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1. INTRODUCTION

The pressure altitude information reported by the aircrafr plays an
important role in the enhancement of safety and efficiency of flight
in the National Airspace System. The altitude information serves as
vital input for a number of today's and future ground-based
automation functions including surveillance, vertical separation
assurance, conflict alert, and minimum safe altitude system {MSAW).
The accuracy of the reported altitude depends heavily on the
aircrafr altimetry system. The altimeter senses the ambient
pressure, converts the pressure into electrical signal, quantizes
the signal into discrete level, and sends it to the transponder
(Mode C) for digital transmission., Curreancly, the Mode C data are
reported at 100 ft increments.

Wicth the planned implementation of the Mode S ground stations and in
particular, the capability of the Mode S transponders to report
alritude at a higher resolution (25 fr increments), there have been
suggestions from both the international and U.S. aviation
communities to examine the potential benefits of reduced
quantization for altitude data [1,2]. For the ground-based Air
Traffic Coatrol (ATC) system, the primary interest lies in the
design of an effective altitude tracker aimed at improving aircraft
surveillance and other safety-relacted automation functions,

In the airborne segment, the FAA has developed a family of Traffic
Alert and Collision Avoidance Systems (TCAS) as backup to the ground
ATC system. In particular, the TCAS II system provides escape
maneuver advisories automatically in the vertical plane., This
system tracks the altitude and altitude rate of the iantruder and own
TCAS-equipped aircraft to determine the hazard of mid air

collision. The tracking of the intruder's alcitude is based on data
quantized to 100 ft (Mode C) or in the future, an option for 25 ft
(Mode S) imcremencs.,

For own TCAS altitude tracking, the input data can be either at

100 fr incremencts or finely quantized. Since TCAS II is expected to
be installed in air carriers, the onboard altimezer is generally of
high precision, including an air data computer {ADC). Depending on
the ADC zype, digital altitude data of 1 ft incremeant or analog
synchro outputs are available, The synchro
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outputs can be quantized to small intrements such as under 10 fr for TCAS
applicacion,

Efforts are also underway by the FAA to collect altimetry data with the
objectives of quantifying altimetry errors at high and low altitude regimes.
The purpose of the data collection program for high altitude is to evaluate
the feasibilicy of reduced vertical separation standard above flight level
290. On the other hand, the objective of the altimetry data collection
program at low altitude is to determine the distribution of the altimetry
error for the general aviation aircraft population. Both of these two data
colleczion programs involve the analysis of reported altitude {Mode C) error
relative to the true altitude. Highly accurace ground based systems are used
to measure the true aircraft altitude.

Common to the aforementioned efforts of altimetry data collections and the
design of the alritude trackers is the need to characterize the altitude
error statistically at the output of the quantizer. This error is defined
herein as the difference between the alritude act the oucput of the quantizer
and the aircraft's rrue altitude, Thus, this error consiscs of the
quantizaction error plus the error prior to quantization. The latter error
includes the error associated with the onboard altimetry system (before
quantization) and the deviation from the standard atmospheric model for
pressure-to—-altitude conversion.

In calculating the mean and the standard deviation of the altitude error at
the output of the quantizer, frequently it has been assumed that the standard
deviation of the alrimecry error (0,) before quantization is comparable or
greater than the quantizacion level (Q). This asgsumption, coupled with the
additional assumption that the input error is Gaussian, leads to the
well-known result that the output quantization error is uniformly distributed
within the quantization bin. However, the standard deviation of the altimetry
error before quantization can be quite small {such as a few feet) relative to
the quantization level; the consequence is that the uniform distribution
assumption may not be valid excapt for small Q.

Another common assumption is that the mean of the error prior to quantization
is zero. This assumption is not always satisfied since the stacic system of
the altimeter or the use of the standard acmospheric model for
pressure-to-al:citude conversioa can incroduce a constant error or bias.

This report presents a mathematical analysis of the mean and staandard
deviation of the altitude error ac the output of the quantizer. The formulae
derived are very zeneral in that they do not assume an uniform distribution
for the quantizacion error. Furthermocre, the results are exact and applicable
to all values of o and Q. The only assumption made is that the distridbution
at the input of the quantizer is Gaussian. Numerical results are also
presented for =120 fr, 25 ft, and 5.25 ft, and 5, ranging from 2.5 ft to

25 fe.
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The next section discusses the error model used in the analysis and the

previous work in this ares. Saection 3 derives the theoretical results for the
mean and standard deviation of che output altitude error. Section 4 provides

the numerical results, as well as a comparison with the uniform distribution
The last section summarizes the results of the analysis,

model.
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2. ERROR MODEL AND PREVIOUS WORK

Figure 1 depicts the model used in the analysis of the altitude error at tae
output of the quantizer. The aircraft's true altitude as a function of time
is vepresented by h(t), which may include airecraft sinusoidal motion. The
true altitude is corrupted by an additive term, n(t), representing the
altimecry error and other sources of error prior to quantization. This error
includes those attribucable to scatic source error and transducer error. The
degraded altitude information x(t) is quantized at a level Q to produce the
output y{tr). The quantized alcitude, y(t), can be thought of as composed of
the true altitude and an error term, e{(t). It is the determination of the

mean and standard deviacion of the output error term e{t) that is of primary
intecest.

It is noted cthat che analysis of the impact of e{t) oan altitude tracking 1is
outside the scope of this report  since it depends on the specific tracker of
interesc, However, the results in characterizing the first-order statistics
of e{t) are applicable to the analysis of nonlinear and linear tracking
algorithms.

The additive error term, n{t), is modeled as a Gaussian process of arbitrary
mean, b{c), and standard deviation On(t). These two parameters can be a
function of time to account for their time variation as a function of altitude
and atmospheric condition. For economy of notation, b(t) and oy{t) are
denoted as b and 0, respectively.

The parameter b represents the constant altimetry error or bias error before
quantization, whereas ¢, denotes the random component of the error or jicter.
For air carrier type of aircrafr such as the L-101l1l, the op before
quantization is on the order of several feet [3]. Preliminary analysis of
actual flighct daca from B-74%7 and Airbus 300 also shows the same order of
magnitude for oq .

Since a(t) is a Gaussian random process, x(t), a linear fuanction of n{c), is
also a Gaussian process with the following mean and variance:

x(e)=E{x(:)] (1)

sE{h(c)+n(c) ]=h{c)+b
where E denotes the mathematical expectation operator

2 a2
%(t) %

The analysis of the ou:zput error e{t) is generally quite complicated because
of the nonlinear nature of the quantizer. The altitude quantizer under
consideration is a round-off type, as shown in Figure 2. For simplicity, it
is assumed that quantization occurtrs at the pre-selected thresholds with
negligible srror. Since the quantizer performs a nonlinear transformation of
inpuc x{c), the oucput altitude y(t) is generally non-Gaussian.
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' h(t) Quantizer y(t) . measured altitude

- True {Q) ~ y(e)=h(t)+e(t)
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. a(e)
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Y h(t): true aircraft altitude

M n(t): altimetry error before
5 quantization; Gaussian
b, distribution with mean b
o and variance of

x(t): corrupted altitude
input to quantizer

w y(t): output altitude

. e(t): altitude error at quantizer
~ output; defined as y(t)-h(t)
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e Roundoff Quantizer (Q=100 ft)
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Figure 2- Example Input/OQutput Transfer Function
of Altitude Quantizer (Q=100 ft)
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The statistical effect of quantizacion has been widely studied in many
fields. Quantization error is unavoidable in digital systems when
analog-to~digital conversion is required. Perhaps the earliest work in
establishing the relationship between the moments at the output of the
quantizer and those at the input is known as Sheppard's corrections for group
data [4]. The pioneering work ian the rigorous analysis of the quancization
effect was performed by Widrow [5], who first established the statistical
discribution at the output of the quantizer and the necessary conditions for
the output to be uniform and white. His results are also known as the
quancization theorem. Excensions of his work, as well as previous efforts,
include those of references [6,7,8].

The following summarizes the previous key results relevant to the
determination of the mean and variance of the quantized output error, e(t),
assuming the input to the quantizer, x(t), is Gaussian :

i) For "large” n/Q ratio (e.g., ¥n/Q *1), it is well~known that the
quantization ecror, defined by y(r)=-x(t), is uniformly distributed over
the quantizacion interval and that the input x{(t) and the quantization
error are uncorrelated. This leads to the folowing relationship between

the variance of the quantized altitude error to the variance at the
input:

2
Te -d’nz+ gz (2)
) 12

In the above equation, Q2/12 represents the quantization error due to
the uniform distribution model.

ii) For o,/Q ® 1/3 the following approximation has been derived [4,5]:
For x{t)#0,

e{D)=E[ele)]= - Q exp (-2 =2 a2/Q?) sin(znm)) (3)
m Q

For x(c)=0,

T 2 2 2 7 2 2,12 )
Te "%y * %z - 20, [ 2 +Q -~ ] exp (=27 o /Q7) o4)
2
r Gn
2-4
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iii) For all range of 0,/Q and x(r)=0, the variance of e(t) is given

by [8] :
z 2 2 1 & i 2.2.2, 2
g, =0y +Q + b0, z (-1) exp (-2 7" i‘0n /")
12
f=1 .
2 2 2 2,2
. + t=exp (=271 o /Q7)
'Q;I i ol R
im1

(5)
It can be noted in {ii) above for moderate 0p/Q ratio and for nonzero mean
x{t) case, the variance of e{t) has not been derived. Similarly, in (iii) the
mean and the variance of the error at the quantizer output are not available
when the mean of x(t) is not zero. For ATC applications, the mean of x{(c¢) is
only zero when both the aircraft altitude and the bias of the altimetry error
are zero.
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3. DERIVATION OF THE OUTPUT ALTITUDE ERROR

The derivation of the mean and the variance of the altitude error at the
output of the quantizer is relatively straight-forward, albeit algebraically
cumbersome. The altitude error at the output of the quaatrizer is defined as
the differance between the output altitude and the true aircraft altitude.
Thac is, the outpur error e(c) is,

e(t)=y(e) - n(c) {6)
The output error e{t) defined above is related to the commonly known
quantization error by an additive noise term n(t). This can be seen by noting

that the quantization noise is defined as :

eQ(t)-y(:) - x(t)
=y({t) - hi{e) - n(r)

or,
y(:)ﬂeq(:) + h(t) + a(e) {”n

Substitucing the above into equation {6), the output error e(t) is related to
the quantization error eQ(t) by:

e(t)’eQ(t) + a(e) 8)
In general, en{t) and alc) are correlated, i.e.,
u[eQ(c)n(t)] 2 E[e (e)]*E[n(t)]. The correlation between the two error terms
on the right-hand s1de of equation {8) decreases as Ty /Q increases [8]
The mean and the variance of e{t) are:

Ele(e) J=E[y(c)] = n(c)
e(t)=y(t) - hlc) 19)

2
0o *Variance [y(z) - i)

=Variance [y(t)]

=E(y*{t)] - [ F(OI "10)

Ic can be observed from equations 9,10 that the mean and the variance of the
alcicude error at the output of the quancizer are related directly to the
first and second moment of the quantized output y{z). To calculate the
moments, the technique of the characterisctic function is adopted.

Denoting y(t) and x(t) at a particular time ¢ as Y and X respectively, the kth

moment of Y is related to its characteristic function QY(p) by:
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(11)
Only the first two moments are derived, i.e., k=1,2, The relatiounship -
between the characteristic function @y(p) and Px(p), where Qx(p) is the
characteristic func:zion of X, is givea by [5,7]:
° -
QY(p)' z Qx(p - 2wi/Q)'[sin [{p-eri/Q)‘Q/Z]]
{p=2 m1/Q):Q/2
1..@
(12)

The characietistic function of the Gaussian random variable X with mean X and

vari
ance o

.= 2
@g(P)=exp {jXp - e P /2)

is given by:

(13)

Performing the differenciation in accordance with equation {1l1) and making use
of equation (12) and (13), the first two moments of the output altitude error
have been derived. The details of the derivation are provided in Appendix A.
From the appendix, the first and second moment of Y are given by:

EJY)=X + Q Z {-1)"sin {27 iX/Q) exp {(=27i a4 /Q")
T i
ie

1
(1%)
2

1

2 2 -2 2 2 i - 2.2 1,2
E(Y7)=oq + (X) + + {-1) cos{2™ iX/Q) exp {-27i o, /Q")
n % %‘r izl s xp n

2 i 2 - - 22 2 4
+ (-1) (4mio, cos[2miX }+ 2X sin/ 2 miX ft-am i oo /Q7)
LD Gfenio cor (25)e i sin(2r e 17 ey

Q Q

i=s}] (15)

Substituting the mean of X from equation {1) into the above rwo equations and
using equations (9,10), the formulae for che mean and the variance of che

altitude error at the output of the quantizer can be shown to be: .
Ele(c)]=e
=£{Y) - h
= + g_i (_-1._)i_exp (-zfrzi.zo': /Qz) sin [27 i{h+b)/Q] < 15)
i i
i=1
3-2
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o_ =E (YY) - (YY)
P e+ 00 S b exp (-277 i 00 /0Y) cos [27 i(hsb)/Q)
L - ex - 1 ¢ cos 1
a %Z- %; L P n
ix]

& 21
+ !ur: 2 (-1)1 exp {27 i cr: /Qz) cos [2wilh+b)/Q]
i=s]

2
Q (-1)1 exp (-erziza'; /Qz') sin [27i(h+b)/Q]
K i (n
i=1

For 0./Q ® 1/3, equations {16,1l7) can be approximated by the first term of
the infinite series. Hence,
For 0,/Q31/3,
- 2 2, 2
e®b - Q exp (-2 W o’n/Q ) sin [2% (h+b)/Q]
T
2

T I 42) (=27 5 /Q% ) cos[2m {n+b)/Q]
cl'e a'n+%2_-(%£+- a-n expi n’a'nQ cos \

exp (-4 ﬂzw;'/Qz) sin"[Zv {h+b)/Q]

1t

3=3
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3. NUMERICAL EVALUATION

It can be seen from equations (16) and (17) that the mean and the variance of
the altitude error at the output of the quantizer are a function of four
variables: h (aircraft’'s true altitude), b (altimetry bias),opn and Q.
Furthermore, even if the input bias b andcﬁido not vary with time, the output
error parameters of @ aad Te can be time dependent since the altitude of the
aircraft generally changes with time unless it is flying level.

To reduce the number of variables for graphical display purposes, che
following modified altitude error is defined:

- -
e =g =D

© i 2% 2 2 . . .
= g_z (71) exp (=27 i Ty /1Q7) sia [2 wi(h+b)/Q] . 18)
1

T
i=1

The above simply subtracts the bias from the mean ouctput altitude error. The

€ and 0, are function of three variables in (h+b)/Q,%and Q. Since cthe

varza:xon of @ and a: is sinusoidal with respect to (h+b)/Q, it is only

sensitive to the fractional remainder of {h+b)/Q, or R[{{h+b)/Q]. The function

R is defined as,

R(z) = z - Inceger (2)

where Integer (z) denotes the integer part of z.
{e.g., Inceger(10.5)=10; Integer(-1.5)=-1)

There fore, 0 4 LR(z)‘ £ 1, It can be noted that two aircraft at different
altitudes can result in the same fractional remainders and therefore the same
output mean and variance if the bias (b) and Q are the same. For example, if
hy+b=20,025 ft and Q,=100 fr, and hz+b-50,025 ft and Q,=100 ft, then

R(20025/100)=1/4
R(50025/100)=1/4

A coumputer program has_been written to compute the output altitude ervor
parameters, and 0a , based on equations 17 and 18. The specific Q levels
evaluated are Q’IOO 25, 6.25 fr. The input altimetry error ¢_ was varied

0
from 2.5 fr to 25 fc.

The plotting of the output altitude error vs. R[({h+b)/Q),"n, and Q are given
in two forms. The first form presents the errors vs. R{{h+b)/Q] with gyand Q
as parameters in order to heighcen the sensitivity of errors with respect to
altizude level of the aircraft and Q. The second form emphasizes the
variation of error with respect o op, with R{{h+b)/Q] and Q as plotting
parameters., These two forms are somewhat redundant in information data bdase,
bput wich different emphasis.
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. Without loss of generality, only the positive values of R(h+b/Q) will be

» illustrated in the figures herein. That is, the emphasis is on the important
; case in which the the aircraft's true altitude plus bias is higher than zero
iy fee:o

N 4.1 Mean Altitude Error at the Qutput of Quantizer

The mean altitude error at the output of the quantizer, e , as a function of
the fractional remainder, R[{h+b/Q], is shown in Fig. (3) for Q=100 ft and in
Fig. (4) for Q=25 ft. 3} can be observed from these two figures that the mean
output altitude error @ 1is an_odd function of R{(h+b)/Q] about R[{{h+b)/Q] =
1/2. It is also noted that @ is zero at R({(h+b)/Q]=0,1/2, regardless of
the quantization levels,

5-4-,‘ .

A% Ly

—*

Another observation is that, for the same input Ja , the peak e” decreases
with reduced Q. For O =2.5, the peak ¥ values for Q=100 ft and Q=25 ft are
approximately 43 £t and 7.3 ft respectively.

S

It can also be noted that, as ¥, increases, the peak ;* decreases
regardless of Q. In fact, frzm Figure (3), as @3/Q increases to 1/4,
corresponding to Jpn=25 ft, 8" approaches a sinusoid with respect to
R{(h+b)/Q]. This agrees well with the known result that for moderate values
of ¥/Q, only the first term of the infinite series in equation (18) needs
to be used. As J3/Q becomes very large, 38" approaches zero.

LI N
27 2 & o B

It has often been mentioned that it is the Ug that has the most impact on
altitude rate estimation, rather than ¢© « This is true when the mean

error does not fluctuate significantly with time., For high Q case such
as Q=100ft, and for some unique combination of aircraft altitude profile

and Opn, the contribution of ¥ to rate error estimation can be

appreciable., This aspect needs further investigationm.
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The variation of ;*_ with input altitude error &, is shown on Fig. 5 and $§
for Q=100 ft and Q=25 ft respectively. It can be observed from Fig. 6 for
Q=25 fr_that for Gy ®*10 fr, the output &' is zero., However, for Q=100 ft, the
g peak € varies between 27 ft to -27 ft for the same range of Z.

%.2 Standard Deviation of Altitude Error at The Output of the Quantizer

The standard deviation of the output altitude error as a function of
y R({(h+b)/Q] for Q=100 ft is shown in Fig. 7. It can be observed that J5 is an
) even function of R((h+b)/Q] about R[{h+b)/Q]=1/2., The peak & is 50 ft,
occuring at R((h+b)/Q]=1/2. That is, if b=0, the maximum G would occur at the
round-off threshold point., This agrees with the intuition that at low &H/Q,
. any small jitter about the round~off threshold point would push the quantized
. altitude (1p or down) to the next juantized altitude, resulting in Jg of
) approximaczaly Q/2. As will be noted later, this observation is not true for
. high &/Q case. ]
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It can be noted from this figure that Jg decreases as R{{h+b)/Q] moves away
: from R[(h+b)/Q]=1/2 and reaches a minimum at R[(h+b)/Q]=0. Furthermore, for
the smallest noise case of Up=2.5 ft, the spread of 3 about R[(h+b)/Q]=1/2 is
very small. As J; increases, @G becomes more dispersed.

Figure 8 displays the variation of @ for Q=25 ft. In comparison with the Q=100 .
fr and Sy ®7.5 ft cases, the same observations about Jg also applies to Q=25
ft. However, for %y *10 fr, aais constant and does not depend on R[(h+b)/Q].

Figures 9, 10, and 11 display the standard deviation of the quantized error as
a function of the input altitude error (& ) for Q=100 ft, 25 ft, and 6.25 ft
respectively. The dashed lines in these figures represent the ideal case of Q
approaching zero or no quantization case.

For a specific Gy, it can be seen from these figures that as Q decreases, the
spread of the U3 decreases and the maximum 3§ also decreases. It can be noted
that as Q drops to 6.25 ft, 3 almost approaches that for the non-quantization
case. Furthermore, G is almost independent of the aircraft altitude.

Noise suppression or reduction can be observed for Q=100 ft and Q=25 ft (Fig.

9 &19) for specific input altimetry error (Jn , b), quantization level
(Q), and true aircraft altitude (h). This means that the output % is less
o than the input Gy because of altitude quantization. In general, this

phenomenon occurs at low 53/Q levels and a subset of R{(h+b)]/Q values. For
example, for Q=100 ft and input %4 €10 ft, Fig. (9) shows that the output T
is less than the input ¥ for R[(h+b)/Q]=0,1/8,1/4,3/4,7/8.

Another interesting example is the case in which Q=100 ft, b=0, and the true
aircraft altitude is exactly divisible by 100 (coinciding with the flight
level notation). In this case, R(h/Q)=0, Fig. (9) shows that the output J is
the lowest, as compared to other R(h/Q) values. Furthermore, the mean output
error (Efis also the lowest (see Fig. 5). However, when the last two digits
of the aircraft altitude are 50, the output @ is the largest while the mean
output error is the smallest,

In general, an aircraft in flight will experience the full spectrum of J7
variation as its altitude changes with time.

4.3 Comparison with the Uniform Altitude Error Model -

For ease of analysis, it has frequently been assumed that the error (variance) .
at the output of a quantizer device can be calculated by summing the input

errvor and the quantizaticn error using the RSS metnod (see equation 2). The

variance of the quantization error is assumed to be Q2/12 based on the uniform
distribution of this error. However, the uniform distribution model is not

universally valid, especiaily in low 3 /Q cases.
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The accuracy of this model is compared with the results given in Figures 9,
10, 11. It can be seen from these figures that the o, values predicted by Zhe
uniform distribution model fall in between the maximum and the minimum of the
true theoretical values. As Q decreases, the uniform model becomes more
accurate for the range of input noise examined. As Q approaches 6.25 ft,
negligible difference exists between the computed {exact) values and those
based on the uniform distribution model,

For quanctization levels of 100 ft and 25 ft, the validity of the uniform
distribution model depends on the o, of interest. For example, for Q=25 ft,
it can be observed from Fig. 10 that when Oy 210 ft approximately, there is
lictle difference between the values provided by the uniform distribuction
model and the exact calculationm.

The appropriateness of the uniform distribution model is probably more

dependent on the application at hand. If approximate analysis is the desired
goal, then the uniform distribution model would suffice.
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5. CONCLUSIONS

Ly

The analysis and numerical results provided herein show that reduced altitude
quantization has a positive impact in reducing the errors at the output of the
X quantizer. Specific conclusions reached include the following:

-The mean and the variance of the alritude error ar the quantizer output
\ vary with the fractional remainder of {h+b)/Q, the input altitude error

. variance, and the quanrization level Q. Since an aircraft in flight generally
\ has a dynamic altitude profile, the quantized altitude ervor also changes with
' time.

-Reducing the quantization level also reduces the peak mean output
alticude error. Reducing Q from 100 fr to 25 ft diminishes the peak mean
alcitude error at the quantizer oucput from %3 ftr to 7.3 fr. for the range of
input error stactistics considered.

-

ELILPLAS N

-As quantizacion level is reduced, the peak of the ¢e¢ and the spread

« of gdg({max and min of 0y ) are also reduced. Figures 9,10,1l1 coatain the
numerical results for various Q and input statistics., As altitude is finely
quantized such as to 6.25 ft, there is negligible difference between the
quancized altitude error and cthe alcitude error without quantization.

-A comparison of the approximate uniform distribution model with the
. exact formulae shows that the former method produces a value ¢, in between the
J maximum and the minimum of the true value. For a specific standard deviation
of inpuct alcitude error, as Q decreases, the uniform distribucion model
becomes more accurate.

O A L




- v -
<

REFERENCES

l. Andrews, J.W., "Preliminary Design of An ACAS Tracker Using Reports in
Y 25-ft Incremeants”, SSR Improvements and Collision Avoidance
¢ Panel (SICASP) WG~2,WP-2, March 1985,

o 2. Lefferts, R.E., "Examinacion of Reduced Quantization for Mode S§", SICASP,
4 ¢ WG-1, May 1984,

3. Wong, G.A., " A Quick Look at NASA VGH and NTSB Data for Altimetry Noise
Modeling”, APM-330 Briefing, Nov. 29, 1984,

4 4. Korn, G.A. & Korn, T.M., "Mathematical Handbook for Scientists and
Engineers”, McGraw Hill, New York, 1961.

5. Widrow, B., “Statistical Analysis of Amplitude Quantized Sampled-Data
System”, Transactions of cthe American Institute of Electrical
Engineers, Jan. 1962, p555-p567.

6. Bennett, W.R., "Spectra of Quantized System”, Bell System Technical
~ Journal, Vol.27, July 1948, p4i6-pi72.

7. Korn, G.A., "Hybrid-Computer Techniques for Measuring Statistics from
Quantized Data”, SIMULATION, Vol, 4, No. %, April 1965, p229-p239

8. Sripad, A.B. & Snyder, D.C. "A Necessary and Sufficienc Condition for

Quantizacion Errors To Be Uniform and White", IEEE Transactioans omn
' Acoustics, Speech, and Signal Processing, Vol. ASSP-25, OCT. 1977,
] pil2-p4ss8.

! - - Ce- .
f.‘- N A R A R O I I T N T B

IR IR LRI R L T T AL J A - "y . ™ a s e e LRGN R "
PRI O T RN D X A N NN N S R T N S TN A A L T e S R R RT A  a a T i o T S A T LR Tty




APPENDIX

First and Second Moment of Quantizer Output

The first and second momeant of the quantizer outiput are derived in this
appendix assuming the input distribution is Gaussian. The input and the
output of the quantizer of level Q are denoted by X and Y respectively. A
cround-off type of quantizer with input and output characteristic shown in Fig.
(2) is assumed.

The method of characteristic function is used to derive the first two moments
of Y. The kth moment of the random variable Y is given by:

el v 1-(1)" a*_o,tp P k=1,2,3, .o
3/ apk

P=0
(A-1)
where gl(p) is the characteristic function of the quantizer
oucgput Y

Denoting the characteristic function of X as Qx(p). the relationship between
the the input and output characteriscic functions is given by the following
series [7]: )

@ylp)= 2 0y,(p)

isex (a=2)
where & (p)= Gx(p -27i/Q) -[sin [{p-2m i/Q)'Q/Z]]
Xy p=2mi/Q)-Q/2

The expected value of Y, or first moment, is

)
’ 1 d Q (P) - 1 .
E(Y)= - = - d & tA-3)
) T Tp Y P a_p xi( P)
' Pso i=-w p=°

Differenciating Qxfp) with respect to p, we get,

d

dp

=d -27i/Q) -] sin l(p-Zﬂi/Q)'QLZ]})
dp%x(p i [—(p-Zni/Q)'QIZ S

p=e

p=o

A=1
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Carrying out the above operations and making use of equation (A-3), the first
moment of Y is given by:

- ) 1
E{¥)= X - _Q z (-1) &l-27i/Q)
2mj] &0 i {(a-%)

From equation {A-1), the second moment of Y is,

E(Y})= - i a*a3p)
d p¥ p=0
iz
-]
= - Z Q (p-er 1/Q)[sm {p=2 1/Q)Q/2§]
{iz2-2 P'ZWI/Q)Q/Z J p=0

+ 2@;‘:1)-21\’ i/Q). d [sin (p=2 7 i/Q)Q/Z]
d p (p=2mi/Q)Q/2

P=0
2
+ g lp2mi/Qd |sin {p-27i/Q)Q/2
X 3 F[ (p-2 7 17Q)Q/2 J }
: P=0

whece ¢' and @" denote the first and second
derivatives respectively

g
¢
" After considerable algebraic manipulations, the second moment is given by,
.
] D ,
E'Y )’E\X ) +9b+_Q {-271i/Q) +g Qy(-ZTrl/CL
™ X 2w
. 1#e igo (A-5)
4
_" It should be noted that the above expression is valid cregariless of the
, distribution of the input X. That is, the normality assumption for the input .
to the quantizer has not been used.
L)
: A=2
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Substituting the characteristic function of a Gaussian distribution with mean
X and variance ¢ into equations [A~4, A~5), the first rwo moments of Y can be
shown to be:

- , 2 2
ELY)=X + Q i (-Dsin (27 iK/Q) exp (-2nit e /QM
¢ m i
i=1

-

= 2 & i .= 3.1 7,2
g(yH)= e s (X)7-+ %;_4- %T Z (=1) cos(2 iX/Q) exp (-27i o _/Q7)
i=l

+Q_i ('1)1 6110-2' cos(ZwiX)i— 2X sin(ZHix)}exp t-2m i o /Q7)
1 Q Q Q
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