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The long run average cost problem is considered in the case of a

non-decreasing Markov wear process with failure determined by a random

threshold.

problem and then let the discount factor go to zero.
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‘v, §1. Introduction.
st _—
Assume that one has a machine whose failure is described by a wear process
[
v
;@ xt:t2=0 which is a positi 2 non-decreasing Markov process and a random threshold
f, |'
' . . . . . .
4:: Y20 independent of xt:tZO with failure occuring at time o= 1nf{t:xt>Y}.
N At any time one can replace the machine by a new one with the same mode of opera-
1
‘j tion. There is an operating cost f(x) per unit of time and a replacement cost
a: ¢(x) 1if replacement is done before failure and replacement cost oy if replace-
LA
ment is deone at failure. Note that replacement is always to replace the machine
|‘|
L/
.f by a new cne. Models of this type have been considered in the reliability
D
3" literature by Abdel-Hameed {1}, [2], Drosen [5], and Taylor [10].
nt?
. The stochastic control problem of minimizing the cost is generally called
]
&
i: the Optimal Replacement Problem and has been considered by the above authors in
> n
_d the case that f 1is constant. The interest has been in the long run average
B '
. cost problem. In this work we will consider:,the case of general f£f(x). We-
~ )
:, first view the problem as a discounted cost problem, and as in Robin [8], we
~ ‘
-.
: % obtain the long run average cost by letting the discount factor go to zero.
The main difference with the work of Robin is that the invariant measure is not
-
K
3/
': obtrianed exponentially fast by the Markov transition probabilities of the
’ -
!
W replacement process as time goes to infinity. = (See §4).
-‘“' ~
_ In Section 2 we state the Long Run Average Cost Optimal Replacement Problem
S
L
u and deal with a preliminary discounted optimal stopping problem. Section 3
%]
% . .
AR formulates and solves the discounted optimal replacement problem. The replacement
Ry
\ process is introduced in Section 4, the invariant measure is found, and ergodic
N
o) results are derived for the linear problem. Section 5 proves the main technical
-:\
c A
;\ result and Section 6 contains the main result that the solution to the discounted
]
. - problem suitably modified converges to the solution of the long run average
.
‘N problem.
,4-2
s
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§2. Notation, Statement of the Problem, and a Preliminary Stopping Problem.

S
Let Q =D(R, R) be the space of right continuous functions with left

+
limits. Here R ¢

FO=E°O, and F, F the universally completed o-fields Fto

[0, ). Let xt(u) = w(t) for wef, Fo=o(xs:0<s<t),
and FO

respectively. Let (Q, Ft’ xt:t>0, Px) be a homogeneous, non-decreasing, non-
negative Markov process with associated semi-group Tt:t.20 defined on
Cb(R+), the space of bounded real valued continuous functions defined on R+
with norm taken to be supremum norm. We assume
(2.1) T,:t>0 is Feller, that is, for feC_(R)
th € Cb(R+) and th+f in supremum norm as t-0.
Let A denote the infinitesimal generator of Tt:t>O and DA its domain in
Cb(R+)' Assume also
(2.2) xt:t>0 is quasi-left continuous, that is if Tn:n>1 is a
sequence of stopping times with —ch, then X -rxT a.s. Px
on the set (T<®). See Dynkin [6], Vol. 1 pp. 183.

Let Y be a positive random variable independent of xt:t>O with a continuous

distribution function G(y). Let G(y)=1-G(y). Define

o= int{t:xt>Y}

and let H(t) =P (o<t) =P (Xt?Y). Assume

0 0
(2.3) Eo[o] <o and H(0) = 0.
Let
(2.4) f,ger(R+) f,g20 and c0>0 a constant.

We say 1:0~[0,~] 1is a stopping time with respect to xt:t20 if (t€t)e Ft

for all t.
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» Let

" OAT
| A= inf B / Elxds+T 0 18+ T 5 3
0

OO‘—G‘

x

Eo [oAT]

The Long Run Average Optimal Replacement Problem is to find T so that

B Y

OAT
A=E, f Flxdds+ I~ 18D +T 25 veh
0

EO[OAT]

Qur first step is to establish a result for a discounted optimal stopping

P iy

problem. For the following see Robin [9] or Bensoussan [3]:

Lemma 2.1. For b20 fixed and a>0, let V. ¢ Cb(R+) . be the maximal solution

34
; b
} of
. Ue Cb(R+) Ux) <b + g(x) T(x) + ¢ 6(x)

P t
.
" U<e—atTtU + f e—asTs(fE + a(b + c_)G)ds
-

then 0
? ... b
g Vb(x) = 1¥f {((T)
4

where
0 T

P) = E e S (£(x )G(x ) + a(b + ¢ )G(x_))ds

) X X s s 0 s
Iy 0
&' -T —_—
:. +e  (b+ g(xT)G(xT) + COG(XT))]
' =

Moreover if
y T, = i : = c .
N Ty, 1nf{t.Vb(xt) b + g(xt)G(xt) + COG(xt)}
:. then

. b o

| Vb(X) = JX (Tb).
Ky
*
L4
K\
.C‘
W
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o 4
i.-;:d
£$
';_;gj - Lemma 2.2. (i) For 0Sby<b,, vbo(x)svbl(x)
. . - < -
| . (i1) v, ) -v, o|<2lby-b |
3 0 1
W
?ft by by
,: Proof. (i) If O<b0<bl, then Jx (1) € Jx (1) for any stopping time 7.
‘
)
! Hence V. (x) <V, (x).
i b b
'al‘ 0 1
V'L (ii) For any T,
' T
" Jb0< y - Jbl( ) =E e *%(b_ -b.)G(x dds+e *T(b_ -b.)C(x_ )
l x ‘T x VT 5 ¢ 0~ 177 (0 1 T
0

(RN
: Since G is a distribution function,
¢
S l Jbo('t)— Jbl(r)|<2lb -b,| and therefore

! X X 0 1

. _ < _ .

[V, G0 =V, (xy] S2lbg -~

- 0 1
2

-‘" Lemma 2.3. If H(0) = 0, there exists a b0>0 so that
'.
)

. Vb 0) <b0.

0

{

o For such a b,, define inductively
I 0
by,
) b, = V. (0} k=21
”2 kb

Then b, +b where b>0. Moreover V, (x)+V-(x) in C (R+) and V-(0) =b.
o~ k bk b b b

A Proof. For any b=20 take t=0 to obtain

=]

v, (0) <E, [f e P (x IT(x) +alb+ co)c(xs»ds:l
0

lote that

H(t)

“ and so
i TR ) [ “asg ey
' H(a 0 =E, ae G(xs s

. 0

PO(0<t) =P0(xt2Y) =EO{G(xt)]

- .

s
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~

Since H is not point mass at 0O, H(a) <1.

. Let .
LR
o ~as =
At zZ = +
?: 0 Eo[f e (f(xs)G(xS) ac G(xs))ds:]
e 0
AN and we have
0 v, (0)<z. +b H(a).
,‘5. b 0
v
N Select b  1large enough so that
w 0
Zo+b0H(a) < bO
j‘: Next for such a bo, we have
)
: b1 = Vb (0) < b0
L0 0

and by Lemma 2.2, it follows inductively that

b (0) sV (0) = b

=V
k bk—l bk—l k"l

Define b = 1imbk, and let Vg(x) be given by Lemma 2.1,

},-’. From Lemma 2.2,
»
2% -
) -V- < -
,.' Ika(x) Vb(x)! 2[bk b[
. and so V, 4V~ in C (R+) and moreover
'I‘i‘ bk b b
“
fie b=1lim b, =1imV (0) = V=(0)
A .
: kX Tk Pro b

We thus have established the following.

-
-
A

-
0
s 8 &

Theorem 2.4. Under the assumption (2.1) - (2.4), let Va(x)=V—(x), b as
~aeorem <. b

i

..'
,‘.:: in Lemma 2.3. Then
a a
: =1inf J
e V(%) lf‘lf A (1)
oy
:‘r where T
Sy a -as — a
o 1 (1) = Ex e (f(xs)(,(xs) +a (V7 (0) +CO)G(XS))dS
‘ 0
P b e TV (0) + g (x)T(x.) e Glx))
; e ( glx_ ,(x_t cobix,
1)
7‘:‘0
'S".’.
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' ) Moreover if
J

A a a -
- T=1inf{t:v (x, ) =V7(0) +g (x )G(x ) +c, G(xt)}
' '\
M,
W~ then
‘} a
. v x) = 3%(7).
(A X
" Remark 2.1. It will be shown in Section 3 that Va(x) is the maximal solution
.
W
" of a quasi-variational inequality.
J"j“
W
Corollary 2.5. Under the assumption &(0)>0 and these of Theorem 2.4,
i" ~
O, >0 a.s. L
a.g
el
::: Proof. If g(0)>0 then taking t=0
& a o

V7(0) <V (0) + g(0)
D
-v"' and hence there is a &8>0 so that if 0<x<§ then
AR
v¥(x) + e<v¥(0) + 8(x)G(x) + o6 ()

- for €>0 sufficiently small. Hence

“’l, -~ - . >
;:? _ ‘l'>‘l'6/2 infle:x(t)>8/21
ER ) )
' . - > I3 I3 .
X and since xt.t/O is right continuvous, 15/2>0 a.s. PO.
'.l
A

"*:" e

ALLWREWY,
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§3. The Discounted Optimal Replacement Problem.
Let xt:t?O and Yk k21 be independent copies of xt:t>O and Y.

Define
ko Jk
= x>
Oy inf{t.xt Y }

Let f, g and °, satisfy (2.4). Suppose rk:k2=1 are stopping times
respectively with respect to ﬁ?:t?() the universal completion of o(ggzsétﬁ

and assume for all n E Tk = ® a.s. PO. We use the notation

kZn
?==(T1. Tz,...) and refer to T as replacement times. Define

O,AT
-a = Il as_. . 1 -0 01AT] 1
JO (1) =}5:0 f(xs)ds+e (g(XT1)I(T1 < 01) +cOI(T >0.))

0 1 1
o AT
© n-1 n n
+ 2 Me *OATy e *%f(x)ds
n=2£=1 s
0

+ e-aonArn(g(xn

)1 +Cc I
< >
T (Tn on) o (Tn on) .

Here it is assumed that PO(X§:=O) =1 for all k. Let

-~

.
We seek T so that

~

o o,
VO—JO(T)

This we refer to as the Discounted Optimal Replacement Problem.

Define

- —a0A
J (t,)=E e asf(xl)ds+-e a0 Tl(Va-i-g(x1 )1
o] S (o} TI

<g.)
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Lemma 3.1. V%=inf Ja('t )
—_— o o 1

T

Proof. Let T= (TI,T .) be any replacement sequence.

gree

N
Bv independence letting T= (TZ,TB,...)
N :
=0, - -as,. 1 “QROAT] Yo 1
Jo('r) Eo e &(xs)ds+e (JO(T)+g(xT )I(T <o)
1 1 1
0
T lie, 2a) > 1%)
1 1 o 1

Therefore
o o
>3 =
Vo/lnf JO(TI) =d
T1

—_
For €>0 choose Tl and T so that

Tt )<d+ <V +
J( l)\d € and J_ (1) o €

Let Ty = (Tl,'l‘) then
o _~a, o
< < <
Vo Jo(ro) Jo(rl)+e d + 2¢.

Since € was arbitrary, we have equality.
In what follow Xt:t>0 and Y wil be generic copies of the wear process
and the random threshold and 0=inf{t:xt2Y}. Note (2.3) insures o<

.s. P_.
a.s o

Lemma 3.2. for any stopping time 1 with respect to Ft:t>0 on the set

(T <)

Po(o<~c|FT) P (x ?Y[FT) = G(x)

o "1

and P0(0>TIFT) PO(XT<Y{F) = E(XT).

On the set (1=w),

: 1 I =
PO(O\T,FT) 1 and PO(G>T1FT) 0.

T e S S T Y
gt ".:'n - R g,
S ey A -. AN .."‘» A.”\ o

S CR A LTI -‘4 ‘,._,\_} ,’w,\_eﬁ.,ﬁ. AR
e . i o ! . N g - » 0
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Proof. First note that by the independence of xt:t?/'O and Y, and the

assumption that xt:tZO is pathwise non-decreasing, for any fixed t.
P (c<t|Ft) =P (x >Y{Ft) = Gx )

For any Tt an F _:t2>0 stopping time, define

. = k/n on (k-l/n<t<k/n) = Ak/n

® on (1=w)

Since Ak/n € Fk/n’ on the set (Tn < =)

2]

P (o< T“IFTn) = ZPG(cskln!F
1

k/n)IAk/n

o0

26 Pl 7 )

1

Because Tt<T1 , F SFT and so on the set (t<®)

P (o<T|[F ) = P ( .T\ (o<t )|F)

lim E (P, (o<t _[F ) |F ]
n n

lim E (G (x_ )]FT] = G(x)
1 n

The last follows since rnvlr and xt:t>O is right continuous.

On the set (T=«) there is nothing to show.

Lemma 3.3. Let f and g be bounded and continuous and a>0. Then for any

stopping time with respect to Ft:t>O.

OAT T _ _
[f sf(xs)ds] = E [f e O‘Sf(xs)c(xs)ds]
0 0
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g“l' 10

B

Zl b

By < [—uor\'r ] - [ -at - ]

,::,: (ii) E le g(x_l_)l(_r <o) Ele g(xt)c(x'r)

B i ' T

A (i1i) E [e"’“’"T I ] = E | e %o )+ | ae®5c(x )ds

"N o {(t20) o T s

YD 0

’x'

o Proof. (1) By Lemma 3.2

|"-‘Q - —

" Po(xs < YlFs) G(xs)

K ' and so on the set (s<T)

0¥ fy T

K P (x <Y[F ) = G(x)

Wy

,\.-' Hence TAC T

KN -as -as
Cd =

2_‘: Eo[f e f(xs)ds] E°U e f(xs)I(xS < Y)ds]
o 0 0

: - {(ii) This follows directly from Lemma 3.2.

(i11) Note that
. T
CRR “1OAT -1 -as
.+ = + .
e Tazo)™¢ Ix >y f“e Tk 209 T >v)
."( T 0 s T

s Since Xt:t>0 is pathwise non-decreasing

‘ The rest is Lemma 3.2.
P T

oL Lemma 3.4. Vg = igf Eo[f e-as(f(xs)a(xs)+a(Vg+co)G(xs))ds
0

-aT, O
I, + e (Vo+g(xT)G(xT) +C0G(x‘r))]'
W Proof. This is immediate from Lemma 3.1 and Lemma 3.3.

. Theorem 3.5. Suppose g(o)>0 and (2.1)-(2.4) are satisfied. lLet v*(x) be

R S R RSN RN TR S LY
- 0’,\'. J." \“ ~--.' \l\. -h)\' ‘Jf‘.‘ ”{‘ k (]

)
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ﬁﬁ' ) the maximal solution of U(x)<U(0)
. (3.1) UeC (R U)SU0) +g()T(x) +c,6(x) and

t
R U(x) < e7°‘rtu (x) +f e *T_[£G+a(U(0) +¢,)C] (x)ds
3 :

then

(3.2) v (x) = inf J%(1) and
T X
with T=dnfle:vo(x ) = v¥(0) + 8(x )T(x ) + ¢ 6(x,)}

o (3.3) Vi) = 33

Moreover

a ~a
o 3.4)  v*(0) = inf (1)
S T
”
rd -

A and if Tt= (%1, %2,...) where %k is defined the same as T above except x:

replaces xt, then
o (3.3 Vi) =J5(T).

Proof. Let Va(x) be as in Theorem 2.4. By Lemma 2.1, Va(x) solves (3.1).
4 Moreover (3.2) and (3.3) are consequences of Theorem 2.4. Also Lemmas 3.1 and

})5 3.4 prove (3.4). What is left is to show {(3.5) and Va(x) is the maximal

solution of (3.1).

A" .

Let U(x) b. any solution of (3.1) and T be any stopping time. By the

ARST.

/¢

r
L A

Markov property,

"
laels
ey

t
e u(x) + / e ¥ (x )G (x ) + a(U(0) + ¢ G(x ) )ds
0

is a submartingale. Hence

t AT
Ux) <E | * AT U(xt/\'r)+/ e P (£(x)T(x)

:ﬁ- - +-a(U(0)+-cO)G(xS))ds]

A :
o ~ o m e e e J
) : - T N C R e e

‘. A R R N A S RN SRR AN e S ‘-"'-‘-‘-"‘"‘7*""‘-'*" e
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Bv (2.2) letting t-w,

r T
(3.6) U(x) SE_ e *Tu(x )+[ e'°‘5(f(xs)E(xs)+a(u<o>+co)c(xs))ds]
0

o T
<E / e'“sf(xs)E(xs) +a(U(0) +c°)G(xs)ds
-70

+e 2T (o) + g(xT)E(xT) +e G(x.) )]
If we can show U(0) € v*(0) then

U(x)({:(r) and so U(x)SVu(x)

By (3.6) and Lemma 3.3

CAT

-as -a0AT

3.7) u(0) €Eo[f e f(xs)ds+e (U(o)+g(xr)1(t<o)+col(t>o))]
0

If T= (*:l,t s+++) J1s any replacement sequence, then using (3.7) inductively,

2

after n steps we have

0/\11

1
{3.8) U(0)€EO[I e’“sf(x;)ds+e‘°‘°’“1 (g(x! H1

+c I )
2
o Ty ('r1 < 01) o (11 01)

n j-1 cj/\'tj
+ E n e-(mZATZ f e_asf(xg)ds
j=2 L=1 o
. n
-0, AT, hi N -a0, AT
+e 3 j(g(x )1 +c, I + e £7 8U(0)
T T,<0, 0 (1,20,
s ¢ 3 J) ( h] J) =1
By (2.3) since the oz's are independent, and E 'rj=oo for all n a.s. PO’
jZn

we obtain by letting n-+e

V) STHT), tee. OISV =V200).
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To obtain (3.5), repeat the above argument using v®(0)

and

-~

—
T.

13

At each

step we have equality and so (3.8) is an equality. Corollary 2.5 assures that

§ :'?j-w a.s. Po’ and so Vu(O) = Jg('r).
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§4. The Replacement Process.

. Let xt:t)O and Yk be as in Section 3 and as before ok"inf{t:xl:?‘{k}.

’ .
:c{ Assume that Po(xg-o for all k) = 1 and define oo.‘-:O. Let
gt '
R k -1 k
4.1) z =x_ on the set 2 I €t < 2 ap -
'!r 4?.'0 2..0
Nl
We refer to zt:t>0 as the replacement process. Let H(t) be as in (2.3).
s T
BhY
f, For BCR+, Borel, by Lemma 3.2 and the independence of x‘::r?o and Yk,
*‘ © k-1 X X K
e Po(zteB)=ZPo zo£<t, X k-1 €B, xt—k'1<Y)
kel \£=0 Y o ¥ o
oy =0 £=0

l

: - = (k-1)

A -z F‘OIIB(xt-u)G(xt-u)] H (du)

o k=1 it}
‘!‘.

t

:E'i' = f f pt_u(O.dZ)E(z)R(du)
b . 0 B

4+ @
e
:\‘., where H(k) (t) is the k-fold conveolution of H(t), R(t)= Eﬂ(k)(t), and

0
pt(O.dz) =1’0(xt ede). 1t is stemdard from renewal theory (see Feller [7]),

that R(t) <=,

=y

Suppose G(x) <1. Considerations of x for which G(x)=1 are not
necessary because zt:t>0 never reaches x. Define Yx by defining ¢ .r
\ y>x

- X - X

¥ G(x)

vfx We use the notation Px 0 to stand for the condition
;]

1
P (% =X, x:;-O, k>2) = 1. Take Y  to have distribution G_(v) and main-
x,0 X X

tain the usual independence.

L N
A'--w'r'i"“, ‘ <y

2 T e e LT SPI R T A T I S Nt R AT W AT y ‘J“

"'\'\-"-"' T T YL L Y
oy o, o o
v Y, Ju‘.‘h"lu‘. . " . ."..“lo "o..'

R
e, Ot
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Define

1 1
= H > .
ox inf{t .xt Yx}

Let zt:t>0 be as in . (4.1) except that 0, =0, .

Define H_{(t) -Px(ox< t). By a slight modification of Lemma 3.2,

1 1 1
(4.2) Px(zteB)st‘O(xteB, xtQYx)

® k-1
+ ZP 0p<t x& €B Xk < Y¥
x.0\ 2 %St X _k-1 *Pr-k-1

k=2 =0 Zot_ Zoz
£=0 L=

-}

t
=Ex[IB(xt)Ex(xt)] =y f EOIIB(xt_“)E(xt_u)]Hx*H(k-z)(du)
290

k=

t
—. .
fpt_u(o,dy)cxy)ﬂx R(du).
B

= /Pt(x.dy) :(i—(l)-+f
G(x) 0

B

where Pt(x,dy) = Px(xt edy).
To establish the Markov property, first note that

(4.3) Px(xs€A’xs < YXS X4 t) =EX[IA(xs) (Gx(xs+ t) —Gx(xs))]

3
=[P8(x,dy) S Ho(6).

A G(x)
Let
Po(ztedy) = q,(0,dy) =fpt_u(0.dv)c(_v)R(du)
0
= I ‘ *
Px(Ztedy) Pt(x,dv) () + Pt_u\O,dy)G(y)Hx R(du)
0
N AR A N N AR RN

", -
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The Markov property for z, :t 20 will follow if we establish

P (z €A,z s+t € B) /fq (x, dy)q (y,dz).

1 1 1 1
<
(4.4) P (x EA, xs Y xs+t€B. s+t Yx)

Now

Ps(x.dy) /;> (y,dz) G(t)
G(y)

>
>}

j; ody) S fo (y,a) £
G(x)

By (4.3) we have
[ j_l

4.5) ZP (x eAx1<Y Zc <s+txJ _3-1 sB.xi+t_j-1<Yj)
j=2 L=0 2 ) Zoz
£=0

BRI (x'dY) .[ f w0 dz)G(z)H *H(j 2) (daw)

j=2 G(x)
= fp (x,dy) —Lf f L0, dz)G(z)H *R (du)

A G(x)

Also
K k PSR
(4.6) pr 0(2 z\s xs_ leA’xs_k—l Yo, Z o£\s+t,
k=2 £=0 2.9 3% L=0
£=0 £=0
k k k
Xs+e-k-1 €BX 0 w-1°Y )
ZC’[_ ZUZ
£=0 £=0
s

-3 f [ps_uw,dy)‘c‘(y) fp (yodz) SG2 y wn D) (qy)

k=270 YA B 6(2)

S
=/ fps L (048T() ﬁ (y2d2) SEL g rcaw).

- X
A B G(y)
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Again by (4.2)

> > k-1 K K
4.7) D> Px,O( op<sixt ko1 eAxt_poi<v,
k=2 j=k+1 £=0 T % PR
£=0 £=0
i-1
z °£<S+t’xg+:—j“1 eB’xi+t-j*1 <Yj)
£=0 P a9 ) o,
=0 £=0
o © S t
=3 ) ffps_u(o,dy)ﬁ(y)f fpt_u(o,dz)E(z)Hy*H(J'k’”(du)
k=2 j=k+170 “a 0 "B
Hx*ﬂ(k'z) (du)
s t
=/ [ps_u(O,dy)G(y)f fpt_u(O,dt)G(z)Hy*R(du)Hx*R(du)
0 7A 0B

Now by combining {4.4)-(4.7),

o © k-1
k
= <
Px(zseA,zt_'_seB) Z ZPX,O(Z OpS8X_ -1 €A,

j=1 j=k 2=0 }: Sp
£=0
K k k-1 j . j
X, k-1 <Y, 20£<s+t,xt+s_j_1 eB.xi+t_j_1 <Y
Z Op £=0 E % Z op
£2=0 £=0 £=0
_ _ t
-fp odp S Ao (y,42)882) o P, _ (0,d2)G(2)H_*R(du)
° G St {6 t-u y
B 0 3
S t
=f fps_u(o.dy>6(y) /Pt(y,dZ) +f fpt_u(o,dzﬁ(zmy*mau) H_*R(du)
0 "A B 0 B
= qs(x.dy)qt(y,dZ)
A B

Next let

Stf(x) = Ex[f(zt)] =

G(x)

t
Tt(cf)(fo Tt_s(Gf)(O)HX*R(ds)
0
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For fe Cb(R+), since G(x) 1is assumed continuous and Tt:t>C) is Feller

1 - +
— T (GE)(x)eC, (R)
E(X) t . b

Moreover

Hx(t)==Ex[Gx(Xt)] is continuous in x and therefore the family

. . + . . . . .
of distributors {Hx(t):xe:R } is continuous in distribution in x. Since

Tt_s(af)(O) is continuous in s and HX*R(t) is continuous in t,

t
+
J’ Tt_s(Gf)(O)Hx*R(ds) is continuous in x and so Stfe:Cb(R ).
0

To show that St:tZ>0 is strongly continuous we assume

(4.8) GE:DA and ég&il is continuous and bounded.
G{x)
Note that
— N .
(4.9) A T, _ ¢(6)(0)H *R(ds) = E_[G (x)].

SO
|Stf(x) -f(x)| < !th(x) - £(x)| +2) £l T C_(x)

From (4.8) by Dynkins formula
t

0€ 1.6 (x) € = (T,6(x) -6(x)) = —— f T_ AG(x)
tx G(x) cex) Iy °

<o 2y
G
and therefore

bs £-el <l £-£]+20¢] JAC 1 e
G

and we have strong continuitv.

To compute the infinitesimal generator, observe that

Xf(x) = lim Stf(x)-f(x)
t=+0 t
_ _ t
= lim :l__ Tt(Gf)(x) -G(x)f(x)+_1im %-.[.pt— (0,dv)G(x) T (¥IH_*R(du)
t-0 G() t t~0 5 Y x
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Pointwise then
1 T, (GE)(x) - G(x)E(x)

lim — A(GE) (x)
t->0 G(x) t E(x)
and t . t
lim 1 - lim 1 = *
¢ 0 ;Jpt_u(o.dy)c(y)f(y)ux*R(du)= t >0 ;f P, _,(0:4y)G(y) (£ (y)~£(0))H *R(du)

0 0

t
(4.10)  + £(0) 1dm 1 f P, (0+dy)T(y)H_*R(du) .
t+0 t Y u X

Cleariy the first term on the right of (4.10) goes to 0 and by (4.9)

t
1im 1 - 1im 1 T.G(x) - G(x)
t+0 ?f Pt_u(o,dy)c(y)HX*R(du) "e¢s0 =, L A
0 G(x) t
. Acx)
G(x)

Therefore pointwise

A(GE) (x) + £(0) AG(x)
G(x) T(x)

(4.11)  Af(x) =

With respect to supremum norm on Cb(R+) wve establish the following: Under
the condition (4.8), f EDX if and only if Gf cDﬂ and é—g—-f— is bounded and
G

continuous. We first note that

t
lj P, _,(0,dy)T(R)E(y)H *R(du) - £(0)

t
0

AG(x)
G(x)

{4.12)

t
1 = AG(x)
+;lf(O)l i[ Tt__uG(O)Hx*R(du) -——E(x)
0

t
< 1;f T, (G(£ - £(0)) (O)H *R(du)
0

From (4.8), (4.9) and Dvnkin's formula, for t small enough
t

’:%f T, (G- £(0) (K *R(aw)[< sup [T T -£(O] | £H *R(e)]
0 u x 0<s<t
<o T (cTe-£n) i SO0 0Ty
G(x)
< S T @£ o f A2 T,

G
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Moreover bv (4.8), (4.9) and Dynkin's formula again,

t
lfr © (0)H_*R(du) - 26
t t-u X =
G(x)
0
) ‘TtC(x)-C(x) AG ()
G(x)t G(x)
t t —
St () e e brf r (2 (£ )
5 G G 0 G G (x)
Now the first term goes to O and for the second,
_ t
CHEVEE fr AG - 1>) s < 4S utif P10
0 C(X> ¢ o T
<JA8 2 tlfsds
¢ 0

and sc we have uniform convergence for the left hand side of (4.12).
Next if fe DX, then by (4.11) and the fact that we have uniform conver-

sence in (4.12)

! % (Tt(Ef) -Ef)—AEfI'<i'T (Gf) -Gf AGE |
tG G
R t
§ F- ¢ U _ AG(x) '
- —AF T 4 % - f —
. Af T+ Tt_u(Gf)(O) HX R(du) - £(0) Six)
0
and hence
1im [:L TeN W = _
cap © (T.@GE)-6f) - aGE | =0
That éél is bounded follows from (4.11).
G
Converselv 1if Efs:D\ and ég£ is bounded to show
‘ G
fstf— £ - Kf“-*O we must show
t
lIT (CF)-G -MV%O
E G

T A e

.(n__x.m.-f », ,,;-‘-'... :_\.- ."..P‘.. T~ .4' ._._.vr_‘r.(& - 5 ... \.( _".‘ﬂ' e .




Theorer 4.1. Assume the conditions (2.1) and (4.8). Let

This is so since

t
_ t s -
0

-(—; C G ¢
_ t

+ f é—(i—f)- ' % f f TS(G) -G fds—*O. The latter follows as In
6 0 G

(4.13).

Tc summerize, we have established:

k-1 K
z =X _k-1 on the set ZOQS t < Zc'.,.
> % £=0 (=0

”

£L=0
Then zt:t 20 1is a strong Markov process and has transition probabilities given
t
+fp (0,dy)G(y)H_*R(du)
t-u X
0

. . . + .
Moreover the associated semigroup St:t20 acting on Cb(R ) is strongly

by Ty

G(x)

qt(x,dy) = pt(x,dy)

continuous and Feller

Further letting Af denote the infinitesimal generator then f ¢ D: if

and onlvy if Gf eD\ and i(—i—fl is bounded. Lastly
’ G
Af(x) = éﬁ_(ii)_(x_)_ + £(0) L’:__(LX). .
G(x) C(x)

Theorer 4.2. Suppose (2.1), (4.13) and
(4.14) E [0 <~ for all x.
X' X

Then zt:t:\O has a unique invariant probability measure [I civen bv

9] )
M) = Eo[jo‘ IA(xt)dt] - EO[_/(; IA(xt)G(xtmt]

J] [fm_
E G(x \dtJ
0 0 t

- [
Eat

0

o L.
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I\.-‘ - ,'-.'-’-' .,. .
)

Ay N
~ N
l\l



to
[£9]

Proof. Ffirst note that by Lemma 3.3, the two representations of [l arec

. . . 1,1 Lo .
. cquivalent. Recall the notation o =g = inf{t X, //‘Yy} and c, =infitos 2.
. ~n

C
. . k .
Since :'.K:k>1 are independent as well as f f{x )dt:k=21 and for k2, are
) 0

respectively identicallv distributed with means

N - - T = >0

2 E[Gk] EO [ G(xt)dt] k

¢ 0

(v and % o

"‘ F[ f(‘(k)dt] = E [ £(x )G( )dt] k22
* - “t 0 Hp Xy e
¢ 0

+
. we hzve by the Strong Law of Large Number for fe& Cb(R )

‘l
5 DA%
: T > f € ctas
- f(z )ds = 1linm k=
- t>x t S 0
n
C
=1

—
30—
—

’

Lo >
*: 0 n x

1 K
3 R

12 Eo[ f(xt)C(xt)dc]

a.s. T’Z for all =z.

-
b
(@)

tance Il is an invariance measure.

‘-

"V

-
L
s
it
k1)

~ +
I is anv other invariant measure, then for feC (R ),

b
,/f(zsﬁ(dn - ,/;.'Z{f(z Y1 e

5

5

—"l -

>

Therefore bv lLebesque Dominated Convergence

t
-/ﬂz)ﬁ(du = lim 1 f [Fez )1 (d2)ds
1 t s
./;(Z)n(d:‘.‘

oAy o
o4

Ay A b
LA AA
(ad
'
]

=
[
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Remark 4.1, In the work of Rebin {8] it is required that

P (z_ eD)-TUT) € Be Yt v >0
X ot

and as a consequence

Stg(x) - M(g) < Ble-Y]t ¥>0

where

fi(g) = -/;(x) I (dx).

¥or our case we have onlyv that

t
Sug(x)du= M),
0

Since zt:tEZO is pericdic, we will not even have pointwise convergence.
+ . . <
Let fe Cb(R ) and ua(x) be the unique solution of Aua-aua==-f(x).

It is standard that

(3.15)  u (x) = e-atqt(x’dy)f(.\'%
0 .
Define L [ G(x )f(x )dé}
o s s
F=M(f) = 2

E [f G(x )ds}
[s] S
0

Theorem 4.3. Under the assumption (2.1), (4.8) and the assumption

E [ G(x )d%]
X s
(4.16) E {o 1= 0 €C 1indepcndent of %,
%X —
G(x)
(3.17) P\_(.\'t <«x}y=1 for all t and x, and

T L
SRR
L

A




. ; _ . oY ol bl ala- e dat fadd Bt Ak hon 40 s AS &0 4 .0 4-a b.o Al oo

o
Y
R +
3
Y lim x_=« a.s. P_ for all x.
W\ £ X
15 (i) lim au (x) = f
- a0 @
:r_:;
M (ii) Let v (x)=u (x)-u (0). Then
a a a
W
12 _
p k, lim Va(x) = V(x) uniformly on compact sets where
»g : a0
e -
A Ex{f (f(xs) - f)G(xs)ds]
I — 0
3 vix) = —
b G{x)
A
"‘A'.' f—
- and v dis the unique solution of
AN
> -av = £-F with v(0)=0.
.
>y
Proof. From (4.2) and (4.15)
.‘..: -
Qo _ 1 -at =
hey ua(x) = = E. [ e f(xt)G(xt)dtJ
.
_,- G(x) s
o t
;::‘ + e-at E [f(x G(x H *R(ds)dt.
\:51. o t-s) t-s) X
l'|\§ 0 0 o
v,:,t
' .' —
!'ﬁa. By (:‘.16) - EX {fc(xt)dt‘]
| ! o
Py . [fe atf(xt)c(xt)dt:l < f 9
A b GGx) T LY G(x)
o ‘
PR
$~¥3 and so ‘ .
1
s linm o |4 ¢ fe'“tf(x )G (x )dt]7—» 0
28 +0 1 Et ) X t t |
Lo a | X 0 ,
33, ‘
"
oy
G, Next by the convolution property of Laplace transforms,
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it t
f e ot f E_ [f(xc _ I8, _ S)]H){*R(ds)dt
0 0

(2 o© 00

_ -at, = -at -at
-f e EO[G(xt)f(xt)]dt j e Hx(dt) f e  R(dt)
0 0 0
Let -
ﬁ\_(a)=j e—at Hx(dt) and note that ﬁx(u) —1 as a=0.
0
Since « ©
Ie’ata(dc)=—}— where fi(a) = I e *TH(dt)
0 1~ H(a) 0
we have
lim  1-H(a) _ - = . .
a0 5 Eo[ol Eo [j G(xt)dt] showing (i).
0
For (ii), note that
" 1
u (0) =E e % T (x YE(x )dt -
a (0] t t 1 - H(a)
0
Therefore ©
(4.18) W (x)-u ()= L E [f et G(x ) (x )dt]
a a - % t t
G(x) 0

(s-4

—at — H (a)-1
+ Eo o ¢ G(xt)f(xt)dt:, X—A—— .
0 1 -H(a)

It is enough to establish the uniform convergence on compact set for {20,

the general case easily follows.

[ee] 00

Yow
1 -at = 1 -
- E_ e G(x Yf(x )dt] + - E /G(x Y (x )dt
G (x) X[[ vt C(x) X[ £t }

0




2 which is brunded by (4.16). Next

oo

O, ) . - - _
R lim E f e " Glx VE(x)dt| —— =F .
T a0 °} 1 - H(a)

0

For the other part of the second term in (4.18),

s.:;: ) Ex ( ae-at(c(x ) - G(x))dt ~ G(x)
4 (a) -1 Jo t

aG(x)

u.\‘ - o
" -at = -
:' Ex f e G(xt)dt} Ex [f G(xt)dt]
5 y - 0
e

= -

3 N J —
. 'ﬁ G(:)
Therefore, uniformly on compact sets -

ol — -
0 E, f Cx, ) (£(x) ~ f)dt]

. ' lim u (%) - ua(O) = 0 —
a=> 0 « G(X) I

(x)

To show that

SAV(x) = f(x) - T
A -
SN first note that v(0)=0 and so by Theorem 4.1 it is enough to show

o -A(G V) (%) =G(x)(f(x) - ).

Note that by the Markov property

oo

GV (x) =E_ U{; Gx ) (£(x) —?)ds]

Q“ t__ — ® — —
. =Ex [J(; C(xs)(f(xs) - f)ds + j;) G(xt+s)(f(xt+s) - f)ds]

t
. =E, [J(; E(xs)(f(xs) -f)dS+E(.\'t);(xt)J

O T R A T N S M
T A N T
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And so

CTGV-GV o
: —_— ¢ G(f~£) .~ TG - f) -G(f-f)'ds~0.
0

|~

To show uniqueness, suppose \'1 and V2 are two solutions of

-Av=f-f, v(0)=0. Let w=71-32. Then Aw=0 and since w(0)=0 we

must have AGw=0. By Dynkin's formula
T(x)w(x) = E‘([E(Xt)W(Xt)] for all t

and by (4.18) it follows that

lim E [G(x )w(x )] =0 i.e. w(x)=0 for all x.
t>r>

It is well known that a necessary condition that Av=-f have a solution

is that MM(f) =0. See Robin [8].

Theoren 4.4. Under the assumption (2.1), (4.8), (4.16) and (4.17) a necessary

and sufficient condition that

(4.19) Av =~ f

have a solution is that J[I(f) =0

Moreover if TI(f) =0, then any two solution cf (4.19) differ bv a constant.

Proof. e need only prove the sufficiencv. Suppose Av=-f. Then bv

Theorem 4.1

Av = -Gf - v(0)AG.

Therefore by Dvnkin's formula

t
v(0) = EO[E(XC)V(xt) + f E(xs)f(.\:s)ds+\’(O)C(xt)]
0

TP R IR AR ™ r v
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Letting t->« (4.17)

oo

v(O)=EO[fE(xs)f(xs)ds] + v(0),
0

that is TI(f) =0.

Next suppose v and v, are two solutions of

1 2
Av= - f.
Then by Theorem 4.1
A E(vl-v2)= -(v, - v,)[0] AG

and S°© by Dynkin's formula again

G(x) (v) (%) = v, (1)) =E_[6(x) (V) (x.) =V, (x.))]

t
+ (v1 - v2) (0)) Ex [f AG(xs)ds:’
0

0 (v () = v, () = Lim E_[G(x ) = G()](v) - v,)(0)

t >

Thus by (4.17)

or

v (x) - v, (x) = v (0) - VZ(O) .
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1ot §5. Asymptotics of a Stopping Problem.
. Assume that

B! (5.1) f,wst(R+) with £,20

sz and consider the stopping problem

(5.2) u(x) = inf Jx(‘r)

N T
My where
o

oy T

]

E:: JX(T) Ex [f f(Xs)ds + w(XT)I(T<m)]
0

; Define for a>0 .
Jz(r) = E [/ f(xs)ds + e—aTq;(xT)]
R ) O
and
- ..
b,,.: (5.3) ua(x) = 11'th JX(T).
s

See Bensoussan (3] or Robin [9] for the following:

Theorem 5.1. Under the assumption (2.1), (2.2) and (5.1)

+
{ (1) u, is the maximal element of the set of functions he Cb(R )
% .
'nse'“t'rth + ] ™1 fds n<y
o 0
=
o iy A ) - . . .
- (ii) Ty 1nf{t.ua(xt) U,z(xt)} is optimal, is

-
-

u (x) = Jz(fa).

(iii) For €>0, define ¢
Q€ _ -at 1 p 1 ]
I, (V)-Ex[f e exp - f V. ds (f(xt)'*th\P(Xt))dt

0 0

3;:1 where O0SV <1 and V_eF :t20. Let
) t t t

A e

.

:l:: w (x) = inf JG’E(U)
) X

,ﬁ.x 0-98 V

W W e -

S N N )



Then wa c is the unique solution in Cb(R+) of

) . _ -at 1 +
‘L W = f e Tt[f—e(wa,e—w) ldt
§,4
:“l‘ .

(% and moreover if S
’E:‘s! ,\ L wa,e(xt)/w(xt)
Y (/t =

0 wa e(xt) <‘p(xt)

hEh then de A
~° - ’
»"f\.’* WO. € (X) - JX (U> .

- 3
(iv) Voo ¢Va as €0 uniformly on compact sets.
NS

*-_: Suppose we have the additional condition

\ (5.4) f(x)28>0.

Remark 5.1. For the consideration of (5.1), under (5.3), we can restrict our

__J-:: attention to stopping times T so that
o
o2 C L
. EX(T)\ B
"' W
‘.'\.'. '
5.’;; ) since by taking 10, we obtain u(x)glw[f and for anv stopping time
X T 8 E [t]1<I%0).
()
[P0 A
For the following see Robin [8], Theorem 3.1 and Remark 3.3:
].- L]
"
::: g Theorem 5.2. Under (2.1), (2.2), (5.1) and (5.4)
oo
KM (i) u 1is the maximal element of the set of funcetions
t
LYY + <
\ < + <
o, 0
\
) Y . o = 3 . = . . .
N (ii) 1 1nf{t.u(xt) w(xt)} is optimal, 1i.e.
: u(x) = J_(7)
- X
‘.:::': (iii) u tu uniformly on compact sets as a-0
'.":w
“;
* (iv) Let e >0 and
o i
e w (x) = inf J5 (V)
Sl £ X
.‘0':5 v
U R
'o:l:n,
*
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where - ¢
EW) =k exp (-2 | Vds) (F(x )+ & V y(x )de
X X € s t £ t" 7t
0 0
and O<Vs< 1, Vt € Ft:t>O. Then W, is the unique solution in Cb(R+) of
t
- 1 _ant
w =T W + f’rs(f- - (we ¥) )ds
0
i >
and if R 1 We(xt) w(xt)
Vv =
t

0w (x)<¥(x)
then

- E y
W (x) =3 ().

(v) w + w_ uniformly on compact sets.
0,€ €
(vi) WE +u uniformly on compact sets.

Define for aoa>0

T
Ji’(’r) = Ex f E(xt)f(xt)dt + e-aTE(xT)w(xT)]
0

where f and ¢ satisfy (5.1) and (5.4) and G(x) 1is a continuous distribution

function as before. Let

T
J () =E f E(Xt)f(xt)dt + E(x‘r)w(x_r)].
0

Under the assumption (4.17), it is consistant to define
E(XT)‘D(XT) =0 on the set (T=w).

Hence under (4.16), JX(T) < for any stopping time 1t and moreover by

quasi-left continuity, see (2.2)

(5.5) lim J (tAt)=J (1) and 1lim Ja(T/\t)=Ja(T).
x X X x
t > t >

L p— ——
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‘
¢ .
’fl: Let
B
. i a

. . u(x) -—1rT1f JX(T) and ua(x)—lnf Jx(‘r).
-
' Ve wish to establish the following generalization of Theorem 5.2:
M »
)
M Theorem 5.3. Under (2.1), (2.2), (4.16), (4.17), (5.1), and (5.4)
W (1) u 1is the maximal element of the set of functions
4
‘O + v _
2\ h < <Gy,
g. eC (R), h Tth+fTs(Gf)ds h <Gy
o 0
. (ii) T=inf{t: u(x,) =G(x) ¥(x )} is optimal, i.e.
a u(x) = Jx(%)
ot (iii) u *u uniformly on compact sets.
-,-; The proof will follow after a series of lemmas. Let
;;:’: T
= J2(t) =E [ (C(x IVE £z )dt +G(x_ )y )]

. x' T X (x Vg B0 v x
M 0
) and
.5 ( inf n
‘E u_ X) = 12 JX(T).
i"

+ .
s Lemma 5.4. u €C (R) and u (x)¥u(x).
> —_— n b n
‘ ”
1}' Proof. Note that by (5.4) and Remark 5.1
e
. un(x) = inf{Jx(T): EX[T] <=},
4
s: Since for any 1t with E‘([T]<°°
o
¥ ] n
: J_ (1) +J (1)
X X

3
) it follows that
9
“ - -
.t un(x) + u(x) u(x) 2u(x).
O Now Theorem 5.4 applies to un(x) and so for anv stopping time 1 with I-'\[T] <w
:.
-
3
\‘:.
"»

A U TP L ST R
w:.-'.(_-'::w"-(*a Y CPCITI

-
L]

g}

J':'-f‘::{ " N
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N, u_(x) <J%(1)
n X

Letting n-+w

4

' E(x)<Jx(T) and so ;(x)éu(x),
P i.e. u(x)=u(x).

t

t
‘ © f Vsds
¥ - _— —
3:3: Ji'“(V) =E_ [f e 1/e (G(xt)V—rl;) £(x, )+ éVtG(xt)w(xt)dt]
:9.' 0 ¢ I

v @© f Vst
e £,0 _ -at_-1/e
KRN Jx W = Ex [ e e

N Let

E(xt) £(x,)+ %Vta(xt)w(xt)dt]

o

t
V ds

® S
€ _ -1/6 0 e 1 - ]
JX(V) -Ex [f e G(xt)f(xt) + EUtG(xt)\b(xt)dt
0

and

.
e where

otly VteFt:tZO with 0<Vt<1. Define

) : - €,N . €,0 s £
:::::: uc,n(x) 1r&f Jx Wy, Ue,a(x) 12f Jx (V), and ue(x) lI&f JX(U).
t*'

[/

Lemma 5.5.

(i) u. € Cb(R+) and Ue’n(x) ¥ Ue(x)

o : s

oy
X (ii) ug ) € Cb(R+) and u_ () 4y (x)

’ ’

\J'E (iii) ue(x) is the unique non-negative solution in Cb(R+) of
300 t
_ - — o+
u _Ttue + fTs(Gf- I/e(uC - Gy) )ds
0
>G6
1 ue(xt) C(xt)w(xt)

ki and if

0 u_(x) <E<xt)w<xt)

WA then u_(x) =J (V).

."’ :", - A 4,
4P 0 W 1y .
\'.’q‘.'ul.‘\".‘_u',flhflﬂ, L
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k> )
ay; Proof. We first claim
!..]t - o
t‘.'i' : ue(x) =inf{Ji(V):f tht= © a.s. Px}
(133 0
::‘... Suppose PX (f tht <°°) >0 and let &8>0. It is enough to show that there is
W 0
W a Ut:t 20 so that
a8 -
13 -
M Vdt = o a,s., P_  and
A t X
R 0
A £.7; < €
,’_‘;;5 JX(V) JX(U)+6
o
Wt By (4.16)
:g“s" -
J (V) <E [f c(xt)dt] (el + 1/efwl) <
',:' ‘{' 0
v
heLe. there is a TO so if T?To.
Ao . ¢
| . -l/ej(; Veds _ —
“ (5.6) Ex [ e (G(Xt)f(xt) +1/¢e Vt G(xt)W(Xt)dt] < §/2
K . T
ji': '.: Not that (4.17) implies that
".’t. -
lin E_[G(x)]=0 H

U toe
i
:x\‘ and so there is a Tl so that if T>T1
)
12%
X E_[C(x,)] < 8/2}y]
e x T I .

1'::i

o For T2T VT,, define
LR o 1

l\l
e v t<T
3 '& V = t

v ¢ 1 t>T

A

-"_":" Now t_

-f:: T Usds

-1 0 — —-_

5.". Je(V)"EX[I e /e G(xt)f(xt)+l/eUtG(xt)w(xt)dt}
s’,

. - 0 t
\Vadh o f qus
R0 +E [ e VE0 T B )Pk )+ 1760 Glx o (x )dt]
s,; X “t t e e N
P T
e
XM
v" J

S I G A AT e N S e N
e 2 b R T O M M T,
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Nl

’\':.: . t

vl Moreover 5 V ds

!"1 f‘w LSdS_ _1/€ }
- - < 5 (5 3
N - Ex[ e G(xt)f(xt)dt G(x )f(x )dt

\ T

NN T

N t_ T

“'.): and f V ds B 1/e Vsds
"'. _ —; i i - 0 —
.5 £ [ 1/¢e 1/¢ Vt( (xt)w(xt)dt] Ty Ex[e G(Xt) < 6/2]
v X

J

LN

K h Also by (5.6) t

: ﬁ‘ f V ds _ ]

:‘3 E f -1/e 1/€VtG(xt)d}(xt)dt < &§/2

R X

" and thus

e

_5’, J V) < J (V) + 6.

_ To show (i), note that if P f Vedt < >0 then

e 0

oy (5.1) and (5.4) imply .

S

"_‘\: o vV d
Wiy £,0 -1/e 5 s

‘ Iy > g/n E [ e Y dt]=°°

. X x
2l 0
o _

g Also for Vt =1

>P‘f'4'
"o

ISty <e/n el + yl <o
u
b
o and hence -
& "
n“ = A ? . = ®
! ug’n(x) inf {Jx V) f tht a.s. Px*
- 0
Now note that if Px (f tht = 00) = 1 then
v 0
; (5.7) IS WY I (V)
X X

I - - 5
L2 and so us,n(X) 4 uE(x) where ue(x) ue(x),

“»
\’1.:

- Since

£,
u n(x) <Jx W




XY

LY

= SR A

W o,

Wy )
4 ' 1"1' l:". f‘l

s fe v M

. > 7 = o =
and for Vt't 0 with Px<f tht > 1 by (5.7)
0

- +
we have us(x) = uE(x). That U o € Cb(R )

follows since Theorem 5.2 (iv) applies.

For (ii) first note that JE(U) <w for all Ut:t>O

and

JE’Q(V)f‘TE(V) as a—=+0. Hence
x X

u O £€<x> Se(x) Su_(x).

b

By taking Vt =1 we see that

(o]

u <x)<u€(x)<6(x)gx [fe'”“(f(xt) + 1/e w(xtndt]
0

€

<G(x) (elel + [u)
and so

(5.8) lim Ge(x) - 0.

X > >

Bv Theorem 5.1

- ds

t
u (x) = e_atT u (x) +] e 25T (Gf - 1/e(u
€,a t €,0 s €
0

and so

t
JC(X) = Tt;;rl(x) + f TS (Ef - I/E(LTC,C!— Ew)+) (x)ds
0

For any Vt:tZO integrating by parts vields
t S
f Vsds“‘ t -1/€f Vudu__ _
- /
o-1/e u (x )+ | e 0 Glx Iflx )+ 1/elV U (x)
Y0

~1/eq -G (x ds
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is a martingale. Taking

0 Ge(xt) <E(xt)w(xt)

Vo=
t
. >—
1 Ue(xt) C(xt)w(xt)

. t. s,
yields f V ds t V du

- -1/e 5 - -1/¢ 4o ~

u (x) =E_|e ' u (x )+ 0 G(xs)f(xs)+l/eUSG(xS)w(xS)ds]

and by (4.17) and (5.8) it follows by letting t->= that

Gi(x)=JX(C’) and 50 U_(x) = u(x).

+
What is left to prove in (iii) is to show the uniqueness. If w, € Cb(R )

is any non-negative solution of
t
w o =Tw + T (Gf-1/e™_-Gy) T )ds
3 t € s € v
0
then as above for any Vt:t>O

s

ftl/ ds t fVudu
(5.9) w_(x)=E_ [e_l/e 0 S e 1/edo E(xs)f(xs)

wE(Xt) +
0

+ 1/eVw (x )Y-1/ew —Ew)+(x )dS]
S £ S < S

Taking Vtzl vields

-t/¢c -s/e = — :l
< <
0 we(x) Ex [e we(xt)+ e G(xs)f(xs)+l/cG(xS)w(xs)ds
0
and letting t-—-=~ we obtain
lr -t/e — = '
< <E | > ; ) H{x_ )y
0 ,wE(x) Ix i ¢ (’(xt)f(\(t)+l/af(xt)u(xt)dt

0

SG(x)(el £+ ¢ ).
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Thus limw _(x) =0
X > > €

From (5.9) it follows for any V
t S
-l/ef Vsds t -l/ef Vudu_ _
we(x)=£Ex e 0 ws(xt)+- e 0 G(xs)f(xs)4-l/eVsG(xs)w(xs)ds
0

and letting t-« vyields by (4.17)
w (x) N Sy,

Lastly letting
0 we(xt) < G(xt)w(xt)

1w (x )= G(x )w(x )

it follows that

we(x) =J%(V) and we have uniqueness.

Remark 5.2. Note that Lemmas 5.4 and 5.5 are valid for the case when E(x)w(x) is

replaced by

(5.10) ¥ (x) =E_ [f e-BSE(xs)w(xS)dS]
0
since
vy G0 <TCo vl
Lemma 5.6. u_(x)+u(x) as e» O.

Proof. An argument due to Menaldi (see [3] or [4]) shows that for a>0

u ¥ as e->0.
€,0

Hence Lemma 5.5 yields u_ v+ as €-+0,

= wt
"“ " '{.-\\ A ‘F &N-.J‘
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e
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T = inf{t:ue(xt) > w(xs)a(xt)}.

% o3

Lemma 5.5 implies that

t/\TC
ue(x) = Ex [ue(xt/\re) + C(xs)f(xs)ds} .

LTAIS S ko
Bt St st

Wb =
-« a

Since on TE = o

FXE XX X XA
VLA

:“.
¥ o

UE(Xt) <E(xt)w(xt), we have

»
, lim u (x ) = 0.
tAT
b\ tre €
Q“
L

Because of quasi-left continuity ca (1t <®)

g lim u (x Y=u (x_ )2G(x_ Hv(x_ )
4 t > oo tATs € Te Te TE

) and we have

3 u_(x) >3 () >u),

Let \ps(x) be as in (F.10). Define we(x) and w(x) by substituting wB

in place of E\p in the definitions of ue and u. The above nroof again yields

w o oZw,
€

o Suppose Ex(r) <o and define

o 0 t<T

AN
<
oA

0

"'J

R

Then for WE and w
o

e—l/e(s -

VA W A B 4

€,,T € _ ) = ] _
Jx(V ) - JX(T) = Ex [ (C(xs)f(xs) +1/¢ llls (xs))dS KPB(XT)]

]

\’l”\f Q’L’L

-
,
v
»

P

P .

A FRTCTCI R
PR ONLAT AT = e 2

ST I R S A Tl T PR T Tl P O T A e T T e e S e e L PRI S RS SR PP IR TR .
>~ ool ! o) |‘ " D AR L AT ) N _}. > AT 3 IR PR
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Bv the Markov vnroperty since \pBeDA, it follows that

, —t/e -s/e
\,JB(XT+ J' (Aws- /e WB) (xT+t)ds

is a martingale with respect to Gs = Fs+"r' Hence

o

-s/e

-EXWB(XT)] =E [

=Ex[

(Abg = 1/ev) (x_ S)ds]

e S T/e (Ayg - 1/epy) (xs)ds]

o'\% o’”'—\

Hence
@

Ji(VT) -Ji(T) =Ex [ e—S-T/E E(XS)f(xs) —Aws(xs)ds]
T

Self-ap
For the same reasons as in Lemma 5.4
w(x) = 1nf{Jx(r) :EX[T] <}

and so
< < I £ - |
wSw Sw+ EL f AwSl‘

showing v v w.

Lastly since

o - u! < By -Gyl
and

!'we—ug |‘ < !!ws-Ewli . It is a standard fact from semi-grouo theory
that

lim llw -Ew!f=0 and we have u_ +u as e~>0.

o+ B €
Lemma 5.7. ua¢u.

> r

'-“1-'5")-","..“ ,, A o W (S SR S TR R
3 .I. A .'g N B A *" “ J‘(" ¥ J‘; "" ¥ A ‘l‘l‘ 0 'o.: :! ‘!“la‘]; b\'!‘\ :?
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fe Proof. Let v, be given by
Sy w (x) =inf Ja(r)
% o . X
A
o where
Jﬁ‘ T
i a -at = -aT

=E (3 {

JX(T) < [ e G\‘(t)f(xt)dt+e ws(xr)]

iy 0

. and W (x) be defined as U but with ‘”s replacing Gy. Then it follows
!.‘ L] ’ b
. as in Lemma 5.6 that |w -w “ < Ef[f - Ay v,

€,0 a B

>

":"' Hence letting v and w be as in Lemma 5.6,

2

R

i v () -w)!I<lw —w T Hlw x)-w (x)]+w -w

Y a O Q,E a,€ € €

s-r <2 J‘wB -Gyl + llwa(x) -w(x) |

9

: Letting >0 and then R shows ua(x)-ﬂl(x). That Ua(x) +u(x) follows
gt i

since Ja(r)fJ (v).
x pe

19
W
4.:' Proof of Theorem 5.3. That u is in the set of solution in (i) follows since
o
D +
o Lemmas 5.4 and 5.7 show uer(R ) and letting a~+0 in Theorem 5.1 (i) vields
g that t
P _ _
T u<T u+ T (Gf)ds u< Gy,
2 t S
~ 0
1“‘
= It is standard that if h(x) 1is any other solution then
o
'ﬁ h(x) € J (1) for any stopping time 1. Hence U is the maximal
: solution.
e,
What remains to prove is that
wd
K:,-\." » e - . ,
'Con)] T = inf{t:u(x ) = G(x )y(x )} 1is optimal.
‘fﬂ t t t
b — R
ol Let B = {x:u(x) = v(x)G(x)}. 1If xeB, T:=0 and there is nothing to nrove.
:; 1f xeB, find ¢ so that
i _
I:..O u(x)+ £ <y¢(x)G(x).
L}

O Y T ™ . ;_\-;_ L .‘ TR .~
d‘ o’s"\..".. 5Ly et '\‘» 4.‘\ "“ :“ e -w‘-" x""-." ’\"'s‘

q-\A
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Define

R inf{t:]xt-x[ 2R}

and

T =inf{t:u(xt) ?E(xt)w(xt) -6}

8

Since u€—>u uniformly on compact sets choose €5 SO for e<e

sup  lu_(y) ~u(y)l <s/2.
|x-yl<rR €

For se [0, TG/\TR)

u_(x)) Su(x)+8/2 <E(x5)¢(xs) -8/2

and so Lemma 5.5 sayvs

Té /\TR
UE(X)=Ex [us(ngATR) + J G(xs)f(xs)ds]
0
Letting €-0 T AT
§ MR
u(x) = Ex [U(XTG A TR) + f G(xs)f(xs)ds]

0
Again since u=0 at <« and we have quasi-left continuity, we can let R->w

yielding .

8
(5.11) u(x)=13x[u(xT ) + fa(xs)f(xs)ds].
8

0

Lastly note that Ts 4+ 1. This is so since Ts +T as §-+0 and by quasi-left

continuity
x. *xz on (1 <)
8
Thus u(x?)>5(x?)tb(x-{) on (?<°°) and since ?ST, T=1 on (;<°°).
Therefore T=1 a.s. Px. Therefore (5.11) becomes

s

T

u(x) = E, [U(X%)+J; _G—(xs)f(xs)ds] = Jx(f).
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§6. The Long Run Average Cost Problem.

. Let Va(x) be as in Theorem 3.5. Recall that

. T

e (6.1) v*(x) = inf E [fe_asa(x YE(x ) +a(v¥(0) + ¢ DG(x Dds
T X s s 0 s

Y 0

3.4 + e 27 (VQ(O)+g(xT)E(xT)+ COG(XT))]
:. Assume (4.8) and let

Ny r(x) = ——[f(X) .
WM G(x)

Since xt:tBO and G(x) are both non-decreasing, rt(x)=20. Define

T
¥ (6.2) u_(x) =inf E[f e %G (x ) (E(x ) +c r(x ) -av?(0))ds
- a T X S S 0 S
0

+ e“”E(xT)g,(xT)]

.
“« ..

S Bv Dwvnkin's formula .
.

n,‘.‘ G(x) = Ex [e—QTG(xT) - j e_as(AC(XS) - GG(XS))dS}
0

! and T

" (1-e"*Hv™ (0 =Ja e *%ds v*(0)

0
Thus

(6.3) u (x) = v¥x) +v*(0) - e G (x)

- and if %1 is optimal for v¥  as given by Theorem 3.5, then it is also optimal

— for Ux(":) in (6.2).

foe]

B Define Eo[ Ja(xs)(f(xs)+c0r(xs))ds]
() —_
o (6.4) V= -—O

W . . ]
. EO[[ G(xs)ds

"k 0

..!l o - - At MW - < - - . . . CA B -

o " 0 L] % a® B Py ", -l- - .“-{,~ (‘x( . Areas LN Wt ) o B A 7, LI Y
1 ' Y 3 v 3 S0 R ad” e ¥

D A A A O SO SRR 3L ) ‘ o LGN RCEOAM TS e T
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Note that ¢
0= EO [G(Xt) - JAG(xs)ds]
0
which vields by (4.17) by letting t-rw»
1= EO [j AG(x )dsJ = EO l:f G(xs)r(xs)ds].
0
Hence ®
EO G(x )f(x )ds
(6.5) V= 0
EO [ G(x )ds}
Lemma 6.1. 0 <1lim aVa(O)<V
Proof. Let
f(a) =E0 [J‘ a e_aSG(xS)ds} =EO [e—ac] where ¢ 1is given by
0
(2.3). From (6.1), we obtain that
o<v°‘(o><so [f e-asE(xs)f(xs)ds} + (v“(0)+c0)ﬁ(a)
0
and so [ . —as— ] .
EO fe G(xs)f(xs)ds +c0 H(a)
0<v*(0) € 9 _
1 -H(a)
o
, lim  1-H(a) _ _ "
Since a0 — —EO(O) -Eo [f G(xs)ds],
0
0<1im o« v*(0) <V
R e e e e
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Let -
v (x) =inf E_ [fe 0‘SE(xS)(f(xS) vy + acy C(xs)ds]
0
) e_aT(g(xT)E(xT)+-c0
and E_ U G(x) (f(x) +eor(x,) -V)ds]
ot —— G(x)
Suppose o = sup ;6(x)
(6.6) V+opr(x) -A28>0

Theorem 6.1. Under (2.1) - (4.2), (4.8), (4.16), (4.17) and (6.6)

(i) VTV uniformly on compact sets where
T
v(x) = 1gr1f Ex [ fG(Xs)(f(Xs) - A)ds + g(xT)G(xT) + cOG(xT)]
0

(ii) = inf{t:v(xt) =E(xt)g(xt) +C0G(xt)} is optimal,

(iii) v(x) 1is the maximal element of the set of solutions h
t
h<1‘th+ -[Ts((f—k)a)ds h<6g+c0G.
0
Moreover v(0) =0,
T

(iv) A= EO l: fa(xs)f(xs)ds +E(x_r)g(xl_) + cOG(xT)}

0
T
E G(x _)ds
0 [J ( s)
0
T e At R e e R i S e, TR Lt e T T
R e 2 2 X D A DRI U D A 2. o e SN S Do I e

G(xT))

of he Cb(R+)
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Yoy and EO [ JG(xs)f(xs)ds+G(xT)g(xT)+cOG(xT):l
0

.
-
il
o
2)e]
laa}

(Vi bim V(0 =2
v >0
) %A\‘C
'R . R
sl ot = ‘ - >
(i 0 [J f()\s)ds+g(>\f)1(r<o)+co I(t 0)]
0
Vo E [TAO]
£ 0
s TAG
o e £ [ f(x Yds+g(z )I(t <o) +c I(1>0)
o 0 ! s AR 0
, 0

e
M Eglt Aol

) Proof. 3v Theorem 3.5 and (6.3)
. v (x) =v*(x) - vH(0) = u (x) +c G(x)
a’ a 0

and

vix) = u(x) + COG(x)

RO where ~

Y €
- — —

u(x) =ir%f Ex [fc(xs)(f(xs)+c0r(x) -Mds+G(xT)g(xT)J
0

7 0

l.et
E [I E(xs) (f(xs) + cor(xs) - x‘r))dsJ
hy - 0

G(x)
J‘*‘i and v = ;O(:-:) -p. YNote that v(x)<0 and v(0)= -p7<0. Define

w () =u (x)-G(x)v(x) and
o} )

w(x) = u(x) - G(x)V(x).

e T e e -
e e N L T
et ~¢.MJI. funhengh anahgys b

‘v\ At !'f;‘ l l°r. WIOT N, l‘p‘ OV

-4‘."I~ "(-F.'-(‘I-_-v“.
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1*, Bv Theorems 4.1 and 4.4, v(x) 1is the unique solution of *A\7=f(x)%-cor(x)-—v
_ . with C(m =-p and
g,b
e 2

3y - _ -

i _av= MGV L S 48
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So

N a6 V() = 6 (£() +¢_r(x) =) +v(0)AG(x)
K ; Therefore N

o t

, e B (x IV(x ) + f e M6 (x ) (E(x) + (T (x) = V) +V(0)AG(x ) - oG (x )V(x )ds
e 0

@ :

., < E(Xt);(xt) + f E(xs) (f(xs) + cor(xs) -V) +v(0) AG(xS)ds

0

are both martingales. Hence
T

' , wa(x) = ir%f EX [J e Ot E(xs)(v+ o r(Xs) - av®(0))ds

0
4—e—a15(x)(g(xT)-7(xT)J

Bv (4.17), lim Efxt) =0 and by (2.2), xt:tEZO is quasi-left continuous and so
Lt >

for all stopping times T,

>

Ay
A

T
E [f_G—(xs)(f(xS)+c0r(xs) —x)ds+6(xT)g(xT) -E(X)Wx)}
0

*
v

-

L85

f

T
- E {fa(x YT+o r(x ) = M)+ G0 ) (plx_) - ¥Cx ))}
x s s . . ]
0

AL

- p 4 )
F AN

and so
T

w(x) = int EX[IE(XS)(W pr(x_) = \ds+G(x ) (r(x ) -C(XT)>}
0

o

v

, Y, T
{s’s' '\{\' o

Define
T

W (x) =inf E [fe'aSE(x Y(V+or(x )—l)ds-%o“qT C(x ) (e(x ) - V(x ))]
o T N s s 1 i 1
0

A e 3
Ll

P

s
P ;""

- .-v).'.—*.-“.-*-".\-’-»‘(- R N R S N T T U Y S SN “w
RS ERACALATRIL Y RSO e e SR L P P o Cl e W IR NS
iy, AV RO, N AR JL AN SR "\*'\ SN ." “'"l" - \"\ .\\
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Let an~*0 so that bv Lemma 6.1,

S o o o

k-

lim o, v¥0(0) =

n

Bv Theorem 5.3

uniformly on compact sets.

‘ Qan(x) -+ w(x)

[o0]

b v, 00-5, 001< (a0 s 150, | Bt as|

n n 0

o]

. r
I Ex [ E(xs)ds] <£C independent of x

0

vy G -v[< v GO -]

L n n

- W, I+ lw (x) —wi(x)|

3,

phy %

LN

.\_ ) ©

e and so (i) follows for the sequence {o }
s n .
1 ‘.\‘
R <

) From Theorem 5.3
“‘wIRG
.'l:.-!: N R - ey
N, T = inf{tiw(x ) =G(x )(g(x ) - V(x )}
‘-J.‘-' t t t t
\..\:
‘: % is optimal. It follows that
)

T = inf{t:v(x) = E<xt>g(xt) MRRCIY

is optimal for v. All we need notice is that

v(x) =w(x) + G(x)V(x) + COG(x) .

vq(0)==0, it follows that Vv(0) = 0 and

\& V\JV

“ T
o """'"'“\-a.*:‘.-*."‘f‘
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E [[G(xs)f(xs)ds + E(XT)g(xT) + coc(xT)]
Vo= inf 0
T T
EO [J‘E(xs)ds]
0

Thus if for any other subsequence an—>0 with anVan(O) +X, then repeating
che above argument we sce that A=X. Hence (i) and (v) follow. DMNow (ii)
and (iv) are also done and (v) follows from Lemmas 3.2 and 3.3.

For (iii), we have from Theorem 5.4 that w is the maximal solution of

t
+ —_— — — —_
Zscb(R) C<Tt£+ JTS(G(V+pr—)\))ds LLG(g=-V)
0
Since ¢
G v =TtG v - J‘TS(G(f+cOr - V) + pAG)ds
0
and "
G = TtG - fTS(AG)dS
0
t
= TtG - I Ts(Gr)ds
0

we see that
vix) = w(x) + C(x)v(x) + COG(X)

t

< T W+ j TS(E(‘M or - A))ds
0
t
+ T-G_;—I T (G(f + c.r -V =-0v))ds
t s 0
0
t
+ COTtG - ITS(C C’) rids
)]
t
=T v + J‘T (a(f-k)\;ds
t s
0

P LA TS T AT e et e e
A SR I SN
(R P TP N D W SN RPN e W e

Py
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and
v<62 + COG.
Now if h is any solution of (iv), then
t
h(xt) + J E(X‘;)(f(xs) - A)ds 1is a submartingale and so for anv
0
stopping time T,
tAT
) < G -
h(x) Ex [b(\:tAT) + J G(xs)(f(xs) )\)ds}
0
tAT
< G - G x 3 (3
Ex [J C(xs)(f(xs) x)ds+G(xtM) g(\tm)+ cOC(*{tAT)}
0
Bv (4.17) and (2.2) letting t-+ro
T
) <F G - G(x x )+ DI
h(x) EX[J G(xs)(f(xs) Ads +G(x Jglx ) CoG("r)}
0
Since T is optimal
hix) € v(x).
Rerark 6.1, Recall that
T = 1nf{t:v(xt) =G(xt)g(xt) + COG(xt)}.
Under the assumption ¢(0) >0 since v(0)=0 it follows that
PO(% >0) =1.
Remark f.2, Since \—'O(O) =0 it follows from Theorems 4.1 and 4.4 that for

stoennine tine T,

T
O=EO [E(xt)zo(x )+ jE(XS)(f(xS)+COr(XS)—?)dsJ
0

any
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Theorem 6.2, Suppose for UCR open and not containing a neighborheood of 0

that if Tt=infi{t:x(t)el}, then PO(T<°°) > (0. Assume further that G(x) <1

for all x. Under the conditions (2.1) - (2.4), (4.8) (4.16), (4.17) and

a(0) >0, if A<V then {g(x)<;/vo(x)}#¢>. If r(x)>8>0 and

{2 (x) <CU(:\:\} # & then X<V,

~

Prooi. Supnose L <V and let T be optimal. ©Not that

(6.7) P (T <=)>0.
Now r{_
= r G(x C )+ x ) - G(x~)glxn
(6.9 0 0 J G(\S)(f()\s) cor(\s) >\)ds+G(s<T)g(\T)
0
hecanse Coroany stonping time T,
T
Lo E [ G(x ) d
N ""(._, =T -
}'O“ ..T) O{ (xs r(xs) s
0
. v ohL2 and (6.8)

A~
[

[ - _ _ _
= F’O L G(xs)(v - k)ds+G(x%)(g(x%) _VO(X'E))
<0

and v Hemark A.1 and (6.7)
Py (0<% <) >0.

Pome o

T () <;O(:<)} #¢.

Sinrose rfix) > >0 and {ﬂ(x)<§0(x)}#¢». Since both ¢ and ;O(X) are

continucas, for £>0 but small enough

HE R S I N _\70(.\:)} and does not contain a neishborhood of the

~rigin.,  Define




T=inf{t:g(xt)+5<30(xt)} and note then that P0(0<r<°°)>0. Also

- since z(x)20 and {;O(X) >g(x)} #4 then p=sup ;O(x) >0 and Theorem 6.1
'\..,»: aprlies. Arguing as above
i

T

0<E, { Gx) (V= 2)ds +G(x ) (g(x) - vo(xT))}

0

-g and so
R _ T
0<§ EO[G(XT)]<EO[ G(xs)(V-A)ds , that is A<V,

R 0

'):C" Theorem 6.3.

(i) Under the conditions (2.1)-(2.4), (4.8), (4.16), (4.17) and g(x)>0,
:'; if A=V and r(x)>8>0 then the do nothing policy is optimal.

o (ii) Under the conditions (2.1)-(2.4), (4.8), (4.17) and if

. 0 = sup ;O(x) =0 and A=V then the do nothing policy is optimal.

Proof. For (i), note that Theorem 6.1 applies and since

EO [ E(xs)f (xs)ds} + <,
0

(o]

n‘ EO[ E(XS)dS}

¥ ] 0

PR

AANRSSS

the do nothing policy is optimal.

AR

g

For (ii) if o =sup§r_0(x) =0 we have for any stopping time

T
E, [ E(xs)(f(xs) - A)ds+a(xT)g(xT) +COG(XT)J

0
,"':. T -
-"' = EO [ E(XS)(V- Nds +E(XT)(g(XT) —;O(XT))} >0
i 0

bl 4
v

RV RN

2L &Y
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gl e P

PP
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and since

o

E E(XS)(f(xS) -Mds|+c =0

again the do nothing policy is optimal,
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