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A failure dependent bandwidth model for shuffle
exchange (s/E) and augmented shuffle exchange (S/E+)
interconnection networks is presented. The models are
based on probabilities of either data or address mode
failures for the individual binary switches which comprise
the SE or SE+ network. The model gives the expected
bandwidth as a function of the probability of failures in
these switches. The model, which is consistent with those
previocusly published when the probability of failure is
zero, is first developed for the S/E network. This model
is extended to the S/E+ network by developing a special
model for the input stage of the S/E+ network and then

proving that, to within a close c¢pproximation, the
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" conditions necessary for the S/E model hold at the outputs
of first stage of the S/E+. The model is verified using a
computer simulation. An example is presented which
demonstrates use of the model to predict the effects of
several fault tolerance schemes on the bandwidth of these
networks. The model demonstrates that, when used as a

reliability enhancement, the extra stage of the S/E+ causes
N4

\a reduction in bandwidth as compared to an S/E network. -

Thus the S/E+ network increases the probability that any
single processor—-memory connection can be supported at the
expense of network throughput. The primary uses of the
bandwidth models presented here are as a network design
parameter and as a measure to evaluate the cost
effectiveness of proposed, switch level, reliability

enhancements.
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conditions necessary for the S/E model hold at the outputs
of first stage of the 8/E+. The model is verified using a
computer simulation. An example is presented which
demonstrates use of the model to predict the effects of
several fault tolerance schemes on the bandwidth of these
networks. The model demonstrates that, when used as a
reliability enhancement, the extra stage of the S/E+ causes
a reduction in bandwidth as compared to an S/E network.
Thus the S/E+ network increases the probability that any
single processor-memory connection can be supported at the
expense of network throughput. The primary uses of the
bandwidth models presented here are as a network design
parameter and as a measure to evaluate the cost
effectiveness of proposed, switch level, reliability

enhancements.
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I. INTRODUCTION

Connecting Networks

The computational capacity of modern computers, while
immense by the standards of even a decade ago, fails to
meet the requirements of many currently relevant problems.
Until the recent past, advances in computational capacity
were gained by increasing the speed and decreasing the size
of the components from which computers are constructed.

The gains in computational capacity which can be expected
as a result of further advances in semiconductor tech-
nology, while important, cannot alone meet the growing
requirements of modern problems.

The most promising approach for the development of
the next generation of computers lies in the development of
large parallel processing arrays. Such processors are
composed of a large number of individual processing ele-—
ments which communicate over an interconnection and com—
munication network (ICN). As illustrated in figure 1, the
ICN may be as simple as a single bus structure, in which a
communication path can only be established between a single

pair of elements at a time, or as complicated as a full
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Figure 1 -~ Cross Bar and Bus Connected Systems
crossbar network which allows a communication path to be

established between any free pair of elements.



The single bus structure is simple and grows in
complexity linearly as the number of processing elements
attached to it increases. The communication capacity,
however, is not sufficient for meaningfully sized processor
arrays. The full crossbar on the other hand, provides a
high communication capacity but grows as the square of the
number of connected elements. For large processor arrays
connected by a crossbar system, the cost and complexity of
the ICN dominate the system. 8impler ICNs, which provide
reasonable communication capacity and whose growth is loga-
rithmic with the number of processing elements have been
proposed by several researchers. Among these are the in-
direct binary n cube[24), the omega network [17]), the
regular banyan [10], and the shuffle-exchange network(31],

some of which are illustrated in figqure 2.

Previous Work

The study of connecting networks and their switching
capabilities found initial importance in the telephone
switching network. An excellent summary of this work was
written by Benes[3] in 1965. Stone(31) first proposed the
perfect shuffle inteconnection pattern as a useful permu-
tation generator for use in parallel processing applica-

tions. 1In 1975 Lawrie[l17]) proposed and analyzed the
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Figure 2 — Examples of Binary Cross Bar ICNs
capabilities of the omega network. This network was
designed to access and distribute the inputs and outputs of
N processing elements over N separate memories so as to
facilitate parallel vector computations. The omega network
was made up of log,N stages. Each stage consisted of N/2
binary (2 input - 2 output) crossbar switches. The stages
were interconnected using a perfect shuffle wiring pattern.
The omega network is topologically equivalent and the name
is now synonymous with the shuffle-exchange network which

will be discussed in this paper. Lawrie's work was a major
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contribution in that it not only described the network's
topology but also analyzed the network in terms of the
allowable permutations as applied to the particular problem
of data access in a single instruction multiple data (SIMD)
type machine. Subsequently a number of researchers have
proposed networks which are similar in structure and topo-
graphy but which appear to offer advantages for particular
applications. Notable among these were the indirect binary
n cube by Pease[24] and the delta by Patel[23]. Pease pro-
posed his network for application to multiple instruction
multiple data (MIMD) machines. Patel's paper, while impor-
tant at the time because it presented a new network, is
more important in that he developed a performance analysis
in terms of the bandwidth of his network for MIMD applica-
tions. Pease defined bandwidth as the number of simulta-
neously active connections the network could support. This
is the definition that will be used in this work.

In 1980 and 81 Peng and Wu[37-38) and Parker([22)
proved that many of the previously proposed networks,
including the omega or shuffle-exchange, the binary n-cube,
the data manipulator, the flip network, the delta network,
the regular banyan and one form of the Clos network, were
topologically equivalent. This result is important in that
given that this is true, performance analysis done for any
network in the class is generally applicable. 1In 1983

Bhuyan|[5) generalized the theory of these networks by




analyzing a network composed of mixed radix crossbar
switches as opposed to the fixed radix, binary crossbars
generally used to form the networks prior to this. 1In 1983
Padmanaban{21] studied the addition of an extra stage to
these networks. The extra stage provided a reliability
enhancement by providing r paths, independent except for
the first and last stages, between any pair of ports, where
r is the radix of the crossbars used to form the network.
This scheme when applied to the S/E ICN is the 8/E+ which
will be analyzed in this work.

Several researchers have proposed additional enhance-
ments to the basic network which are designed to improve
the fault tolerance of the networks. Adams[1l) proposes the
use of bypass stages for the first and last stage of the
network. Tzeng[34) proposes the addition of intra-stage
links to reroute misdirected communication links.

Kumar{16) suggests minimizing the network by removing
inter-stage links not used for required permutations in an
S8IMD machine.

Many of the above cited references contain perform-
ance analyses. The most notable .re Patel|[23] and
Pease[24]. Other papers exist which focus on performance
analysis as opposed to network topology. Dias{8] provides
a performance analysis of a buffered, packet switched delt-
network in a fault free state. Thanawastien{33] provides a

Markov chain traffic model of a fault free shuffle-exchange
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network. Kruskal[l5] studies the performance of multistage
networks in a packet switching mode. Cherhassky[7]
provides equations that can be used to calculate the
probability that a given pair of elements can communicate
using an ICN whose switches fail in a data or broken
connection mode. Shen(27-28] provides a method fc -
determining the sets of switch failures which are critical
in the sense that they disconnect the network into two or
more disjoint sets of processing elements.

Several experimental multiprocessor systems have been
built which utilize the above networks for system
interconnection. The Auburn Fault-Tolerance Distributed
Computing Laboratory currently includes a four processor,
four memory parrallel system which utilizes a circuit
switched 4x4 shuffle exchange network as the system
ICN{20]. This system is designed for experiments in fault
tolerance and system software as related to multiprocessor
systems. The Texas Reconfigurable Array Processor(TRAC)
consigsts of a 16 processors and 81 memories / IO ports
connected by a 4 stage banyan network utilizing switches
with 2 inputs and three outputs each([14,25,26). This ICN
operates in a mixed circuit switched, packet switched mode.
The TRAC system is designed for experiments in software and
hardware integration on complex, multiprocessor systems.
The NYU °"Ultracomputer® group has conducted extensive

studies on the architectural requirements for a 4096x4096




-

system utilizing an omega ICN in the packet switched
mode{9,11,12}. An experimental 8x8 system is currently
being implemented.

The properties of these networks have been investi-
gated by many researchers. Their efforts have concen-
trated, however, on either analyzing the throughput and
permutation capabilities of such networks in the fully
functional state or on designing and analyzing the fault
tolerant capabilities of the network. Little if any work
has been done in the area of reliability measures for these
networks. Such measures are needed to evaluate the effec-
tiveness of fault tolerant system designs employing these
networks as ICNs. The purpose of this work is to develop a
model which predicts the bandwidth of the ICN as a function
of failure parameters for the switches which comprise the
ICN. Such a model can then be used to evaluate the effects
of proposed reliability enhancements on the system band-
width. Models which relate ICN performance measures to
failure characteristics of the ICN switches are critical
for the design of fault tolerant systems and for evaluating
the cost and performance effects of proposed reliability

measures.

Fault Tolerance and Reliability

Fault tolerance is defined as "the correct execution

of a specified algorithm in the presence of defects®(29].
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The repeated and regular nature of large scale processing
arrays, coupled with the relatively high probability that
one or more of the system elements is defective at any
time, demands that such systems be designed to tolerate
faults. If the overall system is to tolerate faults and
continue to operate correctly, the ICN must be capable of
functioning in the presence of internal faults. Thus, in
terms of the ICN, fault tolerance is defined as the ability
to meet system communication demands in the presence of
failures internal to the ICN.

Reliability as a function of time is defined as "the
conditional probability that the system has survived the
interval (0,t], given that it was operational at time t=0°
{29]}. In terms of the ICN, reliability can be defined as
the probability that the ICN is able to meet the communi-
cation requirements of the system at time t, given that the
ICN was fault free at time 0. Such a definition requires
one to define °‘communication requirements® for a system of
parallel processing elements and their associated memory
units. Two measures of communication capability, bandwidth
and connectivity, can be used to specify the requirements
of such a system. Cherhassky et. al.[7] have developed
models which predict the probability that a communication
channel can be established between a randomly selected pair
of processing elements for a class of the above ICNs, in

the presence of data type faults in the underlying switches
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that comprise the ICN. Several researchers [23,33] have
developed bandwidth models for the ICNs mentioned above.
These models are, however, only valid in the fault free
case. The purpose of this work is to develop and present a
model which can be used to predict the bandwidth of
shuffle-exchange (8/E) and augmented shuffle-exchange
(8/E+) interconnection networks, given a failure model for

the switches that comprise these netwurks.

8/E and 8/E+ Networks

The binary crossbar S/E network is composed of log, N
identical stages, where N is the number of processors and
memories connected.Po the network. Each stage consists of
N/2 binary crossbar switches. The stages are intercon-
nected by a perfect shuffle wiring pattern. Such a network
admits a simple, distributed control algorithm. Each
switch within the network is set according to the corres-—
ponding digit in the binary number of the memory desired.
Figure 3 shows an 8x8 S/E network. The bold lines indicate
the switch settings required for processor 5 to access
memory 3. At each stage within the network, the cor-
responding switch is set so that, if the corresponding bit
of the desired memory address is Q0 then the input is
connected to the upper output. If the corresponding bit is
1, the input is connected to the lower output. Figure 4

shows the four possible input output combinations that can
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Figure 4 -- Allowable Requests

In this model the switch itself can only

support one of two possible configurations at any one time.

These are the X and T states, and are shown in figure 5.

In the more general case the switches can also support a

broadcast mode in which an input is connected to more than

one output.

The analysis of faults in a system which

utilizes the broadcast mode is beyond the scope of this

work.
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When two requests for different configurations are
present at the inputs, one and only one can be satisfied.
The other is blocked and cannot be completed until the
switch is released. In this analysis it is assumed that
the arbitration between conflicting inputs is random with
either of the switch inputs equally likely to have its

request satisfied in a given cycle.

s

Pigure S5 - Allowable Switch States

iyiyiy
192
i

Pigure 6 - 8x8 SE+ Processor 5 to Memory 3 Connection
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Figure 6 shows an 8x8 S/E+ network. This network is
identical to the S/E network except that it has an extra
stage[21]. In this model the extra stage is used only for
fault tolerance. The base S/E network provides only a
single path from any input to any output, while the s/E+
network provides two paths from any input to any output.
These paths are disjoint with the exception of the first
and last stage switches. The bold paths show the two paths
that can be used to connect processor 5 to memory number 3.

A number of different control strategies can be
developed for the 8/E+ network. These can be designed to
provide either performance improvement or increased fault
tolerance as compared to the base network. 1In this study,
it is assumed that the extra stage is used only for relia—
bility enhancement. The control strategy considered in
this study is as follows: Each first stage switch is
controlled with the first bit of the corresponding
processor ID until an error is detected. Once any error is
detected along the path to a memory, the first bit of the
address used to access that memory is inverted for all
subsequent access attempts for that processor-memory pair.
Thus all memory requests will initially attempt to set the
first column switches in the T, or through' configuration.
As failures which produce errors in accessing a memory
occur, the processors will change the requests going to

that memory so as to request an X confiquration at the
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first stage. The remaining columns in the network are
controlled in the same manner as the base S/E network.
Suca & control strategy requires little or no intelligence
in the ICN and limits the need for substaintial logic in

each switch.

Importance of a Bandwidth Model

Designers of large scale, fault tolerant, parallel
systems must make many design choices regarding the ICN to
be used. Currently available design tools are not suffi-
cient to assist and guide those choices. The equations
derived by Cherhassky([7] provide a guide to calculating
the probability that a random pair of elements can suc-
cessfully communicate over an ICN which may have experi-
enced data mode failures. The bandwidth model provided by
Patel[ 23] can only be used to estimate the ICN bandwidth
prior to the occurrence of faults within the ICN. The
model derived by Shen[27,28] can be used to identify the
faults which can disconnect the system but cannot determine
the effect of these or other faults on communications
bandwidth. With the exception of Cherhassky's equation
none of these tools estimates the performance of the ICN in
the presence of expected failures.

In chapter 2 a bandwidth model for the SE network is
presented. This model gives the expected kandwidth as a

function of failure parameters of the component switches of
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the network. 1In chapter 3 this model is extended to cover
the 8/E+ network. In chapter 4, in order to verify the
model, comparison of the results of the model and a simu-
lation of an 8x8 8/E+ network are presented. 1In chapter 5
the model is used to investigate reliability enhancements
as they effect the ICN bandwidth. In chapter 6 a summary
is presented and some topics for further research in this

area are discussed.
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II. FAILURE DEPENDENT BANDWIDTH IN

SHUFFLE EXCHANGE NETWORKS

A model, which can be used to predict the failure
dependent bandwidth of S/E networks, composed of binary
crossbar switches, in the presence of either address or
data mode faults in these switches, is now presented. For
the purposes of this paper, bandwidth is defined as the
average number of active connections which are simultane-
ously supported by the network. The purpose of this model
is to provide reasonable estimates of the expected bandwith
as a function of failure parameters associated with the
component switches of the ICN. The model can then be used
to estimate the cost effectiveness of reliability enhance-

ments as related to the ICN bandwidth.

B

S at X SatT

Pigure 7 Stuck at Paults

16
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Binary Crossbar Fault Model

A static fault model, which classifies all faults in
the ICN as either address mode or data mode faults in the
binary crossbar switches, will be used. The address mode
fault model has been used by other researchers{3,23] and
can model a large number, though certainly not all, of the
faults possible in an S/E network. The address mode fail-
ure model states that the switch fails in one of two pos—
sible configurations. These are shown in figure 7 and
represent a condition in which the switch is frozen in one
of its two possible configurations. As a result, the
switch no longer responds to input requests but rather
routes inputs to outputs in a fixed pattern. Given that an
address mode failure has occurred, it is assumed that
either failure confiqguration, 8 at T or 8 at X, is equally
likely. Data mode faults result in the switch being unable
to correctly transmit any information. It is certainly
possible for a switch to undergo a data mode failure subse-
quent to an address mode failure. 1In this case it is
classified as a data mode failure. Thus, at all times, the
total probability of failure is egqual to the probabilty of
an address mode failure plus the probability of a data mode
failure. Further it is assumed that the failure

probabilities for the switches are known or can be

calculated.
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Processor Input Assumptions

Analysis of these networks is based on the following

assumptions:

1) The system contains N = 2k processors and N = 2%

memory modules that are statistically identical in
each group.

2} The processors and memories are connected by either
a k column S/E network or a k+l1 column S/E network
as described previously.

3) aAll two input, two output rodting switches are
statistically identical. Only the internal path
configurations described in fig. 5 are allowed.

4) Circuit switching is used. A processor is held in
a wait state if a requested access cannot be com-
pleted.

5) Conflict resolution at each routing switch is un-
biased. Given that two conflicting requests are
present at the inputs to a switch, each request has
probability 1/2 of being satisfied.

6) Memory requests issued by each processor are inde-
pendent and are uniformly distributed over the N
memory modules.

7) In the case of the S/E+ network, each processor
maintains a single bit history of the accesses made
to each memory module. This history specifies

whether an error has occurred during an attempted
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access to that memory. 1If no error has occurred
then the processor requests a T setting of the
first column switch for all accesses to that
memory. If an error has occurred during an access
to that memory then the processor will request an X
setting in the first column switch for all subse-
quent accesses to that memory.

8) During each cycle each processor will submit a
request with probability designated by m,.

9) Error detection is perfect. Only those memory
accesses that are correctly routed reach the
desired memory and thus, only these are considered
in the bandwidth computation.

10) FPailures among the switches that comprise the net-
work occur at a very low frequency with respect to
processor memory requests.

These assumptions are necessary to make the model
tractable. The limitations they impose in relation to
actual systems should, however, be understood. Assumptions
6 and 8 imply that blocked requests are not resubmitted
during the next cycle but rather are ignored. 8imulations
performed by others[22,23,37,38) indicate that, for fault
free systems, this assumption does not significantly alter
the results. These assumptions also imply that processors
continue to attempt to access memories that cannot be

reached by reason of multiple failures. It is reasonable
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to assume that some system reconfiguration will occur after
a failure is detected and that this reconfiguration will
restrict the set of memories that may be accessed by a
processor to those that can be reached. The amount of
error induced by this assumption is not known but should be
small for times where the probability of failure is rea-
sonably low. For times where the probability of failure
for an individual switch is high, the bandwidth derived
here should be considered a lower bound.

Assumption 9 states that error detection is perfect.
It is not reasonable to expect perfect error detection in a
faulty network. The probability that an undetected error
occurs can be reduced by employing both hardware error
detection and periodic software testing. Undetected errors
will decrease the effective bandwidth. The model treats
undetected errors as successful accesses and thus over-—
estimates slightly the effective bandwidth.

Assumption 10 implies that, for the S/E+ network, the
processor can be assumed to know whether an error has
occurred on the primary path (T connection of first stage
switch) prior to making the request. This is equivalent to
ignoring the requests that actually discover the error in
the bandwidth calculations. 1If, on average, many accesses
occur between failures this will have a negligible effect
on the bandwidth. This should be true for all practical

systems.
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Analysis of The S8/E Network
The basic S/E network has only a single possible path

for each processor memory pair. As a result of this, the
independence assumption for the processor requests and the
statistical independence of the component switches, the
events that the two inputs to any given switch are active,
are statistically independent. This follows since the
probability that an input is active is a function of the
set of processors that could have generated the input and
the set of switches that could have processed the input
prior to the switch. For the two inputs of any given
switch in the S/E network the sets of processors and
switches that can effect one input are disjoint from the

sets that can effect the other. This is illustrated in

Pigure 8 - Seta of Processors and Switches EBffecting an Input

figure 8 which shows the sets of processors and switches
that can effect the inputs to the first switch in the third

column.
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The bandwidth of the system can be determined by
calculating the probability that a single output line is
active. By symmetry this probability is the same for all
output lines. The expected number of active connections
then is the bandwidth and is equal to N times the proba-
bility that a single line is active. The probability that
an output line is active can be be determined by k repeated
evaluations of the probability that a stage output line is
active given the probability that its input lines are

active.

Al B1
AZ B2

Figure 9 - Switch I/0 Notation

Figure 9 illustrates the notation that will be used
in the development of these equations. The inputs to a
switch are labeled A and the outputs are labeled B. The
event that the upper input is active is denoted by A, and
the event that the lower input is active by A,. The event

that the upper input is active and requests the upper
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output is denoted by A,,. The event that the upper output
is active is denoted by B,. Thus A,, is the event that the
lower input is active and is requesting the lower
output(address bit is a 1).

The probability that an output line from a given

switch is active can be expressed as follows:

P(B,) = P(B;! no fail) P{no fail)
+ P{B,laddress fail) P{address fail)

+ P{B,ldata fail) P{data fail)

where the failure event probabilities are:
P{address fail) = p,
P{data fail) = p,

P{fail) = p+py = P¢

Now the probability that an output is active, given that

the switch has failed in address mode, can be expressed as

P{B,laddress fail)=P(B,!19 at X) P(S at Xtaddr fail)

+ P{B,19 at T) P(S at Tladdr fail)

and since, given a failure either mode is equally likely,

then

P(S at Xiaddress fail) = P(S at Tiaddrxess fail) = 0.5
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For the purposes of the model it is assumed that any
request that is misrouted as a result of a failure of a
switch is blocked in that switch. 1In reality this would
probably be detected in the next stage. Since perfect
error coverage has been assummed, the request will be
blocked in the network. 1In addition it will, with
probability one, be detected at the next unfailed stage to
which it is incorrectly routed and then discarded. As a
result it will not effect arbitration and therefore
blocking at an operational switch. Thus there is no loss
in generality by assuming that the request is blocked at
the stage in which the error occurs. Given this, then

P{ByIS at T) = 0.5P{A,)

]

P(B,)S at X) = 0.5P(A,)

P(B,ldata fail) = 0

Let us represent the probability that an input is

active by m;,. And by symmetry

P{A,) = P(A;) = m,,
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Then the probability that the upper output is active can be

written as

P{B,) = P(B,Ino fail){(l-pg) + 0.5m,p,

Now

P(B,Ino fail) = P(A,,UA;)

That is, the output will be active if either input is

active and requests that output. Then

P(A:luhzl) = P(AII) + P(Azl) - P(AIIMZI)

Now, because the requested memories are independent and

uniformly distributed, so also are the control bits at each

switch and

P‘Alj,) =P(A11'AI)P(A1) D-Sm‘n

P‘Azl) =P(A21|A1)P(Az) O-Smln

and

P(A;;M;;) = P(A;,NA; 1AM, JB(AMA,) = 0.25m,°
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Combining

P(By) = (myp=0.25my,7) (1-p¢) + 0.5myp, *

This formula can be evaluated k times using m, as m,

in the first evaluation and P(B) for stage i as m;, for
stage i+l. This will give the probability that a last
stage output line is active. Notice that this formula
reduces to that derived by Patel[23] when the pg is zero.
Figure 10 is a plot of the bandwidth, normalized by N, of
an S/E network as a function of the brobability of address
mode failure for several values of the probability of data

mode failure. :
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I1I. ANALYSIS OF THE S/E+ NETWORK

The analysis of the S/E+ network provides a great
deal more challenge. The situation is complicated by two
facts. First the extra stage, which is refered to as stage
0, behaves differently than the stages of the 8/E network.
Its control bits are not independent and uniformly
distributed, as are the control bits in the S/E network,
but rather are dependent on the state of the network.

Next, since the setting of the first stage switches depends
on the failure state of the remainder of the network, it
cannot be assumed that the events that the two input lines
to a switch in column 1 to k are active are independent.
The approach that will be used is to first calculate the
probability that the output lines from stage zero are
active and then show that the inputs to any first stage
switch (the stage following the added stage) are
essentially independent. Once this has been established,
much of the above analysis can be used on the last k stages

of the S/E+ network.

ti tput
Let B,, represent the event that the upper output of

a column 0 switch (the added column) is active. The

31
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probability that this line is active will now be
calculated. As in the case of the S/E network, first
condition on whether the column 0 switch has failed or is
operational. Thus
P(B,,) = P(B,4ino fail) P{no fail)
+P(B,ol address fail) P{address fail)
+P(B,pidata fail) P{data fail)
As before
P(By,ldata fail) = 0
Now, given that the column 0 switch has failed in the
address mode, again condition on the configuration of the
failure. This time, however, there is no basis on which to
delete any requests which pass through a column 0 switch.
This follows since, if there are no other failures along
the path from that column 0 output to the requested memory,
the memory can be accessed from either output of the column
0 switch. Thus, address mode failures in column 0 do not
effect addressability unless they are coupled with other

failures. Requests, which are blocked due to other
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failures, will be accounted for when those failures are
treated. Thus
P{B,,laddress fail) = P(B,,18 at X) P{(8 at Xladdress fail)

+P(B,,18 at T) P{9 at Tladdress fail)
= 0.5P{A;)+ O0.SP(A,)
=Ny

Where m, is the probability that a processor submits a

request in a given cycle. Thus

P{B,p) = P(Byyino fail column 0){1l-pg) + myp,

Now let

P'(event) = P(event! no fail column 0)
Then

P{B,plno fail column 0) = P'(B,,) = P’ (A,,UA;,)
and

P‘(AIIUAZI) = Pl(Axl) + P.(A:I) - P.(AIIle)

P'(Ay)

P'(Ay 1 A2)P{A;) = P' (A 1AM,

P (ALMRy) = M AL 1A, )My
as before. Now let

P''{event) = P'(eventliA,NA,)
That is P’ 'of an event is the probability of that event
given that the two inputs of interest are active and that
the column 0 switch has not failed.

Now given that A, is active, the event A,, will occur

only if there is no error along the primary path (the one
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selected by the T setting of the column 0 switch) for the
A, input and
P'{AyIA,) =
P''{A;3) = P{no error exiats in the selected primary path columns 1 to k)
= (1-0.5p,-pa)"
Given that A, is active, the event A, will occur only if
there is at least one error on the primary path for the A,
input. Thus
P'(ApntAy) =
P''{Ay) =
P{at least one error exists in the selected primary path columas 1 to k)
= 1-{1-0.5p,~py)"

To calculate the probability of the intersection of
events A,, and A,,, condition on whether the A, and the A,
primary paths share a last column switch. Note that they
cannot share any switches in columns 1 to k-1 or there
would be more than two paths from any input to output of
the 8/E+ network. This fact is easily proved. Thus

P''(A;3MA3) = P''(A;3NAy Ishare last column switch) (2/N)
+P' ' (Ag3NAy; |last column awitch not shared) (1-2/N)
where 2/N is the probability that the two inputs request a
pair of memories that must be accessed through the same

last column switch.
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Now if the two input requests are not for memories
which require the sharing of a last column switch, the two
paths are independent and

P’ ' (A;;NA;, | laat col awitch not shared) = P''(A;;)P' ' (Ay)
=(1-0.5p,~Pa) “[1-(1-0.5p—pa) "]

In order to calculate the required probabilities
given that a last column switch is shared condition on
whether the shared switch is failed. Thus

P’ ' (A);NA;, | share last col switch) =
P’ ' {Ay;NA,, | share,shared switch unfailed)(1-pg)
+ P''{Ay;NA,;, | share,shared switch addc fail)p,
+ P’ (A;,NA;, | share,shared switch data fail)p,
and, if the switch has not failed, it cannot cause an error
therefore

k-lll—(l—o.Sp.-pd)h'll

P' ' (AyNMA,, I share unfailed) = (1-0.5p,~py)
Given that the shared switch has failed in the
address mode, again condition on whether the failure causes
an error for the A, primary path. Note again that it must
not cause an error for the A, path as the probability of
the event is 0 if there is an error on that primary path.

Thus
P''(A,;NA,, Ishare, addresa fail) =

P''(A,,NA, 1share, addr fail, error A,) P''(error | share, addr fail)

+ P''(A,,NA,, Ishare, addr fail, no error) P''(no error | share, addrc fail)
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Now given that a switch has failed in the address
mode and has two active inputs, one of four equally likely
conditions holds with respect to errors for those inputs.
Of interest are the two of these that do not produce an
error for the A, input. Thus

P''{erroxr A;N no erxor A,laddr fail) = 0.25
P' ‘{no error A,N no error A,laddr fail) = 0.25

Now, if a switch is failed in the address mode and is
shared in the last column, but produces no error, then it
is the same as if it were functioning and

P''(A,,NA, Ishare, addr fail, no error) = {1-0.5p,-p )" 11-(1-0.5p —p,}*"")
If it produces an error for the A, path but not for the A,
path then the probability that at least one error occurs in
the A, path is one and
P''(AyMA;,) Iahacred, failed, error) = {1~0.5p,—pg)"
Combining these equations will allow the calculation of the
probability that one of the output lines from a column 0

switch is active. By symmetry this value is the same for

all lines.

Joint Probability of Active Stage 0 Qutputs
The above derived probability is not sufficient. It

would be convenient to apply the results of the
calculations done for the S/E network by using the
probability that a column 0 output line is active as the m,

in the equations derived for the 8/E network, using that to
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represent the remainder of the S8/E+ network. Recall,
however, that these equations were derived under the
condition that requests arriving at the two input lines are
independent. This is not the case for the switches in
column 1 of the S/E+ network. It is the contention of this
work, however, that they are approximately independent.
Given this, the assumption that they are independent will
induce only small errors in the model. To prove that the
dependence is indeed small, first calculate the joint
probability that the two inputs to any column 1 switch are
active and then calculate the covariance of indicator
random variables for each of these lines. The covariance
is given by
COVAR = P{BNBL,) - P¥(B,,)

where Bgo and Bfo represent the events that the two outputs
from stage 0 switches, which are the inputs to a particular
column 1 switch, are active. Now P(B;fmhg is calculated

First examine fiqure 11. The highlighted switches
illustrate an important relationship. Notice that if any
column 1 switch is picked and its input lines traced back
to their respective column 0 switches, the other output
lines from the column 0 switches both terminate at the same
column 1 switch. Thus, to calculate the probabilities that
two inputs to the same column 1 switch are jointly active,

two sets of paths must be considered. These sets of
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Pigure 11 — Column 0 Switch Notation

paths enter column 1 through the two highlighted switches.
In one set the probability that no errors exist must be
determined. 1In the other set, the probability that at
least one error exists in each of the paths in the set must
be calculated. As shown in figure 11 the upper column 0
switch is marked with a U. All quantities relating to that

switch will be superscripted with a U, while all quantities
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relating to the lower switch will be superscripted with an
L. Thus P(Bll'onB‘I'o) must be calculated. Now
P(BloNB),) = P{Bj,NB}y!upper lower col 0 not failed)(l-pg)’
+ P{BL,NBY ! upper addr fail lower not failed){l-p;)p,
+ P(B{,NBJ ) upper not failed lower addr fail){l—pg)p,
+ P{B}yNBY,! upper and lower addr fail)p,’
+ P{Bl,NB1,! upper data fail lower not failed)({l—p¢)py
+ P{B},NB],!upper not failed lower data fail){1l-pg)pa
+ P{B},NBy,lupper and lower data £ail)p,
+ P{BlyNBY,lupper data fail lower addr failed)p,.pPa
+ P{B}gNByolupper addr failed lower data fail)p,ps
The last five terms in the above equation represent
one or more data mode failures in the column 0 switches
which form the input the selected column 1 switch. Given
that a data mode failure has occurred in one of these
switches the probability of Bhfmgo is 0. Therefore these
terms will be disregarded in the following dicussion.
Now redefine P' of an event as the probability
of the event given that the stage 0 switches that affect
the event are functioning. This retains the previous
definition and includes, for events that depend on two
column 0 switches, the following

P'(event) = P{(event | upper, lower col 0 not failed)
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Then
P(BioNByo) = P’ (BigNBro){1-pe)’
+B " (Byo)moPa( 1-p¢)
+P ' (B )mopa{ l-pg)
+m°zp‘z
Now by symmetry
P'(Byy) = P'{By,) = P'{By,)
which was derived previously. Thus the first term of the
above equation is the only new value which must be eval-
uated. It can be expressed as follows:
P'(B{gNBYo) = P'(Byy) + B'(Bly) ~B' (B UBJ)
Again the first two terms of this equation have been cal-
culated. The last can be expressed as
P'(BjoUBY,) = P’ ([A);UA7 JU[A,UAR D)
= 1 - P’ {[A[UAZUAUA, D)
= 1 — P’ {[AUA]IN(ATU-AT] N{ALU-ATIN(ALUAZ])
where the final form follows from the repeated application
of DeMorgan's law and the fact that the complement of the
event A,, is the event that the request is for the other

output or that there is no request at all. Expansion of

this term will result in the union of 16 mutually exclusive

events. The probability is then just the sum of the
probabilities of each of the events. Now the probability

of each of these 16 events must be evaluated.
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The simplest is the case where no inputs are active.

This term is given by
P (CAINTANCAINTAL) = (l-mg)®
Next the four terms in which only one input is active

must be considered. These are easily evaluated in terms of

previously calculated gquantities. They are
P {~ANTAJNTAINAL,) = P'(A};1AL)mg(1-m,)’

= {1-0.5p,-pg) my{ 1-my>’

P’ ("AJNTAJAALNTAY) = P (AL 1A;)mg(l-mg)’

= [1-{1-0.5p,-pyg) “Img( L~mg)

{1-0.5pa~py ) "mg{ 1-my)’

]

B {-AJPATNTATNAY)

[1-{1-0.5p,~pg) " Img{1-my)’

P (ArN"AZNATNTAL)
Next the six terms that involve two active inputs
must be evaluated. The first of these is
P {TANTAMALMAT,) = P (AT A I AN Y my " (1-mg)?
= P (ApNAD ) my { 1-mg)®

where P'' of an event has been redefined as the probability

of that event given that all switches in column 0 which
effect the event are functional and that all inputs that

are necessary for the event are active. Thus

P''{(event) =

P'(event | all inputs required for the event are active)

R
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Then by symmetry
P'U(ALMAZ) = B (A NAy)

which has been evaluated.

The next term to be evaluated is

P AAZNAIAG) = B (AZpNAZ)my (1-mg)”

This term has not been seen before. Here the two primary
paths both of which use the same column 1 switch must be
considered. Since they both pass through the same column 1
switch they can share any number of switches from 1 to k.
Here, as before, though not explicitly stated previously,
share is in the sense that both attempt to use the same
switches. Obviously they may not be able to do this simul-
taneously. Only the probability that errors do not occur
on either of these paths is of interest. In other words,
given no conflicts, that both accesses can be made. To
evaluate this term first condition on the number of
switches shared between the two paths. Thus

B {AMAg) =

L5 1P’ ' (AjNA7; Ipatha share j switches)P(share ) awitches)
The probability that j switches are shared is
P{share j switches) = 172}  jck
/N 3=k

This can easily be seen by realizing that the ID of the
memory requested determines the path and therefore the
number of shared switches. The memory ID is a X bit binary

number. The two paths will share exactly j switches if and
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only if these two numbers match in exactly j-1 places.
Since the individual binary digits in each number are
independent and uniformly distributed the probability is as

given above.

i

| {
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Pigure 12 -- Exactly One Switch Shared

Figure 12 shows an example of the case where exactly
one switch is shared by the two paths. Notice that if this
occurs, this event can occur only if that shared switch has
not failed, or ,if it has failed in an address mode, the
failure matches both request given that the request are
known to be different; and then if no other errors are
caused by the remaining k-1 switches on each of the two

paths. Thus

1

P' (ALY, J=1) = (1-0.5p,-Pa) {1-0.5p—pa)™" (1-0.5p-pa)""

= (1-0.5p,—pa) """
FPigure 13 shows an example of the case where there

are 3 shared switches and k»>3. Here, for the event to
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occur, both the first and last shared switch must be
functional. The control digits for the switches between
the first and last must be the same and therefore these
switches will not produce an error for either path if they
do not produce an error for one of the paths. Then the
remaining switches along both paths must not produce any
errors. Thus
P’ (AJMAL! lcjck) =
= (1-pg) (1-0.5p,-pa)’™ (1-pg) (1-0.5p—pa)*? (1-0.5p,-py)*!

= (1-pg)? {1-0.5p—pgy) 2 1?

Pigure 13 Exactly 3 shared Switches

Finally, the case where k switches are shared must be
evaluated. Here again the first shared switch must be
functional. Then the next k-2 switches must not produce an
error for the paths, given that the control digits are the
same for both paths. Finally the last switch must not

produce an error for either path. If the switch has failed
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in the address mode this can only occur if both paths

request the same memory and the switch has failed so that

the connection is possible. Thus
2

P (AJMASl 3=k} = {1-pg) (1-0.5p-Pa)*> (1-0.75p,~py)
The next term to be evaluated contains two secondary
path requests. This implies that at least one error exists
in each of the primary paths. The desired term is
P (ALNTAALNTA;) = PUC (AJpNAY) mg (1-mg)?
The primary paths associated with these requests enter the
same column 1 switch. The desired probability then can be
derived from the last calculated term as follows:
P'U{AMAL) = L - P (AL UAY)
=1 - P {AL) - BPUU(AL) + P (AVMAL)
=1 - 2(1-0.5p,~pg)" + B (ANnA];)
where the last step follows from the symmetry involved.
The final three terms with two active inputs can be
shown by symmetry to be equal to terms previously derived.
Thus
BT MNTANALNAT,) = P (TATNAZNALNTAL)
= PU{AGNTANTAINAY,)
= P ARNANT AN AY)
Next, the equations for the four terms with three

active inputs must be derived. The first of these is

P' (" MNATMALNAL,) = P' ' (AgNADNAT,) my’( 1-m,)
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Figure 14 Example of a Three Input Term

Figure 14 shows a typical example of one of the sets
of paths which are the events in this term. Notice that
there are two primary paths which come from the A, inputs
in which there can be no errors, and one primary path which
comes from the A, input, in which at least one error must
occur. The two paths from the A, inputs may share 1 to k
switches with each other and finally may share a column Xk
switch with the path from the A, input. The probability
of this event can be calculated by conditioning on the
number of shared switches in the A, paths and then on
whether a column k switch is shared with the A, path.

Pirst define the following:

B = [AmNAy;NAz,]
Then, conditioning on the number of shared switches in the
A, paths,

P’ '(A:;-m;,ﬂh:g) = L‘;_,P" (E1A];,A;; share ) switches.) P{share j.)
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Where the probability that the A, paths share j switches
was previously derived.

Now define
P i) = ' (E1A],,A, share 3 svitches.)

Finally, condition on the sharing of a column k
switch.

P''3(B) = P 'J(BIA,, paths disjoint from A, primary path) P(disjoint)
+ P 'I(BIA,, share switch with A, primary path) P{ahare)

If the A, paths share fewer than k switches they
access two of four possible memories. If the A, path
accesses one of those four memories, it will share a last
column switch with the A, paths. Thus

P{share) = 4/N je<k

= 2/N j=k

P{disjoint) = 1-4/N <k
= 1-2/N =k
and, if a last column switch is shared by the A, and A,
paths, condition on whether that switch has failed.
P''J(Bishare.) = P''I(Elshare, shared not failed.){l-pg)
+ P''J(B1share, shared addr fail.)p,
+ P''(B)anare, shared data fail.)p,
If it has failed in the address mode condition on whether

it produces an error for the A, primary path. Thus
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P''3(Bishare, wddr fail)
= P' ‘Y(Bl1ahr addr failed, no err A, primary path) P{no erriaddc fail shr)
+ P' 3 (Bisne addc failed, err A, primary path) P{erriaddr fail shr)

Now given that the A, paths and the A, path do not
share a final column switch, they are independent and, for
the case where the A, paths share 1 switch,

P"l(!lno shr)

k-1 k-1

= {1-0.5p—pg) (1-0.5p,—pg) "} {1-0.5p,~pg)* " [1~(1-0.5p,~pg)")

2k-1

= {1-0.5p,—ps) ™} [1-{1-0.5p,~pa) "]

For 1l<¢j<k

P i(eino shr,1¢j<k)

3k-~j-2

={1-pg)*{1-0.5p,—p,) [1-(1-0.5p,~pa) ")

and for j=k
P’ '®(B1no shr)=(l-pg) (1-0.5p,~Pa)* 2(1-0.75p,~pa) [ 1-{1-0.5p,—pa)"]
Now if they share a switch but that switch is func-
tional, it cannot produce an error and thus, for the case
where there is one shared switch in the A, paths,

P"I(Elshr, no fail)

= (1-0.5p,~Pa) {1-0.5p—Pa) 2 (1-0.5p -pa ) (1-{1-0.5p,—pa) "]

2k-2 1

= {1-0.5p,~pq) [1-(1-0.5p-pg) "'

P"j(zlshr, no fail, l<¢jck)

2k-j§-2

={1-pg) *(1-0.5p,~py) (1-{1~0.5p,-py)""")

P ®(R)shr, no fail) = (1-pg){1-0.5p—pa)* 2 [1-(1-0.5p,—pa)""")
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If a column k switch is shared and has failed but
produces no errors then it is as if the switch had not
failed and

P"j(EIshare, addr fail, no error) = P"j(zlshare, not failed)
Now if the shared switch has failed in the address mode and
produces an error for the A, path then the probability of
at least one error on that path is one and

P"I(Elshr, addr fail, err A,)

= (1-0.5p,~pa) (1~0.5p,~pa) " (1~0.5p,—pa)*"?

= (1-0.5p,~pg) "
o . 2 2k}~
P (Elshr, addr fail, err A;, lcjck) = {l-pg) (1-0D.5p,~Pa)
ok ; k~2
P {(Bishr, addr fail, err A,) = {l-pg)(1-0.5p.~pa)

Now if a column k switch is failed in the address mode the

probability that it produces errors depends on the number

of paths using the switch. 1If j<k then two paths use the
switch one from the pair of A, paths and the A, path. Thus
P{no error shared addr failed switch) = 1/4 j<k

= 1/8 3=k

P(err A;, no error A, paths shared addr failed switch) = 1/4 j<¢k

= 1/8 3=k
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This completes the evaluation of this term. The
other three terms that involve three active inputs can be

derived from this one as follows:

P (ALNTAIAALNAL) = B " (AT;NASNAL )My’ (1-my)
and
PUU(ALMALNAG,) = 1 - B [ALMARLNAL,])
= 1 - B'(A)NANNAG))
=1 - P (M) - P UUAL) - BT (Agy)
+ PUUANOAL) + PUUCANMAR) 4 P (AN NA)
~ P'U{AMALNAG, )
Now

POUANMANNA;L) = BT {ARMALMAL,)
by symmetry and all the other terms in the equation have
been previously evaluated. Finally by symmetry

P {ALNALNTAINAL,) = P* (" AJMAZNALMAZ,)
and

P ALNAZNALN"AY) = P (ALNAJOALNAZ,)

This completes the evaluation of the terms with three
active inputs. Now the term which has all four inputs
active must be evaluated. This term is

P {ALNALMAGNAL,) = B (A:zm:zm:zm;z)mo‘
Let
B = [ALNA5NALNAL ]
To evaluate this term, first condition on the number

of switches shared by the two paths which are primary for
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the A, pair of paths and the number of shared switches in
the A, pair of paths. Then condition on the number of
column k switches which are shared between the two paths.
Note that for this event to occur it must be that there are
no errors in either of the A, primary paths and at least
one error in each of the A, primary paths. Thus
P''(E) =
EiaLiaLiyP " (EIAJAL she 1, AJA} she 3, meta she {)P{shc J1i,3)P(shr i,3)
Now the number of shared switches in each set of
paths is determined by the memories requested. These are
independent by assumption and therefore the probability of
sharing i switches in the A, paths is independent of the
probability of sharing j switches in the A, paths. Thus
have
P(share i,3) = {1/2)'* 1, 3¢k

(2/M)(1/2)"  1ck, 3=k

(2/%)(1/2)3 ek, imk

(4/N) i,j=k

The probability of sharing I column k switches is

more difficult to determine. Let X, represent the binary
digits of the memory addressed by one of the A, primary
paths and let Y, represent the digits of the other.
Similarly let W, and 2z represent the digits of the
memories addressed by the A, paths. Now notice that the
switch used in column k is determined by the first k-1

digits of the address of the memory accessed. Also notice

. .
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that the since the A, paths share exactly i switches, the
first i-1 digits of their memory requests are identical and
the ith digits are complements of each other. Thus the

addresses can be expressed as

XX T XgaXyXgy = Xn-1 X
xlxz --------- xl-li‘! ‘*1 --------- !k_l !k
MWy Wy Wy Wy, Wy
MW, Wy a2y Ty %

Now, since the memory requests are all independent,

the probability of sharing ! column k switches can be
determined by determining the probability that / memory IDs
in the first pair match ! IDs in the second pair. The
result is as follows:
f=j=k P{share 0) = 1-0.5*"
P{share 1) = 0.5

P{share 2) = 0

imk, j<k P{share 0) = 1-0.5"?

P{share 1) = 0.5"?

P{share 2) = 0

f=§ck P(share 0) = 1-0.5"740.5%* %' p gi? p ¢!

k-1 ak-4-4

P{share 1) = 0.5 ~ 0.5

P{share 2) = 0.5 g.26"*
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icye=k P{share 0) = 1-0.5%"

3¢i e=k P(share 1) = 0.5?
P{share 2) = 0
Now define the following:

protilip) .

p’ '(BIA;’,A;' paths shr i, A;’,A; paths shr j, sets share { in column k)
The objective is to evaluate this probability for all

possible values of i, j and [.

Consider the case of /=0. In this case the two path

sets are disjoint and therefore independent. As a result

preti%e) = proqalmal) B (ARMAL)

P alnal) = (1-0.5p,-py) ™! j=1
{1-pg) 2(1-0.5p,~p,) 7 1eqck
j==k

{(1-pg) (1-0.5p,-pa) " ?(1-0.75p,~py)

Potalml) = 1 - prtalnal))
=1~ oAy - portian) + ot talinag)
= 1 = 2(1-0.5p,-pg)" + P’ HALMAL,)

Now consider the case of /=1. Here as before,

condition on whether the shared switch is functional or
failed and then, given that it has failed, condition on the
failure mode and then, for address mode failures, on
whether the failure produces an error for the A, path or
paths that go through the failed switch. Note that the

probability of the event is 0 if the failure causes an

——— - -
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error for the A, paths that pass through it. Thus
P"‘jl(z) = P“‘jl(zlshared last column switch not failed)(1l-p¢)
+ P "1 (gi1shared last column switch addr failed)p,

+ P' ' (pishared last column switch data failed)p,

Now if the shared switch has not failed it cannot

cause errors for either of the sets of paths. 1If this is

true the probability of errors in one set of paths exclu-

sive of that switch, is independent of the same probability
in the other set. Thus
p' ' (Bishr ok) = P''!(A};AAL,1shr ok) P I(AJ,NA7;Ishr ok)

The probabilities in the above equation are easily eval-

uvated and are given by

P’ I(ALMAL 1 shr ok) = (1-0.5p,~pg) "2 3=1
(1-pg) 2(1-0.5p,~pa) 3 1cjck
{1-pg) (1-0.5p,-ps) i=k

and
P l{AlNALIshr ok) = 1 - B'''({Al\UA} 1 shr ok)
=1 - P YAl 1ok) - PUoNAL) + PrNAY AL 1shr ok)
= 1 - 2(1-0.5p,~p)"" + P' *{AJ;NAL I1shr ok)

1 - (1-0.5p,—Pa)"} - (1-0.5p,—py)"+ P' *{ATMALIshr ok) i<k

Now if the shared switch is failed in the address

mode
| '“l(lllh: addr fail) =

P’ 'ul(lllht addr fail, error) P{error! shr addr fail)

+ P’ '”l(!llht addr fail, no err) P(no erri ahr addr fail)
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If the address mode failed switch does not produce errors
for either of the paths that pass through it, the situation

is identical to the case when the shared switch is func-—

tional and

p' ‘3 (Bishr addr fail no error) = P''*(RBishr no fail)

Now the probability that no errors are produced de-
pends on the number of paths passing through the switch and

thus on i and j. Evaluating gives

P"Ul(no error | shr addr fail) = 1/4 i,3¢<k
1/8 1<k,j=k or j<k,i=k
1/16 i=j=k

Now if the shared switch produces an error for the A,
path or paths passing through it, the probability of errors
in the other A, path and of no errors in the A, paths must
be determined. Once again this depends on the number of
paths passing through the switch. 1If both A, paths pass

through the address mode failed switch, the possibility of
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an error in only one of the A, paths or in both of the A,

paths must be determined. Evaluating

P’ ‘ul(Elsharad addr fail, error) P’ ‘Ul(errorl shared addr fail)
=[1-{1-0.5p,—pa)"1 P (aJ,nAk,1shr ok)(1/4) 1,3k
=[1-{1-0.5p,-pa)"1 P 1 (al.nA,1shr ok)(1/8) i<j=k
=[1-(1-0.5p-pa) "1 P (Al Ak 1 shr ok)(1/4) jei=k

+ BN AYAAL Ishe ok) (1/8)

k=ly poodjl

={1-{1-0.5p,—Pa) P {Ag;NAL, I shr ok)(1/8) i=j=k

+ P YA AAL Ishr ok) (1/16)
This completes the evaluation for the case of I=1. Now
evaluate for [=2.

when /=2 condition on the number of failed switches

thus

P %) = P 'Y Eino shared failed) P'‘*3¥(no shared failed)

. .dj2

+ P (E11l shared addr fail) P''*1%2{1 shared addr failed)

+ P .Uz(glz shared addr fail) P"ij2(2 shared addr failed)

4+ pris?

(E11l or 2 shared data fail) P' ‘*3%(1 or 2 shared addr failed)
and

P' '*1%(no shared failed) (l‘pf)z

P' **3%(1 shared addr failed) = 2p,(L—-p¢)

P''*3%(2 shared addr failed) = Pa
Once again, if there are no failures in the shared
switches, the events that errors occur in path sets are
independent and

0432

P (Bino fail) = P' ‘Y{A];MA;12 ok) P’ 'I(A],nA7,12 ok)
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and

P Halnal12 ok) = (1-0.5p-py) < 3=1

= (1-pg) {1-D.5p,-pg) " 17*

and
P t(ANAY212 ok) = 1 - P Y(Aa]UAL, 12 ok)

=1 - 20" YAy 11 ok) +P' ' Y(A},MA},12 oK)
= 1 - 2(1~0.5p,-pa) 4P (A nak, 12 ok)
Now if one shared switch is failed in the address
mode that switch may or may not produce an error in the A,

path that goes through it. Thus
P M(E1L addr fail) =
P ' (g1 fail, error) P'‘*3¥(error | 1 addr fail)

+ P 'u:(Ell fail, no err) P"Hz(no err | 1 addr fail)

=[1-(1-0.5p,-pa) 1P " I{AT,mA}, 12 ok)(1/4)
+p %12 ok)(1/4)
Next if both of the shared switches fail in the address

mode, condition on the number of A, path errors produced

giving
P Y E12 addr fail) =

P’ '”’(zlz addr fail, 0 error} P’ '”2(0 error | 2 addr fail)

+ b '”2(252 addr fail, 1 error) P' "jz(l error | 2 addr fail)

+ P -113(E|2 addr fail, 2 error) P' ’ka(2 error | 2 addr fail)
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The probabilities of errors given two address mode
failures are

! ‘”z(no errors | 2 addr fail) = 1/16

P
P' '*3%(1 errorA, paths, no err A, paths | 2 addr fail) = 1/8
P **3%(2 acrorA, paths, no err A, paths | 2 addr fail) = 1/16
If there are no errors, the probability is equal to the
probability given that there are no failures.

¢ '“z(BI 2 addr fail, no error) = ' 13 (g1no fail)

P
With one error, the probability that an error exists in the
remainder of the A, path for which there was no error in
the shared switches must be accounted for. Thus
P'*%(B) 2 addr fail, 1 error) = [1-{1-0.5p—pa)* " 1P J(al,mak, 1 2 ox)
If there are errors in both of the A, paths then only the
probability that there are no errors in the remainder of
the A, paths is important and

¢ -iﬂ(g| 2 addr fail, 2 error) = p"‘(af,m:, t 2 ok)

P
Finally, if the shared switch fails in the data mode the
probability of the event is 0.

This completes the evaluation of all terms necessary
to evaluate the probability that the two lines input to a
column one switch of the S/E+ network are jointly active.

As stated previously, if indicator random variables

for each of the lines in question are defined such that

these random variables are 1 when the line is active and 0
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when inactive, the covariance of these random variables is
given by
COVAR = P(BJNB,) — P (By,)

Figure 15 shows plots of the covariance vs p, for
various values of k and p,. All of the data were calcu-
lated with m, equal one. The maximum value of the covari-
ance is 0.05 and occurs in the region near values of 0.02
for py, 0.00 for p, and 16 for N. The value of covariance
decreases as the number of processors and memories in-
creases. Thus it can be concluded that assuming they are
independent for purposes of calculating the expected
bandwidth will induce only small errors in the results.

Once the assumption that the inputs to any stage one
switch are independent is made, the argument of disjoint
sets of independent events can be used to show that the
inputs to all switches in stages 1 to k-1 are independent.
This being so, the analysis done for the 8/E network

applies to these stages.
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ABS COVARIANCE N=16 MAX=.05 xaxis pa{0-1.0) yoxis pd(0—1.0)

Figure 15a - Covariance as a function of P, and P, {(N=16)
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ABS COVARIANCE N=64 MAX=.035 xoxis pa(0-1.0) yoxis pd(0-1.0)

Figure 15b - Covariance as a function of P, and P, (N=64)
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ABS COVARIANCE N=256 MAX=.266 xaxis pa(0-1.0) yoxis pd(0—1.0)

Figure l5c - Covariance as a function of P, and P, (N=256)
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ABS COVARWNCE N=1024 MAX=.02 saxis pa(0-1.0) yoxis pd(0-1.0)

Pigure 15d - Covariance as a function of P, and P, (N=1024)
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The last stage is not so simple. Figure 16 shows a
case where the inputs to a final stage switch are not
independent. To compute the probability that a final stage
output line is active, condition on whether its input lines
are independent. thus

P{B,y)

= P{B,y|independent inputs to stage k)P{ independent)

+P(B,y!|dependent inputs to atage k)P {dependent)

e .

1/0
i ;
] 1 e

Figure 16 - Dependent Inputs to Stage K |

—
N
|

The problem becomes how to calculate the probability
that the inputs are independent. The probability that the
inputs came from dependent sources clearly requires that 9
some pair of processors, which are the inputs for the same |
column 0 switch, requested the two memories which are
connected to this switch. This probability is 2/N. Then

there must be no errors in the paths prior to the last
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switch. If there were errors in either path the requests
would either be blocked when the error was detected or
there would be a conflict at the first stage resulting in
one of the requests being blocked. Finally neither of the
requests could have been blocked by other processor re—
quests prior to the last stage. Clearly, for large values
of N this probability must be small and the errors intro-
duced by disregarding the effects of this dependency
should be small.

As a result, the bandwidth of the 8/E+ network can be
approximated by calculating the probability that an output
line from stage 1 is active using the derived equation and
then using the results for an S/E network to represent the
remaining stages.

This provides a simple and useful model for estimat-
ing the failure dependent bandwidth of the S/E+ network.
Purther it demonstrates that the bandwidth of the S/E+
network is strictly less than that for an S/E network of
the same size, when the stage 0 control strategy is based
only on error detection. The S/E+ network increases the
probability that a randomly selected processor to memory
connection can be made in the presence of faults at the
cost of communication bandwidth. The system designer must
determine whether this is a desirable trade. Further this

model prcvides a simple means to evaluate the cost benefit

tan .

et
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ratio for reliability measures implemented at the switch
level.

Figqure 17 presents some of the results of this analy-
sis. It displays the bandwidth vs probability of address
mode failure for several values of N and p; for the S/E+

network. All of the calculations used a value of one for “

My b

Comparison of Results
Figures 15 and 17 present the calculated bandwidth

for both the 8/E and S/E+ networks. The bandwidth of the
S/E+ network is strictly less than that for the S/E net- ‘
work. Figure 18 displays the percentage loss in bandwidth
suffered by the S/E+ network as compared to the base S/E
network. The bandwidth loss is small for small values of
Pa- As py increases however, the percentage loss becomes a
substantial part of the available bandwidth. Thus, the 1
extra column in the S8/E+ network serves to increase the
probability that any given connection can be made at the

cost of a small decrease in bandwidth.
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NORMALIZED BANDWIDTH SE+ pd = 0.2
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Pigure 17c ~ Normalized Bandwidth 8B+ (p,=0.2)
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NORMALIZED BANDWIDTH SE+ pd = .5
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IV. VERIFICATION OF S/E+ MODEL

In chapter 3 a bandwidth model for the S/E+ network
was developed. 1In the development of this model two impor-
tant assumptions were made. These were:

1.) The small value of covariance allcwed us to
assume that the events that outputs from the
same column 0 are active are independent.

2.) The probability that two active inputs to a
final stage switch originate at the same column
0 switch is small and can be ignored.

In order to test the validity of the assumptions a
simulation of the S/E+ network was developed. The simula-
tion is based on the following set of equations:

z(aw)=2: E(BWIfail state)P(fail astate)
all fail states

E{BW| fail ltlte)=E E(BWI! fail state, input)P{input)
all inputs

E(BWIfail stste, input)=

E B(BWifs , inp, conflict state)P{conflict state)
allconflict states

In the first of these equations the expected bandwidth
is obtained by conditioning on the failure state of the ICN

and then summing over all possible failure states. Here a

7%
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failure state is defined as one particular failure config-
uration from the set of all possible ICN switch failure
sets. This set includes the case of no failures. Next, in
order to calculate the expected bandwidth given a particu-
lar failure state, condition on the input state — the set
of applied input requests — and sum over all possible
input request sets. Finally, given the input and failure
states, condition on the resolution of conflicts at the ICN
switches and sum over all possible resolutions.

These equations represent a complete calculation of
the expected bandwidth. Unfortunately they cannot be com-
pletely evaluated in a reasonable amount of time on cur-—
rently available computer systems. In order to demonstrate
this consider an 8x8 8/E+ ICN. The ICN is composed of 16

switches each of which can assume one of four states —

operational, stuck at X, stuck at T or data mode failure —-

this results in 4'® or 2*? possible failure states. For
each of these, even if the evaluation is restricted to the
set of inputs for which each processor is active — m, is 1
— 8% or 2% possible input states must be evaluated. For
each of these input states every possible conflict state
must be evaluated. Given an input state consisting of 8
requests this will require the evaluation of from 1 to as

many as 2’ conflict states. Thus, a complete calculation
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for an 8x8 S/E+ ICN would require that a minimum of 2%
total network states be evaluated. This is clearly not
feasible even on the fastest of modern computers.

The number of states that must be evaluated can be
reduced as follows: First observe that the maximum value
of the covariance occurs when p, is 0. Using this, for
verification purposes, the calculation can be restricted to
the case where p, is 0. This results in 2'® failure
states. Next, note that the covariance and the probability
that two inputs to a final column switch originate at the
same column 0 switch both decrease as N, the number of
processors and memories attached to the ICN, increases.
Thus, the maximum error induced by the assumptions in the
model for S/E+ bandwidth will occur for small values of N.
8ince a 4x4 S/E+ ICN is trivially equivalent to a 4x4
crossbar, the simulation was performed for an 8x8 ICN.
Finally, expected bandwith can be approximated, without
inducing large errors, by calculating it for a large number
but less than 8° random input states.

Restricting the failure modes to the data only mode
allows the expected bandwidth to be expressed as a 16
order binomial equation in p, where, letting f represent
the number of failures, the coefficients can be calculated

from the equation:

Ce = ), E(BWI fail state)
all fail statem vith £ fails
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and the expected bandwidth is given by:

sea)= L ¢, pf (1)

fal

Again this represents a full calculation of the ex-—
pected bandwidth given that all failures are data mode type
failures. Complete evaluation of coefficients (c.) in this
equation is not computationally feasible. An approximation
can, however, be made by restricting the number of input
requests used in the calculation. Let n represent the
number of random input states used to calculate each
expected bandwidth given a failure state used in the above
equations. Then by the central limit theorem

B(BWIfail state) youste = Normal{f,,0:/n)
where [, is the actual expected bandwidth given a
particular failure state and 0, is the deviation of the
sample distribution. Given that this is true the
coefficients in the binomial equation are distributed as

follows:

(li) (li)
Ce = Norlml( g Ay, 2 ﬂi/n)
and the calculated expected bandwidth is distributed as

E{BW)_ = Normal{p' , 0'")

where

uo= ):: pal1-pg) 167 (f,) By

> _— - .4
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and

(£)
d'3= g p:‘(l—p,)”“-n U;i/n

<
The i' above is the actual expected bandwidth and &' is
the deviation of the bandwidth calculated using the
simulation. In order to determine a bound on the deviation
define o, such that it is greater than 0. for all values
of £ and i. Then
a'? <, /n Z_: P (1-p)?0 ¢ ()

s al /o
Using a two point equally probable 0, 8 distribution, it is
easily shown that

g, < 16
This gives a .99 confidence interval of + .09 for n of
20,000 which was used in the simulation.

A comparison of the expected bandwidths calculated
using the model and the simulation is presented in figure
19. Figure 20 is a plot of the absolute difference between
the model and the simulation. Figure 21 is a plot of the
covariance for p, equal to zero. The maximum value of the
error occurs when p; is 0.17 and represents approximately a
15% error.

Figure 22 shows the model error as a percentage of the
simulation bandwidth. The percentage error continues to

increase after the absclute error begins to decrease but

remains below 15% for values of p, below 0.20 which is the
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area of primary interest. Further it is expected that the
absolute and percentage errors will be maximums at the
conditions presented, that is for p, zero and for a low
value of N, the number of processors and memories connected
to the ICN.

Thus the model developed provides a reasonable approx-—
imation to the expected bandwidth even in the worst case
conditions for the model. The percentage error in the
expected bandwidth calculated using the model should de-
crease as N increases and as p, increases. It is not,
however, computationally feasible with currently available
computational resources, to simulate the ICN for either a

larger value of N or for various values of p,.

P
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V. EVALUATION OF RELIABILITY MEASURES —— AN EXAMPLE

In this chapter, an example designed to demonstrate
the use of the model developed in chapters two and three,
to evaluate various reliability enhancement measures as
applied to the S/E and S/E+ ICNs, is presented. Before
this can be done, however, two tasks must be accomplished.
First, as was observed in chapter three, the expected
bandwidth of the S/E+ ICN is strictly less than that of the
S/E ICN. 1If these two networks are to be compared
directly, connectivity measure must be developed. Such a
measure should favor the S/E+ ICN. When combined with the
bandwidth analysis, it should allow comparison of the S/E
and S/E+ ICNs. Next, p, and py for the switches used in
the ICN must be available. For the purposes of this
example, a hypothetical switch model which can be used to

calculate p, and py will be developed.

Connectivity Equations

Cherhassky(7] has developed equations which can be
used to calculate the probability that any pair of ter-
minals can be connected through a tree structured ICN in
which data mode faults occur. These equations are not,

however, sufficient for this example as they are valid only
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in the asymptotic sense and they do not extend to the
address mode stuck fault model. Thus, complete equations
using the more complete fault model must be developed.
This is quite simpie for the S/E ICN as this ICN contains
only a single path from any input to any output. If a
connection is to be made, the path between the desired
input and output must be fault free or must have only stuck
at address mode failures which allow the desired con-
nection. Let P(C) represent the probability that a
randomly selected pair of terminals can be connected using
the desired ICN. Then
P(C)y/e = (1-0.5p,~py)*

In the S/E+ ICN; -there are two paths from any input
to any output terminal. The desired connection can be made
if either of these paths is capable of making the con-
nection. These paths are not, however, independent as they
pass through the same first and last stage switches. Thus,
in order to calculate P(C)4,,, condition on the failure
state of these switches. Thus

P{C) y/y,= P{Clatage 0 ok)(1-pg)+P{(Cistage 0 address fail)p,
Now
P(C)g/g,{Istage 0 ok)=P' {Clatage k ok) {1-p;)+P' (Clstage k addcreas fail)p,
Where again P'(C) is used to indicate the conditional
probability given that the stage 0 switch in question is

functional. If both the stage 0 and stage k switches are
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functional, the event that a conn#ction can be made occurs
if either of the paths, exclusive of the first and last
stages, are functional for the desired connection. Thus
P’ g/, (Clstage k ok)=1—[1-(1-0.5p,~p,)*'1°
If the stage k switch has failed in the address mode and
the stage 0 switch is functioning, the connection can be
made if the intermediate path from stage 0 to the
appropriate stage k input is error free. Thus
P'g/ps(Clstage k address fa11)=(1—0.‘.ipl—pd)k"1
If the stage 0 switch has failed in the address mode then
the connection can be made if the remainder of the path
from the appropriate output from stage 0 is error free.
Thus
Py/py(Clstage 0 address fail):(l-—O.Sp.-—pd)k
The above equations can be combined to give the probability

that a random pair of terminals can be connected using the

S/E+ ICN.

Switch Model

The basic switch model is shown in figure 23. It
consists of a data switching circuit and a separate address
control and contention logic section. In addition, the ICN
designer also has available 1 bit wide, 2 of 3 majority
voters packaged in either single voter SSI integrated cir-
cuit or a 25 voter integrated circuit contained in a 128

pin JEDEC package as well as a 50 bit wide single error




v

88

correcting double error detecting unit (ECC). Thus the
fault tolerance strategies available are triple modular
redundancy (TMR), single error correction (ECC) or any

combination of the above.

address

control
and

Tq contention

dato
switch
Figure 23 — Switch Model

The primary failure mode for all of components used
in the switch design is assumed to be single bit stuck at
failures. Further assume that bits within a given circuit
are equally likely to fail and have independent Poisson
failure distributions. These assumptions were designed to
simplify the switch model. It should be realized that the
purpose of the switch model is to derive p, and p; so as to
demonstrate the bandwidth model. The primary purpose of

this example is to demonstrate the utility of the bandwidth
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model in evaluating various reliability enhancement
options. An unduly complicated switch model, while perhaps
more realistic, complicates and obscures that

demonstration.

Table 1 shows the estimated and relative failure rates
for the components available to the system designer. The
estimated failure rates are based on the gate complexity of
the integrated circuits and are taken from Siewiorek[]
table D-6 which is based on the military handbook 217B
reliability model for integrated circuits. The last column
of table 1 is the failure rate relative to the single bit
failure rate. All data presented for comparison later in
this chapter will be presented as a function of time nor-
malized by the bit failure rate. The equations, which will
be used to determine p, and p, given the assumptions and

failure rates for the switch model, will now be developed.

Table 1 — Failure Rates
FUNCTION #GATES A A REL A REL / BIT
Data switch 300 1.1668 S0 1.0
Address 100 0.4839 20 na
Voter(single) 4 0.1207 5 5
Voter (25) 200 0.4935 20 0.8

ECC 200 0.751283 30 na
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The data path for the basic system will be 45 bits
wide and consists of 32 data/memory control bits 10 ICN
address bits, 1 ICN control line and 2 parity lines. When
ECC is used the parity bits are replaced with 7 ECC bits
resulting in a 50 bit wide data path through the network.
The actual data path could decrease by one bit for each
stage. This would, however, require different data
switches for each stage and would also require a new ECC
check bit calculation and insertion at each stage. As a
result, assume that the data path width remains constant
except at the stage zero of the s8/E+. There, the address
control bit for stage 0 is removed and not passed to the
remainder the network. This is consistent with memory unit
address error checking as the stage 0 control bit selects
the ICN path but does not effect the memory module
addressed.

The ICN models require that the events represented by
p, and py be disjoint. If both data mode and address mode
failures have occurred in the same switch it must be con-
sidered as a data mode failure. Let PD represent the
probability that a data mode failure has occurred in a
switch and let PA represent the probability that an address

mode failure has occurred in the switch. The events
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represented by PA and PD are independent in the switch
model. Thus

py = PD

p, = PA(1-PD)
These equations are valid for this switch model regardless
of the enhancement features that may be used. Now PA and
PD must be derived for the switch model.

For the unenhanced system,

~45\t
PD nenhanced = l-e

and

-20\t
P A\meuhum:ecl = l-e

For the TMR system, note that in a single bit wide
majority voter, the output is correct if the voter operates
correctly and either at least two inputs are valid or one
is valid and the other two have failed in opposite stuck at

levels. Thus

—3Xe+3 -zke(l -At _)\t(l_e_h)z 45e-o.ans)¢

PDpp=1-1e e -e )+3/2e }

and

-3*20\t+3e-znou( 1—e‘2°)‘t)+3/2e‘2°x':( l_e-zo)\t)z le-S)‘t

PA a=1—-1e
Finally, for the switch with ECC applied to the data
path,

PDyec=I e 3 50e-t9t (] _glt) | 30t

Comparison of Reliability Options
Figure 24 shows the expected bandwidth as a function

of At for a 1024x1024 S/E ICN with several reliability
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enhancement measures applied to the ICN. The configura-
tions presented are the base or unenhanced ICN, the ICN
with TMR applied to both the address logic and the data
path outputs, the ICN with ECC applied to the data path and
no address redundancy, and the ICN with TMR applied to the
address logic and ECC applied to the data path. Figure 25
presents the same data for an S/E+ network. In addition
the configuration designated as mixed consists of the S/E+
ICN with ECC applied to the data path and TMR applied to
the address logic of the first and last stages only. This
is is a resonable configuration for the S8/E+ ICN as it is
in these stages that the two paths from any input to any
output pass through the same switch. Figures 26 and 27
show the probability that a random connection can be made
for each of the above configurations. 1In figures 28 and 29
the probability of connection and the expected bandwidth
for the S/E and 8/E+ are compared for two configurations.

For values of At less than 0.006, the maximum
expected bandwidth is obtained by applying TMR to the
address logic of the ICN and ECC to the data path. For
values greater than this the maximum is obtained by
applying TMR to both the address lojic and to the data
path. For values of At greater than approximately 0.003
the probability of connection is so low that the ICN is,
for most practical applications, no longer functional.

Thus, in this case, the selection of TMR applied to the
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address logic and ECC to the data path is clearly superior
in terms of ICN bandwidth.

As was noted in chapter 3, the expected bandwidth for
the 8/E+ network is always lower than than for a similarly
configured S/E network. However, the probability that a
randomly chosen connection can be made is higher for the
8/E+. The is especially significant for low values of At
as is clearly demonstrated in figures 26 and 27.

Table 2 lists the relative costs for each of the above
configurations. This cost is based on the total number of
gates required, normalized by the number of gates in an
unenhanced 8/E ICN. Once the maximum unrepaired operating
time or desired mission time, the minimum acceptable band-
width and minimum acceptable probability of random
connection are specified, the system designer can use the
cost model and figures 24-27 to determine the minimum cost
ICN meeting these constraints.

The mixed configuration for the S/E+ ICN serves to
illustrate another feature of the bandwidth model which was
not previously mentioned. The equations developed in chap-
ter 3 assumed that p, and p, were constant for all switches
in the network. There was, however, nothing in the devel-
opment which required that this be true. The only require-
ment is that p, and p, be constant for each column in the
network. As a result, only minor modifications are re-

quired to extend the bandwidth model to such situations.
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This was done to compute the expected bandwidth with TMR
applied only to the first and last stage address circuits
rather than to all address circuits in the ICN.

The relative bandwidths shown in figure 24 only apply
for the p, and p, derived above and these results should
not be considered applicable to all S/E and S/E+ ICNs.
Rather the figure demonstrates the use of the model to
determine the relative merits of various confiqurations

given that p, and p; as a function of time are known.

Table 2 — Relative Cost Based on Gate Count
ICN iiHANCEMENTS RELATIVE COST
S/E NONE 1.00
TMR 3.55
ECC 1.62
TMR/ECC 2.17
S/E+ NONE 1.10
TMR 3.91
ECC 1.78
TMR/ECC 2.39
MIXED 1.89
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VI. CONCLUSIONS

This dissertation documents a study of a bandwidth
analysis of shuffle-exchange (8/E) and augmented shuffle-
exchange (S8/E+) interconnection networks composed of binary
crossbar switches. These networks are intended for use as
interconnection and communication networks (ICNs) in large
multiprocessor computer systems and are topologically
equivalent to a much larger class of interconnection net-
works. This chapter summarizes the results obtained and

suggests some areas for further research.

mmary of R 1t
The major contributions of this work are summarized
as follows:

1. An analysis technique which allows the predic-
tion of ICN bandwidth, in the presence of cer-
tain types of failures, has been developed for
the 8/E and S/E+ ICN.

2. It has been shown that the relatively simple
analysis done for the minimal networks composed
of log,N stages (S/E) can be extended to net-

works augmented with an extra stage (S/E+)
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provided that the extra stage is appropriately
considered.

3. The fault models used previously by other
researches have been extended by incorporating
both address mode faults and data mode faults
into a single model.

4. an example which demonstrates the use of the
model to select among various reliability en—
hancement measures in the design of multiproces-—
sor ICNs was presented.

The binary crossbar shuffle-exchange ICN is composed
of log,N stages, each consisting of N/2 binary crossbar
switches, where N is the number of input and output termin-
als of the network. The stages are interconnected using a
perfect shuffle connection pattern. Such networks have
been shown to be topologically equivalent to a much larger
class of networks which use different stage to stage con-
nection patterns[22,27,28). Thus results obtained here are
applicable to many other proposed interconnection networks.

The augmented shuffle-—exchange ICN (8/E+) consists of
log,N+1 stages. These stages are again interconnected with
the perfect shuffle connection pattern. The S/E+ provides
a redundant connection path from any input to any output as
compared to the 8/E network and thus is desirable as a

reliability enhancement to the S/E network.
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Bandwidth models(7,23,24} have been previously
developed for these networks in either the fault free state
or in the presence of data path faults — those in which
component switches pass no useful data. Additionally, the
effect of address mode faults, in which the data is passed
unmodified but is incorrectly routed, on the connection
capability of the network have been studied[27,28). Prior
to this work, however, these two fault models have not been
combined in a single analysis, and no bandwidth analysis
has been made using the address mode fault model. The
bandwidth model developed in this work is computationally
simple and allows the estimation of the bandwidth of these
networks given that the probabilities of address and data
mode failures for the network's component switches are
known. The availability of such a model allows the ICN
designer to estimate the effectiveness of switch level
reliability measures on network and therefore system per-—
formance. This then allows assessment of the cost benefit

ratio for various enhancement schemes.

t Furthe h

The bandwidth model developed in this work is limited
in that it only applies to a random distribution of output
port requests made at the ICN input ports. Previous
research([22,23,37,38) has shown that this assumption has

little effect on ICN bandwidth in the fault free state.
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However, the control strategy for a fault tolerant
computing system would necessarily restrict the accesses of
any given input port to those to which connection was
possible. The development of a bandwidth model in which
non-random input distributions are allowed would improve
the ability t9 estimate system bandwidth in the presence of
such reconfiguration.

Several researchers have proposed ICNs composed of
crossbar switches of radix greater than two as well as
mixed radix switches[5,21). The development of bandwidth
models for such systems would be a natural extension of
this work. 1It would, however, involve substantial work as
the number of address mode faults possible at each switch
are significantly larger and the analysis thus more

complicated.
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¢ivclude cstdio.M»
unsigned int

input{8] /*the input requests for each processor¥/
,tags{8]} /*source id, redundancy tag, dest id for each
procesaor*/
,failstate(4]){4) /"for each switch Q=ok, 1=8Sat?, 2=SatX, 3I=data fail*/
,Switchstate(4)(4) /*for each switch O=not in use l=set at 7T,
=set at X*/
,conflicts{4)(4} /*£for each switch l=inputs conflict O=noconflict+/
,redtags(8) (8] /*redundancy tags for each processor memory paic*/
,totalconf(4) /*the number of conflicts in each stage*/
,*linea(5)18]} /*pointers to the controling tag for each
stage, line*/
,outmapl(8) /*maps outline at one stage to inline of next*/
=10,2,4,6,1,3,5,7)
,outmapk( 8} /*map for last stage so it can be treated the#/
=(0,1,2,3,4,5,6,7) /*same as others*/
,oumfails(4) /*used to contain the total number of failures in%/
/*a atate ie numfailg{l)=nuber Sat? etc*/
,aumfail
,Ticateall
,initcall=1l /* when this is l=true the value in currenstate is*/

H /* the first state evaled, all others are normal+/
/* note well the strong dependence on numerr. the*/
/* nuber of errors must match the initial value in*/
/* in currentstate */

char outfn(80)='se.dat\0’,
ifn{80)="se.dat\0"';

unsigned long seed=1234567891, failstat,currentatate;

main( )
{ unsigned int stage,i,j,done,count(8];
double expc,siml);
long getstate(),temp;
FILE *ifp;
arand (seed);
if {{ifp=fopen(ifn, ‘r'))==NULL) (
printf(‘ecroxr opening file V20s\n',ifn);
currentstate=01;
}
else |
while(facanf(ifp, ‘V4X 3d s*d v*d V*1f', Gcurrentstate)!=LOF)};
fclose(ifp);
}
numfail=0;




111

temp=currentstate;
for (i=1;i¢=16;i4t, temprr=l) if{tempkl) numfail++;

g et B et o | o sy, e,
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printf(‘currentatate=4t8x aumfail= $2d°,currentstate, numfail);

if (currentatate==(lccnumfail}-1)¢
numfail4+;
initcall=0;
}
else |
firsteall=0;
getstate(&done);
initcall=1;
}
initlinesa();
for (;numfail¢=12;numfailst) (
initstate(numfail);
done=0;
while (!'done)i
failstat=getatate(&done);
if [checkblock{failstat));
else
setfailstatel{failstat);
setredtags();
expe=0;
for (3=1;3¢=20000;3++) 1
getinpl);
settags();
expc+=8im(0);
}
expc=expc/(j-1);
writeout(failstat,expec);
]

int checkblock(failstat)
unsigned long failstat;
1
unsigned int i, temp;
temp=0;
for (i=0;ic=3;idt)
if ((failstat&Oxf)==0xf) temp=l;
failstatr>>=d;
}
roturn{temp);
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initstate(numerr)
unsigned numerr;

i

unsigned i;
if{initcall) initcall=0; elael
currentstate=01;
for(i=0;icnumerr;i4++) currentstate=currentstatecclil;
currentstatecc=16~i;
}
firsteall=l;

long getatate(done)
int *done;

{

unsigned i,num0,numl;
unsigned long tempstate;
tempatatexcurrentstate;
if{firatcall) ¢
firatcall=0;
if (tempstate==0 || tempstate==0xf£££ff) *‘done=1; else *done=0;
return(tempatate);
)
numO=numl=0;
wvhile{tempatate&l && numlclf) (tempstater>=1;numls4;}
while(! (tempstate&l) && numO+numlcl6) ittempstater>=1;numO++;}
if (ouml+numO==16) |
printf{ ‘\nERROR IN GETSTATE numl=%2d num0=%2d°‘,numl,numl);
*done=1;
returan(cuccentstate);
3
tempstater>=);
tempastatec«=2;
tempatatei=1;
for (i=0;i<numl;i4+) tempstate=tempstateccllil;
tempstatecc=num0-1;
curreatstate=tenpstate;
if{currentatate==(lccnumfail}-1} *done=1l; else *done=0;
return(currentstate);

getinp()

i

unsigned int proc;
for {proc=0;proc«=?;proc++) input{proc)=rand()>>25&7;
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gsetfailstatel{failstat)
unsigned long fajilstat;
{
unaigned int stage,awtch,i;
for(i=0;icd;iyv+) numfails(i)=0;
for (stage=0;stageci;stage++) for (swtch=0;swtched;failstatr>>=1,8wteh+t)
if (failstat&al)
failatate(stage] [swtch)=3;
numfails{3)++;
)
else failstate(stage]|swtch]=0;

setfailstate2{failstat)
unsigned long failstat;
{
ungigned int stage,swtch, state;
for (stage=0;stagecd;atage++) for {swtch=0;awtched;failstat>>=2,swtch++)!
state=failatatsl;
failstate{stage] (awtch)=atate;
numfails{state]++;
}

settags(}
1
unsigned int proc,menm;
for(proc=0;proc«=?;proc++) {
mem=input({proc);
tags(proc)={procccd)+(redtags{proc) (mem] c<3j+mem;
)

initlines()
t
int line;
for (line=0;linec=3;linew+) {
lines(0){2*line)l=(&tags[line));
linea(0)(2*line+l)=(&tags(linetd]});
}
pullines();
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nullines()
{
unsigned int stage,line;
for (stage=1;stagecs;stage++)
for({line=0;line<=7;line++) lines(stage)(line)=NULL;
}
writeout(failst,val)
double val;
long failst;
{ FILE *fp;
fp=fopen(outfn, ‘a‘);
fprintf(fp, "491lx ¢3d ¢3d 43d 113.10f\n',failst,numfails(1),numfails{2},
numfails(3),valy};
fclose(fp);

setredtags()
{
unsigned int proc,mem,tag,stage,s0;
for{proc=0;proc«=7;proc++) (
80=proc >> 2 & 1;
for (mem=0;nemc=7 ;mem++) |
tag=(prog << 4)4(80 <¢ 3)imem;
redtagsi{proc) (mem)=50;
stage=1;
while((stagec<=1) && {redtags(proc]{mem)==50}) 1{
switch(failstate(stage)((tag »>d-stage)&3}) |
cass 0 : break;
case 1 : if ((tag>»> 3-stage & 1)"(tag>> 6-stage & 1))
redtags{proc) (mem)="30&1;
break;
case 2 : if (!({tag>> l-stage & 1)~ (tag>> 6-stage & 1)))
redtags{proc) (mem)="20&)1;
break;
case 3 : redtags(proc){mem)="30&l;
}
stage++;
)
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setlines(stage)
int stage;
t
unsigned int swtch, *outmap;
if (atage==1) ocutmap=outmapk;else outmap=ocutmapil;
if (stage==0)
for (swtch=0;awtch¢=3;awtch++)
switch(failatate{0]}[swteh])) ¢
case O:awvitch(awitchatate[0}[swtch)}(
case O:linea{l)(outmap{awtch*2)|=NULL;
lines{l)(outmap| 2*swtch+l] }=NULL;
break;
case l:switch?(0,swtch,outmap);break;
case 2:awitchX(0,swtch,outmap);
]
break;
cagse 1:lines(l]}(outmap(awtch*2]})=lines(0)(swtch*2];
lines|[1) (outmap(2*swtch+l)}=linea(0)(awtch*2+1]);
break;
case 2:lines(l){outmap{awtch*2))=lines(0])(awtch*2+1);
linea(l])[outmap{2*awtch+l))=lines(0}(swtch*2];
break;
cagse 3:lines(l)(cutmap(swtch*2) }=NULL;
lines(1]{outmap(2*swtch+l) )=NULL;
) )
else
for (awtch=0;svtch¢=3;swtch44) |
avitch(failstate|atage)[awtech]) (
cage 0:avitch(svitchstate(stage)(svwtch))(
case O:lines(stage+l)(outmap(swtch*2])=NULL;
lines(stage+l) (outmap(2*swtch+l) |=NULL;
break;
case l:awitchT{atage,awtch,outmap); ;break;
case 2:awitchX(stage,swtch,outmap);
]
break;

case 1:if{switchatate(stage]{swtch]==1) switchT(stage,6 swtch,ocutmap);

else { lines{stage+l]{outmap{swtch*2))=NULL;
lines(stage+l] (outmap(2*swtch+1l) |=NULL;
}
break;

case 2:if(switchatate(stage)](swtch]l==2) awitchX(stage,swtch, outmap};

else ( lines(stage+l](ocutmap(awtch*2))=NULL;
lines(atage+l) (outmap(2*awtch+1] )=NULL;
)
break;
case 3:lines(stage+l)(outmap(swtch*2])=aNULL;
lines(stage+l] (outmap| 2*swtch+l) )=NULL;
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avitchX{stage,swtch,outmap)
int stage,swtch, *outmap;

unsigned int *upper, *lower;
upper=lines{stage](2*swtch};
lower=lines|atage] | 2¥swtch+l]); /* try upper+l¥/
if(upper==NULL) lines(stage+l)(outmap(2*swtch+l])=NULL;
else
if({*upper>>3-atage&l)==1) lines(stage+1l](outmap(2*swtch+l))=upper;
else linea[stage+l)(ocutmap|2*awtch+l])=NULL;
if(lover==NULL} lines{atage+l](outmap{2*swtch])=NULL;
else
it((*lower>>3-atagekl)==0) lines[stage+l){outmap(2*awtch]]=lover;
else lines(stage+1l]){outmap(2*swtch]]=NULL;

switch?(stage, avtch, outmap)
int stage,awtch, *outmap;

unsigned int *upper, *lower;
upper=lines|stage){2*awtch};
lower=linea(atage)(2*swtch+l]; /* try upper+l*/
if (upper==NULL) lines{stage+l]|{outmap(2*swtch]]=NULL;
else
if((*upper>>3-stageil)==0) lines|{stage+l)|outmap{2*awtch])=upper;
else lines(stage+l](outmap(2*swtch]|=NULL;
if (lover==NULL) lines|stage+l){outmap(2*swtch4l)]=NULL;
elae
if{{*lover>>3-stagekl)==1) lines|stage+l){cutmap(2*awtch+l]j=lower;
else lines|{stage+l)[outmap|2*awtch+l]]=NULL;

unsigned int setawitches(stage)
unsigned iat stage;

i

unsigned int count,swtch,uppreq,lovwreq;
count=0;
uppreg=lowreqg=3;
for | swtch=0;swtCh(=3; swvtchi+) |
conflicts(stage) (awtch]=0;
uppreq=lovwreq=3l;
if{lines|{atage](swtch*2]) uppreq={*linea’stage]{awtch*2},>3-atagekl);
if(lines{stage)(swtch*241))
lowreq=(*lines(atage){avtch*2+1)>>3-atagekl);
if (failstate(stage]|[swtch]==0)
if{uppreq==l && lowreqs==3l) awitchatate(stage)(swtch)=0;
slae if(uppreq==l) awitchstate(stage|(swtch|=(lowreq)?71:2;
else if{lovreq==3) awvitchatate(stage)!swtch)=(uppreq)?2:1;
else if(lowreqe=l && uppreq==0) awitchstate(stage)[swtchl=l;
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else if{lowreq==0 && uppreq==1) switchatate(stage){swtch]=2;

else (awitchatate([stage)(swtch]=1;
conflicta{stage)(swtch]=1;
count++;}

}

else awvitchstate(stage)([swtch)=failstate(stage]([swtch)};
}
return(count);
)

initswitchatate()
1
int stage, swtch;
for (stage=0;stage<=3;stage++) for{swtch=0;swtch=d;awtch++)(
awvitchstate(stage)[swtchl=0;
conflicts(stage)[awvtch)=0;
}

double sim(atage)
unsigned int stage;
[
unsigned int line,conflictstate, lastconfstate,atge;
float count;
if(stage==3)
setawitches(3):
setlines(3);
count=0;

for{line=0;line«=7;:line4+) if(linesa(d])(line)'=NULL) count+=1.

/*dd
printinp(5,10};
printall(s,b18);

getchac|();
*/
return({count/(lcctotalconf[0]+totalcont(1l])+totalcont(2]));
}
else |
totalconf{atage)=setavitchea(stage);
setlines(stage);

count=gim(stage+l);
lastconfstate=lcctotalconf(stage];

for{conflictstate=l;conflictatateclastconfatate;conflictastates+} |

setconflict(atage,conflictstate);
setlines(stage);
count+=aim(atage+l);
)

returan(count);

}

— . _-a I .

0;
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setcoafl ict(stage, coatstatse)
unsigned iat stage,coafstatse;
1
unsigned iat awteh; .
for (avtchn0 avtchen)d ; gwtehis)
» - if{coaflictslstage) lavteh)) (
_ if(confatateil) svitchatate|stage)(swtch|=2;
' slae svitchstatelstage)(swtohi=l;
- coafstaterral;







