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Abstract

A generalized likelihood ratio test is known to be able to reliably detect a signal
known except for amplitude in incompletely characterized colored non-Gaussian
noise, although it is computationally intensive. A Rao efficient score test is proposed
as a computationally simpler alternative. The Rao test shares all the asymptotic
properties of the generalized likelihood ratio test for large data records and small
signal amplitudes. Its detection performance is asymptotically equivalent to that
obtained for a similar detector designed with a prior: knowledge of the unknown
noise parameters. Computer simulations of the performance of the Rao detector
support the theoretical results. A Rao detector built with the knowledge of the
true form of the noise PDF is shown to significantly outperform a detector which
assumes the noise to be Gaussian.



1. Introduction

Detection of a weak signal in noise is a problem of general interest, having been
addressed by previous researchers. The problems studied range from detection of a
completely known signal in known white Gaussian noise [Van Trees 1968] to detection
of an unknown signal in unknown colored non-Gaussian noise. An attempt to solve the
latter problem has been made recently by Kay and Sengupta [1986, 3|. It was assumed
that the signal is known except for its amplitude which can be positive or negative. The .
problem is cast as testing of composite hypotheses and a generalized likelihood ratio
test (GLRT) [Kendall and Stuart 1979] is employed to solve it a using parametric rep-
resentation of the noise statistics. The GLRT is found to be particularly well-suited for
this problem in that it has many attractive asymptotic properties such as consistency,
unbiasedness and constant false alarm rate (CFAR). It is also asymptotically optimal in
the sense that knowledge of the unknown noise parameters would not improve its per-
formance provided the data record length is sufficiently large. However the GLRT has
a serious disadvantage, namely, its computational complexity. It necessiates computing
the maximum likelihood estimates (MLE) of all the unknown parameters under both
the hypotheses. Computing the MLE of the signal amplitude is particularly difficult in

the presence of other unknown parameters.

This paper proposes a Rao efficient score test [Rao 1948] as an alternative to the
GLRT for the detection problem discussed above. The Rao test is shown to be equiva-
lent to the GLRT when the signal amplitude is small. Consequently, it is also equivalent
in performance to a clairvoyant Rao detector, which assumes the noise parameters to be
known. It greatly reduces the computational complexity of the GLRT without sacrific-
ing its optimality properties. A connection is established between the Rao detector and
a locally optimal (LO) detector which assumes the polarity of the signal and the noise
parameters to be known. Computer simulations support the theoretical predictions of

the asymptotic performance of the Rao detector.
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The paper is organized as follows. Section II introduces the Rao test as an asymp-
totic approximation to the GLRT. Section III presents two different noise models and
defines the GLRT for each one. Section IV derives the corresponding Rao tests. Sec-
tion V discusses the performance of the Rao test and compares it to the LO detector.
Section VI derives the Rao detectors for the special cases of autoregressive (AR) noise
with Gaussian and mixed-Gaussian distributions. Section VII reports the results of

computer simulations and Section VIII sumarizes the main results.

II. GLRT and Rao Test

Let {u1,uz,---,un} be a set of independent and identically distributed (1.1.d.)
random variables each having a probability density function (PDF) f(u;©) depending
on the g-dimensional parameter vector ® = (61 82 --- 64]T. Consider the following
composite hypothesis testing problem

Ho: 0 =[0T OF|T

(1)
Hr:o=[0T0TT, 6,+£0

where ©, and ©, are r and s-dimensional parameter vectors, respectively, with r+s = q.
0 is an r-dimensional vector of 0’s. ©, is assumed to be unknown. It is sometimes called

the vector of nuisance parameters. The GLRT [Kendall and Stuart 1979) for testing

(1) is to decide ¥ if
N

ér,l?‘@x, lf(un; O, es)
n=—

o = 7 > (2)
mex nl;[lf(un; 0,0,)

for some threshold 4. Let (:), and (3)3 be the MLE’s of ©, and ©, under ¥, and (:)8 be
the MLE of ©, under Xo. Denoting the likelihood function by

N

E(®1‘a®8) =5 Hf(un; Gr;(')s),

n=1
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the statistic (or likelthood ratio) for the GLRT can be written as

. _ L(6,,6
¢ &

)
£(0,6,) (3)
The quantity

9 1 z(0,,0,)

Vi(@r, 98) 5 601

is defined as the efficient score for the parameter 8; and
V(G),., ea) = [VI(GHGS) VZ(GHGS) T VT(GNGS)]T

is the vector of efficient scores for the parameter vector ©,. It follows from the asymp-
totic properties of the MLE that under regularity conditions of the PDF [Kendall and -
Stuart 1979] V(0©,,0,) is asymptotically of the form

v (©,,0,) =1(0,,0,)(6 - 0) (4)

where © is the MLE of ©® and

0? ..
[I(@r,es)]ij = — l:ao 60 In B(GHG ):l L1 = 1a2a"' ' q (5)

which is the (¢,7) element of the Fisher information matrix. Integration of (4) with

respect to © results in [Cox and Hinkley 1974]
‘C(@r,@s) = Cexp [—%(é ) @)TI(@,., ea)(é - @):l (6)

where C is a constant not dependent on ©. The numerator and denominator of (3)
correspond to the maximum of the right hand side of (6) under X¥; and Xo, respectively.
The maximization with a few asymptotic arguments yield [Kendall and Stuart 1979]
yeild

to = - — ()

1 ol
exp —59?19,9,(0,93)&




Io,0,(0r,0;) is the r x r partition of I(0,, ©;) corresponding to the parameter vector

O, or

D

[Ierer(@r’ @8)]1']' =-E

——In L(0;, 0,) 6,7 =1,2,---,r1

L)

Therefore for large data records (asyinptotically) it follows from (7) that

2 ln KG = éz‘I@rer (0, és)ér

(8)

This result was proved rigorously by Wald [1943]. An alternative approximation of £g

can be made by rewriting (6) the following way by using (4)

£(,,0,) = Cexp [—%vT(er,es)rl(@,,eew(er,es)] Q
The approximation of £g is
£g = exp BV?(O, ,)3(0,6,)V-(o, éa)} (10)
where V,(0,,0,) is the r x 1 partition of V(@,,®,) corresponding to ©,,
V. (0,,0,) = [Vi(0,,0;) V2(0,,0,) -+ V,(©,,0,)]T
and J(©,, ©,) is the r x r partition of I"(©,,0,)
3(61,0,) = [lo,0, (01, 0.) ~ Io,0,(9r,0)15%, (01, 0)1E, o, (0,6, (11)

The terms in the brackets of are found by partitioning the Fisher information matrix

for © )

Ie,o,(0-,0,)

1(0)

(Ierer(er’es) (12)

I@,@, (era es)
and the partitions are defined as

I@,@, (@ra es)

~lrams\/omf\T
I@r@,(Gr,Gs)—E <a®r)<a®r) rxr

~ [/emf\ fom T
I@r@,(@r,@.g) =F < a@r > a@s > rXxXs
I@,@r (@,, @s) = Igr@‘ (@,-, @3) SXr

_ _[rams\ oms\T]
Ie,0.(0,,0,)=E <3®3><8®8> SsX 8




This definition of the information matrices is equivalent to the previous definition (5).

From (10) it follows that the following test statistic proposed by Rao [1948] is asymp-
totically equivalent to 21n¢s

~

tr =V7(0,6,)3(0,6,)v,(0,6,) (13)
Rao’s test for the complex hypothesis testing problem (1) is to decide X, if
lr > '7' (14)

where 7' is a suitable threshold and is equal to 2In~ if the above asymptotic equiv-
alence holds. The test is called Rao efficient score test since it uses the vector V, of
efficient score functions. Note that estimation of O, and O, under X; is avoided by
using the Rao test instead of the GLRT. This is an outcome of the approximation of a
finite difference by a derivative as in (4) which holds only if the alternative hypothesis
(H1) tests for small departures from ©, = 0. The computational simplicity of the Rao
test makes it quite attractive for the composite hypothesis testing problem described
above. A more rigorous derivation is available in [Rao 1973].

The statistics of £ are difficult to obtain in general. For large data records (asymp-

totically) it may be shown that both 2ln£c and g are distributed in the following
manner [Rao 1973].

lr ~ X2 under ¥ (15q)

Lr ~ x"*(r,)) under ¥; (150)

Here x2 represents a chi-square distribution with r degrees of freedom and x'%(r, )

represents a noncentral chi-square distribution with r degrees of freedom and noncen-

trality parameter A. Note that x'2(r,0) = x2 or the distribution under ¥, is a special

case of the distribution under ¥; and occurs when A = 0. The noncentrality parameter
A, which is a measure of the discrimination between two hypotheses, is given by

A= 971'1 [Ierer (O’ @3) n Ierea (0’ 93)16}6, (0’ @8)15'_6‘ (0’ @a)] Or (16)
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All the terms in the brackets of (16) are partitions of I(©,,0,) as given by (12).

IT1. The Detection Problem and the GLRT Solution
IITA. THE GENERAL LINEAR MODEL

Consider the following detection problem.

)'{0 Yy = Wu
(17)
Hi:y =Wu+pus
where s = [s; s3 -+ sn|T is a vector of known signal amplitudes, u = [u; ug -+ un]”

is a vector of 1.1.d. noise with a symmetric PDF, y is an unknown scalar (either positive
or negative) and W is an invertible (N x N) matrix whose elements are functions of a

set of unknown parameters ¥ = [ty 1 --- ).
[Wlij = wi;(®)
Since un, n=1,2,---N are t.i.d., the PDF of u can be expressed as

N
f(u; @) = I_If(un;@) (18)

where f(un;®) is the marginal PDF of each u, dependent on the unknown parameter
vector @. f is assumed to be an even PDF, i.e., f(~u) = f(u).

The linear model of (17) is capable of representing a large class of correlation
patterns of the background noise. The assumption of a known PDF with unknown
parameters ¢ adds flexibility to the model while still maintaining the parametric form.
A detector based on this model would be insensitive to a change of polarity of the signal

since p can be positive or negative. (17) is written as the hypothesis testing problem
Ho: 0T =[0T OT] (19q)

X1 : 07T =0T 7] ©,#0 (190)

7



h
U O, =u (a scalar)

(20)
0, = [¢T T (vector of nuisance parameters)

The vector y is a linear function of the vector of 1.1.d. random variables u under either

hypothesis. Using this fact the joint PDF of y is found to be

f(Ya\IIQ 'dt H( Un; P
f(yi‘IIQ |dt H( una

where wy,; (V) are elments of W1, which are known functions of .

under X, (21a)

un=2;’=lwnj(‘1')yj>

under ¥, (21b)
un=Z;V=1wnj () (y5—ns;)

wnj () = W]y

The GLRT for testing (17) has been shown to be [Kay and Sengupta 1986, 3] equivalent
to deciding X, if

Hf (Zwm \i/ ,us]) é)
Hf (Zwm Jus;

¥, ﬁ and ® are joint MLE’s of ¥, p and ®, respectively, under ¥;. ¥ and & are joint
MLE’s of ¥ and ® under X,.

b = > (22)

IIIB. THE AR NOISE MODEL

The detection problem for AR noise is

Ho:y=x
(23)
Hy:y=x+us
with
X =z z3 -+ zy|T

8



It is assumed that the sequence {z1,z;,--+,zn} is the output of a p-th order all-pole

filter excited by white driving noise or

P
Tn = =) 0T + Un, n=1,2,,N
j=1
Alternately,
p
un=ZaJ~zn_j, n=12.-- N
7=0
assuming ao = 1. If the samples y_p41,y—-pt2,-,y0 are assumed to be 0, then (23)

can be shown to be aspecial case of (7) where W1 is a lower triangular Toeplitz matrix
Kay and Sengupta 1986, 3]. The results of the previous section can then be used to
determine the GLRT. Alternatively, the GLRT can be derived on the basis of the
conditional likelihood function, assuming the data records to be large. The conditional .
likelihood of yp41,Yp+2,--*,yn given yy,ya, - »Yp IS

£(Up+1,Upr2,e o UN (Y1, Y250 5 Up)

N P
= H f(Zajyn_j;i)) under Yo (24q)

n=p+1 7=0
N p
= H f<zaj(yn_j — USn—j); @) under ¥, (24b)
n=p+1 7=0

The GLRT is then given by

- N P ] A
H f Z&j(yn—j—ﬁsn—j);@)

n=p+1 1 =0

N 4 R
I f<za,-yn_,-;<p>

n=p+1 J=0

lo=

(25)

where hat’s indicate MLE’s under Xo and double hat’s indicate MLE’s under Hi, re-
spectively. 4o and do are defined to be unity.

Computation of (22) or (25) involves evaluation of the MLE’s of all the parameters
under H;. The Rao test, as indicated in the previous section, is able to avoid this

computation. The following section illustrates how this is accomplished.

9



IV. Rao Test for the Detection Problem

IVA. THE GENERAL LINEAR MODEL

For the detection problem of (17) ©, and ©, are given by (20). In this case £p
defined in (13) can be computed from the likelihood function or PDF of y (see (21)).
It is observed that

V,(0,0,) = {mflf(y; @r,es)]

00,

©,=0

d
= Inf(y;u,©
Bun (y'u 8) pn=0

P [~ N
=g nlzllf ;wnj(‘l’)(yj — psj); @

p=0

a [&

= E» In I_Ilf(un; @)}

Ln= p=0
since from (17) u,, can be written as
N
Un = Zwﬂj(yfl 1s;) (26)
7=1
under ¥;. Therefore
Yo
V.(0,0,) =) [a— In f(un;@)]

n=1 K =0
L Juy, 0

-2 |(5) (st
n= pn=0
N N P

= Z _anj(\lf)s,- (W In f(up; Q))
n=1 J=1 ' 2 u=
N N

fl(un§ (p)

= =) wni(T)s, [———} | (27)

ngl ( ; J J) f('u,n,Q) 40

It has been proved for the detection problem considered here (and specifically if f (u)

is an even function) that [Sengupta 1986 under certain regularity conditions

Ie,e, (@r, 98) = Ip.@, (,U', es) =0

10



Hence from (11) it follows that

ie., 31(0,0,) = I,,,(0, ¥, )
N N 2
=2 (=D wnisi | | Zs(2) (28)
n=1 J=1

where
dln f 2}
If(®) =F (29)
=2 ()]
Substituting (27) and (28) in (13)
- - . 4.2
v (x| (;wnf(‘i’)w;‘i’)
> (*an:‘(\?)%‘) —=
n=1 Jj=1 f (zw"j(\j,}yj;@)
PER e = (30)

> (—an,~(@)3j) 15(2)

If @ is a scalar, I;(®) can be stored in a table as a function of the parameter. But if
® is a vector consisting of multiple parameters, it is a difficult task to evaluate it by

integration for each value of ®. On the other hand it is possible to use the asymptotic

11



equivalence [Kay 1985]

Substituting in (30)

lp =

In the case of white noise

Wi = 1’ n’=.7:7 n,]:=172)"'aN
< 0, n#]a n,g=12,---,N

and (31) reduces to

as obtained by Kay [1985].

IVB. THE AR NOISE MODEL

12

(31)



The parameter vector in the AR noise case is

®r=/-"

@s . [aT (DT]T

(a scalar)

(vector of nuisance parameters)

In this case it is easier to use the conditional likelihood functions given by (24). The

vector of efficient score functions is found to be

I 2
Vv, (0, Os) = BT In H f Zaj(yn—j - .ufsn—j); ®
K _n=p+1 7=0 u=0
s [ XN
= 5-In IT £ (uns @)}
K | .n=p-+1 u=0
where u, can be written from (23) as
P
Un =) 0;(Yn—j — pSn—j) (32)
Jj=0
under ;. Hence
A
V.(0,0,) = ) 5 101 (tn; @)]
n=p+1 t ® p=0
N -
5 ) (3o 20009
= Z +— In f(un; 9)
npt1 _( ou Juy, p=0
N P 3
b= Z =2 %% | | 53— In f(un; ®)
n=p+1 7=0 n p=0
N P T
= Z =) ajSp_j [fT((Zn*’s))] (33)
n=p+1 \ ;=0 ™ p=0

For the case of AR noise it has been proved that for f(u) an even function and under

certain regularity conditions [Sengupta 1986

Ierel (Gr, @3) = IH-(")‘ (I’L’ 68) == 0

13



Hence from (11)

J—I(Ora Q,) = I##(/J"a’ 3)

- SoflGmm) )]
- o] () a2y

n=p-+1 7=0

i.e. J71(0,0,) = I,,(0,a, )

N p 2
=1 3 <_Zajsn_,~) I5(®) (34)

n=p+1 J=0

where I;(®) is as defined in (29). Substituting (33) and (34) in (13)
1 142
p A

F Y aiyn—; &
7=0
F -
f Z&j Un—y3 P
e _

ZR - ~ 2 = (35)

N p .
Z - afsn—j) I(2)
n=p+1 7=0

7=0

As before, evaluation of the integration involved in I #(®) can be avoided by the asymp-

totic equivalence




Substituting in (35)

_ = SR
N , f! (;&jyn—j;‘i’>
. (‘Z‘%‘Sn—j) Jp_
n=p+1 7=0 . 2
f (Z jyn-—J;(P)
L [ \s=0 4]

(36)

N

2
1 pA. .
v 5 () | 5

n=p+1

Either (35) or (36) can be convenient for use depending on the number of unknown

PDF parameters.

V. Asymptotic Performance of the Rao Detector

Asymptotic distributions of £z under ¥o and ¥, are given by (15a) and (15b),
respectively. For the general linear model ©, = y and ©, = [¥T &7T]T while for the
AR noise model ©, = p and ©, = [aT ®T|T. Therefore in either case the noncentrality

parameter is

A= p*[1,.(0,0,) - Lue, (0, 98)15,1@, o, 98)1;’{6. (0,0,)]

= 4*1,,(0,0,) (37)
since Ie,(0,0,) =0, as indicated before. The probability of false alarm is
Pra = P{tr > ~'|Xo} (38a)
and the probability of detection is

Pp =P{tgr> ’7'|)(1} (38b)

15



Both the probabilities can be calculated from the tables of noncentral and central chi-
square distributions, respectively. 4’ can be set to produce a given false alarm rate and
Pp can be calculated accordingly.

It is known that the GLRT for the detection problems considered here is asymp-
totically optimal in the sense that its performance is equivalent to that of a clairvoyant
GLRT built with perfect knowledge of ©, provided the data record is large [Kay and
Sengupta 1986, 3|. This result applies to the Rao test as well, since it is asymptotically
equivalent to the GLRT. The clairvoyant Rao test assumes that ¥ and & are known or

that from (30)

N
' f, anj(w)yj;@

Do | =D wns (s =

N
n=1 J=
£ wni(®)y;; @
=
lpc = = = 2= (39)
N N
> —anf(‘I’)Sj) I7(®)
n=1 1=1
for the general linear model and in the AR noise case
_ _ » =
, . ..
N p f j;oaj Yn—j; o
D | s | |-
n=p+1 =0
] F D aiyn—yi®
e
tro = = — = (40)

N P
Do =D e | Is(@)
n=p+1 7=0
Note that all the parameters are assumed to be known. Asymptotically £rc is dis-

tributed as

lrc ~ X2 under Xo (41a)
Lrc ~ x*(r, Ac) under X; (410)

16



where

A =07TI6,6,(0,0,)0,

As indicated before, A and A. are asymptotically equivalent for both the models con-

sidered in this paper. Therefore
A= X =p?L,,(0,0,) (42)

For the general linear model substitution of (28) in (42) produces
2
A=

ol :

n

a N N )
S0 ~Swnssi | | 2 1x(®) (43)
=1 1

while in the AR case (35) can be substituted in (42) to obtain

w & - :
A=

) Z —Za,-sn_j 02If(®) (44)

n=p+1 J=0

o? is the variance of u, and has been added to facilitate the interpretation of A\. The
noncentrality parameter is found to dependent on the noise PDF only through the
quantity o2y, assuming all the PDF’s under consideration have the same variance.
It is known that this quantity is greater than unity for all non-Gaussian PDF’s [Kay
and Sengupta 1986, 1]. For a Gaussian PDF ¢2] ¢ = 1. Therefore all other parameters
remaining the same, a non-Gaussian noise background will produce a larger value of
A than a Gaussian background, leading to a larger probability of detection. It can
be shown that for non-Gaussian and Gaussian noise backgrounds with identical power
spectral densities (PSD), 021  is the ratio of the SNR necessary in the Gaussian case
to the SNR necessary in the Gaussian case, in order to produce a given probability
of detection [Kay and Sengupta 1986, 3]. Section VII reports the results of computer
simulations which illustrates this.

It is of interest to notice the connection of the Rao detector with a locally optimum

(LO) detectors [Middleton 1966], [Czarnecki and Thomas 1984]. A LO detector for the

17



detection of a known signal with unknown but positive amplitude in known colored noise
maximizes the probability of detection in the neighborhood of u = 0 and is represented

by the statistic
a

Tro = Jim, P Inf(y;u, ©,) (45)
with usual notations. The test decides ¥; if
Tro > 1o

where 10 is an appropriate threshold. An equivalent test is to decide Hy if

TLO ! ! /
/—mu 0, @8 LO ‘Lo )/ l‘l‘( 3) ( )

Since the performance of the Rao detector is asymptotically equivalent to a correspond-
ing clairvoyant detector, it is possible to do a comparison on the basis of known nuisance

parameters. From (13), £grc is given by
tro = [V](0,0,)3(0,0,)V,(0,0,)]

P 2
[% Inf(y;0, Os)]
1,.(0,0,)

which is observed to be the square of T},. TLo is Gaussian for large data records
[Middleton 1966] while Lg¢ is chi-square distributed with a single degree of freedom.
Therefore for a given probability of false alarm the locally optimal detector will have
a slightly larger probability of detecting small amplitudes of signal. This makes intu- .
tive sense, because (46) is a one-sided test while GLRT and the Rao detectors allow
for positive and negative amplitudes of the signal. This is an example of trading off
performance in order to make the test two-sided. This comparison applies to the case
of known nuisance parameters only. In the case of unknown nuisance parameters the
LO detector is not defined, while the Rao detector exists and achieves the performance

of a clairvoyant detector asymptotically. Furthermore, the LO detectors for positive

18



and negative values of y are different (i.e., the inequality is reversed for negative am-

plitudes) and hence they are impractical in situations where the polarity of the signal

can change.

VI. Rao Test for Gaussian and Mixed-Gaussian Noise

VIA. THE GAUSSIAN CASE

The Rao detector is now derived for the special case of the zero mean Gaussian
noise. Attention is restricted to AR noise only because of the abundance of available

results [Bowyer 1979], [Kay 1983]. In this case & = 02, a scalar, and

such that ’
=—— (47)

Substituting (47) in (35) and using the fact that J¢(02) = 1/0? for a Gaussian PDF,

2

N P P
> [ont Xtstnss | (104 S0t
n=p+1 j=1 =1
KR = ! 2 (48)
N p
n=p+1 j=1
where
A2 o
0" = = (vn + 85Yn—;)
N B pn=p+1

and the estimates are obtained under ¥, or assuming the signal to be absent.
Figure 1 shows the block diagram of the Rao detector. In the Gaussian case the
least squares estimators are known to be close to the MLE and hence any of the least

squares techniques (such as the autocorrelation method, the covariance method, the

19



Forward /backward method and so on) [Kay 1986] can be used to produce the estima-
tors in (48). The numerator appears to be a prewhitener-correlator [Van Trees 1968]
except for the squaring required to make the test two-sided. The denominator serves
to normalize the statistic so that a constant false alarm rate (CFAR) is maintained
asymptotically. Note that it is not necessary to estimate x or to assume a prior value
for it. Also, assuming ay,a3,:--,a, = 0 or white noise will result in the square a sim-
ple correlator or a matched filter in the numerator of £z, which is known to be the
uniformly most powerful (UMP) test for the detection of a known signal in white noise
[Van Trees 1968]. In the case of the general linear model the moving average (MA)
filter with transfer function A(Z) defined by

P
A(Z)=1+) a;z77
Jj=1

will have to be replaced by an inverse transformation W=1.
VIB. THE MIXED-GAUSSIAN CASE

The mixed-Gaussian PDF is particularly useful in representing a special class of
non-Gaussian noise processes, namely, a nominally Gaussian background contaminated

with occasional fmpulses [Sengupta and Kay 1986, 1]. The PDF is given by

( u? ) ( uﬁ)
1—c¢ 2 € 2
2 2 20 20
Up;0R,07,€) = € B/ 4+ ——¢ I
f( mEBED ) \/27r0)3§ \/27r012

where € is a mixture parameter and 0 < € < 1. The subscripts B and I are used to

denote background and interference, respectively. An alternative formulation of the

PDF is

(~2) (~z)
_ Sy .
f(un;0%,p,¢) = L e\ 208/ € _ \ 200} (49)

V2mog \/2mpoé,
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where p = 0/ 0%. Assuming p >> 1, one can allow for a wide range of amplitudes and
frequencies of occurence of spikes by appropriately choosing p and e. The Rao detector
proposed in this paper is suitable for the mixed-Gaussian PDF (since it is symmetric)
and therefore is applicable to many sonar and radar detection problems where the noise
background contains impulses resulting from reverberation and clutter, respectively
[Kay 1983]. The Rao detector for mixed-Gaussian PDF is now derived. Once again
only the AR noise case is considered. It is assumed that 0% and p are known, so that

® =, a scalar. From (49) it follows that

flunse) — o . <_ ui) <_ ul )
—€ 202 € 2/)02
—_ ¢ B/ + — ¢ B

L 270} \/2mpod i

= ——T(un;e (50)

where I'(un;€) represents the term in the brackets. Note that (50) differs from (47)
only by the weighting function I'(un;€) which suppresses the high values of u, [Kay -
and Sengupta 1986, 2]. In the Gaussian case ¢ = 0 and I'(un;0) = 1 for all u,. The
weighting function I'(un;€), which is an even function of Uy, thus accounts for the
non-Gaussian nature of the PDF. In the mixed-Gaussian case, £g can be calculated by

substituting (50) into (35)

N p . P P 2
Z SR Z&jsn_j Yn + Z&jyn—j Iy + Z&jyn—j; €
n=p+1 J=1 7=1 J=1
lp = 2
N p
LA Y (o0t a0y
n=p+1 =1
(51)

Note that T' and Iy depend on the value of & Figure 8.2 shows the block diagram

corresponding to (51) and has two apparent differences with Figure 1 (the Gaussian
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detector). These are the blocks used to compute I' and I;. Substitution of 0%, T and
I¢ by 62,1 and 1/42, respectively, would lead one back to the Gaussian case described
by (48) and Figure 1. The function T' can be replaced by a suitable approximation,
such as the Butterworth function to avoid computation of the exponentials. The MLE’s
can also be replaced by a reasonably accurate estimator, (e.g., a weighted least squares
estimator) [Kay and Sengupta 1986, 2]. With all these simplifications (51) would pro-
duce a detector which will reduce computation substantially without a significant loss

of performance.

VII. Computer Simulations of Performance of the Rao Detector

This section reports the results of computer simulations of the performance of the
Rao detector. The clairvoyant Rao detector is considered to be one basis of comparison,
while the theoretical or asymptotic performance is regarded as another. Two AR noise
processes are selected for computer simulations. The corresponding parameters are
listed in Table A. Process I is broadband while process II is narrowband. A mixed-
Gaussian process with 0% =1, p = 100 and € = 0.1 is chosen as the driving noise. € is
assumed to be unknown and so estimated, while 0% and p are assumed to be known.
The known part of the signal, i.e., s,, n=1,2,---,N is assumed to be unity. u
is adjusted to yield different values of SNR in the following way. The theoretical noise

variance is, as obtained from (49),
2 _ 2
0? = aBl(1- &) + e (52

The noise power P, of the AR process can be obtained from the stepdown procedure
using 02 and the process parameters [Kay 1986]. The signal power (actually the signal
energy) is the defined as

P, = Nu?

Defining SN R to be the ratio of P, and P, (which represents the SNR at the output
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of a correlator), it follows that

(SNR)P,

p= = (53)

Thus 4 is calculated for a given process such as to produce a desired SNR. N , the
number of data points is chosen to be 1000. A probability of false alarm Pp 4 =0.011s
used to evaluate the detection performance. The value of ' necessary for this is 6.635,
as obtained by a search routine so as to satisfy Pr4 = 0.01.

In order to evaluate the asymptotic performance of the Rao test, the noncentrality
parameter A = A; as given by (44) is calculated from u for each value of SNR as per
(53). For the chosen values of the PDF parameters, 02/ is calculated by numerical
integration and is found to be 9.0. Pp as defined by (38b) is computed from a table
using the values of A and +' obtained previously.

The theoretical value of the threshold +’, as described above, is used for the Rao
detector. This requires one to verify of the theoretical predictions of the asymptotic
statistics of £g under ¥ in order to use the theoretical threshold. Computer simulation
results based on 1000 experiments with 1000 data points each using the theoretical
threshold in the absence of the signal result in a false alarm in 11 cases for process I
and 10 cases for process II, corresponding to an experimental false alarm rate of 0.011
and 0.01, respectively, which are very close to the true value of 0.01. This is expected,
since the MLE’s when ¥, is true are expected to be more accurate than the MLE’s
when }; is true (since the MLE’s are computed under the assumption that ¥ is true).
Therefore the use of a theoretical threshold is justified and convenient. The statistic
£r is computed from (51) for 500 different blocks of data, each of length N = 1000,
for a given SINR. The number of times the statistic exceeds 7', scaled by 500 (the
number of experiments), is regarded as the experimental value of the probability of
detection. This is repeated for different values of SINR in a suitable range (so as to

observe the transition from Pp = 0 to Pp = 1). The MLE of the AR filter parameters
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involved in (51) under X, are replaced by the two-stage weighted least squares estimator
proposed by the authors [Kay and Sengupta 1986, 2] to reduce computation and avoid

convergence problems for short data records. Once these parameters are estimated, ¢

1 A2
= (5 )
p—1\og

from the prediction error power 62 of an MA filter fed by the observed data with

is computed as

coefficients @y, a2, -+ @, (see (52)). If(€) is computed for each ¢ from a stored table by

interpolation. I' in the numerator of £ is replaced by the Butterworth approximation

~ K
L(u) = ———— + K,

1+ | 2

Ue
in order to reduce computation. The parameters K, K>, u; and B are selected to
approximate I' over the range of e.

The statistic £gc for the clairvoyant Rao test, as defined by (40), is computed
in a similar way using true values of all the parameters. This is used to determine
the probability of detection (Pp) of the clairvoyant Rao detector for each SNR via
computer simulations.

Figure 3 plots the probabilities of detection of the Rao detector and the clairvoyant
Rao detector along with the theoretical or asymptotic performance vs. SNR for the
noise process I. Figure 4 plots the same for the noise process II. The three curves
exhibit remarkable similarity for each process. It can be concluded that (15) and
(38) adequately represent the performance of the computationally efficient detector
proposed in this paper, all the approximations incorporated. even for moderately sized
data records.

The performance of the Rao detector is now compared to that of a Gaussian Rao
detector. A Gaussian Rao detector (defined by (48)) is computationally much simpler.

The purpose of comparing these two detectors is to show how much one can lose as a,
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result of an incorrect Gaussian assumption about the driving noise. All least square
estimators are close approximations to the MLE if the PDF is assumed to be Gaussian.
The covariance method is used to obtain the estimates involved in (48). The same
theoretical threshold 4’ is used. (Computer simulations based on 1000 experiments
with 1000 data points each using the theoretical threshold indicate for process I an
experimental false alarm rate of 0.009 which is close to the true value of Pr4). The
experimental threshold for process II is found to be 0.012 Pp is calculated from the
number of times (out of 500 independent trials) £p exceeds /. N = 1000 is used
and Pp is computed for different values of SNR in a suitable range. Figures 5 and
6 plot the resultant experimental performance of the Gaussian Rao detector in the
same scale with those of the mixed-Gaussian Rao detectors, actual and asymptotic,
for the two noise processes described before. They indicate a substantial degradation
in performance as a result of the Gaussian assumption of the driving noise. It is also
observed that the performance of the Gaussian Rao detector matches the predicted
asymptotic performance of a Gaussian Rao detector in Gaussian noise having equivalent
variance. This can be explained in the following way. Since it is assumed that Sp =

1, n=1,2,---,N (48) can be written as

2

N p
1
= | 2, 30+ s o4
n=p+1 =1

Assuming the estimates of the AR filter parameters to be reasonably accurate, the
term in the parantheses is approximately the nth sample of the driving noise which is
assumed in this case to be mixed-Gaussian. By Central Limit Theorem arguments the
sum of N — p such random variables scaled by (N — p)6? has a Gaussian PDF with
variance one assuming 62 to be close to the variance of the said mixed-Gaussian PDF.
Therefore the asymptotic statistics of £5 in this case will be the same as what it would
have been if the noise were Gaussian with the same variance. It can be concluded

that the asymptotic statistics of the Gaussian Rao detector in mixed-Gaussian noise is
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represented by (15) and (44), despite modeling error. However this conclusion holds
for large data records and small D.C. level signal amplitudes only. A large value of 7
is expected to cause a significant degradation of performance of the LS estimators so
that the above interpretation of (54) is no longer valid. A short data record will make
the Central Limit Theorem inapplicable. Comparing the asymptotic performances of
the Gaussian and non-Gaussian detectors, 2] 7 is found to describe quantitavely the
improvement of the mixed-Gaussian detector over the Gaussian detector when the true
noise actually fits the mixed-Gaussian model and the signal is a D.C. level. Figures 5
and 6 show a constant difference of approximately 10 dB between the performances of
the Gaussian and mixed-Gaussian detectors which matches the theoretical prediction

of 9.6 dB (since 02 I ~ 9 in this case).

VIII. Summary

The Rao efficient score test proposed in this paper is found to be well suited for
the problem of detecting a weak signal of unknown amplitude in the presence of col-
ored non-Gaussian noise of unknown PDF and PSD parameters. Since the Rao test is
asymptotically equivalent to the GLRT, it shares all the attractive asymptotic prop-
erties possessed by the GLRT. It greatly reduces computation by completely avoiding
estimation of the unknown parameters under ¥;. The Rao detectors were derived for
Gaussian and mixed-Gaussian background noise processes. The performance of the
Rao detector is found to be equivalent to that of a clairvoyant Rao detector built with
perfect knowledge of the nuisance parameters. The experimental performance matches
the theoretical predictions of the asymptotic performance for large data records. A
detector which assumes the noise PDF to be Gaussian, while it is actually not so, is

found to be much inferior in performance.
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Table A: Parameters of the AR processes used for simulation

Process

a; as as a4 poles

_ _ 0.7 exp[y27(0.12)]
I 1.352 1.338 0.662 0.240 0.7exp[_1'21r(0.21)]
I —2.760 3.809 —2.654 0.924

0.98 exp(727(0.11)]
0.98 exp(527(0.14)]
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