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Bayes estimators are derived by means of the Dirichlet process

hyperprior approach for general empirical Bayes problems. For any
sample size, these estimators are expressed concisely as ratios of
two multidimensional integrals. A numerical example on Poisson

sampling is given.
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1. Introduction

In the general setting of empirical Bayes problems, it is assumed that
the unobservable paraﬁ;;ers {61} y 1=1, ..., n, are taken indepen-
dently from an ﬁhknown distribution G , and that associated with each
6i , @ random variable "X is observed with known probability density
f(x,!8.) with respect to some o-finite measure v on the real line. It
is also assumed, given the {ei} , the observations x, , i=1, ..., n,

i
are independent. We intend to make inferences about {€.} or G from

i

the observations.

Several approaches to estimating G or {ei} are available. One
approach is to use the observed data to estimate the mixing distribu-
tion G and use this estimated G as a Bayes prior. To estimate this
prior, most authors assume a parametric representation of the prior with
unknown parameters estimated by the data. There is another approach to
empirical Bayes problems, namely the Dirichlet process hyperprior approach,
where the {ei} are taken independently from a random distribution G
which is chosen from tne Ferguson's Dirichlet process (1973) indexed by
a finite measure o . The measure o wusually represents the statisti-
cian's prior belief about G . The Bayes estimator of G or {ei}
can be derived. As pointed out by Anderson and Louis (1972), this
approach is potentially superior, since the construction of estimators
does not depend on a specific form for the prior. Another desirable
feature is pointed out by Berger (1980b, p. 83): the statistician can
combine sutjective information « and past data to estimate G and

{ei) , unlike the usual empirical Bayes approach, where the unknown

prior parameters are completely estimated by the data.
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This Dirichlet hyperprior approach was first proposed by Antoniak
(1974) and subsequently studied by Berry and Christensen (1979),
Anderson and Louis (1979). The usefulness of this approach had been
limited in the past by~-the following two deficiencies. 1. No concise
expressions for the proﬁer Bayes estimators had been given for n > 3
due to the complex bookheeping and labor involved in deriving them.
2. No satisfactory numerical methods had been developed in evaluating
those estimators. With the work of Lo (1978), Bayes estimators can be
derived for any n . The purpose of this note is to exhibit Bayes
estimators of {ei} for arbitrary n . It can be seen from equation
(1) of Section 2 that each of the Bayes estimators can be written as
a ratio of n-dimensional integrals. These integrals are hard to
evaluate explicitly due to the high dimensionality and the fact that

the integrands are peaked in a small region of the parameter space. In

a recent article, Kuo (1985) proposes to circumvent this problem by
1. decorposing each of the multidimensional integrals into a weighted
average of products of one-dimensional integrals and 2. approximating
each of the weighted averages by an importance sampling Monte Carlo

method. It is easy to implement this method. Moreover, the Monte

-.-? Carlo estimator has been demonstrated to work well in terms of effi-
ciency and precision. For the detailed method, statistical analysis

and numerical examples, see Kuo (1935). A numerical exampie on Poisson

L% sampling using the method of Kuo is given here.

féif See Robbins (1955) for the pioneer development of empirical Bayes
:;E methods of estimation. See Susarla (1982) for an expository article
- . .

. on empirical Bayes theory which also includes some of the recent

E;f developments in this area.
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2. Derivation of Bayes Estimators

To derive the Bayes rule of {91} » let us make the following
assumptions: -

i. let o be a finite measure with finite second moment on a
measurable space (R, B) with 1R the real line and B the o-field
of Borel sets. An unkn;wn distribution G 1is chosen from a Dirichlet
process with parameter a .

ji. Given G , tne unobservable e], ey en are chosen indepen-

dently from G .

iji. Given G and € = (9], R en) , the observations
- n
x = (x], . xn) have density f(x | €) = T fi(xi l ei) idependent

i=]
of G, where forall i=1, ..., n, fi is a density dominated by
v and fi(x | 6) 1is measurable in €& for all «x .

iv. The loss function is given by
n
L(?, g): z (8 - a.

REMARK 1. Note that in Assumption iii, we allow different fi in the
model. This has the advantage of incorporating individual characteris-
tics of the xi's in the model, such as combining normal and gamma
comporents (see Berger, 198Ca), or treating x, with different

i
variances, etc.

REMARK 2. Note that given G , the x; are independently distributed

according to jfi(xj]e)G(da) . This is essentially the random density
considered by Lo. The main difference is that his objective is to
estimate the mixing distribution G and various functions of G ; our

objective is to estimate the €.'s .
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REMARK 3. In addition to Lo's work, nonparametric density estimation
has also been studied by Ferguson (1983). The Monte Carlo method
described in Section 1 was adapted bty Ferguson to compute the density
estimator. The feasibility of this method and error reduction tech-

niques were further illustrated.

REMARK 4. Empirical B;yes estimation {as opposed to Bayes estimation)
of the density function f{x[G) = [f(x[6)G(de) described in Remark 2

has also been studied by Ghorai and Susarla (1982).

Before proving the main result, we first define some notation and
state a lemma. Let o and G be defined as in Assumption i. Then
Pa denotes the probability measure on (H,A) yielding the random
distribution G , where B is the space of distribution functions on

(R,B), and A 1is the o-field of Borel sets in the Levy metric. The

following lemma is from Lo (1978, 1984).

LEMMA 1.  Let 8] be chosen from G . If g(el,G) is a quasi-integrable
function with respect to the joint probability G(d%l)Pa(dG) defined on
(IR x 8, BxA), then

v
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We are now ready to exhibit the Bayes estimator

~
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5
THEQREM 1. Given the Assumptions i through iv, the Bayes estimator is

given by € = (e], RN en) , where

4 i-1
1 T ) :
. L S S R R A Y R E I LR e . (¢)
B, = E(¢ Ixy, .oy X ) = ) (M)
] n i=1
Kook "o rge SR fgle)) B [+ e ) (a2
i=] i= AL R
< for all k=1, ..., n.
- . | -
}; Proof: Let h(x,5) denote the joint density of x and €, h(x)
%??f denote the marginal density of X, and pG(g) denote the joint
. -
[ distribution of ¢&'s given G . Let P o @B be defined as in Lemma 1.
f’i‘ Then the Bayes estimator under squared error loss for 6, 1is given by
ék = E(ék | 5) , where
J 8 h(x,8)d
E(ekfx) = =
- h(x)
87w 6 flxie)o.(d=)P (do)
_ n "k UGN g
= — -
n
fg [T L fille st ] sged, ix 166065 )7, (96)
. itk 1
n
I oo 1 f.x.]8,)6(ds.)P (dG)
: jTp Tgp VAT i’ a
'._»_':- r n n a ¢+ S c
S S e T fi(xilei) It =1 e‘I (d‘i)
‘. R i=) =1 a(R) + 1 -1
o =" i
.“‘" ( n n a + 1ET 69 (dc‘ )
- S n fix ley) I L Jj i
- R T T R P [ 1
n \ a (K) + 1 -
e
s )
T by repeated use of Lemma 1.
e e e e iy S L g DT s e
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REMARK 5. It was shown by Antoniak (1974), the posterior distribution

of G given x 1is a mixture of Dirichlet processes:

-~

& )dF
1 91) elx

Hit~12

G |x~ [D(a + .
) i

where F is the posterior distribution of 8 given x . It can be

-~

&|x
seen from Theorem 1 (or Remark 2 of this paper and Theorem 1 of Lo (1678))

that the posterior mixing distribution of 6 may be written as

. IR B3
fo..0 1 fi(leei) nola+ ] Sg (ds))
Foo(c) = & i1 i1 =1 ]
e:X n ( ) n {§1
- Jo.o.l n fix;|€;) 1 la+ 8 (d=.)
U S I e GJ] ’

for all C ¢ B" , where (lR",Bn) is the n-fold product measure space

of (R,B) .
b
ﬁ;j 3. Nurerical Exarple
." To illustrate the use of the nonparametric Bayes hyperprior
N approach to empirical Bayes problems and the way the estimates are
- influenced by the prior choice, an example is given here.
_gf The data set of this example is taken from Bayesian Reliability
ﬁiif Analysis (p. 626) by Martz and Waller. Suppose a 105 hour life test
:;f has been conducted for each of the eleven production lTots of a high
-,’ reliatility device. The numbers of failures were observed to be
- 0,1,0,0,1,2,0,1,0,0, and 0 respectively. It is assumed
". «
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that the event of failures can be modeled by Poisson point processes

with intensity rate Ai for the ith lot. The objective is to estimate

Ai for each lot. let 61 = A, ¢ 105 . A Dirichlet hyperprior approach

1

to this problem is to assume €, are distriputed according to an unknown

i
distribution G . G is chosen from the Dirichlet process with prior
al{-=,t]} = MGO(t) » where Gy represents the statistician's prior

guess of G, and M represents the statistician's strengths of prior

belief in GO . Then the Bayes estimator of ek can be obtained from
(1), wnere -B.  X.
i i
e ei
fi(x1l€i) = x | k]

X5 denotes the number of failures in the 105 hour test in the ith lot.
The evaluation of the Bayes rule (1) can be approximated by an
importance sampling Monte Carlo method proposed by Kuo (1985). If we

choose G, a gamma distribution G{a,8), i.e.,

6y(¢) = £ e e - 1z 5 0)
A (] ) ’

then the single integrals (see equations (&) and (9) of Kuo, 1985)
contained in each Monte Carlo iteration can be evaluated by using

the fellowing identities:

e“r(a+1+1kxi)
J e fixi5)6,(dr) = ’
ick (a+1+1gkxi) .
T(a) (k| + B) BRI
and
a
£ T(a + x.)
| T f(x,|£)6.,(d3) = ek '
. i 0
ick 2
VLt ,(J * ick 'l) I
T{a)- (k| + ¢) ek X5

e bnhado s R PR e LN
T N A P o W T T P U v L T S S




CL AN S0 Sk ara it o g san aop g0 B n e a -l oY

8

where k is a subset of the index set {1, ..., 11}, |kl denotes the

number of indices in k .

If we choose GO a uniform distribution on (0, 60), then the

-

single integrals are evaluated by

5.0, f(xiie)GO(d;) - Tlk2g, 2+ 55 :1) e box (2)
2o+ kBTt )T
and
[0 flxgle)s lee) = k2, 1+ 1Zk ’:1) Q1+ 1'§k b
8, U+ k) %!
Yoo rad

where I(y, r) = [ t e-t dt/T(r) denotes the incomplete gamma

function.

In the follewing tables, G0 is chosen to be either a gamma
G(~,?) or a unifcrm distribution u(o,eo) . Tne Bayes rules (1) for
various values of «, &8, 6, and M are computed. Tney are

0
evaluated by Monte Carlo methods with the number of iterations

NI = 4000 or NI = 16000 . Therefore, the posterior standard errors

(see equation (12) of Kuo, 1985) are included in parantheses. We

T Y Y
IR A

have also rearranged the order of the observations for easier visual
examination. The intensity rate Ay are estimated by A, = 81./105 .
In Table 1, a, 8 for the gamma distribution prior guess are

chosen to be a = max {iz/(Si - x), 0} , and 8 = max {i/(SE - x), 0},

B R O S S S0 b 4 Sand
PR G

where x = in/ll , and Si = Z(xi - 2)2/10 . This choice of prior

S VYT
YT

A el —lt y A a PPy s . et -
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9
is motivated by assuming that the ei's are independent and identically
distributed according to G(a,B) , where a and B are unknown.
Considering the marginal distribution of x , we have E X; = a/8 , and

~

V(xi) =a() +1/8)/8 7 for all i . The estimators a and é above

are obtained by the method of moments and adjusted for o > 0 and

g8 >0. .
Robbins (1987) discussed two methods of obtaining empirical Bayes

estimators and proposed a method for combining the two to achieve both

consistency and efficiency. The first estimator for ei denoted by

§. , is derived from a nonparametric prior point of view. Then

éi(x) = (xi +1) - #(xj + 1)/#(xi) , where #(x) denotes the number of

lots with x items failed. The second estimator for 81 , denoted by

Ti s is derived from a parametric gamma prior:

(6 = (g r a0+ 8) =g - (5D - 1R < $D) (g - R)

where X; 2 0 for all i . These are Stein type shrinkage estimators.
Both types of estimators are given in Table 1. For T; » we use the
unbiasec estimator for the variance of the x's instead of the usual
sample variance estimator suggested by Robbins. Otherwise, the
shrinkages of the data will pass the origin without the positive part

corrections given in the T expression above.

For the Dirichlet hyperprior approach, with the G0 chosen as
G(a,8) above, we would expect the proper Bayes estimators to approach
to the 1's as M —> =, This is confirmed by the estimators shown

fiﬁ in Table 1.
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In Tables 2(a) and 2(b), a different shape of the gamma distribution
is chosen. The mean of GO in Table 2(a) is the same as before, i.e.,
x . However, the variance of GO is 4.54544 which is much larger than
0.0181817, the one used in Table 1. It is interesting to observe that
the estimators are cloger to the maximum likelihnod estimator as M —> «.
This reveals that chooging the prior on a mixing distribution is quite
different from the usual nonparametric prior situation without the mixing
situation. As M —> = | we expect the 6's are more distinct. When

1
M=530, P{all @'s are distinct) = .0, (1 - (i-1)/(M+i-1))= 0.897.

i=1
Therefore, the estimator ei can be approximated by using X, alone and
the prior. When M is small, many of the 8's are identical with high
probability. This explains the phenomenon exhibited in Table 2(a) and
2(b).

The Gu's in Tables 3(a) and 3(b) have the same mean and different
variances. Different means and different variances are selected for
Tables 4{a) and 4(b) to examine how the estimates are influenced by the
prior guess.

In Tables 5(a) and 5(b), the Go's are chosen to be the uniform
distributions U(0,0.3) and u(G,1) respectively. The incomplete gamma
distributions described in (2) are evaluated by the MDGAM subroutine of

the International Mathematical and Scientific Library (IMSL).

...................
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- TABLE 1

Bayes and Empirical Bayes Estimates
for® {ei} with G; ~ ¢{a, 8)

A

& =11.3636 8 = 25 NI = 4020

x5 (M=) 2. (4=50) 5. (#100) o, (W300) o, T,
0.4341 (0.0005)  0.4372 (0.0002) 0.4372 (0.0001)  0.4370 (0.0001) 0.4286 0.4371
0 0.4333 (0.0005) 0.4372 (0.0002) 0.4371 (0.0001) 0.4370 (0.0001) 0.4286 0.4371
0 0.4349 (0.G005) 0.4371 (0.0002) 0.4371 (0.0001)  0.4370 (0.0001) 0.4286 0.4371
0 0.4430 (0.0005) 0.4373 (0.0002) 0.4370 (0.0001) 0.4369 (0.0001) 0.4286 0.4371
0  0.3453 (0.0005) 0.4372 (0.0002) 0.4371 (0.0001)  0.4370 (0.0001) 0.4286 0.4371
0 0.4451 (0.0075)  0.4363 (0.0002) 0.4369 (0.0001) 0.4369 (0.0001) 0.4286 0.4371
0  0.4335 (0.0C35)  0.4375 (0.0002) 0.4372 (0.0001)  0.4369 (0.0G01) 0.4286 0.437]
1 0.4535 (0.0005) 0.4743 (6.00C2) 0.4743 (0.0001)  0.4754 (0.0001) 0.6667 0.4755
1 0.46%4 {0.0005) 0.4749 (0.0002) 0.4753 (0.00G1) 0.4753 (0.0001) 0.6657 0.4755
1 0.4833 (0.0005)  0.4752 (0.0002)  0.475) (0.0001) 0.4754 (0.0001) 0.6667 0.4755
2 0.4336 (0.0004)  0.5125 (0.6001)  0.5132 (0.0061)  0.5133 (0.0000) 0.0000 0.5140
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Bayes Estimates for {ei}

-~ with G, ~ G{xz, 8)
(3) o« = 0.2133333 -3 =0.1 N1 = 16000
X 5 (va1) 2 (M=30) 5 (¥=100) 8 (M=300) |
0 0.233)(0.0101)  0.0833 (0.0C17)  0.C512 (0.0012)  0.0330 (0.0CC2)
0 0.2:32 (U.C337)  0.0537 (0.0013)  0.0513 (0.0007)  0.C432 (0.0002)
0 0.2335 (5.0132)  0.CE'3 (6.0021)  0.0439 (0.00C6)  0.0433 (0.0002)
0 6.2715 (J.0033)  0.08C7 (0.0013)  0.0453 (0.0036)  0.0433 (0.0002)
9 0.2333 (2.0131)  0.0835 (0.0517)  0.0513 (0.0012)  0.0433 (0.0002)
0 0.2331 (U.0232) 0.057% (3.0015)  0.0511 (0.0012)  0.0430 (0.0002)
O 0.2335 (0.0152)  0.0363 (0.0014)  0.0514 (0.0007)  0.0329 (0.0002)
1 0.7375 (0.0123)  G.9771 (0.0067)  0.9624 (0.0024)  0.9573 (0.0019)
1 0.7534 (6.0129)  0.9715 (0.CC69)  0.9687 (0.003))  0.953% (0.0011)
1 0.7307 (0.0130)  0.9751 (C.0067)  0.9617 (0.C023)  0.9545 (0.0012)
2 0.3123 (C.0113) 1.6552 (0.0111)  1.7753 (0.0C43)  1.8329 (0.0020)
(b) o =231 2 = 0.01 NI = 16000
X, e (e1) 5 (v=30) 6 (¥=130) & (Me500)

\ 0 0.31¢7 (0.6031)  0.1i36 (0.0012)  0.1076 (0.0008)  0.1008 {0.0002)
% 0 0.3227 (0.0081)  0.1163 (0.0613)  0.1084 (0.0C07)  0.1004 (0.0003)
- 0 0.3233 (0.0082)  0.1175 (0.0013)  0.1070 (0.0005)  0.1005 (0.0003)
- 0 0.2123 (0.0081)  0.1170 (0.061z)  0.1070 (0.0008)  0.1007 (0.0003)
[ @ G 0.3253 (0.0083)  0.1174 (0.0012)  0.1080 (0.0008)  0.1003 {0.£703)
E:if 0 0.3194 (6.0078)  0.1°43 (0.0011)  0.1077 (0.0008)  0.103% {0.0003)
Lo 0 0.3263 (0.0081)  0.1135 (0.0011)  0.1083 (0.0007)  0.1002 (0.0002)
v 1 0.7163 (0.0115) 1.0535 (0.002¢)  1.0733 (0.0016)  1.0860 (0.0009)
"o 1 0.7123 (0.0116) 1.056) (0.0027)  1.0748 (0.0017)  1.0333 (0.0007)
B 1 0.7073 (0.0116) 1.0535 (0.0025)  1.0715 (0.0017)  1.0350 (0.6008)
= ¢ 0.2£32 (0.00%4) 1.9243 (0.0351)  1.9947 (0.0029)  2.0552 (0.0014)
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(2) == 22,7272 3= 50 NI = 4329
X, 2 el 2 (e50) B (re100)
5 0.3133 (2.0003) 0.4335 (0.00C1)  0.4435 (2.0701)
2 0.4317 (3.2:33;  0.2337 (0.C001)  0.46%3 (2.0331)
0 0.4327 (2.50337  0.4337 (0.0001)  0.4438 (0.0701)
0.4:37 (0.0703)  0.4435 (0.0331)  0.3233 (2.2731)
0.33%5 (0.22¢3)  0.4335 {2.C30! 0.4235 (3.3
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(5) 3 =5.8313 5 =12.5 ND = 4000

= X, 3. 0ee1) 8. (=30) 3. (%:129)
i 0 0.4381 (0.£3C3)  0.6213 (0.0333)  0.4213 (2.0002)
o 6 0.4372 (0.0033)  0.4215 (0.0CC3;  0.4212 {0.0322)
n 0 0.4375 (0.00C5)  0.4215 (0.0C03)  0.4211 (0.C302)
o 0 0.4382 (0.CC2%)  0.4210 (0.0093)  0.4210 (0.3002)
o G 0.43:3 (0.0003)  0.421D (0.0003)  0.42}D (0.CC02)
ot G 0.4232 (0.5CC3)  0.4211 (0.006G3)  0.4233 (0.0002)
s 0 0.6373 (0.0003)  0.4211 (0.0603)  0.4213 (0.0032)
o 1 0.47%6 (0.0019)  0.4331 (0.0003)  0.4330 (0.0062)
e 1 0.4743 (C.CO03)  0.4335 (G.0CJ3)  0.49%7 (0.0003)
!!: b 0.4757(C.0310) 0,431 (0.0003) 0,494 (0.0002)
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TABLE 4

Bayes Estimates for {s.}

-

11.3636 B = 12.5 NI = 4000

o, (1) 8. (M=50) 8, (M=100)
.7493 (6.0012) 0.3366 (0.0004) 0.8394 (0.0003)
.7502 (0.0012) 0.8371 (0.0004) 0.8392 (0.0003)
.7500 (0.6012) 0.8366 (0.0004) 0.8391 (0.0003)
.7436 (0.0012) 0.8358 (0.0004) 0.8389 (0.0003)
.7496 (0.0012) 0.8361 (0.0004) 0.8391 (0.0003)
.7495 (0.0017) 0.8364 (0.0004) 0.8389 (0.0003)
7501 (0.0012) 0.8362 (0.0004) 0.8391 (0.0003)
.7851 (0.0015) 0.9093 (0.0004) 0.9120 (0.0003)
.7846 (0.0015) 0.9085 (0.0004) 0.9128 (0.0003)
.7871 (0.0015) 0.9091 (0.0004) 0.9122 (0.0003)
.8232 (0.0018) 0.9816 (0.0004) 0.9857 {0.0003)

10 g = 50 NI = 4000

8. (M=) 8, (M=50) B, (M=100)
.2224 (0.0004) 0.1972 (0.0001) 0.1968 (0.0001)
.2227 (0.0004) 0.1973 (0.0001) 0.1968 (0.0001)
12229 (0.0004) 0.1974 (0.0001) 0.1568 (0.0001)
12225 (u.0004) 0.1972 (0.0001) 0.1967 (0.0001)
2226 (0.0004) 0.1972 (0.0001) 0.1967 (0.0001)
.2221 (0.0004) 0.1972 (0.0001) 0.1966 (0.0001)
2227 (0.6004) 0.1972 (0.0601) 0.1568 (0.0001)
.2331 (0.0003) C.2166 (0.0001) 0.2161 (0.0001)
12333 (0.0003) 0.2165 (0.0001) 0.2163 (0.0001)
12333 (0.0003) 6.2167 (0.0001) 0.2162 (0.0001)
.2422 (0.0002) 0.2358 (0.0001) 0.2356 (0.0001)
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TABLE 5

Bayes Estimates for {ei}

with G, ~ U(0, 6,)

NI = 4000

) 5i (M=50)

0008) 0.1455 (0.0002)
0008) 0.1457 (0.0002)
0007) 0.1458 (0.0002)
0007) 0.1456 (0.0002)
0008) 0.1455 (0.0002)
0008) 0.1454 (0.0002)
0007) 0.1455 (0.00C2)
0004) 0.19¢5 (0.0002)
0005) 0.1963 (0.0002)
0004) 0.1966 (D.0002)
0002) 0.2223 (0.0001)

NI = 16000

) 8, (M=50)

0015) 0.4192 (0.0004)
0014) 0.4195 (0.0004)
0015) 0.4194 (0.0004)
0015) 0.4195 (0.0004)
0014) 0.4194 (0.0604)
0014) 0.4189 (0.0004)
0014) 0.4185 (0.0004)
0011) 0.6059 (0.0003)
0011) 0.5056 (0.0003)
0011) 0.6059 (0.0003)
0008) 0.7058 (0.0001)
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1442
.1442

(M=100)
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.0002)
(0.
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0002)
0002)

L1441
144
.1438
.1443
. 1956
.1958
.1857
.2219 (0.

(0.
(0.
(C.
(0.
(0.
(0.
(0.

81 (M=1

.4185 (0.
.4183 (0.
.4183 (0.
.4185 (0.
.4182 (0.
.4183 (0.
.4187 (0.
.6067 (0.
.6069 (0.
.6066 (0.
.7072 (0.

0002)
0002)
0002)
0002)
0001)
0001)
0001)
0001)

00)

0003)
0003}
0003)
0003)
0003)
0003)
0003)
0002)
0002)
0002)
0001)
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