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THE INFLUENCE OF FLUCTUATIONS IN ACOUSTIC TRAVEL TIME
ON LOCALIZING THE POSITION OF AN UNDERWATER SOURCE

by

Tor Knudsen and Angelo Lombardi

ABSTRACT

This paper investigates the accuracy of an underwater acoustic positioning
system in locating a sound source that transmits at unknown times in
conditions in which the acoustic travel times between source and receivers
fluctuate widely. The system uses three omnidirectional receivers. The
accuracy of the system depends very much on the relative positions of these
receivers. With welltchosen relative receiver dispositions, the position
of a sound source at 20 km ranqe can be located within ± 150 m, even with
fluctuations in travel time of as high as t 100 ms.,

INTRODUCTION -

The need to locate the position of a sound source in shallow water by means
of three omnidirectional receivers led to an experimental investigation of
the fluctuations in travel time between transmission and reception of the
sound. Tihis showed that, in severe multipath conditions, the travel time
could vary by about t 65 ms between transmissions. The fluctuations were
so rapid that two transmissions 150 s apart could show a difference in
travel time of about 130 ms [11. If one knows when the transmission took
place, this gives an error of only about 200 m in locating the position of
the sound source. Huwever, if it is not known when the transmission took
place, the computation of the source's position must be basea on the
differences in the arrival times of the same signal at three points spaced
some distance apart. The existence of fairly large fluctuations in the
travel times themselves means that such fluctuations will have a large
influence on the accuracy of locating the position of the source.

This paper investigates the effect of different magnitudes of travel-time
fluctuation on the accuracy of the computed position of the sound source.
It also shows how the effect of the fluctuations can he reduced by placing
the receivers in optimum relative nositions.
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1 MATHEMATICAL MODEL

In the models the receivers are positioned as shown on Fig. 1 at (x 1 ,Yl),

(x2 ,Y2 ), (x 3 ,Y3 ). The source transmits a signal at time t , which is

received at the three receivers at times t1 , t2 and t3. We therefore y
find:

(1/0) (X-X1) + (Y-YI)2  t)2

(1/c) (x-x 2  + (y-Y) 2 = t 2-t

(1/c) (x-x3) 2 + (Y-Y3) 2 = t3-t , (Eq. 1)

where c , the sound speed, is assumed to be constant and independent of
depth, and the sound is assumed to travel in straight paths. In fact the
sound rays are bent in response to the sound-speed profile; this can be
compensated for by modifying the sound speed used in these calculations.
From Eq. 1 we eliminate the unknown t and get

t2-t I = (1/C) [ (xx) 2 + (yy) 2 - (X-X1)2 + (Y-Y) 2 "]

t3-t I = (1/c) [ Ix-x3) 2 + (Y-Y3)2  (X'Xl) 2 + (y-y) 2i (Eq. 2)

or, as matrix equation

Y = m(x,y) , (Eq. 3)

where

Lt3-tlJ

yy

(x, g)
SOURCE

02

)x'Rece ver FIG. 1 DEFINITION OF COORDINATES

Receiver Receiver

x
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2 OPTIMUM RELATIVE RECEIVER POSITION [2]

We want to estimate the position of the sound source

T

Xk = [x,Y]t=tk

from a series of observations of the differences in time between the
acoustic transmission and the reception at the three receivers. The
mathematical model for this is given in App. 7A of Jazwinsky [3):

Yi = M(i) 0(i,k)Xk + vi , i=1, ... , k , (Eq. 4)

where {vi} is a white, but not necessarily gaussian, vector sequence with

E{vl = 0 and E{vj vjI = Ri 6i , Ri > 0

and *(i,k) is the state transition matrix.

The parameter Xk may be viewed as the state at time tk of the dynamical
system

Xi+ = (+1, i) Xi  (Eq. 5)

Yi = M(i) Xi + vi  , (Eq. 6)

where Yi is the measurement at time ti

We want to find the estimate Xk that minimizes the error variance

E{I(Xk-Xk)T (Xk-Xk)} = tr E{(Xk-Xk)(Xk-Xk)T} (Eq. 7)

It can be shown [2] that the linear, unbiased minimum variance estimate Xk

of Xk has a covariance matrix given by

E{(Xk-Xk)(Xk-Xk)TI = 77 , (Eq. 8)

k,1

where

k,1 M k- *(,k) MT(i) RC1 M(i) (,k) (Eq. 9)
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is the information matrix.

So minimizing the error variance is equivalent to minimizing tr1- or

maximizing the determinant Jk,1"

In our case the sound source does not move, so that

(i+1,i) =[1 0]= I
0 1

and/k,l reduces to

J k T k
= MT(i) R-1 MM w (Ea. 10)

k,1 i=1 1=1

so that we shall maximize

-1

Comparing Eqs. 3 and 6 we see that the actual observation describes a
nonlinear relation between the source's position and the measured time
difference. Equation 6 can be found from Eq. 3 by linearization.

am11(x,y) aml2(x,y)

M= M M' (Eq. 12)

am21(x,Y) am22 (x,Y)

ax ay

where

= 1 x-x2+Y-Y2 X -

c12 ,2 )2'

44

I! M c =  ",(x-x2) 2 +(y-y2)2
.  (x.Xl) 2 +(y-yl)2 ,

I.4, _"
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=2 I x'x3 -X-Xl , :

M21 ~C (x-x3) 2 +(Y-Y 3)2  (X-Xl)+(Y-Yi)

1 Y'Y3 Y-y1
M2 2  c V/ (x-x3)2+(y-y3) 2  (xXl)2 +(y-yl 2

a&

Rut referring to Fig, 1 we now find that M is also given by

s1 COS  2 - C OS 61  sin 62- sine 1  (Eq. 13)M COS 03 - cos 01 sin 03 - sin 01

where 01 02 and 03 are the angles defined in Fig. 1.

If we measure the arrival times with a variance a we find that
t

2 2 t

2 2
t 2 atJ

and thus

-1 -1 2~

and Eq. 11 then becomes ".

I Wi 1 4 1 {sin(01- 3 ) - sin(6 2-o 3 ) + sin(8 2-61 )1
2  (Eq. 14)

To maximize Eq. 14 we apply the Lagranglan multiplier method with the
conditional function

(A)= Al - '2 + A3 = 0 (Eq. 15)

where
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Al = (61 - 63 )

A2  = (02 - 63)

A3  = (62 - 6 ) -

,4.,

and the additional function

Z =(A Wi j+ X0(A (Eq. 16)

Setting its partial derivatives to zero gives the following condition
A I  = A2 

..

4, A2 = A3

A l =  A 3 •

Substituting these in Eq. 15 we find that

Al1=A2 gives A3 =0

A2 = A3 qives Al = 0

A1 = A3 gives A2 = 2A1

where the last solution obviously is the maximum. Substituting
A1 = A3 = A2/2 in Eq. 14 and maximizing with respect to A2 gives

A2 = 2400
and

A1 = A3 = 1200

The optimum relative receiver positions are therefore in the shape of a
triangle enclosing the source and such that the angle subtended by each leg
of the triangle is 1200, as shown in Fig. 2.

Receiver

120( SOURCE

120' Receiver FIG. 2 OPTIMUM RECEIVER POSITIONS ,

Receiver

x
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3 SIMULATION

A simulation program was developed to determine how different receiver
geometries would influence the accuracy in locating the position of a sound
source. The program computes the theoretical travel time between the
source and the receivers and perturbates these delays with random values
drawn from uniform distributions. The position resultinq from these
perturbated travel times is then computed, and the process repeated with
another set of random numbers in order to plot the error distribution in
two dimensions.

to compute the theoretical travel times. The arrival times tI , t2  and

t3 are then perturbated according to

dI = tI + s U[-1,11

d2 = t2 + s U[-1,1]

d3 = t3 + s U-1,1] (Eq. 17)

where s is a constant used for scaling and U[-1,1] means a number drawn
from a uniform distribution of random numbers between -1 and 1.

Equation 2 describes the relationshf'p between the position of the source
and the measured travel-time differences. Since It is nonlinear, we start
by linearizing around the actual position Xo , which gives travel-time
differences of

Vt 2 - ti
Yo = , 4

t3 -tl

Y-Yo = M(X-Xo) ,

so that

= 
1 d2-dl-(tt)

x-xo = M-1 (Y-Yo) M-1 d  t 2 t l )

where M is given by Eq. 12.

The estimated position due to the perturbated travel time is

X = M-I(Y-Yo)+X o , (Eq. 18)
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We then compute the new travel times using X in Eq. 1 and relinearize M
around the new position estimate X . Using Eq. 18 we then compute a better
estimate.

The iteration is ended when the new and the previously iterated positions
are within a chosen limit, usually set to 5 m. The simulation is then
repeated for another set of random perturbations by returning to Eq. 17.

4 RANDOM PERTURBATIONS OF THE TRAVEL TIMES

The computer program was run on several examples in order to investigate
how the relative positions of the receivers influenced the error in
estimating the sound source's position. The distance between the outermost
receivers was 20 km and the sound source was moved to different positions a

within a square of 30 km x 30 km dimensions. Figure 3 shows the results
for the three mean propagation delays of ± 25 ins, ± 50 ms and ± 100 ms whten
the receivers were placed along the y axis at 10 km intervals; because
the errors are symmnetric around a line that is parallel to the x axis and
crosses the y axis at 10 km, only half the field is shown.

It is seen from the figure that the uncertainties in the position of each
sound source are ellipses centred around its real position, which is marked
with a cross. The error in the estimated position increases very much when
the independent fluctuations in the time of arrival of the signal at the
three receivers increase from ± 25 ms, to ± 100 ins. At 20 km range (same
distance as the receiver baseline) the maximum error has increased from
about t±1km to about ± 3.5 km.

The situation is greatly improved when the receivers are positioned in a
right angle, as shown in Fig. 4 for the same three mean propagation delays.
The distance between the outermost receivers is again 20 km and it is seen
that even with uniform random fluctuations of t 100 ms, in the time of
arrival the maximum error is within ± 500 m for a sound source 20 km from %b
the furthest receiver.

The optimum relative receiver disposition was found earlier to be as
depicted in Fig. 2. The results of placing the receivers in this
configuration are shown in Fig. 5 for the same three mean propagation
delays. It is seen that the errors within the trlanqle formed by the
receivers are very small (within ± 150 in), even with ± 100 mns time

* fluctuation. However, when the sound source is placed outside the triangle
the errors start to increase considerably.

5 RANDOM PERTURBATION flF SOUND SPEED

* Normally one my not know the sound speed accurately, or it may vary along
the path from the sound source to the receiver and also between the paths
to the different receivers. This effect can be interpreted as a range-
dependent fluctuation in the acoustic travel times between source and
receivers. To give a feeling for the problem we assume that there is an
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uncertainty in the actual sound speed, given by (1500 ± 5) m/s. This
results in an uncertainty of ± 50 ms in travel time for distances hetween
source and receivers that are qreater than x , qiven by

0.05 x 1500 x 1505 =22 km

Since the uncertainty in the sound speed can be interpreted as an
uncertainty in acoustic travel times, the positioning error depends, as
before, on the relative position of the receivers.

CONCLUSION

This paper shows that even with fluctuation in acoustic travel times of the
order of ± 100 ms it is possible to locate the position of a sound source
at 20 km range within ± 150 m by proper relative positioning of three
omnidirectional receivers.
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FIG. 3 RECEIVERS PLACED ON A LINE-
Uncertainty in position due to fluctuation in propagation
delay of
a)± 25 ms
b)± 50 m's
c) ±100 nig
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FIG. 4 RECEIVERS PLACED AT AN ANGLE. by
Uncertainty in position due to fluctuation in propagation
delay of
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FIG. 5 RECEIVERS PLACED IN THE APICES OF A TRIANGLE.
Uncertainty in position due to fluctuation in propagation
delay of
a)± 25 ms
b)± 50 ms
c) ± 100 me

N4



KEYWORDS

ACOUSTIC POSITIONING SYSTEM

ACOUSTIC TRAVEL TIME

FLUCTUATION
MULTIPATH CONDITIONS
OMNIDIRECTIONAL RECEIVER

PERTURBATED TRAVEL TIME

PROPAGATION DELAY

SOUND SOURCE
SOUND-SPEED PROFILE

II

i

9 9'

.9



SACLANTCEN SM-184

INITIAL DISTRIBUTION

Copies
Copies

MINISTRIES OF DEFENCE SCNR FOR SACLANTCEN

JSPHQ Belgium 2 SCNR Belgium 1
DND Canada 10 SCNR Canada I
CHOD Denmark 8 SCNR Denmark 1
MOD France 8 SCNR Germany 1
MOD Germany 15 SCNR Greece 1
MOD Greece 11 SCNR Italy 1
MOD Italy 10 SCNR Netherlands 1
MOD Netherlands 12 SCNR Norway 1
CHOD Norway 10 SCNR Portugal 1
MOD Portugal 2 SCNR Turkey 1
MOD Spain 2 SCNR U.K.
MOD Turkey 5 SCNR U.S. 2
MOD U.K. 20 SECGEN Rep. SCNR 1
SECDEF U.S. 65 NANILCOM Rep. SCNR 1

NATO AUTHORITIES NATIONAL LIAISON OFFICERS

Defence Planning Committee 3 NLO Canada 1
NAMILCOM 2 NLO Denmark 1
SACLANT 10 NLO Germany I --

SACLANTREPEUR 1 NLO Italy 1
CINCWESTLANT/COMOCEANLANT 1 NLO U.K. I
COMSTRIKFLTANT 1 NLO U.S. 1
COMIBERLANT 1
CINCEASTLANT 1 NLR TO SACLANT
COMSUBACLANT 1
COMMAIREASTLANT 1 NLR Belgium 1

SACEUR 2 NLR Canada 1
CINCNORTH 1 NLR Denmark 1
CINCSOUTH I NLR Germany 1
COMNAVSOUTH 1 NLR Greece 1
COMSTRIKFORSOUTH I NLR Italy 1
COMEDCENT 1 NLR Netherlands 1
COMMARAIRMED 1 NLR Norway I

CINCHAN 3 NLR Portugal 1
NLR Turkey 1
NLR UK 1
NLR US1

Total initial distribution 246
SACLANTCEN Library 10
Stock 24
Total number of copies 280

a -..,



D7*

, - I---jjl


