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An algorithm is presented for the rapid evaluation of the potential and force fields in systems
involving large numbers of particles whose interactions are Coulombic or gravitational in nature.
For a system of N particles, an amount of work of the order O(N) has traditionally been required
to evaluate all pairwise interactions, unless some approximation or truncation method is used.
The algorithm of th present paper requires an amount of work proportional to N to evaluate all
interactions to within roundoff error, making it considerably more practical for large-scale problems
encountered in plasma physics, fluid dynamics, molecular dynamics and celestial mechanics.
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1. Introduction

The study of physical systems by means of particle simulations is well-established in a number
of fields and becoming increasingly important in others. The most classical example is probably
celestial mechanics, but much recent work has been done in formulating and studying particle
models in plasma physics, fluid dynamics and molecular dynamics [4].

There are two major classes of simulation methods. Dynamical simulations follow the trajec-
tories of N particles over some time interval of interest. Given initial positions {xi} and velocities,
the trajectory of each particle is governed by Newton's second law of motion:

Mi-2=-4 for i 1..N ,dt2

where mi is the mass of ith particle, and the force is obtained from the gradient of a potential
function .When one is interested in an equilibrium configuration of a set of particles rather than

* their time-dependent properties, an alternative approach is the Monte Carlo method. In this case,
the potential function -D has to be evaluated for a large number of configurations in an attempt to
determine the potential minimum.

We restrict our attention in this paper to the case where the potential (or force) at a point is
a sum of pairwise interactions. More specifically, we consider potentials of the form

'D = '1ifar + (,,near + ,Dzg.,.,,),

where (near (when present) is a rapidly decaying potential (e.g. Van der Waals), 7 'ezternai (when

present) is independent of the number of particles, and '
1 ar, the far-field potential, is Coulombic

or gravitational. Such models describe classical celestial mechanics and many problems in plasma
physics and molecular dynamics. In the vortex method for incompressible fluid flow calculations
[3], an important and expensive portion of the computation has the same formal structure (the
stream function and the vorticity are related by Poisson's equation).

In a system of N particles, the calculation of 41 near requires an amount of work proportional
to N, as does the calculation of DezternaI. The decay of the Coulombic or gravitational potential,
however, is sufficiently slow that all interactions must be accounted for, resulting in CPU time
requirements of the order O(N 2). In this paper a method is presented for the rapid (order O(N))
evaluation of these interactions for all particles.

There have been a number of previous efforts aimed at reducing the computational complexity
of the N-body problem. Particle-in-cell methods (41 have received careful study and are used with
much success, most notably in plasma physics. Assuming the potential satisfies Poisson's equation,
a regular mesh is layed out over the computational domain and the method proceeds by:

(1) interpolating the source density at mesh points,
(2) using a "fast Poisson solver" to obtain potential values on the mesh,
(3) computing the force from the potential and interpolating to the particle positions.

The complexity of these methods is of the order O(N + 11 logM), where M is the number of
grid points. The number of grid points is usually chosen to be of the same order as the number
of particles, and the resulting complexity estimate for the method is 0(N logN). Unfortunately, [

the grid provides limited resolution, and highly non-uniform source distributions cause a significant
degradation of performance. Further errors are introduced in step (3) by the necessity for numerical .......

differentiation to obtain the force. "
To improve the accuracy of particle-in-cell calculations, short-range interactions can be handled 9Y ..

by direct computation, while far-field interactions are obtained from the mesh, giving rise to so-

called particle-particle/particle-mesh (P 3M) methods [4]. An adaptation of these techniques to codes
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vortex method calculations has recently been carried out by Anderson [1]. These algorithms improve
the local accuracy of the calculations, but their computational complexity remains of the orderO(N logN ) , and they still depend for their efficient performance on a resonably uniform distribution "
of particles.

Appel (21 introduced a "grid-less" method for many-body simulation with a computational
complexity estimated to be of the order O(N logN). It relies on using a monopole (center-of-mass)
approximation for computing forces over large distances and sophisticated data structures to keep
track of which particles are sufficiently clustered to make the approximation valid. For certain types
of problems, the method achieves a dramatic speed-up compared to the naive O(N 2 ) approach. It
is less efficient when the distribution of particles is relatively uniform and the required precision is
high.

The algorithm we present uses multipole expansions to compute potentials or forces to whatever
precision is required, and the CPU time expended is proportional to N. The approach we use is
similar to the one introduced in [61 for the solutior of boundary value problems for the Laplace
equation. In the following section, we describe the necessary analytical tools, while section (3) is
devoted to a detailed description of the method.

2. Physical and Mathematical Preliminaries

In this paper, we consider a two-dimensional physical model which consists of a set of N charged
particles with the potential and force obtained as the sum of pairwise interactions from Coulomb's
law. Suppose that a point charge of unit strength is located at the point (xo, Yo) = xo E R 2 . Then, :
for any x = (x, y) E R2 with x $ xo, the potential and electrostatic field due to this charge are
described by the expressions

0. 0 (x, y) = -log(11 x - xoII) and
(X - xo)

E. 0 (x, y) = (-o
Ix - xo I12

respectively.
It is well-known that 0XO is harmonic in any region not containing the point xo. Moreover,

for every harmonic function u, there exists an analytic function w : C' - C 1 such that u(x, y) =

Re(w(x,y)), and w is unique except for an additive constant. In the remainder of the paper we
will work with analytic functions, making no distinction between a point (x, y) E R2 and a point
x + iy = z E C1. We note that

(x)= Re(log(z - zo)),

and, following standard practice, we will refer to the analytic function log(z) as the potential
due to a charge. As we develop expressions for the potential due to more complicated charge
distributions, we will continue to use complex notation, and will refer to the corresponding analytic
functions themselves as the potentials. The following lemma is an immediate consequence of the
Cauchy-Riemann equations.

Lemma 2.1. If u(x, y) = Re(w(x, y)) describes the potential field at (x, y). then the corresponding
force field is given by

, (7, , Uy) (Re(W'), -I71(!')),

where w' is the derivative of w.

The following lemma is used in obtaining the multipole expansion for the field due to m charges.

2...
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Lemma 2.2. Let a point charge of intensity q be located at zo. Then for any z such that Izi > Izol,

q og(z - zo) = q log(z) - -(2.1)

Proof. Note first that log(z - zo) - log(z) = log (1 - lA) and that IL < 1. The lemma now follows
from the expansion

00 Wklog('- w,) = -1 T "
k=1

which is valid for any w such that lwI < 1. I!
Theorem 2.1. (Multipole Expansion). Suppose that m charges of strengths {qi, i = 1,..., m} are

located at points {zi, i = 1, ... ,m}, with fziI < r. Then for any z E C1 with jzj > r, the potential
O(z) is given by

00O(z) =Q log(z) + E , 22
Z

k  (22

k=1
where

qi and ak= (2.3)

Furthermore, for any p > 1,

(z)-Qlog(z)- -- z < ( r (2.4) ""

k=1

where

A=i.qj ,and ce A
I i IS (2.5)

Proof. The form of the multipole expansion (2.2) is an immediate consequence of the preceding
lemma and the fact that O(z) = "n =zi ,(z). To obtain the error bound (2.4), observe that

O(z) - Q log(z)- = >3 aka

k=1 k=p+l

Substituting for ak the expression in (2.3), we have

Lk r /rk 1r

A _ C -c
I k=p+l k=p+l k-=p+l .,(I

In par:icular, if c > 2. then

0(z)- Q log(z) -T3 < A .(.6)
k=1

3
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Finally, we demonstrate with a simple example how multipole expansions can be used to speed
up calculations with potential fields. Suppose that charges of strengths q1, q2, ..., q. are located at
the points X1,X2, ... ,Xm e C' and that {Y1, y2,...,Yn} is another set of points in C' (Figure 1). We
say that the sets {x} and {y4) are well-separated if there exist points zo, yo e C 1 and a real r > 0

such thatsuchtat xi - xo[ < r for all i fi1, ... , sn

jyj - yol < r for all j ,...,n, and
lxo - yol > 3r.

In order to obtain the potential (or force) at the points {y'} due to the charges at the points
{x,} directly, we could compute

(,) for all ,. (2.7)

This clearly requires order nm work (evaluating m fields at n points). Now suppose that we
first compute the coefficients of a p-term multipole expansion of the potential due to the charges

qi,q21 ... ,qm about xo, using Theorem 2.1. This requires a number of operations proportional to
mp. Evaluating the resulting multipole expansion at all points yj requires order np work, and the
total amount of computation is of the order O(mp + np). Moreover, by (2.6),

0.i (Y,) -Q I og(y, - o) - a k

j=1 k=1 1/.i - xol 2

and in order to obtain a relative precision e (with respect to the total charge), p must be of the
order -10g2(f). Once the precision is specified, the amount of computation has been reduced to

O(m) + o(n)

which is significantly smaller than nm for large n and m.

2.1. Translation Operators and Error Bounds
The following three lemmas constitute the principal analytical tool of this paper, allowing us

to manipulate multipole expansions in the manner required by the fast algorithm. Lemma 2.3
provides a formula for shifting the center of a multipole expansion, lemma 2.4 describes how to
convert such an expansion into a local (Taylor) expansion in a circular region of analyticity, and
lemma 2.5 furnishes a mechanism for shifting the center of a Taylor expansion within a region of
analyticity. We also derive error bounds associated with these translation operators which allow
us to carry out numerical computations to any specified accuracy.

Lemma 2.3. Suppose that
00

O(z) =ao og(z - zo) + O ( )k (2.8)

is a multipole expansion of the potential due to a set of m charges of strengths ql, q2 .. , q,,, all of
which are located inside the circle D of radius R with center at zo. Then for z outside the circle
D, of radius (R + Izol) and center at the origin,

0(z) = o o()+ (2.9)

4=
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where

bi = akz° k - ao( ) , (2.10)
k= 1 -,

with (t\ he binomial coefficients. Furthermore, for any p > 1.

,(z)- ao log()- < (_ A Izol + R + (2.11)
_ _ z

with A defined in (2.5).

Proof. The coefficients of the shifted expansion (2.9) are obtained by expanding into a Taylor series
the expression (2.8) with respect to zo. For the error bound (2.11), observe that the terms {bl} are
the coefficients of the (unique) multipole expansion about the origin of those charges contained in
the circle D, and Theorem 2.1 applies immediately with r replaced by Izol + R.

Remark: Once the values {ao,a,...,ap} in the expansion (2.8) about zo are computed, we can
obtain {b,..., bp} exactly by (2.10). In other words, we may shift the center of a truncated multipole
expansion without any loss of precision.

Lemma 2.4. Suppose that m charges of strengths qi, q2,..., q, are located inside the circle D1 with
radius R and center at zo, and that Izol > (c+ 1)R with c > 1. (Figure 2.) Then the corresponding
multipole expansion (2.8) converges inside the circle D2 of radius R centered about the origin.
Inside D2 , the potential due to the charges is described by a power series:

O(z) = b,. z'. (2.12)
1=0

where

bo= Lk ( 1 )' + ao log(-zo), (2.13)k-

and

b, =, k - 1) (-)k -,-- , for I > 1. (2.14)
\0 k l Z /k/ - I'

Furthermore. for any p o max ( , an error bound for the truncated series is given by

o(z) - ob z A(4e(p+ c)(c+ 1) +c 2)(i\ '  (2.15)
Zb c(c - 1 C}

1=0

where A is defined in (2.5) and e is the base of natural logarithms.

Proof. We obtain the coefficients of the local expansion (2.12) from NlacLaurin's theorem applied
to the multipole expansion (2.3). To derive the error bound (2.15), we let -,o ao log(-:o).
*,=-( .Q)for l > 1. and .31 = bi - -j for l > 0. Then

o~z bb =*~6 < S' S- ) (22. 1G)
1=0 l=p-1

5



with
00 00

S,= E -Z . ' and S 2 = E $,.,I -
L-P+I 1-p+1

A bound for S, is easily found by observing that

_ 00 7 ) 00 (11= 4 ()

s, I ' _n<lo z to <A
11=p+ I IMp+1 1,lp+ I o

< A *0< A A ().

To obtain a bound for $2.let C be a circle of radius s where s =cR (EP) (Figure 2). Note first

that for any p > 2
cR+R

R < c<s<cR.
2

Defining the function : C' \ D, - C' by the expression

01(z) = 6(z) - ao. Iog(, - o),

and using Taylor's theorem for complex analytic functions (see [5], p. 190), we obtain

S2 =Iz -=+ " 00('')
+

ZP3 z' 0 = I)P+1

1=0 1=P+I

where
M=maxljo,(t) 1.

c

Obviously. for any t lying on C.

k=1

and it is easy to see that

k RI(Il <5 AR and It - =-01 >R + c'R - s€ R +-.
P

After some algebraic manipulation. we have

.1 < A (pR + cR) Z 1- cR-R_1 < , 1. a, d I L- > c ---

Observing that for any positive integer i and any integer 1) > 2.

<e an + ) 4.

6
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we obtain
SSA(pR + cR) (cR + R) Rl P+ ( )+
,( cR (+R) (L

S A(p +c) (c + 1) P+ (1 + )p + )2

<4Ae(p+ c)(c+ 1) ()P+'P--- C -i1) "

Adding the last expression to the error bound for S completes the proof.

The following lemma is an immediate consequence of MacLaurin's theorem. It describes an
exact translation operation with a finite number of terms, and no error bound is needed.

Lemma 2.5. For any complex zo, z and {a }, k = 1,2,..., n,

ak(z-zo)k= ak ( -(2.17)Zak"

k-0 1=0 k=i 

3. The fast multipole algorithm

In this section, we present an algorithm for the rapid evaluation of the potentials and/or

electrostatic fields due to distributions of charges. The central strategy used is that of clustering

particles at various spatial lengths and computing interactions with other clusters which are suf-

ficiently far away by means of multipole ecpansions. Interactions with particles which are nearby
are handled directly.

To be more specific, let us consider the geometry of the computational box, depicted in Figure
3. It is a square with sides of length one, centered about the origin of the coordinate system, and is

assumed to contain all N particles of the system under consideration. The e'ght nearest neighbor

boxes are also shown, and will be needed in the next section when considering various boundary

conditions. First, we will describe the method for free-space problems, where the boundary can be
ignored, and the only interactions to be accounted for involve particles within the computational
box itself.

Fixing a precision E, we choose p _ 10g2(c) and specify that no interactions be computed for

clusters of particles which are not well-separated. This is precisely the condition needed for the

error bounds (2.4),(2.11) and (2.15) to apnly with c = 2, the truncation error to be bounded by
2- P. and the desired precision to be achieved. In order to impose such a condition, we introduce

a hierarchy of meshes which refine the computational box into smaller and smaller regions (Figure

4). Mcsh level 0 is equivalent to the entire box, while mesh level I + I is obtained from level I by
subdivision of each region into four equal parts. The number of distinct boxes at mesh level I is

equal to 41. A tree structure is imposed on this mesh hierarchy. so that if ibox is a fixed box at
level 1. the four boxes at level 1 + 1 obtained by subdivision of ibox are considered its children.

Other notation used in the description of the algorithm includes

the p-term multipole expansion (about the box center) of the potential field

created by the particles contained inside box i at level 1.

the p-term local expansion about the center of box i at level 1. describing the

potential field due to all particles outside the box and its nearest neighbors.

7
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* '&',8 the p-term local expansion about the center of box i at level 1, describing
the potential field due to all particles outside i's parent box and the parent
box's nearest neighbors.

Interaction list: for box i at level 1, it is the set of boxes which are children of the nearest
neighbors of i's parent and which are well-separated from box i (Figure 5).

Suppose now that at level 1 - 1, the local expansion 4/t-1,j has somehow been obtained for all
boxes. Then, by using lemma 2.5 to shift (for all i) the expansion T -l,j to each of box i's children,
we have, for each box j at level 1, a local representation of the potential due to all particles outside
of j's parent's neighbors, namely 1t,.i. The interaction list is, therefore, precisely that set of boxes

whose contribution to the potential must be added to Ik~j in order to create Fjtij. This is done by
using lemma 2.4 to convert the multipole expansions of these interaction boxes to local expansions
about the current box center and adding them to the expansion obtained from the parent. Note
also that with free-space boundary conditions, '1 o,j and T1,i are equal to zero since there are no
well-separated boxes to consider, and we can begin forming local expansions at level 2.

Following is a formal description of the algorithm.

Algorithm
Initialization

Choose a level of refinement n log4.V. a precision E, and set p 5 1092(E).

Upward Pass

Step 1

Comment [ Form multipole expansions of potential field due to particles
in each box about the box center at the finest mesh level.]

do ibox1. 4"
Form a p-term multipole expansion by using Theorem 2.1.

enddo

Step 2

Comment [ Form multipole expansions about the centers of all boxes
at all coarser mesh levels, each expansion representing the potential
field due to all particles contained in one box.

dol=n-1 .... 0
do ibox = 1. 41

Form a p-term multipole expansion (libor. b", using
lemma 2.3 to shift the center of each child box's expansion
to the current box center and adding them togerher.

enddo I
enddo

Downward Pass

A.-



Commet Inthe downward pass, interactions are condstently computed

at the coarsest possible level. For a given box, this is accomplished
by including interactions with those boxes which are wvell-separated
and whose interactions have not been accounted for at the parent's
level.

Step 3

Comment [ Form a local expansion about the center of each box at each mesh level I < n -

This local expansion describes the field due to all particles in the
system that are not contained in the current box or its nearest neighbors. Once
the local expansion is obtained for a given box, it is shifted, in the second
inner loop to the centers of the box's children, forming the initial expansion-
for the boxes at the next level.

Set ik'1,1 = 'i'I,2 = 'k 1,3 4k 1,4 =(0, 01 .. 0)
dolI,..n- 1

do ibox =1, ... , 41

Form T1',ibo. by using lemma 2.4 to convert the multipole expansion
-11, of each box j in interaction list of box ibox
to a local expansion about the center of box ibox, adding these
local expansions together, and adding the result to liboz*

enddo

do ibox 1, 41

Form the expansion ioje for fbox's children
by using lemma 2.5 to expand I ibo about the children's box centers.

enddo
enddo

* Step 4

Comment Compute interactions at finest mesh level

do box =1, ... 4

Form 'k,,Inboz by using lemma 3 to convert the multipole expansion of
each box in interaction list to a local expansion about the center of box ibox,
adding these local expansions together, and adding the result to the
local expansion obtained from ibox's parent.

enddo

Comment [ Local expansions at finest mesh level are now available.
They can be used to generate the potential or force due to all
particles outside the nearest neighbor boxes at finest mesh level.

Step 5

Comment Evaluate local expansions at particle positions.

do ibox = 1. 4"
For every particle pi located at the point z, in box "box,
evaluate pnio (Zr)p

enddo

Step 5

doib x.- ....4
Fo eer prtcl P lcaedatth p in z.i ., ., .x



Step 6

Comment [Compute potential (or force) due to nearest neighbors directly.

For every particle pi in box ibox, compute interactions with

all other particles within the box and its nearest neighbors.
enddo

Step T

do i'box= ,.,4"
For every particle in box ibox, add direct and far-field terms together.

enddo

* Remark: Each local expansion is described by the coefficients of a p-term polynomial. Direct
* evaluation of this polynomial at a point yields the potential. But, by lemma 2.1, the force is

immediately obtained from the derivative which is available analytically. There is no need for
numerical differentiation. Furthermore, due to the anlyticity of V. there exist error bounds for the
force of exactly the same form as (2.4),(2.11) and (2.15).

A brief analvsis of the algorithmic complexity is given below.

Step Number Operation Count Explanation

*Step 1 order NVp each particle contributes to
one expansion at the finest
level.

Step 2 order Vp 2  At the Ph level. 41
shifts involving order p2

work per shift must be
performed.

Step 3 order < 28Vp 2  There are at most 27 entries
in the interaction list for
each box at each level.
An extra order Np 2 work
is required for the second loop.

Step 4 order < 27.Vp 2  Again, there are at most 27
entries in the interaction
list for each box and

.V boxes.

Step 5 order .Vp One p-term expansion is
evaluated for each particle.

Step 6 order 2 Nk,, Let k,, be a bound on the
number of particles per box

10
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p°.°

at the finest mesh level.

Interactions must be
computed within the box
and its eight nearest neighbors,

but using Newton's third law,
we need only compute half
of the pairwise interactions.

Step 7 order N Adding two terms for
each particle.

The estimate for the running time is therefore

N (-2a 1og2(6) + 56b (log2(f)) 2 + 4.5 d k, + e)

with the constants a, b, c, d, and e determined by the computer system, language, implementation,
etc.

Remark: It is clear that the operation count for Step 6 assumes a reasonably homogeneous distri-
bution of particles. If the distribution were highly non-homogeneous, then we would need to refine
only those portions of space where the number of particles is large. Although its description is
more involved, an adaptive version retains both the accuracy and the computational speed of the
algorithm.

4. Boundary Conditions
A variety of more complicated boundary conditions are used in particle simulations, such

as periodic boundary conditions, homogeneous Dirichlet conditions, and homogeneous Neumann
conditions. Here, only the periodic case will be treated in detail, the treatment of the other two
cases being quite similar.

We start by reconsidering the computational domain depicted in Figure 3. At the end of the
upward pass of the algorithm, we have a net multipole expansion

p

~ok) (4.1)
k=1

for the entire computational box. This is then the expansion for each of the periodic images of
the box with respect to its own center. All of these images except for the ones depicted in Figure
3 are well-separated from the computational box itself, and their induced fields are accurately
representable by a p-term local expansion, where as before, p _- -log2(E) is the number of terms
needed to achieve a relative precision e. We assume that the periodic particle model has no net
charge and, therefore, that the local representation given by lemma 2.4 can be written as

P

'Ol- = bm, z (4.2)

with
I aD (m+k--) Ik

bm.I(-1_) with m=0.1. .p, (4.3)
zg -k k- /0k=1 -0

11
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with zo the center of the image box under consideration.

Remark: In certain problems (e.g. cosmology), the computational box obviously cannot satisfy the
condition of no net charge (mass). This condition is necessary for the potential to be well-defined,
since the logarithmic term becomes unbounded as zo -- oo. Force calculations, however, may still
be carried out. Indeed, using the notation of the algorithm, 1,j, Tj, 'i,, are expansions of analytic
functions representing the potential, so that their derivatives are also analytic functions (with the
same regions of analyticity). Moreover, it is clear from Theorem 2.1 that the derivatives 'j are
described by pure inverse power series. Therefore, the identical formal structure of the algorithm
can, due to lemma 2.1, be used to evaluate force fields everywhere, bypassing the difficulty intro-
duced by the logarithmic term. The only change required is that the initial expansions computed
be the derivatives of the multipole expansions and not the multipole expansions themselves.

Note now that well-separated images of the computational cell are boxes whose centers zo have
integer real and imaginary parts, with Re(zo) _> 2 or Im(zo) 2! 2. Let S be the set of such centers.
To account for the field due to all well-separated images, we form the coefficients for the local
representation by adding the local shifted expansions of the form (4.3) for all zo E S to obtain

kkl - )(-i)k C(z-k) . (4.4)
k= "

The summation over S for each inverse power of zo can be precomputed and stored. For
(m + k) > 2, the series is absolutely convergent. However, for (m + k) < 2, the series is not
absolutely convergent, and the computed value depends on the order of addition. Choosing a
reasonable value for the sum of the series requires careful consideration of the physical model.

Suppose first that the only particle in the simulation is a charge of unit strength located at the
origin. Then the periodic model corresponds to a uniform lattice of charges, and Newton's third
law requires that the net force on each particle be zero. But the net force on the particle at the
origin corresponds to the summation over S of 1/zo, so that we set

S Z

To determine a value for the second term,

z- ..
Z6,s

suppose that the only particle in the simulation is a dipole of strength one, oriented along the x-axis
and located at the origin. Then the periodic model is again a uniform lattice and the difference in
potential between the equivalent sites (-',0) and (1.0) must be zero; i.e.

(+o) F. ds = \(P = 0. (4.5)

The contribution to the potential difference, f F. ds, of a single dipole located at zo is

(+A,O) I
____dz=.-1,0) (Z- ZO) 2 2 -

f( -0 4
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Thus, we find that the potential difference due to the original dipole located at the origin is -4.
For an image dipole located at zo, with Izol > 1, we can expand the contribution to f F ds as
follows:

f ( -+-o110=)o z° -

1 1 I + 3"+

1 1
0 +1 4z 4 .- zo02

Now let S' be the set of the centers of all image boxes. That is, S' is the set of all points zo with
integer real and imaginary parts, excluding the origin. Then

(+jO)
F.ds = -4 + z + 4

A somewhat involved calculation shows that

" 1 !.1
-'4z 4  2 4-i

Therefore, to satisfy (4.5), we set

1

So.-".
N ow

St0 SZ2 Sj\S ~0..

* and the sum Zst\s 1 is easily evaluated and found to be equal to zero. Therefore, we have

S

and the summation over S for every inverse power of zo is defined.
The procedure of converting the multipole expansion of the whole computational cell .oj into

a local expansion io,j which describes the potential field due to all well-separated images can be
written, in the notation of the algorithm, as

ko,= T Doj.

where T is a constant p by p matrix whose entries are defined by the formula

T.k k - I (-M1 k  
k"'
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This can be viewed as the first step in the downward pass of the algorithm for periodic boundary
conditions. At this point, we have accounted for all interactions excluding the ones within the
immediate neighbors of the computational box as depicted in Figure 3. But the expansions 1 ,i
for boxes inside the computational cell are also the expansions of the corresponding boxes inside
the nearest neighbor images of the computational cell. By adding to the interaction list the appro-
priate boxes, we maintain the formal structure of the algorithm and the associated computational
complexity.

5. Numerical Results

A computer program has been implemented utilizing the algorithm of the present paper and ca-
pable of handling both free-space and periodic boundary conditions. The ability to handle Dirichlet
and Neumann boundary conditions will be added in the near future.

For testing purposes, we randomly assigned charged particles to positions in the computational
cell (Figure 7), with charge strengths between 0 and 1, and with the numbers of particles varying
from 100 to 12800. The calculations were performed on a VAX-8600, and the number of terms in
the expansions ki, ijj, CZjj was set to 20, guaranteeing roughly 5-digit accuracy of the result.
In each case, we performed the calculation in three ways: via the algorithm of the present paper
in single precision arithmetic, directly (via formula (2.7)) in single precision arithmetic, and via
formula (2.7) in double precision arithmetic. The first two calculations were used to compare the

- speed and accuracy of our algorithm to those of the direct method. The direct evaluation of the
field in double precision was used as a standard for comparing the relative accuracies of the first
two computations. In all cases, the calculation was performed for a periodic model, the periodic
boundary condition being imposed by means of the algorithm described in Section 4 of the present
paper.

The results of these numerical experiments are summarized in Table 1. Its first column contains
the numbers N of particles for which calculations have been performed. The second and third
columns of Table 1 contain the CPU times Totg that were required by the algorithm of the present
paper to obtain the fields at all N particles, and the greatest relative error 6.1. obtained at any
of the particles, respectively. Columns 4 and 5 contain the CPU times Tdi, that were required by
the direct algorithm (2.7) to obtain the fields at all N particles, and the greatest relative error 6dir
obtained at any one particle, respectively.

Remark: For the example involving 12800 particles, the algorithm of the present paper required
about one minute of CPU time (see Table 1). However, it was not considered practical to use
the direct algorithm to evaluate the field at all 12800 points, since it would take about 5 hours of
CPU time, without producing much useful information. Therefore, we used the direct algorithm to
evaluate the field at only 100 of 12800 particles, both in single and double precision, and used the
resulting data to estimate 6alg and 6dir. The value for Tdir in this case was estimated by scaling.

The following observations can be made from Table 1.

1. The accuracy of the results produced by the algorithm is about the same as that predicted by
the estimates (2.4),(2.11) and (2.15) for the number of terms we are using in the expansions
l.,, ~''4,, 1.. There is no evidence of accuracy problems due to truncation errors.

2. The calculation time grows linearly with the number of charges in the model, even though its
behaviour is somewhat erratic.

3. For as few as 1600 particles in the model, the computational effort required by the direct

algorithm is roughly 40 times greater than that required by the algorithm of the present paper.
For 12,800 particles, the effort is nearly 300 times greater.

14



6. Conclusions

An algorithm has been constructed for the rapid evaluation of potential fields generated by en-
sembles of particles encountered in plasma physics, molecular dynamics, fluid dynamics (the vortex
method), and celestial mechanics. The algorithm is applicable both in the context of dynami-
cal simulations and Monte Carlo simulations, provided that the fields to be evaluated are either
Coulombic in nature (for example, in plasma physics, molecular dynamics, and celestial mechan-
ics) or can be approximated by Coulombic fields (as, for example, in the vortex method for fluid
dynamics simulations [1]). The asymptotic CPU time estimate for the algorithm of the present
paper is of the order O(N), where N is the number of particles in the simulation, and the numerical
examples presented in Section 5 indicate that even very large-scale problems result in acceptable
CPU time requirements. In the present paper, a two-dimensional version of the algorithm is de-
scribed. Generalizing this result to three dimensions is fairly straightforward, and will be reported
at a later date.

It is the authors' pleasure to thank Professor M.H. Schultz for drawing their attention to the
subject of this paper, and for his continuing interest and support.
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200 1.4 4.1 x i0 -  4.5 3.2 x 10 - 8 ..

400 2.0 3.6 x 10- ' 18 6.6 x 10- S

800 3.8 4.6 x 10- 5 69 7.3 x 10- q
1,600 6.6 1.4 x 10- S 272 7.0 x 10- S
3,200 16.5 0.9 x i0-1 1088 3.1 x 10-'
6,400 24.7 7.2 x I0- S  4480 6.8 x i0-'
12,800 60.9 3.0 x 10 - ' 17920 (est.) 1.8 x I0- S

Ta

Table 1: Computational Results."-
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Figure 4: The computational box and three levels of refine-
ment.
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Figure 5: Interaction list for box z. Thick lines correspond
to mesh level 2 and thin lines to level 3. Boxes marked with
an "x" are well-separated from box i. and contained within
the nearest neighbors of box i's parent.
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