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il I. INTRODUCTION

BN

"' The primary motivation for this work is to explore turbulence models for
e high speed, three-dimensional flows such as those which occur in the vicinity
;.::: of artillery projectiles. The basic geometry is axisymmetric but at angle of
s:.\: attack or yaw. At high spin rates, the three-dimensional effects are
e significant. The range of angles of attack is usually small for a stable
:5::; projectile but practical geometries often involve surface irregularities such
) as fuses and rotating bands. These surface perturbations sometimes lead to
ot ) local regions of separation so that it is desirable that the model of
ﬁ turbulence be extendable to such conditions. Finally the projectile base flow
-\g has a very significant effect on the projectile drag and therefore a generally
g useful model should be applicable in the wake region.

N The turbulence model must be applicable to compressible flow hecause most
o artillery launching speeds are supersonic. The lower end of the speed range,
R however, must also encompass transonic Mach numbers because this is often a
.::'g: critical flight condition which must be studied in detail.

‘“t

:3:',:: Numerical techniques for investigating projectile flow fields have been
P developing rapidly over the past 15 years; starting with Euler inviscid flow
?‘:;‘ solutions coupled with boundary layer techniques and currently concentrating
»( on various forms of the thin shear layer Navier-Stokes codes which solve the
N inviscid and viscous field at the same time. The methods of primary interest
Y, for the turhulence modeling considered here are: the three—dmensmna]
K .’“ boundary layer technique developed by Dwyer and Sanders,! the parabolized
T Navier-Stokes technique of Schiff and Stegt-:r2 with the numerical algorithm
o based on the work of Beam and Warming3 as well as the unsteady transonic
::‘.}0 Navier-Stokes technique of Pulliam, Steger and Nietubicz.“

"

;:‘:
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o

% 1. Dwyer, H.A., and Sanders, B.F., "Magnus Fcrecee on spinning supersoric

"3?'0" Cones. Part 1: the Boundary Layer," BRL Contractor Report, ARBRL-C2-248,
. July 1975,

g

e 2. Sehiff, L.B., and Steger, J.L., "Numerical Simulation of Steady Supersonic
;g‘"- Viecous Flow," ATAA Paper 79-0130, January 1979.

i."f .

“ 3. Beam, R.M., and Warming, R.F., "An Implicit Factored Scheme for Hyperbolic
y Systems in Comgervation-Law Form," . of Computational Phyeice, Vol. 22,
L 1976.
So5¢

908 4. Pulliam, T.H., and Steger, J.L., "On Implicit Finite-Difference Simulaticr.e
) of Three-Dimensional Flow," AIAA Jourmal, Vol. 18, 2, pp. 159-167,

kl February 1980.

wth 5. Nietubicz, C.J., Pulliam, T.H., and Steger, J.L., "Numericcl Scluticr. of the
o Azimuthal-Invariant Thin-Layer Navier-Stokee Equationse," ATAA Paper 79-
S 0010, January 1979,
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Initially these numerical methods have employed algebraic turbulence
models based on the mixing length theory of Prandt1.® These have been modi-
fied for compressibility and extended to include effects of heat transfer,
pressure gradient and many other effects. One of the main criticisms of these
methods is that they are local models which do not account for the convection
and diffusion of turbulence. In order to include more of the physics of tur-
bulence in the mathematical models, the 1-_ and 2-differential equation tech-
niques were developed. A number of surveys’ ® 9 of the development and status
of all these methods are available and therefore no discussion is required
here. The K-E model of Jones and Launderl® was selected as the non-local
model to be tested in the above numerical codes as a representative differ-
ential equation technique.

This report consists of three main sections: the first contains a review
of the three-dimensional, turbulent equations of motion aimed at clarifying
the assumptions inherent in their subsequent use, the application to the
three-dimensional boundary layer equations and finally their application to
the steady, parabolized Navier-Stokes equations. The inclusion of the K-E
equation to the boundary layer is based on the work of van Gulick!! 12 and the
application to the PNS equations has been reported by Kim.!3 Concurrently,

6. Schlichting, K., "Bowndary Layer Theory," 7th Edition, MeGraw-Fill Bock
Co., 1979,

7. Launder, E.E., and Spaldivg, D.B., "Mathematical Models of Turoulence,”
Academic Press, Inc., 1972,

8. Pubesin, M.W., "Kumerical Turbulerce Modeling," AGARD Lecture Seriec Lc.t&t
on Computational Fluid Dynamiecs, pp. 3-1 to 3-37, April 1977.

9. Reynclde, W.C., "Computatior. cf Turbulert Flows," Ann. Rev. Fluic Mecii.,
Vol. 8, pp. 183-208, 1976.

10. Joree, W.F., ani Launder, B.E., "The Caluculation of Low Reynclde Kwrker
Phenomena with a Two Equation Model of Turbulence,” Int. J. Heat and Mass
Transfer, Vol. 16, 1973.

11. Van Guliek, P., "Application of the K-E Turbulence Model to c Bourdary
Layer Solution for Flow About a Spinning Yawed Projectile at Mach 3,"
Magters Thesis, Mechanical and Aerospace Engineering Department, Univer-
s8ity of Delaware, June 1983.

12. Van Gulick, P., and Danberg, J.E., "Application of the K-E Turbulence Mode!
to a Boundary Layer Solution for Flow About a Spinning Yawed Projectile
at Mach 3," Proceedings 12th Southeasterm Conference om Theoretical and
Applied Mechanics, May 1884.

13, Kim, J., "Computation. of Three-Dimensional Turbulent Flow with Parabolized
Navier-Stokee Equations and K-E Turbulence Model,” Masters Thesis,
Mechanical and Aerospace Engineering Department, University of Delaware,
January 1984.
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the K-E technique has been tested in the unsteady, transonic Navier-Stokes
problem by Sahu'“ but discussion of his work is not considered here.

I1. TURBULENT COMPRESSIBLE EQUATIONS OF MOTION

A. Mean Flow Equations

The starting point in the derivation of the turbulent flow equations of
motion are the compressible, laminar Navier-Stokes equations (including
continuity, energy and equation of state).

Continuity
9 9
.s_‘é+-a—£3(puj) =0 (1)
Momentum
3(pu;) ] p ) P
i . ij
T o PUiY) Tt et ey (2)
J J J
Enerqgy
3(pH) d _ 9 d
Sl W, (pHuy) = 3¢ + ; (ugTy5 = ay) (3)
Constitutive equations
du au du
_ i j_27k
Tij [W;*W: 3&;513‘] (4)
- 3T
Definition of total enthalpy
H=¢e + p/e + ] u; u (6)
int 2 B

P IR U B I
AP Y 4!'{_‘.’1-"1' -\f.“

14. Saku, J., "Navier-Stokes Computational Study of Axieymmetric Transonic
Turbulent Flowe with a Two-Equation Model of Turbulence,” Ph. D.
Dissertation, Mechanical and 4erospace Engineering Department, Univer-
aity of Delaware, June 1984.
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Equations of state

PRT (7)

4
o
n

_ ) =
,': h CpT, (8)

Since these equations cannot be solved at this time for fully turbulent
¢ flow because the length and time scales of the motion are too di'sparate, solu-
< tions are sought to altered equations produced by averaging over time and

s neglecting or modeling various terms. The derivation used here is based on
a mass-weighted time-averaging.15 16 By definition the mass-weighted mean
By (denoted by tilde) is

g 2 =7alp (9)
By
Ll
{5¢§ where an over bar is a conventional time average. We will use a single prime
‘;é to indicate the fluctuating part in the mass-weighted variable, i.e.:
:H':j > + >
5?4 a(r,t) = a(r) + a° (r,t) (10)
oo

i and a double prime is used to denote the fluctuating part in a simple time

average:
2(F,t) = a(F) + 2" (F,t) (11)

It follows then that

pa"=0and a"” = 0

Ny but @ # 0. Based on these definitions one can derive the following
Rt equations:

:‘ ’.

WS

oo,

‘!

15. Cebeci, T., and Smith, A.M.0., "Analyeis of Turbulent Boundary Layers,"
Academic Press, Ine., 1974.

hﬂﬂ 16, Rubesin, M.W., "A One-Equation Model of Turbulence for Use with the Cor-
Ny pressible Navier-Stokes Equations,” NASA TMX-73, 1976,
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o The second term on RHS of this equation is the interaction of the variable
I transport property and the fluctuating velocities and is usually neglected.
w0,
o 11
X
"\I" .‘sr.;l* W -f"\f;. IS ".-::.*::.-"' ) “' :_ 0"-:.,-; 1“'-: ' " ‘.‘ ) ‘h - \ s NN \-r__..rg_ \_-r.-'\‘ BTN ._ e .-\a 3

Continuity
3% . 2 .~
ﬁ*‘ax—j (e UJ) =0 (12)
Momentum
Bu, p 3
T J(puu)---a—— T'( .-pu;ug) (13)

where -pu;ug is the Reynolds stress tensor. These additional unkowns render

the set of equations insufficient and therefore a generalization of the
Boussinesq formula is introduced. If we write

aii au.
= Mg ﬁ;*ﬁf + RSy

where A is an invariant of the Reynolds stress tensor. The trace of the
tensor gives,

- PU;

-‘\
C_a\

~

A = 2 k 1
'3'—8— 3‘DUU
Thus, since
3“1 3uj

d.. = + - §..
iJ ij ax. 3 3xk 1]

we can write the Reynolds stress as

"
©
ol

1
wiro

K6, (14)

where ¥ is the mass weighted average kinetic energy.

K= 0.5 pusUT ] P .

The molecular stress ?ij can also be written in terms of dij as follows.

Ty = W d'ij + udij (15)
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If this term can be ignored then the resulting equation for the combined mole-
cular and turbulent stress becomes

= (u + u,) dij -3 oK 61j . (16)

In most algebraic turbulence models which do not compute fluctuating quan-
tities, it 1is not possible to account for the last term involving the tur-
bulent kinetic energy. Neglecting this term has the advantage that the total
shear stress is proportional to the mass weighted average of dij and the equa-

tions derived for compressible laminar flow may be used to compute turbulent
flow by simply replacing the viscosity coefficient u by the sum of the mole-
cular and turbulent viscosity m + Mye This assumption has been made in the

computations reported here but the problem is pointed out and needs further
investigation.
The turbulent "eddy" viscosity, by, Can be dimensionally described in

terms of a density times a characteristic velocity times a characteristic
length. In the algebraic turbulence models, the characteristic velocity is
generally proportional to the mean velocity gradient so that

- 3u
ut=p22,$. (17)

In the "two equation" turbulence models considered here, the velocity scale is
related to the square root of the kinetic energy of turbulence, P12, The
Tength scale is equal to ﬁ3/2/f, where £ is the dissipation rate, so that

= reeys
Mg =€ P K4/E (18)

where <, is assigned the value c, = 0.09. A comprehensive discussion of alge-

braic, one- and two-equation models of turbulence is contained in the survey
by Launder and Spalding.”’

The energy equation is modified recognizing that

opH =e + p (19)

where

e = pey ., + 1/2 pujuy (20)
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or the total energy per unit volume of the flow (eint = internal energy/mass =
c,T). Consistent with the averaging process used previously, the turbulent
flow energy equation becomes

9 /- - o0 - -~
st (e+p) +5-[(e+ p)uj] =
J
a- a - Ot P
3¢+ o (-85 - (e p)uj + U G (21)
J
+ U, udij +ou i ).
Fourier's law becomes
q; (k + k) 5= (T 7770 (22)
i” %3
The mean molecular heat flux and stress work are taken to be
ST~

In analogy with the Boussinesq representation for the Reynolds stresses we
write the following for the heat flux and shear work:

R + k 3.1:. ~ ~ - - - ~o~ -
(k+ k) BN T YT (€ + PG + uyTy5 + Uity (24)
so the the turbulent heat flux is determined by
3T _ .. dT°” . . .

It is convenient to eliminate temperature from the final equation using

a?

T = a2/\R = = (26)
r-10%,
which is averaqged to give:
T = az/[(v-l)cp]- (27)

13
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The thermal conductivities are also eliminated by introducing the molecular
and turbulent Prandtl numbers

Pr

Cpi/k , (28)
and

Prt = Cp“t/kt‘ (29)
Thus the final form of the energy equation for turbulent flow becomes:

(30)

The reason for developing the mean flow Navier-Stokes equations in the
above form is to define and emphasize clearly some of the underlying
assumptions which have been made in using the equations in this form.

1. The velocity components, Ej’ are mass-weighted time averages. Since

rnost solutions do not provide information_regarding the density fluctu-
ations it is not possible to relate uj to Uss the physical velocity.

2. A term involving the kinetic energy of turbulence has been neglected
in formulating the Boussinesq approximation to the Reynolds stresses,
i.e.:

Although this term applies to the normal stresses and therefore may be
expected to be relatively unimportant, it should be possible in the K-E
models to test its significance.

~

= pds, - pu;ui

3. e dij ij

As already pointed out in the mass-weighted average derivation.'ﬂ?} 0

and thus even if u = u, the ua;j term is not obviously zero and utaij

represents more than the conventional form of the Reynolds stresses

4. The turbulent heat flux, equation (25), also contains a number of

additional terms which would not appear in incompressible flow even if
k“” is negligible.

14
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5. The definition of the mean total energy can be used to provide an
equation for the mean pressure

- _ - 1-~~ 1 P
p = (Y-l)[e-?ouiui -?puiu.] .

In most computational work, the kinetic energy of turbulence in this
equation is ignored in the evaluation of the mean pressure. This is
necessary when using the algebraic turbulence models but could be
accounted for when using the K-E equations.

6. In general, the fluctuations in transport properties k“° and M°” are

neglected (see for example References 17 and 18). However, the only
justification is mathematical convenience.

B. Turbulent Kinetic Energy Equation

Multiplying the momentum equation by the instantaneous velocity, taking
the time average, considering only the terms where j = i and subtracting the
mean kinetic energy, one obtains an eguation for the kinetic energy of the
turbulent fluctuations |

PUIU, 9 pusu: ap 9T, U,
D 11 = u’ 171 - u +ut ik - p—ul-u-’ 1 (31)
bt 2 5xk k 2 i §x1. i §xk ik 3xk

which can be rewritten as

n [puiui]= 3 1 —

S " [uilz pujui) + ujp - uiry,d 3
. (32) ‘
au;. 3u17 au,i
ML TP X " Uitk X,

The four terms on the right hand side represent the diffusion of turbulent
kinetic enerqy, tendency toward isotropy, dissipation and production terms

17 . White, F.M., "Viscous Fluid Flow," McGraw-Hill Book Company, 197¢.

18. Schubauer, G.B., and Tchen, C.M., "Turbulent Flow," Turbulent Flouw and Heat

Transfer, Ed. C. C. Lin, Princeton Series on High Speed Aerodynamice and
Jet Propulsion, Princeton University Press, 1959.
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i
::::: respectively. In this derivation, the dependent variable is the kinetic
R energy per unit volume pu;u;/Z obtained for incompressible flow. In the limit
al L - 2 = - P .
2 that p + constant and thus uy > oug with Tij T4 + T_ij, the above equation
«:3 reduces to the usual incompressible form. Thus for the compressible case it
o is only necessary to rewrite the kinetic energy in terms of the mass weighted
'; average

N
- - - .
i K = 0.5 pu;u;/p . (33)
J-"

- The tendency-toward-isotropy term is ignored in forming a model equation to

represent equation (32). The dissipation is also considered as a mass-

cod weighted average so that
e
[ up .
5 Hiwx, TPt (34)
J

. and finally the production term is written using the Boussinesq form as

o

\ ~ ~
o ST I (35)
g X, Yt Sk X
% (the contribution of ua;. has also been neglected). Thus the model kinetic
"3_' energy equation becomes J
E}e_. b - 3 . upq K . O

- G | RS B IR e (36)

‘ J k J k
</

v
s where according to Jones and LaunderlO, o, = 1.0.
i ‘

)
::::. C. Dissipation of Turbulent Energy Model Equation
}‘ The dissipation rate of turbulent kinetic energy € is written in analogy
":j to the model kinetic energy of turbulence equation as:

A 3¢ ~ ~ 3%,

W D =~ ) - W - €2 € ~ i

.1; 'DT(D €) =W[[u “'a—']TX—] - C29~—*’ CI:"tdikTT' (37)
Qi 3 € J K K k
:i The production and dissipation terms have the same form as their kinetic
-\: energy equation counterparts but scaled by €/K and multiplied by constants: 1V
b N C = 1044, Cr = 1,92 and o, = 1.3.
5:', 1 2 €
.
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¥ D. Low Reynolds Number Effects

In the form indicated by equations (36) and (37), the dissipation remains
finite at the wall and is balanced by the diffusion term. It is desirable for

computational purposes to redefine € such that its value at a bounding wall is
zero. This 1is achieved by adding a term to the definition of € which is
according to Jones and Launder!®

.~ 3 .~ 17272
3 e-va(K )], (38)

If € is replaced by E in the dissipation rate equation, the diffusion term
rerains finite at the wall. The equation can be balanced hy adding a term as
follows

225, 12
- 1
C3 v Ut[m)—(;] . (39)

The modified K-E equations becomes

~ AU,
D ,- > _ 38 - Pra K - ~ i - - 3 RYCR I
ot (° ¥) =—‘ax.[[“*o_] a‘x.]"’E*“tdik‘axk'z"" ['ax (! )]
j

J k k
& ~2 ~ su
D - Mt g af -t £~ i
(os)=r{u+— ]-co—~+c:ud = (40)
Pt J[ o 'Ex_J 2" 7 17 "t Tik ax
azii
* O3V 5x15xj] ‘

Van Gulick!! using a series expansion technique has shown
that K = 0(y2) as y » 0, and that £ = O(y) with the result that u, = 0(y3) as
suggested by White.!” However, van Gulick's experience with the boundary

layer equations showed that the ?1/2 term made the numerical solution highly

unstable. As a result, he adopted a proposal by Chienl? in which € was
changed to

19. Chien, K-Y., "Predictions of Channel and Boundar) Layer Flows with a Low-
Reynolds=-Number Turbulence Model," ATAA Jourmal, Vol. 20, No. 1, January
1982,
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N

b2

By F=%.20 Ryy? (41)

Gl

o and the added term in the £ equation becomes

~f,'.:

L » ~

s E 1.+

i.ff' -2v 5 exp (-5y) (42)

LA y

e where y+ = uty/vw. This term becomes small very rapidly as y increases and

4, ‘

; A has the correct form to balance the diffusion term at y = 0. Chien also

! '.._: sugqgested that cu in the equation for My include a damping term similar to

‘Lol

!. that of the van Driest damping factor

\

::‘:5 ¢, = 0.09 (1- exp (-0.01 %28))

N‘

o

:!. which maintains u, = 0(y3) near y = 0.

|

‘i"‘

e E. Rotta's Three-Dimensional Stress Tensor Model

2%

.

f The Boussinesq postulation used to simplify the writing of the Reynolds

o stress terms in the momentum equation implies that the eddy viscosity produced
by turbulence is isotropic and that the differences in the various components

b of the Reynolds stress are just determined by the components of the strain

5

rate tensor, dij- In general, the full equation for the Reynolds stress is a

complicated tensor relation which could permit Reynolds stresses in three
dimensions which are not aligned with the local mean rate of strain.

- e g o we AL
- .I, .
&5

‘. Employing the incompressible equations, Rotta2? asserts that the non-
;_-; isotropy of the flow is due to the pressure strain term which he writes as two
it separate components:

-r_:d

e

N p [auﬂf avﬂd _ pm"r aull + av)l] + ptll auﬂd + avﬁt

- ]'DLW X P y x ]

o (43)
:': prl awal . aval ]= pmoo [ aw¢a . avn’] . pt'o awo‘ + QV”]

S ) 3y 92 3 3y 92 [ 2y 9z )

e
3

L,

1%

o G
el o]

AW 20. Fottc, J.C., "A Family of Turbulence Modele for Three-Dimeneiorc’ Thir-
n:l. Shear Layers," Symposiwn of Turbulent Shear Flowe, University Park,

ey Pennsylvania, 1977,
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The terms involving pm" were assumed to be proportional to the mean strain

rates in streamline coordinates and to v°“2, After transforming from
streamline to general Cartesian coordinates he found

pm“ aU“ av“ aa aw 4&2
[ [ 3y T X ] - [xxx Tyt Xxz By ] v
(44)
pm‘& aw’a avao aa aw “2
P [ 3y ¢ ] = [xzx Iy " X2z Ty ] v
where
R - .2
Xyx = (g™ * W )/(U” + w°)
Xyp = (Xgg = Xp) G W/ (32 + #) (45)
Xpp = (KggH * X 30)/ (@ + #8)

and where Xg and Xpp, are constants of proportionality in the streamline
coordinate system.

-

The other factors in the pressure-strain terms involving pt’ were
presumed to be proportioned to the local Reynolds stress, i.e.:

p >, P, », » PR 4 ~
t [ u”” , 8y ] = -Kp Ku“v” /L

P ay ax

(46)
pt" aw“ av“ e L4
—la— o] =K, kWt

where Kp is a constant of proportionality. Neglecting all the other terms in

the equation for the Reynolds stresses Rotta, determined the stress components
as:

—————— u - -
t -2 -2, 3u - = W
-pu“ v’ = u" + Fw ) ==+ (1-F) u w—
R [« g+ (1-F) 1w 3]
(47)
———————— u - -
P B t - = au -2 -2 3w
-pW Ve = 1-F) uw + (w" + Fu 5
(Gz-hv.vz) [( oy ) y
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where My is the isotropic eddy viscosity corresponding to F = 1 and where, in
general,

F r——l " Xnn (48)
- Xgs

F is thus a parameter to be selected by comparison with experimental data.
Rotta suggested a value of 0.5.

F. Effect of Non-Isotropy on the K-Equation Production Term

Van Gulick applied the Rotta theory to the boundary layer form of the K-E
equations where the production term can be written as

~

P = pu'v’ -%% + pwW7V” %g . (49)

If it is assumed that the above analysis holds at least approximately for the
compressible case, then P can be written

e 2—3]2*[%%]2
Isotropic part N W -~ ﬁg
oo (6w G -

Non-Isotropic part

In the 1limit asy +» 0, U+0and w+ &r (circumferential velocity due to

spin):
p.,,[r[] [ ] (51)

This shows that near y = 0 where:—ymay be large, the production termm is

strongly influenced by the non-isotropy. But experiments show that W, the
cross flow velocity decreases very rapidly away from a spinning surface and
for y* > §

~al ~ol
~p ~ ~2 IwWY" ~ u
w = 0.1 u and-ry = 0.01 [Ty ’
20
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Ay
iR
.‘3 +
.;-: so that for y* > 5
’n
- ~a2 ~o? ~a?
o e [ oyl *FPlayd | e ley) o (52)
"
] . . .
> or essentially isotropic for the boundary layer situation. Because of the
G rapid fall off of the effect of spin on the cross flow velocity and the small
| cross flow velocities at small angles of attack, the non-isotropic effects can
YA ’ be expected to be very slight even for values of F significantly different
;’ ' from unity.
4
Ko G. Algebraic Eddy Viscosity Models
2 Two forms of algebraic eddy viscosity were employed for comparison with
>~ the two-equation K-E model. For the boundary layer equations, a form of the
o Prandt1-van Driest mixing length approach was used
~: 2 | |au ow
Sy _ - u W
¥ “t‘”[w*w] (53)
:;}
"
:‘_: where
o
8 . o +
£/6 = X tanh[ﬁ'p] [1 - exp [- i;]] (54)
1SN A
Y]
> A = 0.09, « = 0.4, A" = 26.
J The other model is the more sophisticated Baldwin-Lomax2! technique, which was
EA used in connection with the PNS code. This two layer model is based on the
o proportionality between My and the local vorticity in the "innner" region,
b such that
S
l »
_ _ = o2
< () ipner = P ¥ lul (55)
3-_;:
:-:', where
S
4 + 0+
%= xy [1 - exp(-y /A")], (56)
L
s
-y
iy
R ) : . Ty :
-g‘. 21. Baldwin, B.S., and Lomax, E., "Thin Layer Approximation anc Algebraic Model
:.::: for Separated Turbulent Flows," AIAA Paper 78-257, January 1978.
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B. Boundary Layer Results

4. -

The results obtained with the Dwyer and Sanders boundary layer code
< incorporating the K-E turbulence model are fully described in van Gulick's
oty thesis!! and in a paper by van Gulick and Danberg.!2 Their results are only
Q surmarized here in regard to the comparison with the experimental data of

R Kayser and Sturek?2 and in regard to the effects of non-isotropy and buoyancy.
»

©a 1. Experimental Data
hli Figure 3 shows the configuration tested in the Ballistic Research
'{-;‘. Laboratory wind tunnel by Kayser and Sturek. The tests were performed at M =
A‘ 3.0, Reynolds number of 9.68 x 10® per meter and angles of attack of 0° and
g 2°. Measurements were made with and without the model
spinning (2 = 20,000 RPM). Wall pressure distributions were obtained for the

N non-spinning case and impact probe boundary layer surveys provided the major
. experimental results. The impact probe data were reduced to provide
s longitudinal velocity profiles assuming constant pressure across the houndary
_..:: layer and employing a Crocco temperature-velocity relationship in lieu of
ot measured temperature profiles. A number of stations were investigated but
t...t results will be limited to just one station at 3.33 caliber from the nose.
o This station is on the cylindrical mid-body just aft of the ogive-cylinder
K$- junction.

o

<.

vV 2. Comparison with Experimental Velocity Profiles

o'}' Figure 4 shows a typical set of velocity profiles at the X/D =
;}. 3.33 station. The experimental data are compared with the computed three-
o dimensional boundary 1layer code predictions using the algebraic and K-E
,‘ turbulence models. The comparison is based on the physical variables and
ot therefore demonstrates the ability of the computational system (inviscid and
-~ viscous flow) to predict the measured quantities. Displacement effects are,
o however, not included. The predicted velocities are generally less than those
t§ measured. The K-E prediction is in somewhat better agrcement with the data
: than that of the algebraic model. The computed boundary layer thickness is
;' larger than the experimental data which is in part caused by the incorrectly
e calculated pressure history obtained from the theoretical prediction.
At ¢ = 1800, the lee side, the agreement is better at all stations investi-
XN gated and the lee side experimental data are expected to be more reliable
‘\i because of the thickness of the profile.
¥
’5:, : A comparison is also shown in Figure 5 between the experimental profile
2 data and prediction based on non-dimensionalized variables. The 1local
";_ velocity 1is normalized by the boundary layer edge velocity and the normal
i

.

s

R 22. Kayeer, L.D., and Sturek, W.B., "Experimental Measuremente in tie Twrbulent
XY Boundary Layer of a Yawed, Spinning Ogive-Cylinder Body of Revolution at
::« Mach 3.0. Part II: Data Tabulation," US Army Ballistic Researzh

ixj Laboratory, Memorandum Report ARBRL-MR-02813, March 1978,
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:.: distance by the boundary layer edge velocity and the normal distance by the
boundary layer thickness. This presentation concentrates on the ability of
Baa the prediction to reproduce the form of the turbulent profile independent of
e any discrepancy in the outer boundary condition. The results show that the
> K-E method is generally superior to the algebraic solution although the
% algebraic solution is at most 7 percent lower than the K-E solution.

N

g Figures 6 and 7 show typical K and E profiles close to the wall obtained

from these calculations. These results are non-dimensionalized in terms of
. law-of-the-wall variables

3

By

b + &, 2 oz, 4 o+ - 1/2

-“\-‘ (K" = Kiug, B = vwE/uT, y = uTy/vw, where u_ = (Tw/o) )e

8

$:. 3. Effect of Non-Isotropy

'Z‘_: Rotta's non-isotropy formulation of the turbulent stresses was
p Lo incorporated into the boundary layer mean flow equations. The K-E or
C algebraic turbulence model provided the My which is multiplied by an effective
':f:‘_{ velocity qradient composed of an isotropic and non-isotropic part

b

=

~f~ U . ~ W

R [du =gy L u[u By WW] (65)
. dy %y By e |

e effective

- Isotropic Non-1sotropic

-7

;‘ Figure 8 shows a plot of the isotropic and non-isotropic terns for a typical
:_-;~ solution. The non-isotropic part is seen to fall off dramatically. The net
t: effect on the longitudinal flow is found to be small for all the conditions
» considered. In varying the constant F between 1 and 0.25, the u-velocity
& profiles and longitudinal cs, do not change discernably (see Figure 9).
“‘~:: However, the circumferential flow is significantly affected as shown in Figure
::-: 10 where the circumferential skin friction coefficient is plotted against
~ angular position for the spinning body. The general effect of decreasing F is
.'.;H-ﬁ to increase nearly linearly and uniformly the circumferential friction (in
- this case to decrease the calculated roll damping). The longitudinal skin
Q.;‘.‘ friction decreases slightly because of this formulation of the shear
v stresses. This implies an exchange of momentum from 1longitudinal to the
i circunferential direction with decreasing F consistent with the assumptions
0 underlying Rotta's stress tensor.
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NN 4. Effects of Streamline Curvature
I*-"_'

' Bradshaw?3 has proposed an effect of streamline curvature on
e turbulence based on an analogy with buoyancy effects. Bradshaw's proposal
e called for a modification of the mixing length by a linear factor involving
AN the turbulent Richardson number.

AN
R The fundamental interpretation of Richardson number is that of a ratio of
Co buoyancy to inertia forces.2* For example, Reference 6 cites a formulation by
Iy Prandt1, as:
ot 13 auy?

‘il i o= L 1 o) u

s Messfs) o [5] (68)
N Bradshaw has shown that this can be interpreted as the ratio of two time
(l scales squared. He then defined a time scale for the mean flow for curved
& : streamlines as

) v [ 1 arvy) ]

"2 (mean flow time scale)” = | W Ty |
o |
o) i
N where Vez/r is the radial acceleration and the term in the square brackets is ;
:."R" the inverse of a length scale based on the rate of change of angular
. momentum. He compared this to a time scale for turbulence
"'

2 5
‘:,:::: (turbulent time sca1e)2 = % . N .

3 v, 12
e > 22 9
J u”” 3y
.f Thus the Richardson number for turbulent flow along curved streamlines is

o £3
SN defined
R ) »

s Vg© a(rVy) Vv,
2 Ri, = .
K t :2‘ 3y / ay
s - .
’,. Bradshaw also noted that compressibility would effect the turbulent Richardson
iy ce s . . -
;:' 'j number and he recommended it increase in proportion to (1 + -Y-z-l Mz) .
)
b
.
j:: 23. Bradsha:, F., "The Analogy Betweer. Streamline Cwrvature ard Hvoyancy tr.
i Turbulent Shear Flow," J. Fluid Mech., Vol. 36, Part I, 1969,

i R
J.w? 24, Arpeei, V.S., ana Larsen, P.S., "Comvective ieat Transfer,' Prentice-kcll,
oy 1964.
2y
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Launder et al25 have attempted to extend these ideas to the K-E theory by
redefining the turbulent time scale as K/E so that

. a(rvy) - -
Ri, = [(Kve)2 aye / (r 5)2] 1+ ey, (68)

It was suggested that the most appropriate way for the Richardson number to
influence the Reynolds stresses was through modification of one or more of the

empirical constants in the £ equation. Specifically it was recommended that
Co be increased by the factor

1 - C. Riy (69)

where a value of C. = 0.2 was cited as optimum based on results for lTow speed
rotating body flow fields.

Calculations were made for the wind tunnel configuration previously
described at 2° angle of attack and with spin. The Richardson number was
estimated locally in terms of the circumferential velocity, w, because it was
anticipated that the major effect would be associated with the circumferential
flow near the model surface. The Ri; employed was

~2 ~ ~
. _ o, Ko ow arw y-1 ,,2

This modification of the dissipation in the E equation had very 1little
effect. The longitudinal skin friction was slightly increased as shown in
Figure 11. The magnitude of the streamline curvature effect is negligible for
the present situation. This result might be different at higher angles of
attack.

IV. APPLICATION TO THE PARABOLIZED NAVIER-STOKES CODE

A. Mean-Flow Equations

The paraholized Navier-Stokes method (PNS) employed here was developed by
Schiff and Steger? as a technique for calculating steady, supersonic, high
Reynolds number flow about three-dimensional configurations with moderate
axial geometry variation. The PNS equations are obtained from equations (12),
(13) and (30) which can be written in the following compact form:

25, Laurler, B.E., Priddin, C.H., and Sharma, B.F., "The Caleculatior. of Turbulert

Boundary Layere on Spinning and Curved Surfaces,"” J. Fluids Engineering,
pp. 231-239, March 1977.
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where
- . r .
puU ] p v T
B0+ B 5V 0
E= 1507 F=]5v+p
5 U W 5V W
| (e +p) u | (e +p) v |
(o~ . [ _ "
p W P
6 U W U
G= |6 vVvw q= |6V
5W o+ 5w
| @)W o
(o0 [0 [0 T
T T T
XX Xy x2
P = S = W=
Tyx yy yz
T2x zy 2z
R S W
L 5 o L 5 4 l. 5 i
3u.  du. du
- i J . 2 k
Ty T By = G et T 3 TR G
- - ~ 1 TN 2al
R5=mxx+wxy+mxz+ v-1) W+.FT£].3X_
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The physical x, y, z Cartesian coordinate system is transformed into new
body oriented computational coordinates &, n, ¢ as illustrated in Figure 12.
This transformation simplifies the app11cat1on of boundary conditions and
makes it possible to neglect certain viscous terms because of the high
Reynolds number - thin shear layer approximation.2 26 The transformation
relations are:

& = &(x) Jacobian = J
- - -l _
n = n(x,y,z) J Xg (ynzC yczn) .
£ = o(x,y,2)
The resulting PNS equations becone:
ot e -1 a3
35 3-E=Re 3T ° (72)
(5 U 5 v ]
puu+e b puUV+n p
1] -~ - -~ -
E=-0 |5V uU = 1 pvVs+n pi,
5wu bwV+n_ p
L (e +p) U L(e+p) VvV
[ 5 W R
UMW+ Sy p p U
g-9! ELREN- a=011s5] .
PWW+ET,D bW
L (E+ D)W L&
26. Steger, J.L., "Implicit Finite-Difference Simulation of Flow Atout
Arbitrary Two-Dimensional Geometries,”" AIAA Jourmal, Vol. 16, No. 7,

July 1978,
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These equations have the strong conservation form while retaining the
Cartesian velocity components as dependent variables. The contravariant
velocity components U, V, W are defined as:

V=n U+n v+n_ w

(73)

The thin viscous layer approximation retains only those terms involving
derivatives with respect to z, the near normal to the wall coordinate. Thus
the RHS terms can be written as:

-

(ituy) [(&Geclse

- 2..2 2\~ 1
(u+ut) E(;x+cy+cz)vc+ 3{

IS N 2,2, 2y s L
$=0 (B4 ) [Ereise Wt (2,0 40 Vst W )e ]

(H+u

1 v~ ~ ~ ~ ~ ~
+ 3&sxu+cyv+czw) (cxuc+cyvc+czw;)]

N S s 222
L (SR T T |l -

The numerical dintegration scheme used 1is the implicit approximate
factorized algorithm in delta form developed by Beam and Warming.® 27 The

B 27. Beam, R.M., and Warming, R.F., "An Implicit Factored Scheme for tre
3 Compressible Navier-Stokes Equations," AIAA J., Vol. 16, No. 4, April
" 1978.
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difference equations are linearized in their vector form and the solution

requires block tridiagonal inversicn at each marching step. See reference 28
for additional! details and applications.

B. Turbulence Models

The Baldwin-Lomax algebraic model2! was 1ncorporated into the method as
it appears in the work of Schiff and Sturek.2® The K-E equations (38) and
(39) were incorporated by Kim!3 in the steady, supersonic PNS code paralleling

the work of Sahul* in his application of the K-E equations to the time-
dependent, transonic Navier-Stokes problem. A new formulation of the
turbulent viscosity subroutine from that employed by van Gulick was required
because of the body oriented coordinate transformations in the PNS solution.

The K-F equations can be written in a transformed form similar to the mean
flow equations, i.e.:

A B, et 1930 =

-5-€-+-5;\+-5E-Re '5E+H’ (74)
vhere
1. J-l f E ] ; B - J-l f E v ;
e EU p EV
1]
t - 2 2 2
- — + L o T
RN B K, 3. g1l Lo ] (Creyre, )
p EW u
a—t+§](c§ t2+gd)E _
E y Z C ’
p K
§ =0t s ;
p E

4
o
'.

IO T Pa e e L T AT R AT IR S T e 5 ¥ ) ) AT '\"\.‘ -\‘\.'-

28. Sturek, W.B., and Schiff, L.B., "Computatior. of the Magnus Effect for
Slender Bodies in Supersonic Flow," ATAA Paper 80-1566CP, August 1980.

29, Sckiff, L.E., and Sturek, W.B., "Numerical Simulatior of Stealy Supersoric

Flaw Jver an Ogive-Cylinder-Boattail Body," AIAA Paper 80-0066, January
1880,
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Note: these equations have been non-dimensionalized using a_, o_, u, (free-

strean properties) and the body reference diameter D. Thus the Reynolds nun-
ber parameter is:

Re = p a0/, . (75)

In addition, ¥ has been eliminated from the K equation and K from the

E-equation using the following definition of the turbulent viscosity

Thus the equations are decoupled but require an estimate of My
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o 1. Finite Difference Approximation
:}: The governing ¥-E equations have a form similar to that of the mean
5 flow PNS equations. In fact they could be solved by increasing the order of
XN the block tridiagonal inversion scheme of the PNS code but this would have
N reduced the flexihility of the code and increased the running time. The same
’ kind of linearization and implicit factorized delta form is employed for
o the F-E equation with the exception that in the decoupled form the inversion
I~ requires only an efficient tridiagonal algorithm. The boundary conditions
{: employed at the body surface are the same as in the boundary layer case,
o i.e., k = £ = 0. At the outer boundary a zero gradient condition was applied
N K _ of
. — O — = .
‘Q§ 3g 9 0
N
A,
- ?e Thus questions regarding the determination of the edge of the boundary layer
(i; and evalua-ion of the inviscid K-E equations along an inviscid streamline were
s avoided. The above conditions were applied at an arbitrary point well away
?;; from the viscous layer near the body.
'J
b 2 The initial conditions employed to start the calculation are based on
" equating the production and dissipation terms. This is obviously incorrect at
the wall and at the outer edge of the boundary layer. However, the error is
L expected to decay as the flow develops. The resulting equations for initial
o values of ¥ and ¥ are
Y
~
> ~ e 2,2 ~2,~2 ~ 24172
oW Tz . Y o4 z
v, ' /Pe 5 Ve [(cx y+;z) (u VetWe (uccx vccy 14 z) ]
e o (77)
o U
" > "t .02 2 2 ~2 ~2 2
: E = — L(Cx+~,y+ , (u +vc+wc) + (u 4 Jrvcr,y+wc z) ].
;. The turbulent viscosity and initial velocity distribution were obtained using
2}: the algebraic model ahead of the station where the K-f equations were first
%ﬁz introduced. A more complete description of the finite difference procedure
e can be found in Kim's Thesis.?!3
i;. C. Preliminary Results Using K-E Model in the PNS Code
~,"
;;;3 The experimental data from the ogive-cylinder-boattail projectile
P configuration were used to evaluate the PNS Code. The calculations, however,
Py were limited to zero angle of attack and zero spin. The code was run on the
4. . University of Delaware computer system and required 45 minutes of CPU time to
N complete just 160 steps. Because of the long running time on this system only
j:ﬁ a few runs were made in an attempt to verify the progran.
e
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B, . Figure 13 shows one of the velocity profiles obtained at the ¥/D = 3.33
Al station. The difference between the K-E and algebraic computation is not
significant at this point. The agreement with the experimental data is not
aﬁ; significantly different from that of the boundary layer solution despite the
,bﬁ fact that the PNS calculation included the inviscid as well as the viscous
‘"il flow field. The close agreement between the two turbulent viscosity models is
}ﬂ shown in Figure 14 where both methods give essentially identical results out
fh, to a y* of 100 near the maximum in My Beyond that point, the K-E turbulent
:__ viscosity falls off more rapidly than the algebraic theory but the difference

R has 1ittle effect on the computed velocity profile. The K and ¥ profiles on
Ry which the by values are based are shown in Figures 15 and 16. These show
SN

: unexpected sharp peaks and lack of profile structure. It is believed that
further computational experimentation is needed to provide additional

SN substantiation and extend these resul+s.

4t

5
g V. CONCLUDING REMARK.S
‘:B A two-ecuation model of turbulence based on equations for the turbulent
ui\ kinetic energy and enerqy dissipation has heen formulated and applied to the
e solution of superscnic, three-dimensional flow and the results compared to
A experinental data. Two solution techniques were studied; the boundary layer
N theory approach and the parabolized Navier-Stokes method.

The boundary layer calculations were made using the K-E turbulence model
and compared to results employing an algebraic turbulent viscosity model.

o Both turbulence models gave good agreement with velocity profi1es obtained on
- a spinning ogive-cylinder-boattail configuration. The K-E model gave slightly
f;- better results regarding the shape of the profile but both numerical

i predictions over-estimated the boundary layer thickness.

)

:: The parahbolized Navier-Stokes technique has the advantage of computing
o the entire flow field at one time including the viscous and inviscid

) regions. In order to make the K-E turbulence model compatible with the PHNS

ﬁb method, the turbulence equation had to be reformulated in body oriented

curvilinear coordinates. Preliminary results with this code also showed good
& agreement when compared to an algebraic turbulence model and with experimental
‘ﬁk velocity profile data.
P

Zﬁt The fundamental assumptions inherent in the compressible, turbulent flow
'é% equations were reviewed. The formulation is based on mass-weighted time
= averaged variables, although no distinction was made between mass-weighted
e time average and the measured average velocity of the experimental data. In
ﬁs, developing the final form of the conservation equations it is necessary to
D neglect fluctuations in molecular thermal conductivity and viscosity and other
’) ? terms in the momentum and energy equations that arise because of the kind of
g averaging employed. The effects of these assumptions are hidden within the
fad, subsequent modeling approximations made to achieve closure. Progress 1in
. developing a fully consistent system of equations will require consideration

tﬁ of the importance of the neglected terms.
1084
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An assumption that has also been made in the compressible flow equations,
is that the total enerqy consists of only the thermodynamic internal enerqy
and kinetic energy of the mean flow. The kinetic enerqy of the turbulent
motion may be exnected to be important close to any surface and thus have an
important effect on the mean pressure as well as temperature in that region.

The effect of incorporating Rotta's non-isotropic theory for the Reynolds
stresses was investigated using the boundary layer formulation. Even for
widely varying values of the independent parameter of that theory, relatively
little effect on the final solution was observed. The cross flow
variable Cfo and cross flow velocity were most significantly effected

indicating an exchange of momentum from the longitudinal to the
circumferential flow. The test case was for small angles of attack with small
non-isotropic Reynolds stresses and the corresponding effect on the
dissipation term in the K-E equation may be important.

Bradshaw's streamline curvature theory was also studied in the boundary
layer. The Richardson number effect on the dissipation equation had
essentially no effect on the overall solution for the spinning body in the
supersonic flow investigated.
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:u‘ LIST OF SYMBOLS
$ a = Speed of Sound
o Ch =  Specific Heat at Constant Pressure

‘ c, = Constant in Definition of u, = cu5 EZ/E

D = Characteristic Body Diameter

; du, Buj 2 Buk L
* d'ij = Wj+3x_i..3-3)(—k61.:j (i,3,k = 1,2,3)

Ej £ = Modified Turbulent Energy Dissipation Rate (eqn. (40))

: e = Total Energy =ej + ujui/2
:E eint = Internal Energy = RT/(v-1)
j F = lon-Isotropy Parameter (egn. (48))

§ g = Acceleration of Gravity

E H = Total Enthalpy = h + uju;/2

' h = Static Enthalpy = c,T
N J = Jacobian of Coordinate Transformation

i K = Turbulent Kinetic Energy

7 Ko = (Constant (eqn. (46))
K k = Thermal Conductivity

EE L = A Turbulent Length Scale

e L = Prandt] Mixing Length

‘% M = Mach Number

1 p = Production Term in K Equation |

Pr = Molecular Prandtl Number :

' P = Pressure

‘s a = Vector of Dependent Variables

: qj = Heat Flux

E; R =  Gas Constant |
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LIST OF SYMBOLS (Continued)

Peynolds tumber

Richardson llumber

Radius of Axisymmetric Body

Temperature
Time

Contravariant Velocities

Velocity Component (i = 1,2,3)

Wall Shear Velocity = (tw/p)

Velocity Components

Velocity on a Curved Streamline (eqn. (67))

Coordinates (i = 1,2,3)

Coordinates

Non-Dimensional Wall Coordinate u y/v

Greek Symbols

a

Y

L3
* N e
‘:‘.':"‘.:"ﬁ"-h~ ., e

Angle of Attack
Patio of Specific Heats
Boundary Layer Thickness

Kronnecker Delta

Physical Turbulent Energy Dissipation Rate

von Xarman Constant = 0.4

Wake Constant = 0.09

Molecular Coefficient of Viscosity

Turbulent Eddy Viscosity

Y.inematic Viscosity = u/p

172

Transformed Coordinate Variables

Density
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el LIST OF SYMBOLS (Continued)

(]
1

[XR)

= I[ffective Prari*) lumber in the Dissipation Equation

Dl
Y

iy :, = Lffective Prandtl humber in the Kinetic Energy Equation

2 ". o

T, = Molecular Stress Tensor

o}
»
[

. t“v

: - Circumferential Angle

e,
b §
(1]

»
“'.;'a:'b

Cons*ant [See equns. (44) and (45))

ot = Spin Rate

.- ]
0%,

- = Vorticity
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Sunerscripts
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P
£
14
1

¥ass-eighted Time Average

0

- = Time Averace

'-{‘:"vl'
[}
e

= Fluctuating Part in Mass-teighted Time Average (a; = a; + ai‘)

=
‘.?}

‘ "l
l. [}
n

4

.

Fluctuating Part in Time Average (aj = a + a°”)

Lo G

+ = Non-Dimensional Wall Variahle

+

Vector
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t = Turbulent
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w = Wall

= Freestream
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