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TOPOLOGICAL ASPECTS OF POLYHEDRAL ISOMERIZATIONS

R. B. King

Department of Chemistry
University of Georgia
Athens, Georgia 30602

\ UoSoA.
\\

ABSTRACT. Yome topological properties of polyhedra are summarized
with particular reference to properties relevant to polyhedral isomer-
izations such as inherent rigidity or fluxionality. Among the chem-
ically significant deltahedra, the tetrahedron, octahedron, 4,4-
bicapped square antiprism, and icosahedron are inherently rigid whereas
the normally encountered 5, 8, 9, and 11 vertex deltahedra are inher-
ently fluxionmal. Topological representations are graphs in which

the vertices correspond to different polyhedral isomers and the edges
represent single polyhedral isomerization steps. The Petersen's

and Desargues-Levy graphs are topological representations of 5 vertex
systems and the double group pentagonal dodecahedron with K5 complete
graphs on each of the 12 faces is a topological representation of

a 6 vertex system. Additional ideas including hyperoctahedral restric-
tion are necessary for tractable topological representations of systems

. having more than 6 vertices. Thus a hyperoctahedrally restricted

topological representation of an 8 vertex system is a K4,4 bipartite
graph of hexagons with cubes at the vertices of the R4,4 graph, hexagonal
bipyramids at the edge midpoints of the K4 4 graph, square antiprisms
at the vertices of the 8 hexagons, and biséisphenoids at the midpoints
of the edges of the 8 hexagons. In the study of 5 and 6 vertex poly-
hedra, Gale transformations can be used to reduce their effective
dimensionalities to 1 and 2, respectively, so that all possible types
of their non-planar isomerizations can be found;in these spaces of
lower dimensionality. The observations arisinﬁtfrom this application
of Gale transformations provides useful insights relating to isomer-
izations of 7 and 8 vertex polyhedra although an exhaustive treatment
of the latter is clearly intractable.




1. INTRODUCTION

A key concept for the description of chemical structures is
that of a polyhedron. In three-dimensional space a polyhedron may
be regarded as a set consisting of (zero-dimensional) points, namely
the vertices; (one-dimensional) 1lines connecting some of the vertices,
namely the edges; and (two-dimensional) surfaces formed by the edges,
namely the faces. Polyhedra appear in chemical structures in two
principal ways:. coordination polyhedra in which the vertices represent
ligands surrounding a central atom which is often, but not always,

a metal, and cluster polyhedra in which the vertices represent multi-
valent atoms and the edges represent bonding distances. In chemical
contexts deltashedra, in which all faces are triangles, often play

a special role. .

The role of polyhedra in the static description of chemical
structures makes the dynamic properties of polyhedra also of consider-
able interest. This chapter summarizes some mathematical approaches
for the study of the dynamic properties of polyhedra. Such methods
use extensively the ideas taken from the area of mathematics known
as topology, which, in the abstract sense, may be regarded as the
study of neighborhood relationships in sets. This leads to the concept
of a topological space, which has a precise mathematical definition
[1]. However, it is sufficient here to regard polyhedra as a special
type of topological space in which the vertices are the members of
the set and the edges are used to determine neighborhood relatiomships.

The central concept in the study of the dynamic properties of
polyedra is that of a polyhedral isomerization. In this context
a polyhedral isomerization may be defined as a deformation of a spec-
ific polyhedron P; until the vertices define a new polyhedron P3.

Of particular interest are sequences of two polyhedral isomerization
steps P1* Py + P3 in which the polyhedron P3 is combinatorially
equivalent to the polyhedron P; (i.e., the "same" polyhedrom) although
with some permutation of the vertices not generally the identity
permutation. Such a polyhedral isomerization sequence of the type
Py + P2 > P3 in which P; and P3 are combinatorially equivalent may

be called a degenerate polyhedral isomerization with a P2 as the
intermediate polvhedron. A degenerate polyhedral isomerization with

a planar {ntermediate "polyhedron" (actually a polygon) may be called
a planar polyhedral isomerization.  The simplest example of a planar
polyhedral isomerization-is the interconversion of two tetrahedra

(P, and P3) through & square planar intermediate Pj. Except for

this simplest example, planar polyhedral isomerizations are unfavorable
owing to excessive intervertex repulsion and, in the case of ML,
coordination complexes, unfavorable or impossible hybridizations

of the available M valence orbitals. .

Polyhedral isomerizations may be treated from either the macro-
scopic or microscopic points of view. Initial work in this area,
pioneered by Muetterties [2-5], Gielen [6-13], Klemperer [14-16],
and Brocas [17], focussed on the macroscopic picture, namely relation-
ships between different permutational isomers. Such relationships
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may be represented by graphs called topological representatioms in
which the vertices correspond to different permutational isomers

and the edges to single degenerate polyhedral isomerization steps.

My much more recent work treats the microscopic picture in which

the details of polyhedral topology are used to elucidate possible
single polyhedral isomerization steps, namely which types of isomeri-
zation processes are possible. This chapter presents a general view
of both approaches and presents key literature references for the
reader wishing further details.

2. POLYHEDRON TOPOLOGY

Before considering the dynamics of polyhedra it is first necessary
to consider the static topology of polyhedra. Of basic importance
are relationships between possible numbers and types of vertices
(v), edges (e), and faces (f) of polyhedra. In this connection
the following elementary relationships are particularly significant
(18]:

(1) Euler's relationship:
vee+ f£f=2 : (1

This arises from the properties of ordinary three-dimemsional space
f19].

(2) Relationship between the edges and faces:

v-1
if; = 2e . (2)
1=3

In equation 2 fg is the number of faces with i edges (i.e., f3 is
the number of triangular faces, f; is the number of quadrilateral
faces, etc.). This relationship arises from the fact that each edge
is shared by exactly two faces. Since no face can have fewer edges
than the three of a triangle, the following inequality must hold

in all cases:.

3f < 2e - (3)
(3) Relationship between the edges and vertices:
v-1

ivy; = 2e ’ (4)
& M1

In equation 4 vy is the number of vertices of degree i (i.e., having
1 edges meeting at the vertex). This relationship arises from the
fact that each edge joins exactly two vertices. Since no vertex
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of a three-dimensicnal polyhedron can have a degree less than three,
the following inequality must hold in all cases:

v < 2e (5)

Note the similar forms of equations 2 and 4 and of equations 3 and
5.

(4) Totality of faces:
v-1
Z £f; = £ (6)
i=3

(5) Totality of vertices:
v-1
Z vy =v (7)
i=3

Equation 6 relates the f;'s to f and equation 7 relates the v;'s
to v.

In generating actual polyhedra the operations of capping and

dualization are often important. Capping a polyhedron P; consists

of adding a new vertex above the center of one of its faces F; followed
by adding edges to connect the new vertex with each vertex of Fj.
This capping process gives a new polyhedron P; having one more vertex
than P;. If a triangular face is capped, the following relationships
will be satisfied where the subscripts 1 and 2 refer to P; and Py,
respectively: vp = vy + 1; e3 = e; + 3; £2 = £f1 + 2. In general
if a face with £y edges is capped, the following relationships will
be satisfied: vy = vy + 1; ey = e) + f; 9 = f1 + £ - 1. A given
polyhedron P can be converted into its dual P* by locating the centers
of the faces of P* at the vertices of P and the vertices of P* above
the centers of the faces of P. Two vertices in the dual P* are con-
nected by an edge when the corresponding faces in P share an edge.
The process of dualization has the following properties:
(1) The numbers of vertices and edges in a pair of dual polyhedra
P and P* satisfy the relationships v*¥ = f, e* = ¢, f* = v,
(2) Dual polyhedra have the same symmetry elements and thus belong
to the same symmetry point group.
(3) Dualization of the dual of a polyhedron leads to the original
polyhedron.
(4) The degrees of the vertices of a polyhedron correspond to the
number of edges in the corresponding face polygons of its dual.

The problem of classification and enumeration of polyhedra is
a complicated one. Thus there appear to be no formulas, direct or
recursive, for which the number of combinatorially distinct polyhedra
having a given number of vertices, edges, faces, or any given combin-
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ation of these elements can be calculated [20,21]. Duijvestijn and -
Federico have enumerated by computer the polyhedra having up to 22 -
edges according to their numbers of vertices, edges, and faces and

their symmetry groups and present a summary of their methods, results,

and literature references to previous work [22]. Their work shows

that there are 1, 2, 7, 34, 257, 2606, and 32300 combinatorially

distinct polyhedra with 4, 5, 6, 7, 8, 9, and 10 faces or vertices,
respectively. Federico [23] has tabulated the detailed properties

of all 301 combinatorially distinct polyhedra having eight or fewer

faces. By dualization (see above) the informationm .in this list can

be converted to information for all combinatorically distinct polyhedra
having eight or fewer vertices. This information from Federico's

work [23] has played a key role in my recent work on polyhedral dynam-
ics. Even more recently I became aware of a similar listing of all
polyhedra having eight or fewer vertices [24] in a journal more famil-
iar to chemists and not requiring dualization before use.

Some of the properties of polyhedra having relatively few vertices
are listed in Tables 1-3. This includes almost all of the polyhedra
of chemical significance. Table 1 lists all 10 polyhedra having
6 or fewer vertices, Table 2 lists all 34 polyhedra having 7 vertices,
and Table 3 lists the important polyhedra having 8 vertices as well
as a few polyhedra having 9 to 12 vertices.

Polyhedra of greatest significance in coordination chemistry
are those that can be formed by the nine s, p, and d orbitals in
the sp3d5 valence orbital manifold accessible to transition metals.
There are, however, some polyhedra having fewer than nine vertices
which cannot be formed by these orbitals; such polyhedra are called
forbidden polyhedra [25]. Group theoretical arguments show that

polyhedra of the following types are always forbidden polyhedra:

(1) Polyhedra having eight vertices, a direct product symmetry group
R x Cg or R x C; (R contains only proper rotations), and the plane

Cg fixing either 0 or 6 vertices.

(2) Polyhedra having a six-fold or higher C, rotation axis.

However, these conditions are not necessary for a polyhedron to be
forbidden since in addition to one forbidden 7-vertex polyhedron

(the hexagonal pyramid) and ten forbidden 8-vertex polyhedra (including
the cube, the D34 bicapped octahedron, the D3, 3,3-bicapped trigomal
prism, and the hexagonal bipyramid) satisfying one or both of the
above conditions, there are two forbidden Cj, 8-vertex polyhedra
which satigsfy neither of the above conditions.

Within the context of the polyhedra tabulations in Tables 1-3
and the concept of forbidden polyhedra, the polyhedra appearing as
coordination polyhedra can be examined. The most prevalent coordin-
ation polyhedra for coordination numbers 4 to 8 are depicted in Figure
1. For coordination numbers 4 and 6 the tetrahedron and octahedron,
respectively, dominate except in special cases [26,27]. For coordin-
ation number 5 the trigonal bipyramid and square pyramid are of
similar energies [26] and the prototypical polyhedral isomerization
involves their interconversion [28,29]. These two polyhedra, like
the tetrahedron for coordination number 4, are the only possible
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Tetrahedron Trigonal Square Octahedron
Bipyramid .

Trigonal Prism Pontaéonal Capped V 4—~Capped
Bipyramid Octahedron Trigonal Prism
XA AL
JAWLA
Bisdisphenoid Square 4.4—Bicapped
Antiprism Trigonal Prism
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Pigure l: Some chemically significant polyhedra having from four
to eight vertices. Degree five vertices gre circled for
clarity.




polyhedra for their coordination numbers. Interpretation of coordin-
ation number 7 can be based on three prototypical polyhedra, namely
the pentagonal bipyramid, the capped octahedron, and the &4-capped
trigonal prism. However, some of the lower symmetry polyhedra in
Table 2 are also found [30]. The prevalent polyhedra for all of
these coordination numbers are deltahedra, namely the tetrahedronm,
trigonal bipyramid, octahedron, pentagonal bipyramid, and capped
octahedron for coordination numbers 4, 5, 6, 7, and 7, respectively.
In most cases maximizing the number of polyhedral edges by having
only triangular faces (i.e., the equality in equation 3), minimizes -
the Coulombic repulsion energies between ligands located at the vert-
ices [26, 27, 30, 31]).

In consideration of possible polyhedra for coordination number
8, many of the polyhedra of obviously high symmetry, notably the
cube, are forbidden polyhedra (see gbove) and thus cannot be formed
by sp3d4 hybrids. However, the two most prevalent polyhedra for
coordination number 8, namely the square antiprism and the bisdisphe-
noid (much more often called the (Dyq) dodecahedron but this is
very confusing because of the existence of the very different (Iy)
regular (pentagonal) dodecahedron) can be derived from the cube from
distortions which place the eight ligands at the vertices in positions
accessible through sp3d4 hybrids but retaining the maximum symmetry
consistent with this requirement. Distortion of a cube to a square
antiprism simply involves a 45° twist of one face relative to the
opposite face. Distortion of a cube to a bisdisphenoid involves
squeezing along the six diagonals depicted in Figure 1. This method
of depicting the topology of the bisdisphenoid, although not metrically
accurate, often facilitates viewing important topological relation-
ships in this chemically important polyhedron. In Figure 1 the four
degree 5 vertices of the bisdisphenoid are circled in order to disting-
uish them clearly from the four degree 4 vertices.

3. POLYHEDRAL ISOMERIZATIONS

Consider an ML, coordination compound having n ligands or a
cluster compound having n vertices. There are a total of n! permutat-
ions of the sites occupied by these ligands or vertices. These permu-
tations form a group of order n! called the symmetric group [32,33]
and conventionally designated by S, (althcugh I have used P, for
the symmetric group in some of my papers in order to avoid confusion
with improper rotations [34], also designated by S;). The symmetric
group S, is the automorphism (symmetry) group of the complete graph K,
which consists of n vertices with an edge between every pair of vert-
ices for a total of n(n-1)/2 edges.

Now cousider the symmetry point group G (or, more precisely,
the framework group [35]) of the above ML, coordination compound
or n-vertex cluster compound. This group has |G| operations of
which |R| are proper rotations [34): |G]/|R] = 2 if the compound
is achiral and |G|/|R| = 1 1f the compound is chiral (i.e., has no
improper rotations). The n! distinct permutations of the n sites




in the coordination compound or cluster are divided into n!/|R| right

cosets [15] which represent the permutational isomers since the permutations ~

corresponding to the |R| proper rotations of a given isomer do not
change the isomer but merely rotate it in space. This leads naturally
to the concept of isomer count, I, namely

I=na!/|R]| (8)

Similarly the quotieat E = n!/|G| = 2I for a given chiral polyhedron
corresponds to the number of enantiomeric pairs. The isomer count,

I, indicates the complexity of macroscopic models for polyhedral
isomerizations, such as topological representations discussed below.

) Now let us consider some microscopic aspects of polyhedral isomer-
izations. As early as 1966 Lipscomb [36] described framework rearrange-
ments (isomerizations) in boranes and carboranes in terms of diamond-
square-diamond (dsd) processes. Such a dsd process in a polyhedron
occurs at two triangular faces sharing an edge and can be depicted
as follows: :

A
A A o
C<l>o__> c<>o — Ceo
(9)
B -
B B
9a % 9¢

In this process a configuration such as 9a can be called a dsd situation
and the edge AB can be called a switching edge. 1If a, b, ¢, and

d are taken to represent the degrees of the vertices A, B, C, and

D, respectively, in structure 9a, then the dsd type of the switching
edge AB can be represented as ab(cd). In this designation the first

two digits refer to the degrees of the vertices joined by AB and

the two digits in parentheses refer to the degrees of the two vertices
not joined by AB but contained in the faces (triangles) having AB

as the common edge (i.e., C and D in structure 9a). The quadrilateral
face formed in structure 9b can be called a pivot face.

In his pioneering paper Lipscomb [36] described some possible
framework rearrangements of the polyhedra found in cage boranes and
carboranes having from 5 to 12 vertex atoms. Fifteen years later
[37] I reexamined this question in light of advances in known experi-
mental information on polyhedral chemical systems as well as improved
understanding in polyhedral topology. Subsequently [38] I developed
a mathematical approach for examining all posaible non-planar rearrange-
ments of polyhedra having few (i.e., < 6) vertices using a method
developed by Gale [39] in 1956 for studying d-dimensional polytopes
having only a few more than the minimum d+1 vertices. This work
[38] confirmed the crucial role of dsd-processes conjectured so success-




fully by Lipscomb [36] and also provided insight for more detailed
study of isomerizations of polyhedra having seven [40] and eight
[41] vertices.

Consider a deltahedron with e edges. Such a deltahedron has
e distinct dsd situations, one corresponding to each of the e edges
acting as the switching edge. Applications of the dsd process at
each of the dsd situations in a given deltahedron leads in each case
to a new deltahedron. In most cases the new deltahedron is relatively
unsymmetrical and also may have vertices of degree 3 leading to tetra-
hedral chambers which are unfavorable in polyhedral borames [42].
However, in some cases the new deltahedron is identical to the original
deltahedron. In these cases the switching edge can be said to be
degenerate. A dsd process involving a degenerate switching edge
represents a pathway for a degenerate polyhedral isomerization of
the deltahedron. A deltahedron having one or more degenerate edges
is inherently fluxional whereas a deltahedron without degenerate
edges is inherently rigid.

The dsd type of a degenerate edge ab(cd) can be seen by applica-
tion of the process 9a + 9b +> 9¢ to satisfy the following conditioms:

¢ = a-1 and d = b-1 or ¢ = b-1 and 4 = a-1 (10)

Using these conditions chemically significant deltahedra can be very
easily checked for the presence of one or more degenerate edges with
the following results:

(1) Tetrahedron: No dsd process of any kind is possible since the
tetrahedron is the complete graph K;. A tetrahedron is therefore
inherently rigid.

(2) Trigonal Bipyramid: The three edges connecting pairs of equatorial
vertices are degenerate edges of the type 44(33). A dsd process
using one of these degenerate edges as the switching edge and involving
a square pyramid intermediate corresponds to the Berry pseudorotation
[28,29] which is believed to be the mechanism responsible for the
stereochemical non-rigidity of trigonal bipyramidal complexes, even

at relatively low temperatures [29,43].

(3) Octahedron: The highly symmetrical octahedron has no degenerate
edges and is therefore inherently rigid.

(4) Pentagonal Bipyramid: The pentagonal bipyramid has no degenerate
edges and thus by definition is inherently rigid. However, a dsd
process using a 45(44) edge of the pentagonal bipyramid (namely

the edge connecting an equatorial vertex with an axial vertex) will
give a capped octahedron. The capped octahedron is a low energy
polyhedron for ML; coordination complexes [30] but a forbidden poly-
hedron for boranes and carboranes because of its tetrahedral chamber
[42]. This suggests that MLy complexes will be fluxional but that
pentagonal bipyramidal boranes and carboranes will not be fluxional.
(5) Bisdisphenoid (Rigure 1): The bisdisphenoid has four pairwise
degenerate edges, which are those of the type 55(44) located in the
subtetrahedron consisting of the degree S vertices of the bisdisphenoid
(those circled in Figure 1). Thus two successive or more likely




concerted (parallel) dsd processes involving opposite 55(44) edges
(i.e., a pair related by a C; symmetry operation) will convert one
bisdisphenoid into another bisdisphenoid through a square antiprismatic
intermediate. Thus a bisdisphenoid, like the trigonal bipyramid
discussed above, is inherently fluxional.

(6) 4,4,4-Tricapped Trigonal Prism: The three edges of the type 55(44)
corresponding to the "vertical" edges of the trigonal prism are degen-
erate. A dsd process using one of these degenerate edges as the
switching edge involves a C4y 4-capped square antiprism intermediate.
Nine-vertex systems are therefore inherently fluxiomal.

(7) 4,4-Bicapped Square Antiprism: This polyhedron has no degenerate

edges and is inherently rigid.
(8) The Cyy-By1H112~ Polyhedron: The four edges of the type 56(45)

are degenerate. This eleven-vertex deltahedron is therefore inherently
fluxional.
(9) Icosahedron: This highly symmetrical polyhedron, like the octahed-

ron, has no degenerate edges and is therefore inherently rigid.

This simple analysis indicates that in deltahedral species the
4, 6, 10, and 12 vertex systema are inherently rigid; the 5, 8, 9,
and 11 vertex systems are inherently fluxional; and the rigidity
of the 7 vertex system depends upon the energy difference between
the two most symmetrical 7-vertex deltahedra, namely the pentagonal
bipyramid and the capped octahedron. This can be compared with experi-
mental fluxionalit; observations by boron-11 NMR on the deltahedral
borane anions B H 4~ (6<n<12) [37] where the 6, 7, 9, 10, and 12
vertex systems are found to be rigid and the 8 and 11 vertex systems
are found to be fluxional. The only discrepancy between experiment
and this very simple theory is the 9 vertex system.

Gimarc and Ott have done orbital symmetry anmalyses on dsd pro-
cesses in the five-vertex trigonal bipyramidal carboranes [44] and
the nine-vertex tricapped trigonal prismatic boranes and carboranes
(45]. They find that the single dsd processes in both cases are
blocked by crossings of filled and vacant molecular orbitals but
that a double dsd process in the tricapped trigonal prism is orbital
symmetry allowed. Their analysis applies to polyhedra of light atoms
using only s and p valence orbitals such as boron or carbon. The
symmetry forbidden nature of the single dsd process in the tricapped
trigonal prism suggests an explanation for the experimentally observed
rigidity of tricapped trigonal prismatic 39892' in contrast to the
inherent fluxionality of this polyhedron (see above). The Gimarc-Ott
analysis [44,45] cannot be extended directly to transition metal
clusters involving d orbitals of the vertex atoms and is not applicable
to coordination rather than cluster polyhedra.

4. TOPOLOGICAL REPRESENTATIONS OF POLYHEDRAL ISOMERIZATIONS

Topological representations are graphs representing the relation-
ship between the different permutational i{somers of a given polyhedron.
In such. a graph the vertices correspond to isomers and the edges
correspond to isomerization steps. The number of vertices corresponds
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to the isomer count I = n!/|R| (equation 8) [2]. The degree of a
vertex corresponds to the number of new permutational isomers gener-
ated from the isomer represented by the vertex in a single step;
this is called the connectivity. ’

A simple example of a topological representation is provided
in the four-vertex system by the degenerate planar isomerizatiom
of a tetrahedron into its enantiomer through a square planar intermediate
{2]. The isomer count for the tetrahedron, Iyer, is 4!/|T| = 24/12
= 2 and the isomer count for the square, Igq, is 4!/|Dg4| = 24/8 =
3. A topological representation of this process is a Ky 3 bipartite
graph, which is derived from the trigonal bipyramid by deletion of
the three equatorial-equatorial edges (Figure 2). The two axial
vertices correspond to the two tetrahedral isomers and the three
equatorial vertices correspond to the three square planar isomers.
The connectivities of the tetrahedral (§;.;) and square planar (6sq)
isomers are 3 and 2, respectively, in accord with the degrees of
the corresponding vertices of the K3 3 graph (Figure 2). Thus Igq¢ Spet
= Igp Sgp = 6; this is an example of the closure condition I4 §,
= Ip Op required for a topological representation with vertices representing
more than one type of polyhedron.

Some interesting graphs are found in the topological representa-
tions of the five-vertex trigonal bipyramidal systems. The trigomal
bipyramid has an isomer count I = 5!/|D3| = 120/6 = 20 corresponding
to 10 enantiomeric pairs. A given trigonal bipyramidal isomer can
be described by the labels of its two axial positions (i.e., the
single pair of vertices not connected by an edge) with a bar used
to distinguish enantiomers. In a single degenerate dsd isomerization
of a trigonal bipyramid through a square pyramid intermediate, both
axial vertices in the original trigonal bipyramid become equatorial
vertices in the new trigonal bipyramid leading to a connectivity
of three for dad isomerizations of trigonal bipyramids. The corres-
ponding topological representation thus ifs a 20 vertex graph in which
each vertex has degree 3. However, additional properties of dad
isomerizations of trigomal bipyramids exclude the (pentagonal) Iy
dodecahedron as a topological representation unless double group
form is used to produce pseudohexagonal faces [2]. A graph suitable
for the topological representation of dsd isomerizations of trigonal
bipyramids is the Desargues-Levy graph, depicted in Figure 3 (top).

Less complicated but still useful topological representations
can be obtained by using each vertex of the graph to represent a
set of isomers provided that each vertex represents sets of the same
size and interrelationship and each isomer is included in exactly
one set. A simple example is the use of the Petersen's graph (Figure
3: bottom) as a topological representation of isomerizations of the
10 trigonal bipyramid epantiomer pairs (E = 5!/|D3,| = 120/12 = 10)
by dsd processes. The use of Petersen's graph for this purpose relates
to its being the odd graph O3 where an odd graph Oy is defined as
follows [46]: its vertices correspond to subsets of cardinality k-1
of a set S of cardinality 2k-1 and two vertices are adjacent if and
only if the corresponding subsets are disjoint. :
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Figure 2: The Ky 3 bipartite graph as a topological representation
: of the degenerate planar isomerization of a tetrahedron

(Tq) into its enantiomer through a square planar intermediate
(D4p). ' '
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Figure 3: Topological representation of the isomerizations of trigomal
pyramids through dsd processes (Berry pseudorotatioms).
The two digits represent labels for the axial positions
~with a bar used to indicate an enantiomer. Top: Desargues-
Levy graph as a topological representation for dsd isomeri-
zations of the 20 trigonal bipyramid {somers. Bottom:
The Petersen'’s graph as a topological representation for
dsd fsomerizations of the 10 enantiomer pairs of the trigonal
bipyramid isomers. ’
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Useful topological representations can also be obtained for
six-vertex systems [4]. Here the process of interest is the degenerate
triple dsd isomerization of the octahedron through a trigonal prismatic
intermediate, which is the underlying topology of both Bailar [47]
and Ray and Dutt [48] twists for octahedral M(bidentate)j chelates.
The isomer counts are I, . = 6!/|0| = 720/24 = 30 for the octahsdron
and Itp = 6!/|D3| = 720/6 = 120 for the trigonal prism. A pentagonal
(I,) dodecahedron in double group form can serve for the topological
representation for this process [4]. The midpoints of the 30 edges
are the 30 octahedron isomers. Line segments across a pentagonal
face connecting these edge midpoints correspond to triple dsd isomeri-
zation processes; the midpoints of these lines correspond to the
120 trigonal prismatic isomers with 10 such isomers being located
in each of the 12 faces of the pentagonal dodecahedron. Figure 4
depicts one of the 12 pentagonal faces of this double group pentagonal
dodecahedral representation; the ten lines on this face representing
isomerization processes form a K5 graph. This system is closed since
the connectivities of the octahedron (§,c¢) and trigonal prism (th)
are 8 and 2, respectively, leading to the closure relatiomship
Ioct Soct * Igp Sep = 240.

Development og topological representations for systems having
more than 6 vertices is complicated by intractably large isomer counts.
Thus the isomer count of the seven-vertex polyhedron with the largest
number of symmetry elements, namely the pentagonal bipyramid, is
7!/|ps| = 5040/10 = 504. Similarly the isomer counts of the cube,
hexagonal bipyramid, square antiprism, and bisdisphenoid are 40320/24
= 1680, 40320/12 = 3360, 40320/8 = 5040, and 40320/4 = 10080, respect-
ively. Graphs corresponding to topological representations of permuta-
tional isomerizations involving such large numbers of polyhedral
isomers are clearly unwieldy and unmanageable.

The problem of representing permutational isomerizations in
seven- and eight-vertex polyhedra can be simplified if subgroups
of the symmetric groups S, (n = 7, 8) can be found which contain
all of the symmetries of all of the polyhedra of interest. However,
this is not possible for the seven-vertex system since there 1is no
subgroup of S; that contains both the five-fold symmetry of the penta-
gonal bipyramid and the three-fold symmetry of the capped octahedron.
However, the situation with the eight-vertex system is more favorable
since the wreath product group [49,50,51] 54[S3] of order 384 contains
all of the symmetries of the cube, hexagonal bipyramid, square anti-
prism, and bisdisphenoid [52], which are all of the eight-vertex
polyhedra of actual or potential chemical interest. The major effect
of reducing the symmetry by a factor of 105 (= 3 x 5 x 7) in going
from Sg to S4[S3] is the deletion of five-fold and seven-fold symmetry
elements. Such symmetry elements are not of interest in this context
since none of the 257 eight-vertex polyhedra have five-fold symmetry
elements [23,24] and the only eight-vertex polyhedron having a seven-
fold symmetry element is the heptagonal pyramid, which is not of
interest in this particular chemical context. Restricted isomer
counts I* = 384/|R | based on subgroups of the wreath product group




Figure &4:

One of the twelve pentagonal faces of the I, double group
(pentagonal) dodecahedron used as a topological represent-
ation for the degenerate triple dsd isomerization of the
octahedron (0p) through a trigonal prismatic intermediate
(D3p). The five triangles at the midpoints of the sides
of the face represent five of the 30 octahedron permuta-
tional isomers whereas the ten squares at the midpoints

of the edges of the K5 graph drawn on the face represent
10 of the 120 trigonal prism permutational isomers.




S4[S2] rather than the symmetric group Sg are the more manageable
numbers 16, 32, 48, and 96 for the cube, hexagonal bipyramid, square
antiprism, and bisdisphenoid, respectively.

The concept of restricting vertex permutations in eight-vertex
systems to the wreath product group S;[S;] rather than the fully
symmetric Sg group can be restated in graph-theoretical terms using
the hyperoctahedral graph Hy, [46]. Therefore such a restriction
of permutations from Sg to S4[S;] can be called a hyperoctahedral
restriction. The hyperoctahedral graphs underlying this restriction
are designated as H; and have 2n vertices and 2n(n-1) edges with
every vertex connected to all except one of the remaining vertices
so that each vertex of H, has degree 2(n-1). The name "hyperocta-
hedral" comes from the fact that an H, graph is the l-skeleton of
the analogue of the octahedron (the "cross-polytope”) in n-dimensional
space [19]. The hyperoctahedral graphs Hy and H3 thus correspond
to the square and octahedron, respectively. The S4[S3] wreath product
group is the automorphism (symmetry) group of the hyperoctahedral
graph H; just as the Sg symmetric group is the automorphism group
of the complete graph Kg. Note that the hyperoctahedral graph H,
is the l-skeleton of the four-dimensional cross polytope, which is
the dual of the tesseract, the four-dimensional analogue of the cube.

Using these ideas topological representatioms for isomerizations
of eight-vertex polyhedra are depicted in Figures 5 and 6 [53].
Vertices and edge midpoints in these representations correspond to
the E* = 384/| G| hyperoctahedrally restricted enantiomer pairs (E*
= 8, 16, 24, and 48 for the cube, hexagonal bipyramid, square anti-
prism, and bisdisphenoid, respectively) except because of the hyperoct-
ahedral reduction in symmetry, the number of points for the square
antiprism must be doubled [53]. Figure 5 is a K4 4 bipartite graph
in which the 8 cube enantiomer pairs are located at the centers
of the hexagons and the 16 hexagonal bipyramid emantiomer pairs are
located at the edge midpoints. Since both the cube and hexagonal
bipyramid are forbidden polyhedra (i.e., cannot be formed using only
8, p, and d orbitals [25]), this portion of the topological represen-
tation for hyperoctahedrally restricted eight-vertex systems is not
accesgible if only s, p, and d orbitals are available for chemical
bonding.

The detailed structure.of a hexagon corresponding to a given
pair of cube enantiomers is depicted in Figure 6. The vertices of
the hexagon correspond to the square antiprisms that can be generated
from the cube in the center by twisting opposite pairs of faces.

The midpoints of the hexagon edges correspond to bisdisphenoid enant-
iomer pairs. Traversing the circumference of a given hexagon corres-
ponds to a sequence of double dsd processes interconverting the bisdis-
phenoids located at the midpoints of two joined hexagonal edges meeting
at a vertex through the square antiprism intermediate represented

by the vertex joining the edges. Since both the bisdisphenoid and
square antiprism can be formed using only s, p, and d orbitals, the
circumference of the hexagon is accessible in MLg systems where M

has the usual lp3d5 orbital manifold. Thus in the usual situation
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Figure 5:

The K4,4 bipartite graph topological representation of
the hyperoctahedrally restricted permutational isomerizatioms
involving  the cube, hexagonal bipyramid, square antiprism,
and bisdisphenoid. The hexagons represent the eight cube
hyperoctahedrally restricted enantiomeric pairs; the 16

edges connecting the hexagons (i.e., the midpoints of

the edges of the K4,4 blpartite graph) represent the 16
hexagonal bipyramid hyperoctahedrally restricted emantiomeric
pairs; the 48 vertices of the eight hexagons represent

48 isomeric square antiprisms, and the midpoints of the

48 edges of the eight hexagons represent the 48 bisdisphenoid
hyperoctahedrally restricted enantiomeric pairs.
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Details of the hexagon in the topological representation

in Pigure 5. The spokes B represent quadruple dsd square
antiprism-cube-square antiprism isomerizations and the
edges C represent double dsd bisdisphenoid-square antiprism-
bisdisphenoid with a cube in the center of the hexagon,

six isomeric square aptiprisms at the vertices of the
hexagon, and six isomeric bisdisphenoids at the midpoints
of the edges of the hexagon.
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not involving f orbitals, isomerizations are restricted to the circum-
ference of a given hexagon in Figure 5 and cannot occur from one
hexagon to anothoer.

5. GALE TRANSFORMATIONS AND GALE DIAGRAMS

Consider a polytope P in d-dimensional space R4, The minimm
number of vertices of such a polyhedron is d + 1 and there is only
one such polyhedron, namely the d-simplex [19]. The combinatorially
distinct possibilities for polytopes having only d + 2 and d + 3
vertices (polyhedra with "few”" vertices) are also rather limited
and through a Gale transformation [54] can be represented faithfully
in a space of less than d dimensions. More specifically, if P is
a d-dimensional polytope with v vertices, a Gale transformation leads
to a Gale diagram of P consisting of v points in v-d-1 dimensional
space R =d-1 jn one-to-one correspondence with the vertices of P
[54]. PFrom the Gale diagram it is possible to determine all of the
combinatorial properties of P such as the subsets of the vertices
of P that define faces of P, the combinatorial types of these faces,
etc. Of particular significance in the present context is the fact
that the combinatorial properties of a polytope P which can be deter-
mined by the Gale diagram include all possible isomerizations (rearrange-
ments) of P to other polytopes having the same number of vertices
and imbedded in the same number of dimensions as P. Also of particular
importance is the fact that, if v is not much larger than d (i.e.,
if v < 2d), then the dimension of the Gale diagram is smaller than
that of the original polytope P.
Now consider polyhedra in the ordinary three-dimensional space
of interest in chemical structures (i{.e., d = 3). Gale diagrams
of five- and six-vertex polyhedra can be imbedded into one- and two-
dimensional space, respectively, thereby simplifying analysis of
their possible vertex motions leading to non-planar polyhedral isomeri-
zations of these polyhedra of possible interest in a chemical context.
In order to obtain a Gale diagram for a given polyhedron, the
polyhedron is first subjected to a Gale transformatiom. Consider
a8 polyhedron with v vertices as a set of v points X}, ..., Xy in
three-dimensional space R3. These points may be regarded as three-
dimensional vectors X; = (x; 1, Xp 2, %n,3)s 1 < n < v, from the
origin to the vertices of the polyﬁedron. In addition consider a
set of points D(A) in v-dimensional space RV, A = (aj, ..., ay) such
that the following sums vanish:

v
121 ajxy x = 0 for 1l _-4_ k _-(_-_ 3_ (11a)
v
I ag=0 (11b)
i=1

Equation 1la may also be viewed as three orthogonality relationships




between the v-dimensional vector A = (aj, ..., &) and the three

v-dimensional vectors (x] k: X2 ks --«» Xy,k)» 1 < k < 3.

Now consider

the locations of the vertices of the polyhedron as the following

v x 4 matrix:

x1,1 x1,2
Dg = x2.1 x2,2
xv.l xv’z

Consider the columns of Dg as vectors in RV.
the 4 columns of Dy are linearly independent.

x1,3 1
x2 3 1 (12)
xy,3 1

Since Dg has rank 4
Hence the subspace

M(X) of RV represented by these four linearly independent columns

has dimension 4.

Its orthogonal complement M(A

= {(AERV|A-X =

0 for all XEM(X)} coincides with D(A) defined above by equations

11a and 11b. Therefore:

dim D(A) = dim M(a)T

= v - dim M(X) = v-4 (13)

Now define the following v x (v-4) matrix:

aj,1 81,2 - + - 81,y-4

az2,1 32,2 - - . 82,v-4

Dl‘ . .

&v,1 4y,2

(14)

ay,v=4

The v rows of D) may be considered as vectors in_v-4 dimensional
space; conventionally the jth row is denoted by xj = (ai,l» 23,2

cens ;g’v-a) for =1, ..., v.

e final result of this construction is the assignment of a
point xj in v-4 dimensional space (RV-4)_to each vertex x4y of the

polyhedron,

The collection of v points X1, ..., Xy in RV

4 ig called

& Gale transform of the set of vertices x;, ..., Xy of the polyhedron
in question. The following features of a Gale transform of a polyhe-

dron should be noted:

(1) Gale transforms x; and xx of two or more vertices of a polyhedronm
may lead to the same point (i.e., the same v-4 coordinates) in v-4

dimensional space (RV-%4).

In other words some points of a Gale trans-

form may have a multiplicity greater than one so that the Gale trans-
form of a polyhedron in such cases contains fewer distinct points

than the polyhedron has vertices.

(2) The Gale transform depends upon the location of the origin in



the coordinate system. Therefore, infinitely many Gale transforms

are possible for a given polyhedron. Geometrically a Gale transform
of a polyhedron corresponds to a projection of the v vertices of

a v-1 dimensional simplex into a v-4 dimensional hyperplane [54,55].
Since infinitely many such projections are possible, the Gale transform
for a given polyhedron 1is not unique.

In practice, it is easier to work with Gale diagrams corresponding
to Gale transforms of interest. Consider a Gale transform of a poly-
hedron having v vg;tices X1y +.+y Xy a8 defined above. The correspond-
ing Gale diagram x3, ..., is defined by the following relationships

Qi =0if x; = 0 (15a)
?1 = ;1/" ;1 | if 1-:1 ¥ 0 (15b)

In equation 15b||x4|| is the length of the vector x; (i.e.,

A{l + af’z + ...+ af,v-t,,). If v-4 = 1 (i.e., v = 5), Gale diagrams

" can only contain the points of the straight line 0,1, and -1 of varying
multiplicities mg, mj, and m.;, respectively, where mg 2> 0, m; 2>
2, and m.y' > 2. If v-4 = 2 (i.e., v = 6) Gale diagrams can only
contain the center and circumference of the unit circle. Thesé two
types of Gale diagrams (Figure 7) are of interest for the study of
polyhedral isomerizations since they represent significant structural
simplifications of the corresponding polyhedra.

The following properties of Gale diagrams are of interest since
they impose important restrictions on configurations of points which
can be Gale diagrams:

(1) A v-5 dimensional plane or hyperplane passing through the central
point of the Gale diagram bisects the gpace of the Gale diagram into
two halfspaces. Each such halfspace must contain at least two vertices
(or one vertex of multiplicity 2) of the Gale diagram not including
any vertices actually in the bisecting plane or hyperplane. Such

a halfspace is called an open halfspace. Violation of this condition
corresponds to a polyhedron with the impossible property of at least
one pair of vertices not connected by an edge which is closer in
three-dimensional space than another pair of vertices which is connected
by an edge.

(2) The set of vertices of a polyhedron pot forming a given face

or edge of the polyhedron is called a coface of the polyhedron. The
regular octahedron is unusual since all of its faces are also cofaces
corresponding to other faces. The interior of the figure formed

by connecting the vertices of a Gale diagram corresponding to a coface
must contain the central point.

(3) The central point is a vertex of a Gale diagram if and only

if the corresponding polyhedron is a pyramid. The central vertex

of such a Gale diagram corresponds to the apex of a pyramid which

is the coface corresponding to the base of the pyramid.

Non-planar isomerizations of five- and six-vertex polyhedra
correspond to allowed vertex motions in the corresponding Gale diagrams
in Figure 7. 1In this context an allowed vertex motion of a Gale
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Figure 7: Gale diagrams for the two combinatorially distinct five-vertex
polyhedrs and the seven combinatorially distinct six-vertex
polyhedra. The properties of these polyhedra are listed
in Table 1. "In the six-vertex Gale diagrams vertices
of multiplicity 1 are represented by a single circle and
vertices of multiplicity 2 are represented by a double
circle.




diagram is the motion of one or more vertices which converts the

Gale diagram of a polyhedron into that of another polyhedron with

the same number of vertices without ever passing through an impossible
Gale diagram such as one with an open halfspace containing only one
vertex of unit multiplicity. Since two polyhedra are combinatorially
equivalent if and only if their Gale diagrams are isomorphic [54],
such allowed vertex motions of Gale diagrams are faithful represent-
ations of all possible non-plamar polyhedral isomerizatioms.

The application of Gale diagrams to the study of isomerizations
of five-vertex polyhedra is nearly trivial but provides a useful
illustration of this method. The only possible five-vertex polyhedra
are the square pyramid and trigonal bipyramid. Their Gale diagrams
(A and B, respectively, in Figure 7) are the only two possible one-
dimensional five-vertex Gale diagrams which have the required two
vertices in each open halfspace (i.e., mj > 2 and m.7 > 2). The
only allowed vertex motion in a Gale diagram of a trigomal bipyramid
involves motion of one point from the vertex of multiplicity 3 through
the center point to the vertex originally of multiplicity 2 (Figure
8, top). This interchanges the vertices of multiplicities 2 and
3 and leads to an equivalent Gale diagram corresponding to an isomeric
trigonal bipyramid. The motion through the center point of the Gale
diagram corresponds to the generation of a square pyramid intermediate
in the non-planar degenerate isomerization of a trigonal bipyramid.
This, of course, is the Berry pseudorotation process which is the
prototypical dsd process as discussed above. The choice of three
points to move away from the vertex of multiplicity 3 in the Gale
diagram of a trigonal bipyramid corresponds to the presence of three
degenerate edges in a trigonal bipyramid (see above). This analysis
of the Gale diagrams of the two possible five-vertex polyhedra shows
clearly that the only possible non-planar isomerizations of five-vertex
polyhedra can be represented as successive dsd processes corresponding
to successive Berry pseudorotations.

Gale diagrams are also useful for the study of isomerizations
of six-vertex polyhedra [38]. 1In this case there are seven combinator-
ially distinct six-vertex polyhedra (Table 1). The corresponding
Gale diagrams are derived from two-dimensional (v-4 = 6-4 = 2) Gale
transforms and thus have vertices on the circumference of the umit
circle. In addition, the center of the circle is a vertex of the
Gale diagram for the pentagonal pyramid. The maximum multiplicity
of a vertex in the Gale diagram of a six-vertex polyhedron is 2 since
otherwise there would be open halfspaces containing only one point
(i.e., one of the open semicircles obtained by bisecting the unit
circle using the diameter containing the vertex of multiplicity 2
3). -

The Gale diagrams of six-vertex polyhedra can be visualized
most clearly if all of the diameters containing vertices are drawn
as in Figure 7. Such Gale diagrams are called standard Gale diagrams
(54]. Some standard Gale diagrams have diameters with vertices of
unit multiplicity at each end. The two vertices of such a balanced
diameter [38] form an edge which is a coface corresponding to a quadri-
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Yigure 8: Examples of the use of Gale diagrams to depict polyhedral
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(Berry pseudorotation); bottom: the triple dsd degenerate
fsomerization of an octahedron through a trigonal prism
intermediate (Bsilar twist). Vertices are labeled with

lower case letters and the motions in the Galo diagrams
are indicated by arrows.
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lateral face of the polyhedron. Therefore, the number of balanced
diameters in a Gale diagram of a six vertex polyhedron is equal to
the number of quadrilateral faces of the polyhedronm.

Polyhedral isomerizations in six-vertex polyhedra may be repre-
sented by allowed motions of the vertices of their Gale diagrams
along the circumference of the unit circle or through the center
in the case of polyhedral isomerizations involving a pentagonal pyramid
intermediate (not pentagonal bipyramid as erroneously stated in my
earlier paper [38]). However, vertex motions are not allowed if
at any time they generate one or more forbidden diameters containing
three (or more) vertices.

Using these techniques all non-planar degenerate isomerizations
involving six-vertex polyhedra can be decomposed into sequences of
the eight fundamental processes listed in Table 4. The following
aspects of these processes are of particular interest:

(1) The triple dsd process interconverting octahedra through a tri-
gonal prismatic intermediate (H > C * H) and represented by the sequence
of Gale diagrams in Figure 8 in which the vertices of the polyhedra
are labeled for clarity appears in a chemical context as the Bailar
twist [47] and the Ray and Dutt twist [48] for six-coordinate chelates
of the type M(bidentate)3. Both of these processes involve the same
type of rearrangement of the polyhedral vertices but have different
types of edges in the trigonal prismatic intermediate bridged by

the bidentate ligand.

(2) The only possible single true dsd degenerate isomerization in
six vertex deltahedra (J *= G + J) involves the bicapped tetrahedron
(J) such as is found in Osg(CO);1g [56].

(3) Two of the eight fundamental six-vertex degenerate isomerization
processes (J * D+ J and G * D > G) involve a pentagonal pyramidal
intermediate (D). Processes involving an f, face (n 2> 4) as a pivot
face in the intermediate polyhedron (i.e., the face across which
edges are broken and made) may be called an n-pyramidal process since
the simplest examples involve an n-gonal pyramid intermediate. Using
this terminology the dsd process can be called a 4-pyramidal process
since its simplest example involves the degenerate isomerizationm

of a trigonal bipyramid through a square pyramid intermediate. Thus
in theory each new number of vertices v can introduce a new (v-1)-pyra-
midal process. However, these processes rapidly become increasingly
unfavorable in ML, complexea as the number of vertices in the pivot
face increases owing to the general unfavorability of large numbers
of coplanar ligands L. The resulting assumption that 4-pyramidal
procesges (i.e.; dsd processes) are more favorable than any higher
n-pyramidal process (n > 5) can be used to reduce the numbers of
possible isomerization processes in seven-vertex and certain subsets
of eight-vertex polyhedra to more manageable amounts (see the next
section).
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TABLE 4

THE EIGHT FUNDAMENTAL DEGENERATE NONPLANAR ISOMERIZATION
PROCESSES OF SIX-VERTEX POLYHEDRA

Processd Process TypeP

H+C-+H 3 dsd (Bailar and Riy and Dutt twists)
J+*G+J dsd' -

J>D~+J S5-pyramidal

G+E-+>G dsd'

G+D=+G S5-pyramidal

F+H-+F sds

F+E~>F dsd'

E+C+E dsd or dsd’

(a) The polyhedra are designated by letters used in Figure 7.

(b) The dsd' and sds processes are minor variations on the dsd process
discussed in the text. For a more detailed discussion of these
rather subtle points see R.B. King, Theor. Chim. Acta, 64, 439 (1984).




6. SEVEN- AND EIGHT-VERTEX POLYHEDRA

In the study of isomerizations in seven-vertex polyhedra Gale
transformations offer no advantage since they no longer provide dimens-
ionality reduction. Thus for v = 7, the dimensionality of the Gale
transform is v=4 = 7-4 = 3, 1Instead, an effective approach has been
to consider first the intermediate polyhedra P, in isomerizations
of the types P; > Py + P3 in which P; and P3 have the same number
of edges and P has one less edge than P} and P3 [40]. Such Py poly-
hedra must necessarily have at least one non-triangular face and
can conveniently be called non-deltahedra. The five seven-vertex
deltahedra (Table 2) thus cannot be intermediate polyhedra P; in
such polyhedral isomerizations. This reduces the number of possible
sevenvertex intermediate polyhedra to 29 seven-vertex non-deltahedra.
Furthermore, one of these non-deltahedra, namely the hexagonal pyramid,
can be the intermediate polyhedron only in energetically unfavorable
6-pyramidal processes. For the remaining 28 seven-vertex non-delta-
hedra, it is feasible to draw diagomals across the non-triangular
faces in all possible ways, thereby generating all possible transforma-
tions P; + Py and Py * P3 involving the non-deltahedron in question
as Py; drawing diagonals in this manner can be called diagonalization.
Using this approach a non-deltahedron P; can be the intermediate
polyhedron in a degenerate polyhedral isomerization P} > Py * P3
if and only if two or more different ways of diagonalizing a non-triang-
ular face of Py lead to the same polyhedron corresponding to P} in
one case and P3 in the other case. If the non-triangular face of
P2 being diagonalized is quadrilateral, such an isomerization is
a single dsd process. Such degenerate isomerization processes are
not particularly common especially for intermediate polyhedra Pj
having only one quadrilateral face. Thus only one of the five seven-
vertex deltahedra, namely the one of lowest symmetry (Cy), can undergo
degenerate isomerization through a single dsd process. The other
seven-vertex deltahedra require multiple dsd processes or energetically
relatively unfavorable 5-pyramidal or 6-pyramidal processes for their
degenerate polyhedral isomerizations.

These considerations allow the definition of a dsd rigidity
index of a polyhedron P; as the number of edges that must be removed
from P] in a dsd manner (i.e., converting two triangular faces sharing
an edge into a single quadrilateral face) in order to give an inter-
mediate polyhedron Py, which upon adding back the same number of
edges in a different way gives a polyhedron P3 combinatorially equivalent
to P, namely P; + Py > P3j is a degerierate isomerizatiom involving
only dsd processes. Table 2 listing the 34 seven-vertex polyhedra
included their dsd rigidity indices. Four of the five seven-vertex
deltahedra have a dsd rigidity index of 2 which means that a degenerate
isomerization must involve loss of two edges to give an intermediate
polyhedron having two quadrilateral faces. The most chemically interesting
such processes are the degenerate double dsd isomerizations of the
pentagonal bipyramid and the capped octahedron through 4-capped tri-
gonal prismatic intermediates since all three of these polyhedra
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(Figure 1) are of chemical significance [30]. Four of the 28 seven-
vertex polyhedra having only triangular and quadrilateral faces cannot
undergo degenerate isomerizations involving only dsd (4-pyramidal)
processes and therefore have a dsd rigidity index of zero. The degener-
ate isomerizations of such polyhedra must involve less energetically
favorable n-pyramidal (n > 5) processes. None of the seven-vertex
polyhedra having a dsd rigidity index of zero has been found to be
chemically significant.

Some additional considerations become necessary for the study
of isomerizations in eight-vertex polyhedra because of the large
number of possible polyhedra. Thus there are 257 combinatorically
distinct eight-vertex polyhedra [23,24] of which 14 are deltahedra.
However, of these deltahedra only the bisdisphenoid and hexagonal
bipyramid lack tetrahedral chambers and the hexagonal bipyramid is
one of the forbidden polyhedra discussed above which cannot be formed
using only 8, p, and d orbitals. Thus the special role of the bisdis-
phenoid among eight-vertex polyhedra is readily apparent.

In order to make tractable the study of isomerizations of the
large numbers of eight-vertex polyhedra the following assumptions
were introduced [41]:
(1) Ouly dsd processes (i.e., 4-pyramidal rather than n-pyramidal,
© > 5, processes) were considered for emergetic reasons discussed
above.
(2) Only symmetrical parallel multiple dsd processes were considered.
In a symmetrical multiple dsd process, the quadrilateral pivot faces
are equivalent because of the symmetry of the intermediate polyhedron.
(3) Only such dsd processes in the 14 combinatorially distinct delta-
hedra were considered since minimum energy coordination polyhedra
are expected to be deltahedra or polyhedra such as the square antiprism
which are derived from deltahedra through low energy processes.

This study revealed the unusual property of the bisdisphenoid
in undergoing degenerate single, double, and quadruple dsd processes
as depicted in Figure 9. Note also in Figure 9 the two distinct
ways of depicting a bisdisphenoid topologically as a cube plus six
diagonals which may be called the tetrahedral and rectangular presenta-~
tions according to the orientation of the four degree 5 vertices
(circled in Figure 9) on the underlying cube. In Figure 9 presenta-
tions are selected for the bisdisphenoid so that the pivot face(s)
for the isomerizations are faces of the mnderlying cube. The tetrahed-
ral presentation of the bisdisphenoid involves less distortiom than
the rectangular presentation. Therefore isomerizations in which
the bisdisphenoid can be depicted in the tetrahedral presentation
on an underlying cube having one or more of its faces as pivot faces
are probably more favorable than those requiring rectangular presenta-
tions. This suggests that the double dsd isomerizations of the cube
involving a square antiprism intermediate (Figure 9 middle) should
be the most favorable of the three processes in Figure 9. This is
consistent with the observation that next to the bisdisphenoid the
square antiprism is the most prevalent eight-vertex coordination
polyhedron [57].
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Figure 9: Degenerate dsd isomerizations of the bisdisphenoid. Top:
a single dsd isomerization involving a 4,4-bicapped trigonal
prism intermediate; middle: a double dad isomerizatiom
involving a square antiprism intermediate; bottom: a quadruple
dsd isomerization involving an intermediate polyhedron
with four triangular and four rectangular faces. For
clarity degree 5 vertices are circled nnd degrec 3 vertices
are starred.




7. ACKNOWLEDGMENT

I am indebted to the U.S. Office of Naval Research for partial
support of this research.

()

y




8.

7.
8.

10.
11.

12.
13.

14.
15.
16.
17.
18.

20.

21.
22.

23.
24,
25.
26.
27.
28.
29.
30.
31.
32.

33.
34,

35.

REFERENCES

R.E. Merrifield and H.E. Simmons, Theor. Chim. Acta, 55, 55
(1980).

‘E.L. Muetterties, J. Am. Chem. Soc., 91, 1636 (1969).

E.L. Muetterties, J. Am.- Chem. Soc., 91, 4115 (1969).

E.L. Muetterties, J. Am. Chem. Soc., 90, 5097 (1968).

E.L. Muetterties and A.T. Storr, J. Am, Chem. Soc., 91, 3098
(1969).

M. Gielen and J. Nasielski, Bull Soc. Chim. Belges, 78, 339
(1969).

M. Gielen and C. Depasse-Delit, Theor. Chim. Acta, 14, 212 (1969).
M. Gielen, Bull. Soc. Chim. Belges, 78, 351 (1969).

M. Gielen, C. Depasse-Delit, and J. Nasielski, Bull. Soc¢. Chim.
Belges, 78, 357 (1969).

M. Gielen, M. de Clercq, and J. Nasielski, J. Organometal. Chen.,
18, 217 (1969).

M. Gielen, G. Mayence, and J. Topart, J. Organometal. Chem.,

18, 1 (1969).

M. Gielen, Bull Soc. Chim, Belges, 80, 9 (1971).

M. Gielen and N. Vanlautem, Bull. Soc. Chim. Belges, 79, 679
(1980).

W.G. Klemperer, J. Chem. Phys., 56, 5478 (1972).

W.G. Klemperer, J. Am. Chem. Soc., 94, 6940 (1972).

W.G. Klemperer, J. Am. Chem. Soc., 94, 8360 (1972).

J. Brocas, Top. Curr. Chem., 32, 43 (1972).

R.B. Ring, J. Am. Chem. Soc., 91, 7211 (1969).

B. Grlnbaum, "Convex Polytopes,'" Interscience Publishers, New
York, 1967.

F. Harary and E.M. Palmer, "Graphical Enumeration," Academic
Press, New York, 1973, p. 224.

W.T. Tutte, J. Combin. Theory Ser. B., 28, 105 (1980).

A.J.W. Duijvestijn and P.J. FPederico, Math. Comput., 37, 523
(1981).

P.J. Federico, Geom. Ded., 3, 469 (1975).

D. Britton and J.D. Dunitz, Acta Cryst., A29, 362 (1973).

R.B. King, Theor. Chim. Acta, 64, 453 (1984).

M.C. Favas and D.L. Kepert, Prog. Inorg. Chem., 27, 325 (1980).
D.L. Kepert, Prog. Inorg. Chem., 23, 1 (1977).

R.S. Berry, J. Chem.-Phys., 32, 933 (1960).

R.R. Holmes, -Accts. -Chem. Res., 5, 296 (1972).

D.L. Kepert, Prog. -Inorg. Chem., 25, 41 (1979).
R.B
F.J.

. King, J. Am. Chem. Soc., 92 6455 (1970).

Budden, "The Fascination of Groups," Cambridge University
Press, London, 1972.
C.D.H. Chisholm, "Group Theoretical Techniques in Quantum Chem-
istry," Academic Press, New York, 1976.
F.A. Cotton, "Chemical Applications of Group Theory," Wiley,
New York, 1971,
J.A. Pople, J. Am. Chem. Soc., 102, 4615 (1980).




-

- gy

36.
37.
38.
39.

40.
41.
42,
43.
44,
45.
46.

47.
48.
49.
50.

51.
52.
53.
54.

55.
56.

57.

W.N. Lipscomb, Science, 153, 373 (1966).

R.B. King, Inorg. Chim. Acta, 49, 237 (1981).

R.B. King, Theor. Chim. Acta, 64, 439 (1984).

D. Gale in "Linear Inequalities and Related Systems,”" H.W. Kuhn
and A.W. Tucker, eds., Princeton, 1956, pp. 255-263.

R.B. King, Inmorg. Chem., 24, 1716 (1985).

R.B. King, Inorg. Chem., 25, 506 (1986).

R.B. King and D.H. Rouvray, J. Am. Chem. Soc., 99, 7834 (1977).
P.C. Lauterbur and F. Ramirez, J. Am. Chem. Soc., 90, 6722 (1968).
B.M. Gimarc and J.J. Ott, Inorg. Chem., 25, 83 (1986).

B.M. Gimarc and J.J. Ott, Inorg. Chem., in press.

N.L. Biggs, "Algebraic Graph Theory," Cambridge University Press,
London, 1974.

J.C. Bailar, Jr., J. Inorg. Nucl. Chem., 8, 165 (1958).

P. Ray and N.K. Dutt, J. Indian Chem. Soc., 20, 81 (1943).

G. Pdlya, Az._5 Math., 68, 145 (1937).

N.G. Debruin in "Applied Combinatorial Mathematics," E.F. Beckenback,
ed., Wiley, New York, 1964.

J.G. Nourse and K. Mislow, J. Am. Chem. Soc., 97, 4571 (1975).
R.B. King, Inorg. Chem., 20, 363 (1981).

R.B. King, Theor. Chim. Acta, 59, 25 (1981).

P. McMullen and G.C. Shephard, “Convex Polytopes and the Upper
Bound Conjecture,” Cambridge University Press, Cambridge, 1971.
P. McMullen and G.C. Shephard, Mathematika, 15, 123 (1968).

R. Mason, K.M. Thomas, and D.M.P. Mingos, J. Am. Chem. Soc.,

95, 3802 (1973).

D.L. Kepert, Prog. Inorg. Chem., 24, 179 (1978).







