i

~

K B

L fl__ ar-1 0

,(- Bb - MP _ Clr—l

o

i Equations (4.3) are in a form which can be solved recur-

N

’ sively. In terms of ¥,(0,p)and ¥,(L,p), a solution to

- (4.3a) is -
o Uy (z,p) = M0 (0,p) + ¥ P(2,p) (4.4a) o
e A(L .
o ¥y (z,p) = e, (Ly,p) + ¥ Y(2,p) (4.4b) )
v N -
{'_: where :
4 ) ‘
g 79;-‘11})(:1:,;7) =Ap\11?(x,p) + By z(z,p) (4.5a) -
:::::: ::i
7 9 ;
3:__ —G?\I/?(x,p) = —AP\I/?(:zz,p) + By z(z,p) o (4.5b) -
ol . X ‘ ;
¥ 2(0,p) =0, ¥Lyp)=0. (4.5¢)

8

R’ Note that (4.5a) and (4.5b) are stable in the forward and

g backward directions, respectively. Setting z= L, in

»w

o et e
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(4.4a), and z= 0 in (4.4b), we can solve for ¥ ,(0,p) and ;E‘
N -

¥,(L,,p) in (4.3b) as ﬁ
‘I’I(pr) ——-—F—‘{VL‘I/O(L ) + VO\I,OO )} ﬁ
‘I’b(LhP) = 0N fYpLnp b b( 4 :}::
where '
Fp = [V,O + Vit vl 4 Vb°eA'L*} @

A solution to (4.3) is therefore given by 3

Vy(zp)]_ e 0 SLyhg (L VoW (0
‘I’b(I»P) = 0 _CA,(L,—J:) n { f f( 1,P)+ ) b( aP)}

¥ ?(z,p)
* [\I’?(z,p)} (46)

The Fp matrix is invertible because

)

e APRAHRAY B

5

~r w
A

F FMI 0
p=EaMply AL

where Fy is the invertible matrix associated with (3.3)

being well-posed:

Ly

X

Fy = Wy + W, el
The behavior of the algorithm as p— oo needs to be
examined further. We will show that the determinant of
F, does not vanish as p— co. As p gets large, one can

ignore the exponential terms in Fy and write -

B1iHhoc O11+hod Oy 012
-c -d 0] 0

Fn =1 4, B2 Ba9+hgC Bantipd
0 0 ¢ d
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i where 6;; is the ;j-th entry of I1,~!. Then
LN
o detFp, = — (c- d)3det(IT1,™ ')~ c?d*(Ng= No)*+cd(c— d)(Ng— No)(8,,+0a2)
o As p— 00, N\g- No— 0, so that

:'::: pli_{r;odethb = 4(gr '+n?) ¢~ 2det(I1,~ !)5£0

It is shown in Appendix B that under realistic energy

\ assumptions on the observed images, ¥,(z,p) and
:\ V,(z,p) decay fast enough as p—oco to ensure that

. m(z,y) € D(A) and X\ € D(A").
‘- To summarize, the solution procedure for solving

,_E the estimator equations (3.2) is (1) transform the obser-
' vations into the p-domain, (2) compute ¥?(z,p) and
: ¥ 9(z,p) using (4.5), (B)ﬁnd ¥ ,(z,p) and ¥,(z,p) from

;: (4.6), (4) compute rm(z,p) using (4.2), (5) inverse

? transform m(z,p) to get m(z,y).
5. Other Boundary Conditions
The smoothing problem for the 2-D Helmholtz
o equation with more general boundary conditions can be

: handled in a manner very similar to that just described.
:;I In addition, a wavenumber that varies in the y direction
,:‘_: can be studied. The boundary conditions we consider in

- | this section are conservative on the y-boundaries, and,
2, in general, dissipative on the z-boundaries. To derive
’: the estimator for such problems, we start off with the ,
\ same 2-D Helmholtz equation (2.1), and z-boundary ~’\
& conditions (2.2a). The y-boundary conditions are now ':é
:: cosd u{r.0)+sind u,(r.0) =0 (5.1a) &:
¥ %
% N
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\:_
' = 1‘1 -
e
-}_'. cosy u(z,L,)+siny uy(z,Lr_,) =0 (5.1b)
:I where g and v are real. Periodic boundary conditions
S u(z,0) = u(z,L,) , uy(z,0) = uy(z,L,) (5.2)
2
E?, could also be assumed. The wavenumber k satisfies
?.
. k*(y) = kG (y)+4n, n>0
a7
~ The estimate Hamiltonian for these boundary conditions
‘.I
N and wavenumber is the same as (3.2), however the
. operator T is defined as
o~ )
::-: 17 =—(ayy+k (y))f
o
g with domain
o D(T) = {f € Ly(Q):/,], abs. cont., [, € Ly(Q),
|- [ satisfies (5.1) or (5.2)}
y x"
) We now introduce the selfadjoint Sturm-Liouville opera-
A
: tor
s
o Qf = -(8y+kd(y))f
J with domain
ko
Dy
~
f' The operator @ has a countably infinite number of
'4. eigenvalues u, and eigenfunctions ®,(y). If we use the
'C: transform operator K defined by
)
") L,
. 1
' (Kf), = —[®,(y)/(y)dy
L,
g = [ ®(y)dy
‘,:: °
%
.
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»

then K4 = 4,K, where '(*"v:_j

EA'R
A 0 1 )‘,"'x
P p—gn O =

From this point on, the calculations are identical to the \
zero-boundary condition case, except that K replaces S. ‘;J

To consider problems where the z boundary condi- E‘
tions are more general than (2.2a), we assume that the E
matrices V, and V; are now linear operators V; and V, ._ud
such that under the transform K described above, the !""%"
action of the operators V, and V; are multiplicative, that -\\
is, the following transform relations hold ‘:'::::

Vom(0,y) <> Vo(p)m(0,p)

Vym(Ly,y)<=V,(p)m(Ly,p)

where Vy(p)andV;(p) are complex valued 2 X 2 matrix

functions of p. As before, it is necessary that

A
P AR

LI
F’v

Vo(p)+V,(p)e™r be invertible for all p. An example of

-,d b

a dissipative boundary condition occurs when

s 1 0 O
Vo(p) = [0 O:Iv Vi(p) = I:s _1]

and s is complex. This case corresponds to a damped,

.
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elastically-braced membrane on the .2 =0andz =1L,

¢

sides. The determinant of Vy+V,e*ftis

LT X
L)

Pk ot

(— etV k2= p2)sin(Vk2- p2L ) +2scos(Vk*- p°L)  (5.5)
;;k'.?_pQ )
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Typically (5.5) is non-zero.

6. Complexity Analysis

For computational purposes the rectangle Q s
discretized into an N x M grid. The complexity of the
principal steps needed to calculate the least-squares esti-
mate of the wave amplitude at one wavenumber & is

given in Table 1.

TABLE 1 The Smoothing Complexity for the 2-D Helmholtz

Equation
Complexi
Step zero or periodic | other y-
y-bound conds b.c.

Find ¢,(y) and n/a O(M?b)
M for
(3.3),(5.4)
Fourier O(NMlogM) O(NM?)
transform the
observations
Find m(z,p) O(NM) O(NM )
via
(4.5),(4.6),(4.2)
Inverse O(NM logM) O( NM?)
transform
m(z,p)

In Table 1, & is the bandwidth of the matrix used to
approximate the operator Q in the eigenvalue calcula-
tions. Typically » = 1. The overall complexity for each
wavenumber is then either O(NMlogM) or O(.NM?).
depending on the y-boundary conditions. Obviously if
one does not exploit the particular structure of our
model, and uses only first and second moment informa-
tion, the complexity would be O(M3N3%). As discussed in

the Introduction, for zero boundary conditions a com-

LT M S e .
A PR RS et
OCTOR OV VLR,

.......
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‘3! plexity of O(MNlogMN) has been achieved in [2].[3],[4] :
N o
';j using different techniques. The complexity of transform- o
ing the time domain images into the frequency domain e
::3 for T wavenumbers is O(TNMlogT). Therefore, the =
“’: ‘-‘
o entire smoothing procedure would have a complexity of
) O(TNMlogTM) or O(TNMlogT+TNM?) depending on the 5
- o
'-;_','_- v-boundary conditions and assuming that 5 = 1. o
=Y :
= %
\ -
7. The Smoothing Error Covariance *
.- : 3
" Using results in [1], we can express the smoothing R
:; error m(z,y) = m(z,y)- m(z.y) as the solution of the P,
8 -
i Hamiltonian system by
p
iyl .'
s O fmzy) (| A BBy | B0 [e(r.y) l' la) “
- Or |- NMz.y) rlC'c AT | N\ z.y) 0 C'r'w(z,y) o
“ . . ."\
a m € D(A) X € D(A") o
LX) -,
‘.:"' . oy . i ':~
o with boundary conditions (compare with (3.2)) -
‘:’) ‘,o -1 V‘H—IV rﬁ(O.y) -10 —X(O.y) - lb ;:'
::E Hu l(y)= v rfl(Ll'y) + 0 I ——X(Ll,y) -(‘- ) ::EE
N Transforming (7.1) with respect to y gives (see Section e
’ 3)
% | | BB'|[ . A
y mlrop) | P 7 ) m(z.p) B 0 [c(x.p)] (T.24) My
- dr - Nr.p) rrlc'C - A, |- Mz.p) 0o C'r | w(z.p)
»
o
_2: , ulp) = 0] X(0.p) + W, —X(L‘ ) ¢ .2D -::
-:‘\ h
~ Our original statistical assumptions and the properties of <
o N
R 3
(A Y
f. ::n
: 1
0N 2
RS 2

Ve . ]
. FJ o A" W’ AT N ALY Lt .- oy A ORE p LIRS - 2 N . ' . A
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the transform imply that
e(z.p) . e(r.q) . w(r.p)., w(z.q),v(p),v(g) are mutually

uncorrelated for p£¢q. Therefore, if we let

P(z.y) = E[m(z,y)m " (z,y)]

P(z.p) = E[m(z.p)m"(x.p)]
then

x . A 271'[
P(z.y)=Y, P(z.p)sm°py ,p =

== >0 LQ

Using a Green's function solution to the acausal linear

system (7.2). one can show that P(z.p) satisfies

I
P(z.p) = [150]—\(1,1’)[' . ]
0

where
Ly g¢BB' 0 .
Nz.p) =={)G(x,a,p) 0 slote G (z,0,p)do
el P VT LY (Fy f) e (7.3)
and
e”yzFH—lwoe‘Hﬂa >0

G(z,0,p) = eH? Py, o) 2 <o

The overall complexity of solving these equations is

O(NM?*), due to the integration necessary to compute

A(z,p) in (7.3). An alternate procedure with complexity
O(NM) can be derived by first diagonalizing (7.2) in a

D

o

E;', manner identical to that in Section 3.4. If we change
+

o variables using

)
a
N
*r
.
W
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er(r.p) —1|m(z,p)
Lm.p)}“’ ‘[x(m}
then

0 e[(va) \p 0 C/(.Z',p)
9z |es(Z,p) 0 -4, |le(z.p)

s _ C(O,) 7/ 'C(L ,p)
VI () = [Vfo Vbo][ei(O,;)]J” [UL VbL-[ci(Li’p)]

where

Bj
Bf

A solution to these equations is

erlzo)]_ [0 0 v, ! VEhed(L,, 05,0
es(z,p) | eAr(Li-2) { v(p)- ef( p) - Vyey(0,p)}

0
eX(z,p)
[\ -
+ [ebo(x,p) ( ‘.4)
where
a 4 y rd
-'a_xefo(x,p) =1\p8/'0(x,p) +Bf [;)((iy{;’))} (‘.53)
geoo(xsp) =-A,e)(z,p) + Be[w((z’l;,))] (7.5b)
ef(0.p) =0, ¢X(Lp) =0 (7.5¢)
We can now express A(z,p) as
o Az.p) = M,8(z.0)M," (7.6)
.2 where
b
v e(z.p) = E[:{é;,’z;}ef(x-p) ey (z.p)]
% x
7. R?
e .
. N¢

-
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We will express the diagonalized error covariance 6(z,p)

. L."..“‘." “pa

R in terms of the second moments of the random variables
. {v,ef(z),e2(z)}, where we have suppressed the argument __
W p for simplicity. Define the covariances o
e ;
W N
! RJ(IUIQ) = E[efo(zl)efo'(zz)] 5
7 Ry(z1,25) = E[e(z,) e (5)] o
s Rp(z),20) = Elef(z)) ey (7))
= Now 6(z,p) can be written as =
- 1
~ <I>ﬂ,(x)F,-,,1{2L VI, YW VI, (L)) V' +VFR 4 (L1,0) V'+ -3
£ 2 M
o r.
i::: . * . L] * ::
% VR, (0) V' + VPR3 (L 1,0) VE H F) 1@ () ¥
g\; -1 * *#y_1 * f(x) O .:;
n ~®p(2)Fp G(2)- G (2)(Fp) " ®p(z)+| o ,(z) s
.-4‘,. ._1
ﬁ where
b)\ -
2 et 0 i
2 bp(z) = 0 ArLi7) o
B S
7 G(z) = V,L[R,(L,,z) fbe(Ll,x)]-»-Vbo[Rﬁ(x,O) be(O,z)] 5
.".\ {"
'.J'“ \.
" \-
i Rp(Lyaz) = M9 (2) | Ry(0,2) = 1y (2) >
s ::.
Y o
& with ‘
] - Ny
R 9 M,(z) = A, I ‘4 Lpel? Olge 1 (0) =0 "
e o
L 1 :
13 8t ’ 1 P (q 0 e’ - o
—E b(I):x\pnb(x)+nb(I)Ap + 2L286 0 er y Hb(Ll)—O :‘\_
3
" %
i X
. ¢
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1
2L,

z

- g 0| . 4
fe 4\,113; O . beCA’udu
0

Mp(z) =

8. Concluding Remarks

e ) -:.-:::.-:«.'-r:v.*:-i

A
L

v
a8 4
(3.

In this paper, we have constructed a recursive

v
(2 ¥

smoother for the 2-D Helmholtz equation. The advan-
tage of our method is that it leads to computationally
attractive algorithms even when the x-boundary condi-
tions are dissipative and include random inputs.

Another advantage is that a linear least-squares Born

[}

ARG  SAALARS:  LAf

- inversion of the wavefield can be performed along with

e
T

the image restoration without changing the computa-
tional complexity. Higher order equations characterizing
vibrating plates, etc. could be approached in a manner
similar to that presented here. If the wavenumber & has
variations in the x-direction, then an approach based on
operator Riccati equations could be used to formally
diagonalize the smoother dynamics. However. the initial

value problem

3
—m(z.y) = Am(z.y)
oz

m(0.y) = my(y)
is not well-posed (it does not lead to a semigroup). and

this raises questions about the existence and uniqueness

of solutions to the corresponding Riceati equations.
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Appendix A

In this appendix, we show that the state variable
representation (3.1) of the Helmholtz equation is well-
posed. To do this, we show that the transformed system
(3.4) is well-posed. and that the solutions to these
acausal linear systems give rise to Fourier coeflicients
that ensure that the formal Fourier series does converge

and that the state vector m(z.y) € D(A).

(3.4) are well posed for every p because the matrix

1 0
T T N Al
Fot tre [coshJL1 3~ !sinh{ 3L 1)] (A1)

where 3 = (p?-k2)'2, is invertible for all p. If we now

change variables in (3.4) as follows:

ma(z.p)

o rte) N
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1), 0.0)] P olfr,eL..p) .
W)= [o 0 Tf(o»)}* {1 1 Tﬁ(Lf.ﬁ)} (4-3b)

We can write the solution to (A.3) as

Ttap) | e [T 0 L= (p)= T R0.0)
Ty(z.p) |~ 0 e Pzl Al 1 L‘Q(P)—T?(L1»P>

4
/]

e RN DR A ' Iy

L ¥ §

“. 1 ! eyt
“ SRR

‘
-.d& L' .

(A4)

.'-

v

where

y [ R

Z1Y(z,p) = - FTY(z.p) - 1/2 87 e(z.p)

P

2 102,0) = BTHz,p) +1/2 8 <(2.0)

. b e -
. S T
: AR AT

. e 2 e Te Y

" b I P

Y(0,p) = YP(Ly,p) =0
Y;(z,p) and T, (z,p) are continuous functions of z that

depend continuously on v and e. Equations (3.1) will
have a unique solution which depends continuously on v

and e if the appropriate Fourier series converge and if

m(z,y) € D(A). We will assume that
(8°/8%y)v(y) € L3(0,L,) , €(z,y) € Ly(?) and show that
this implies that m,(z,y) € D(T) and my(z.y) € Lo(Q ).

T
vl
f4

We first derive bounds for Y)(z,p) and TJ(z,p). Solving

for TP(z.p) gives

which gives
1/2
P4

f fe=B(z-u) 24y [ le(u,p) [Fdu
] 0

1
; TP(z.p)] < 7]

*
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where
f - B-v) gy < L
DIy < g )
Thus
. 1/2
Tz,p)| < L 2) Pd
IT7(z,p)| £ 2B VAReh) {Ie(u p) [*du

Since 4 ~ p when p—oo
ITP(z,p) P~ O(Gp~?)
where

L,
G = f le(u,p) Pdu
0

In a similar manner,
T9(z,p) P ~ O(Gp~?)
Our assumption on the input field ¢ implies that
L,
[ le(z,y) Fdy< o0
0
almost everywhere with respect to z (a.e. wrt z ). By

Parseval’s theorem

Yle(z,p) P < 0 ae wrtz
14
and hence by the ccmparison test for series

le(z,p) 2 ~ o(p™ ")
a.e. wrt z . Tnerefore

IT(z,p) P~ [T3(z.p) P~ O(p~%)
The first term in (A.4) involving the boundary term v(p)
is becoming exponentially small as p— o for all x in
(0,L,). Since (8%/3%*y)v(y) € LZ(0,L,) by assumption, the

first term in (A.4) has a convergent Fourier series that is
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o twice differentiable with respect to y on [0.L,]. and is E\
AN ~
o infinitely differentiable in (0.L,). The second term of ;:
.. P
) (A.4) therefore dominates the solution in (0,L,) as p &
O -
""-2 gets large, hence -_'_3
" T (z.p) [~ ITy(z.p) P - O(p*) ._
" a.e. wrt z. By using the change of variables (A.1), we ~
I see that B
- my(2,8) F = [T;(2,0)+7;(2.0) F - O(p™") a
and ¥
¥ %
o mo(z,p) P = |- BT (z,p)+8T4(z,p) F - O(p™?)
e These bounds show that
L2 my(z,y) € D(T) and my(z,y) € Lo(0) [5].
& . R
N Appendix B i
= We show in this appendix that for the 2-D
: . o
A Helmholtz equation, when the z-boundary conditions -
2 . . X
v are separable (8,, = 8,; = 0 ), and the observed image is r
> o
Ny bounded and mean-square differentiable in the y- .;
i "\
A direction, X
« ¢
= m(z.y) € D(A) and XN(z,y) € D(A") x
52 To begin with, it is sufficient to show that 3
b LY - g
(8%/8%y)¥ ((z,y) and (8%/8%y)W¥,(z.y) exist in the mean- 5
. v
"j square sense. The boundary conditions will be satisfied b,
-c due to the sine transform. :'
A~y '
T The p-domain equations for ¥, %W ,°.¥%, %%, .0 are K
G ;
ﬁ g
'\!.#
C :
"l' \
2 Y
BRGNS o SE505. "
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given by (¥, (z.y) denotes the ith component of

‘I//(I,y), etc.)

EEEe g g R

0 __ No[Z-9) - q .
I

z

\y/qo(x,p‘ =—fer0(z_3)j —q Z(S,p)ds !
- ' 0 4XOI’U z
5
- :
0 = - 2_8) Y q > i
Vy,°(z0) = J; e ryee (s.p)ds ;
E
L, _ 5
,0z,p) =-[e 959 _,(s,0)ds ’:
o zp) = - [ M) :
As in Appendix A, one can show that 2
¥ 9(z.p)lre < 917 *2M (p) (B.1) -
where I
L, -
M*(p) = [ lz(z,p) Pdz ;
0 "
and ¢, is a finite constant. The same result holds for ¥ . ;
For separable boundary conditions [1] ¢
‘1’/(3»1’)-‘—“‘1’/3(%1’)'*"1’?(%1’) B
Where for large p k

¥ (z.p) = [ 0] VPR 20.p)
The L*Q) norm of ¥,(z,y) can be 'expréssea using {
ol Parseval’s relation as
»
.'_:. L v
o > &, K
W (z9)Peyny= X [ (2,p)Pge dz |
) p=1 0 -
A In a similar fashion: t
\ .
B :‘-
o8, v
> ]
P :
. S e e e S R R A AR AR
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u—a%wf(z,wuﬂ,z( 5 fuw z,p)Predc (B.2)

p=1

w g .x B B A - .
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g

L.

We wish to prove that this norm is finite. For separable
boundary conditions one can verify that

IFp= VR < gop
and

et Jn < g5e"
Combining these bounds gives

”\I’jB(l',P)HRz < g4~ 1/2M(p)cRexoz
so that

L,

32 2 2ReXoz
ll——aQy‘I'f(z,y Pra) < 3 p%0.M%(p) fe dz
=1
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or
8 . 3 .
5 ¥ Alafixay < X posM(p) "
p=1 o
since A\ < gep. If we assume that (8/9y)z(z,y) € LY(Q) 7
then j::f
A
3 © '
sz haa) = 3 2Mp) < oo i
p=1 f‘.*

which shows that ¥ f(z,y) is twice differentiable in the
y-direction. Similarly,
8% o - 2
”aqu’f(-Tvy)"L'"’(ﬂ) < Y LpM¥p) < oo

=1 .
which implies that ¥,(z,y) has a mean-square second

AN 2 s A WA 2 e T

e derivative in the y-direction. A similar argument shows

vy . . . . .

e that ¥,(z,y) is also mean-square twice differentiable in

"' . 3

h the y-direction.
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