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'-h
:.-
. Conversion factors for U.S. Customary to metnic (SI) units of measurement s
& MULTIPLY — BY » TO GET .\: A
‘ TOGET & BY ¢ DIVIDE o
¢ N
J angstrom 1.000000 X E -10 meters (m) ‘o N
S atmosphere (normai) 101325 XE o2 lulo pascal (kPs) :.:-
bar 1.000 000 X £ 2 kilo pascal (kPa) :
. barn 1.000 000 X E -28 meter? (m?) .
_: British thermal unit (thermochemical) 1.054 350 X E «3 soule () :..:
* calorie (thermochemicai} 4 184 000 youle (3 Iy
:; cal (thermochemical) /em? 4.184 000 X E -2 megs jcmlc/m2 MJ/m?) \::
¢ curie 3 700009 X E o1 *giga becquerel (GBq) gy
C; degree tangle) 1.7145329 X E -2 radian (rad) 2
degree Fahrenheit e 1%+ 459 67118 degree kelvin (K) -
.. elactron volt 1.60219 XE -19 Joule ()
- ery 1.000 000 X E -7 youle ) =
. erg/second 1.000 000 X E -7 watt (W) ‘
foot 3.048 000 X E -1 meter (m)
: f{oot-pound -(orce 1.355 810 jouls (J) :-"'
gallon (U S hiquid) 3185412 XE -3 metar’ “‘3) -
' nch 2.540 000 X E -2 meter (mi o
- Jerk 1 000 000 X E »9 Joule (J)
» joule/kilogram (J/&g) (radiation dose .:"-
. absorbed) 1. 000 000 Gray (Gy)
- kilotons 418 erajouies _
y Kip (1000 1b) « MB222XE +3 newton (N) U
ap/inch? (kan) $ 894157 XE .3 kilo pascal (kPa)
. ktap wu-oicmd/mz RS
. 1.000 000 X E 2 {N-s/m?) ~h
7 micron 1 000000 X E -6 meter (m) Y
. mil 2.540000 X E -5 meter (m) '.":
-~ mile (\nwrnational) 1.608 344 X E «2 meter (m) :';'
g ounce 2834952 X E -2 Kilogram (kg) .y
pound -force (1bs a\o1rdupois) 4. 448 222 newton (N) be
pound -force ch 1.139 8486 X E -1 newton-meter (N.-m) '
N pound ~{orce /inch 1 751268 X E <2 newton /meter (N/m) <
N pound -force Toot? 4. 788026 X E -2 kilo pascal (kPa) s
.: pound-lorce/mch2 (ps1) 6 894 157 kilo pascal (kPa) «‘..‘
< pound -mass (Ibm e\ oirdupois) € 3335924XE -1 kilogram (kg) "‘:
ponmd-mul-‘oolz imoment of 1nertia) kﬂa(nm-mourz
y 4.214011 XE -2 (kg -m?) -
2 pound -mass foot> kilogram /meter o
- 1 601 846 X E +1 tieg /m3)
-: rad (radiation dose absorbed) 1.000000 X E -2 *<Gray (Gy) -:_
: roentgen coulomb /kilogram ':\
’ 2 579760 X E ~ (C /g iy
shake 1 000000XE -8 second (8) -
siug 1459390 X E -1 ilogram (ig) =
. torr (mm Hg, 0° C) 129322 XE -} kilo pascsl (kPa) -'_;'
‘ *The becquerel (Bq) is We Si umit of radicactivity; 1 Bq « 1 event/s. ':\
. **The Gray (Gy) 19 the 51 unit of sbsorbed radistion. -',
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SECTION 1 .

INTRODUCTION

P

There are many problems of practical interest which require a

XXX

|G AL AT

mathematical model for a two-phase .urbulent flow of suspended

particles in a viscous fluid. Most one~ and two-equation

s

models for two-phase flows (e.g., Refs. 1 and 2) are based on

ad hoc modifications of the single~phase turbulence-kinetic-

Taa N,

energy and length-scale equations and fail to adequately
@ predict the physical behavior of two-phase flows. Recently,
: Elghobashi et al. (Ref. 3) presented a rigorous derivation of
the turbulence-energy and dissipation-rate equations from the
momentum equations for an incompressible dispersed two-phase

flow and successfully predicted the main features of a round

gaseous jet laden with uniform-size solid particles (Refs. 4
and 5). In situations such as the dust transport by turbulence fx
in nuclear burst flow fields (Ref. 6) and supersonic nozzle

flows (Ref. 7) the compressibility of the fluid must be taken
into account. The objective of the present work is to extend ,AL
the two-equation turbulence model in Ref. 35 to become appli- o
cable to a compressible dispersed two-phase flow in which the i

fluid has variable density and the particles have constant

density. The extended model can also be used to study such
problems as compressible adiabatic mixing and low-speed iso-

thermal mixing of two dissimilar two-phase flows (Ref. 8).

e e S e
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SECTION 2 o

EQUATIONS OF MOTION

S s
Br N

We begin the formulation of the problem by stating the

LR o
by *y

assumptions involved in deriving the equations. These are:

1. Both phases behave macroscopically as a continuum, o
4
but only the carrier fluid behaves micrcscopically

as a continuum with variable density. This means

that the volume-averaged equations are based on a

control volume larger than the particle spacing but
much smaller than the characteristic volume of the
flow system. Mutual exclusion of the phases is

also ensured.

2. The dispersed phase consists of rigid particles
spherical in shape, uniform in size and constant in
density. The uniformity of size reduces the
magnitude of bookkeeping at this stage of the work,
and thus concentrates the effort on understanding
the mechanisms of interactions between the two
phases. Extension to nonuniform size distribution

is a straightforward macter (Ref 9).

3. The volume fraction of the dispersed phase is
such that no collisions occur between the

particles. This assumption renders the equations

.

X

>
.
0y

valid only for dilute suspensions.

4. Neither the suspended matter nor the carrier fluid
undergoes any phase changes. Although this

assumption rules out some situations of practical
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interest, it is necessary to investigate

complexities in a stepwise manner.

5. Additional assumptions on modeling of some of the
turbulent correlations are stated in Sections 4, 5
and 6. The sparseness of experimental data for
variable density flows allows us to assume that
the forms and values of the coefficients of the
turbulent correlations of constant-density flows

b
b
i
F apply to variable-density flows as well.

b The instantaneous, volume-averaged momentum equations, in

Cartesian tensor notations, of the carrier fluid are thus
(Refs. 3 and 10)

(QuUi), ¢ + (QqUyUs),j = —(1-K#p)P 4 - KFéy(Us~V;)
+ [p1¢1(Ui'j+Uj'i)]'j

2
- 3(py®1Upg 9), 4 + Q193 + Fyj4

,
o

PR
)
[

The corresponding equations for the particle phase

e e
oo
.'a’l - e &

(QVi) ¢ + (QaV4yVy) 4§ = - P § + Féy(U;-Vy)

M [#2¢2(Vi,j+vj,i’],j - S(uaaVy g) 4

+ Qog; + Fpj




for the fluid and

OA - -~ (sza‘i\ 3 = 0
for the particle phase. The global. continulity ecuastizcn =3

—
o
O

—
| 9]

In Egs. (1) - (5) and throughout the report, the subscrint

e
- 1 and 2 denote the fluid and particle i respectivel.

& o
O
()]
@]
81
-
g
t
9]
O
]
n
[
Ui
ot

r n
rartial derivatives are reoresented by a s
3

of a comma and an index lfe.g., {( )} . = Y vt U: L =T AU
- P - -
. Ui g = 9°J: 9xydxy where x: 1 = 1,2,3) are the rectarci.
S ts 27 ~n

patial ccordinates], U; are <he veloclty compernen
u

id. 7; are the velocitv comporents of the particl=2 zhas

2and & are the material Jdensity and viscosity. J.=0%, 13 =2
asrvarent density, ¢ is the voliume Zrac=ion. 7 1g the wreuss

is the ccmponent of gravitatizsnil acseleratisy, o o= -

P}

n

1]

il

i
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turbulence, the slip velocity, and the particulate size and

concentration.

The mean flow eguations are now obtained from the

instantaneous ones, for variable p;, constant p; and u; and

zero u, (consistent with the dilute suspension approximation

stated in Ref. 10, p. 256), by performing the conventional

Reynolds time-averaging of Egs. (1) to (5). {The density-

weighted averaging of Favre, Ref. 11, does not render

significant simplification. We use Reynolds averaging mainly

because most experimental data refer to time averaging

correlations). The mean momentum equations of the fluid are

+

qiu3) , ¢ * (Q1U4U;3) 5 = - (1-K$3)P j + Kéop

KF[¢2(ui-vi) + $a(uy-vy)]

+

my[e1(ug, 3705, 0 + 81 luy, yruy D]

) —
3 My( U o + dqug o) 3

(Qluiuj + Uy qiuy + Uy qquy + q1uiuy) |

Qi19; + Fij

...........

--------
. s - .
........
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The mean momentum equations of the particle phase are

. +q. V., + . = - . :
. (QZVi q2v1),t (QZV V4 ) '3 [¢2P’1+¢2p’1]
by + (U.= -
F[¢2(Ui Vi) + ¢‘2(“i vi)]
’ - . . I~ . + .
(QViVy + Vi@yVy + VyU5 + 9,V Vy) 4
+ Q9 +F,y (7)
o The mean continuity equation of the fluid is
. Qp,¢ + (QUy *+ qquy) 3 =0 . (8)
The mean continuity equation of the particle phase is
Qz,¢ + (QaVy *+ qavy),3 =0 (9)
Wy which can be written as
' 4, ¢+ (#3V5 + dovg) 4 =0 (10)
since p, is constant. The mean global continuity eguation is
. which, when substrated from Eq. (5), gives
. ¢, + ¢ = 0 . (12)
- In Egs. (6)-(12) capital letters (except K and F) denocte
2 time-mean quantities, lower-case letters (except u; and g;'
(2 -
o,

designate fluctuating components and overbars indica<te




+ Pl N

Reynolds-averaged correlations. For constant quantities (u,4
2 and gj) the mean and instantaneous values are equal, whereas
for all other variables the instantaneous value consists of a
mean component and a fluctuating component (e.g., Q + q, U + u,

P1+P1' ... tc.).
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SECTION 3
TURBULENCE-KINETIC-ENERGY AND DISSIPATION-RATE EQUATIONS

The first step in the derivation of the equations of the
fluid's turbulence kinetic energy (k = E;EI/Z) and its
dissipation rate (e = vIE;T;_G;Tk where v, = uy/p4q) is to
obtain a transport equation for uj by subtracting Eq. (6)
from Eq. (1). The k equation is produced by multiplying the
u; equation throughout by uj; and then time-averaging. The e
equation is obtained by differentiating the uj; equation with
respect to X, multiplying throughout by 2V1ui,k and finally
time-averaging.

The resulting k and ¢ equations are given in Appendix A.
The closure of these equations is discussed in Sections 5
and 6, respectively.
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i X
X SECTION 4 e
CLOSURE OF THE MOMENTUM EQUATIONS oy
RS
o ‘:.\
D A
v The turbulent correlations appearing in Egs. (6) and (7) are A
1] -,'o
' of five types: =
‘: 1. Correlation of velocity fluctuations with those of if:
' the volume fraction or apparent density, e.g., ¢qu;
or gquy; e
. 2. The pressure interaction correlation ¢5;p ;; ff
3. Multiple correlations among various components of ﬁi
) velocity fluctuations with those of the apparent 5.
: density, e.g., qiujuj ; if
4. Correlations of strain rate fluctuations with those o
of the volume fraction, e.g., ¢1ui,j ; g
5. Multiple correlations of various components of ﬂi'
velocity fluctuations, e.g., ujuy . =
3
The first four types occur only due to the presence of the TN
second phase; their modeling is discussed below. '25
. According to Ref. 3 (Eqg. (10)) and Ref. 12, we model the DA
) turbulent flux ¢ ;u; by a gradient transport term and a :ﬁ;
convective transport term such that ?i?
$iuy = '<Vt/°¢)¢l,i - % Py(ve/og) i (13) -
o
ad
:ti
Y
9 =3y
RN
) At -._.- ST T RSEENEN ....'.._..\.... I N . “-.'*. _... .,'.‘.'_'.'_‘.'.‘.."...‘.' . e ‘.',-_‘_:\ :_::_..:~-‘-- . ...;.-‘_.. R _.‘..:..
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where v, is the kinematic eddy viscosity (= Sy %% € with cy =
0.09, Ref. 13, under the provisional assumption that it has the

same value as in the case of constant density) and P is the

turbulent Schmidt number of ¢. Similarly we model qiu; SV

Uy = ~(ve/9g)Q,1 - 3 U (ve/og) (14)

where g is the turbulent Schmidt number of g. As long as

experimental data for 9q are not available we make a

provisional assumption that o, is equal to T4 (= 1.0 for the

q
sample calculation in Ref. 3}.

According to Ref. 3 (Egs. (11), (12), (14), (15) and (16)) and
Refs. 14, 15 and 16 we model ¢,p ; by

e ot - T - 201)
2P, i P1 K [Ss1 Yi®%i ~ S¢2 R ERE Y AFAS1

+ P1(0.8 un¢1 Ui.ﬁ - 0.2 U.j¢1 Uﬂ.il

) [‘°¢391k:/2 Un#1 ©m

+

3/2 — - s
CpaPy K7€ Uy p updy eq| 5 - 115

where e, and e, are unit vectors and the approximate vaiues of

the coefficients are

S e B P R I N UL L L I I ST ST RN
- = A’ hd hd e IR Y Sete"

... ._. -~ ‘-. R -.. . . o o’ -. . -. .~ '~ - o - . - - '.. .. '.. . . - p. » - ~ - e - et e Y .‘
RS S A RS -.. \ ~ R ™ -. ~ N
FET SIS OI AT SRR WA P A’ s .P IPIEIAI A_L_l' R n' fa‘A-AAJ.k-fuA_fnn-n-\._n._fdh(‘._\;_\-‘-\L‘-\:g‘




According to Ref. 16 (Egq. (6.45)) we model q1ujiuy by

qluiuj = -c¢5(k/e)[ ujupg (uqu)'ﬁ + uju, (uin),g] , (17)

where the proportionality constant Cg5 is approximately
equal to 0.1.

The strain-rate volume-fraction correlations of the type
¢1ui,j only appear multiplied by the molecular viscosity of
the fluid and therefore will be neglected due to its relatively

small magnitude.

The last correlation to be modeled in the momentum equations

is that of the form ujuy. Again, to be consistent with the
present level of closure, this quantity will be calculated
from (Eg. (18) in Ref. 3)

= 1 I 2
uiuj = - Vt(Ui,j+Uj,i) + 3 Sijumum - 3 Ve sijUj'j . {(18)

This completes the modeling of the momentum equations.
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SECTION 5

CLOSURE OF THE TURBULENCE KINETIC-ENERGY EQUATION

The exact equation of the turbulence energy k for the carrier
fluid appears in Appendix A and consists of 34 terms. Thev
are classified into groups enclosed by square or curly
brackets; each group is labeled according to its particular
contribution to the conservation of k.

The various correlations in these groups range from second to

fourth order. We decide at the outset on neglecting all

fourth-order correlations such as qlui(uiuj),j and E;E;E;EIT;.
Also, the contribution to the diffusion of turbulence energy
due to the pressure interaction (G;S)’i will be neglected as
it is of relatively small magnitude (Ref. 17). Now the
remaining terms will be modeled.

The five transient terms will be collectively approximated by
(Qlk),t' The convection terms require no approximation. The
production group contains the correlations &IG;E; and ujuy
which have been evaluated earlier by Egs. (17) and (18). The
pressure velocity-divergence correlation SG;T; in the
turbulent-djiffusion group cannot be neglected here since U 4
does not vanish in two-phase flows. puj; ; is evaluated
following the approach of Ref. 18, thus (Egs. (19) and (20) of
Ref. 3))

2k (c2+8)ol

-—3—)+ >3 (P,

- 2P, (19
1T (d;; - 5 1Y
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where 7
' Pyg = -2(ugue Uy )
“»
“
1
LY - =
\ P=2Ps L
\
\
. c, =1.5 , c, = 0.4
5 1 2 )
. The last two terms in the turbulent-diffusion group can be
A modeled as (Egs. (21) to (25) and Eq. (10) of Ref. 3)
: - uiui(Qluj),j - Qluiujui,j =§Q1 [(Vt/lck)k’j
; + L, /e,) (21
y 2 k3. F -
where the turbulent Schmidt number of k is taken as I. = 1.0

(Ref. 13, under the provisional assumption that it has the

same value as in the case of constant density).

- There are eight terms in the extra production and transfer
group, the last two of which are neglected for being of fourth

order. The remaining six terms are modeled next.

The second term, _QIUi uiuj P is modeled following the

V¢ BN
form ui(qluj),j which appears in the third and fourth terms Is

proposal of Ref. 19 as Q1U The correlation of the

: expanded as

"D
&

ui(qluj),j = (uiqluj),J ~ g u.a, . (2
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where the first term on the right is evaluated using Eq. (17),
and the second term is modeled as

—_— e [Ve L1 Ve
d%595,5 7 S5 K T Q,1*3 9 ;)4 (23)

where the provisional assumption on aq has already been
mentioned in Section 4. The correlations ¢1ui {in the first
term) and qlui (in the fifth term) have been discussed earlier

(Egqs. (13) and (14)). The sixth term is approximated by

UjUy uyqy,4 & Uiuj[‘“iq1),3 - a9y 4] (24)

where q,uy 4 is neglected for being relatively smaller than
(agqy),

The extra dissipation group contains three terms which exist
only due to the slip between the two phases.. According to
Ref. 3 (Eq. (39)) and Refs. 20 and 21 we model the correlation
ui(vi-ui) by -

o 0,-0
ui(vi-ui) = -% :g (lfﬂj —lﬁzé f(w)dw) (25)

where w 1s the frequency of turbulence ana
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N
w

+ 1

+ V8 (w/a)

L
[}

LA

58]

(o]

, 478, 7,
PR A As

v

ag = [(1-p)u/&p]2

2,,8
) - 0w %/ (Sx)
£lw) = 4(r)3/? A[(%—k} 1/2]e 3 (30)
in which
® = 12y, /p,d (32)
1/P1
B = 3p,/(2p,5 *+p,) (32)

and \ is Taylor's microscale. The last term in the extra

dissipation group contains the triple correlations ¢2u;uj and
gs. (17) and (42) of Ref. 3

D]

$,u,v, which can be modeled by

as
¢2uiui = --2c¢5 (R/€) uiuj (ui¢2),j 133,
and
‘ a,v = -C (k/é)[ v, . \ - ot - M r3a0
2l #3 SIS TOE I FL PR YU B

where the double correlations on the right sides have teen

modeled earlier (Egs. (13) and (18)). AN

The term u,$, u,(u, ,+u, ,) ; constitutes the dissipation of X
- - - - * ! - 1 T "
due to viscous action, and if 4, is set to unity it is reduced e
- "-‘-
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to the single-phase dissipation terms. This term is modeled as
(Eq. (43) in Ref. 3)

tl;
~

F1+1 ui(ui'j-ruj'i)':] = 11‘1‘ (35)

-+ l" :-‘ ."...'

S et

v
!

The six terms in the viscous diffusion and dissipation group
will be neglected due to their relatively small magnitudes as
compared to the terms in the turbulent diffusion group.

The first term in the field forces effects group is modeled by
Eq. (14). Similarly the second term irn the group can be

modeled as

Uifyy = -(ve/og)Fig,1 - %‘Fli("t/’f).i (36)

where we make a provisional assumption that o, js5 equal to g -
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SECTION 6 e

CLOSURE OF THE TURBULENCE-ENERGY DISSIPATION-RATE EQUATION N
)

\f

\:_

The exact equation of the dissipation rate of turbulence ::‘
. S
e

energy € for the carrier fluid appears in Appendix A and

consists of 52 terms. They are classified into groups similar

to those of the k eguation.

Again we neglect all fourth-order correlations as mentioned

in the previous section.

All the terms in the first group, labeled Transient, are

approximated collectively by (Qle),t

£ 2

The convection group consists of eight terms of which only
the first and the second are of higher magnitude than the

13 l‘l_‘,i,l

\. ".-

other six at large Reynolds number. This is based on an order
of magnitude analysis (Ref. 22) which shows that the first and
second terms are greater than the others by at least a factor
of (4/\), which is of order (R,)1/2. Here # is the length
scale of the energy containing eddies, \ is a Taylor's

microscale, and Ry is the Reynolds number based on 2.

The third term in the procduction group is decompcsed as

-Zlel(uiuj,kui,k),j = —2v1Q1(uiljuj'kui,k * Uiu4 Rd: ok

+ uiuj,kui,kj)

The third term on the right side of Eq. (37) and the second N

term in the production group differ onlv in their signs and

thus cancel each other. The first term on the right side of
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Eq. (37), which represents the production of € by self-
stretching of the vortex tubes, is the dominant one at large
Reynolds number. It is larger than the second term by a factor
of Ry and larger than the first term in the production group

by a factor of R}/z.

We, therefore, retain only -2v,;Q, Ui, jU4,ki,k as the main
generation of e. This term and the extra production terms are

modeled collectively as

-2v4Q, Ui, juj, ki, g *+ extra production terms = c. Ggee/k , (38)

where Gy is the total production of k discussed in Section 5,

and c.; is a constant of value 1.43 (Ref. 13, under the provi-
sional assumption that it has the same value as in the case of
constant density). "Total" here means the production terms which
are common to the single-phase and two-phase k equations in

addition to the extra production and transfer terms.

The turbulent diffusion group contains six terms. At high
Reynolds number only the last two terms will be retained; they
are larger by at least a factor of R}/z than the other terms.

These two terms will be modeled collectively as

—2vy (Qpuyuy Ui, 5k * Q,§ UjUi, kUi, k)

1
[Qr(vi/ogle 5+ 5 aretverog) 5], (39)

All the terms in the extra production group except the mean
pressure gradient term are smaller than the main production

term, modeled in Eg. (38), by at least a factor of R}l/z and
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thus can be neglected. The mean pressure gradient term is

a0 g

included in the producticn term (Eg. (38)).

The first term in the viscous diffusion and dissipation group
represents the main dissipation of €; it reduces to the
single-phase form when ¢; equals unity. This term is larger
than the other terms in the group by a factor of Ri/z and thus

it is the only one retained. Now the total dissipation of e

includes this term in addition to the extra dissipation terms.

>

They are modeled collectively as Q;(e/k)(cepe + c3€q) where
€. represents the extra dissipation terms appearing in the Kk

b equation, Ce¢p is a constant of a value about 1.92 (Ref. 13) and

“ Cgs is a constant of value 1.2 (Ref. 3) (both under the ;ﬁf
i provisional assumption that they have the same values as in o

the case of constant density).

Both terms in the field forces effects group appear multi-
plied by the kinematic molecular viscosity of the fluid and
therefore will be neglected due to their relatively small

magnitudes.

19
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SECTION 7

A SAMPLE APPLICATION

As an example of the application of the modeled k and € equa-
tions, let us consider the motion of the dusty air during a
nuclear explosion (Ref. 6). In order to understand the essen-
tial features of the complicated phenomena, some highly ideal-
ized and well-controlled laboratory tests have been performed
or planned such as high speed wind above a sand bed in a wind
tunnel (Ref. 23) and shock wave sweeping a sand bed in a shock
tube (Ref. 24). To interpret and correlate the results from
such tests, we may use the two-dimensional version of the
present model in Cartesian coordinates X and y. The final
form of the modeled k and e equations is givean in Appendix B
(under the assumptions that the diffusional fluxes in y direc-
tion are much larger than those in x direction, that the

effective coefficient K = 1 and that g, = g and g, = F = F
)4 b 4 1x ly

= 0). The remaining modeled equations contain two mean con-
tinuity eqguations (from Egs. (8) and (9)), one mean global
continuity equation (Eg. (11)), four mean momentum equations

(from Egs. (6) and (7) and Section 4) and one mean equation

of state such as the perfect gas equation
P = RPITI (40)

where R is the specific gas constant and T, is the absolute
temperature of the air. Thus, for isothermal problems (Ty =
constant) we have ten equations for ten unknowns Q. Qa3 Py

Uy Uy, Vg Vy, P, k and e (from which #; = Q;/p; and ¢, =

Qy/pg can be readily obtained). With proper initial and
boundary conditions, these equations can be solved numerically

by a marching finite-difference procedure described in Ref. 5.

20




The results of such calculation will be presented in a forth-

coming report.

If Ty is variable and the energy exchange between the air and
dust can be neglected we need to include a mean energy egqua-
tion for the air in the numerical solution procedure.

If the energy exchange between the air and dust (at tempera-

ture T,) is not negligible, we need to include the mean energy
equations for both air and dust in the numerical solution.
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SECTION 8
CONCLUSION

1 The k - € turbulence model for an incompressible dilute
suspension of Ref. 3 has been extended to a compressible
dispersed two-phase flow by introducing the apparent densi-
ties Q; and Q2 and the material density 1 as new variables.
The fluid has variable density and the particles have con-
stant density. This allows the application of the model to a
wider class of practical problems.

Chaf el 3

As in Ref. 3, the k and € equations are first rigorously
derived from the two-phase momentum equations and then their
closure is provided. This is in contrast to the usual
approach based on ad hoc modifications of the single-phase

turbulence-kinetic-energy and length-scale equations.

The proposed closure of the equations accounts for the inter-
action between the two phases and its influence on the turbu-
lence structure. Sparseness of experimental data for variable-
density flows necessitates some provisional assumptions that
forms and values of the coefficients in the turbulent corre-
lations of constant-density flows apply to those of variable-
density flows. Such assumptions indicate areas of needed
experimental investigations which, when completed, can in turn

modify the present work and enhance its validity.
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APPENDIX A

EXACT EQUATIONS OF KINETIC ENERGY OF TURBULENCE
AND DISSIPATION RATE OF THAT ENERGY

The exact equation of the turbulence kinetic energy (k = uiu;/z)
of the carrier fluid is

[(Q1 ujui/2) ¢+ Qp ¢ Wju3/2 + Uy ¢ ujqy + Uy u3d, ¢
Transient

+

uy(qquy), e | + [(uugx) 5 + x(Quuy) 4] =
Convection

- [(QlUi)'j uin + Ui'quuiuj + Uj,quuiui]
Production

(1‘K*2)[(uip),1‘Pu1,i]+x¢1uip,i + uiu3(Quy), 5
Turbulent Diffusion

+ Uy uj(qquy),y + (U3U04) 39503 + U305u3qy 5
Extra Production and Transfer

+ qlui(uiuj)'j + uiuiuqu’j] + KF[¢2 ui(vi—ui)

+ (Vi-Uji)douy + ¢2ui(Vi'“i>] + Hl[*l ui(ui,j+“j,i>,j]
Extra Dissipation Dissipation

27

ous PAGE SO
PRE‘Z ‘BLANK S

-

e e e .
AP I ST S LIPS PP e SR O e A R . R R T, . P
PP PE JU T T G o oW, LRI . o e T e e T SN . . T e T PN
Al asas FAVE VST PS8 PR WE 71 0 ST P RV v S G G g T i R O T o S AR




Y . PR A B S Tt D e e e T T e T

-
>

3 ]
5 o
\ =
+ Mp{®1, g uyluy, 4+uy 4) + [(Ui,j+UJ,i)¢1],jui e
: X
;
2 -
: + [(ui,j+uj.i)¢1],jui ~ 3[("1“.0,.0),1‘11 + (91Ug 9),5uy A
: Viscous Diffusion and Dissipation ]
- :
; * ‘¢1“n,n),iui]}+ l91 wjay + wifig) o
Field Forces Effects -
5 The exact equation of the dissipation rate of k i;
’ (e 2 vy ui,kui'k) is .
X 2"1[(‘11“1’ )tk (Q104) k@i, k * (Q1U3) kel k] .
- Transient
; —_
: + (QIUJE)'J‘ + E(QIUj)'j + 2v1[(QlUi)'j ui,kuj,k
- * o (QuUy) ey, g9,k * (QUg) jiBi, k85 * (QU5) kg, k84, got
W Convection e
RS
e ] . 23
+ (Qluj),jk uiui,k + QIUi ui'kuj’jk]‘ = "'2V1 [Ql ui,kui’kui,j e
. -
: - Qp ujuy, jr¥yj,k * Q1(uiuy uy k) ,j] i
Production -
¥ 2V1KF(["’2“’i'“i’],kui,k + [#20v5-U] s ke i
Extra Dissipation -
| Ty b
* [¢2<Vi'ui)],k“i,k (" 2"1[Q1,jk Wiljuy g R
B
2
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+

+

Qp,kfluguy, 74y )83 g * Q1,5 QU kUi, k * P ki¥vi,k
Turbulent Diffusion

Qiujuj gui, ik * Ql,jujui,kui,k] + 2vy ) (Keop. 1) 35 ¢

KP i #1935,k - Pri Ui k(K¢y) x - (KP1P i) k4i, x

“i,k[(qlui),j“j,k+(q101),k“j,j] = U3 qiui 195 s

ujui,k(qlui),jk - Uj qlui,kui,jk - ui(qluj) ,jkui,k
Extra -

[Tﬁluj),jui,kui,k + (qluj),kui,jui,k]
- Production

(UsU3q1, 5k*91, = (UsVs, 3+U30:, 5) juy g

[qz(Ui,juj),k+Uin,kq1,j+q1(Uj,jUi),k]“i,k

UjUi, k91, 591,k - [uiuqu,jk+ql.k(uiuj,3+ujui,j)]“i,k

[ql(uiuj,k),j*uiuj,kql,j+q1(ujui,k),j+ujui,kq1,j]ai,k s

2
291V1§[¢l(ui,j+uj.i)],jkui,k + [¢1(Ui,j+Uj,i)],;kui,k

. . _ 2 \
[;1(ui,j+u3,1)],jku1,k 3[(¢1un.n>,ikdi,k
Viscous Diffusion and Dissipation

(#1Up,0), 1k%i,k + (¢lu£,l),ikui,k}£

2”1[giql,kui,k+fli,kui,k1
Field Forces Effects
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APPENDIX B
THE MODELED FORM OF «x AND ¢ EQUATIONS

The modeled conservation equations of the kinetic energy and
the dissipation rate of that energy for the carrier fluid in
the sample application are listed here.

(i) The k eguation:

Q% o * 9y [Tk, tUGk |
Transient Convection

) t[vtux,y(QlUx),Y B % k(Qluy)’Y]

W

Vv

k t 2

: c¢5(€)(a; QlIY)'Y (VtUx'Y B
Production (P)

v Vv
£ 1 ¢ ?

Diffusion

P v
I S A1 i
¥ (.02 )(%)QZ,Y ey, py

|
N
(¢}
(o]

4 (kz) Ve
—_— — —Q +
257y 3 > GQ l,Y 'Yy (

Extra Production (
(Uz) Ve . 2 Ve 0 I
Y/ ¥\9, %y yl\c,) Ly ryf
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Q,-Q '-
% - l _ 1 R _ - t -
: (p )[koz(l = f(w)dw) (vVy Uyﬁ Qy,y -:
N 2 2 ¢ RO
& Extra Dissipation (ee) =
2 Q.-0 Vv O
F k 1 'R t e
+ c, _ [s—\|=— - — -
»5 (392)(5)(1 f; 'f(“’)d‘*’)(oq, Qz,y),yJ o
S
r
LA
vV v
_ _ t 1 t
orr] - ofs)ony < Feue)]
. Dissipation Field Forces Effects
(ii) The € equation: -
[ng,t] + Ql[Uxe’x + Uys’y] ff
Transient Convection '
g :
. _ 1 B
> - [cel(e/k)(P+Pe)] + [Ql(vt/ge)e,y 39 E(Vt/ge),y],y {
- Total Production Diffusion
5 ooy £+ o 5]
o’ Total Dissipation
¥ The notations used in the partial derivatives have been
' explained in Section 2 of the text, thus () , means Zf
- 3( )/3t, () , means 3( )/3x and () y means 3( )/3y, where e
3 x and y are the distances along the horizontal and vertical ~
directions, respectively. The values of the constants
appearing in the two equations are:
cel = 1.43, C€2 = 1.92, C€3 = 1.2, C¢5 = 0.1, Gk = 1.0,
3
j 05—1.3, o¢ = 1.0 ;:
v <
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APPENDIX C

NOMENCLATURE

17 %2° Sur Ce1 Se2' “e3’ g1 Sp2' g3’ g4’ Cps
constants in the turbulence model

d particle diameter

Dii an expression defined in Egs. (20)

®m, e5 unit vectors

f(u)—- an expression defined in Eg. (30)

£fi fluctuating component of body forces other than
that due to gravity

Fjy instantaneous (in Egs. (1) and (2)) or time-mean
component of body forces other than that due to
gravity

F interface friction coefficient

gi component of gravitational acceleration

G total production of k

k turbulence kinetic energy of the fluid

X local effectiveness of momentum transfer from the
particle phase to the fluid

2 length scale

p pressure fluctuation

P instantaneous (in Egs. (1) and (2)) or time-mean
pressure

P an expression defined in Egs. (20)

P production (in Appendix B)

Pa extra production (in Appendix B)

q fluctuation of the apparent densitvy

Q instantaneous (in Egs. (1)-(5)) or time-mean
apparent density f;

R specific gas constant &E

Ry Reynolds number based on 4 ﬂﬁ
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time

T absolute temperature
uj fluctuating velocity component of the fluid
Ui instantaneous (in Egs. (1)-(3)) or time-mean

velocity component of the fluid

Vi fluctuating velocity component of the particle
phase
Vi instantaneous (in Egs. (1)-(4)) or time-mean

velocity component of the particle phase

Xi rectangular spatial coordinate
X horizontal coordinate
b4 vertical coordinate

Greek symbols

u an expression defined in Eg. (31)
B an expression defined in Eg. (32)
&34 Kronecker symbol
€ dissipation rate of k
€e extra dissipation terms in the k equation
A Taylor's microscale
viscosity

kinematic viscosity
Ve kinematic eddy viscosity

) material density

9., 9q, 9k, of, O¢
turbulent Schmidt numbers

3 fluctuation of the volume fraction

+ instantaneous (in Egs. (1)-(5)) or time-mean volume
fraction

w frequency of turbulence

nq an expression defined in Eq. (27)

Q, an expression defined in Eg. (28)

g an expression defined in Eq. (29)
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Subscripts

1 fluid phase
X 2 particle phase
N .t partial derivative with respect to ¢t
; e J partial derivative with respect to X
* Superscript
- - time-averaged value

’

. fluctuating component

[N LN

.

2 eTs Ty N




NN
R T KA r...qf....é 4 B




DISTRIBUTION LIST

DEPARTMENT OF DEFENSE

AIR FORCE SOUTH
ATTN: U S DOC OFFICER

ASST TO THE SECY OF DEFENSE ATOMIC ENERGY
ATTN: EXECUTIVE ASSISTANT

COMMANDER IN CHIEF, ATLANTIC
ATTN: J36

DEFENSE INTELLIGENCE AGENCY
ATTN: DT-2
ATTN: RTS
ATTN: RTS-28

DEFENSE NUCLEAR AGENCY
ATTN: SPAS
ATTN: STSP

4 CYS ATTN: STTI-CA

DEFENSE TECHNICAL INFORMATION CENTER
12CYS ATTN: DD

FIELD COMMAND DNA DET 2
LAWRENCE LIVERMORE NATIONAL LAB
ATTN: FC-1

FIELD COMMAND DEFENSE NUCLEAR AGENCY
ATTN: FCPR
ATTN: FCT COL J MITCHELL
ATTN: FCTT W SUMMA
ATTN: FCTXE

JOINT CHIEFS OF STAFF
ATTN: J-5 NUC & CHEM DIV

JOINT STRAT TGT PLANNING STAFF
ATTN: JLK DNA REP
ATTN: JLKS
ATTN: JPPFM

UNDER SECY OF DEF FOR RSCH & ENGRG
ATTN: STRAT & SPACE SYS (0S)

ATTN: STRAT & THR NUC FOR J THOMPSON

ATTN: STRAT & THEATER NUC FORCES

DEPARTMENT OF THE ARMY

DEP CH OF STAFF FOR OPS & PLANS
ATTN: DAMO-NCZ

37

HARRY DIAMOND LABORATORIES
ATTN: SLCHD-NW-RH

U S ARMY MATERIAL COMMAND
ATTN: DRCDE-D

U S ARMY MATERIAL TECHNOLOGY LABORATORY
ATTN: DRXMR-HH

U S ARMY STRATEGIC DEFENSE CMD
ATTN. DACS-BM/TECH DIV

U S ARMY STRATEGIC DEFENSE COMMAND
ATTN: ATC-D WATTS
ATTN: ATC-R ANDREWS

US ARMY WHITE SANDS MISSILE RANGE
ATTN: STEWS-NR-CF R VALENCIA

DEPARTMENT OF THE NAVY

NAVAL ELECTRONICS ENGRG ACTVY, PACIFIC
ATTN: CODE 250 D OBRYHIM

NAVAL ORDNANCE STATION
ATTN: J MILLER CODE 54221

NAVAL RESEARCH LABORATORY
ATTN: CODE 2627 TECH LIB
ATTN: CODE 4040 D BOOK

NAVAL SEA SYSTEMS COMMAND
ATTN: SEA-0351

NAVAL SURFACE WEAPONS CENTER
ATTN: CODE K82
ATTN: CODE R44 H GLAZ

OFC OF THE DEPUTY CHIEF OF NAVAL OPS
ATTN: NOP 654 STRAT EVAL & ANAL BR

STRATEGIC SYSTEMS PROGRAMS (PM-1)
ATTN: SP-272

DEPARTMENT OF THE AIR FORCE

AIR FORCE SYSTEMS COMMAND
ATTN: OLW




NEaN o' G AN £ LR N 110 S e Sl A i At N S S AP B0 o e A

OIS

el a
e e s

P isiatas

el

LNk

LA N

v

-

.
P
(R
(N
.

DEPARTMENT OF THE AIR FORCE (CONTINUED)

AIR FORCE WEAPONS LABORATORY, AFSC
ATTN: NTED J RENICK
ATTN: NTEDLT KITCH
ATTN: NTED R HENNY
ATTN: NTEDA
ATTN: NTES
ATTN: SUL

AIR FORCE WRIGHT AERONAUTICAL LAB
ATTN: FIBC
ATTN: FIMG

AIR FORCE WRIGHT AERONAUTICAL LAB
ATTN: AFWAL/MLP
ATTN: AFWAL/MLTM

AIR UNIVERSITY LIBRARY
ATTN: AUL-LSE

BALLISTIC MISSILE OFFICE/DAA
ATTN: CAPT T KING MGEN
ATTN: CC MAJ GEN CASEY
ATTN: ENSN
ATTN: ENSR

DEPUTY CHIEF OF STAFF
ATTN: AF/RDQ!

DEPUTY CHIEF OF STAFF
ATTN: AFRDS SPACE SYS & C3 DiR

FOREIGN TECHNOLOGY DIVISION, AFSC
ATTN: SDBG

STRATEGIC AIR COMMAND
ATTN: NRI/STINFO

STRATEGIC AIR COMMAND
ATTN: XPFS

STRATEGIC AIR COMMAND
ATTN: XPQ

161 ARG ARIZONA ANG
ATTN: LTCOL SHERER

DEPARTMENT OF ENERGY

UNIVERSITY OF CALIFORNIA
LAWRENCE LIVERMORE NATIONAL LAB
ATTN: D BURTON
ATTN: L-10 H KRUGER
ATTN: L-10J CAROTHERS
ATTN: L-122 G GOUDREAU

38

Lioat S B e it e gl A ard i e Jene daadidinge ol

ATTN: L-122 S SACKETT
ATTN: L-203 T BUTKOQVICH
ATTN: L-22 D CLARK
ATTN: L-8 P CHRZANOWSKI

LOS ALAMOS NATIONAL LABORATORY
ATTN: A112 MS R SELDEN
ATTN: M T SANDFORD
ATTN: R WHITAKER

SANDIA NATIONAL LABORATORIES
ATTN: D JRIGAL!
ATTN: ORG 7112 A CHABA!
ATTN: RGCLEM

OTHER GOVERNMENT

CENTRAL INTELLIGENCE AGENCY
ATTN: OSWR/NED

DEPARTMENT OF THE INTERIOR
ATTN: D RODOY

DEPARTMENT OF DEFENSE CONTRACTORS

ACUREX CORP
ATTN: C WOLF

AEROSPACE CORP
ATTN: H MIRELS

APPLIED RESEARCH ASSOCIATES, INC
ATTN: N HIGGINS

APPLIED RESEARCH ASSOCIATES, INC
ATTN: S BLOUIN

APPLIED RESEARCH ASSOCIATES, INC
ATTN: D PIEPENBURG

BELL AEROSPACE TEXTRON
ATTN: CTILYOU

CALIFORNIA RESEARCH & TECHNOLOGY. INC
ATTN: K KREYENHAGEN
ATTN: M ROSENBLATT

CALIFORNIA RESEARCH & TECHNOLOGY, INC
ATTN: F SAUER

H-TECH LABS, INC
ATTN: 8 HARTENBAUM

INFORMATION SCIENCE, INC
ATTN: W DUDZIAK




DEPT OF DEFENSE CONTRACTORS (CONTINUED

KAMAN SCIENCES CORP
ATTN: L MENTE
ATTN: R RUETENIK
ATTN: WLEE

MAXWELL LABORATORIES, INC
ATTN: J MURPHY

MERRITT CASES, INC
ATTN: J MERRITT

NEW MEXICO ENGRG RESEARCH INSTITUTE
ATTN: G LEIGH

R & D ASSOCIATES
ATTN: A KUHL
ATTN: CKBLEE
2CYS ATTN: G YEH
ATTN: JLEWIS
ATTN: P RAUSCH
2CYS ATTN: S ELGHOBASHI

R & D ASSOCIATES
ATTN: P MOSTELLER

S-CUBED
ATTN: A WILSON

S-CUBED
ATTN: C NEEDHAM

SCIENCE APPLICATIONS INTL CORP
ATTN: H WILSON

SCIENCE APPLICATIONS INTL CORP
ATTN: J COCKAYNE
ATTN: W LAYSON

SCIENCE APPLICATIONS INTL CORP
ATTN: A MARTELLUCC!

SCIENCE APPLICATIONS INTL CORP
ATTN: G BINNINGER

TRW ELECTRONICS & DEFENSE SECTOR
ATTN: G HULCHER
ATTN: P DAl

WEIDLINGER ASSOC, CONSULTING ENGRG
ATTN: P WEIDLINGER

“
.

Sy

G

-
o

e
-~

‘v,

v

ShN

Ly
»

".‘-' .l .l‘ ’..

NN

N3

e e a e 5
- ‘.-“_l\‘-\.l.-‘

Y o SO ayS

s
“~

)

-

N
N



n

Lhhaad

e ale Sie Sie ade. A ey

N A% Al b an ab Ade ades 4o aie 4

g e e

TwLw v v

S g

wwew

oy ow

WPEN  VIXFIRALY KA

40




A 0 . e ' » . Pafia® o L A el A i
."\"\"!."L"&'l '—\";\-&3—;.‘-;.-‘; Vgt nant L e e RN N A S U 4 Aata g b oA balotily S5 fatn o i, Spd o T b p b atu T ot o e aRpAt b unie B 4 L)

& A

|
J

s

Pl aF Sl S

R

A T A T e T I S
O, YO RN CH OO SA S




