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F' ABSTRACT

The purpose of this paper, to be submitted to the "Topologie Structural"

published by the School of Architecture at Quebec, is to show by means of

three examples, that some theorems of 3-dimensional Geometry suggest

esthetically promising outdoor sculptures. The first two examples are

obtained by the Harmonic Analysis, i.e. the Finite Fourier Series, applied to
S3

an arbitrary skew hexagon in RP.-" The third example of a geometric outdoor

sculpture is furnished by an Anti-cylinder. The author hopes that some

architect will notice this paper and build an outdoor sculpture based on one

of the three examples given here.
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SIGNIFICANCE AND EXPLANATION

The paper tries to show that some theorems of 3-dimensional Geometry do

* suggest outdoor sculptures that are esthetically satisfying and also appealing

* to non-mathematicians. Three examples of such theorems are given and

illustrated in Figs. 1, 2, and 3. ~a
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OUTDOOR SCULPTURES

1. J. Schoenberg

Outdoor sculptures have a long history, from ancient Egypt and Greece, to 6

Michelangelo, Henri Moore and Picasso, not to forget their use to inspire religious

feelings. Using three examples, I wish to show here that some theorems of 3-dimensional .

Geometry may lead to outdoor sculptures that might also appeal to the esthetic ,',

imagination of non-mathematical beholders, this appeal being the main point. Of course, -

a mathematical understanding of their construction would enhance their appreciation,

just as religious feelings magnify the meaning of a religious work of art, whether it is

a sculpture, a painting, or a musical composition.

Our three examples are illustrated in Figs. 1, 2, and 3, respectively, but these do

not do them justice, because they are 2-dimensional representations of 3-dimensional

figures. Much more suggestive are the three models made by the author, of about two to

three feet in diameter. These models suggest that similar constructions made of

anodized aluminum tubing, of from 15 to 20 feet in size, would provide attractive

outdoor sculptures of general appeal. .,

Examples 1 and 2 (111,2) are based on the Harmonic Analysis, i.e. the Finite

Fourier Series, of a skew pentagon, and a skew hexagon, respectively. Example 3 ,S..

represents a novel figure called an Anti-cylinder.

In spite of the rigid geometric restrictions implied by our theorems, theo.

constructor is left with some free choices characteristic of works of art: In Figures I

and 2 it is the choice of the shapes of the pentagon and hexagon: Order out of chaos. ,.a,

In Example 3 it is mainly the orientation of the Figure.

1. Diglas' Skew Pentagon. About 35 years ago Jesse Douglas, of Plateau Problem

fame, discovered the following beautiful

Sponsored by the United States Army under Contract No. OAAG29-80-C-0041.

• "--'. -" ". -". . ".''" , .', - .' - " .' . .'. " . " . ,.- .." .: - .. ... ... . .. . .-. -. . . .. . .- .-. . .. .... ... ... .- .... . ".."1 -

""" .. . ""'" """ " "" " ' " " " " " "" "."". "



7Vq

Theorem 1. Let

- (Zoe Zi p Z 2P Z3 4) 

be an arbitrary skew pentagon in R3  viewed as a vector space. Let

Zk = .- (Z 
+ 

Zk-2 , Ik - 0, 1, ..., 4 ; Z k+ 5 - Z k]

be the midpoint of the side [Z k+2, Z which is opposite to the vertex Zk  For

each k we determine on the line joining Zk to Z'k the points fk and fk such

that

f k Z N k) ; k -k )

Then the pentagon
1 1 1 1 1-. ..

I = f I f 2' f3 f 4 )

is a plane pentagon and is an affine image of a regular pentagon. Also the pentagon

2 2 2 2

is a plane pentagon and is an affine image of a star-shaped regular pentagon (Fig. 1).

See f11 and f2). Also [3, Chap. 9, Sections I to 3].

Theorem I is not difficult to prove, but was not easy totiscover. It seems that

Douglas never built a model in R3  illustrating his Theorem 1. The author constructed

such a model and showed it to the late Allen McNab, a former director of the Chicago Art

Institute. McNab placed the model as in Fig. I and said that it would make a fine

outdoor sculpture. It would suggest the superstructure of a sailing ship. "1'

2. The Skew Hexagon. From the skew pentagon we now pass to a skew hexagon. This .

has three harmonic components; however, the last two components are trivial: The .

second component is a triangle described twice, and the third is a segment descril-d six

times. For this reason we construct only the first harmonic component which is an

affine image of a regular hexagon. Its construction is described by our AI.-.

Theorem 2. Let

1- (Xo, x1 f x2 ' x3 P x4 # x 5

- - - - -4 -- -)-- - --2- 4. 
"
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be an arbitrary closed skew hexagon in R3  , which we regard as a vector space. For

convenience we write IR xk ) , where k runs from 0 to 5, mod 6, so that x0 =x 6

xI - x5  etc.

We define the new hexagon fly (yk) by-

y ;Yk - k 2 k k-I y =x+-(x k-xk_3)

Notice that the three vectors

Y0Y3 , y -Y4 # Y2y

are, respectively, on the same lines as the three diagonals

x 0 x 3 , xlx 4 , x 2 x5  of x"

but have double their respective lengths, and have common midpoints with them.

11

With Zk:=- (X+ + x_) ,we define our last hexagon!! = (wk ) by

: Wk Zk+ 3 k- wY

w kk (k-k)

Since YkZ is a median of the triangle Yk kIXk+I  , we may also write

*' 1
wk 3 (Yk+ xk_1 + xk+1)

showing that wk is the centroid of the triangle Ykxk-1 Xk+1

The final result: The hexagon TI is in a plane N and is in R an affine imagew

of a regular haxagon. (Fig. 2).

In Fig. 2 the arbitrary hexagon R! is drawn with full lines. The modelx

constructed by the author looks like a large insect (Praying Mantis?) or a bird. A

proof of Theorem 2 follows readily from the finite Fourier series for the sixth roots of

unity.

3. The Anti-cylinder. Everybody knows what a cylinder is, one of the important

figures of Solid Geometry. It has a bottom-circle and an equal top-circle, both having

a common axis. Its lateral surface is made of infinitely many straight segments, all of

equal length, which are the generatrices of the cylinder. Each generatrix cuts each of

the two circles at right angle (90). But what is an anti-cylinder?

-4-

.• %°•, ° • o- •. - - . o ° °o .o o- .- °- °° . . . . . .- o o o . .. . . . .- .- . - . - , - o



---- 4.-

pP-

I.

V.,

I,

pp U'

I;
/3

/3

I */
/ I

6.' I I
6. P91 

3
J.

I.'. 'S I .1*
II

I
rt II~I I

Al 3% 5

~

~ I-. 3 ', gX
I I I

I \ I~
I ji I.,I

NI I ' ' I? '
~LI ~ VI ~

,.~ \
I 'D

I.' 3 %Ih "K~.&;; - LA

-
U', LA -

I I
'3.4

I I -

I -s .

9 I II...
I - P

I 0 - . -.

-- 4 I -
- .3

'I I

I.

,- 0 ------ *
'4 * I --.

3 I
I .. ~

I . .

I r.
0 I

P.4* *~.

I ~ 9.. *~*

I i ~. ~-

9.9.4

-5- *1*Ill ~34 ~9I.



The upper prt of Fig. 3 represents an anti-cylinder described by i

Theorem 3. Let r be a circle of radius OA = a which we see en face in Fig.

3. The segment AC =2a is its vertical diameter. We select the length c < a and ,

let"
..

AA1 = c We perform on r in succession the following two rigid motions which move o

r to its final position r' ,

," °

Wi We translate (or lift) r vertically by the vector obtaining the circle .[-

.o ..-~ (nthow ppe Ptoig. 3 rigepeta acyiner deCriedb

(3i) We turn r I around its et diameterAC clockwise (if seen from above) by an

angle defined by the equation

sin a i:?

9a

This rotation changes r into its new position r,

The final result: The circles r and rl have an infinity of common normals all ""

of the same length r c lThese are the eneratrices of the anti-clinder. thecicl

Fig. 3 shows 16 generatrices of the anti-cylinder. See [4) where Theorem 3 is

established without mentioning the name anti-cylinder. A final remark: Let T(,c)

denote the torus enveloped by a moving sphere of radius c whose center describes the

circle ri It is observed in the first two paragraphs of 51 that the circle r of.

Theorem 3 is identical with one of the Villarceau circles of the torus T(a,c) The

anti-cylinder of Fig. 3 could be set up in a children's playground, the children

climbing around the figure using its generatrices. f a l

For his model of Fig. 3, the author chose in Theorem 3 the values a 10 cm

c t 6 cm ithe corresponding value of the angle r. obtained from sin t c/a)

being ar 36 f8699i. "ge's

-6-

.

9--.

• .J

............................................................................................................................



1., .7 N,21., ,% T ,, ITT W

"-'

Cylinder~~ carin -

-7- *5



REFERENCES

(1] Jesse Douglas, Geometry of polygons in the complex plane,

J. of Math. and Phys., 19(1940), 93-130. ,

[2] Jesse Douglas, A theorem on skew pentagons, Scripta 25(1950), 5-9.

(3] I. J. Schoenberg, Mathematical Time Exposures, The Math. Assoc. of

America, 1984. .- -

(4] 1. J. Schoenberg, A direct approach to the Villarceau circles of the

torus, to appear in the journal "Simon Stevin".

[5] I. J. Schoenberg, On the Anti-cylinder, MRC Tech. Sum. Report #2842,

July 1985, not yet submitted to a journal.

4,-, we-

% .. *.

I..

'p %



SECURITY CLASSIFICATION OF THIS PAGE (non Date Enoroe _-___"_"_'

REPORT DOCUMENTATION PAGE RED IMSTRUCTIORS

t. REPORT NUMBER 2. GOVT ACCESSION NO. $. RECIPIENT'S CATALOG NUMBER

#2900 .--

4. TITLE (and Subtile) S. TYPE OF REPORT & PERIOD COVERED '- --

Summary Report - no specific

OUTD)OOR SCULPTURES reporting period
,PERFORMING ORG. REPORT NUM1ER,.

7. AUTHOR(q) S. CONTRACT OR GRANT NUMBER(*)

I. J. Schoenberg DAAG29-80-C-O041

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK
AREA & WORK UNIT NUMBERSMathematics Research Center, University of Work Unit Number 6 -

610 Walnut Street Wisconsin Miscellaneous Topics

Madison, Wisconsin 53705 _-__ _.'._

11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

U. S. Army Research Office January 1986
P.O. Box 12211 13. NUMBER OF PAGES

Research Triangle Park, North Carolina 27709 8
14. MONITORING AGENCY NAME & ADDRESS(If diffent from Conttolliln Office) IS. SECURITY CLASS. (of this report)

UNCLASSIFIED
15a. DECL ASSI FICATION/ DOWN GRADING

SCHEDULE

IS. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abetract entered In Block 20, If different from Report)

IS. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on revere aide It neceeeary and identify by block number)

Outdoor Sculptures, Finite Fourier Series, Anti-cylinder

20. ABSTRACT (Continue an revere mide It noceear, end Identify by block number)
The purpose of this paper, to be submitted to the "Topologie Structural"

published by the School of Architecture at Quebec, is to show by means of three
examples, that some theorems of 3-dimensional Geometry suggest esthetically
promising outdoor sculptures. The first two examples are obtained by the

Harmonic Analysis, i.e. the Finite Fourier Series, applied to an arbitrary skew

hexagon in R3. The third example of a geometric outdoor sculpture is furnished

by an Anti-cylinder. The author hopes that some architect will notice this paper
and build an outdoor sculpture based on one of the three examples given here.

DD JA, 1. 1473 EDITION OF NOV SS IS OBSOLETE UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (ohen Datea Entered)

'.,. ......"..........-".;-...."..-.....-".-..... . .."-.-............-.-....".".............."..........-......-".-.-....'..."..-............-,-.......-..-.--....:.".:-.i-':.- .:]



.4.

v

~4~~

________________________________________

4.

.4

d

-a

.1~

4'.

6~86

.1

/1
.1

V

* .4 .~.- .44


