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SUMMARY

The standara approach to the modeling of linear time-variant,
frequency-selective communication channels has been reviewed and extended to
allow for statistical variation in both time and frequency. One particular model
that allows the channel statistics to vary in a plece-wise linear fashion over
time and frequency has been addressed in detail. The theoretical aspects of the
model have been emphasized. A discussion of the use of the DNS mode! for
practical communication system analysis can be found in Reference 2.
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SECTION 1
INTRODUCTION

The modeling of frequency-selective fading linear channels has been a topic of
research for several decades, much of it based upon the work of Bello (Reference
1). These linear channels can be represented Dy baseband equivalent
input-ocutput system functions such as a time-variant impuise response or a3
time~-variant transfer function. The non-specuiar component of the channel
system functions 1s usually viewed as the output of a random process, and the
rangom variations of the channel can Dbe described quantitatively by the
statistical parameters of the associated random process.

when analyzing the effects of fading on most communication systems, one can
assume that the statistical description of the channel is !nvariant in time and
frequency. This assumption leads to Bello's so-called WSSUS channel model, to
be discussed below. However, some communication systems operate over
propagation media with fading statistics that change rapidly in time ( e.g.
meteor burst modem) or vary in frequency over the bandwidth of the transmitted
signal ( e.g. a direct sequence spread-spectrum HF modem). The wSSUS modei 1S
inappropriate for the analysis of such systems. This paper presents a Joubly
non-stationary (DNS) channel model to accommodate systems such as these. In
the following, we first review Bello's general approach to statistical channel
modeling, and then derive time and frequency separable forms of the channel
statistics that allow the channel model to propagate no energy outside an
arbitrary region In time-frequency space. We then show that a weignted
combination of an arbitrarily large number of such models forms the desired DNS
model. Lastly, we discuss one particular weighting that causes the channel
statistics to vary in a piece-wise linear fashion in time-frequency space.




SECTION 2
GENERAL BACKGROUND MATERIAL ON CHANNEL MODELING

2.1 LOWPASS EQUIVALENT CHANNEL REPRESENTATION.

The standand compliex baseband signal representations will be used to express
transmitted and received waveforms. The transmitted signal is denoted z(t) n
the time domain, and 2(f) in the frequency domain. w(t) and W(f) denote the
time and frequency domaln representations of the received signal. Both
transmitted and received signals are referenced to some fixed {angular)
frequency wg (in units of radians/second), though 2Z(f) and W(f) need not be
centered about that frequency. The signal actually sent by the transmitting
terminal can be expressed in the time domain by either side of the foilowing
equation.

Real{ z(t) eJ®Wol } = 1 (t)cos wet - QL) sinwgt ()

The complex waveform 2z(1) equals Ix{t)+]Qx(t), where ix(1) and Qx(t) are by
definmition reai waveforms and } denotes the square root of -1. The signal
actually seen at ine recelving terminai can similariy be expresseqg 'n the time
domain as

Real{ w(t) el®@ol } = [ (t)cos wot - [Qu(t)sinwgt (2)
where w(t) equals I (t)+)Qy (1), and again I, (t) and Qu(t) are real waveforms.

The channel model generates the received signal by passing the complex
transmitted signal through a time-varying, linear system, as shown below.

2(1) = Zn) linear system w(t) = w(f)

N describedby a __H
system function

Figure 1.  Block diagram of complex baseband channel model.
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Bello i1n Refarance ' cef'nes ‘weive SyS'em 2aguations tnat express the output,
aitner wit) or w(f), rter™s of tme rpuLl, etner 2L or Z0°). Four of tnese are
Jsed In the secue.. anc are repraduceC n tre “Cl.ow ng 2Guaticns:

w(t) = C20-8) gDl g (3)
w(t) = 1200 T expj2mrt af (4)
\ i - -~ \ 13 ,.:-.‘
w(f) = S 2Uv) G- Y 2w )
‘ A
r© o
w(t) =) 20D e 2mot UEW) o o (®) ok
4 )

The variable t Is time In units of seconds, f 12 frequency offset from the
nominal center frequency (wg/27T0) 'n units of hertz, £ 1s delay n units of
seconds, and v is doppler frequency shift 1N units of hertz.

Bello named these four system functions and gave them physical interpretations.
The Input Selay-Spread Function, g(t.2, s the hannel outbut at time T resuiting o
‘rom the excitation of the channel to 2 ‘mpulse © seconds defore L. The dutput ﬁ
Doppler-Spread Function, G(f.v), 1s the spectral r2sponse » nertz apove 7, -

resylting from the excitation of the channel to a frequency impulse (1.e., time ‘.E‘_-_i:i,
demain cissoid) at f. The Time-Variant Transfer Function, T(f,t), 1s the transfer i;l:'{.
function in the frequency variable f at time t. Finally, suppose the transmitted e
signal is decomposed into Infinitesimal elements that are first delayed, and then ‘.
doppler snifted defore deing linearly combined to form the channel cutput. Then :_'E
the Delay-Doppler Spread Function, U(E,v), is the complex weignting given to the N
component delayed by & seconds and shifted by ¥ hertz. R
e
Reference ! shows that the four system functions are related by Fourier
transforms in onre or DOth arguments. The wvarious reiationsnips are

mathematically expressed by Equations 7 through 18 and iliustrated by Figure 2
(where arrows point in the direction of the Fourier transforms) .
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19 T(r,0) = | g(t.8) e TJ2TEM gF (10)
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s T(r.L) = | G(f.v) e 12TV gp (11)
‘?’i.‘ i
-ty r
2 T(r.0) : J UE.v) e 12TV-E0) ap qf (12)
R ‘
N UEP) = [ gy e izt gt (13)
2
g UE. V) = [ o(r.v) e 127 of (14)
PLs 1~
‘ UE») = J J T(1.4) e J27EM-PY) g qt (15)
5%
5(1,9) = [Ten ezt gy . (16)
7 3(1.) = | e e I g (i7)
o
L ) = [ [ator e 12mtEn qt o (18)
)
[ .
"-;I: 2.2 STATISTICAL FORMULATION OF RANDOM CHANNELS.
-!’:l
_:5:- Random channels can be characterized by statistical descriptions of any one of
; ; these four system functions. It is common to assume the real and imaginary
components of the system functions are independent and have Gaussian,
i jt Zzero-mean first order statistics. The stochastic properties of the random
'.\;2 system functions are then completely characterized with the addition of the
.,5: second order statistics. The second order statistics are expressed by the
. correlation properties of the system functions in the form of what we term
:: “mutuat coherence functions”. The mutual coherence functions of the four
v ~';.*: system functions are defined as follows.
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Rg(t.s:i&.m) = g(t.8)" g(s.m) (19)
RT(f.1:t,s) = T(rLO" T(Ls) (20)
Rg(f. Liv, ) = G(r,»)" G(lu) (21)
RUE.miv.p) = UEW)™ UML) (22)

where * denotes the complex conjugate operation and the overdar indicates the
ensemble averaging operation. As was the case with the system functions, from
any one of the mutual coherence functions one can derive the other three. They
are Interrelated by double or quadruple Fourier transforms as discussed in
References 1, expressed mathematically by Equations 23 through 34 and shown
pictorially in Figure 3.

g(t.g)

|
ui.v) T(f,t)

Figure 2. Fourter transform relationships between the system
functions ¢ . T, G, and U .
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Rg(t.SiE.ﬂ)
Rg(t.s:ﬂ.ﬂ)

Rg(t.SiE.n)

Ry(rlit,s)
Ry(f.lLit,s)

Ry(f,lit,s)

RU&.m:v.p)
RuG.miv.p)

&, miv.u)

Ro(f.Liv. )
Rg(r.Liv, 1)

Ro(f.Lv,p)

r Ry(f.lit,s) e j2r(ni-&r) ar di

r RuE.miv.p) e j2n(ps-vt) gy qp

' J J RG(f.1v. ) & 127T(HS=PtN1-E0) gy gy f ql

~

Rg(t.s:ig.m) e 12701 qg an
[ Rl e 127T(HS=VY) gy g

— J J RU(E.M:v.p) e J27TT(us=vt+E-1D) gy gy of dn

-

Rq(t.s:i&.n) e j2r(vt-us) gt gs

[ Rt v e J2TNI=EN gf q

J J( J RT(r.Lit,s) e J2T(A=EI+Vt=p8) gr q1 qt ds

[ RT(f.Its) @ 12TUVL-ps) gt ge

4

[ RyE M) e J2TET-D g gn

[ [ J Rq(t.s:i€.m) e j2n(vt-us+&f-nl) qt s af am

2.3 WSSUS CHANNEL MODEL.

(23)
(24)

(25)

(26)
(27)

(28)

(29)
(30)

(31)

(32)
(33)

(34)

The WSSUS channel mode! 1s obtained from the above general statistical form by
assuming the first and second order statistics are constant over (or independent
of) time and carrier frequency. The time independence is called the wide-sense-
stationary (WSS) assumption and the carrier frequency independence 1s called
the uncorrelated scatterer (US) assumption. The effect of each of the WSS and
US assumptions upon the form of mutuyal coherence functions is first treated
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separately in the discussion to follow. Then taken together the WSSUS channel
follows immediately.

Rg(t.Si&-n)

S

RU(E,.’T]:V.},&) R(f,1:t,s)

N

R (M. Liv.)

Figure 3.  Fourier transform relationships between the mutual
coge&ence functions of the system functions g. T .G
and U .

The WSS assumption causes a simplification of the functional form of all four
mutual coherence functions discussed above. The WSS forms of the mutual
coherence functions, denoted with a tilde throughout the sequel, are as follows.

u

Rg(t.s:i&.m) Rgls-t:&m) (35) e

(1)

Ry(f.it.s) Ar(rlis=t) (36) RS

u

Rg(f.liv.pu) Pa(r.tiv) 8(u-v) (37) 2

RU(E-ﬂ:v-}l)

2

BuE.m:v) 8(p-v) (38) f_f o

LN
2,
-

¥

~
' }
d

”

i

f.fr
»

R X

R W
3
3

R

‘s :l »

. L R T L T iy T Ty Py W0 R e T o T T T AP AL NN PCINGNIR NGAC N
e T e T R T e e Y ,w ./f‘ e S NN A f._'._,:., 1".,:\ YR IAIR D
(R o Al R

ot l‘ % A\ ..h .o"‘n'l‘.n 0..! q'l.- l.w'l.» O"J.cc‘ 2 !' ¥ l.'. Th M MRS, B



mm““ A st A A RiARiA LS ain ol Sk aie o ais b L ateadioaud sl kool ke skt a b et abitak aait el E Bhdat Sataen At a i g e ) o
«

Substituting s+ for t allows the wSS forms of Equations 23 through 34 to be

rewritten as follows. v
| i
s Ag(z:g.m) = j j Br(r.1i7) e J27(NI=EN) gf I (39) i
N Agmen) = [ PuEmm e 120% o (40) _
o Aglzem) = J J J Bg(r.liv) e J2TT+n1-E0) gy of al (41) o
N Ry
RN o,
, | Ee
o h:,.\‘
Rr(r.li) = g@(f,l:v) e J2TVT gy (43) '.'F‘x
’ hoh
Ar(r.uo) = J J BUE.miv) e J2r(PT=Ef-nD gy af dn (44)
BLEnv) = | Aglzmem)e -J2TVT g , (45)
= FuEmv) = J Bo(r.iv) & JTUNI7ED af al (46) T
| :'-;?- . . -
o BuE.miv) = J J Br(r.iz) e J2TMI-EI-VT) gf g1 az (47) e
: =
J .
4:‘_-.; For.liv) = J Rrir.iz) e - J2TVT gy (48) e
‘-,‘-' -"-‘-:.
A" J'}- . :-.'-_-'
o Bolf.lv) = j J BEmw) e 12TEN-1D gF an (49) o
= e
s Ba(f. 1) = J J J[ Ro(mg.m) e J2CvT+E-1D gz of dn (50) 'i?a
.:~-:
..:(::’ E.';:
::;:1; The above equations show that the mathematical relationships between the ‘:,'C:
S5 non-singular factors of the WSS forms of the mutual coherence functions, like e
A the general forms themselves, are related by Fourter transforms. Figure 4
Qo shows these Fourier transform reiationships. The non-singular factors in the
SO WSS forms of the mutual coherence functions have the following physical

interpretations.
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ﬁig(t;a.n) Cross correlation of pair {g(t.£).g(t,n)] for fixed & and 7.
Ay(r.li7) Cross correlation of pair [T(f,t),T(1,t)] for fixed f and I.
Bg(f.liv)  Cross spectrum of pair [T(f,t),T(1,t)] for fixed f and I.

Bg(f.f:v) as a function of v is the power spectral density
of the fluctuations of T(f,t) in the variable t.
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PuE.m:v) Cross spectrum of pair [g(t.£).g(t.n)] for fixed & and M.
?‘U(C,E;v) as a function of v is the power spectrat density
of the fluctuations of g(t.£) in the variable t.

The WSS assumption affects the nature of the system functions. G(f,») and
U(Z,») have the character of non-stationary white noise in the variable v. g(t.,&)
and T(f,t) have the character of stationary colored noise In the variabie t.

x The US assumption causes a different simplification in the forms of the mutual
-~ coherence functions. These US forms, denoted with a circumflex throughout the
sequel, are as follows.

Re(tsitm) = Pgltsid) 8(E-n) (51) o
R(f.lit.s) = A7(-fit.s) (52) )
]

N RG(f.Lv.p) = Rg(=fiv.p) (S3) ol
o RUE. M) = PUEiv.) 8(2-7) (54) 2
<. Padt
Substituting Q for |-f allows the US of Equations 23 through 34 to de rewritten ~

_ as follows. i
Pglt.s:d) = [ Arits) e 1270 aq (S3) t,

'd . o

Bg(t.sit) = [ ] Ay e 127D gy gy (56) T
o : .:?:-’-
v Pglt.s:d) = J J Rg(Qiv.p) e J2T(US=VE+EQ) qv qp aQ (57) e
9 RO

roe

P

%
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: Rg(z:&m)
-’:.
»
.f.
b .
B
3'..; FuEmiv) 8(u-v) Rp(r 1)
l
" \
"
9 G(f 1:v) §(u-v)
.:} Figure 4. Fouriter transform relationships between the WSS
A “orms of the mutual coherance “INCLioNs.
) .
.
> Pyttsid) = | Ry(itis) e 12TER g (S5)
>
> e
Bq(t.sic) = “ BUE ) e 12T(HS=VY) gy g, (56) 2
2 i | 2
P Pglt.s:&) = J “ Rg(Qiv.p) e 12T(Us-V1+2Q) gy gy aQ (57) )
= R
"::: ES:\
r@its) = [ Pyse) e T12MEQ g ‘<8) Le.
o Rr(Qit.s) = Ra(Qiv.p) e 12TUS-VY) gy qy (59) s
b T G
Rr(Qit.s) - J J [ & (Ev.p) e 127(us=VE-EQ) gy gy at (50 ,e
L i
| \:; _rl
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PUEv.p) = ; j Pgltsid) e J2m(Vt-us) gt ds (61)
BUE.) = [ Bgl@w.p e 12TEQ 4o (62)

PUEv.p) = J J Br(it,s) e J2MEQVL-US) 40 gt ds (63)

Ra(Qiv.p) = J AT(Qit,s) e J2TPE-US) gt g5 (64)

BoQvg) = | BUEm. e 12T-EQ ¢F (65)

Rg(Qiv.) = | J’ J Palt.sil) e J2TWLUS=EQ) qt a5 af (66)

7

The Fourier transform relationships between the US forms of the various mutual
conerence functions are shown by Figure 5. The non-singular factors in the US
forms of the mutual coherence functions have the following physical
Interpretations.

> Cross spectrum of pair {T(f,t).T(1,s)] for fixed t ang s. ’
59(1. £.£) as 2 function of & 15 the power spectral density of
the fluctuations of T(f,t) in the variable f.

Iy

ég(f..s:

Rt(Q:t,s)  Cross correlation of pair [T(f,t),T(f.s)] for fixed t and s.
Rg(Qiv.u) Cross correlation of pair [G(f,v),G(f.u)] for fixed v and u.

Pu(&:v,u) Cross spectrum of pair [G(f,v),G(f.W)] for fixed v and .
?‘U(i;v,v) as a function of & is the power spectral density of
the fluctuations of G(f,v) in the variable f.

The US assumption affects the nature of the system functions. g(t.£) and U(E,v)
have the character of non-stationary white noise in the variable £. G(f,v) and
T(f.t) have the character of stationary colored noise in the variable f.

The wSS and US assumptions taken together is called the wWSSUS assumption.
The WSSUS form of the mutual coherence functions, denoted with an over-bar
through-out the sequel, are given below.
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Rgt.si&.m) Fg(s-t-.z) §(8-1) (67) P

RT(f.l:Ls) Rr(I-fis-t) (68) 2

Rg(f.liv.p) Pg(1-f:v) §(u-v) (69) S

RUE.Miv.p) PLEW) 8(u-v) 8(E-1) - (70) '":"-2

p (t s:&) 8(&-n)

////\

p (5 v.p) 8(E-1) Ry(Qit.s)
)
.\‘
QG(Q:V,}J)

Figure 5. Fourter transform relationships between the US .
forms of the mutual coherence functions.
Substituting 1+Q for f and s+~ for t allows the WSSUS forme of Equations 23
tnrougn 34 to De written as follows. G
R
Pq(z:d) = J Rr(uit) e 12TEQ g0 (71) \:«.
- 5 2V . -
Pq(T:d) = J PUEiv) e av (72) DR
Pq(T:d) = [ J 5(Qiv) e 12TTPT+EQ) gp qQ (73) o
i
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E RT(QiT) = J Pg(z:&) ¢ T12TER g (74)
Rr(Qit) = [ Pot@m) e 12700F gy (75)
RT(QiT) = j J PUE:) @ 12TPT-EQ) gy ¢f (76)

PLED) = | Pgmt) e TI2TVE gr (77)
i BLED) = | At e 12780 g (78)
¥ PLE) = | [ Art@n) e 1212V o or (79)
%
o

) - . 21(vt-ps)

? Ra(Qiv.p) J J RT(Qits) e ) HSJ gt ds (80)
Bgl@vg) = [ PUEm.g e 12T-EQ ¢ 81)
AgtQivogy = J‘r ] Pa(t.sif) e 12TTVE-US=2Q) gt gs ag (82)
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The Fourter transform relationships between these are shown schematically in
Figure 6. The non-singular factors in the wWSSUS forms of the mutual coherence
functions have the following physical interpretations.

[

«

TIKAWY

E'g(t:i) Delay cross-power spectral density. 39(0:5) is the
Delay power density spectrum.

[
“

= RT(Q:T)  Time-frequency correlation function.

roe

f Ps(iv) Doppler cross-power spectral density. Pg(0:v) is
$?; the Doppler power density spectrum.

PUEv) Scattering function. The power spectral density In
delay and Doppler of T(r,t)
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The w3SUS assumption affects the nature of the system functions. g(t,£) has
the cnaracter of non-stationary white noise In the variable &£ ang stationary —
colored noise in the variable t. U(E,v) has the character of non-stationary white A
noise In botn variabies. G(f,») has the character of non-stationary wnite noise o
In the variable v and stationary celored noise processes in the variable . T(f.t) ;_\E-
nas the character of stationary colored noise in both variables. X3
:-,::\ ;-.’
N > .I_T-
oA gu: £) 8(&-m) :
Fs
‘u,.': :'-'
:"-"v. ”‘“_:.
'%V‘ v

R

Tiv) 8(E-m) s(p-v) T(Q;t)

\/

Figure 6.  Fourier transrorm relationships between the wWSSUS
forms of the mutuai coherence functions.
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SECTION 3
SEPARABLE FORMS OF THE MUTUAL COHERENCE FUNCTIONS

3.1 TIME-SEPARABLE FORMS.

Recall from Equations 37 and 38 that the WSS assumption leads to a singuiar:ty
of the form &(U-v) In the mutual coherence functions Rs and Ry. Here we
consiger redlacing &(u-v) in Equations 37 ang 38 witn some arditrary
non-singular factor, denoted [(p-v). Then we show the corresponding effects
upon Rt and Rg. we start with 3 pair of functions. say 3() and ['(), tnat are
related by the following one-dimensional Fourier transformation.

() = [ B e g (83)

From Equation 27 we have

RT(f.it.3) = J Jr Raiflv) 2 (2TRHS VL) gy gy 34

Prasuming Rgif.uv.pu 15 10 the form Sauf hv) Mu-v), we can write _
RTf.Lit.s) = J Pg(f.liv) U F(u-v) e J2mus=v) gy ; av (8S) <
Replace ps-vt with v(s-t) + (g-v)s to get the following equation. '-;:'4';;3;2
RT(flits) = J Fo(f ) e 12700(s-Y) { J B(u-v) e 127Tp-v)s op}ov (86) :
Substituting v+8 for u and df for du yields *é
RT(.1:t.s) = J. Bolf.iiv) e 1279(s-U) g | ¥(8) e 12785 g8 | (87)

From Equaticn 43 and 83 we get

Ar(f.lit.s) = H(f Lis-t) 3(s) . (88)

Therefore replacing the singularity 8(u-v) in the WSS form of Rg with some

15
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h)

S

non-singular function [(u-v) Introduces the solely time-dependent factor 3(s)
Nt the WSS form of Rr. Equation 88 could be rewritten as

R-(f.lis-2.3) = Hr(ruz) 3(s). (89)

50 that all of tre s, or time, dependence has been separated out of Rt and is in
¥(s). A similar treatment relates tne time-separable and WSS forms of tne
~amaining mutual conerence functions. The follewing equations snow ali of the
* me-separabie forms and shouid be compared directly with Equations 35S througn

22

2o 880 = ﬁg(s-tzi.'q) 3(s) (30)
Z-us = A-(r,us-1) J(s) ()
T oV = Bglenw) Tu-w) (32)
2 Tevl = 2 n ) T-v) 37
Tm2 WSS Tirm ocmen 3oyst 3 special Zase of the me-genarapie T, o
cart cuiar, wren ¥(s) =1 and [(u-v) = 8(u-v). Figure 7 's the mcre gerers,

- me-separapie version of Figure 4. Tne functions R4, - ¥z ang & are st
"2:312¢ Matremat cany Dy Zquations 33 througn SC.

5.2 FREQUENCY-SEPARABLE FORMS.

Recali frem Equations ST ang 5S4 that the US assumption leads tc 2 singuiar:ty of
tre form §1£-m 7 i the mutual soherence functions R4 and R =ere we cons:cer
rapiacing $(Z-7m, N £quations 1S and I8 wilh some ardilrary ncn-s.nguiar
factor, genoted [(£-m). Then we show the corresponding effects upcn 3+ and
2. We start with a pair of functions, say 3(-) ang I'("), that are related by the
foilow!ing cne-dimensional Fourter transformation.

54 = Jr (1) 2 "2l g

Vo]
N

16

- . - . . LA P L UL S BN

e e R T LR O R I S D
e -"L:L talalal dtalt e el a -, RSN NP S BPNEY JUP S w0V YO SRRSOy N XY By A SN SN SRRy . 0, Y, VY,

L 2l

et
“r

e -')
RN

N 200




L dom aus 1oA ek Aok And 4B KA B B fo8 atArd Ban A Sl g 80 B A e atks B S sl ad il mhe Aide mie i ol *ahd i amirad it sl i i st -l i A i i ks~ e o hts - |

Yy - N
«® et SN
SR LS
- N - ."
e e

L]
3 ﬁ
A ) \{\ _.-':Ln
o Sel.
AN e
N
. et
; \f;\ -"r:“.
S ¢ A
~ [Sa™

L ‘."r\.

'_'- "

/ *\ g ;};fj:
/ N - Sl
O\ =

»a ?—ig(t g.m) 3(s) A
P hE

2

'y
< o

ﬁu(a n: V) (}J V E({T(r oy %(5, -;._'-'_\
U
G

\\ -
= N
N

@ |

7 Po(r v Tu-v

- f-

Figure 7. Fourier transform -elaticrships De'wear ‘rs
s Lime-separable “orms 2f “re Myt 2| Iorersrcs
T functions.

o Equation 26 we nave e
S A(ts) = | Rgltslin) e i2TETN ag on (35)

Presuming Rq(t,s:&,m) 15 In the form f-’gu,s;i) TE-7m), we can write

RT(f.1:t,s) = J f:’g( 5:5) {Jr
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L /
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Figure 8. Fourier transform relationships between the
frequency-separabie forms of the mutual conerence
functions.
From Equations 38 and 94 we get

RT(f.1it,s) = R7(-fit,s) 3(1) (99)

Therefore replacing the singularity §(&-m) in the US form of ﬁ with some
non-singular function f{&-m) introduces the solely frequency- Gependent factor
&(1) into the US form of Rt. Equation 99 couid be rewritten as

RT(1-Q,1it,8) Rri(est,s) &), (100)

so that all of the I, or frequency, dependence has been separated out of Rt and
15 1n &(1). A similar treatment relates the frequency-separabie and US forms of
the remaining mutuyal coherence functions. The following equations show ali of
the frequency-separable forms and should be compared directly with Equations
S1 through S4.

Rg(t.s:&,m) Pgt.s:&) £(&-n) (101)

Ry(f.l:it,s) Rr(-fit,s) (1) (102)
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Ra(f. 1V, ) RgUI=f:v.u) 3(1) (103)
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Ru.miv. ) Pu&iv.p) T(E-7) (104)

h
[

n . e
e Y "
BT 1 8 SR
. o .

. RS
DY SR

.
’

“

o The US form then is just a special case of the frequency-separable form, in
particular, when &(1) =1 and [(£-m) = §(£-m). Figure 8 Is the more general
frequency-separable version of Figure 5. The functions Pg . Rt . Rg and B are
still related mathematically by Equations 25 througn 66.

Wl

;&"l.."‘l '(. "‘ ‘ﬁ v:‘.' ‘.‘\.

| DM
.-’c‘.',- '
I::‘A"n"x'l

] 3.3 TIME- AND FREQUENCY-SEPARABLE FORMS. ";Y':’
‘A ','-'.:1
.» The derivations of the two previous subsections can easily be drawn together to E;;L:j;'.
b0 provide the time- and frequency-separable forms of the mutual conerence B
s functions in terms of the WSSUS forms and the arbitrary Fourier transform R
e, functional pairs [F(C).T()] ana (§C).F()] . These forms are snown In the é
Pt following four equations and should be compared with Equations 67 through 70. "-'j
e N
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e Figure 9. Fourler transform relationsnips between the time- and P
s ‘requency-separable forms of the mutual coherence functions. R
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Rgt.sig.m) = Pgls-t:£) NE-1) () (10S)
R7(f,lit,s) = Ry(l-fis-t) ¥(s) &) (106)
Ro(f.liv.p) = Pgli-riv) T(u-») &) (107)
R miv.p) = PyEwv) T(u-») PE-1) (108)

The WSSUS form 1s just a special case of the time- and frequency-separable
form. Figure 9 1s the more general version of Figure 6. The functions Pg . R1.
®g and Py are still related mathematically by Equations 71 through 82.

3.4 UTILITY OF THE SEPARABLE FORMS FOR THE DNS CHANNEL MODEL.

The general forms of the four mutual coherence functions, defined previously by
Equations 19 through 22, provide complete four dimensional statistical
characterizations of the channel. These forms are clearly non-stationary in
time and frequency, dut do not iend themseives 10 an intuitively appealing, or
2ven manageable. darameterization. The assumption Of separadility nas provided
“he more 'ractable, but iess general. forms Of the mutual <oherence functions
given by Equations 10S througn 108. These forms are too restrictive to be used
for direct characterization of arbitrary variation of the channel statistics In
time and ‘requency. However, these do provide a formalism 1o turn the chamne
Qff cver any region In the frequency-time space. This capability provides the
Jasis for very general non-stationary channel modets.

Consicer the separable form of Rt given by Equation 106. With two variable
substitutions, Q =1 -fand v =s - t, this equation can be rewritten as

Q-(1-Q.1:5-7.5) = Rr(iv) F(s) §(1) {109)

R+(Qit) specifies a WSSUS channel model, and thereby contains the requisite
information to model the channel over any range of time and carrier frequency
that the channel remains approximately stationary. The 3(s) ¥(1) factors
provide the flexiDility to drive the right side of Equation 109 to zero at
arbitrary regions of time and carrier frequency, even when Q and T equal 0. A
value of zero corresponds to no energy being propagated.
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Rat In the next section, an array of channel models will be combined to form a
e composite channel. Each will have distinct 3(s) ¥(1) factors to impede emergy
::::; propagation outside overlapping regions of time and carrier frequency. The
‘,';::Z RT(Q:7) factor ror each component model will provide a WSSUS approximation of
o the channel statistics within the associated time-frequency regions of non-zero
M 3(s) ¥(1). This non-stationary composite model provides an intuitively appealing
means to parameterize the channel -- by specifying a two dimensional WSSUS R
- cnaracterization, in the form of R7(Q:T), from region to region over arbitrarily o
b~ large intervals of time and carrier frequency. s
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SECTION 4
THE DOUBLY NON-STATIONARY (DNS) CHANNEL MODEL

Recall from Section 2.3 that a WSSUS channel model can be specified by any one
of the four two-dimensional mutual conerence functions. The most Intuitively o

— *
appealing of these parameterizations is the scattering function, denoted P In L.,..

Section 2.3, a two-dimensional power spectrum in the delay-doppler domain,
exnibIting No variation in time or carrier frequency. This section presents a

non-stationary channel model that allows gradual variation in the scattering e
function with time and frequency. The “gradual” restriction on the variation of g
the scattering function with frequency and time allows the channel -'I-_?f-

representation over any small region of time and frequency to be well
approximated with the WSSUS formalism. A channel having this locally

stationary characteristic is sometimes called a quasi-wSSUS or QwSSUS L
channel. 2

In this development of the non-stationary channel representation, direct use of

the scattering function is inconvenient, and we will instead use 'ts dcuble :f;'_Ilj
Fourter transform, denoted previous by Ry. in addition the frequency-time d
aomain is ailowed to De arditrarily iarge, DUl !s partitioned ints a reclanguiar vy
grid with the frequency granulation indexed by m and the time granulation '.A'--.j*.
indexed by n as shown in Figure 10. . o
S

‘.'.'.'1

4.1 COMBINING MULTIPLE WSSUS SYSTEM FUNCTIONS TO OBTAIN DNS =
SYSTEM FUNCTIONS. s

-

: RS

we assume that an independent random WSSUS system function, say the J:.;I-.;
time-variant transfer function, is available for each grid line crossing point. ‘ff-'-]
Each such transfer function exnibits distinct statistics completely specified by %
one of the mutual conerence functions, for exampie Ry. For this development, ;;:g
we augment the notational conventions for system functions and mutuyal f:::.}
coherence functions with the grid point indices. Thus the time-variant transfer *Q:
function at the (m,n)X0 gria point 15 genoted as Tn,m(f.t). and the corresponding -
wSSUS mutual corerence function is denoted as QTl”'m(Q't)' which in accord w
with Equations 8 and 20, and the augmented notation for T, is written as j'.:::;
:

N
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Er""h,m(Q-t) = Tn_m(l'Q.S"L’)' Tnlm(l.s) . (110)

The time and frequency origin of Ty m(f.t) is taken relative Lo the associated
grid point coordinates T and Fyy, . We desire to combine the independent
time-variant transfer functions, variously offset in time and frequency to their
associated grid points, in such a way that the resulting composite time-varying
transfer functions satisfy the following objectives:

1. The composi™  “ystem function should be QWSSUS over time-frequency

regions tha: . small in comparison to the local grid cetl size.
2. In the vizi~ 7y of a grid point, the composite system function should
exhibit Q ~53US stafistics that match the wWSSUS mutual conerence

function corresponding to that grid point.

3. The QwWSSUS statistics of the composite system function should vary
smoothly between the grid lines.

4, [f 1dentical WSSUS mutual coherence functions are specified for every
grid point, the composite system functions should degenerate back to 3
WSSUS channel characterization spanning the entire grid.

The composite system functions require a few more extensions tC our NOtaticna|
conventions.  ‘we denote the absolute frequency variadle as fy . whicn s the
abscissa of =igure 10, and the absoiute Lime variable as ty . w~rnicnh s the
ordinate of Figure 10. These are related to the the grid point reiative frequency
and time variables, t and f, by offsets to the associated grid point co-orginates
dyf="13-"mandt =ty-Tn. Also, system functions that are rot 3ssumec Lo
nave WSSUS statistics are expressed in bold type. This will allow, for exampie,
he system functions Ta mif.t) and T pdf,L) Lo De defined Jif7erantiy deicw.

The above objectives can be well satisfied by a composite time-variant transfer
function of the form

™ N
T(ra.ta) = % % Mamifa=Fm. .ty Ta, Tnmifa Fm.ta-Tn S
m n
where wn m(fa3=Fm.t3-Tph) I1s assumed to be everywhere real and positive. we
now axpiore the suitabihity of this gefinition of T(fyty). First Zefne tre

weignted, and therefore non-wSSUS, transfer function T m(f,t} as

Tn'm(r.t) = Wn'm(r,t) Tn'm(f,t) . (‘12)
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N
s [ts mutual ccherence function 1s then given Dy
] AT A, miflits) = Tam(")" Tamilis) L or (113)
2
-"-
. : =
e RTIn'm(l-Q.l;s—t.s) = T m(-Qs-7) Th m(ls) (114)
'.:..'. = Wnlm(l_Q.S-t) Wn'm([.s) ﬁT'n.m(Q.t) . (‘]5)
AN
-;':(.
i Ther Equation 111 can De rewr:itten in terms of Tp gy 3s fOliows.
NG M N
7 T(f5ty) = g g Th m{f3Fm.ta~Tn) (1186)
P m n
J'_:t
= .5 mutual conerence function I1s given by the following equation.
MoONOMON
- - ) _ = T ‘ﬂ . - _-
L T Malaitysy = ; 2 & T mf3 Tty " Th m1=F g 857w
n a me) A=) BREEA)
» .1
. &
Since tne time-variant transfer functions assoclated with distinct grid DOINtS o
- ar2 ‘ngepercent, tne 3DOve 2Quation <an be re-written as RENG
- )
MOON "
“T falatasy = § § AT nmTa-Fm.la-Fmi ta-Tnsa™ Try (1i8) N
meQ n S
% R
e or. ising the substitution of Equation 111 and replacing f5 and ty with 13-Q and AR
P Sy, respectively, one arrives Equation 119 below. '
*
- P T(143-C15:85-T.5,) =
o T '3 3’32 3 (119)
. ™ N N
- 2. 2 Wn m137Fm Q.85 Tn"T) Wi m(13=Fm.$3"Tr) RT{nm(Q.2) i
el T=) ned ’ ’-
Now tre character of w needed to satisfy our objectives can be ascertained. For .:jjiijj
a1. channeis Of interest, it Can be 3assumed that there exists some Q... and T, RN
. caileg respectively the maximum correlation frequency and the maximum L
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correlation time, for which ﬁTln_m(Q,t) Is essentially zero when | Q]| 1s less
tnat Qu.. OF | T| 1S less than T, we henceforth require that the weighting
function w 1s chosen so that

max -

Wq.mz(l.S) = Wnlm(l'Q.S't) Wn‘m(l.S) (‘20)

for all n,m,l,s and all Q and T such that | Q| < Q.. O | T] < Tya . THat 1s,
the right side of Equation 120 may not change appreciably for values of Q and T
for which the amplitude of ET[n,m(Q-t) much exceeds zero. For this restriction
on the chotce of w, Equations 115 and 119 can be rewritten as follows.

RT[n.m(l—Q.l;s-t.s) = wnm(l.s) 'R-T}n‘m(Q.r) (121)

™M N
QT(la‘Q.laJSa‘t.Sa) = mg rg Wn'mz(la'Fm,Sa'Tn) ET ! n‘m(Q.t) (122)

A comparison of Equation 121 with Equation 109 of Section 3.3 Ingicates that
the non-wSSUS mutual coherence function for each weighted WSSUS system
fynction at any grid peint ¢an be dut In time- and frequency- separable form.
The zroice of w, within the restrictions stated above, allows complete Zontrai
Jver tne seoarabie factors J(s) and (1), 3and their associated Fourier
ransicrms, Tu-v) and T{&-m), discussed in Section 3. These ‘our ‘aciors ire
nencefortn denoted 3n(s). Fm(l). Tha(u-v) and Fp(&-m) to conform to the
rotation of this section, and to emphasize that one 15 free to vary these
separable factors for each point in tne grid. Eacn wp m(1,s) should pe chosen
aqual 1o the square root of the desired drocuct of 3a(s) and Fm(i) at the (nm)id
grid point.

4.2 CHOICE OF WEIGHT

ING FUNCTION W LEADING TO PIECE-WISE-LINEAR
VARIATION OF RT INT

IME AND FREQUENCY.

RT(fa.l5ita.85) will vary 1n a piece-wise-linear fashion In time and carrier
frequency If the time and frequency dependent factors of the separable form of
Pr |A.m at each grid point takes the rollowing form.

Fn(s) A_{s/aTT} Rect(s/ATTH-0.5) +

A_{s/ATH,) Rect(s/AT4+0.5) (123)
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Eem(1) = A /AFT ) Rect{1/AFT-0.5) +

A{ I/AF* ) Rect{1/AF +0.5} (124)
where
AT, = Taet = Tn = AT e (125)
AT, = Ta~-Tp-1 = AT (126)
OFTm = Fmep - Fm = OFn. (127)
OF = Fm - Fm-1 = AFTa (128)

and _A_{‘} and Rect{:} are defined below.

1= x| for -1 < x <1

A_{x} = , (129)
0 otherwise
1 for -1/2 < x < 1/2

Rect{x]} = (130)
0 otherwise

L
The weighting function wn m . resuiting from the above form of Fn(s) and Fm(l).
IS given by the following equations.

wam(Ls) =1 8n(s) D] 172 = (131)
- 1/2 *; /2
' _A_(s/aT",) Rect(s/ATT4-0.5) A_{1/8FT o) Rect(1/AFT 1-0.5}
+ X +
| A_{s/AT ) Rect{s/AT*,+0.5) A_{ 1/AF4 ) Rect{1/AFY +0.5)
L
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