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/INTRODUCTION

---- ,Certain u--.-s of the Global Positioning System (GPS) use the geodetic coordinate system to define

their receiver position. Satellit.. positions, computed from either ephemeris or almanac data, are best

stated. however, in term.c of Earth-centered, Earth-fixed (ECEF) cartesian coordinates. This presents a

probiem when computipg values for a dilution of precisio n positionA-the measure by which the four

satellites most suitable for range measurements are determined.7--•iD )

Before receiving transmissions from GPS satellites and using ther" to determine precise receiver
position, the user must determine which four satellites are in the configuration that will maximize system
accuracy. This is accomplished by computing a/fldution of -precismiovalue for all groups of four satellites

that are in view. For GPS users who measure their receiver position in geodetic coordinates, this value
should reflect the use of these coordinates, rather than ECEF cartesian coordinates.

This report outlines five algorithms, all used in the process of computing' ailut66n-of--pmsioO, in
rvssition. The method to compute satellite position is described assuming the user is using almanac data,

and the dilution of precision in position term is defined in terms of geodetic coordinates. "' r A .

The basic procedure, as outlined by the algoi.thms, is as follows

Use almanac data to find satellite position at time (t)

Convert receiver position estimate from geodetic coordinates to ECE,3 cartesian coordinates

Establish whether a satellite is healthy and in view

Compute covariance matrixes for all groups of four satellites that are healthy and in view

Rotate each rovariance matrix to be in terms of geodetic coordinates, and compute a dilution of
ptrision in position

The group of four satellites that yields the smallest dilution of precision in position is the group to use
when making range measurements from satellite transmissions.

I
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Each of the five algorithms details how to acromplisiý one of the tasks previously stated. The it..ns

that are needed as input to the routines are listed and defined first. Tho qteps and equationt required to

produce the desired output follows. The algorithms are r resented in a straightforward manner, and

computer code could be written from them.*

The appendixes provide a more thorough expkinatirn cf the equations ',nd procedures detailed in the

five algorithms. The collection of material found in the appendixes should prove to be as useful as the
4 algorithms themselves.*

None of the material in this report is developed for the first time here, but as far as it is known, it has
never been assembled as in this report. The usefulness of havin., this inforr.- i•,a combined into one
,Jocument was a majcr reason for assembling this report.

PROCEDURES

FINDING SATELLITE POSITION FROM ALMANAC DATA1

The user obtains the followint. input data from the almanac

ISAT Satellite tracker number

WNA Reference week of almanac data

Eccentricity

toa Reference time of almanac data (s)

io Inclination angle (0.30 semicircles)

6i Correction to inclination (sc)

Rate of right ascension (sc/s)

(a.)/ Square root of semimajor axis length (in)

•Thesw algorithms, or section% of these algorithms. alrcad% exist as code or in program-design documentation These werc

as•sembled from Reference I.
* * Ncarly all the derivations collected in the appendiwxs can be found in ctlwhr Referencc I or 2.

2
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S20 Right ascension (sc)

IJ Arbument of perigee (sc)

Mo Mean anomoly (sc)

The user provides the following input data

t Time at which position is to be known (s)

WN Week number at which position is to be known

Pg WGS-72 value for the Earth's gravitational constant

ke WGS 72 value for the Earth's rotation rate

The user receives the following output data

xs. Ys' Zs Satellite position

E Eccentric anomoly

Define semimajor axis length, ae. meaki mcdon, N, time difference (positive or negative) between t and
toa. At. and a new mean anomoly. M.*

. 1/22ae =(ae )

N = N0 = (Pg/ae3)

At t + 604,800 ( N-WNA) - toa

M E = Mo + N1 • At

Solve for eccentric anomoly by repeating the next two lines eight times or until tau (r) becomes less thanor

equal to I x 10-1o.

r = E- esinE- NI

E M M+ esin E

See Appendix A for derivation' of some of these equations. This routine is part of Reference 1: it is also contained in

Reference 3.

3
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Solve for true anomoly, v, corrected radius, r, and corrected inclination i.

sinv, = (I-e2"ysinE/(l-ecosE)

cosv = (cosE-e)/(I-ecousE)

r = aell-ecosE)

i = i +6i

Find the corrected longitude of the ascending node and the position of the satellite in the orbital plane.
(Let u = v +wo)

n = o + " -At-ke(At+toa)

X/s = r -cosu =r .[cosvcos o - sinvsin wi

Ys = r -sinu =r.[sinvcosow+cosvsin w

Solve for position in the ECEF cartesian frame.

xs = X/s cos2-y's cosisinf2

Ys = x'ssinS2 + N sCics c

Zs = Y/ssini

CONVERTING RECEIVER POSITION FROM GEODETIC COORDINATES TO ECEF CARTESIAN
COORDINATES'

The user inputs the following data

X, ,, h Geodetic latitude, longitude, and height of receiver

ae Earth's semimajor axis length

e Earth's eccentricity

The user obtains output data in the form of the x. y. and z receiver coordinates (rigure 1).

4
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z AXIS

S RECEIVER
h

EARTH'S SURFACE

y AXIS

x AXIS

FIGURE 1. RECEIVER POSITION

If latitude and longitude are input in degrees, convert to radians.

0 -W ,/ 180

*X = ,r/180

Convert to ECEF cartesian coordinates.

x ae +h cos, cos X

L'\/i-e2 sin 2 J

= ae ÷h coso sin X

\/i- e2 sin 2  J
= F (i- e2 )ae +h n]

= e + h sin,
[Vi -e sin 2 J

DETERMINING SATELLITE QUADRANT AND ESTABLISHING WHETHER. A SATELLITE IS
HEALTHY AND IN VIEW'

The user inputs the following data

5
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XNO Ys, ZS Satellite position in ECEF cartesian coordinates

x, y, z Receiver position in ECEF cartesian cordinatei

0cut One cutoff angle for each of the four quadrants

The receiver is used as a reference point to define the quadrants as follows (see Appendix C for
further explanation)

0 < quadrant I < 90 North-East

90 < quadrant 2 < 180 North-West

180• quadrant 3 < 270 South-West

270 < quadrant 4 < 360 South-East

Establish the satellite quadrant. anO define the vector from the receiver to the satellite. P. by its three
components Px. Pv and P,.

Px = Xs-X

Py = ys-y

PZ = zs - z

Define vectors E and N, which" with zenith, Z, define a new coordinate system centered at the receiver.

(Ex, E,) E)- (-y, x, o) East

(Nx. Ny. Nz)= (-xy, -yz, xy + y2 ) North

*• Define the magnitudes.

I E I = (Ex2 +Ey2 + Ez2

!HI = (Nx2 + Ny' + Nz Z2r

Compute satellite position in the new E--N plane.

6
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P.E = (-Px "Y. Py xo)

P N = (-Px .Z,-P y 'Y'Z. PzX'X'Y+Pz'Y 2 )

(PE- PN). . .
\ :,E l IN I

PE and PN determine the satellite quadrant.

if PE = 0 and PN = 0 (exactly on azimuth, Z) satellite is in quadrant 1

If PE > 0 and PN > 0 satellite is in quadrant 1

If PE < 0 and PN > 0 satellite is i- quadrant 2

If PE < 0 and PN < 0 satellite is in quadrant 3

If PE > 0 and PN < 0 satellite is in quadrant 4

Establish whether o. not the satellite is in view.

(PxI Py" Pz') = (Xs - X, Ys - Y, Zs - Z)

Compute the following, where R is the receiver position vector.

I P= (pX2 +py 2 +pz22

I RI = (X2+y2+)Z2)

P-R P

The angie between P and the horizon is given by j

If sin f3 < sin Ocut the satellite is out of view

If sin 13 > sin Ocut the satellite is in view

7
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COMPUTING THE COVARIANCE MATRIXES FOR ALL GROUPS OF FOUR SATELLITES THAT
ARE HEALTHY AND IN VIEW '

The user inputs the following data

Xs, Yr, Zs Satellite positions for four satellites (and tracker number subscript, s)

x, y, z Receiver position

For each of the four satellites compute a 4 x 4 matrix Ms.

First let

Axs = (xs - x)

Ays = (Ys- y)

Azs = (zs- Z)

Rs = [AXs 2 + Ays2 + AZs 211/2

and

P1 AxsI Rs

P2s = Ay,! Rs

P3s = Azs. Rs

P4s = 1

Now,

P1s'P1s Il P1'P *P'3 13! .P4s
S s s -S S S S s

P2s PIs P2s P-s Ps s P2s P4S
MS =

P3s "PIS P3s P25  P3s P3S P3s .P4s

P4s PIS P4s P2s P4s P3s P4s P4s

8
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Let Mtoa1 be the sum of the four M s

4
fttotaI Ms

s=

The final step in this procedure is to compute the inverse of Mtotal. This is the covariance matrix. In the
next section this is denoted by M-1.

COMPUTING A DILUTION OF PRECISION IN POSITION FROM THE COVARIANCE MATRIX
IN TERMS OF LATITUDE AND LONGITUDE'

The user inputs the following data

M-1 Covariance matrix

r. A, h Geodetic receiver position

e Eccentricity

ae Semimajor axis length

x, y. z Cartesian receiver position

The user receives the following data

DOP 0Xh Dilution of precision in position, reflecting latitude, longitude, and height

DOPO•, Dilution of precision in position, reflecting latitude and longitude

Let M' be written as follows

In I In 12 ml3 In14

In21 2 2 In 2 3 In24
M-1 =

n31 M32 I33 I34

In 4 1 In 4 2 In 4 3 In 4

9
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W was generated from variables in the ECEF cartesian (x. y. z) coordinate system. For users measuring
position in this coordinate system, geometric dilution of precision is computed by

GDOP=Tr[M- 1]= m InI+m 22 +ms33 +m 44

The procedure described following these notes yields a dilution of precision suitable for users measuring
position in the geodetic (€, W, h) coordinate system. Two dilution of precision equations are defined; one
for users always at nearly constant height (DOPO,), and one for users whose height varies (DOP A h).

Form a new matrix by "rotating" the upper left 3x3 matrix in M-` into the geodetic coordinate system.
Equivalently, multiply the upper left 3x3 matrix in MW by the following matrix of partials

__ ax aX
ax ay az

ax ax az

ax ay az

The following procedure shows the equations for the partials in the above matrix. Appendix D details how

they are derived.

Compute the range in the x -y plane and the radius of curvature.

R = .x/x+yT

RADC - ae(i -e 2 )Ii - el sin: 0•13h +

* Compate partials of geodetic latitude.

a• -cos X sin ao -sin X sin 4 ao _ cos
ax RADC ay RADC az RADC

Compute partials of longitude.

a x - s in X a x C o s X a X z e r

ax R ay R az

10
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Compute partials of height.

a~h ah a~h
S= cos X cos a-h sin X cos 0- = sin

ax ay az

Dilution of precision.

,a~m ax 1 a 2 m, m
DOP =x a + - + . ax + -- +aYO ~ y az

D ahm•, ahm32 ah,n 3

ax ay a7
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APPENDIX A

USING ALMANAC DATA TO COMPUTE SATELLITE POSITION
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ORBITALTAi = INCLINATION

= ARGUMENT OF PERIGEE

Z PERiEE 2 LONGITUDE OF ASCENDING
NODE

GREENWICH x•ASCEN 1 NG

MERIDIAN NODE

FIGURE A-I. CLASSICAL ORBITAL ELEMENTS

When computing satellite position from almanac data. first find the values of the sine and cosine of the
true anomolv. -\

cos v (cos E - e)/(l - e cos E)

and

sinv = Ti-e 2 .sin E/( l - e cos E)

True anomoly is the angle shown in Figure A-2.

A-IR. R. Bate. U). D. Mueller. and J. E. White. Fundaninials ot 4s,rod%,'namti- (h%. York- Dover Publication%. Inc.. 19'!).

pp. 183-187.
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CIRCLE v = TRUE ANOMOLY

/ ELLIPSE E = ECCENTRIC ANOMOLY
ELLI PSE f =FOCUS

a = SEMIMAJOk AXIS
b = SEMIMINOR AXIS

T e = ECCENTRICITY

a ~C ae

jE

E xf

FIGURE A-2. TRUE ANOMOLY

Note two ihings

1. For any ellipse, like the one in Figure A-? the focus is positioned such that

b2  = a2 - c2

b2 = -2 - e2 a2

and

b = a (- e2 )½

2. Given two points with the same x coordinate, one on the circle and one on the ellipse as drawn
in Figure A-3. the ratio of y compcnents is

Yellipse b

Y circle a

A-4
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y

Y CIRCLE
ELLIPSE-*

x

FIC-URE A-3. ELLIPSE INSCRIBED WITHIN A CIRCLE

This can be seen from the equations for an ellipse and a circle. For a circle

x2  y2  x2

- + - = I and Ycircle =a I
a2  a2  a2

For an ellipse

x2  y2

+ = and vl = b
a 2  -belipse a2

Using Figure A-4, solve for r. then solve for true anomoly.

A-5
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/4

SYr

-pp

Ey

/E 4C

FIGURE A-4. TRUE. ANOMOLY

r2  x2 + py 2

r
2  = [c -acosEl 2 +I (b) asin F1 2

\ a

r2  = a2 e2 - 2a2ecosE+ a2 cos2 E+b 2 sin 2 E

= a 2 [e-' 2e cos E+ cos2 E + (I -- e2 ) sin 2 El

r2  a2 Ie2- 2ecosE--e 2 sin 2 E+ 11

Use the expression (0 - ecosE 2 = I- 2ccosE+ e 2 cos2 E

r2  a2 [e 2 + (I - ecosE)2 - e2 cos2 E- c' sin 2 El

so

r2 = a2 (!- ecosE)2

and

r a a(1- ccosE)

A-6
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Finally

x
COS V -sin 0=- -

r

(c - acos E) cos E - e
COS = --

a(l- ecosE) I-ecosE

Py b sin E
sinh) = coso=- -

r r

s \/l -e2 .sin E
- e cos E

Using Figure A-S. define satellite position in the orbital plane.

ORBITAL
0o = TRUE ANOMOLY PATH& PLANE

w = ARGUMENT OF PERIGEE

FOCUS -/°/•PEIRIGEE

•"0(4 O 4P.

FIGURE A-S. SATELLITE POSITION IN THE ORBITAL PLANE

Define a coordinate system in the orbital plane where the x' axis lies alorp the ascending node, and the
y' axis is perpendicular to the x' axis with the origin at the focus. See Fig'ire A-5.

A-7
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Let

uk vo + W

so that

rx/. r' cos uk =r'cos vo cos w - r' sin vo sin w

ry r/ sin uk =r' sin vo cos w + r' sin o cos vo

Recall that

r/ a(l-ccosE)

The corrected longitude of tne ascending node is illustrated by Figure A-6.

-'." 12k

k.t°a S2. (t - toa)

he" (t'-toa) .•,

pU

SORQUATOR

FIGURE A-6. CORRECTED LONGITUDE OF THE ASCENDING NODE

A-8
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o = Initial right ascension, measured from Greenwich. at the beginning of the week. to the

ascending node at toa

= Rate of right ascension, the rate of orbital-plane drift around a fixed Earth

6e = Earth'3 rotation rate

t = Time at which satellite position is to be known

toa = Time of almanac data

nk = Longitude of ascending node

From Figure A-6, nk is given by

ilk = 2.o + (t- toa) e (t - toa)

nk = nto+ Sý (t- toa)-he -"t

and where

tk = t - toa + 604,800 - (# of weeks between t and toa)

n' k = no + ý "tk - k (tk + toa)

Figure A-7 illustrates the conversion from position in the orbital plane to position in ECEF cartesian

coordinates.

rx = rx/cosnk- ry/cOsiksin 2 k

ry = rx/sin nk+ ry/cOsik cos nk

rz = ry/sin ik

where rx, and ry/ are the orbital plane coordinates, as defined previously.

A-9
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z y/

ry/cos ik sinnk

rx/ sin f•k

X/

FIGURE A-7. ORBITAL PLANE AND ECEF CARTESIAN COORDINATES
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APPENDIX B

CONVERTING GEODETIC COORDINATES TO ECEF CARTESIAN COORDINATES

B-I
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Before converting geodetic coordinates to ECEF cartesian coordinates.B note two things

1. As seen in Figure B-1. for any ellipse, the focus is positioned such that

b 2 a 2 - c 2

b 2 = a2 - e2 a2

where

e c/a

and

b = a(l-e2)o

b

FOCUS

FIGURE B-I. ELLIPSE

B'IR. R. Bate. D. D Mucllc-r. and .1 U- White. Fundamnta. ,,i A'trcdvnamtc% j%M lork Dow, Publication%. inc.. 191).

pp 94-148

B-3
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2. For a point on a circle and a point on an inscribed ellipse with the same x component, as seen in
Figure B-2. the ratio of y components is

Yellipse b

Yzircle a

4y

CIRCLE .

Y ELLIPSE -

FIGURE B-2. ELLIPSE INSCRIBED WITHIN A CIRCLE

From Figure B-3 and the notes on the previous page

* Pi =a. cos

and

pj a asin ae i/1 e sin

where these are to be redefined in terms of c5. not 3.

B-4
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j - AXIS FROM EARTH'S CENTER
THROUGH THE NORTH POLE

i = AXIS IN EQUATORIAL PLANEn
THROUGH LONGITUDE OF P

a SEMIMAJOR AXIS 77
be = SEMIMINOR AXIS

0 = GEODETIC LATITUDE
P = GEOCENTRIC LATITUDE a
t = TANGENT TO EARTH'S ae be

SURFACE AT P -M
n= NORMAL TO t. FORMS

GEODETIC LATITUDE

.i

FIGURE B-3. CROSS SECTION OF EARTH INSCRIBED WITHIN A CIRCLE

The slope of-t is di and the slope of A is - di tan 0
di dj

so differentiating Pi and Pj yields

dPi ae sin 0 tan j3 sin 0

dPj a. V1- c -cos I -eV 2  cos

Now find cos 3 and sin 3 in terms of ¢.

Let

1ic- e-sin0 A

tans3 = A --

cos 0 B

B-5
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so that and

s A CosB

s/A 2 + B2  VA 2 + B 2

- - e2 . sin Cos0
sin = cos

-- e2 sin 2  /1 J- e 2 sin2

ar"i

ae cos ae (I - e2 )sin

p. I- p. 2i /- e- sin 2  / P- el sin2

Let P' be a height h above the Earth's surface, as in Figure '3.4. From this. it is seen that the coordinates
of P' in the i-j frame are

Pi= [+ h cos0

V/ - C2 sin2 €

PN + h sin+

Now place the i-j frame onto an x-v-z frame. with the j and z axes coinciding as in Figure B-S. The
ECEF cartesian c(ordinates are

Px Pi cos•X = +" h: Cos ] Cos A,

Py = Pi sin X = - - +h cos sin X

F 1 -C 2 ae 1
Pi = L= Ps +h sin

Se2 stn B 0-

B-o
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P/

"p• Ai

FIGURE B4. ILLUSTRATION OF HEIGHT

j z

/ P/ y

x

FIGURE B-5. ECEF CARTESIAN COORDINATES
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APPENDIX C
DETERMINING SATELLITE QUADRANT AND WHETHER THE SATELLITE IS IN VIEW

Sit

P,y

C---
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Figure C-I shows the Earth's northern hemisphere and the ECEF cartesian coordinate sytem. Receiver
position is given by R; satellite positio; i;. given by S. (These data are necessary to determine the %atellite

quadrant and whether the satellite is in view.)"

P =S'-- R

/i, 'iz

AA

GREE'NWICH
MERIDIA~N

Let k be the unit vector along the z axis. Define a new cartesian system, with its origin at the receiver, by

taking the following cross products.

= X

('-IS. I kitw-rhoft. GESAR F~ormidaim~n atd .Solmur" Wo',rking Palj'r%. NSWC. Dahlgren,. Virginta, Jan 0q83
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E is tangent to the Earth's surface at the receiver and points eastward.

N is nearly tangent to the surface at the receiver and points northward. If the Earth were a true sphere, N
would be exactly tangent at the receiver.

Z is perpendicular to E and N. and points toward the zenith.

The vectors E. N. and Z define the four quadrants. as shown in Figure C-2. The view is down along the Z
axis. Let e and n be unit vectors in the east and north directions. Thus. satellite position relative to the
receiver. P. is given in this system by

AA
n = IPIcosP+- P'ecos fl n

"Penz = PI[P E +-IP P'N

PIIEI I PIIN

QUADRANT QUADRANT

:'-.

E

FIGURE C-2. ILLUSTRATION OF QUADRANTS

C-4
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Define

P'enz -- (P Es PN)

By examining PE and PN' (with predetermined boundary conditions), the quadrant in which the satellite
is located can be determined. Each quadrant has a certain predetermined cutoff angle, 0 cut' measured
from the horizon. If the angle between the hcrizon and the vector from the receiver to the satellite is less
than 0cut, the receiver is deemed to be out of view.

To determine whether the satellite is in view. find f, as illustrated in Figure C-3, and see if it is less than
or greater than Bcut.

z

TOHORIZON

FIGURE C-3., TWO VIEWS OF SATELLITE POSITION

C-5
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Where R and P are both known

R P
~IRIPI

If

sin j3 < sin 0c); the satellite is out of view.

If

sin > sin 0cut the satellite is in view.

C-6
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AuPENDIX D

DIFFERENTIATING EXPRESSIONS FOR LATITUDE, LONGITUDE, AND HEIGHT
WITH RESPECT TO X, Y, AND Z

D-I
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Finding expressions for geodetic latitude. longitude, and height: and differentiating them with respect to
x. y. and z requires finding an expression for tan 4. u. I

As shown in Appendix B

= [- (l-¢)ae 1si.
z + h . in 0,

L• V I e"- sin- 0, s

and as shown in Appendix E

tan 6,
tan o,

I - C2

L'%Inu Figurces D-1. D-2. and the relation,, that tolIlo, find expression, for . _, and
ax ay az

CIRCLE ae = SEMIMAJOR AXIS

h = HEIGHT ABOVE EARTH*S
ELLIPSE SURFACE
(EARTH) = GEODETIC LATITUDE

02 = GEOCENTRIC LATITUDE
h

I I// ,
__ L1

FIGURE D-. GEODETIC AND GEOCENTRIC LATITUDES

IS I \W%"Lrh,,lt <,4A4R ',rmuai,, ,,n, t .. u•. r, rkt,, Pa/+'fr,. \SW(. Dahlgres. Virginia. Jan 19W ,o
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,Z'cos 02 = h sin (0, "*2)

*1 02

FIGURE D-2. HEIGHT AND GEODETIC AND GEOCENTRIC LATITUDES

tanp 2  Z' z - A z I
tanot = - = - - =

I - e2  R (1-e 2 ) R (I - e2 )

and

h sin (0 - 02)

Az' =- = hsino, - htan 2 cos0 1

Az/ = hsin 0,-h-(h-e 2 )sini1

Az' = e2 *h *sino,

so

z Az a. sin , h sin 0, h e2 sin 0,tano = - / +
R~l-e2) ~ - 2 ) -•! e si2 l R 1 e2) ~ -

F ae "h sin 0,L 1 - e 2 sin2 ~ ] R

D-4
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Note that an equivalent expression is

Sae2 sin 1

tan -= - +
11 RR/ I - e2 sin-'

From this expression. i6. 36 and -_O can be found as shown on the following pages.
ax ay az

The above equation for latitude has the problem of containing 0,. on both sides. To find a numerical value

for 0,. when z. e. a and R = (x2 + V2
)1/2 are known, first estimate 60 by

tan-' ( z
Insert this into the right hand side. reevaluate tan 0. and repeat until negligible change occurs between

iterations.

Find

Use the folowing

at.

R = /x-- + y +h o

(I) = a , c: sC2, coSn ,

ax R 3 R x\ e l sin', )/ dx

Factor I /R out of the expression for tan 0,. and solve from there

ae. e: sin o

tan 0, +
R R / I : sin .o f

tan = -- 7+ + _]

R, e"2 ,n" ,

D-5
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Differentiate

do a. e Uesinl~ aý c"sin 2 1 oCos 01
sec 2 ~ - I+ + I

dx R 3  L1- e2 sin 2  R (0-e 2 sin 2 0) 3/,

aee 2 cosol do1

I-e 2 sin 2 0 dx

sec 2o, do I x I a.
-t - + a•e 2 cos Ol

dx R2  R I./ - e2 sin2 0,

e2 sins:0 Ido
-- - + dI

- l -e sin : 0 , d x

-x tan 0, R2 seCC Re' co o a

I/1 - e 2 sin' ae [- e2 sin2 o ax

a IF + 2 Cos', F ae. h
-xtan 01 + h + h

4 - &2 sin2  cos2 o i- 2 sin 2 o J

4 * " *aeI

V"I- e2 sin': [- e2 sin2  dx

F ae 1 ae hi-ta ,+ h + h

-x tan~ L•ie2 - sin 2 o{ - e2 sin'.,

ace. &Cos 2  Io

i/! _ e2 sin20• [I -e2 sin: jJ dx

D-6
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aF ae e2 COS2

-x tan + h - ) . .
L-C 2 sin 2 , i/ -e 2 sin 2 6, 1-e2 sin 2  J
I dxI

+ h -•

dx

-x tan ac + h •

V/1 - e2 sin 2  sn - e2 sin- 2 - - e2 sin' 4,i

dx

Since x =Rcos X and R = /+ h cos 0I
V' |_ C2 sin 2

and letting the radius of curvature be

(I e2C)a,

RADC + h

n- 2 n 0

It follows that

-xtanO = -RcosXtan 0,

R __

-RcosX tan 0, - RADC .

Cos' 0 ax

-cosA ,uin

ax RADC

D-7
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Similarly, for __, the last steps are
ay

-y tan 01 = -RsinAtan 0,

R t

-R sin ) tan 0, = -- RADC
Cos 0, ay

sin X sin 01

ay RADC

a.'
Now find -. (let 0=0)

az ae e*' -sn
tan 0, Ze +si0

SR !/ I e2 sin '

as before, but R = 22 + h cos4
1/ - e2 sin2,

is now constant

Differentiate

WOc 2 +- IT/ - + - _ "--aR - e.n2 un / az V1 - e2 sin 2 0 )/

se I I+ a+e 2 Cos 0 e2 Sin
2  +

az R V/l - e sin2 0 0 - e2 sin 2 0) az

I 11+ 3e 2 COKwc2 o a- F I• + .

L 0,esin2 O ,-_e sin') 0 3)

D-8
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[e __ _Cos 0 a ae elCos~ do

L I-e2 s2n 20 J cos2 o aV -e2 sin20 (l-e 2 sin2') dz

ae ao ao a. e2 cos2 0 dS+ h - =cos0 + 7d
X/ - 2 sin2 a0 OZ -/ I - e2 sin12 (I - el sin2 d)

ae e2 Cos2

SI - - + h - c o s o

l- sin 2  [ 1-c
2 sinm2  J a7

F (I --C2 )a.
+ h - cos

L I - c2 sin2 ' (1 - e- sin2 0,)

iao cos 0
Thus

az RADC

where again RADC is the radius of curvature

RADC = + h41 C. e: n. 0) /2

Find .-. and
ax ay a7

Since R and the angle A. swept out by R are in the x-y plane.

%,

=0

a7

Now find -- and -

ax ay

x
CoSe - X" (x: y " II+•:x-

R

D-9
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After differentiating:

ax1 2X-2-3/

ax 2~~3 -s3) • -- I+y -2 3/2(2-

-sin - (I y2 X-2 ) /2 (x2 ) /2 y2

ax

-sin X - = (X2 + y2 )/2 y2

ax

ax 2

-sin ), . . .
ax R3

ax R y2  y

ax y R3  R2

ARR
-- in

Sax R

Similarly

Y
sinx = - =Ix Y-2 + I)"

R

a-3
cosf - 2x +y)"

* ax,
ay

ax, cos,

ay R

ah ah ah
Find _. - and _

ax ay a7

D- 10
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a.___ ao -Cos X sin 0
Use R -+ h cos0 x = Rcos)X

-I - e2 sinl 0 ax RADC

(I - e2 )ae
and RADC = __ ____

(!-e 2 sin 2 0;/2+ h

Start with

-_ _ R

h = + +

I-e 2 sin2 0 Cos

and differentiate

~h -ac • e2 sin 0cos ao x I R sin 0 ao

ax (I - c, sin, 0) /3 ax R cos0 cos2 0 ax

aah ac 2 sin' 0Cos 0CosX CosX a.___ 1in 0 COS XS•. - +h

ax RADC (I - e2 sin 2  3/2 cos j I - e2 sin 2 0 RADC .cos

o a°c2 sin2 OS2 ° a.sin2  1 h sin 2

ox cos 0 RADC (I - C
2 sin 2 )- 3 RADC RAID

ACos~ A sin 2  F a e [e2 COS2~ i

II -h + Iax CosO RAD C V I Ce, sin -' 0 01 - C2 iW 0•)

ax cos L RADC vL/ e' sin 2  (I e2 sin 2 ) j j

ah CosX A sin 2
-- •- RAMX + I

ax cos L RADC [

a~h
C = cos 0cos

Dx

D-1i



NSWC TR 85-151

ah

Similarly - sin X cosO
ay

Sa3h
Now find -. where as before: 8z

-ae R ao Cos 0

h = -- and - --

i - e2 sin2 ' cos az RADC

So

ah -3e e2 sin0cos 80 Rsin a0

az (I - e2 sin 2 0)1/2 az cos2 * az

-a .e 2 sinO cos2  + a. s-h in__
3- + + h

RADC •(I - e2 sin2 0) /2 - e2 sin 2 0 RADC

az RADC I-e 2 sin 2  e2 -[,12 Op

8h sin e2)ae 1sin ]

-- / :RADC

3z RADC ! - e2 sin 2 0 0 e' Sin' 0) RADC

and finally

-un 0
az

D- 12
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APPENDIX E
THE RELATIONSHIP BETWEEN GEODETIC AND GEOCENTRIC LATITUDE

E-I
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The relationship between geodetic and geocentric latitude E-1 is shown in Figure E-I. Assuming that the
Earth has the shape of an ellipsoid, show that

tan 02
tan e=(I - e2 )

ae = SEMIMAJOR AXIS

01 = GEODETIC LATITUDE
02 = GEOCENTRIC LATITUDE

TANGENT TO ELLIPSE (EARTH)
AND PERPENDICULAR TO

be = SEMIMINOR AXIS
ae

be t

FIGURE E-1. RELATIONSHIP BETWEEN GEODETIC AND GEOCENTRIC LATITUDES

As shown in Appendix A, where the x components are the same, the y components of' a point on a circle
and a point on an inscribed ellipse have the following ratio

Yellipse b

Ycircle a

"I1 R. R Bate. D. D. Mueller. and 3 E" White. Fundanm ntalA ft A ,riiviamics (NesA York Doscr Publications. Inc. 1971).

pp %.q9
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where b = a F- e 2

Thus, the angles 02 and 03 are related by

tan 2 = e-c
2 ta,02 ti~ 03

. ay ax

The slope of tangent vector 'tis -, and the slope of its nomal- is -
ax ay

FroI Figure E-1

be
X=aecos0 3  Ya aesin 3ae

Thus

ax ae sin0 3  tan 03
t a n 0 ,1  - - = - I

ay ae l - e2 cos 43  - e2

and

tan 02
tan0, =

S-2

E-4
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