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Monotone Scmiflows Generated by Functional Differential Equations
Hal Smith*
Lefschetz Center for Dynamical Systems
Brown University
Providence, Rhode Island 02912
Recently, there has been a considerable advance in our understanding of the
qualitative as well as the asymptotic behavior of semiflows on partially ordered
spaces which preserve the partial ordering. In large part, this advance is due to
recent work of MW, Hirsch >[9-12] and H. Matano [14-16). The most striking result,
due to Hirsch (10,11,12], implies that "almost every"” precompact orbit converges to
the set of equilibria (under suitable hypotheses, see section 4). These results have
been applied to ordinary differential equations in R™ (see e.g. [10,23]) where the
well-known Kamke theorem applies and to nonlinear reaction diffusion systems
with quasimonotone reaction term (see e.g. [11,12,14,15,23]) where maximum
principles apply. The aim of this paper is to develop the machinery necessary to
apply the above mentioned results to the class of functional differential equations,
FDE’s, and to investigate the qualitative behavior of the subclass of these
equations which generate an order preserving semiflow.
More precisely, we consider the FDE

©n X =fxp, =L

where f: C([-r,0L,R™) = R™ and x, denotes the element of C = C([-r,0,R™), the space
of continuous maps of [-r,0] into R?, given by xt(e) = x(t+8), -r € © € 0. For more
details concerning FDE's we refer the reader to the text [6]. Assume that (0.1),
together with the initial data xq = ¢ € C, gives rise to a unique solution on [0,0),
o > 0, which we denote by x(t,§) or x,(¢) depending on whether we view the

solution in R™ or C. Then, under suitable conditions, the collection of maps,

*On leave from Arizona State University.
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¢ -~ x4(¢), is a local semiflow on C. If ¢ € C, we write ¢ € § (¢ < ¢) if the
indicated inequality holds pointwise, with the wusual (componentwise) partial
ordering on R™ The semiflow is order preserving (we will say that f is
cooperative) if whenever ¢ €  we have xt(¢) € x(¢) for all t,0 €t < min{od,,od,}.
Sufficient conditions for f to be cooperative appear not to be well-known. After,
obtaining such conditions, this author found references to work of K. Kunisch
and W. Schappacher [25), R.H. Martin [13] and Y. Ohta [18] who had earlier
obtained the same sufficient conditions. Most likely, others before them have
obtained the following sufficient condition
(H) Whenever ¢ € ¢ and ¢;(0) = ¢,(0) it follows that £;(¢) € f;(¥).
For those familiar with the Kamke (quasimonotone) condition for ordinary
differential equations, (H) will seem quite natural, it reduces to the Kamke
condition.

The order preserving property of a semiflow is not sufficient for the
strong result of Hirsch mentioned above;, one requires strongly order preserving
semiflows, that is, if ¢ € ¢, ¢ # ¢ then x((®) < x((¥), at least for all large t (it is
only reasonable to expect such an inequality for t 3 r).

In section 2 of this paper we develop sufficient conditions for (0.1) to
generate a strongly order preserving semiflow (we say, in this case, that f is

cooperative and irreducible).

In section 3, we consider the stability of steady states of cooperative

s FDE’s and the existence of connecting orbits between steady states.

\ In section 4, we state the relevant results of Hirsch which apply in our
' setting.

?s The main result of our work can be roughly summarized as follows. Let
)

f be cooperative and irreducible (see section 2) and assume all orbits of (0.1) are
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el
'.;ig:: precompact (e.g. all orbits are bounded and f maps bounded sets to bounded sets).
tat
Pt .. ‘ o .
* Then, for a dense set of initial conditions for (0.1), the qualitative behavior of the
;}:i" solutions of (0.1) is the same as for the ordinary differential equation
LALR
o
A (0.2) x’(t) = F(x(1))
—“'x!
F(x) = f(x)
L
Y ﬁ' A A
:{1 where x = x is the inclusion of R into C given by x(8) = x. Equations (0.1) and
hul
Yl - . A
i (0.2) have the same steady states and the stability properties of a steady state x of
.‘ -._ (0.1) are the same as for the steady state x of (0.2). Moreover, Equation (0.2) is
3 ):‘f
‘f.': cooperative in the sense of Hirsch [9] and hence there are simple tests for stability
Y ‘q
o
e and instability of steady states of (0.2) (see [23] and Corollary 3.2). These rather
W ) striking results represent a considerable improvement in the connection made
)
e .
:! : between (0.1) and (0.2) by R.H. Martin [13].
. L
W The results of the first four sections of this paper are applied in section

5 of this paper to a model of biochemical feedback in protein synthesis which goes

back to Goodwin [4] and has been the object of much study [13,20,21,24]

?f , ," ~
Pl

98 particularly in the nondelay case. Under very reasonable hypotheses, we obtain an
}" essentially complete picture of the qualitative behavior of the solutions of
ey .
K }} the model equations.
i
k] It is convenient to establish some notation here. Let R’+‘ be the cone of
_.-Q non-negative vectors in R, If x,y € R® we write x € y(x < y) if x; € yi(x; < yp)
V)
: {: for 1 €i €n. Let {e}s--€n) denote the standard basis in R™ and let I=e +est..4e .
-
N If x €y, we write [x,y] = (zeR™ x €z €y). Set N = {1,2,.n). Letr 3 0 and
-.- C = C([-r,01,R™) be the Banach space of continuous functions mappings ¢{-r,0]~R"
“»
43S ) . . o
{\‘ with supremum norm. If ¢, € C, we write & € ¢¢ < ¢) in case the indicated
Ny
+ SN
A inequality holds at each point of [-r,0]. If ¢ € ¢, we write [d,¢] = (BeC: ¢ € B € ¢).
l;
N
9}
t:':i‘
'."l'
'i:‘:t
i
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E Let C* = (¢eC: ¢ 3 0). Let ~ denote the inclusion R® ~ C([-r,0,R™) by x - X,
)

H :2(9) = x, 6€-r,0]. Denote the space of functions of bounded variation on [-r,0] by
, BV[-r,0). If A and B are subsets ot a linear space, then A+B = {a+b: a€A,beB) and
g‘ similarly for A-B. If X and Y are Banach spaces, let L(X,Y) denote the space of
\':’ bounded linear maps from X to Y. Let A and B be nxn matrices. We write A<B

if the equality holds componentwise. The matrix A is irreducible if it does not

2ol

leave invariant any proper subspace of R® spanned by a subset of the standard

et

basis elements. We write s(A) = max Re ) where ) runs over the eigenvalues of A,

the stability modulus of A. If a € R? we write diag(a) for the nxn diagonal

' matrix with a; in the (i,i) entry.
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1. Comparison results.

Let 0 be an open subset of R x C and f: @ = R™ be continuous. Consider
the FDE
(1.1) x'(t) = f(t,xt).

We assume throughout this paper that solutions of the initial value problem (1.1)
together with xtO = ¢, for (tp,$) € Q, are unique. If £ is Lipschitz continuous in ¢
on compact subsets of Q then uniqueness holds [6]. We write x(t,to,¢,f)(xt(t0,¢,f))
for the solution of the initial value problem and we drop the f when no confusion
results.

The results of this section have probably been proved by many authors.
However we are only aware of the work of contained in [13],[18], and [25]. These
authors proved both results of this section.

Consider the hypothesis:

(H): If (t,4),(t,¥) €Q, ¢ €d and ¢;(0) = §;(0) for some i, then
f;(t,0) € f;(t,9).

The main result of this section is the following.

Proposition 1.1:  Let f,g : 0 = R™ be as above and assume either f or g satisfies
(H). Assume f(t,$) € g(t,¢) for all (t,$) € & If (1(,9),(ty,¥) € 2 with ¢ ¢ Y then
x(t,t0.0.0) € x(t,tp,¥.2)

for all t 2 to for which both are defined.

Proof: Assume that f satisfies (H). Let ge(t,tb) = g(t,4) + €l and Y, = ¢»+ef for
€ 3 0. If x(t,tg,¥.8) is defined on [to-r.t;] for some t; > to then x(t,tg,¥,8,) is
defined on [ty-r,t;] for all sufficiently small positive ¢ by Theorem 2.2 of {6]. We¢
will show that x(t,ty,0.f) < x(t,tp,4.,8,) on [ty-r,t;] for small positive e. The
proposition will then follow by letting € = 0 and applying Theorem 2.2 of [6].

Suppose the above assertion is false. Then there exists a small positive e for

K <
& "p$ % ssx’-\‘,\f\x
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which x(t,1g.0¢.8¢) 1s defined on [ty-r,t}] and a t'&tp,ty] such that
x(t,to,qb,f) < x(t,to,d)e,ge) on [to-r,t’) and xi(t’,to,db,f) = xi(t’,to,we,ge) for some value

of i. Clearly x’i(t’,to,tb,f) 3 x’i(t',to,xpe,ge). But

X3Pt e 8e) = 8j(U.Xp(tg,0e.8)) + €
2 £(0.xp(tg,d.8.)) + €
> £(Cxp(t0.¥¢.8¢))
> £(0xp(tg,6:.0))

= x’i(t’yt05¢,f)

where the latter inequality follows from (H). This contradiction implies that such
a t’ cannot exist and establishes the above assertion (and the proposition).

Suppose that Q = R x U where U is an open subset of C containing C*.
The following invariance result will be useful. The proof involves ideas similar to

those used in the proof of Proposition 1.1 and is therefore omitted.

Proposition 1.2:  Assume that whenever ¢ € C* with ¢,(0) = 0 and t € R, f;(t,$)20.

If ¢ €C* and tj € R then x(t,t,4) 2 0 for all t > tg in the maximal interval of

existence.

Proposition 1.2 is a very special case of much more general invariance

result due to G. Seifert [19].
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tii 2, Cooperative Irreducible FDE’s
AR,
ik The ultimate goal of this section is to find sufficient conditions for the
" ‘ autonomous FDE
)‘_\
o 21D  x(®=f(x), f:C~R"
B to have the property that whenever ¢ € C are distinct with ¢ € ¢,
1
14y then xt(0,¢) € xt(O,sb) for t320
Ve .
g
:%.‘ and xt(0,¢) < xt(O,gb) for t 3 to > 0,
)
""f . - . . a
K ty sufficiently large (independent of ¢ and ¢). The following example will show
:",*'" us that we need to modify slightly our notion of the state space of (2.1).
) \
F)
::S Consider the initial value problem
e
KA
i X} (1) = ax (1) + bxy(t-1/2)
é"' t ; 0
S .
5 x5(t) = cxj(t-1) + dxo(1)
el -
g
ey x1(8) =0
coy ,-1 €8 €0
e
g =
s X5(8) = $(8)
3
e supp 3 € [-1,:2/3), 65 3 0, ¢, £ 0.
j":'a' The initial value problem can easily be integrated by steps and one finds
;‘(c:
' .
:":5 x(t) =0 for t 3 -2/3. The problem is that x5(t-1/2), t 3 0, "never sees” the support
A
LX)
e of ¢, so xj(t) = 0. Hence, although the initial condition ¢ = (0,95) 3 0 satisfies
,3-': ¢ # 0, we nevertheless have x(t,0,4¢) agreeing with the identically zero solution.
:". ) The source of the failure of the solution operator to distinguish between
k ,
)
Tk the two initial conditions ¢ and 0 is our (implicit) choice of the state space as
:::é C= C([-l,O],Rz). We will show that this pathology can be removed by taking our
.9,“;
,f?-:. state space to be C(l 1/2) = C([-1,0},R) x C([-1/2,0],R). To this end, consider the
'.O' ' 1)
)
0 above linear equation where b > 0, ¢ > 0. Let (6),9,) € Cz'l 1/2) and assume
Wl
I'dd
[}
d:.:

",

0 & 'f'-f oy W w CEREL s _' * 5 ,\‘r'%‘\?““y -‘_'.-.'v.
-’.",;.* l?”;‘ﬁ‘ﬁr””' .9"!“”A LX) Ml A U ‘\ . :3! {9 'r A )’ A

WM 0y A

. A%y RFe VP4



-8
. (¢1.07) # 0. We can associate to (¢l,¢2) = ¢ a solution x(1,0,4) and it is not
difficult to see that x(t,0,¢) > 0 for t > 3/2 (the worst case is where the support of
! ¢, belongs to, say, [-€,-¢/2] for small ¢ and ¢, = 0). In addition, for each small
€ > 0, one can select a nontrivial ¢ as above such that x1(1,0,¢) = 0 on [0,3/2-¢] but

x(t,0,¢) > 0 for t 3 3/2.

i It is worth emphasizing this last point. Namely that, with our new
1
: choice of state space, if ¢ 2 0 and ¢ # 0, the solution x(t,0,4) has the property that
)
' x(t,0,¢) > 0 for t 2 3/2. In other words, it takes time for nontrivial nonnegative
R initial conditions to become a positive state. Fortunately, we can bound from
)
3 above this time lapse independently of the initial conditions.
&
A . . .
! Motivated by this example, we develop some notation. Let r € R |
K r = (r{,ry,...Iy), |r| = max r; and let
k
I Cr = C(['rlao],R) x C(['r290]’R) X .. X C(['rn,O],R)
¢

c =c-|rl.oRP).
3' Given an element ¢ = (¢;,..¢,) € C. we will identify ¢ with an element of C,
¢
which again we label ¢, by the correspondence
= 6) = (3,(0),..3,(8)) where &, :[-|r],0] » R
!
D ¢l(9) -T; €0 <0
3 is defined by ,(6) =

¢l(~rl) -Il'I €0 ¢ T

;,
: This inclusion, I, of C, into C is injective but not surjective. Similarly, given an
0
31 element ¢ of C we will identify ¢ with an element of C,, which we label ¢ again,

, by 6 = (8),..8y) €Cp, 65 = () -e;

y ['fi,O]

)

! This latter map, R, of C into C, is surjective but of course, not injective. We

write C:’ for the cone of n-tuples of nonnegative functions and if ¢,¢ € C'r" we

- -

‘- @]
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write ¢ € Y (¢ < ) if ¢-¢ € C‘r" (y—9 € interior C;."). Note that we use the same
symbol for inequality in both C and C,. This should not cause a problem since
¢ < ¢ in C_ if and only if ¢ € ¢ in C (upon making identifications as above).
Finally, let Ker(R) = {¢€C : tbi(e) =0, -r; € 6<0,1 <1 €n),
It will be convenient to define the semigroup on C generated by the
trivial FDE : x’=0. For T 2 0, define S(T) : C = C by
o0  -|r] o<1
[S(T)$1(8) = it T<|r]
¢(0) -T<0 €0

and

ST = H0)  if T3 [r].

With this notation, we begin by considering a nonautonomous linear
equation. Our aim is to establish sufficient conditions for certain nonnegative
nonzero initial conditions to give rise to eventually positive solutions.

Consider the linear FDE
(2.2) x’(t) = L(t,x,)
where L(t,-) : C = RM is a bounded linear map and t = L(t,-) is continuous from R
to L(C,RM), the space of bounded linear maps of C into R®. The following
hypotheses will be required
(K): For all ¢ € C* with ¢;(0) = 0, L;(t,¢) > 0 for t €R.

(I: The matrix A(L)(t) defined by

A(L)(1) = col(L(t,€ |),L(t,€5), . » L(te)

is irreducible for every t € R
(R): If $ € C*, ¢ ¢ Ker(R) and $(0) = 0, t) € R then there exists i € N and

TE [O,Irl) such that

Li(t0+T,S(T) ¢) > 0.
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In order to get another perspective on the hypotheses (K) and (1),
consider the standard representation of L as L = (L,..,.L;) where

n 0
Liwo = T j‘l I¢aj(e) A8, 1 ¢€i¢n
=1 s

in which "ij : RxR = R satisfies

nij(e,t) = nij(O,t) 030
8. = n-lrln=o 8«
mi(-t) € BV[-|r],0]

nij(-,t) is continuous from the left on (-|r|,0).

If we set

ag(t) = n;;(0,t) - n;;(0-t), 1 €i €n

nii(G,t), 0<0

nii(O-,t), 030

then

0 0
a;(;(0) + [ 6,(8)dgT;(8,0) + z [ o8)dgn;;(8,0
# |,

L;(t,0)

-|r

a;(t) ¢;(0) + L;(t,9) .
It is easy to see that (K) holds if and only if ﬁii and Mijp i#j, are nondecreasing in

8 for fixed t. Hence (K) holds if and only if L(t,-): C* = RD
It is not difficult to see that due to the continuity of the map t = L(t,-),

a;(t) is continuous in t.
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e Finally, we note that the matrix A(L)(t) has entries
0
23) AL = [ dgni;(8,0) = n;;(00) .
4 . -|r
The next several results concern solutions x(t.t;,4) of (2.2). We begin by

e showing that (K) implies that if a solution x(t,ty,4) (¢ € C*) ever has a positive

o, component then ever after that component is positive.

Lemma 2.1: Let (K) hold, ¢ € C* and x(1) = x(t,t5,0), t 3 ty, satisfy (2.2).
oy If xi(t;) > 0 for some t; 3 tg then xj(t) > 0 for t 3 t).

e Proof: Note that (K) implies the hypotheses of Proposition 1.2 so x(t,t),$) 3 0 for
o t 3ty Now

. x3(1) = -a;(0x;(1) + Li(t,x,) 3 -a;(x;(0).

,::v: Hence, if xj(tl) > 0 then xj(t) >0 fort 3 t; by a standard differential inequality

oy argument,

, The next lemma is the rationale for assuming (R). It guarantees
L) L]
1

"ignition" of some component of x(t,tg,$).

W Lemma 2.2: Let (R) hold. If ¢ € C*, ¢ € Ker(R), tg € R then there exists

ieNandte [to,t0+|r|) such that x;(t,ty,6) > 0.

';;::' E Proof: If &0) # 0 then the conclusion follows by taking i € N such that
I. J
01(0) >0and t = to.

I3 r,
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Assume &0) = 0. By (R), there exists i € N and T € [O,|r|) such that
L;(1p+7.8(T)¢) > 0. Since [S(T)4)(0) = O, I-,i(t0+‘r,S(T)¢) = Li(tg+7.S(T)¢). Clearly
'::E:; xt(to,cb) 3 S(t-t0)¢ fort > to so I-.i(t0+1',xt0+.r(t0,¢)) 3 fi(t0+T,S(‘r)4>) > 0. Hence

PO xt0+.,.(t0,¢) # 0 and this implies our result.

Putting together (K) and (R), we sce that if ¢ € C*, ¢ f Ker(R) then
"t’“ some component of x(t,t0,¢) becomes and remains positive. To "turn on" the other

components is the job of (I).

3
:?é“ Proposition 2.3:  Let (K),(I) and (R) hold. If ¢ € C*, ¢ f Ker(R), t5 € R then

DR x(t,tg,9) > 0 for t 3 t0+n|r| .

3¢

*?:4 Proof: By Lemmas 2.1 and 2.2, there exists an i € N such that x;(t) > 0 for
Y t 3 to+|r]. It follows that there exists oft) > 0 for t 3 ty+2]r| such that x2a(t)e;
for t 3 t0+2|r|. Hence I_.(t,xt) 3 a(t)l-.(t,éi) for t 2 t0+2|r|. Now since
A(L)(t) = -[diag a(t)] + A(f)(t), A(f.)(t) is irreducible. It follows that there exists

s j#i such that I_.j(t0+2|rl,$i) > 0. Either xj(to+2|r|) > 0 or xj(t0+2|r|) = 0 and

O
; x(tg+2]r|) = Lj(t0+2|rl,xt0 2]

Ej(t0+2|r |’xt0+2r) 3 cn(t0+2|r|) Ej(t0+2|r|,$i) > 0.

s But x;(tg+2|r]) = 0 and x}(to+2|r|) > 0 contradicts x;(t) > 0 for t » t;. Hence we
.0:': must have xj(t0+2 |r| > 0 and by Lemma 2.2, xj(t) >0fort3 t0+2|r|.

_— It follows that there exists B(t) > 0 for t 3 t0+3|r| such that x, 3 cn(t)é\i+B(t)é\j
.:.:3 for t > to+3|r]. Hence Litx) » a(OL(tey) + BOL(te) = AL)t)a(t)e;+B(t)e;).

o Now A(L)(tg+3|r|) is irreducible so A(E)(t0+3|r|)(on(t0+3|r|)ei+B(t0+3|r|)ej)~ek>0

- for some kf(i,j). The reasoning is as follows. Since A(i)(t3) (t = t0+3|r|) is

A tAT LN O L™ 5
Gl

5 ‘ by 4 ¥ OC) OO S0
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irreducible A(I-.)(t3) does not leave invariant the span of ¢; and €5 It follows
that A(f)(t3)(ua(t3)ei + XB(t3) cj)-ek > 0 for some choice of pe€(0,1), \&(0,1) and
keN-(i,j}. Since A(I_.)(t3) is nonnegative the assertion above follows. Now, if

Xk(t3) = 0 then
xj(t3) = i(t3,xt3) > A(L)(t3)(e(t3)e;+Blt3)e;) - ey > 0.

But this is incompatible with xg(t) » 0 fort3 tos hence xk(t3) > 0. By Lemma
2.2, xy (1) > 0 for t 3 tg+3]r|.

Continuing in this manner, we obtain x(t) > 0 for t 2 t0+n|r|.

Recall our earlier example where
L(t,0) = col(ad; (0)+bdy(-1/2),c6;(-1)+dd5(0))
where b > 0 and ¢ > 0. Then (K) holds with f(t,db) = col(b¢2(-l/2),c¢l(-l)). The

matrix A(L)(t) is given by
A(L)(t) =

and is clearly irreducible since both b and ¢ are positive. It is easy to check that
(R) holds for this example if r = (1,1/2) determines the restriction map R. Notice
that (R) fails if "¢ $ Ker(R)" is omitted from (R).

We now turn to the main goal of this section. Let r € Rf and
C = C(@-Ir|,0,RM). Consider (2.1) where f : U - RM is a continuously
differentiable map on the open subset U of C. Assume U is order convex, that is,

if ¢, € U with ¢ € ¢ then tdp + (1-t)p € U for 0 €t € 1.

PP - X vTAN] P Wy ' DA LA
! ‘.'f?l"‘f\"3"13!"&":?5'%"‘? IO NN RN M i T M - DT R AR MR RN
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% Definition: f is cooperative in U if for every ¥ € U, L = df(¥) satisfies (K).
f is cooperative and irreducible in U if f is cooperative in U and the following

" hold:

4y §)) If $ € U and ¢ € C with ¢-¢ € Ker(R) then ¢ € U and

a f(¢) = £(¢).

2) For all € U, L = df(y) satisifies (I) and (R) with the

provision that i and T are independent of ¢.

We will write x(1,8) (x(¢)) for x(1,0,¢) € RM (x,(0,6) € C). Thus x(t,9) is

; the solution of (2.1) satisfying xp(¢) = ¢ The next lemma, together with

ﬂ; Proposition 1.1 implies that if f is cooperative in U and ¢ € ¢ then x,(¢) ¢ x¢(¥)

)

W for t 2 0 on their common interval of existence.
; . o e .
O Lemma 2.4 If f is cooperative in U then f satisfies (H) of section 1.

%’ Proof: Suppose ¢,¢ € U, ¢ ¢ ¢ and ,(0) = ¢;(0). Since U is order convex and f
' []

oy is continuously differentiable

1
| Fi(0)-£;(9) = [df;(sd+(1-5)8)(¥-$)ds 3 0
0

¥ where the inequality holds since the integrand is pointwise nonnegative by (K).

The next result is the main theorem of this section. It will allow us to

define a local semi-flow on C, which is eventually strongly monotone.

:: Theorem 2.5: Let f be cooperative and irreducible in U. If ¢ and ¢ are

) elements of U with ¢ € ¢, ¢-¢ $ Ker(R) and [0,0), 0 < 0 < =, is the intersection of

) the maximal intervals of existence of x(t,¢) and x(t,$), then

g N . s P Y (A" N ARA PR N T P00 N4, e TR /
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x(t,¢) < x(t,¢) for n|r| §t<o.

Broof: By Lemma 2.4 and Proposition 1.1 we have x(t,¢) € x(t,¥) on 0 €t < o.

Now

]
x(L9) - x(6.0) = [ dgx(t,sp+(1-5)8)(¢-9)ds.
0

If teUand BeC, d¢x(t,§)B = y(t,B) satisfies the linear variational equation
Y(t) = df(xy(Qly . o = B

(See Theorem 4.1 of [6].) Let L(t,:) = df(x,(§)). It is apparent that L satisfies (K)
and (I). In order to see that (R) holds for L, suppose u € C, u ¢ Ker(R) and
#(0) = 0. By our assumption that f is cooperative and irreducible, there exists i
and T 3 0 such that df({);(S(T)u) > O for all { € U. In particular, if { = x¢(%),
{€U, we have Ly(7,S(T)u) > 0 which is just (R).

We can now apply Proposition 2.3: if B € C*, B8 £ Ker(R) then
¥(t,8) = dgx(t,£)8 > 0 for t 3 n|r|. Now ¢-¢ € C* and ¢-¢ § Ker(R) so for each
fixed s, the integrand above is positive for t 2 n|r|. Hence the integral above is

positive and we have proved the theorem.

If f is cooperative and irreducible in U, we would like to think of the
state space for (2.1) as C, rather than C. The reason for this is simple. In order
to apply a very powerful result of Hirsch for strongly monotone flows [11,12] (see
section 4) we need the semi-flow generated by the maps ¢ - xt(¢) to have the
strong monotonicity property that if ¢ € ¢ and ¢ # ¢ then xt(¢) < xt(w), at least

for large t. Theorem 2.5 does not give us this in C. However, in C,. we have this

. & DCOLUDL, B0 i OO0 A
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property as we shall show. First note that if ¢,¢ € C and ¢-¢ € Ker(R) then
x(t,0) = x(t,9) for t 3 0. Here is where (1) of the definition of cooperative and
irreducible plays a role (a proof can be given following the proof of Theorem 2.5).
Consider the collection of maps
&

$¢eC, —— Rx(I$), t20
defined on open subsets of U, depending on t. It is apparent that {®) defines a
local semi-flow in the sense of Hirsch [11,12]. Moreover, if ¢,¢ € Ch,o <y 02y,
then clearly 1¢ € I and 1¢-1¢ $ Ker(R). Hence, by Theorem 2.5, x(1¢) > xt(Idﬁ)

for all t 3 (n+1)|r| for which both exist and thus &,(¢) < &) for t > (n+1)]r|.

" 1 0 s LW
'q" yhe I DU B e .t“‘l (% !‘a‘l‘a, 5 i“\ 'td:\‘ﬂ!‘;‘!’; l‘.‘a’,‘t'. l‘| G‘g,i‘l,l et %'eé!‘&b’d.‘c:‘




o

-17=
3. Stability of steady states and connecting orbits.

In this section we are concerned with the stability of a steady state of
the FDE
3.1 x'(1) = f(xy)
where f is a continuously differentiable cooperative map f : U » R, U an open
order convex subset of C, r € RE. Suppose there exists v € RM with v € U and
f(v) = 0
and consider the linear variational equation about the steady state v
(32) vy =L(y). L =df(v).
Let L be represented as
L¢ = (L;¢,...L,¢)
n 0
Lio= L [ #8)dn;®), 1¢i<n
=]
"ij € BV[-\r\,O] . r'ij("r‘) =0, nij(e) continuous from the left on

-|r1,0).

The characteristic values associated with the linearized equation (3.2) are roots of
det A(M) =0
(3.3) A(\) = A\ - A())
9 20
A = [ eMdnye).
-|Ir
Define the stability modulus of L as
s(L.) = max{Re ) : det A()) = 0} .
The stability modulus is a well-defined quantity since for any B € R thecre are

at most a finite number of zeros of det A()\) with Re X 3 B. It is well known that

- - -~ . -59 ,‘}-' LI ( -\‘ M\'
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the steady state v is asymptotically stable if s(L) < 0 and is unstable if s(L) > 0.
Since [ is cooperative L satisfies
(K) Whenever ¢ € C* and ¢,(0) =0, L;¢ 3 0.

Hence the "ij satisfy

nij(e) , 1 # j, is nondecreasing in 6 € [-‘r‘,O]

_ n;(8), 8€l-|r|,0
(34) T8 =
nii(o-) ,0=0

ﬁii(e) is nondecreasing in 8 € [-Ir|,0].

Our first result says that the stability of a steady state of a cooperative

system is determined by a real "most unstable" characteristic root

Theorem 3.1; Let f be cooperative. Then s(L) is a root of det A()\) = 0. If )
is a characteristic root different from s(L) then Re X < s(L). If L satisfies the

hypotheses of Proposition 2.3 then s(L) is a simple root of det A()) = 0.

Proof: Consider A()\) for real values of ). For i#j, it follows from (3.3),(3.4)

that A(x)ij 2 0. Hence A()) is a matrix with nonnegative off diagonal elements.

Similarly, if Xy € )y, then A(xz)ij € A(xl)ij. This is immediate from (3.3) and
0 0.

(3.4) for i#j. For i=j, note A(\)j; = 7;;(0)-n3;0-) + [ *°d7,;(8) and 7;; is non-
-|r

decreasing so A(My);; € A()});;- Thus we have that X € Ay implies A(N) 3 A(N)).

Consider what happens as A » @ From (3.3) we have that

l;_r‘ng Aij()) - "ij(o)‘"ij(o')’ hence limA()) = A(®) = ("ij(o)’"ij(o')) and observe

)\~

A(")ij 20 l#j
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Let us write s(A())) for the stability modulus of the matrix A(}). Since
for real ), A()) has nonnegative off diagonal elements, it is known that s(A(}\)) is
an eigenvalue of A(})). Furthermore, if A€ ), A(xz) € A(x]) and so
s(A(X5)) € s(A(}p)). It is also known that s(-) is continuous, thus the map
X = s(A())) is a nonincreasing continuous map from R into itself which has a
finite limit at +*«. It follows that there exists a unique value of ), Ag, for which
s(A(%)) = xg. We will show that s(L) = X

Since s(A(\o)) =} and s(A(XO)) is an eigenvalue of A(xg), it follows that

det(s(AQ\)I - A(%p)) = det(0gl - A(%g)) = 0
and hence ), i3 a characteristic root of (3.2). Assume ) is a real characteristic
root of (3.2) so that det(M-A())) = 0. Then ) is an eigenvalue of A(}) so »<s(A())).
It follows that » € Xy Indeed, if » > My then ) € s(A())) ¢ s(A(Xg)) = X9 < M
Thus ) is greater than or equal to any real characteristic root of (3.2).

Let T(t)¢ = yt(¢) denote the solution of (3.2) with ¢ € C. Then
T(t)(C*) € C* and T(t) is a compact linear operator for t 3 |r|. That is, (T(0)}3q
is a strongly continuous positive semigroup consisting of compact operators for
t 3 |r| Now if p(T(t)) denotes the spectral radius then it is known that [6)

P(T(t)) = e'™, u = max(Re ) : det &A()) = 0).

On the other hand the set of characteristic roots is precisely the spectrum of the
infinitesimal generator of {T(t)} (see [6]). It has been shown that u belongs to the
spectrum of the generator of a strongly continuous positive semigroup, [5]. In
particular, g is a characteristic root so i = X

Moreover, by Theorem 7.2 in [8, see also 17], ) is the only characteristic
root ) satisfying Re X = ).

Finally, if L satisfies the hypotheses of Proposition 2.3 then T(t)Cr+

belongs to the interior of C;' for t » (n+l)|r|. In this case p(T(t)) is a simple
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eigenvalue of T(t) and thus \g is a simple characteristic root [1]. This completes

our proof of Theorem 3.1.

The proof of Theorem 3.1 yields much more than has been stated. In the
next few remarks, we bring out other consequences of the proof.
Remark |I: There exists u 2 0 in R™ such that y(t) = ueS(L)t satisfies the
variational equation (3.2). This is an immediate consequence of the well known
fact {2] that corresponding to s(A(XO)(=s(L)=x0) there is a nonnegative eigenvector
in R™, If, in addition, L satisfies the hypotheses of Proposition 2.3, then one can
take u > 0. Again, this follows from the fact that A(Xq) is irreducible which in
turn follows from (I) of the previous section.
Remark 2: The importance of the fact that s(L) is itself a characteristic
root of (3.2) will be clear to anyone who has had experience in computing
characteristic roots of FDE’s -- even one dimensional equations. They are
notoriously difficult to find. It is very important to be able to determine stability
by only considering the real characteristic roots of (3.2).
Remark 3: The second assertion of Theorem 3.1 is especially important in
the context of bifurcation theory. One naturally asks the question "how can a one
parameter family of steady state of a parametrized family of FDE’s lose stability
at a critical value of the parameter?” According to Theorem 3.1, if the family
consists of cooperative maps, the answer is that a real eigenvalue must change sign
giving rise to a steady state bifurcation (generically) and an exchange of stability.
In particular, although a Hopf bifurcation is not precluded for cooperative FDE’s

(see [21]), a steady state can never lose stability to a Hopf bifurcation. Put

another way, a local Hopf bifurcating periodic solution cannot be asymptotically
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stable (see also Theorem 4.2 of section 4),

The following result, a corollary to the proof of Theorem 3.1, provides a

relatively simple test for stability and instability.

Corollary 3.2: s(L) < 0 (s(L) > 0) if and only if s(A(0)) < 0 (s(A(0)) > 0).

Moreover s(A(0)) < 0 if and only if

AQ)] - . - AO);
-1)) >0, j=12,..n

AQ)j ... AO);;

where A(O)U = nu(O)

Proof: The second equivalence is well known [2). Recall s(L) = Mg the unique
root of X-s(A())) = 0. But ) - X-s(A())) is an increasing continuous function.
Hence )y < 0 if and only if 0-s(A(0)) > O, that is, if and only if s(A(0)) < 0.

Similarly g > 0 if and only if 0-s(A(0)) < 0.

Corollary 3.2 has an interest interpretation. It is saying that the zero
solution of the linear FDE is asymptotically stable or unstable according as the
zero solution of the linear ODE

Z = A(0)Z
is asymptotically stable or unstable. Notice how A(0) is obtained: A(o)ij = nij(O);
the magnitude of the delays are completely ignored! There is an appealing way to

look at A(0), that is

A(O)v = L(v)
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;;;:,i, in other words, A(0) is the restriction of L to the constant functions. This
observation leads to another interesting observation. Consider the nonlinear
an ordinary differential equaticn

(35 x(t) = F(x(t), F(x) = f(x) .

It is easy to see that (3.5) is cooperative in the sense of Hirsch [9] (see also [23]).
The steady states of (3.5) and (3.1) are identical. Even more, the stability type of

a steady state is the same for (3.5) as for (3.1)! One only need check that

)

DF(x) = df(x) Z%-: AE(RNE s ) = A(D).

i‘:t: Hence as far as steady states and their stability goes, one can trade in a
i cooperative FDE for a cooperative ODE. The first person to see a connection
A between (3.5) and (3.1) appears to have been R.H. Martin [13]. He did not make
the observation that steady states have the same stability type, however.

If L satisfies the hypotheses of Proposition 2.3 and s(L) > 0 then by our
earlier remark, there exists a solution of (3.2) of the form y(t) = ucs(L)t, u>0 1In

terms of our state space C,, this solution gives rise to a monotone orbit t =~ yt(ﬁ),

t €R, of (3.2) whereu € C;’ is given by

l_l = (El ,...,En)
e (3.6)

;0) = u;esL® | 1o c0 0.

$' The orbit connects the trivial solution of (3.2) to = . This "most unstable"

"I
:g N manifold for the variational equation should have a counterpart for the nonlinear

- equation (3.1). This is precisely the content of the next theorem.
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3 ' "

::: Theorem 3.3: Let f be cooperative and irreducible. Suppose f(v) = 0,
.;'l‘ N N
i s = s(df(v)) > 0 and suppose df is Lipschitz continuous in a neighborhood of v.
e Suppose v+Ct belongs to the domain of f and f is bounded on bounded subsets

.) of U. Then there exists a unique c! function y;[0,=) - v+ C'l!’ satisfying

L ) Y(T) =V + Tu +0(T) as T ~0

3:': where U > 0 is as ir (3.6).

W

‘:: ) x(y(1)) = y(eSt'T) , 130,73 0.

‘ ]

! 3) 0 <7, €T, implies y(T;) € y(T5).

2 (4) Either (a) lim ||y(T)]| = @ or (b) lim y(T) = W where

¥ : T R T=® R

ug we€RM w>v and, f(W=0 and s(df(w)) €0.

‘-O

i (5) If (4)(a) holds, then for all $ 3 v, ¢ # V,[[x($)|| = = as

:,- ' t tends to the right hand limit of the maximal interval

§

‘Pf of existence of x(¢). If (4)(b) holds, then for all

r" A A "~ A

e ¢,v<¢$w,¢#v,xt(¢)-’w as t = o,

o

;. ) Theorem 3.3 says that the monotone curve T = {y(T):T 2 0} is a heteroclinic orbit of
‘

X"

(3.1) connecting the unstable steady state v to the steady state w (or «), In

-~

addition, the steady state Cv, if not asymptotically stable (s(df(Cv)) € 0), at least

A AR A A
attracts all initial conditions ¢ different from v with v € ¢ € w. When w in

e Ty a8

O — ﬁ“-;s

Theorem 3.3 exists, we will paraphrase Theorem 3.3 by simply saying that there
) exists a monotone increasing trajectory connecting v to w.

,, Actually, we have only stated half of the story. If v-c* belongs to the
" domain of f then one can find a monotone decreasing trajectory connecting v to 6
(or ) with the obvious changes in (1)-(5) above.

~, The assumption that v+C* belongs to the domain of f can be
3

significantly weakened. For example, if it is known that there exists a steady
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AN state w with w > v and [\7,€v] belongs to the domain of f then one can show that
T Cv,w].

f,t:::: The proof of Theorem 3.3 is very similar to the proof of Theorem 2.7 in
[23] and uses Theorems 1.1 and 2.1 in [22]. Hence we will not give the proof here.
It should be remarked that Matano [15,16] has stated a similar result, although

f A A
;.'.;,o‘ requiring a second steady state w 3 v but less smoothness than we require.
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:: 4. rongl notonc local semiflows and FDEs. !
,:‘t In this section we state some very powerful results due to MW. Hirsch |
S _ [9-12] for monotone semi-flows which have direct application in our setting. We
E will not state these results in there greatest generality. Let X be a separable
g Banach space and K a cone in X, that is, K is a nonempty closed subset of X with
E: the closure properties RY.K c K, K+K ¢ K and K n(-K) = {0}). We assume that K
has nonempty interior, K®. We write x € y (x < y) if and only if y-x belongs to
b K (K©. Let U be an open order convex subset of X. Let ¢ = (°t}t>0 be a local
:: semi-flow on U (see e.g. [11,16]), in particular, each &, is a continuous map on a
.:.E subset U, of U and the semigroup property ¢d, = &, holds under appropriate
A conditions. We say that ¢ is a monotone flow if each &  is monotone: x,y € U,
K and x € y implies ®(x) € ®(y); ¢ is strongly monotone if each & is strongly
3 monotone: x €y, x #y,t> 0 implies &(x) < &(y).

:- As an example, consider a cooperative FDE defined on an order convex
1 &,

*; subset of C,, 1 € R:. Then X = C, and the local semi-flow is given by ¢—>x(¢).
: This semi-flow is monotone in the above sense. If f is cooperative and irreducible
then &, is eventually strongly monotone but not strongly monotone. That is, there
‘{: exists T > 0 such that if x € y, x # y then ®(x) < &(y) for t 3 T (provided
:E Ot(x),ot(y) exist). For FDE’s we may take T = (n+l)|r| by Theorem 2.5. Note that
: T is independent of x or y. The results of Hirsch which we state below for
“ strongly monotone flows are true for what we term eventually strongly monotone
: flows (see also Matano [16]).

: The first two results require only a monotone flow (See [11], Theorem
,: 2.3 and Corollary 2.4.)

:;

.
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,{'-_;:::' Theorem 4.1: Let x € U be such that 9%(x) = {®(x): t 3 0} is compact in U.
AN
‘ Assume for some real T > 0, &(x) > x (®(x) < x). Then &(x) converges to an
: |
ikt !
iéc'.l:' equilibrium as t = = %
1ty
e ‘
b |
o Theorem 4.2 A monotone flow does not have an attracting periodic orbit. ‘
2Ly
")
*;;;,‘,‘ By an equilibrium, we mean a point y € U such that °t(Y) =y for all t30. ‘
-ii"(g:‘ |
By periodic orbit we mean a non-constant closed orbit. Such an orbit is attracting
R
;:{' if it attracts an open set. It is not difficult to see that Theorem 4.1 implies
R
& Theorem 4.2.
oy
"| . .
) The following results require the flow to be strongly monotone. For
AR .
;a:;':“ simplicity, we assume that the domain of ¢ is U for every t » 0 and that all
Al
::: s orbits have compact closure in U. The following result is a special case of
St

Theorems 5.2 and 5.5 in [11).

ey

)
.

Theorem 4.3: Let S be a totally ordered subset of U and let E be the set of

"J‘
Coc

4
e
w?

equilibria. Assume E consists of isolated points. Then the subset of points of S,

the orbits of which do not converge to a point of E, is at most countably infinite.

-
o
-

-
g3
“‘-

-
-
b ..:i

In particular, Theorem 4.3 implies that a dense set of points of U have

"
i§ convergent orbits.

A

A ,-2 The following result of Hirsch [12] sharpens the conclusion of Theorem !

—— 4.3 at the expense, of course, of additional hypotheses. It does not require that X

'.:: be separable though (see Theorem 10.1 in [12]).
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Theorem 4.4: Let Xo be an open positively invariant set for {®)¢30 and
suppose Xo contains a compact attractor which attracts points of XO. Assume E is
a finite set. Then there is a dense open subset Dy of X consisting of

*asymptotically stable" points x for which w(x) CE.

By w(x), we mean that Omega limit set, N cl( V ot(x)), of the orbit
T30 37

through x. A compact attractor K is a compact invariant set which attracts a
neighborhood of itself. In Theorem 4.4, we assume w(x) € K for all x € Xo We

remark that ENK is nonempty (see [11]).

We now make use of our remarks concluding section 2, together with

Theorem 4.4 and Lemma 2.2 in [6].

Theorem 4.5: Assume (2.1) is cooperative and irreducible in U and that f
maps bounded subsets of U to bounded subsets of RD. Assume that U is positively
invariant for (2.1), there is a closed bounded subset B of U such that for all
¢ € U, w(¢) € B and the map ¢ - x,(4) maps 'boundcd sets to bounded sets for each
t 2 0. Then B contains a compact attractor which attracts points of U. If E is a
finite set consisting of nondegenerate equilibria, then the union of the basins of

attraction of the equilibria e with s(df(e)) < 0 is an open dense subset of U.

Proof: By Lemma 2.2 in [6], B contains a compact attractor which attracts points
of U. By Theorem 4.4, there is a dense open subset Uy of U consisting of
asymptotically stable points ¢ for which w(¢) C E. But if ¢ is an asymptotically
stable point with w(¢) = {¢), ¢ € E, then necessarily s(df(e)) < 0. Hence Up is a

subset of the union of basins of attraction of equilibria e with s(df(e)) < 0.

W : i (. . o ROV QRO Y IR0
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An cxample
As an application of the ideas in the previous section we consider a
mathematical model of biochemical feedback in protein synthesis developed by
Goodwin [4] and which has been the object of much study [13,20,21,24]. We refer
the interested reader to [4] for details concerning the model. The quantities
X]sX9,msXpy denote concentrations of mRNA (xl), various enzyme-intermediates
(x5,-.Xp.1) and a final product protein (x,) in a sequence of first order reactions
X} = X9 = .. = x,. The product protein is assumed to induce (positive feedback)
the transcription of mRNA.

The equations derived from the model are given below as (5.1). In (5.1),
we have used the notation Xt to denote the function xj’t(e) = xj(t+9), T €60 <0,

J

x(1) = h(Lnxn,t) - apx(t)
(5.1
x}(t) = Lj-lxj-l,t - anj(t), 2€j€n

0
Lo = [ &(8)dn(®

-rl

n; : [-r;,0] * R is nondecreasing

nj(-ry) = 0, n;(0) = 1, n;(8) > 0 for 8 > -r;

h:R* = R* is a smooth function with h’(u) > 0 for u 3 0

cxi>0, 1 €i€n.

3 R.H. Martin has considered equation (5.1) in the special case that h(u) = u/l+u and
Lj¢j - ¢j(-rj) in [13]. We have borrowed techniques from Martin as well as from
previous authors (e.g. Selgrade [20], Hirsch [10]) who have treated simpler versions
of (5.1). Allwright [24] also treats a version of (5.1).

A brief word on the assumptions listed below (5.1) is appropriate.

Concerning the integrators n,, we set ni(-r;) = 0 merely as a normalization (recall
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n; and M4c, ¢ € R, give equivalent integrals). Our requirement that n,(0) = 1 can
always be achieved by a scaling of the x; and an appropriate redefinition of h. If
our requirement that ni(e) > 0 for 8 > -r; does not hold then ni(e) = 0 on some
subinterval [-r;,-s;] and hence one could replace -r; by -s;. This assumption, given
n,(0) = 1, is thus without loss of generality. On the other hand, it is essential for
the proper choice of state space, namely C, r = (rl,rz,...,rn) ? 0, for (5.1) to be
cooperative and irreducible. We require h' to be locally Lipschitz in order to
apply Theorem 3.3. <

We write the right hand side (5.1) as f(xt) where

f(¢) = col(h(L,¢p)-a;9;(0),L|}-c385(0),.. L1, 16, 1-0,9,(0))
and f : C ~ R,

Since h and Lj are nondecreasing in their arguments, f satisfies (H), in
fact, f is cooperative. Note that this would not be the case if -«;x(t-T;) replaced
-a;x(t). In addition f satisfies the hypotheses of Proposition 1.2 so that the flow
¢~ xt(O), t 3 0 leaves C* positively invariant (so long as solutions are defined).

Our first task is to insure that solutions with nonnegative initial
conditions are globally defined and to seek conditions for boundedness of these

solutions. The following inequality will be useful.

h
(5.2) lim sup ﬂ) = 3<%,
u - +®
Lemma 5.1 Suppose (5.2) holds. If ¢ € C* then x(t,4) is defined for t30

and x(t,4)30. If

(53)  a<mg

then 9*(¢) = (x,(¢): t 3 0} has compact closure.
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Proof: By (5.2) there exists b 3 0 such that h(u) € au+b for u 2 0. Let
g(u) = au+b and write x(t,$,h), x(t,$,8) for the solution of (5.1) and (5.1) with g
replacing h, respectively. The solution x(t,4,g), ¢ € C* is globally defined since it
satisfies a linear FDE. By Proposition 1.1 and Proposition 1.2 we have
0 € x(t,6,h) € x(t,6,g) on the maximal interval of existence of x(t,§,h). Now f
maps bounded subsets of C* to bounded subsets of R™ so by Theorem 3.2 in [6],
x(t,0,h) can fail to be globally defined only by becoming unbounded, a possibility

that our inequality precludes. It follows that x(t,¢,h) is defined for t 3 0.

Now suppose (5.3) holds. The function x(t,$,g) satisfies a linear non-
homogeneous equation which we write
(5.4) Z(t) = LZ, + be,
where L¢ = col(aLn¢n-al¢>l(0),L1¢l-a2¢2(0),...,Ln_l¢n_l-an¢n(0)). We will show that

s(L) < 0 by making use of Corollary 3.2. First we calculate A(0) (see (3.3))

[ 'Gl 0 . e 0 a )

1 °d2 0 ... 0

(5.5) A(0) = 0 1 a3 0 .. 0
Lo ... 0 1 x|

Note that the subdiagonal of ones arises due to our normalization nj(O) = ]. Now
it is easy to check that the n principal minors of Corollary 3.2 have the correct
sign if (5.3) holds. Hence the zero solution of the linear homogeneous equation
2'(t) = LZ, is asymptotically stable. But this implies that the positive steady state

Xn = b/(a)a)...ap-2), Xj = )Xl j=1,..,n-1, of the nonhomogeneous equation (5.4)

is globally attracting. The boundedness of x(t,¢) = x(t,§,h) follows from the
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=31~
. "1 comparison 0 € x(t,$,h) € x(t,4,g). The compactness of the orbit 9*(¢) follows from
the fact that it is bounded, that { maps bounded sets to bounded sets, and the

i
:s , Ascoli-Arzela theorem.

We have observed that f is cooperative. In fact, it is cooperative and

irreducible as we now show. For ¢ € Ct,

, df (¥)¢ = col(BL -0y 6;(0),L | ;-et9$5(0),.... L1 6. 1% 01 (0))

B = B(Y) = h’(L¢,) > 0.

:l, ) In order to check (I), we need to show that the matrix A(df(¢)) is irreducible for

a.:,: each ¢ € C*. But A(df(¢)) is identical to the matrix A(0) in (5.5) except that
a=B(¢). Hence A(df(¢)) is irreducible if and only if BW) = WL ¥, > 0.

So3 Consider the requirement (R) (t5=0). Let ¢ € CY, ¢ € Ker R and §(0)=0.

o ) Then for some j and some Ooq-rj,O], ¢j(90) > 0. Set i=j+1 where we agree that

- n+l=1 and set 7 = rj+90 3 0. Note that both i and T depend only on ¢ and not on

¥. If j<n then df(4);(S(T)¢) = Lj(S(T)¢) = (} (S(T)¢)j(9)dnj(9), where
R, T

o (S('r)¢)j(-rj) = ¢j(60) > 0. Since we assumed nj(G) > nj(-rj) =0 for 6 > s it
::“ follows that the integral is positive since the support of (S('r)¢)j and the support
?:‘: of dnj overlap. If j=n and B(¢) > 0, a similar calculation shows df(¥),(S(1)¢)>0.
— We have proved the following

,0',5 Lemma 5.2 f is cooperative and irreducible in C*.

- . We now turn to the question of existence and stability of steady states of
(5.1). We assume that (5.3) holds. The steady states of (5.1), x, x € R are

solutions of

y :n KV
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h(xp) = a1x;
Xj.1 = %X, 2<)¢€n,

and are in one-to-one correspondence with solutions of
h(xn) -ajay . oopxp =0, Xp 2 0.
We assume that
(5.6) 0 is a regular value of q(u) =h(u) - a ... a,u.
It follows from (5.3) and (5.6) that there exists at least one steady state and there
are finitely many steady states. Moreover, the steady states are totally ordered

122

A
X" <X <...<Xm.

The stability of xi depends, according to Corollary 3.2, on the stability of the

matrix
-« 0 ... 0 h(xi) W
l 'C!2 0 PP 0
Ai = 0 1 -a3 0 P 0
{ o ... 0 1 -at, )

The principal minors alternate in sign as in Corollary 3.2 if and only if
h’(xf.‘) < «j..«p. The reverse inequality implies s(A;) > 0 as is easy to check. We

have proved part of the following

Theorem 5.3: Assume (5.3) and (56) hold. Then xMxM-2xm-4 ...
asymptotically stable and x™!xM-3  are unstable. There exists a monotone
increasing orbit connecting x™! to x™ and a monotone decreasing orbit

connecting to x™ ! to xM 2. An identical assertion holds for the other unstable

steady states xM-3 .
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;":, Proof: (5.3) and (5.6) imply that h’(x[")-oj..a; < 0, thus x™ is asymptotically
f: stable. By (5.6) the sign of h’(x;l)-a]...an must alternate with i. The existence of
:‘;: . connecting orbits follows from Theorem 3.3.
A.

“h The main result of this section follows. We write B(x!) for the domain
:: of attraction of x!, i=m,m-2,m-4,... That is, B(x)) = (¢eCt: (¢) = {;Ei)}.
i::“:

- Theorem 5.4: Assume (5.3) and (5.6) hold. Then [O,sz] attracts all orbits of
N (5.1) with ¢eC*. If m=1 then B(x!) = C*. If m > 1, then UB(x™"2J) is open and
j“.- j20
':,: dense in C*.
S

[ %
;' Proof: In Lemma 5.1 we showed that every orbit has compact closure in C*
2 ) and in fact is attracted to a bounded subset of C*, namely, to [O,)Af] where
yeRT is the equilibrium of the linear inhomogeneous comparison equation.
__: Hence the hypotheses of Theorem 4.5 are satisfied. We only need to verify
.:E the conclusion B(x!) = C* when m=1. We first observe that x! + C* belongs
"' to B(fl). In fact, if ¢ 2 x! then there exists ¢ with x! < ¢ < ¢ such that
:' Y € B(;E’) (use Theorem 4.4 or Theorem 4.5). But then ¢ € B(Ql) since
3 21 € x(& € x,(¥) for t 3 0. Similarly, if ¢ € C* and ¢¢x! then ¢ € B().
:“:_' Hence, if ¢ € C* there exist $.9, € B(x!) with ¢, € ¢ € ¢, and hence ¢ €
B(;El). This completes our proof.
g |
% One might conjecture that every orbit of (5.1) with nonnegative initial
::}; ' condition converges to an xi even when m > 1. However, this is, in general,
i false. There can be periodic orbits of (5.1), necessarily unstable (Theorem 4.2).
:Q. Indeed, Selgrade [21] has shown for the ODE version (Lj"j,t = xj(t)) of (5.1)
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that a Hopf bifurcation can occur at an unstable steady statc.

SR

It is worth mentioning that by Theorem 4.5, (5.1) possesses a compact

attractor in [O,xm] ¢ C*. This compact attractor, J, is invariant and connected.

’ "'n.';"u'l'

A

Of course, when m=1, J = {;tl), but if m > 1 then J consists of the equilibria, their

rs "1

connecting orbits described in Theorem 5.3, and the unstable manifolds of the

-
Iy

A

equilibria xm-! xm-3

Any exotic, but necessarily unstable, dynamics together
with its attracting set must be connected in J by the unstable manifolds of the

unstable equilibria.

P i - ~
X AR

L AN

P

e =T P I 0N W Ay U R ARG R NS S ANy o\ LSRR SRRENY
IESAXI A LA 4 SR AY N o N .o‘!\‘. SRR RG] Ny ki!‘_.!‘ei, LA



e TN T W T TN T TN N TN E NI N TN T AT N IR TR TN Y EY T Uy vV e e o

-35=

References

[ R

i1 H. Amann, Fixed point equations and nonlinear eigenvalue problems
in ordered Banach spaces, SIAM Rev. 18, 1976, 620-709.

(2] A. Berman and R.J. Plemmons, Nonnegative Matrices in the Mathematical
Sciences, Academic Press, New York, 1979,

[3] J. Billotti and J.P. LaSalle, Periodic dissipative processes, Bull. AMS,, 6,
. 1971, 1082-1089.
4
K [4] B.C. Goodwin, Temporal Organization in Cells, Academic Press, New York,
" 1963.
‘ [5] R. Greiner, J. Voight and M. Wolff, On the spectral bound of the

generator of semigroups of positive operators. J. Operator Theory 5, 1981,
p 245-256.

9 (6] J.K. Hale, Theory of Functional Differential Equations, Springer-Verlag,
g Berlin, 1977.

M J.K. Hale, Some recent results on dissipative processes, in Functional
Differential Equations and Bifurcation, Ed. A.F. Ize, Springer Lecture
Notes in Mathematics 799, 1980.

N (8] H.J.AM. Heijmans, Dynamics of Structured Populations, Thesis,
Universitdt Heidelberg, Institut fur angewandte Mathematik, 1985,

[9] M.W. Hirsch, Systems of differential equations which are
competitive or cooperative I Limit sets, SIAM J. Math. Anal. 13, 1982,
D) 167'179-

[10] M.W. Hirsch, Systems of differential equations which are competitive or
cooperative II. Convergence almost everywhere, SIAM J. Math. Anal. 16,
! 1985, 423-439,

[11] M.W. Hirsch, The dynamical systems approach to differential equations,
Bull. AMS,, 11, 1984, 1-64.

[12] M.W. Hirsch, Stability and convergence in strongly monotone flows,
preprint.

{13} R.H. Martin, Asymptotic behavior of solutions to a class of quasi-
monotone functional differential equations, in Abstract Cauchy problems
and functional differential equations, Ed. F. Kappel and W. Schappacher,
Pitman, 1981,

o il Y

(14] H. Matano, Asymptotic behavior and stability of solutions of semilinear
diffusion equations. Publ. Res. Inst. Math. Sci. Kyoto Univ. 15, 1979,
401-454,

o T om e e

! ] o 0 OBDBOSRRRD
byt »."\' kit g N ‘Q“‘Q 8y I‘g )‘.'h‘ I‘g. “ U l‘;"‘q Ty )E‘q (X% ls| '.:.\0':‘ h.\’i Al et bt RN



W
h
¥
f: [15]
3
[16]
kR
X
KX
i [17]
)
i (18]
$
,‘:
[19]
&
¥
N (20]
i (21
3
+¢ [22]
q,
W [23]
o
< [24)
A
2
d [25)
W
s
:
A
e
,
2
)
1}
f"

-36-

H. Matano, Existence of nontrivial unstable sets for equilibrium of
strongly order-preserving systems, J. Fac. Sci. Univ. Tokyo 30, 1983,
645-673.

H. Matano, Strongly order-preserving local semi-dynamical systems --
theory and applications, to appear Proceedings of "Autumm course on
semigroups”, Dec. 1984, Trieste; Research Notes in Math,, Pitman,

R.D. Nussbaum, Positive operators and elliptic eigenvalue problems, Math.
Z., 186, 1984, 247-264.

Y. Ohta, Qualitative analysis of nonlinear quasi-monoton¢ dynamical
systems described by functional-differential equations, 1EEE Trans.
Circuits and Systems 28, 1981, 138-144,

G. Seifert, Positively invariant closed sets for systems of dclay
differential equations, J. Diff. Eqns. 22, 1976, 292-304.

J.F. Selgrade, Asymptotic behavior of solutions to single loop positive
feedback systems, J. Diff. Eqns. 38, 1980, 80-103..

J.F. Selgrade, A Hopf bifurcation in single-loop positive feedback
systems, Quart. Appl. Math., 1982, 347-351.

H.L. Smith, Invariant curves for mappings, to appear SIAM J. Math. Anal.

H.L. Smith, Systems of ordinary differential equations which generate an
order-preserving flow. A survey of results, preprint.

D.J. Allwright, A global stability criterion for simple control loops, J.
Math. Biol. 4, 1977, 363-376.

K. Kunisch and W. Schappacher, Order preserving evolution operators
of functional differential equations, Boll. Unione Mate. Italiana, 16B,
1979, 480-500.

" ie ‘ ) 0 i 20 T N TR W PR AT AT 0 T
vEy ‘47"\‘ x"' t‘?&."}‘\l"x.“k‘ PRIt «“u“’“«‘hi*: 1 ':&\'»“t“‘i‘t!\'a, Ay s "vfﬁ!n-\‘m" atet iy |‘9‘.“‘a.ﬂ‘

|
|



.

'
-

LSl
-y

¥

£y . W

%

- ea s iem
L e S e,

i

e e s
e T T T e Ty

b A‘.‘° ,‘?

O
3
[




