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Magnetic soliton, Homotovy and Higes theory

Li Yuvanjie Lei Shizu

P; o ’r L

Abstract L

R 7 The two- and three-dimensional nonlinear Higgs fielddi’ is used
as an examvle to investigate the theory of magnetic soliton and the
connection between the homotopy theory and Higrs theory. It is

verified that, in a spontaneous and symmetrical breaking, because

of the symmetry of electromagnetic gauge sudbgroup, there exists
correspondence between the conservation of magneton and the incomvlete
symmetry of secondary order. —

A. 8oliton solution and Homotopy theory

Soliton is a stable finite energy solution of the classical Lagrange
equation of motion. There are four kinds of stable soliton and their
corresvonding dimnensions are Del, 2, 3, 4, resvectively. Soliton is
arising from nonlinear field theory. We studied and discussed the
2- and 3-dimensional ¢‘ theory in this vaver.
(1) Soinor

The Larrangian deneity is represented by

[ S va_ Loage. M),
L= -7 PP+ (D$)°D"¢ - A (d¢ )
and the field egquation is
FFo=i= - 7ie(6°9,6 - 63,0°) + €A, 44°, (1)

'e = - _m?
D,D’¢ i‘(“' 2 ). (2)

The condition of finite energy requires p¢-0 atr-eoco, Equation (2)
yields a cylindrical symmetry solution:

cerg. M
0=HU¢".IU%‘U~CO’UT773




The existence of a stable soliton is indic=ted by a localization of
energy around r=0 (see Figure 1). Examine

[
?f’gan'—aA” A.103

where F_, is an antisymmetry tensor.

Fi;:is the only independent nonzero

term and its resulting flux on the

Em"33 denﬂ‘ﬂ

(x1 12) olane is

Figure 1.

o= IF,,dx,dx, =I(01A;-3.A|)4‘|dx.
- ;.LJ‘- ul‘j?";"-, '
. =L:4.dxh_‘ ’.a.od{c . ’,.d_o,

where A.“%‘&O is derived from the boundary condition D,é-0,
In fac*;; substituting ®=16[¢* into a,|¢|-o.u.-%§m, one obtains
€3,10) + |#|ie'9,0 = ifA.lOle".
Because of the cylindrical symmetry in the S- annulus, 9 (d/=0, we
have A;{:-é-b/(a o« Then,
0'%—2""3"-2{" (n=0,+1,£2,).

In Homotovy theory, change of variable by the following means

J e, o

can be regarded as a mapping ¢, x€S.~¢(x)ES, . ¢maps annulus So

in two-dimensional svace onto n multivle annuli in & configuration.
Its corresovonding Homotooy set is [n] , therefore, there is tovol-
oglical charre n. It is a measure of the magnitude of the magnetic
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flux (in units of-%}). The topological invariance of.the Pield
configuration can be described by the Homotovy group (U(1)) = n
(mopilgiZ, o.o)o

(2). Magnetic monovole
In this case, the Lagrangian density of the field is written as

dpepu 1 ‘nre - L . '--21—’
L=-Lrirrelpepe-Li(ee -5,
the field equation is
D°F), = - ee*$'D, ¢, (3)
" f_ _34° g_"z
b°p.¢ “(‘ A)' (4)

If we choose a stable finite energy solution, imrosing boundary
condition D,$'—0, Bquation (4) yielde a svherical eymmetry solution:
x, m
= --+r—
FvaA Ae1.9
and there is a stable soliton—
marnetic monovole at =0 (see

Meure 2). Followines t'Hooft

»
method to construct a free gavge v
w
electromagnetic field, we obtain ;
1
e, 1 o ¢ »
= o A - Cabe D. .D. ’
S AR
F,, oan be written as w -
4
F,,=M;-*HD" Aololl
Figure 2.
where
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M,.=3,B.-3.B,s ¢’ =4¢'/(6¢")'\*

B.=dAl H.=teudadad
) . a”v -ad,B,+ -:—cch"ao‘.ao“'
then

The antisymmetry of My, and Hy, oan easily be proved.

and :
M. =Llesobos =Ltegasas

= - '¢L € $'3.890.8°= -H..,
hence, the conserved current is
K=yl O = e, an,
and charge conservation is
= Tl’—jk.d'x.

The condition 'IZ‘»O a8 x»o0e leads to

O pm=L (9 xas =__1_I -vegdix=L|_,gd"x
3t Y 5t .d x )y veKdx T S:.K =0,

Obviously, M is conserved.

We use the Homotopy theory to further study the meaning of M and

start with

M= L] enend (Fa, 000808

l . on ¢ .
= 3xe l.l‘ﬂ.‘. s}".uf-m‘ 0:’6.556 @dx),,

x is varamatrized in the Sg annulus such that x=x(¢,,¢&,)

@'x), = —;~c,._4x'dx'

g_l ax- ax.
2= G ap e

RPN -
------
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then

ctimb( e o z008* B& & 08 1 ox™ 2x°
4neM "_’:2 s;e-llecn6 ae. ax, 'a‘gr gxt ? ggg %Ereimenld’é

= lim-;- s f-t’m $°0.80,4'd%¢,

where, Eint.0700 = 2,

Note gmdst (3.8°3,8" is the square of the integrated function.

Hence 4%eM = limj W g4 = 4xd,
a-~)Se
L
or M=d e’

d is the number of times the unit sphere Si is covered by $(&) when

Sg is covering once by (81 &), .
Corresoonding to mipping é» we have
Eesi~@ €Sl i

let uc define the Homotooy set [é] of?‘ as [d]. Then @ is the .-_
tovolorical charreand M is the topological charge in units of e. jl':j;
From vprevious discussion, we found that the stability of soliton ::':.I:j
agsures the conservation of magneton. Magneton M is determined by the E:::f
free gauge electromagnetic field F... and the topological charge 4 is ) =
the magneton number in units of é . Both Homotooy theory 2nd classical :Z—:“:
goliton solution provide descrivtion of magneton and its conservation.
The former is simnle and conclusive, It indicates that conservation
is related to the tovology of the field configuration rather than b
the symmetry of L. In addition, there is no continuous transformation
amonest the Homotovy set [¢).. This is an indication of todolofical
invariance which consists of some form of quantization. In fact, the isolated u
topolorFical charge is = vhenomenon of guantization. b
e

B. Soliton solution and Higgs theory Z:;:'.:
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Hirrs theory treats magneton and its conservation. It describes

the mechanism of obtaining a Higgs particle and a massive pgauge
vector Boson through the process of vacuum svontaneous symmetry
breaking.
(1). Spinor

For convenience, L is written in the following manner

L = = FuF" + (D,$)°D"$ + m¢%6 - 1(4°6)",

where the potential energy is

V() = ~m*¢°¢ +1(6%°)°

At |¢| -:\’\, the exvectation value of the quantum field is nonzero.

m
‘:() ' " ! () > - ‘/’Ezji []
hence, vacuum gpontaneous symmetry breaking occurs.

1 .
0 =T e (‘1 + "a)v
Rewriting V2

let (0|¢|I0)=7""‘—'. 0lé,10> =0,
Define a field such that 4:: ¢.—¢—'-"x-, ¢2’= ¢, , in vacuvm

(¢1),=0, ($2)4=0,

The transformed L' contains covariant derivative, square and

quadratic part of ¢:

m?
2

ID,#)* + (¢} +6}) - T“(ﬂ +o)?

-5 (@4 +ea"$))? + Lo - o)

m .- : ’ 1, . m .
e TA (0.0 - €A + G~ AA
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In this equation, there is no ¢é2 term. The gauge field A, has mass,
however, its physical meaning is still not clear because of the

oresence of A and.¢ terms. Let

0’(:)-exp( te/ )&(z) (‘“ n(x)).

B =A- %Ak,

where -1
¢ =7 a1 kv

Under the transformation ¢—¢','Dé—-D;¢ T,

+n(x) ]exp (n&(x)/

L' =3iDi¢’ '+ miet - Agre g p .
Note L*L' ag #—=# . SU(2) symmetry of L is breaking into U(1)
symmetry associated with L', Symmetry of system's Larranrian is
broken. However a clear ohysical meaning of the scalar Higes fields ¢
and free gauge votential Byis amsured. This is becauvse vacuum
svontaneous symmetry breaking and gauge field assvre the direction of 4
be fixed in dual space. &'(x) is absorbed by 7 (x) and the remaining
term is 7/(x) or®. Also B, is a vhysically observable free gauge
notential,

Let us discuss the relation between Higges theory and classical
soliton solution. We know the soliton solution is determined by
equation of motion and boundary condition. On the other hand, Higgs
theory states that equation of motion and boundary condition are
invariant under SU(2)-»U(l) symmetry breaking.

In fact, when the eoguvation of motion is under transformation

"’" [}

D#-~p,;¢ ¢t v=exp(- 15/7":;.), e-y'e, therefore
pio= et/ 35)0) - et/ B ensro{ i/ )

c et/ B o+ exo( it/ 22) i LTy B e eno(i /2o

= expig / S5)pie . U'D;e’, ,
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from Equation (2), we have
- mt
D.D" ¢’ = 16" (#'¢'* - — )
Since D,#-+0. it can be seen that
D4’ =UD A0,

As a result, the equation of motion and boundary condition are

invariant under Higge mechanism. This assures the invariance of

the soliton solution. Based on a varticuvlar L, Reference 1 discuseed
the corresvondenre between magneton conservation and incomplete
symmetry of secondary order. In this section, we started with Higgs
theory and obtained the same conclusion. Similar results may be

obtained in D=3 dimensional case of magnetic monopole theory.

* (?). Marmetic monovole

L is written as:

___1_ ] opv _l_ 2 L l__]__ *4° _ m? 2
L= - FAF+Lpepe-La(ee - ).

Based on the gause condition of Higgs mechanism, the third
A
-omdonent of ¢° in isosvin svace is chosen as the direction of
A A,
Hipee field. That is,@=(0,0,1) then By =¢ A% -A}, , also

Fi' = apBo - avBu + _l tch ‘.an‘ ‘av“
= aPBI - avBu'

B and F_. are the votential and free gauge electromasmetic field.
F . satisfies the Maxwell's ecuations. The vhysical meaninss of

; y B, and F,, are assured by Hirfgs mechanism and they are vhysically
observable particles. L' is written

’, {14 l (] ‘ _2‘_2_ !
L'= _-'r—P”F + '?D,‘D" T‘("' 2 ) .
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Transformation L—L' is a form of SO(3)—>U(1) symmetry breaking.
It can be proved that due to Higegs mechanism, equation of motion

Eq. (4) and boundary condition are invariant, thus
‘prvE e _ a_miy, -
;"= - 14(4*- T )pig-0.

Hence, the corresvonding classical field soliton solution is

LA A

also invariant. Once again, the connection between soliton

solution and Higgs theory is observed.
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Abstract

The two- and three-dimensional monlinear Higgs field ¢* is used as an example
to investigate the theory of magnetxc soliton. and the connecuon betwecn the homo-
topy theory and Higg's theory. It is venfxed that, in a sponuneous and symmctncal
breaking, because of the symmetry of electrom;neuc gauge subgroup, there exists
correspondence between the conservation of magneton and the incomplete symmetry

of secondary order.
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