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This &e Is c ncere mainly with tes S mein of fit thto a rwaum sm "

xZ , xX*... , x t Ue f a Complletly ScOC distribui Anction. The tes IS.

baed on Own Integral of the weiht equred moalus of the difference befeen

siwe and population ciaraclecistic DlIctins. This integral eqpre on in equival,"

bo the inbegral at the squared difference befen a densty and its paien kern

eetlISe. The m§upPlC null distuibution of the SlalOIC I ma of an IlraitMe

veign si at c uuaaly lndo@pend ci squared varImaes. An approuaonto *rn

im alnul distribution in given and appled to give the peice'We pois at a

tet of fit cf p-variate normaity. The tet f fit is co~ent under Wid reglarit
condition. 0 . . •,
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1. Mrodwcktion

he cAl S tion c to an arbitrary dimtrbun funcion

F(x) JA dernned by

O ) 'A e ux)d()(1.1)

w J a -1 and u Is a real mmber. M Xj., Ka,..., X I, ia random smple from

(z), the rmple iuimation Is Completely captured by the inp character tc

Sucwtion

%n(u) a n" , r ezp(tuzj) . (.)
jag

We ae primaurily concerned with tesUng 1w go of fit hypodissi

l 1(x) - PO(X) or equivalently Ae 0(u) a $O(u) (1.3)

agaia the general alternative

nE 1(x) 0 re(x) or equivalently As 0(u) 0 *O(u) .

Here FPo(X) In a completely specfied dlutributin uctmic. MoM of thi paper is

devoted to th udnvarla cam. Eowever, the structue of the analysis and the

reGoUta clearly indicate that many of our reaalW may be extended to the p-variate

caM with only minor changes. Dtiuomon of the p-variate cam is corItned to the

development of a tes for p-variate normalty. Tables of percentage poinft of the

staistic amd an appromimation to thw percentage points of the aymptotc distr1ition

at the statistic are also given. The distributon of the test statistic is show to

become asymptotic for very small rmple uses.

Th ue of chaacteristic wunctionw in testing hypotheses at fit originated with

leatheoto (1972) who asggested tLha the hypothoi of symmetry of a ditrlbutin



Fo(z) could be based on a single value at *n(u), u a 0. Nuch mobsequsut wodi

involvIng on(u) as regards tet a fit has centered an the use a one or two

u-valueos some workl tob Il an Clba u-Y&lue. The literature concernn to"t at fit

basedt an sample .1ti Skwtons NaW been recently reviewed and dlceummd by

Coorgo (19"4). The t"Wtl fo nOrmlUt3F of faU and W*lasM (19s3) and Coorso

(1966) are bamed on examiningducrepenclee beween AnatlonW of the mmpte and

poPulalon ciitcterIUUC nctlcon over a contlium of u-values. Our tea are

c0ructed by Noprily Weighting th moalue squared the d -Icrepencs (% (u)

- o(u)) and Integrating over aU ree u Tese ts ate Own Mow to be

equiwefet to Integratlng ov the e quar a the dteepences between a density mid

Its Permn kernetl Odeaae.

The folowtng sectlaw provide our main resugt and Wiem the rationale behnd

the ue at amie chazm erlMc Suncticuw and denslty OetIators In tetl of goone

at fit. Purher detalla and Vo ay be found In BryaM and PsAln (1942).

2. est Statsllc and Disusinon

A test of the hypotheas N a (1.3) my be effected if %(u) can be compared

aga~in *.o(U) in me reemnable vay. Au a practical conideratlon based on

extensive attempts at de elopment and application, It seems dangerous to mame the

t onl a few polnte uL' ua,..., u4 , my, since a charactertlutlc ftwctin

In rot uniqueIY determned by its value at a flnite number of u-values and any

rsalting test would not be consistent. Furthermore, for large values of Jul, n(u),

being mostly nose, contains virtually no Information concerning the parent

am li ctlon *(u) at x., X.,..., Xn. Because of thUse consideratioun we

were led to cormimde
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I, n ,a - n 1,,(u) - *o(-)oI yOO du (2.1)

a n f.Iwn(u) - wo(u)lz du. (2.2)

whero wn(u) n(U)Y(u) and wo(u) - Oo(U)y(u).

We "ll eemime throughout that (1) y(u) Is the characteristic fmction at am

absolutely continuos distribution function Py() with correspond density ( x), and

(2) that ly(u)1>O for all u A 0 and that Iy(u)Ia I Integrable over (-eO) Our

in€ptionu concerning y(u) lnply (1) tha all onmxero dawsepancis of I*n(U) -

0%(u)l over arbitrary intervals a<u<b, a<b, provide a positive Contribution to the

integral in (2.1), and (2) that the integral (2.1) ha the posmibly more appealing

equivalent form (Peller, 196w, Chapter 15, Beathcote, 1977)

nn 2tor hn(x) - ho(x))a dx, (2.3)

where

n
hn(z) = ' £ fy(z-xj) (2.)

Is an unbiased Parzen kernel entimator of ho(z) if x,, xZ,..., xn to a random

nmple from fo(x). Since the convolution of an arbitrary distribution with an

absolutely contijuou distribution i agaIn absolutely Continuous (,ukacs, 1970, p.

30), ho(x) is thO density asociated with the distribution of x+u, wtere x and z are

Independent random variables, x has distribution Fo(x) and z ha distribution Fy(x).

If F*(X) is absolutely continma with associated density fo(x), then ho(x) ,

fo(x)*fy(x), where * Signifies the operation of convolution. ,

3 5
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As n iaton, we consder the framework for a teat f K: the population

oa z, z , ... , xn is 3(0,1). In this case 0o(u) a exp(-uA). We

choose V(u) u exp( -%0) becaiuse, conently. the convolution of to Gaunman

va s is again Gauslan. We thus have

ho(x) - (2%) "L exzp(-We), hn(x) - n'A(2w)' E e£p(-%(x-xj )aj UL

Some aspects of the character of the tet procedure are determinable by mall

scale simualtion experimsent, for example by drawln a random maple x,, xa,..., xfi

from first a N(O, 1) populaton and mubsequently from other populations. Figure

1(a)-(C) depictf ho(x) for this illustration and typical hn(x) with u 20 and K.,

xa,..., xn a random mample trom N(0,1), a random ample from the Cauchy

distribution "7 '(1+x2)
"', and a random ample from the unifomi distrut on an

(-1.. U, 1.14) respectively. The parameters of the uifom distribution were

determined 3o that Its mean, variance, and Menu matched those of Fo(z). This

figure umggests that the test for normality based on In will perfor, wel againat

long-tailed alternatives but les wel againt symmetric short-tailed alternatives, an

observation verified In an unpubished Renmelaer Polytechic MrmtiAte .Ph D.

dissertation by Hwang (1986).

Figure 1. Comparison of expected density ho(x), dashed, with hA(x), solid,
for ho(z) Gauan and hn(x) constructed from (a) Gaussian, (b)
Cauchy, and (c) uniform random samples.
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Since both In(U) - *(u)I a and Iy(U)l I are even functions Of u, the itegral

expres- n - - In .q"val to the Iat-mma Y more convenient

I = n lyn(u) - y(u)1 Iy(u) Z du (2.5)

were the real-valued ftmction, y(u) and Yn(U) are Liven by

y(u) a mAO(u) + rm.(u), yn(U) - linn(u) + m*n(u) .

The finction y(u) is also a trarmuom and yn(U) I its unbiased sample version.

There are also data analytic, graphical, and conal advantages to using the

ty(u) imiteed at (u) I for example plots of yn(u) and y(u) are eafier to

interpret than separate plots of the real and imaginary perts O On(U) and *(u).

most cf the asymptotic reatls concerning I n are developed from the covariance kernel

K(u,v) of the stochastic process yn(U),

K(u,v) - n cov(Yn(u), Yn(V))

= Ne4u-v) + i(u+v) - y(u)y(v). (2.6)

3. Main Reaults Concerning 1.

We now give the min results concerning I n of (2.1) and (2.3). Procis are

omewhat lengthy and are not given here; additional details may be found in Bryant

and Paulson (1952).

Theorem L. The goodness of fit statistic n na n of equation (2.1) and (2.3) has,

when the mill hypothesis H in correctly specified, the asymptotic distribution whoe

characteristic f.mction c(u) is
.4
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S

C(u) = r? (1 - 2AOlu), (3.1)

where At, Aa,... are the positive etgenvalue at the integral operator K given by

.

M~yU) - oK(U.v)Y(-)IY(V), dvI (3.2) i

K(uv) a lAMo(U-v)+Zom(U4V)-C %o(U)+Zmso(u)lCMAo(v)+ o(v)l].

Thin reult characterl e the asymptotic dilbutin at In as that at an rdnite

weigAed mi at independen ch squared varlates, each having one degree at freedom,

i.e., n has the asmptotic distribution of ' %JXj.
Jul

Theorem 2. The ofodse a fit test of the hypothesis Ms r - 0 based an the

utatiftc 1. of (2.1) Is, when the nuU hypothesis 3 to correctly specified, conistent.

This remt guarantees that the pwer at the teat approaches unity as the al"

m increases wtthiut bound for any alternate P L o. Mny of the tents in the

ltterakre bamd an the use a the chaacterluttc function do not posee the

coniatefncy property at Theorem 2. In particular, the testo of Heathote (1972),

Keilermteir (1960), and KoutrouveUa (1960, 1961), are all based on only a finit

umber at u-values and therefore cannot be co elsent.

Theorem 3.The itm cumuaant at o the asymptotic distribution of In in

*(J-1)1J--L ~ ~ j 1h 1, (3.3) .

%
a-i-.*
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Whre

and the jUh iterated kernel K3 (u,v) is defined recursively by KL(u,v) = K(u,v) and

Kj(u,v) -=-J Kj 1 L(u,t)K(t,v)y(t)a dt. (3.5)

The cumuant expremion (3.5) makes determination €f approximatiorm to the

limiting distribution of 1. relatively easy to obtain. Furthermore, this expremion in

easily extended to dimensionality p > 1.. As it Wnw out, the Pearsn (1959) three

aimulant Xa appro iation produces acceptable results in the upper tail of the

distributon ot In as judged by exact numerical inversion of (3.1) for a variety at

special caes. The approximation determined by the weighted sum two independent

chi squared variates on a.. and mn degrees of freedom, ajxf + ajxi, i even better

but is a little more difficult to compute (Bryant and Paulson, 1902).

4. Asymptotic Power c the Tests

The development@ in this section closely parallel those of Durbin and Knott

(1972). Under the null hypothesis we will take the underlying population distribution

ftnction FP(x) to be standard normal with 0(u) - exp(-tuz) and will consider only

simpl. alternate hypotheses of mean and variance shift. We take y(u) =

excp( -ls''), with m specified as we proceed. Asymptotic power as a measure c

performance of a test is not altogether satlfactory since it is liable to be highly

dependent on the particular nuU and alternative distributions chosen for investigation

and because of its local character. Neverthelen, the demonetration of adequate

7
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pegf inma In term at limiting power In some given typical siation lends credibility

to the ipopasd Maing procedre. We hAU omit the technical details of the

develpme and Ampy present the results.

Table I presents the asymptotic power of the 8-h- at fit test based on n at

the 5Z level CC significance for several values at the Scaling parameter a. Identical

remults were obtained for Ganss-ormite quadrak" a orders "8 and G4., so it I

believed that Utese art good approzimatl ou to the asymptotic powers attainab e

thrugh use at I. AImo Included In Table J for comparative purpoes are the

asymptouc powers CC the Cramr-von INmeS test, Anderon-DarUng test, and atemns

UA test, which have been computed by Ourbin and Knott (1972).

note that the value of the scaling factor u strongly iuLences the behavior at the

tet. Lurg yields tests which arm extremely senstive to mean deviation, snce the

behavior at the sample charcri A near the origin dominates the tet

statistic. At the sa- time, the performance o the tes against variance ~hf

deterlorates. Conversely, maller values at a will, up to a point, emphamis.

deviations In variance. If mo and variance shift alternatives are of equal concern,

Table 1 indicates that a choice at a between .8 and unity In reasonable.

A comparison of the In teft (with u = 1) with the other three testo shows that, If

mean and variance shit are of equal concern, the Andersn -Darling test In superior

while n ranus s econ. The asymptotic power of 1n In the particular Situations

addrsd here Is therefore comparable to those of other comamonly accepted

procedures. The attractive power properties o In in the univarlate cae Indicates

that it Is worth Ivestigating an extenion at Zn to test ot p-variate normality. The

te ts which obtain from thes exteralo, will be true p-variate Iest.

%.



Auvmpboc Powr (In 5) of Goodan-ot- it TeeW

AVMnM% MOM WAn Vaulanc Shift in the TWO-Sided Sibjatin

HuD Shift Variance Shift
Set Test - 505 Seat Toot - 955 Best Test - 5on Seat Test *955

**4/3 167.4 93.6 12.7 51.0
ina 1 "..6 92.2 17.6 63.4

*a4/5 41.5 90.3 20.2 67.3
*a2/3 38.4 66.0 21.1 67.7

Crinr-von Nles 45. 7 92.6 6.5 25.6

Anderson-Darling 47.2 93.6 40.1 66.9

Ifttonve U'k 20.5 60.7 24.9 71.1

9



S. Tm at PIt for p-varite, Normalty7

The, test sttistc (2.* 1) as staked Iwe not be affne Invat, a seuios

draWback In uivtalt k Intac fit (CoCx and Small, 1976). Affine Invarianc for the

Gasian cs In howver easily affected. Given a random amaple zL, Zat. .. 0 *

putatively from NP(iS.D). we baeu a test of fit for N,(sL,D) an

l -' ft f I*(u)1Pu)IP3(.a~uru) du,(.)

wfere 4(u) - emp(-#Su Tu) and

n
Wnu n'L r. eUI(1ulDik(xJjA))- 52

JUL

Nere 0 i IS theunwique Inve of the symmetrc me root at the positive deftnts

covarlance matrlx 0 and u Is a pxl vector at real numbers. The exreion (5.1)

ha the closd form repemuntatilon

-W'P(n-I m-P r- E eWP( -(U)Qjf)J k

-2(k~m)'IP E ezp( -(2(±2ml))-LQ,) +. nfl4U)ikP) (5.3)

where

A staghiarwr extenhion of (3.3) to p-dimefnions gives thu J-th asympk*Ac

-j (J-1)12)1fo Kj(u,u)ezp(.MauTu) du, (5.4)

10



%twre the jtI Iterated kernel x j (u , v) in deftned for j b 2 by the recursie

]Kj(U,V) j..rW)sW.V)~p- ,~w dw
fop

wit Xl(u,v) a K(uv) - *(u-v) - *(u)*(-v), and wre u, v and w are, pxl vectors

of real ruiubera. 3y todlom Untgration, the first three amadants at the auYMotUC

distrbutiOn Of lo are determined to be

Ka a 21rP(Cmna(2W))-%P + (1.a8~)i~ (14u&)9P) (5.5)

K2 S(wS)%P(2PC3k(34.2xt)Ji - (3)21§Pt(lft&)(14m.a2m)r-%

+ (3)2PC(14.a)(1.2 3 3)(J.2wa)1-IP -C1m)~

The p dimeniioal version of Theorem I gives the asymptotic mll distribution ofat~

as that of

* pt

Witre the 4C are mubaaUy indeperdent chi squared variates on one degree of freedom

ald te AP1 are nonwg., weit" wtc saif rApj UKL.

The variat

4K 8t KS

is constructed to have the sma first three cumulants as the asymptotic distribution of



lo, n .n- ccordWW, the Upper tall Of Ot asymptotic rnul di trbution CC Xv, n W 1

the aPPOuaXUmMUM (learon, 1959)

prClZ,n , v) 2 Pr(X6.&(V -m)) . S.7)i

The approxmate uIll distributin of pn for El and for 1 dP 4 5 and p < n a

120 has been developed by simulating 10000 IndepenenM reellsatios af the statistic

10 n for ach cominnation of n and p. The cmbic -spline mmctIedL upper 10, 5, and

12 poits are given In Table 2. The entry under neo rePrPee te percentage potnt

computed from (3.7). ThIs table clearly Indicates the rapidity at the cavergence at

the percentage point at Zp o hose Ct the asymptOtC dUIbmUmUO CC Zn*.

Canmdersbne effort was expended in an attempt to find good ve s of at as a mctiin

of p andve finally seted on the choice ml as a good om, but It In not optimal In

the senme of providing aximal power agaist any specific altermnsves. The miuatiom

here Involving a choice for a to provide good powr agas uWmm alteriven Is

slimlar to that .nco red In densty eUmiatons a varlety at krnels and window

widthe give good reults for specific Situtons but no specific choce seem to be

un'formly good when only data, and not the parent distribution at the data, are

avallable (Tapla and Thosn, 1978, pp. 24-91 and e@qxcIaLly pp. 60-68 and pp.

76-04).

When 1& and 0 are not specified and ae estimated from the data by

n ft

def Ine

-"U n' £epiuT (z.))Jl

12
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TWO 2. UpPer 100a PIOSM POUM for Ow St&Uuts
rp9 n aw l, pl'l(1-)$, Ib

100a
n 10 , 1

5 1.14 1.51 2.40
10 1.16 1.55 2.4S
20 1.16 1.57 2.so
40 1.16 1.57 2.52

120 1.19 1.56 2.53
U 1.19 1.56 2.53

5 2.60 3.40 4.76
10 2.60 3.41 16.76

2 20 2.84 3.44 4.64
40 2.67 3.48 4.90
120 2.66 3.50 4.92
a 2.69 3.52 4.94

10 5.70 6.60 6.57
20 5.72 6.43 6.63

3 40 5.71L 6.65 6.06
120 5.75 6.66 6.72
a 5.76 6.70 0.76

10 10.54 11.69 14.91
20 10.60 11.95 14.93

4 40 10.64 12.00 14.9
120 10.69 12.05 14.96
a 10.72 12.07 14.97

10 19.09 20.95 24.91
20 19.10 20.94 21. 7S

5 40 19.16 21.03 24.93
120 19.25 21.17 2S.13
* 19.31 21.23 2S.26

13
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Z,,nU, n I op J ngu) W (u) I a2~ .*ZtjBTu) dui.(.)

2%e skadtuc Zo,"(it) Oan texucit se"reiaa (5.3) with At Old D RAWU*ed

let p OW D reopt~veWy. The ektmuUc Xpqn(itD) Is 865M Inveraa, is omy to

cmpuf, and to band an a eaw~gat ISccmigam CC UiS p-vai&" rgo l %id

empUctl7 acaus for amu devItouW tram p-vmzlatnomailty and vwA gpecigee a tmae

P-VWMr1O t80. ftObebiJ1UC arpgumesk rongly suggeft Via Wh ofdei git tea

of Uw Camec@W hypaheeW NI th Owpmt dlotl*on of zj, ta...3

K1 (j&,D), jt and D comploely wmeciled, bind as Zp~n69A 0) Is I I fee all

ON~; lwwoe, w haw not been abte to obM an armIVUcmi CI d"V~.

Pe"mig poiaia for (5.0), 1dot are available In goumin a m. (jLg6).

?to work of A. S. P&mi was mapponed by Vw U. S. ArMY ReaeCh Oince

unider cntact DAA029-81-K-OLXO.
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