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CHAFTER 1

INTRODUCTION

1.0 Thesis outline

\Thls research centers on the problem of how to crec.ozel o
describe any arbitrarily determined binary pulse segusnis. [f
such a techrnique 1s developed, can we then implement Wnax
description into some Fform of device which repgrodacss iz
speci1fied signal”™ In Chapter 1 I examine the irmpetus 3 ohaos
research and conclude with the problem statement. Chapter 2
contains the conc=pt of ann arbitrary pulse s2guence  and
provides the fundame2ntal definitions  wsed throughout Ths
remainder of the thesis. Transform methods using the Fouwrier
and Walish transforms are 2xaminad 1n Chapter 3. Chapter 4 azTes
hardware soclutions, such as shift register theor,, toc sclve thas
pulse sequencz2 problem. The problsms associated with trans<orm
methods and hardwired sclutions when applied to the arbisrars
sequence problem are highlighted 1 Chapter 5 with my proposed
solution concluding the chaptar., Where Chaptaer % contaoins tho
specifics of my solution, Chapter & proposes VAL OIS
hardware/sottware implementations ot this teohmn que.
Concluding remarks and condectuwres complefts fthe fhaezis n
Chapter 7.

*
1
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1.1 Background

Rinary uwlse sequences

Fraobably the most recognize

coded modulation (FCM) . wha

produces rotr each sampled 1n

a binary word. This word.

pravious camples, praducss A

which describes the analog
made practical 1n 1?36~-17757

Lniversal standard +or diqQit

used with  terrestrial  mior

optics ag well as metallic oa

Computer buss traffic v

prrogerammer determines and

4.

sumes botn

Li

traffic otten

il

=

farms of data transmissian

internal mechanism, we B

i

2
sequential digital crircuits
In Fact, the function column
a sequence of ones and pod
1nput variables and the time
The triqggering af
another

evaluation creates

occur throughout many disole: i 2=,

o
-
u
et
[
b
ot
-
L2

4y
]

d application 13 the

ch quantizes an analog wa-e

stant a single value represse T
whern viewed with other "wor2s" +rom

s@quence or Ginary

imput. Fulse coded modul atior i
by FA. Resves, and “Tadsy, £L07 iz L2

al tranemigsion of telephon. zmo L=

(IR ) radio, satellites, and 1 loer

il

="

lelds ssquencas as arcirtrar,. as the
the sy=tem software =upportzs. HERR I

AN AT &gl =2 S e Tt IS LN T S

. I+ we Yook at the compurtesr 3

Lhe output of 1ts combrostional and

describing a binary pulse ssgquance.

it

ot oa troth table simply erumesratos

eroes that are conditicnal apon the

at which the oatpul 13 obzerved.

mezsurement equipment duwring  an

application of puloe seguends

prime example 1s a nuclear magnetic resconance (MMR) e.gzeri1ment
invalving eirther single or Jouble resonance., Ful se patternsg
already ist for the Carr-—-Furcell, WAHUHA, and  MRENV--2
T2
o, estamdionem eenlh - —a




sequences. [2] These NMFR patte

polnts 1n the nuclear spectroscap

The basis of radar 1s @

between adiacent pulses determin
system. Resolution of two  ©l

the width of the radar pul

ambiguities associated with dop»o

(MTI» radars are eliminated th

spacings. In the realm of elect

inferred abouvt the opsration of

system’™s radar pulse train. ]

tz  the zorncept of the arbitrary

with itz csymrithe

0

15
Laboratory. Electraonic Wartare

Force Base, Ohio. As & =0
genaration synthesizer, ca&l

Synthesizer; but, without some

sequence, the MAFS was an ineffl

provide the spark needed to s

and subseguently spawnsd thi

reEs

(1)

Thig discussicnh i by na
sequence

reader with a few applications.

1.2 Problem statement

In general, a design

rns  define the “ritics: .. nirg

yoexpesriment.

uwlse sequence Liming. IR (T

es thes unambiguous ramzs of “he2

csely spaced targetz degei
se. Elind

ler amd mowving targst oot

rough the

SPEEL

proaper bland o4 L0 s

romic warftare (EW), much can G

& weapon by an anal , =15 It s
Incidentally, I was inrmtr oguse

pulse seguesnces and the prohlams

while

Division,

lution, 1

led the

means of compactly de

cisnt devi

earch further intao th, sz

earch.

Mmeans a

englneer

worbting abt the oo omn

Wrrght-Fatters2y far
created e tarEn
Multi—-mgile Bl se

= i - -
ce, It dad, mows czey,
= opeoblsEs

compendium of

applications but 13 instead meart to familiarizs the
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corncocting  a design whioh produces & desired pulse segua, T8,

But let us now force ancther pulsze traln upon our nTe s o201 09

engineer:! Ferhaps the =sxisting device can be alterzid tor Loz
new reguiremant; perhaps not. Frustrated, DUE Enaa e
foresess that management really wants a design  which 1z

independent of the desired pulse ssgquences. Hereim lizs o=
focus of my thesis: devel op & sequence—independent oul s
synthesizer: that is, fird a design which requires oo b oo dwars

recontigquration regardless  of the desired pulase Tr &l b

solve this problem I will examine what i1z requiced to o

an  arbitrary pulse seguence. Exrsting methodes will os oioct oo
for their applicability, and their shortcomings provide bhe

impetus for my method of description and implementatson.
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CHAFTER 2

FULSE SEQUENCE DEFINITION

P

2.0 Imtroduction
Chapter I e<izts so we can share &

terminclagy and & mutwal anderstanding of the

binary pulsese seqguence. Maiy T the therms
zequences are borrowed from the {i1eld of

]

definitions are lrzady well establizhed.

i)

the materisl, a fundamerntsl assumption about

L

of a sequerce 1s now state

C

possible 1n  the construction of the puls

birnary gstates may be reprezentad 1im many difte
(1 .64 on—off beying. pol ar pul sar s1gnals,

keying), but thers aust be only two poszible stat

2.1 Single pulse definition

A single pulse 13 describ

A

definition, a unit step function, wlt?), assumes

for t » 0O and O for t o 0 (Figure 1).

figures appear at the end of each chapter.

is a dimensionless quantit, and is generally

1.

transition from O to 1 ococw (Figure 2).

@

when two step functions with diftferent tramsition

w

. I aszume cnrly

il

d by unit step functionz

Co) where to denotes the instant of time where
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subtr s =g, Figure
functiaon

vit) = utt - Lo o ow

The value t,; - to is

sa, the FW = t, - to

.2 8irmgle pulss ssgu

SUppose we now
to and a spacing be
FW. Our function now

v(t) (t - nT)» -

This function
beginning at the o
edges of adiacent
interval (FRI): S0,
repetition frequency
from te to T repra

1s egual to the FRI

later ort. A note
"OFF." For the re

assetrted (true) st a
nonasserted (false)

assume positive 1log

impaortant in the di

appear as negated v

T o illustrates the pulse formec o, the

-t
|
it
-
-~
-+
G
=
rt
»

to

called the pulse widih (FW);

for thisz example.

ence

create E

i

eries ot pulses wibth e W=

tween FPWs egqual to T where T =

looks like this:

uflt~-nT+ter 13 for m o= O =+ ©

represents a square wave of Trequenc.

—

rigin, The time interval oetwssn lesding
pulses is called the pulse rapetii.on

the FRIL = T for this example. HisE:

Iit
™
it

(FRF) equals { 7/ FRI. The valus of ot
sernts the OFF time of the seguerce AN
= FW., This will have special si1gnificance
is rnow appropriate for the terms "OH" and
malnder of thisg thesies I assume that the
te of & signal i1s the "ON" state amd the
state 1s the "OFF" state. Further, 1

1 15 used whenever the logic polaricy o

i1scus=zion. Signals using rnegatlve 13gic

ari1ables 1.e., low assertive o 1=




oS,

e e e A e e WW

These assumptions will not atf=ct the results of Yhis rezearch.

since I usse ON and OFF to label the states.

There 15 no special requirement that trhe desirsd segusid
always be a sguare wave, and in tact the FW and FRI seldom

generate & S0 duty cycle. The only requirement i1mposec on 2000

sequence  1s that T » te (Figs. S % &), Flease ncte that
from now on a ‘“pulse" is described by an ON ard an oFF
time.

2.2 Two pulse sequence

Although the uses for the single valued pulse sequsnc:s ars
nearly infinite, litfe becomes boring and impractical for many
applications because of only one pulse value. SUPPDOSE wWe Now
wish a sequence of two pulses, each of different FW. R e Lo

Figqure 7 and let

FW, = to F'w: = t,
FRI, = To PRI = Ty

The equation for this system is

viit) = [ult-n{To+T ) i-uit—-(N{To+T,)+te) 31 +
Eu{t-((n+1)To+nT1)}"u{t~((n+1)To+nT1+t,)}]

for n = O + ©

Algebraically, the order of the terms in (L duoes not
matter because of the commutative property of additiorn and the
definition of the unit step function. I have grouped those
terms representing the creation of pulse 1 and pulse 2 togethear

and ordered these so that the equation reads from pulze one




>y

pulse two. There 1g cne saguare bracket for eacn pulze .M this
sequence. Also note that the function vt recreLarnts an

infinite series. since n -+ w©,

2.4 An "N" pulse s=quence

A logicsal xtension to Section 2.3 is a pulss szaueaencs
containing N different pulsss before the entire burst repsats
ad infinitunm. The N-pulse equation differs from Lhes
2-pulse equation only 1inn  the number of brackestel Jquantities,

and for an N pulse sequence there exist N brackets.

This 1is an opportune time for another assumption regsralng
these pulse sequerces. In the real world we may hbave “rul v
random pulse sequences, but the arithmetic statement of such a

phenomenon, in terms of urmlt step functions, 18 infarmits oan

= =

length. Therefore, I assume the pulse sequences discuzssd are
all recursive 1in nature; that is, there exists a time at which
the entire burst repeats 1nto i1nfinity. This assumption
produces an unbearably tight restraint in tne mathemsticsal
faormulation of the pulse sequence theory; however, I will zhow
that the assumption creates conceptually simple sztatemnentas
whirtch can be extended to account for the ranmdom  and

pseudorandom oCcCurrences.

2.9 Multiple repetitions of a pulse

The theory of the preceding sections als

C
1
T
o
et
.
4
i+
)
53]
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series containing multiple repetitions of a singls pulze. One
bracket is required for each repetition ot tha pulse. «nd =a8h
bracket will contain the game FW and FRI infcormation &z L ts
predecessor, except for the time shift of each szubz=guent
pulse. Further, if some other pulses in the s=guence 2lso
contain multiple repetitions, this method must be spolied Lo
each of those pulses. In Figure 8 the function vit! fas 4
brackets with 2 of these being redundant., (i.e.. the, only
provide for duplicate pulses). The equation for +(t; 1z

along with the diagram.

2.6 Types of sequences

As you can imagine, the variations for birmar. pulse

sequences are infinite; however, SOMe Seri1es ooour more
frequently than others. Wileyl[3] suggests several comnan R
cateqgories: constant, Jittered, dwell and switch, =tagge-=d,

sliding, scheduled, periocdic variations, and pulse grouping.
Admittedly, these Zlassificationz were developed for ragsz-, but
I submit that these cateqgories also apply to & great man, other
fields and serve to guantify the many vari1ations in seguences.
I feel the addition of random and pseudorandom sequencss Lo
these cateqgories extends the list to cover nearly all
possibilities,.

2.7 Summary of assumptions

Before proceeding, let us review the several assumctions

9
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n
m
n
W
=
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¥

made within this chapter. The sections where th

are explained follow the assumptions.

1. Only binary pulse sequences are examined. (§I.0)

2. ON refers to the asserted (true) state:
OFF refers to the nonasserted (false) state;
positive logic is assumed except where noted ctherwise,
(§2,.2)

3. A pulse includes both OM and OFF times. (§2.0)

4. All sequences are recwring in nature. (82.4)

10
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w(t)

Figure 1 A umit step function for to = 0.

LL(L' te)

1 —

0 t, t

Figure 2 A umit step function for te # O.

Figure - Creation of a pulse from umit step functions.
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v(t)

0 {_o T T» i,

Figure 4 A pulse of FW = to and FFI = T.

v (t)

—t
0+ T Tet,

(-4

Figure S A pulse with less than S0% duty cycle.

v(4)

)
0 4T T t,

Figure & A pulse with greater than 50% duty cycle.
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CHAFTER =

TRAMSFORM METHUDS

-

Z.0 Introduction

How are we tc describe an arbitrary pulss seguer.oz

tH
-
-

the worst case we could write out each one and cers of the

sequence. AN approach like this takes am encrmous =Tount Of
patience and 1is very prone to Errors. & more esctsrio,. f nat
more practical, approach religs on 1dentifying the Vi D

charactericstics of the seguence and then transforming the dita
into & usables form. In this chapter 1 enamine .

transtaorm  technigques for the decomposition ot ar & oL bt Aary

pulse sequence 1ntg fundamental Lurlding blacks. The ooozotoe
1S ta recreate the sequence, without error, wErhg hhe
transformed data as input fto a pulse zZeqQquencs Qsnsratior L7 Some
sort. The most common technigus (and uwusually the fivast: azzd by
the engineer to determine the zpectral componernts o4 & £140&1
is the Fourier transform. The procedares +or this *ramnzform

are well established and provide valuable 1IMs31ght Do the
compaosition of the 1nput signal. The applicatil:it, of the
Fourier transform 1is unc=2rtain in the case of the a bL9rar.
sequence, but the technique bears consideration. Another

#xisting transform is the Walsh technigue. Thi=z transform nmay

prove very useful since its output is a weighted binary

sequence. The Fourier and Walsh transforms will be sramined 10
13




the arbitrary pulse sequenceg application and i T
the Ffirst part of this chaphter. The rest of thse horber
discusses the Walsh and Walsh related functions and tramzs oo
Z.1 The Fowrilier series

Frobably the most popular and useful trarnstorm  in
2ngineering 13 the Fourier trans{form. Chambersl&] prezsmis an
interesting method of introducing Fourler ssriesz to LrheE rEaas.
and 1t 15 his material which +torme the baszis of thiz seooion.
Furdamentally, the Fourier transforon takes & time-deoarcant
function and presents the same function 1o the freguenc. dooal.a
through the relat:on

+o0
vit) = 5 Vitre.p(iluft) df
-]

This translation (transtorm) produces two divterasnt e
o+t the Same function: one plrcture presents L Lim 3 =3
ampl:tude (1.e.. vty the other shows *hNe frequenc. spes” ~um
(.24 MOf) D of the signal. The classical =namole 12 "he it
hei1ght, unit  width rectangular pulse centered at the o air
(Figure . Its Fourier tramsform yizids pl k)
sinc (wf) function
V£) = {sin(nf)>/(wf) = sinc (mf) (Figures 10,

As seen 1in Figure 10, the freguency spectrur o+ the
transformed pulse 13 continuous and infimite 1n langth
Intuitively we could reason this would happen since a oerisct
sgquare wave, whose period 15 infinmity, results trom ohe
summation of ever-i1ncreasing frequency s1ne  wavex  wilth

16
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amplitudes decrsasing as  {fredguency  1NCreases. I s el
wor ld perftectly square edgse are dif+vicult Yo o=

theretore, & practical pulse has a f1nl1te ri1zse anc 1o, D L

(i.e., rounded edges). The Fouwrier transform of whls ool

will show that some frequencies do not erist 10 Lhie Uof)

spectrum or are of ingufficient amplitude to oaw

edges.

The discussion thus +ar concerns aperlcdic ‘noncspezt .

functi1ons. The Fourier tramnstorm  for O &pplizssion naar
account for pericdic Ffunchtions., Givern Lhat the +oro- .o
per:zdlz in time, v (it + Ty = v {t), then the tLrana: o000 - o«

large class of petriodic functions can e R

i

J
[1H
H

{.

zummation of welghted amplitude sine and cosirme oo o 0L
1increasing  freguency. The frequercy spectrum oorsiss . i

furndamental frequency and 1ts harmonics. ShinmerslT1 L. .e3 0 an
excellent e:planation and pictorial view of the oo !

transform of odd and =ven symmatty sgquare waves. e the

constraint of being bounded with a tinite TLmDer o
discontinuities on the periocdic irnter-val T, the Fooooer

o

transform series for periodic functions is given bwv

v () Ao + ZAncos (KImft)+ LRugin(kInft)
K= 1l + o

Th.
A = E/TS v(t)cos (KImft) dt: K = O,1,2,...
-‘v R

T,
Bi. = 2/TS vitysin(EZnft) dt: K = 1,2,%....
_171’

Far odd functions (Figure 11) A = 0, for e.ven
functions (Figure 12) B, = 0O, and the kth harmonic of .t}

is denoted by the two series terms of frequency bUnf,

17




amplitude V(Ak)2+(8k)2

« and phase

equal to

tan"* (-B./AuL) . In genasral, the Fowrier
transform of an arbitrary pulss segquence will Cantain 0o R
arnd cosine terms  since the segquence generally = =30 o0en L
abcut the time origin. Take, for =:ample, the z1anal snown 1n
Fiqure 7. Assume that the time origin may, b @ladec an 2
upor,.  the times axis and situate the si1gnal so that one pe: 123 0
the s2guences  ocIcurs  on oeithsEr side of thle nSw oroIin R L E
1T E, detinition, an  odd function 15 ©he wWhers o-1n) =
PR RN and &n even tunction 13 one wheres L (-t = 0o, IR

1° Firauare PRNON there 1z no direct corralation tetween 0L ard
. ¢ Tecavze Jf the discorntinulties R =T SRV N o o T R SR Y
zequence: therefore, there 13 0 sSyminetry For o tnog feosnle.
Tt e toece nict mean there 1s no Fouwrisr ftransforn o Hoaos L.
Sot zi1mply  that the tramstorm is nore compler (1.2.. 5ot zine
and cSosine terms!.
Let .=z compute the Fourier transform of Figure 12,
Let to = 1, th = 3, To = 4, T, = 43
ST. the peri1od of v(t) 15 T = & ang + = t,7. For siaoslicity,.
ori1ent the sequence as 1N Filgure 17 arnd tale the Pourre
transform of v(t) on the i1ntesrval O to T:

T { 7
Ao = :/TS ity dt o= Q/TS Vi dr o+ ;/BS (1) dt o= 1

o o 4

T . .
A = 2/7 S vit) cos(2EnT=1t) dt

°

= % sin (qhmw) + 7/4 sin (7 Cikw))
Wk 774 kim)
18
-~ A — - -

e e a T e




E. 27 A et

= ~4Cos5 (ebim) - 507/ o+ oz dhor)
3 (ET) S (bt boar
vit)= 1.2 + ZhAwcos (dErt) -~ ZBEpsin tgbnt:

As  cam  be zean, e Fowrler transtorm of = =
pulse seguenceE yields an 1ntimife2 SUMLALLON C©F S.ne Ao MR
functions, z=ach  with 2 Ti1nI funcition werahting cosfsroient.
The number of terms regulred depends on the Tolsrancs opoons
an the reproduzed pulse ze=quencs but wmi, be s hitgh sz T U3
produce "crisp' edges on narraw pulses,

T.2 Fouwrler application problems

The Fourier series provides an sxcella2nt analvhiosl tool
to describe the information caont&ained 1o & s1gnsi; howe, =, the
obiective in  this the=zis 1s to uwse this descrightior ez o=
program 1nput  for a pulse generator. Simze the outzoms of the
Fourier tranmsform iz a weighted infinite zerize or z@i1n@ 309
cosine funchions, the realization of the pul=se

reguires a number of broadband freguenc, Qenerators capablz of
generating zseveral fundamsntal fregquantles and M o deer
harmonice of specrfic amplitudes and priasecs. Al thouar this 15
a feasible approach, the creation  of such am amplitade and
phase-caontrollable broadband svnthesizzr 18 lilkely to tre
e:xpensive endeavor.,
19
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N
.7 Irwroduction te Walsh fonctions

Digital techniquss otffer interesting poszsicilotias GO
THiIs  apDiloatian. m1Ince the  Origifsl ziagnal 13 wa I

logical assumption 13  that a digital synthesis methcd will be
more efficient than an analog technique. The proci=m zt11l

remains of how to digiteslly describe the pulsze

ihi
1)

transform the data to a form usable by & pulse Janesr

i
[}

N
L
o
a

synthesize ithe decsired seguence. The Walsh anmd Walzsh relztas

functions take an input  signal and tramstorm the dats: 1mto a

set of weighted binary sequences. Az the Fourier tis
produces a +fresguency spectrum of the transformad 1ngutl, the

Walsh transform produces a seqguency spectrum of the input. The
remarnder of Chapter I concerns the Walsh tramsfora and 1ts
application to the arbitrary sequence problem. Feauchampl ]
authored arn  excellent text o Walsh furnctions an?  fhieir
applications; his wark is used extensively in the +tallswing

sections,

Z.7.1 Szguency functions

Whereas the Fourier series use variable freguenc. sine
waves as hesis functions to describe an input sigral, ths Walsh
and Walsh related functions use weighted sequency furctlons.
Saguency i1s defined as being egqual to one-half{ ot the a.werage
number of fero crosssings gper unit time 1nterval: and. sesusnho .

functions, as  used by RBsauchamp, refer to the rons:pusoioal

signals of the Walsh and Walsh related tunctionz. The 1des )z

20
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MAAE e aamaema san o

to construct an  orthogonal set ot Dbasis {funcht_ong LT e
sequency domain  with  whizh  to describe  ans P USRI B
Rectangular binary wlse sequences are used 1nastEas Lr LLE

Fourier sinuscoids because the synthesiz of Walash furnowions o

i

done with digital equipment.

-

2.23.2 Rademacher functions

The concept of sequency functicns and  the creztion o

Walsh functions can be understood by examining the FRacemsiner

functions. The Rademacher functions are defined on & . as
interval 0O t < T and are a set of increaszing frsgueEncy
square waves. As seen in Figure 14, the Rademacher ssrizz i@

ordered 1n terms of increasing sequencys: thabt is, the functoion

with the least number of zeroc crossings occurs tirst and @ach

following function has more zero Crossi1ngs tharm 1ts
predecessor. The arguments of the Fademacher tunticns are o
and t: t iz time (as defined above) and n repressrnts Lhe oider
of the function. The value of n yirelds Zr—? perious o

a sguare wave 1n the interval © to T with the peal valwes of
the sqgquare waves esqual to  +1 or 1. The ool TaZINLD

correspond to the zero croszings of a sine wave of zagul ar
frequency 27n (1.2., s1inil™nti). Fademacher

functions by themselves represent & marglrnally usefii zet of

functions; however, they are extremely useful in craat:ng othaer
functions, namely the Walsh series and Rademacher~Walsh

ordering.

21




.4 Walsh functions
Walsh functions also a&rs defined on the inoer a0 0 L0
and assume the valuess of *1, but instead of sguare wz.as

(S0% duty cycle) the Walsh series has wvariable gut, c.ole

1

pulses (Figure 135). As with the Rademsacher functions, the
Walsh functions are shown ordered by increasing segud
values. Other orderings are possible and are discussed fully
by Beauchamp[?1]. o+ interesst 1N the arbitrar, sejuenc=s
application 1is the Rademachesr-Walsh ordering because thiz set
of functions can simplify digital luogic design  prooleans
Remember that the set of functions rendered by the
Rademacher-Walsh ordering still is a Walsh =sries. Thes

argumenrnts of the Walsh functions are n and t: £ 135 time, as

it

before O Te arnd N is the order of the Walsh tunction.

The nctation used o the ntt  order Walsh function is

WAL (in b)), and actual generation of the Walsh ssriez  is
accomplished by any of the +our meEans discussed by

Beauchampl 1O].
2.9 Applicatiorn of Walsh functions

Two possible uses of the Walsh and Walsh relatea functions
exi1st for the solutiornm of the arbitrary sequence problam. Ve
firet utilizes the Walsh transform, and the s=cond uses the

simplifying properties of the Rademacher-Walsh ordering.

i)
WAl
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Z.9.1 Walsh transform

Similarities exist between the Fourier and  Walsh
transforms. Both produce a summation of orthogonal basis
functions; the Fourier series consists of sine and cosine
functions while the Walsh series contains N order of Walsh

functions. The Walsh transform is written in the form

v (L)

AcWAL (0, 1) + EanlWAL(n,t)

r

Ao /7 Sov(t)NQL(D,t) dt
T

Anm = 1/T Sov(t)NQL(n,t) dt

n =1 o

The npumber of terms required for reproduction of the imput
signal depends on the acceptable magnitude of the mean-sguar ad
error (MSE} and the characteristics of the input signal with
respect to those of the transformation series. Given that the
input  signal is a rectangular pulse sequence, I would expect
the UWalsh transform to vield a shorter transform serics than
the Fourier transform. This is because the Walsh transform
does not have to use an infinite <ceries to represent  a
rectangular pulse (see Section Z.1). As an example, let us use
the waveform of Figure 13 as the input to the Walsh transform
and refer to Figure 15. As with the Fourier tranzform, the
wa2ighting coefficients must be computed by an integration over
the interval T. Since the input signal is equal to cero {for

portions of T, the integrands are simplified.
1

byl
Q
it

8
» = 1/8 go‘v(t)WAL(O,t)dt =1/8 S

-
(1) (1)dt -M/BS (1) (1)dt
e = 1/72 4

0

atmaiti, i . 20 A
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In a similar manner,

computed and the values found

7

0O as = 1/4 aa
O ar = 1/4

ay = 1/4 ]
ams =—1/4 as

With these weights we C

of the Walsh transform.
vit) = (1/720WAL (O, 8) + (1/4)WA
(1/74YWAL (S, t) + (1/4)WA

When these functions &
transform has proouced an
(MGE = o). The arder of Wa
is discussed in the

follow

transform produced a Ffinite

wher=s the Fourier transform
example 1llustrates the i
between the Walsh and Four

bimary pulse sequence.

T.5.2 Walsh tranmsform problems

Al though the Walsh fran
arbitrary seguence
To compute the weighting c
integrate over the interval T
the process
This makes these

processings

calculations

as through a-»

a3 follows:

an now describe

Le1.t) + (i/740WAL (T, k) -

LAI7,0)

re  summed., we find that the Wals

exact replica of th

I Sl o PR  {

lsh functions regquired o Sol

ing section.

number of

griflicant

1 & transforms

terms

produced an 1nfinite

difference 1 T e

ftor Siavrs

Therefore, Line YwWalouh

TEFN1 L. This

when aprnl el o«

sftorm seams §deall .,

problem there are several h

anstant=s, the

de e

. Although this

pr1me

24
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weept, we must now somehow specidf.

can become extremel ;, tedious and prone

Sulr e o Ut

vddern b lens.

MLSL Th e wi s

candidates faor Zompuler

to Lthe computer



what the imput s=si1onal  looks like. s cear N L
expression of v k) Lwsing unit step funztions el oo et
complex even for simple pulse seguences, and if we speliy, “hoE
pulse train by ones and zZoroes, why not simply progran Lhe
computer to sequence through memory and gensrats Lha ool nx
train in this mammer  without resorting to Walsh transzdorms:’
This problem has the form of the “chicken or the =gg° debats’

Fresuming that a suitable means exlsts Lo obifain the walsh
transtorm, there is another hazard. The Walsh furnctiorn o
an exact replica  of thz  input signal only f for Souny e
Crossing of the 1hEut there exlsts withoan the st o+ Wzl
functions of  arder 27 W a cerc crossing at Lhe oo
instant of time, Thiz 15 & problem where the 1nitsr.si. 7. i3
not a multiple o+ M. Take, for example. the case whera Lhae MW
equals (17T (Figure 15, The sers orossing £ e che
transition fram OM  to OFF goours at + o= L73, ang sirze oo 2 oz
nct evenly divisibls by 27 arnlw at = @ will the
Walzh tunctions coreeerge to creats a zerc cross_ng =49 t=100,
This 1s because the Walsh series 18 derived from the L ademache
funzctionss these funiotyons Cres e Dero CruBns1nas Whia T Ol e
in freaguency tor each increase 1n orcer (refer to Zection TL40.
As  seen 1 Froguwre 14, the srror manl fe: 1hzels of She oo
crossing. There 1s an  amplitude error and & cter s o030
timing error which both reazh cero MSE for no= @, Lanoe
the sequence designar knows that the amplitude valusz muost
wltimately be either zero or one, an ervror threshoeld can be

25
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1mplementea for the amplituwde error; but, the e 20722109
error may not be eliminable except +or high arder s o S0 abh
fumctions.

Evern 1f the cost of the Walsh generators wsre 3o 07w hal
many caould be placed on & single chipg. there 13 =t1:010 the
fundamental limitation that the order of the Walsh fursiions

essentially qguantizes T 1nto 29 pieces, and 1f the Lonot

function 15 nantiz=2d more  fin2ly, mor e Wal sn {oapc T ian
gernerators must be built. Some  mention shzuld now D@ nass
about the MSE as 1t appliesz to the Walsh  teansdara. £

reasonable termination point for the Walseh trarzsform o

E N =

the seri1es summation for each FW of the zynthesz.oced szegusnze 13n

accurate to within a rise’/fall time marain. The Computation

for thi MS

(g}
i

[t

must  be made individunally for eszon 2dus of Lhe

pulse seguence: again. a tremendously tediouws tazti.

Z.6 FRademacher-Walsh tramsrorm
Several excellent papsrs have been published o thios

topicz. Edwards”’ [11] article 13 most =sppropriate for o

m

discussion, but the reader should refer alsc to Bermettl[ 123
Fictonf1Z2]1, Haringll43d, and Chow (131 for mores o this toplc.
Esserntially, the concept is that any EBoolean functiaon oan —e
constructed from a set of euclusive-0R  gate:z and zotimiced

PO OV VU PR =

universal threshold gates. 14 you locked at the desir

m
G
-
[
—

]
T

sequencze as a series of ones and reroes, the met!osd o the

Rademacher—-Walsh transform vields spectral cosfficients which

D
al




are then cordered as Chow parameters and then cross-crarar &losd

to tablesz comtaining appropriate weighting informetion o " he
threstold gates. The problems associated with this melonod

1dentical to the Walsh ftransform with one addityon. Trig
current state-of-the—art in threshold logic preciudes

widespread production ot the arbrirary level tnhreshold oato.
The tolerances required for accurate determinatiszn of borszihold
crossing are Qquite strict whan Mot 22 than T 1E L EL A ATe

permitted (1.e., ordinary AND anmd OR gatez are =zped:

i

o
m
I
w
o
—
i
U
HE
-,
e
i

threshold gates:. I{ arny 1nteger weighting 1s allowed., thie

threshold gQates become extremely difficulty to produce.

2.7 Chapter summary
Although the Fourier transform is well developed. o “ho

arbirtrary pulse seqguence problem this transform 1

i

clumsy 1n
its rendition of the desired pulse seqguence. The

transform produces exact replizas of the input signal 14 ws sre

given erough generatores to adequatesl, guantize the  tioe
interwval T. Even if there are sufficient nurbers  of

generators, we still face a big problem in descrigirnQ tre Jnpuat
s2quence to the Walsh transform generator and 16 synbthEszicing
sequences quanticed finer than the highest order Walsh umnotson
generator. The techniques of the Rademacher-—-Walsh tranz)ora
offer the possibility of exact reproduction were 1t rnot “or the

electrical difficulties of threshold gate production. Even as

technology produces reliable threshold Qates. the
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Figure 2 A unit height, unit width pulse.
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Figure 10 The sinc (mf) function.
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v(v)

e I I I [ R

Figure 11 A function with odd symmetry.

v

Figure 12 A function with even symmetry.

v (L)

‘V
+

0 to -L I}fl1;{n

Figure 1T An asymmetrical pulse seguence.
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Figure 14 A set of Rademacher functions faor N = 4,
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Figure 13 A set of Walsh functions for N = 8,
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Figure 146 The Walsh transform of vi(t).
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CHAFTER 4

HARDWARE AND SOFTWSRE METHODS

4.0 Introduction

In this chapter I will examine two methods to

the desired arbitrary pulse sequence. Computersz hea
virtually every aspect of englneering; SO, Wiy
application be any different! lagrcally, you wo
computer to make qQuick work of this arbitrary segue
but I will demonstrate otherwise. A& hardwired s
attractive., but there are sigrificant problems ass
making an all-purposes hardware-—-oriented Pl s
generator.

Before proceedinag, a word on how the pulze =
examined 1n  this chapter 1s appropriate. I 2
Walsh tranmsform produced a perfect reprcoduction

s1gnal  only when the Walsh {functions had gquantized

T Ffinely enough to produce & zerc crossing at the

Vit had a zero cros=szing. This "matching the ed

=

ge}
U

used bere to describe the pulse sequences. Faor ea
find the smallest time inta2rval which, when w1
ero or one, can be “summed’ (actually., conca
exactly reproduce the pulse seqguence. Im Figu
smallest time interval is (1/8)T, and when weight

and zeroes, the sum of similarly weighted gquantiza

4

uid mooeaht =

J U
e ol en,

lution zeams

G e

= segusnce

equeness e

u

Fiapter 2 th

1]

ot the Lnmpu

‘s

the 1ntet-val
same instant

TonceEpt 1w
ch segusrce,
abted with a
tenated? Lo
o 13, the
ed with ornes

tions e2guals
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. .

the ariginal pulse seqguence.

vi{it) = (1)(1/8) + (O (1/8) + <) (1/8) + () (1/8)y +
(1) (1/78) + (1 (1/8) + (1) (1/2) + (0)(1-8)

Algebraically, this equation 18 not correct, ':i.

i)

e L=

]

result of the equation im v (L) : 172z A nmonzensioAal

statement!), but only caoncepts are being stressed here.

u

4.1 A computz=r salution

The computer offers the possibirlity of programmadiiit. L5

iy

constructing the pul se sequence. ITde=ally, a0 hianhleoel

language specifically Ffor the construction of saqguerces woul

e

n

give people ather than the machine languaga graogramna2r hh

ability to create arbitrary pulse seqguences. There ar

]

(1

basically two problems wlth Using comput s = for thit

application: 1) how do you specify the desired zeguences Lo th

1

computer (see Section 3.6.1), and 20 what do you do aboul the
speed deqgradation incurred from the software overheaas™ I+ the
desired seguence can be characterized by an algebrals =g3uation,
then the computer simply computes the placement o ths cers
crassings on the time #wis  and executss a timer routins to
count these 1ntervals. As seen in Chapters 2 and 2, very W
of the pulse sequences are described in & closed ang convenient
algebraic form suitable for computer qgeneration. Whien
equations fail to describe the problem, look-up tatiles are

usually the answer. So., now the computer 1s relegated tao the

mundane task of looking 1n & table for the wvalue of o) as

time 15 counted. Let us examine thie look-up table: witbout
lnd =
ted




a4

some form of compaction, every one and zero in the zsgueniz
must be listed for esch guantized interval oi 1. B b ort

pulse sequences, as shown in Figure 15, thie means onl, =1aht
bits of memory are required; however, for an application such
as radar where the FRIs are in the hundreds of microseconds &nd
the FWs are on the order of a few microseconds, 2 tramendlus
amount of memory 1s required for the look-up table.

Even i+t there 15 no problem with wasting manosr . the
question remains of whether the computer has a Jarsde sncaah
operating bandwidth to handle narrow pulses. 4 the fasher
micro—computers priced around & few thousand dollars. most ha. e
master clocks whose freqgquencies are less than 15 Mo, This
restricts their CPFU cycle times to the order of & hundreo

nanoseconds at  best. Evern with the software rasident in

1H]

firmwared microcode, several instructicns must be enecuted for
each pulse, thus creating a software cycle t.ome 1n the {ow

Ly

microseconds range. Under this time constraint, synthezis of &

.1 uS time interval i1z 1mposzibles, Using a pipelins 1Moroyss
the system throughput, but the pipe’s output can rot ke clacthsd

any faster than th

iy

CFRU can f111 the 1irst section ot ths pipa.
The sclution to the speed problem 1% to spend tens of thousandz
ot dollars far a fast system or reduce the available bandwidth

imposed on the desired pulse sequence.

4.2 A hardware solution

Frovided that no alagebraic method 16 swtitatle for
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v

description ot the arbitrary seqguence, the st irngrcal

solution 15 to hardwire a circuit to synthezioe the —iproal.

This method works wvery well until a revigion 18 neaded .M Lhe

b

sequence. Therefore, the problem is ts create a generic pol se
synthesizer. Shitt reqister technolodg, 3eems ADEFrCErI ats o
this situation. Galombl151 authored & text on shift reglster
sequences, anrd his work is the basis for the +ollaowing

discussion.

We +first beqin with an n-stage feedback shifi register
(Figure 17) with x~ being the highest order =tage and
Fltaytmeeesstin) representing the feedbach
tunction. Aflso, allow for an 1nitial value for each stage
(1.e., the parallel load 1mpuiz) and assume that each stage
hold only the value fero or one. The aperation of ths shi-t

regirster 1E s1imple; on command each ztage placss

valuae 1into the next F1qter arder sltaqe: that 1,
Hioe g FH e The Ffirst stage’s 1rmput comes From ths

output of the feedback function, arnd the valus cantained 1n

Ho 1s shifted to the outside world. zwal )y, the command

Lhe= o

to shift ariginates trom a system clock, but this nesd rot be

the case.

With n  gstages and cnly ores and cerces zilowed 10 each
atag=, there exist 2" different possible combinat.ionzs of
birmary values distributed over the n o stages. For = @:mple, af
n=_, then there are 2% = 4 possible combirations tor th

two stages:




vy

% ® Sk
(] O So
(W) 1 S,
1 Q S
1 1 S

As  shown above. there are +our distinct combinatruns +or

the two stages:; label each 1ndividual combination the “state

ot the shift reqister and c¢all 1t S for ko= 0 o

2r-1, Now., each state urrguely 1dentifies g yc)
corresponding values held 1n esacnh stage. The order o whivoh
the shift register sequences through the possible zhiates
depesnas  on the 1nmatiral zZonditions and the feedbac) tuncboon, L

I+ F calzulates the next state from the irmitiral svats thnrouos
the relation

S5 T CiBner + C28mez *o.ot 0.6

—

Ci1#*Ce =0 or 1 (the .alue is 1ndependent of

Hij
i+
1]

then the shitt reql

r~ is  a linear shift ¢

e
ot
t
T
75
i
ot
it

—

relationship ie that  of limear recurrence. In the srbtitrar,

sequence problem, the pulse segquence  Ltypically

=+,

oilows no

recurrence relationshipg that 16, the value of Lhe me:t pulse

]
H
-+

15 independent the current valtles, 1+ & redsurrence

relationship exists, then determining the feeghback

-+

oty on

required  to produce a given sequences ls relativel, and the

1
u
i1
<

methodology straightforward. Under the constraints of linear
recurrence, there evists 2¥ different state sequsnces

for v = 27, and the masximum length of a single seaquencs

18 bounded to 2™ -~ 1 states. For linear recurrencs,

=

the state S. (all serces) does not occur. o, €@y ern 1+

8




the desired pulse sequence could be computsd o, linear
recurrence, the absence of the all reroes state 1= & fatal
shortcoming. Again, refer to Figure 13; the sequence for this
pulse train is 1,0,0,0,1,1,1,0, Here, there are eight time

slices where the pulse train can assume either -ero or one.

Three binary bits uniquely specify eight states; therefore, a

3-stage shift register could be used. Assume faor a momenrt that
this sequence 1is a linearly recurring string; ther, the
synthesis of the 0,0,0 portion of the signal is impossible due

to the absence of So.

If the restriction of linear recurrence is lifted. then
the shift register can synthesize a total of 2= unique
state sequences where =z = 2r—* -~ n, This large
increase of possible state sequences is due to lifting the
restriction that the next state be predictable from the current
state,. This 1is called nonlinear shift register logic and is
quite applicable to the arbitrary sequence problem. There 1is,
of course, a penalty paid for the nanlinear logici GolomblLl1s]
has proven conclusively that for the nonlinear case there is no
simple algebraic means of creating the appropriate feedback
logic. given the desired state sequence. This is in direct
contrast to the linear feedback case where several methods are
obtained for easy generation of the appropriate logic when
given a desired sequence. Far a small sequence, the lagic
generation problem is no more difficult than finding a minimal

sum—of-products form of a 2, I, or 4 variable function. As an




example refer to Figure 13 for the pulse sequence and Fiqure 17
for the case of n = Z; the sequence describing this pulse traan
is 1,0,0,0,1,1,1,0 | and as stated above, a IT-stage shift
register has eight possible states. Shifting o the right, the

state sequence would look like this:

Xa Xz HE autput next input to i,
Q O 1 initial state (8]

O Q Q 1 1

1 0 0 0 1

b i 0 0 i

1 1 1 O Q

0 i 1 1 1

1 Q 1 1 4]

QO i Q i Q)

Q O 1 Q

The initial state is given by the first three time slices
(quantizations) of the desired signal, and each shift command
farces a bit out of xs representing the value of the pulse
sequence for that time slice. Sa, after the first shift, the
output equals one; after the gsecond shift the ocutput equals
zero, and so on. Since Golomb{171 has shown that shift
register state sequences are periodic, the output of this shift
register 1is the desired pulse sequence. EBut  how does one
develop the necessary feedback logic? The state sequence for
this pulse sequence is developed with the next value of
Ny If we use X1, Xamse and Hx as
input variables to the feedback function and F (the next state
of x.) as the output of the combinational logic networhk we

get the following truth table:
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Xa Ka Xz E
< (8] 0 1
0 O 1 O
0 1 0 0
0 1 i 1
1 O 0 1
1 O 1 O
1 1 0 i
1 1 1 0
F = 1:*_:3 + :—2—3 -+ 517‘127'(3

Fxaaxa.xs) = {0, =, 4, 63

The function F was simplified using a ZI-variable karnaugh
map and is represented in literal form as well as decimal form.
Realization of F occurs through AND, OR., and NOT gates
connected according to the literal form of F. Also, & decoder
could detect the presence of the true states in decimal form
and produce a true output. The decoder form of F is preferable
since only output connections need to be changed for a change

in pulse sequence.

4.3 Froblems with the hardware solution

There is a fundamental problem with the shift register
solution: if the arbitrary sequence i1s gquantized more finely
than the shift register system, the shift register synthesizer
will have a noneliminable error (MSE is nonzero). Further., if
there are a large number of guantizations, the shift register
may be 10, 20, 30, or more stages in length. Although it is

relitively easy to create a single integrated circuit with a
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large number of shift steges, the problem clizurzs o S L0
create a decoder with that number ot 1nputes. e

speaking, there ars many sequences with periods 1n ths s5e, @il

minutes’ time frame which reqguire 0.1 uS guantications.

—t

P
[ Rt

period were Just I minutes long. therre would be 1.2

107 quantizaticons requiring 21 stages. MNow the deood

sz

must have 31 irmputs and 1.2 = 107 putputs. This =
unrealistic for a decoder., zo the feedoachk funcitiorn wow.d niave
to be realized by verte:x gates. Now, five and =1 a1
equations are difficult  enowah to  reduce, vt a2l ons ER
variable <functiocn. Gererally speskino, the user woulao ma.s
accept some error 10 the siamal synthesis.
4.4 Chapter summary

Walsh and Foursier transforms had  shortocomings oo ErNes

arbitrary seqgquence problem, =o other methods =i s/mthazis were
examined. A computer  wouwld  allow great fleaabriist, 1o the
creation of an arblitrary saguanoce L f the sejgquence could bLie
described algebraically i a programmable form. AR aratrar
sequence has no special algebraic description. Morecver, 1f &

sequence could be programmed, the time s=spent 1 sottwars

overhead would restrict the smalles time tnter val

synthesizable to some value depending on instruction ¢ 3

times. The user would then have to decide 1f this were
acceptable.

I+ a computer can not be used, perhtaps a hardwara

i
Hil




can Qgenerate the sequence. Ghift registers have

the past and ssem a likelyvy candidate for thi:z acplication,

Since the requirement 18 to generate any sequence. ths linesr
shift register model is ilnappropriate for this uss. ThlE o mEans
that nonlinear shitft register theory must be ussd: and. Solomb
has proven that no s1312. effi1ci2nt algebraic msans .1 st

which can ezasily describse the nonlinear feedback o027 on

required tar a pecitied pul se Sequence. b WAy
applications, the nomlinsar shift register proves to one °r
sffective arbitrary sequencea gensrator; howsver,
sequence to be svhnthesiced 15 quantiyoed more +insl s Than e
shift regilister system, there will e @rrors LN e ouhnut

waveform. Also, 1f there are a large number of quantioatlon:

the feedbachk network becomess imprachtical

So. we have a candidate +tor the synthesizsr bot =z ll g

effective means of describing and oreating a truly srbytiary

pulse sequence.
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CHAFTER S
DESCRIFTION OF AN AREITRARY SEQUENCE
S.0 Introduction
O+ the material covered thus  far, 1L meomz SO Me titah

there sexists soma commonality between the different techni gues’

shortcomings. Far each of the methods examinsd thers sl wa .oz
was the probdlem of how to sasily describe the desioes ool se
seguence. In zach case Lhe user Was forced Lin Lrea the

seguence 1nto individual onez and Teross and then orod:
S 2

the <transform or the +eedbact function s=,nthesi s, Eoooent s o

]

speclial cas=s, na algebraic description could o ES IO Thie

i

parameters of the next pul se 177 the sequence Do Hus

nature of the arbitrary seqgquende. Hzually  the ST
performs Somne function arid theretore prooasly Fegns &

mathematical descriptilon, but the obiective 13 to

ol
T
I

i and

generate an arbitrary sequence.

The secconcd point of commonality concerns th

e OUlam™T L I a0 0N

lavel. Each method required the knowla2dags of how many pieces
the periodic interval T must be broken to completel, spec:i .
the pulse seguence. The problem is that given a zequence of

interval T quantized to some degree, there always ®xist:z
another sequence which reqguires a finer quantization. To
achieve a +iner quantization for the Walsh tramsform the user

must provide higher order Walsh function generators Irn the

case of the <=shift registerc, more stages ars reguired {for &

<




fimar guantization.

Thie chapter presents my proposals tor o a pul e

description and solution of the gquantization lavel dilamma.

.1 Quantization solution
The problems of pul e SEQUEr Ce descriphbyon R

gquantication level shoul d not be consiydered as indspendent oOf

one another. Earliar I aliuwded to the "rexl’ world o 4
zegquence 1 not truly aroltrary zince Lthe ssgquenoces J Liher
probably haZ some function 1m o mind {for the pulse Lraso. b
state that the designer nust &lss aczount for thse me=trod 1o
which the seguence will be synthesized. As sesn 1 thiE B
and Walsh trarmsform comparisons., & digirtal 1E oLiiely
to ke more compect efficient: fthanm an analog s.rthes o, iy -

this 1  mind, the sesguencs de2si1gner realizes that the ol se

generator has a finite bandwidth: that 135, there 1z & mazter
clockh somewher = in the svstem which limits thne  wmainioam
quantizable time interwval. Let the smallest interval where we
Zan only have one quantizcation (i.e., thig 1s an i1nter.al which
can not be subdivided into esmaller time slices by the =,ystem!

be deroted as Qu. This interval, Qew. typlrcally

equals one master clock cycle but could be egual to ssveral

clock ‘“ticks,’ depending on  the device. Mathematiczll,.,. lat
gsw. be any real number bounded by zero and 1nfinity:
O 7 Qu < @

Now, impose the restriction that the sequence s .nterval

44
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=t gperiodisity. T, be an integor multiple af g
T = N ¥ g
Another way of stat1ng this restriction s to =& AT

a2very FW and FRI 1n th

1]

sequance must be an 1nteger oultioee Of
Ok - Notice that mnothaing 35 saird about whether or not i

stem could meriE il A partioular value of

Mathematically, vou  Can & wha & S
guantication was reterencosd to & difisrent ge val as. S
aeneral, each FW and FRI - FW time 1nterval i tns oualse

sequence could be refersnced to a ditfersnt Qe valus Ve

s s

entrens limit f ot thi

it
&%
T
[

15 that withi; & FW o BRI - Pl
time interval ar e difterznt guw valuesz: and althouan sz
s feaz:ible, tte detinitian o f Gw excludss  th

cossibility. Sinoe Qwu 1S &

guaniy by,

can b2 constructed from an integer ouwltiple of a e
s p

i
—

CoLUT =2
thzretore, only one valus of Qu 19 nesdsd per Py
FW 1nterval. This cancept allows for the oase whare

generator switches between reterence cloocks  or the 1ot

i

whera sevetral distinct generatars produce a composite ool se
sequence.
Now, the interval T tabes a0 A& new lack. fhe =ntire

saquence appears as & sunmation of indivrdual Qo arid

i

the total time reguired to produce ever, pulss gives Lhe
of the <sequence’s peri1cdic interval ., T, arc the
quantications. Freviously. we  looled at the irniteroal 7

snd

attempted to divide 1L 1inmto equal slices of Y:ime. but rmow bnhz




T '-."F‘* - -

1dea 1% to builc each sulaes andividually trom : Zian
guantication values. From this 1dea caomss & Gulss 3.000an D er
which creates esach pulss  indlvidually  withoot oz o oL
value of T, This wvalus of T will coms as a "mabtsr oy ol O
fram tte summation of the sequence’ ¢ pulzes.
S.2 The pulse description

Bazsed on the resulits of Section S.l, we must nZw JoEo0 0.
the sequence with respect to ibs Qquantizabtion Bl ST T
e pulse’s PW o oand FRI - FW time intervals. Lzt e

be th=z guantization valuz of the ks FW, and
be the guantizcatiaon valus of the k" FRI - FW.

to Figures 18, l=2t the k®" pulse be denoted as
described as follows:
Fro = 4w )+ ( Dy

where & = q,, Y = Q=2 and 9,#Q=x

The operator 1+ ( serves two functions: 12

the algebraic um of the FW and FRI - FW time
"y it provides a notation showing that there =
relationship betweern Hue and Y. The total

requilired
and OFF times: so. we have the relation

FEI

ON + OFF = OFF + ON
FRI = 4)'(k + 3\/k = 3‘7".( + 4)-(‘(
This is the

standard use ot the A

properties of  addition hold uander the

Foarery

Cweooand

pobteEr e alEy ANG,
LLsts o ordared
time

for a pulse (i.e., the FRI) is found b

SUMML 0D

symbaol, an

symbalog, ot

.

e N

4 3

d o oall

thils
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application,. The problem arises when tegyinag b d=z 0 o0 “he
shape of the pulse. Mormeal )y, the UM time o eceda . o oo b
time:

Fi. = ON ) ( QFF

The notation )¢ denotes corn~atemnatiom of tNC Juaril =
the right-side aquantity 13 Concatenatad to e =0 e
left-side quantity. In +this application, )¢ s mbolioe=s st
the OFF time immediately follows the ON time. Moavia.=r ., there

is No reason whvy an OFF time szhould not precede an ON time:
Fiw = OFF ) C ON

Since 1n  any pulse sequence there exists sn o0 genrs: o
summation to determine T and a concatenat:i:oc of Dl oar 2 uee

times, I create the cperator J)+{ with the +4ollowing propsrtes:
1. The periond T 1s computed from the standard algobrailc zua of
the gquantities specified (ignore the ) ( symbols). Irm & simular
fashion, the FWs and FRIs are zomputed {from the 1ndividual
terms.

2. The ON/OFF sequence of the signal is ordered accorgding 2o
the concatenation shown by the operator (ignore the + =,mbal».
Refer to Figures 18 and 19 to see that

F.k # F'k-c-x

that is, L OTEW Ivk # Ayw 2+ 0 4u
T o=

)+ (
4y + —:'Yk = -:'Yy + 43,
s ordered as in Figure 13
Fus+s is ordered as 1n Figure 19

FPi = Fa 1ff

Ty = T2

AND every concatenation matcnes exactly.

Essentially, I have created an algebraic conzatenation

operator: with a single symizol the composition of ths oulse

sequence 1s completely cspecified. AN extremely 1mportant

reminder 15 now apropos. Femember that every sequence stodied
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thus Far 1¢ perioccdic: therefore, the notations Q12 2Ll.x 502
periodic as well. This means that Figures 18 and 1% reccszeant

infinite series described as shown abave.

S.27 Capitalize on unnecessary repetition

The concept of time interval redundancy 19 impliz.t . Ln=
derivation of the new notation in Section cL . i+ =W
interval 15 gquantized to some degree, the shorthand ds=oor JL0T0.00

specifies this interval as an  integer multiple Of zome 025

quantization. Let us uwse this concept for the entive pol=sa
sequence. Whernevar there are i1dentical edyament nuil
specify this portion of the sequence as an integer multiple of
that single pulse. Reterring to Figure 20, I der..s Lhe

following description:

F.

It

Fa )+( Fa Y+ ( Fs )+( Fa

Fro= Z0xa )+C Zyad )+ LEx%y )+ ( 2y, ]
for Xw = Ye = Qo and
F'I. Flz = F'g

F o= 3F, )+( Fa

In this example., the brackets signify a urmigu=" pul

' L

n

e,
and the integer bracket multiplier specities the number of

repetitions of that unigus pulse. A unique pulse Secomes &

1

basis ‘“vector’ in the construction of the sequernce. Withain &
given sequence there may be sore pulse, Fra whose

parametric values and concatenation order appear AJAlnN
somewhere within the sequence (1.€.4. Fuey). The tast 1=

then to 1dentify all wnigque pulses in the desired sagusnce,




vy

declare the number of pulse repetitions of each =rould “recs S

identical adracent pulses, and order the equation tor | oL i an
the concatenation order 13 cCorreact. For the abo.e 2 z2a50lz

(Figure 2Z0), there are two unigue pulses in the series.

-
there are three duplications af P,, the first mort of ez
equation for F becomes
Fo= J0ua )+ 2y,7 Y+ ...

Fo= 3F, )+ ...
With only one unique gulse remainling in the  F

becomes specified, as shown previously.

5.4 EBlock repetitions

In the ageneral case. there may exist portiocnz of the

arbitrary sequence which repesat: “hat is, a aroup or bla.l of
unique pulses repeat some number of times befors procs i
to the next pulse of the series. Refterrimg to Frguss 21,
suppose there 13 & single block consisting of Two i gus

pulses: that block repeating i1tzelf twice befores procesding on
through the seqguence. Tha sequence deszcription  appears ac
follows:

Fo=240x 2+ C 2y +0d Y+ vldr+ (LI

RV DI ol SRR

Fo=2dF, Y+( F2l} Y+ Fx )+ ( IF,
In this example. thers are tour unrqQue puol Zes: ore L)oo
repeating twice with two unique pulzes, a single rapaticron of

the third unique pulse, and two  repetitions o T I ST

unique pulse. If you were forced to zpecif. thiz zejoonce



e

without the shorthand nctation, the segquences O+ e rary,
digits appears like this:
1,0,0,1,1,1,1,0,1,0,CG,1,1,1,1,2,1,1,0,1,0,1,0
From a mathematical standpoint, there i1s rmo limgtstion o
the level of nestirng for the block notation: thersforz. 5 Qv.en
seguence could have a block nested within & bloch whooh o
nested within & block of pulses, and sa3 on.
9.5 The random sequence
The assumption that the pulse sequence wWag IS 100610
produced a succinct Jescription for am  aro:trar, Dl ne
sequence, but what of the case where the function 135 aper s od.o

Consider a rcase where the sequence is defined =

b
o]
ot
s
4
b
[

interval ot time but enterz a random mode for a {.mite perod

af time. This function still has atiributes of a2 peciodic
si1gnal it vyou look at the “big’ pilicture. Using the ora.r ous
notation for periodic pulse sequences we derive an ejuziiion of

the form:

F={ [ specified porticn cf signal 1 > )+(
FANDOM (FW,FRI,FLS REF,BLE REF, MISC IMNFUTS)

The known (explicitly stated) part of the signal uses the
reqular method of descriptiaon, and  ths random portion 1S
signified kty the functiorn RANDOM. FAMDOM s a function whose
outputs are the W, FRI, pul se  repetitions, smd bloock

repetitions of a random tim fact, pseudorandasm  DSsCause oo

finite time? sequancs  Of pul se=z  determined by e racndom
function and 1tse set of inputs. 04 course the szsunpi.on “tat

Y]
ta




the sesqguence

youw canm  so2
allowed for

description.

5.6 Chapter

An
the
to describe
mast
assuming a
and
repeating
the

sRgquenrnce

artiitrary

examina

compactly

blocks

SUMMAr:y

generation of an

pul se sequences

sequence.

15 periodic 1 dnvalid for o the rardon

how development of the periodic SE L. &
some quantification of th2 random =
iarn of the “"real’ world comstraints oo
arbitrary seguencse yvielded & suooon

these csequences. The key lies in the §=
consist of redundant time 1miormany
periodiz sedquance, the shorthand noists on
describes the sequence. By allaw

ot urnlque pulses and random Lime Lot
description capable of desoribing il e
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Figure 18 A pulse for Fy = 4, Y+ ( Ivy,.

+

—, }
T t

Figure 19 A pulse for Iy, Y+ ( 4,

e

Figure 20 The sequence for 33F: )+( F.

L

Figure 21 A pulse seqguence containing blocks.




CHAFTER &

IMELEMEMTATION OF THE FULSE DESCRIFT ION

6.0 Introduction

A pulse sequence description 1s only as  ood

~
u
H

o

implementation. I+ the descripgtion provides o i T B - P

- - e

transform, then the description 18 usefulg 1FE0 A& DLt

+

pulse szynthesizer 13 based an this descriptian, e TS

i

notation is  again useful. In Chaptsr 9D, I de.elcepeds

shorthand notation for describing amn arbltrary pulses

Now let us focus on the groblem of generating suaoh 5 220 800

from this notation. The +first part of Chaptsr @ des o Lot .

mn

generic pulzz  generator 1 & block diagram  tashaooan T
remainder of this chapter concerns my speculation o4 et o1s

required to implement theze 1dzas in firnwars ang saflasre.

&.1 Characteristics of the arbitracy

Hi

=oUEnCe

From the previous chaphtars, the Ssaunmets of 58 ads Chol
the desired pulse seqguence 12 peri1odic: &nd., faor ths =ituation
wheres randomness oCcurs, there 1% &n . fte&ns: orn 2l lowed 1n ths

sharthand notation. Lise of time redundans valds

- P

description whirch 1% compact and exnonnt L S o

I

sequance. So. to summarize Chapter S, sy 3eJoesroe o the
foullowing characteristics:

1. There exists an ordered sequences of ON and CFF t.mes
order being specified by the operator )+(.

-

2. Each OM and OFF time is composed of some inteqer ooambz e

i
wu




quantirations, the quantizations possibly being differsrt §or
the various OM and OFF intervals

3. A unigue pulse 15 one where i1tg FW and FRI - FY
different from all other pulses of the same order
sequence (i1.e.. the same ON/OFF or OFF/0MN ordering?.

Nt pulses are identical, thalt portion of the

4. When adiac
1 specified by an integer multiple of that uriogos

sequence
pulse.

T O

S. When there is & group i
several times before the pulses seaquence SLAME
comprising the block are aroup=za together. and 2
block repetitions becomes the wnteger mulitiplae of the

specified black. Theoretically, there 13 no limltacaon “0 ~he
nesting level allowed for bioct repetitiaons.

which repes

o the el

b. For ths case whetre a sequencs conbtains random pul se
function RANDOM 1s 1nserted 1n the ssqguercs description &t ‘nez
point whsre the randomness begins.

-~

7. The entirs seqguence 15 presuned t0 be pgeriodis with o Lal.ae
equal to the summstircn of all FW and PRI — FW values,

-

.2 A generi1c pulse generstor

Rased (ul g} the resul ts shaown 1 Section 2. ! i

e iw

1]

implementation  of the seqgquencs  descriptlon s fourndd 1n o thas

seaction., Ornly block diaagram (Figuwe 270 format s conzidarsd
tor this discussion; this allows tha generator go: Lad to

have ar intfinite operabti:rnag Dandwidth 1 terms of nemocry s

speed. If an arbaitrary seqgquence 13 described by, the 23uation

Fro= asfy, )+ 0 anfFa )+ 0 0. )b nta,Pe )+
for Fe = Nede )+ My
Nik.Mw,a. = 1nteqger

AperFraea >

then the pulse generator must be capable of counting
guantization intervals, pul se repetitions, arnd block

repetitions, and the system must recogrize blocks of pulsess and

the beginning and end of the specified sequence. Einary




countersz  arse wvsed to zount the gquantication 1nbtes . -0, oo LeE
repetitions, and block repetitions, ard control [T =S
regquired to recognice state conditions within the zysber, ETTNI
form of memory 1s required to stors the data, and o.ooazs The
data are different with ragard to the FW/FRIT - W tyne
intervzales, pulee repetitions, and blochk repetitionz. : exloEt
thres= separats: memory divi1isions are requlred. L. S M Orm
of 1nterfacing to the oubside warld for the cubtpub 1s oo ed,
Eut  how would such & device use thiz 1nformatiorn’ Sonce
the cesired gulss sequence 13 fiplte 1m length td e
periodic Ccase, at lesast), the uvser must recojgnice the Dedlaning
and 2rnd  of the s=sqguance. From the literaturs on Coanatar
software, I zall tre  comgpleste seguence a  “fila" of golsas
because thi-= intformation will become the program foo the

generic pulse generator.,

(usually a ver, easy task),.

any blocks of pulses within

of the sigrnal which

and finally, the only

pulses. As  with the

the pulse infarmation

the +tile. Faor example,

Figure 20: there are two

a total of eight OMN/OFF

unique pulse

represents the first

noe

the

has multiple
1tems
equat i
from the
e amine
Lrilque pul ses

time
has multiple repetitions.

time interval of the seris=z,

the {file has tesn

sequenCe CeSLagner mu

the file. Next, tind an, por b

repstitions of

Lilmd QQuiss

[ 1o

)

left will be single rapetic

on desaribing ths zequencs., o

First oulse to the lasi

Uy e
[ R

the pulse segusncs 2M WS oo

in the s2rr1es [ 0D ing

1ntervals. and Hrly the dlrrz

l“
t

The DN time of F,

and “he OFF




tima of Fa is trhe last time interval of the £ Lennhs
that 1 this exrample there are no blocks of pulases,
To operate the gener.c pulse generator we oo o olals e

data irto the memory of the system and erecute the 2oogam.

The program might look liks this:

MEM # INT VAL FLES REFS B

@ 1 = O FSA

1 2 = 0 NQGF

2 2 1 Q NOF

‘_' : ) EUF

SA = File Start Address EOF = End O4F File HNOF = 4z

Operation
MEM # = Memory Address Nunber 1n generator

Notice that & sinmgle guantization value has ceer wosd for
all of the time intervals: thiz 1 ot reguared .r ge;sral, [Dob
oravides a "mice" e ample. [+ =z=everal quantiocat con sl ogs a0

used, the command column also contains information commss . nag
the appropriate guantaization clock for that zspecid.o 1oneroal.
The time 1interval valuz represents the 1nteger mol tipller
=Y shown abowve 1n the gereral equation. The rmumber of

pulse repetitions shown for =ach interval of a sirals pul se
equals the same number, since there 1s arn ON amd am OFF time
for a single pulse. The number of block repetitions 1s =30

because there are no blocks in this sequence. I1f there wete

blocks of pulses, a block-start identifier 1s pl

31

wwe2d on the
first time interval of the block, and arn  end-of-block
1identifirer 1s placed on the last time interval of the blooh. )

critical point i3 to notice that the identificat:on of whioh
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interval is +the OM anmd which 1g the OFF is lef: -

d

u
n

ECri1pLion. Tha assumption 15 that the +irzt tims

counted represents (by default? the ON time., (i.e.,

and fraom thiz

ON  forever. The definiticns of & pulse ano pulss
validate this assumption. It the tirst interval (= an

1nterval ., the command column contains the informat:son

~o Shange the detault ardaer 1ng.
The last 1tem realize  the

reqs red to Dl Be

=Juatlon 15 S0OMme crualization aof the random sequaends

the ALDPropriate Lime., etaernal VELUES rERl scs
contained i the generabtor’™s memory., W owe T

apericdlc sequence. In fact, the data introduced

system may ori1ginmate from  anywhers= and  be

oo g

PO, [
L i 1 W le?
ERRMTRRN- Y |

point the output simply toggles b=twesn

whiam Fw,

DFF and

SEquUEBNCe

SR i

T AR

means. This modification sllows tremendous +l@ibrlit, 50 the
generator, As  contigured 1n Firguwre 22, thes gulis generator
renders arbitrary pulse sequences of Al lemcth  and

configuration.

6.7 Fealization of the generator

From Section &.2 a block diaaram of a pulse

gen=2rator 15  shown 1n  Firguwe 22, Eased orn this d

i
)l

hardware device could now be created which accompliz

functions. Al though the actual hardwar e

implementation of this device ic

thesis, I feel it is dimportant to

1 L0 &

o]

bevond the <coope

ez theses

zattware

ot this

————




configurations for such a device,

6.3.1 The MAFS svstem
A Ffirst-generation pulse generator exists at the A Toras
Wr-ight Azronautical Laborataories, Avionios Latinratory,

Electronic MWarfare Divizion. AFWAL/ARWA-Z, Wright-Fatterzon coy

Force Rase, 0Ohio. The system was christened the Multy-aAgile
Fulse Synthesizer dus to 1ts abil:ity to rendsr ol ses 3

variable FW  and FRI; and, i addition, the MAFES allows for
variable length pulss seqguances :nd pulse combinations, T e

first-generation sSyst

I
i

m created pulsss through the uwsze or thiree

16-bit binary counter chainsg with ore chain counting Lime

intervals, one2 chain counting pulse repatiftions, arnd ths last
chain counting bleock repetitions. Each chain was dedicated tor
use by only that divisioni therefors, unused counters remained
dormant until called wupon by the control Hardware. This

problem manifests itseldf in the situation where ou nas

Hy
a
b

iy

20~-bit count capability but had only a 1é6-bit cournt availabl
for that chain. even though only one or twd bits wers Dsing
used between the other two counter chains. Further, the
control saection did not support the pulse sequence descripition
as developed in this thesies., Frogramming ths MAFT raqguirad
decoding the desired pulse sequence into a series of ones and
Teroes, as discussed before. The user had to spend & areat
deal of time formatting the sequance into a usable form for Lhe

MAFS. The control zection consisted of "fine tuned” hardwired

wguaond,




Jigital logiz and was entremel, diffroult £o maiatain,
& 3.0 Cther possibls realizations

In this 1 will €20 am L M EAeh = sonaYLe
implementations of the gerneric svynithezizer. The attual a=.opoa

decen
desig

descr

explored should be an ingput  wunit. Using the tachr. g

software engineering, the first

strin
previ
order
descr
L, 1

notat

sequentially, little or no optimiceation 1 possib.s 320 0

input. Az described by Zelkowitz[1%], i+ we

and

erecution machine. The contral unit would simpily cop

ds on the zvallakble 1«

o oesn ared skl lis st oths oty or

rn o and construction. Since we now Nave am eguation formo o
1bing ANy arbitrary pulsa TequeEn e, th2 fivrzt 11y o1szioan

15 Lo tobeniozs bEhve sogpnet

el sl

Q Vvia a parser. Given the inmput  string &

n

ously. the parss=r A little more toodoe thern o oosteer Ly
an i1nput  command stack. This is becaussz ths sequsnos

iption 1€ 1n token form alre=ady by using the syvmbois LN

H
-
U
Ci
N
-
n]
o
it

. Y+ (., T 7 and th2 multipliers a&as zpec

10n. Singce the generator must enecuts the

execute the operators sequentially. we nocw have & Ciract

e Bt oA

and supply that data to the processing elements.

to

v

As with the tirst-generation synthesizer, thers 13 a read

count time intervals, pulse repetitions, smd blaok

repetitions. The pulse repetition incremants only when ths FW

and

FRI - FW time intervals have been counted. fhe t)ook

repetition count increments only when the propar numbar of
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N
pualse repestitians ot each pulss 10 the block has ooo o0 e,

From these regtriclsons, & three-stage pipeling aro). .o P
for the processing elements (counter ochalns) 1% &an aipelocr:-ts
configuratiacr. Since each segment of the plpe scosmplszhiezs s
ditterent task for the same pulze, the orps would e =&
processar pilpeline. The pipelineg perfcorms & sSingls Jolno7s L0
(uni1functional pipe? on  gzalar  operands., Thie ponrihion, o e
new ageneratar performing the deta processing 15 & Thorroe 2850z
processor pilp=2line operating 1in a unifunctionzl mods on zC 2l ar
operands. 1+ loading the pipeline requlres E EUDE LA L L &
amount of time, a possible solution would be to wuszs =54 2 ay
proecessor  configuration with each of the process:ng s=lenan -

(FEs) being a single, thres-stage pipe as described sboss

While amne FE executes the data for & unigue pulse. =

FEs could be loaded by the control wunit and read, for & ecution
uport completion of the current pulse. The 1nmteroonmEl s oo
network would simply he a demultiplexer ounpuot. Thoiz
confrguration allows for muwltiple ssquence  outputz when o

control unit can load each FE fast enough.

The proaoblem of unused counter bits was mentiones tod

~
=

the ftirst—-generation synthssizer. ldeally, the FE would azsign
= y o

the appropriate number of counters to each pirpe stage trom 3
bank ot counters located within that pipeline. The roumbaor of
counters required depends on the magnitude of the mult:iplietr s

used and thelr corresponding binary eguivalent representstion.

Ferhaps this Job is best handled by the controd) unit: thet 1s.

L7
[ U
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from  the 1nput data, the contral unst decidess e noa, D0 ey

are needed to coudt the time intervals, pulse repetiht: v, 0d

blaock repertitions. From this decision, the ocororo, Ll
commands the appropriate FrE to contigurs 1 Lt
accordingly. The interconnection networt between Lhs Tountsr s
and the datsa inputl could bhe of saveral torms. Triee o Lanzliar

network allows any counter to be comnected to the irnoubt oo e

as to other counters ffor cascading?): however, tne af oA
crossbar netwark i1s of the order N2 where M is thz numbsr
of interconnection input/7output selectors 10 tive Hh.

Certainly, a dynamic netwark 1s required: howeser the Dozt ot

implementing & crossbar system may overshadow ths oot of wne
system. Realistically, a counter will, at maost, be Zonnectss

to two other counters: therefore, any of the networks whloh are
multistaqe 1in nmature and allow up to twe counter connechions
may be used. The crossbar and LClos networbzs tul411]l these
reguiraments as well as the Illiac—-IV mesh cannecitad networ:

and some networks now being consider=a2d +or arrays  of

pProcessors.

6.4 Chapter summary

A pulse sequence description 1s of Mo ws

0

3 1t o=as

sSOome algebra or Can provide for Al easy 1mplensntation of
sequernrnce generation. Simce the notation described 1n Chapter

compactly describes a sequence in terms of 2asily 1aoplamnentad

variables, the new notation seems very usetul + ot tt=

HZ




application of descriping and
sequence. A general mode l was

implementations were presentead,
will be configured according

available enqineering expertise.

to
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7.0 Summary

The obiective of tiis thesis was to find S EEEIVE LT

describing anm  arbitrary
method be +found, to Lry
fashion.

to determine the spesctral

pulse =sequenoca, and Shiowl d

components of an input =3

CHAFTER 7

COMCLUSTIONS

I
pa
i

ard implement the notatiorn 10 SO0

e
—

The Fourier transtform 1s the engineer’s ztanidiszid

o Do e o
I R o

use ot the Fouwrier transform was examined in the tirsh et of

-

Chapter . The preotblem with this transform was that 14 .2l dsc

an infinite seri1es  whiah

sequences. Fart of thiz

i
lit]

became unruly for aven simEl

iU

QL

1% due to the Fourier “ranzfors

attempting to 1dentify  all of the frequancy Ccomponents oF A

-

sSQUAre wave. S5ince the

Walsh transeform  produces & Siainte

decompo=zition of the 1nput, 1t was the nest logroal onoice for

a transform method. The
produces round-off @rrors

which 1s ot an

[

.nteger

transtorms  reguired the

input  gigitsl sequence: this forced the user to 1dentity €.ar

one and zero 1n the sequenc

Sirnce transforms did
sequence, programming all
computer was tried next.

computer vecutiaon W g

Wald s funct:on becomes mesz, and

when trying Lo transtarm an inbereal

multiples ot e Aleo., coth
des1gner tao precewlss 1nbegratse the

@,

not eas1ly describses ar arhitrar,
of the ones and e Qe 1t o a

In Chapter 4 the problems with

2ramined  and it was found that large

bb
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amounts of memory are requared for an arbiltrary sequenco of any

length. Further, the software overheasd requored o

. EaRA Wy

through memory produced spoanifrcant limitations an the miciooem

value of time intervalszs that could be drested throwgn Lrhas

e

means. A means of averting the speed limitation 13 to wusid a

hardware device which generstes the desired segquencs e Duan

combinational logic. You gain the spesd of & hine dwiced
o} ]

but lose the proarammabl ity of & conputer. B e o Tesr

and hardwired approaches the wser still had to and:

spe:ify each one and zero 1 the sequence.

In Chapter 9 my shorthand nmotatiron for  dsscribing an
arbirtrary Seguence was introduced. The symbolog,y smolies 2z

necessary addition reguired Lo compubts the sequencs’ s gperiod,
T, and zupplies the order ot the ONJOFF szequances S or
de=zribes the shape of the szignal. An allowsznte 1= made +or

the instence wher e the sequenrnce conbtailns randomn bt ar ng
1

After incluading this  optiaon, the new notatyvon Compast]

.
r
)

precisely desoribes an arb)trar, pulse sequencea.

-

£ hardwars/sottwars  aimple2mentation of the

given 1n  Chapter &. Bogeneral bloock  diagroam enplaamns this
overall realization 0 the notation, and pozszlhle

implementations were looked at nent.

7.1 Conmijectures and future work

The wutility of the new notation ocutzide the realm or the

i
0

pulse synthesizer 1s questionable. For long truoth tableosz thie

it

&7




notation provides a succinct description, but the o v
algebra for the notation which could &1d 1n reductian met! o

Examination of an algebra for the notation i an araa +or

HY

possible study.
The area of acceptable error needs to be =iamined o0 o

Walsh functions. Wheanrn the intearval 1z not an 1nte

of Zm, the Waleh functions producse MEE = O onl ., for bhs
WALk (n, t) where n eguals infinity. Deperding on the acoizntable

error, the Walsh functions may prove Lo be use

=+ wivh ohs

T

proper 2rror algorithm.
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