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1. Research on Numerical Methods for Singularly Perturbed Differential
Equations

During the period of this contract. we developed and applied numerical methods

for singularly perturbed two-point boundary value problems and time-dependent par-

tial differential equations. Our progress and publications in these areas are described

below.

1.1. Two Point Boundary Value Problems

Our research during this period has largely centered on analyzing the asymp-

totic behavior of solutions to scalar problems of the form

Y + f (Y )Y + (y) = 0.0< X e

with y (0)=.4 and y (c )= B prescribed. Such problems and their generalizations

model a variety of nonlinear oscillators and other physical systems involving narrow
boundary and interior layers where solutions change rapidly. A most fascinating

example involves f (y) = y (I- y 2) and g (y) = -y. The unique solution differs in

twenty-two different region, of thc A-B plane. having up to four differeiit limiting

;olutions in each (depending on the interval length c). Away from regions of nonuni-

form convergence, the limiting solutioni Y' (x ) will satisfy one of the five limits:

(I- YO 1= 1.Y 0(0)=A- - Y 0 V=1. Y 0(0)=-l: (1- Yo)" 0 = 1.1F(r =B"

(1- 1 1( 'O0 l (( ):I: or ]'( 'I= 0.

This behavior and the location of lump point- can he explained by analyzing trajec-

tories for the corresponding fast-slow -ystem in the v-z phase plane. where z is th.

Licnard variable z =t y -F (y ). F (y )f f (s )ds. .More complicated behavior will

be obtained for systems with more rest points ai(l ,vhei the "characteristic curve"

F (y ) has less synnetry and more extreme point,. Our results may be typical of

nonlinear problems which arise a, reactio-(liffusionl svsteni, or as other problem,

with slow/fast dvnainic-. They would be neariv imilo,-ille to conitrehieIid and dis-

cover computationall. without sonic prior knowledge of possible analytical behavior.

This work is being carried out with graltiate' stIthI,/t .hn1 Allen1. It has benefited

from graphical ODE routines pro(hicel by (;. ()dell. Further coniptational efforts

will benefit fromi use of a(laptive inierical imi(,thd-. as have been developed by

Flahertv. Brown arid Loreniz. and others, min. timiat cly . by (1evising domain decom-

position techniqu(es related to id(it ificat ion of aIymp1t ot ic -cahilc.

Vasil'eva and Butuov. and Flaherty and N'lalley have independently

developed arialy,(. for sing.ira r--imgilar pert irbaition proldems. These problens

occur when tha' limitin i ,t e(jiuma i, hia, i fanily of holution,. They arise iii

A 
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applications ranging from chemical kinetics to circuit theory. Recently. proposed
simulation methods for rapidly oscillating controls made clear the need for a more

comprehensive theory. This is the focus of thesis work by Gu Zhong-Mei and of a
collaboration with Dr. Nikolai Nefedov, a visiting faculty member from Moscow
State University. At this time. it appears that the Flaherty-O'Malley procedure

(which provides a differential equation for the limiting solution) is most practical.
However. more practical means of decoupling fast and slow parts of solutions and of
examining appropriate stability manifolds for stretched systems are both very much

,p

needed. Results obtained will form a basis for regularization methods to solve
differential- algebraic systems, as well as the original singular problems. e

Other efforts by Professor O'Malley include continuing interactions with G.
Soderlind of Stockholm's Royal Institute of Technology. R. Mattheij of the Catholic
University of Nijmegen. and with colleagues J. Cole. J. Flaherty, H. Kurland. and M.
Slemrod. among others. A fairly extensive set of class notes on singular perturbation

methods was written last semester. It may soon form the basis of a research level
monograph or graduate textbook.

1.2 Initial Boundary Value Problems for Partial Differential Equations

Professor Flahertv and several colleagues and graduate students have been con-
ducting research on adalptive finite difference and finite element methods for partial

differential equations.

Drew and Flaherty (2" created a model for shear band instabilities that involves

the rapidt shearing of a slab of a visco-elastic material with small viscosity. They
used a inoving iiesh finite element code to solve their inodel and illustrated several
possible nichanisnis for shear band formations. In a somewhat related study. Slem-
rod and Flaherty [12] considered appropriate finite difference schemes for phase trail-

sitioi! involving van der Waals fluids.

Moving mesh methods were studied and the stability of several schemes that are
baedtl on equidistributing a local error indicator was characterized. Our findings.
reported in Ill. show that maniy popular mesh moving strategies can he unstable in
certain sit uat ions.

Moving grid xiethods are effective at reducing dispersive errors in the vicinity of
wave fronts: however. no illethod that uses a fixed numl)er of computational cells can
be used to compute a solution to a i)rescriFed level of accuracy. For this reason, we
have been studyin" and (developing techniques that perform explicit error estimations

See lihs of piihlicalions and ianis,-ri1 s in S('cti i ".
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that are used to add and delete elements as the temporal integration progresses. In

this spirit, Adjerid and Flaherty [13] developed a finite element method of lines

where the mesh "lines" are adaptively moved to minimize artificial diffusion, but

where elements are added and deleted during the integration. Piecewise linear finite

elements are used to calculate the numerical solution andl quadratic elements are

used to estimate its error. Mlesh motion is accomplished using one of the stable

schemes studied in 111]. Ordinary differential equations are obtained for the finite

element solution. the error estimate. and the mnesh coordinates and these may be

solved using existing software for stiff systems. We have applied this procedure to

several problems. including sonic difficult combustion studies. and found some very
encouraging results.

The elementary global refiement strategy that was used in [13] could be ineffi-
cient in mnany situations. Additionally. the miesh moving algorithm of [13] required

users to specify a parameter that controlled relaxation times to an "ideal" mesh that J

equidistributes local error estimates. WXe have remedied both of these deficiencies

and are now ulsing an efficient local refinement strategy and an adaptive procedure
for selecting, the mesh relaxation paraineter. The details of these algorithms and the

results of several computational experinments have been incorporated into a

mtanuscrip)t which has been accep~ted for publication in ('ornpuf. MJeths. M Appi.

.1fci. Engr. 16. We have also extended our solutioni. error estimation. and local

refinement procedures to t wo-dimiensional parabolic problemis. Details of the

Ietliod. which uses oliaiic tree structuires to store dlata. and the results of several

acadlemic arid practical exampjles were reported in Sliruane Adjerid's Ph.D. disserta-

tionis'.

The approach of AdJerid and Flaherty 1131 couples iiesh moot ion anol error est i-

iinationi to the solultioii. This prodluces a iiethod with great numerical stability: how.--

ever. there are many. instances where this extra effort is not nlecessary. Thus, we are

considering adaptive local refinemnent teochiqujes that ulse rec tangumlar and trapezoidal

sipace-tinie elements (cf. rF lerty' aridl Moore 3.61 and Biutermuani et al. [141 ). These

miethods discretize anol -olve a Jlrollein for onie timie step using a finite elemlenit-

Galerkini procedIure. At thle eril of' the tlime( step. the (liscretization error is

estimated, finer subgrid!- of' spare-tirie elemnit,, are added to regions of high error.
an(I th .rldi , retrieyske agaiin onl these regins. The process terinatce

andu thle ititvegrat i ('owtmine- to th li xt t imle s4te'1 wN-i thle etiiated error onl each

grdisl-, haia prescribe tertice.

There i miore to be' dowI with iiir -qmc- tinme local ref inritneri t cooles. Fla hertyv
aMid gradua rc t idenit M. I. C ~oyle and P. K. Moore are coineent rating onl developiing

Ii ierarch jc error est nialt i teccliliie(' thlat are similar to thiose of' Adjerid aiidl

Flal(1 he 1 . 16; for lhe niet hod of' lie.The o'-em t ia I difficulties, are i the absenice



of any superconvergence in time and (ii) the appropriate initial and boundary condi-
tions to apply at coarse-fine mesh interfaces. In addition, Jackson and Flaherty [17]
have extended the finite element basis to include discontinuous trial functions. They
used these in conjunction with a moving mesh scheme of Harten and Hyman 2 to
develop a method that is extremely well suited to the solution of hyperbolic systems

with shocks. The method captures shocks and contact surfaces as true discontinui-
ties without any artificial diffusion or oscillations.

We have developed an adaptive finite difference method for two-dimensional
systems of conservation laws. Preliminary work on a technique that used
MacCormack's method on a moving grid of quadrilateral elements was reported by
Arney and Flaherty 15.15]. This mesh moving technique used a clustering algorithm
of Berger9 to locate and group regions of high error into rectangles that isolate spa-
tially distinct phenomena. An algebraic mesh moving function was then used to
move and align the mesh with the regions of high error. This procedure is very effi-
cient and. unlike many other two-dimensional mesh moving techniques, it has no
problem dependent parameters.

Major D. C. Arney. a professor at the U.S. Military Academy. completed his
Ph.D. studies in 1985 under Flaherty's direction. He has combined the technique of
15.15) with a recursive local refinement strategy and used it to create an adaptive fin-
ite difference code for nonlinear two-dimensional hyperbolic systems [9]. The code
ha.- been applied to several difficult compressible flow problems that contain shocks.
contact surface,. and expansion-. It appears to be able ro utilize the best features of
riesh moving and refinement.

2. Recent Interactions

Professors Flaherty and O'Mallev and graduate students lectured and/or visited the
following conferences and organizations during 1985.

.1. E. Flaherty visited Lo, Alamos National Laboratory. Los Alamos. 20-21 June.
1985. He held technical discussion- with Drs. J.. M. Hyman. T. Manteufel. .1.
Dendy. B. Swartz. and B. ,Iendroff and lectured on "Moving Finite Difference
and Finite Element Methods with Local Refinement for Time Dependent Partial
Differential Equation.."

A Ilarten and .1 \1 IhIman. "SI lf A Id ng ;rid tethliods for ()ne-I)inensional Hyperbolic Coi-
,,'rvation Laws." J. Comp. Phys.. \ol. 5i,. 269-325. is:'J

\1 J. Berger. ".\dapt ,,' M\ -h Iefinement for 1{.\perlolic Partial Differential Equaiols." Report
N , s'r.-\-( 'S-?(2-2 I. )epartmnt ,of (,,lt uter S'cinc',,. St anford k niversity. 1982.

• .''"-".-._. ""' ' , • "'':..: " , ', ": ""' ." ".... .. " .... "-"" "",:" .-".-.'..........-""..... ....-.".".".".".,...".,.-'.."."-"......'.-"".."......'."..........."..... " . -.' """ "-.."'



J. E. Flaherty attended the ASME/ASCE Applied Mechanics Conference. Albu-
querque, 24-26 June. 1985. He presented an invited lecture on "Local Refine-
ment and Moving Finite Element Methods for Parabolic Partial Differential
Equations" as part of the Symposium on Recent Advances in Computational
Mechanics. He also had technical discussions with Profs. R. Ewing of Wyoming
University. J. T. Oderi of the University of Texas, and R. D. Russell of Simon

Frasier University.

R. E. O'Malley attended the AXIS Symposium on Combustion Theory at Cor-
nell University for a week in July. Especially valuable correspondence concern-
ing singular models for chemical kinetics resulted with Professor S.-H. Lam of
Princeton University.

R. E. O*.vallcv visited Los Alamos National Laboratory and its Center for Non-
linear Studies for a week in August. He had technical discussions about singular
perturbations with B. Nicolaenko. P. Fife, D. Brown. D. Cohen. J. MI. Hyman.
D. Mc Laughlin. and .1. D. Murray. amnon g others.

.1. E. Flaherty co-organized (with D. A. Drew) the Conference on Mathematics
Applied to Fluid Mechanics and Stability which was dedicated in memory of
Professor R. C. Di Prinia andl held at RPI. 9-11 September. 1985.

.1. E. Flahert-, visitied the IBM T. .1. Watson Research Center. Yorktown
Heighrts. 9 Octob~er. 1985 and lectured on "Adaptive Finite Difference and Finite
Element Mlethods for Time Dependlent Partial Differential Equations." He also
hiad Technical dliscussions with Drs. W. Liniger and F. Odehl.

.1. E. Flahiertv visited the( Courant InSftitte of M.\athiematical Sine.New
~\ork 18 ctober. 19S5. He had techinical disciissions ihPo..N.Bre

and P'. ( ollela art(l lectilredl on "Adaptive Finite Difference and Finite Element

Met hods for Time Dependent Partial Differential Equations."

S~. Adjerid and .1. E. Flahertv atteiided the SIAM Fall mieeting. Arizona State

Uxniversity. Tempe. 2S-30) October. 19S5. They had technical discussions with

,severai individuzals., including Dr. R. U . '. Chain of Lawrence Livermore Labora-
* tories. Prof. H. Banik of the 1 nver.-oty of' California at San Diego. andl Prof. R.

D . H u--ell of' S inion F rasier 1-niversity.

Prot'(r ( ) Nla 11e also at tended thle S IA NI Fall mneeting tin Tempe. This pro-
Viedir opporttunity for dicti~sionis al)owI wiatierical method.- for two-point stiff

p)rob lemr- w.itjt (;. Dali Iqiikt . R, Russell. C . H inghofer. and C . Schnneisser.

ailiotig othe'r-. lIn ( )tolir. lie gavec a se iniar on tie( subject at thle Vi iiversitNv

of %lon t real anrd a cric, of* t Iiree lcttires at thle UnIiversit v of' New% Hamzpshire.
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S. Adjerid, J. E. Flaherty, and P. K. Moore attended the SIAM Conference on'
Parallel Processing for Scientific Computing, Norfolk, 18-21 November. 1985.
They had technical discussions with several individuals including Maj. D. C.
Arney of the United States Military Academy. Drs. R. C. Y. Chin and L. Pet-
zold of Lawrence Livermore Laboratories. Dr. S. F. Davis of the Naval Surface
Weapons Center. and Prof. J1. Van Rosendale of the University of Utah.

S. Adjerid. J. E. Flaherty. and P. K. Moore attended a day-long workship on
adaptive methods for partial differential equations at the University of Mary-

landon 4 Jnuay 1986. Each of themi presented a lecture on adaptiv
methods. Also present at the workshop were 1. Babuska, J. Osborne, and E.
Rank of the University of Maryland: P. Baehrnan and M. Shephard of RPI: J.
Thomas of AFOSR: S. F. Davis and W. Szymczak of the Naval Surface
Weapons Center: and other students and faculty.

Professor O'Malley is chairman of the 1986 SIAM National Meeting. Its pro-
g-rami will feature miany sessions relevant to this contract. He is also organizing
a SIAM Conference on Numerical Methods for Singularly Perturbed Problems.

Effective .January 1. 1986. Professor O'Mallev is SIAM's V'ice President for Pub-
lications. He has also joined the editorial board of the IMA Journal on Applied
Mat hemnat ics.

Drs. O'Malley and Nefedov visited California ini February to discuss singular
perturbation prob~lemns with Professors Cohen. Lorenz. Lagerstroin. and Kreiss at
Caltech: Professors Harris. Sibuva. and Sacker at the Universitv of Southerni
California: and1 Drs. Howes and Chini at the Lawrence Livermore Laboratories.

3. List of Publicationis and Manuscripts

Publications:

IR . E. OWNMalley. Jlr. and .1. E. Flahertv. "Ozi the Nninerical Solution of
Singularly- Pert urbed Vector Boundary XValue Prolemi!,." inTrams. Te ~ih
JM.4CS W1orld Carty. ont S.1 l. Gi,,l.ad sri. Camou. R. Stepelinai. N1.
Carver. R. Peskin. WV. F. Arnes. R. Vichnevetsky (Ed-7. . \o]. .N orth-Holland~.
New York. pp. 105-112. 19S3S.

2. D. A. Drew,. and .1. E. F lithrtv . "Adapt ive Fiii it(' Eleiien Met hod-; and the
Numerical S4olution of S4hiar Banid Problemis." in Pliast, Traiisit ?.q at1( AothIeritul

ti.tabjiiih.s fi . obdsh. M. (jurti. Ed.Aademic Press. Nevw York, pp. 37-60,
1984.
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3. J. E. Flaherty and P. K. Moore, "An Adaptive Local Refinement Finite Element

Method for Parabolic Partial Differential Equations," in Proc. Int. Conf. on

Accuracy Estimates and Adaptive Refinements in Finite Element Computations,

Int. Assn. Compu. Mech., Vol. 2. Lisbon. pp. 139-152, 1984.

4. J. E. Flaherty, M. L. Frankel. V. Roytburd, G. I. Sivaskinsky. "Numerical

Study of Quenching of Inward Propagating Spherical Flames," in Combust. Sci.

Tech.. Vol. 43, pp. 245-257. 1985.

5. D. C. Arney and J. E. Flaherty, "A Mesh Moving Technique for Time Depen-

dent Partial Differential Equations in Two-Space Dimensions," in Trans. Second

Army Con. on Appl. .1aths. and Comput.. 1'. S. Army Research Office Report

No. ARO 85-1, U. S. Army Research Office. Research Triangle Park, pp. 611-

634. 1985.

6. J. E. Flaherty and P. K. Moore. "A Local Refinement Finite Element Method

for Time Dependent Partial Differential Equations." in Trans. Second Army

Conf. on Appl. Maths. and C(omput.. U. S. Army Research Office Report No.

ARO 85-1. U. S. Army Research Office. Research Triangle Park. pp. 585-596.

1985.

7. R. E. O'Malley. Jr.. "On the Simultaneous Use of Asymptotic and Numerical

Methods to Solve Nonlinear Two-point Problem, with Boundary and Interior

Layers." in Numerical Boundary 1alue ODEs. 1'. M. Ascher and R. D. Russell

(Eds.). Birkhauser. Boston. pp. 149-172. 1985.

8. S. Adjerid. "Adaptive Finite Element Methods for Time Dependent Partial Dif-

ferential Equations." Ph.D. Dissertation. Department of Mathematical Sciences.

Rensselaer Polytechnic Institute. Troy. 1985.

9. D. C. Arney. "An Adaptive Mesh Algorithm for Solving Systems of Time

Dependent Partial Differential Equations." Ph.D. Dissertation. Department of

Mathematical Sciences, Rensselaer Polytechnic Institute. Troy. 1985.

10. R. E. O'Malley. Jr.. and R. M. M. Mattheij. "Decoupling and Boundary Value

Problems for Two-Time-Scale Sytems." .Stiff Comrputations. R. C. Aiken (Ed.).

Oxford University Press. pp. 104-111. 1985.

11. .1. N. (oyle. T. E. Flaherty and R. Ludwig. "On tli Stability of Mesh Equidi.-

trihution Strategies for Time Depwezltct Partial Differential Equations." .1.

(ornp. Phys.. Vol. 62. pp. 26-39. 1986.

<d\.-.S~* .% * ~ .,



In Press:

12. M. Slenirod and J. E. Flaherty. "Numerical Integration of a Riemann Problem
for a van der Waals Fluid." Res. AMechanica. accepted for publication. 1984.

13. S. Adjerid and J. E. Flaherty. "A 'Moving Finite Element Method wvith Error
Estimation and Refinement for One-Dimensional Time Dependent Partial Dif-
ferential Equations." L4IJNumner. A4nal.. accepted for publication, 1985.

14. M. Dieterman. J. E. Flaherty. and P. K. Moore. "Adaptive Refinement Methods
for Nonlinear Parabolic Partial Differential Equations," I. Babuska. 0. C. Zienk-

iewicz. E. Arantes e Oliveira. .1. R. Gago. and K. Morgan. (Eds.), Accuracy

Estimates~ and Adapt ivity for Finite Elemrents, John Wiley, London, accepted for
publication. 1984.

13. D. C. Arney and .J. E. Flaherty. "A Two-Dimensional Mesh Moving Technique
for Time Dependent Partial Differential Equations." J. Comp. Phys.. accepted
for publication. 1986.

16. S. Adjerid and J. E. Flaherty. "A Moving Mesh Finite Element Method with
Local Refinement for Parabolic Partial Differential Equations." Computer
Methods in A4pplied M1eehanics and Engineering, accepted for publication. 1983.

17. .1. E. Flaherty and T. L. .Jackson. "A Discontinuous Finite Element Method for
Hypevrbolic Systems of Conservation Laws." submitted to SL4M1 .1. Sei. Stat.
( ompit.. Septemb11er 1985.

18. "Singular Perturbation InI Systems and Control." IEEE Press. 1986. (P. V'.
Kokotovic and H. K. Khalil. (Eds.). will rep)rint articles by Kokotovic. Sannuti.
and O'Malley (Aiitomnatica 1976). 0-%lalley (SIAM .J. C.ontrol. 1972). O'Mallev
(.1. M at h. Anal. AppI.. 1974). and O'Malley and Jameson (IEEE Trans.
Automatic Control. 1977).

19. R. E. O*NMalley,,. Jr.. "On -Nonlinear Singularly Perturbed Initial Value Prob-
lemii." submitted to .sI4_11 Reii. JIuly 1983.
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ON THE NUMERICAL SOLUTTION OF SINGULARLY-PERTURBED VECTOR0

BOUNDARY VALUE PROBLEMS

Robert E. O'Malley. Jr.
and(

Joseph E. Flaherty
Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Troy. New York 12180 USA

ABSTRACT

Numerical procedures are developed for constructing asymptotic solutions of
certain nonlinear singularly-perturbed vector two-point boundary value problems
having boundary layers at one or both end points. The asymptotic approximatilonls
are generated numerically and can either be usedI as is or to furnish a two-point

* boundary value code (e.g.. COLSYS) with all initial approximation and a nonuni-
form conmputational mesh. The procedures are applied to a nmodel problem that indi-

- cates the IpossibilitN of multiple solutions and problems involving the deformation of
a thin nonlinear elastic beani rest iin- on a nioiincar elastic foundlation.

- ~In Trans. Tenth IN4A('S ~or ( ong. oil Syst. silibill. anid Sca. ( ohlIlt.. R. Stepli'nianl. el
* ~ ~ ~ 1 IA \,,I 1. Nrih-hlollaiid V%%~ Nq rk. ~q1,1 5 I'
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ADAPTIVE FINITE ELEMENT METHODS
AND THE NUMERICAL SOLUTION OF SHEAR BAND PROBLEMS

Donald A. Drew and .Joseph E. Flaherty

Department of Mathelnatical Sciences

Rensselaer Polytechnic Institute

Troy. New York 12180

ABSTRACT

Shear hands are localized regions of very high shear strain which arise as a result of

high rates of loading. They occur in metal forming and cutting processes and in

impact and penetration problems. In this paper. we describe a model for the forma-

tion of shear hands in simple shear that involves the description of irreversible

mechanical shear and the resulting heat release. The location of a shear band is unk-

nown in advance. and the evolution results in large gradients of displacement. velo-

city. and temperature. Shear band formation. therefore, offers an interesting and

physically important application of a code able to resolve small-scale transient struc-
tizre,. In this paper. we use an adaptive finite element code to solve several prob-

lem involving shear band formation. The ('od(, autoimtically locates regions with

larg' gradients and adaptively concentrates finite elements there in order to minim-

ize approximately the development of shear l)aIld under many circumstances and

indicate "onie possible nechanisins for their formationh.

In PhIase Transitions and Material Instabilities in Solids. %I (;urim l.'d A t l('e1, C 1t rev,.
, rk . l 37-6(1 I ","
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AN ADAPTIVE LOCAL REFINEMENT .4
FINITE ELEMENT METHOD FOR PARABOLIC

PARTIAL DIFFERENTIAL EQUATIONS

Joseph E. Flaherty

Department of Computer Science

Rensselaer Polytechnic Institute

Troy. New York 12180
and"

Peter K. Moore

Department of Mathematical Sciences
Rensselaer Polytechnic Institute

Trov. New York 12180

ABSTRA CT

We discuss an adaptive finite element method for solving initial-boundary value
problems for vector systems of partial differential equations in one space dimension

.

and time. The method uses piecewise bilinear rectangular space-time finite elements.
For each tinie step. the grid is automatically refined in regions where the local

discretization error is estimated as being larger than a pr(escribed tolerance. We dis-.
cuss several aspects of our algorithm, including the tree structure that is used to

represent the finite element solution and grids. ail error ,.stimation technique. and"

initial and boundary conditions at coarse-finie iiesh interfaces. We also present the
results of several compIutational examples aiid ex!,eriiiiit-.

.4.-

jIn Proc. lInt. (onf. on Accuracy Estimates and Adaptive Refiieuaezirs iii Finhfe EleienitS
( oinputatioxis. In,. Assn. (.rni.~ %lec Ii. %,)1 2. Lis, r . 1.39-1I7)2. I 9,xi
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NUMERICAL STUDY OF QUENCHING OF INWARD
PROPAGATING SPHERICAL FLAMES

J. E. Flaherty
Department of Computer Science

Rensselaer Polytechnic Institute
Troy. New York 12180

and

M. L. Frankel. V. Roytburd
Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Troy. New York 12180

and

;. I. Sivashinsky
Department of Mathematical Sciences

Tel-Aviv University
Tel-Aviv 69978. Israel

ABSTRACT

The phenomenon of quenching of cylindrical convergen flames is considered in the
framework of constant density approximation. The parameters dependence of the
effect is studied numerically using aii adaptive finite element method. The numeri-
cal results are in a good agreement with predictions of theoretical analysis from
(Frankel and Sivashinsky. 1984).

'.7
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A MESH MOVING TECHNIQUE
FOR TIME DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

IN TWO SPACE DIMENSIONS

David C. Arnev 0

Department of Mathematics
United States Military Academy

West Point, NY 10996

and
Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Troy. NY 12180

and
Joseph E. Flaherty

Applied Mathematics and Mechanics Section
Benet Weapons Laboratory

Watervliet. \Y 12189

and

Department of Computer Science
Rensselaer Polytechnic Institute

Troy. NY 12180

ABSTR A( T

We discuss an adaptive nesh ioving terlnique that i- used witli a finite difference

or finite element schene to solve initial-iouindary vahu( prohleini for vector sysnte-

of partial differential equations in two space dimensions and time. The mesh moving

technique is based on an algebraic node movement function determined from the

propagation of significant error regions. The algorithin i, designed to he flexible, so

that it can be used with i many existing finite difference or finite element methods.

To test the algorithim. we implemented tie tiesh mover in a systeni code along with
an initial mesh generator and a MacCormack finite volunize( integrator to solve hyper-
bolic vector systens. Results are presented for several computational examples. The

Irioving imesh reduce- dispersion errors near shocks and wave fronts and thereby can
reduce the grid requirenent' necessar, to conipute accurate solutions while increas-

ing conputational efficietinev.

In Trans. Second Army ( onf. on Appli. Maths. and C(omput.. Alo lprI .- I. .S Arm.i
,e','earch ()ffic. Research 'TriancIe Park pp. il I-6WI. 9s-,
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A LOCAL REFINEMENT FINITE ELEMENT METHOD FOR TIME DEPENDENT

PARTIAL DIFFERENTIAL EQUATIONS

* Joseph E. Flaherty

Department of Computer Science

Rensselaer Polytechnic Institute
Trov..N.Y. 12180

and

U. S. Army Armament Research and Development Command
Large Calibre Weapon Systems Laboratory

Benet Weapons Laboratory

Watervliet. NY 12189
andl

Peter K. Moore

Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Troy, NY 12180

ABSTRACT

We discuss an adaptive finite element method for solving initial-boundary value

problems for vector systemns of partial differential equation.,, in one, space dimension

* an(l time. The method uses, piece-wise 1iinear rectangular space-time finite elements.

*For cachi timec step. the gridi is automatically refined in regions where the locale

discretization error is estimatedl as being larger than a p)rescrib~ed tolerance. VWe (us-
cuiss Several aspects of our algorithmi. includingt the tree structure that is usedl to

rep~resenlt the fiflite elemnent solution and grids, an error estimation technique. and

* initial and boundary conditions at coarse-fine miesh interfaces. We also present the
results of several comiputational examiples and experiments.

lIn Trans. Second Army ('onf. ona Appi. Matlis. and ( toiiJut.. Alit) livepori 85-. . S. ArtnN
Hf.-.arch Offici'. [it-sarch 'rriangie Park. pp. 5S5)_'7".w IK)
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ON THE SIMULTANEOUS USE OF ASYMPTOTIC
AND NUMERICAL METHODS TO SOLVE NONLINEAR

TWO-POINT PROBLEMS WITH BOUNDARY AND INTERIOR LAYERS

R. E. O'Malley..Jr.

Department of Mathematical Sciences
Rensselaer Polytechnic Institute

Troy. New York 12180

ABSTRACT

The purpose of this paper is to provide a survey concerning boundary value problems
for certain systems of nonlinear singularly perturbed ord inary differential equations.
The aim is to emphasize important and difficult open problems needing more study.
in terms of both mathematical and numerical analysis and computational experi-
ments. •Snome currentlv tractable problemns are discussed in detail.

V.."

-

*In Numerical Boundary Value ()DEs. I .\ ,'h,,r and II R,.i'I. ( IK'k 1. Ihirkharrer. Ihost on. pp. !.
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ADAPTIVE FINITE ELEMENT METHODS FOR TIME
DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

Slimane Adjerid

Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Troy, New York 12180

ABSTRACT p

We discuss adaptive finite element methods for solving initial-boundary problems for

vector systems of partial differential equations in one and two space dimensions.

One dimensional systems are discretized using piecewise linear finite element approx-

imations in space and a backward difference code for stiff ordinary differential sys-

terns in time. A spatial error estimate is calculated using piecewise quadratic

approximations that use the superconvergence property of parabolic systems to gain

computational efficiency. This error estimate is used to move and refine the finite

element mesh in order to equidistribute a measure of the total spatial error and to

satisfy a prescribed error tolerance. Ordinary differential equations for the spatial

error estimate and the mesh motion are integrated in time using the same backward

difference software that is used to determine the numerical solution of the partial dif-

ferential system. The one-dimensional algorithm combines mesh moving with local

refinement in a relatively efficient manner and attempts to eliminate prollem-

dependent numerical parameters. A variety of examples that motivate our mesh

moving strategy and illustrate the performance of our algorithms are presented.

Two-dimensional systems are discretized using piecewiv bilinear finite element

approximations in space and the same backward difference software that is used for

one-dimensional systems in time. A spatial error estimate i- calculated using piece-
wise cubic approximations that use the supercorvergence property of parabolic sys-

tenis. This error estimate is used to locally refine a stationary finite element niesh in

order to satisfy a prescribed spatial error toleranci.

Several linear and nonlinear examples are presented to illimtrate the effectiveness of

*' our error estimation technique and the performance of our adaptive algorithmns.

-a

!Ph 1). )issertatlion. I)epartment ,,f Mathonat ', 'ca) n,,) I? ,,wsel ,,r |h,,i. fCh fnir Institute. Troy.
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AN ADAPTIVE MESH ALGORITHM FOR SOLVING SYSTEMS
OF TIME DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

David C. Arney
Department of Mathematics

United States Military Academy
West Point. NY 10996

and .
Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Troy. New York 12180

ABSTRACT
We discuss an adaptive mesh algorithm that can be used with a finite difference or
finite element scheme to solve initial-boundary value problems for vector systems of
time dependent partial differential equations in two space dimensions. Our algo-
rithm combines the adaptive techniques of mesh moving, static rezoning. and local
mesh refinement. The nodes of a coarse mesh of quadrilateral cells are moved by a %
simple algebraic node movement function. determined from the geometry and propa-
gation of regions having statically significant discretization error or mesh movement
indicators. The local mesh refinement method recursively divides cells of the moving
coarse mesh within clustered regions that contain nodes with large error until a user
prescriwed error tolerance is satisfied. These finer grids are properly nested within
the inoving coarse l(esh to provide for simpler data structures and interface condi-
1i1l5 between the fine and coarse ineshes .

()ur procedure is designed to be flexible. so that it can be used with many existing

finite (difference and finite element schemes and with different error estimation pro-
creslures. To test our adaptive mesh algorithm, we implemented it in a system code
with an initial miesh generator. a MacCorniack finite difference scheme for hyperbolic
vector systems of conservation laws, and a Richardson extrapolation based error esti-
iia t ion. Result., are presented for several computational examples.

The moving mesh technique reduces dispersive errors near Thocks and wave fronts.
Therefore. it reduces the grid requirements necessary to compute accurate solutions
and thus increases computational efficiency. The local inesh refinemient provides
*-maler mesh spacings and time steps in regions where the problem is difficult to
*,olve. thiu providing increased accuracy and enabling error tolerances to be

achi ved.

Nil) Iss*ertatin. I hpartment ofi Mat hematical Sciencre'. Riens.se'laer |'oh'crhni c Insilue. TrI""' .
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DECOUPLING AND BOUNDARY VALUE
PROBLEMS FOR TWO-TIME-SCALE SYSTEMS

R. E. O'Malley. Jr.
Department of.LMathernatical sciences

Rensselaer Polytechnic Institute
Troy, New York 12180

and
R. M. M. Mattheij

Catholic University
Nijmegen, The Netherlands

ABSTRACT

This paper presents an analytical technique for decoupling slow and fast dynamics
for linear systems of ordinary differential equations. The method, based on Riccati

*transformations, is of substantial computational value for solving stiff two-point
* 1boundary value problems.

* In Stiff Coimputation. W? C. Aiken (Ed.). O)xford I niversity P~ress. p'). 10)4-11I . 198i.
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ON THE STABILITY OF MESH EQUIDISTRIBUTION STRATEGIES FOR TIME

DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

J. Michael Coyle, .oseph E. Flaherty and Raymond Ludwig

Department of Mathematical Sciences

Rensselaer Polytechnic Institute

Troy. New York 12180 USA

ABSTRACT

We study the stability of several mesh equidistribution schemes for time dependent
partial differential equations in one space dimension. The schemes move a finite

difference or finite element mesh so that a given quantity is uniform over the
domain. We consider mesh moving methods that are based on solving a system of

ordinary differential equations for the mesh velocities and show that many of these
methods are unstable with respect to an equidistributing mesh when the partial dif-
ferential system is dissipative. Using linear perturbation techniques. we are able to

develop simple criteria for determining the stability of a particular method and show
how to construct stable differential systems for the mesh velocities. Several exam-

pies illustrating stable and unstable mesh motions are presented.

t.5
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NUMERICAL INTEGRATION OF A RIEMANN PROBLEM

FOR A VAN DER WAALS FLUID

M. Slemrod
and

.1. E. FlahertN
Department of Mathematical Sciences

Rensselaer Polytechnic Institute

Troy, New York 12180

ABSTRACT

In two recent papers. Slemrod has suggested that the well known Lax-Friedrichs

finite difference method may provide a natural method for the numerical integration

of initial value problems with an anomalous equation, of state, e.g.. a van der Waals

fluid. In this note we review these ideas and present the results of a numerical
experiment which attempts to simulate the dynamics of a v'an der Waals like fluid.

I

Stuiimi to Res Mechanica. April lYo.i



A MOVING FINITE ELEMENT METHOD WITH ERROR ESTIMATION
AND REFINEMENT FOR ONE-DIMENSIONAL TIME DEPENDENT

PARTIAL DIFFERENTIAL EQUATIONS

Slimane Adjerid r
Department of Mathematical Sciences r

Rensselaer Polytechnic Institute
Troy. New York 12180

and
Joseph E. Flaherty

Department of Computer Science
Rensselaer Polytechnic Institute

Troy. New York 12180

Dedicated in Memory of Richard C. DiPrima

ABSTRACT

We discuss a moving finite element method for solving vector systems of time depen-
dent partial differential equations in one space dimension. The mesh is moved so as
to equidistribute the spatial component of the discretization error in H'. We
present a method of estimating this error by using p-hierarchic finite elements. The
error estimate is also used in an adaptive mesh refinement procedure to give an algo-
rithrn that combines mesh movement and refinement. We discretize the partial dif-
ferential equations in space using a Galerkin procedure with piecewise linear ele-
ments to approximate the solution and quadratic (lements to estimate the error. A
svstem of ordinary differential equations for mesh velocities are used to control ele-

nent motions. We use existing software for stiff ordinary differential equations for

the temporal integration of the solution, the error estimate. and the mesh motion.

Computational results using a code based on our method are presented for several

examples.

',, appear in SIAM J. Nunier. Anal.. 19s;
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ADAPTIVE REFINEMENT METHODS FOR NONLINEAR
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

Michael Bieterman

Boeing Computer Services -'

Engineering Technology Applications
Tukwila, Washington 98118 USA

and

Joseph E. Flaherty

Department of Computer Science
Rensselaer Polytechnic Institute

Troy. New York 12180 USA
and

Peter K. Moore

Department of Mathematical Sciences

Rensselaer Polytechnic Institute
Trov. New York 12180 USA

ABSTRACT

We consider two adaptive finite element techniques for parabolic partial differential
equations (PDEs) that are based on using error estimates to control mesh refine-
ment. One technique is a method of line,, (MOLJ approach that uses a Galerkin
method to discretize the PDEs in space and implicit multi-step integration in time.
Spatial elements are added and deleted in regions of high and low error and are all
advanced with the same sequence of varying time steps. The second technique is a
local refinement method (LRM) that uses Galerkin approximations in both space

and time. Fine grids of space-time elements are added to coarser grids and the prob-
lem is recursively solved in regions of high error.

T,, appear w Accuracy Estimalets and Adaptivity for Finite Elements. I. Babuska. . (
Zienkieicz. L Aranies e Olive i.,, .1 It (;aL,, and h .\l,,r n ( Ld 19 I
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A TWO-DIMENSIONAL MESH MOVING TECHNIQUE a"

FOR TIME DEPENDENT PARTIAL DIFFERENTIAL EQUATIONS

David C. Arnev

Department of Mathematics
United States Military Academy

West Point. NY 10996
and

Department of Mathematical Sciences

Rensselaer Polytechnic Institute

Troy. New York 12180
and

Joseph E. Flaherty
Department of Computer Science
Rensselaer Polytechnic Institute

Troy. New York 12180

ABSTRACT

We discuss an adaptive mesh moving technique that can he used with a finite ele-

ment difference or finite element scheme to solve initial-boundary value problems for
vector systems of partial differential equations in two -pace dimensions and time.

The mesh moving technique is based on an algebraic node movement function deter-

mined from the geometry and propagation of regions having significant discretization
error indicators. Our procedure is designed to be flexible. so that it can be used with

many existing finite difference and finite element methods. To test the mesh moving

algorithm, we implemented it in a system code with an initial mesh generator and a

.MacCormack finite difference scheme on quadrilateral cells for hyperbolic vector sys-
tems of conservation laws. Results are present(ed for several computational exam-

pies. The moving mesh scheme reduces dispersive errors near hocks and wave

fronts and thereby reduces the grid requirenent, necessary To compute accurate solu-

tions while increasing computational efficiency.

I

To appear in J. Comp. Phys.. Ivst;
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A MOVING MESH FINITE ELEMENT METHOD
WITH LOCAL REFINEMENT FOR PARABOLIC

PARTIAL DIFFERENTIAL EQUATIONS

!5 limane Adjerid
Department of Mathematical Science

Rens.selaer Polytechnic Institute

Tray. New York 12180 S

and
Joseph E. Flaherty

Department of Computer Science

R ensselaer Polytechnic Institute
Tray. New York 12180

ABSTRACT
W~e discuss a moving miesh finite element method for solving initial- boundary value

problems for vector systems of partial differential equations in one space dimension

and time. The system is discretized using piecewise linear finite element approxima-

tions in space andl a backward difference code for stiff ordinary differential systems in

time. A -spatial error estimation is calculated using piecewise quadratic approxima-

tions that use the superconvergence properties of parabolic systems to gain computa-

tional efficiency. The spatial error estimate is used to ijiove and locally refine the

finite element mneshi in order To eoulidistribute a measure of the total spatial error and

To -saTiSfy a prescribed error tolerance. Ordinary differential equations for the spatial

error estimiate and the ine h iot ion are jintegrated in time using the same backward

difference software that is ii,ed( to determne the numerical solut ion of the partial dif-
* ferential sNvstern.

* \We Ipres;ent several details of an algoriThIli that may be iisCd to develop a general

purpose finite element code for one-diisi onalI parabolic partial differential systems.

* The algorithmn combines nif-h into a and local refinemniit In a relatively efficient
* . imanner and at tempt, to oiiiiinate proh lemi-dependent nurinerical paramieters. A

* variety of examples that mlotivate our lile!.l itoving strategyv and illustrate the per-
*forizance of our algorithmii are prv .eritte(!.

U arppear in Computer Methods in Applied Mechanics and Engineering. 198..
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A DISCONTINUOUS FINITE ELEMENT
METHOD FOR HYPERBOLIC SYSTEMS

OF CONSERVATION LAWS

T. L. Jackson
Department of Mathematical Sciences

Rensselaer Polytechnic Institute

Troy. New York 12180
and

J. E. Flahertv

Department of Computer Science

Rensselaer Polytechnic Institute

Troy. New York 12180 z

ABSTRACT

We develop an adaptive finite element method for solving nonlinear hyperbolic sys-

tems of conservation laws in one space dimension and time. The method uses

discontinuous piecewise linear trial functions and continuous piecewise cubic test

functions on a moving mesh of triangular space-time elements. The mesh is moved
*. by a technique that uses a weighted average of the local characteristic speeds to

.select nodal velocities. We show that discontinuous finite element approximations
on a moving mesh have the potential of accurately resolving physical discontinuities

in the solution. Several computational examples are presented to illustrate the per-

forniance of the method.

.
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ON NONLINEAR SINGULARLY PERTURBED INITIAL VALUE PROBLEMS*

R. E. O'Malley, Jr.
Department of Mathematical Sciences

Rensselaer Polytechnic Institute 'S

Troy. New York 12180

ABSTRACT

The study of singularly perturbed initial value problems for nonlinear systems of
ordinary differential equations parallels the analysis underlying the development of

numerical algorithms for obtaining solutions of such systems of stiff differential equa-
tions. This paper seeks to emphasize the advantages of combining these two sub-
stantial research efforts. It develops insight and intuition based on a sequence of

solvable model problems. and it relates a variety of literature scattered throughout

publications concerned with asymptotic and numerical analyses, stability and control

theory. and specific topics in applied mathematical modeling.

I-!

r.

'This material was presented as an invited talk at the .loint l.S.-Scandinavian Svmposium on Scten-
fi," (omputing and Mathematical ModlIing in Stockholm. January 19T. The work was supported in

part b the National .cienc(e U",lndatott ,undor (;rant Number [)NI.S-S01665 and by the U. S Armv1
Re.arch Office under Grant Number 1)AA(2Y,.2-K-ori97
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